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COEFFICIENT CONTROL OF VARIATIONAL INEQUALITIES

ANDREAS HEHL, DENIS KHIMIN, IRA NEITZEL, NICOLAI SIMON, THOMAS WICK,
AND W. WOLLNER

AsTrACT. Within this chapter, we discuss control in the coefficients of an obsta-
cle problem. Utilizing tools from H-convergence, we show existence of optimal
solutions. First order necessary optimality conditions are obtained after deriving
directional differentiability of the coefficient to solution mapping for the obstacle
problem. Further, considering a regularized obstacle problem as a constraint
yields a limiting optimality system after proving, strong, convergence of the reg-
ularized control and state variables. Numerical examples underline convergence
with respect to the regularization. Finally, some numerical experiments highlight
the possible extension of the results to coefficient control in phase-field fracture.

1. INTRODUCTION
In this chapter, we consider an optimization problem of the form
. . a
min J(q, u) = j () + 5 llg]
(L.1) (gVu,V(v—u)) > (f,v—u) Vvek,
s.t. d
uek, q € 0*,

governed by an obstacle problem in a domain Q c R?, where d denotes the spatial
dimension, for a control ¢ in an admissible set Q% c LZ(Q;Rfan?) that is closed
and convex, and a state u € K C Hé (). The precise mathematical problem
statement will be presented in Section[2] In the following, let us briefly comment
on the control-to-state coupling. For each given fixed, uniformly positive definite,
control ¢ € Q! acting as a coefficient function and data f the obstacle problem of

finding u € K solving
(gVu,V(v—u)) = (f,v—u) VYveKk,

has a well developed theory providing existence and regularity of solutions u, see,
e.g., [35,152].

Optimization problems similar to (I.T)), but with control acting in the right hand
side f, rather than the coefficient ¢, have been investigated over many years. Indeed,
even in this case the obstacle problem gives rise to a non-differentiable operator
f — u, in general. Early works by [25] provided directional differentiability,
and [42] 43]] provide necessary optimality conditions for such problems. Similar
results for constraints of Signorini rather than obstacle type can be found in [6].
For an overview of these results; see also [7] or [9]].

The inherent non-differentiability of the previous problem statement, with control
in the right hand side f, motivated the investigation of relaxation approaches for
the variational inequality in [8]. A scheme that allows for an efficient solution is
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the primal-dual active set method proposed in [31]. A convergence analysis for a
similar regularization approach was established in [53]].

The lack of differentiability results in the difficulty of asserting suitable neces-
sary optimality conditions for this problem class and different stationarity concepts,
such as strong, weak, C-, or M-stationarity need to be considered. Indeed, strong
stationarity is a necessary optimality condition if suitable compatibility conditions
on the control bound are satisfied and the control space is large enough [59], but in
more general situations weaker concepts need to be considered, see, e.g. [60]. We
refer also to [26] for a comparison of different stationarity concepts. Recently, [51]]
characterized the Bouligand generalized differential for the mapping f +— u given
by the obstacle problem, and [[13]] obtained stationarity conditions for time depen-
dent variational inequalities of obstacle type. Moreover, the authors of [2] provided
directional differentiability results for quasi-variational inequalities of obstacle type
with control in the right hand side f. Further, [[15] established sensitivity results
for variational inequalities of second kind.

Algorithmic approaches for this problem class can be based on the regularization
of the variational inequality [38]] coupled with a path-following strategy [37]. The
latter can also be coupled with adaptive mesh refinement utilizing a posteriori error
estimates [39]. Alternatively, non-smooth optimization techniques such as bundle-
methods can be combined with inexact solutions of the sub-problems as proposed
in [29]. Based on the observation that real valued Lipschitz functions on Banach
spaces are differentiable on a dense subset, if the norm is differentiable away from
zero [S0], it was proposed by [14] to utilize smooth sub-problems in a trust-region
framework whenever differentiability can be asserted and only fall back to the use
of non-linear directional derivatives if differentiability fails.

The novelty of this book chapter is the extension of some of the previously
mentioned findings to control in the coefficient ¢ rather than the right hand side f.
In this context, existence no longer follows from the compactness of the mapping
L?> f — u € H', and H-convergence [45] 146, 58] or G-convergence [57]] needs to
be considered to analyze well-posedness of the problem. We also refer the reader
to [1]]. These techniques have been utilized successfully in the context of free-
material optimization [27]] as well as in the discretization error analysis of matrix
identification problems [16, [17]].

Furthermore, we provide a proof of concept to extend the coefficient control to
phase-field fracture. The variational approach to fracture, known as phase-field
nowadays, goes back to [21} [111 36, 41]. Monographs, recent overviews, and two
phase-field benchmark settings are provided in [12, 3] [10} (61} 54} 20, [18]. Our
formulation starts from our own prior work [48| 49]]. In the current work, the
coeflicient control acts in the elasticity tensor as it is common in free-material
optimization, see, e.g., [27]. A prototype setting is described and investigated in a
computational fashion.

The rest of the manuscript is organized as follows. In Section 2] we will state
the precise problem under consideration and collect some well known facts on the
obstacle problem needed in the upcoming analysis. We will then discuss the well-
posedness of our optimization problem. In Section [3] we will discuss directional
differentiability of the control to state map, generalizing results of [42] to the case
of control in the coefficients, and eventually obtain a first formulation of first order
necessary optimality conditions. These results will be detailed in a forthcoming
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publication. In Sectiond] we discuss recent results concerning optimality conditions
for a regularized variational inequality as given in [56]. In Section[5] we show some
numerical results for the coefficient control in the obstacle problem highlighting
the convergence of the regularized solutions to the limiting VI-solution. Finally,
in Section [§] we provide a prototypical extension towards phase-field fracture and
provide some illustrating numerical examples. The article closes with an outlook
and summary of further project results in Section|[7}

2. PROBLEM STATEMENT AND EXISTENCE OF SOLUTIONS

In this section, we start by collecting precise assumptions for our model problem
and eventually show existence of at least one global minimizer.

2.1. Notation and Assumptions. Let us first agree on some general notation and
underlying assumptions. Let Q ¢ R? be a given Groger-regular domain, c.f. [23],
where d € {1,...,3}. We use the notation Q := LZ(Q;Rfyff) and U := Hé(Q),
| - || and (-,-) denote the L?(Q)-norm and inner product for scalar, vector, and
matrix valued functions. The admissible sets for the control and state are defined

as

Qad ={q € LZ(Q;ngﬁl) 10 < gminl < q(x) < gmax!, a.e.} CQ,

K={ueHy(Q)|u<y}cl,

for given gmin, Gmax, ¥ € R with gmin < gmax, ¥ > 0, and I denoting the identity
matrix. Here < and < denote the standard ordering of symmetric matrices given
by the positive definite and positive semi-definite cone, respectively.

Moreover, let f € L?>(Q) be fixed, @ > 0a positive cost parameter, and j: U — R
a weakly lower semicontinuous Fréchet-differentiable functional that is bounded
from below. Then, we will consider the optimization problem

. . a
min J(q.u) = j(u) + 5 llg|

(P) (gVu,V(v—u)) = (f,v—u) YveKk,

S.t. ad

uck, q €0
Within this setup it is known that for any given g € Q%, the obstacle problem of

finding u € K solving
2.1 (gVu,Viv—u)) = (f,v—u) Yvek

admits a unique solution, which follows immediately from the equivalent strictly
convex minimization problem

1
u = argmin, g E(qu, Vo) - (f,v).

This in turn is equivalent to the existence of a Lagrange multiplier 1 € H~!(Q)
such that

(qVu, Vo) = (f,¢) = (L. ¢) Vo € Hy(Q).
Since f € L?(Q) and ¢ € R, [52, Chapter 5, Proposition 2.2] shows that in fact the
solution satisfies V - (¢Vu) € L?>(Q) and thus we can define the multiplier

A:=V-(qVu) + f € L*(Q).
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Here it should be noted that L>®-regularity of the coefficient ¢ € Q*! is in general
not sufficient for u € H*(Q).
Following [52, Chapter 5, Proposition 2.2], and using that i is constant, we find

IV - (gVu)ll < 2|l 1,

2.2) Al = IV - (gVu) + f]
<371
From this, the Lax-Milgram theorem asserts the uniform bound
2.3) IVull < 2225 71,
min

and eventually the solution u of (2.I) can equivalently be characterized by the
complementarity system

—-V-(gVu)+1=f inL*(Q),
A1>0 inL*(Q),
u<y, gqe. inQ,

(Au—-y)=0.

For the remainder of this chapter, we define the control-to-state mapping S: Q% —
U, g — u, where u solves the obstacle problem (2.)) for a given coefficient function

qge Qad'

2.2. Existence of Solutions. In this subsection, we discuss existence of solutions
to (P). Due to the appearance of the product ¢Vu in the variational inequality
(VI) (2.1), weak* convergence of the control as it is induced by the boundedness of
QY c L*(Q; Rfyfﬁl) is not sufficient for passage to the limit in the VI. To circumvent
this difficulty we resort to H-convergence, see, e.g., [38|, Section 2].

2.4)

Definition 2.1. A sequence gx € Q4 H-convergesto g € Q (in symbols g A, q)
if for any sequence uy € U satisfying

up — u, inU,
V- (qxVur) — f, inU"
for some u € U and f € U* it holds
qxVug — qVu, in L*(Q;R%).
With the help of this concept we obtain the following existence result:

Theorem 2.2. There exists at least one solution of (P).

Proof. The proof follows the standard line of arguments. Clearly, J is bounded
from below, and thus we can select a minimizing sequence (g, ux) € Q4 x K,
with corresponding Lagrange multiplier A;. Due to H-compactness of 0%, see,
e.g., [1, Theorem 1.2.16], we can select an H-convergent subsequence g, with limit
g. Further, by the bound 2.3)) ux — u in U and by (2.2)

V- (qxVur) = g in L*(Q)

for some g € L?(Q). By compactness of the embedding L?>(Q) ¢ U* the conver-
gence is strong in U* and the definition of H-convergence asserts

qxVur — gVu, in LZ(Q;Rd).
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Further, the bound (2.2) implies weak convergence 1; — A in L?(). Combined,
we see that the limit (g, u, 1) satisfies the first equation in (2.4). Clearly, K is closed
with respect to weak convergence in U, i.e., u < ¢ holds, and the complementarity
relation (A, — u) = 0 follows from strong convergence of uy in L?(€). The sign
condition on A follows immediately by Mazur’s lemma. Thus, the limit satisfies the
system (2.4)), which means that the pair (g, u) solves (2.1).

It remains to see the lower-semicontinuity of J. The first term is weakly lower
semicontinuous by assumption, while the norm on ¢ is lower-semicontinuous with
respect to H-convergence by [[16, Lemma 2.1]. This shows the assertion. O

3. FIrRsT ORDER NECESSARY OPTIMALITY CONDITIONS

In this section, we first prove directional differentiability of the control-to-state
mapping S and eventually derive a first order optimality condition in form a varia-
tional inequality, that can be viewed as a first step towards optimality conditions in
qualified form.

3.1. Directional Differentiability of S. In order to prove directional differen-
tiability of the control to state map S in the sense of Hadamard, see, e.g., [S5!
Definition 2.2], we need to show that for a given control ¢ € Q* and direction
d € Q with ¢ + d € Q*, the limit

S(q+td)—S(q)_

S’ (g;d) =1l
(q;d) im ”

exists. Let us proceed in two steps. First, let us define the auxiliary operator
S, HY(Q) - HY(Q), fwu,
with u € K such that

(qVu,V(p—u)) = (f,p—u), VoeK.

In other words, in this operator the coefficient matrix ¢ € Qald is fixed, and the
right-hand-side f € H~'(Q) is mapped to the solution of the classical obstacle
problem with the given coefficient g. Note that then we have

u=S(q) = S4(f)-
As already pointed out in the introduction, the operator S, acting on a control in

the right hand side is well understood. Applying the results of [42] and [59], we
obtain:

Lemma 3.1. The operator S’q: H'(Q) — Hé (Q) is directionally differentiable
at all points f € H™'(Q). Its directional derivative z := S;( fih) € Hé (Q) in
direction h € H~'(Q) is given by the unique solution of the variational inequality
(3.1 2€K(f), (qVz,V(p—-2) 2 (he-2) YeeK(f),

with

K(f)={p e H(l)(Q): ¢ <0q.e. on {S’q(f) =y} and ¢ =0 q.e. on g-supp(1)},

where u = §q( f) and 2 = V- (¢Vu) + f is the associated Lagrange multiplier
defined in (2.4).

Proof. This is a formulation of [47, Theorem 2.9], cf., [42], applied to Sq and
adopted to our notation. The concrete form of the critical cone is due to [59]. O
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Now, as pointed out in [47]], the operator §q is Lipschitz continuous and therefore
even Hadamard differentiable. This yields our desired differentiability result for
the operator S:

Theorem 3.2. The operator S: 0 — Hé(Q) is directionally differentiable at all
points g € Q. Tts directional derivative ii := §"(q;d) € H& (Q) in direction d € Q
with ¢ + d € Q™ is given by the unique solution of the variational inequality

(B2  aeK(g), (qVa,V(p-i)) 2 (V-(dVu),¢—i1) VYoeK(q),

with u = S(g) and

K(g)={¢ € Hé (Q): ¢ <0q.e. on{u =y} and ¢ =0 q.e. on g-supp(1)},

Proof. Setu = S(q) and note that u,q = S(q + td) fulfills the variational inequality
(3.3) urga € K ((q+1d)Vura, V(o —ura)) 2 (f, 9 —ura) Vo €K,

which is equivalent to

ura € K (qVura, V(e —ura)) 2 (f, ¢ — ura) —1(dVuea, V(e —ua)) Vo € K.
Using integration by parts in the right-hand-side of the last inequality we deduce
S(q+1d) =ura =S4 (f +V - (1dVua)),
with
f+V-(tdVuq) € H(Q).
We note that (3.3) implies that V - (dVug) tends to V - (dVu) in H™! as t tends

to zero. Therefore, applying the Hadamard-differentiability of S'q, ie., Lemma
we observe

(S(q +1d) = S(q) _ Sq(f +1V - (dVusa) = $4(f)
t t

as t — 0, and hence S is directionally differentiable with S’'(g;d) = §"] (f;V-
(dVu)).

= 8, (f; V- (dVu))

O

Following [59], we obtain an analogue to the complementarity system (2.4)),
namely that the variational inequality (3.2) is equivalent to the complementarity
system

—V - (qVi)+ A=V (dVu) in H(Q),
1eK(G)°,
(3.4) y (C{)
i€ K(q),
(@101 (@ = 0-

3.2. Optimality Conditions. To obtain necessary optimality conditions, we rewrite
our optimization problem (P) into the, usual, reduced form utilizing the control-to-
state mapping S:

min f(g) = j(S(q)) + 5 lql*
qeQ?

Note that the Fréchet differentiability of j and || - ||*> and the directional differen-
tiability of S thanks to Theorem [3.2] yields directional differentiability of f. The
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following primal first order necessary condition is then a straight forward conse-
quence of the convexity of Q.

Lemma 3.3. Let § € Q% be a locally optimal control for (P) with associated state
it = §q. Then the following variational inequality is fulfilled:

(J'(@),8(G:q- @) +a(G.q—§) >0 V¥qe Q™

Proof. The proof follows by standard arguments. We refer to, e.g., [47, Lemma
3.2] for a similar setting with control in the right-hand-side and additional state
constraints. Since 7 € Q*! and Q0 is convex, we know that ¢; := G+t(¢—g) € Q™
for all g € Q. Since 4 is locally optimal, we observe

0< flg) - £(@
= j(8(q) = §($@) + 5 (llgell* = 111"

for all ¢ € Q* and ¢ sufficiently small. Since both j and || - ||? are Fréchet
differentiable, dividing by # > 0 and passing to the limit yields

0< )/ (@)(S"(g:q~q) +a(d,q-q) VqeQ*
by Theorem [3.2] O

4. OptiMALITY CONDITIONS FOR A REGULARIZED PROBLEM

In this section, we introduce a set of limiting optimality conditions for (P) on
domains Q ¢ R? by utilizing a regularization approach and considering the limit
points of stationarity conditions for a series of regularized problems, similar to
the approach in, e.g., [39]. To this effect, we introduce a regularized version of
the obstacle problem and consider the limits of its optimal solutions. Additional
supporting results regarding the regularity estimates used can be found in [56] and
a more detailed explanation of the results presented in this section with all pertinent
proofs will be provided in a forthcoming paper.

For the regularized problem, we introduce a biquadratic penalization r : R* X
R — R of the obstacle energy functional into the problem, see, [39]. The resulting
problem is given by

min S (gy.ity) = 51y = wall+ 5 o
(Py) st. =V (q,Vu,) +7r (y;u,) = f in H(Q),
Uy € Hé (Q), gqy€ Qad,
with
r (i) =y |max (uy =) 0]
Similar to the penalizations in, e.g., [39,153]], the penalization r (y; uy) describes
a locally Lipschitz continuous, monotone Nemyzkii operator. Also note, that

the control is a positive definite and symmetric operator. Since, given a control
¢y € 0%, the left-hand side of the PDE

=V (qyVuy) +71 (y;uy) = f

is Lipschitz-continuous and monotone, we can apply the Browder-Minty theorem
to ensure that for each g, € 0% a unique solution u, € Hé(Q) exists.
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The existence of an optimal solution to the regularized problem can be proven
by analogous arguments as in Theorem [2.2] providing:

Theorem 4.1. There exists at least one solution for (P, ).

Further, the regularization allows us to formulate a set of optimality conditions
for this problem, see, e.g., [[16].

Proposition 4.2. Let (G, iiy) € 0* x Hj(Q) be a local minimum of (P,). Then
there exists p,, € H& () such that

=V - (q,Viy) = f —r(y,iy) in (),
-V - (GyVpy) = ity —ug — 0yr(y,it)p,  in H'(Q),
(@gy - Vi, ® Vp,) (g - Gy) = Vg € 0™

with Vu, ® Vp,, describing the outer product of Vu, and Vp,.

By passing to the limit with y — oo we can utilize these conditions to formulate
optimality conditions for the original problem (P). First we consider limits of the
variables corresponding to the solutions of the regularized Problem (P,).

Theorem 4.3. If y — oo, then there is a subsequence of solutions (g, i) to prob-
lem (P,), with corresponding adjoint p, € H(l) (€) as defined in Proposition
such that

gy — g in L? (Q, Rf;ﬁl) forall2 < p < oo,
Uy — il inWhP (Q) foran2 < p < oo,
DPy—=PpP in WhP (Q) foran2 < p < oo,
G,Vi, — ¢Vi in L? (Q, RZ) ,
3,V5, — GVp in 12 (@, %),
Vi, ®Vp, > Vi®Vp in L? (Q, Rg;ﬁ) foran 1 < p < oo,
r(y,ity) = A inH'(Q),
ur (v, 11y) Py = i in H™' (Q)

for some (g, i1, p, 4, f1) € Q™ X H} (Q) X H} (Q) x L*(Q) x L*(Q).

Based on these limits we can formulate a set of limiting optimality conditions
for the original problem.
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Theorem 4.4. Any limit point (7, i, p, 4, j1) € Q™ x H}(Q) x H}(Q) x L*(Q) X
L*(Q) obtained in Theorem fulfills the first order optimality system

-V-(gVa)=f-2 in H(Q),
u<y g.e. in £,
1>0 in H'(Q),
(La—y)=0,
-V (qVp) =i —ua— I in H™'(Q),
(P 4) =0,
(A, —y) =0,
(p.f1) =0,
(g -Va®Vp)(g-q) 20 Vg € Q%

5. NUMERICAL EXPERIMENTS

In this section, we present numerical results on an obstacle problem with coeffi-
cient control and its regularization. As a basis we consider an inverse problem for
the estimation of matrix coefficients in an elliptic pde as has been studied in [16].
This is an optimal control problem with coefficient control, which we further mod-
ify by introducing an obstacle ¥, adjusting the objective and adding a barrier term
to handle the condition ¢ € Q.

5.1. Example 1. The resulting problem on the domain Q = (-1, 1)? ¢ R? is then
given by

min J(q,u) +BB(q)
qeL?(Q.RYZ),ucH) (Q)

st. =V-(gVu)=f-1 inH ' (Q),

(PMES) us<y g.e. in Q,
120 in H ' (Q),
(/lv u— W) = 07

with given ¥ > 0, ¥ € R and
G.1) o) = (1-23) (6xF +2) +2(1-x3).

To enforce g € Q, we introduce a logarithmic barrier term

-B(g) = ‘/Qlog (det (q — gminl)) + log (det (qmaxI — q)) dx,

with gmin = 0.5, gmax = 10 into the objective with a, small, barrier parameter 8 > 0.
While B is clearly a barrier for the admissible control set Q*¢ during the iterations
one must assert that indeed the iterates remain within Q! as B can be finite outside
of 0. To do so, the trace of the matrices is monitored as in two dimensions a
matrix is positive definite if its determinant and trace are positive.

The objective is given by

1 0
J (@) = 5llu = ual+ 5 llg - gall}



10 HEHL, KHIMIN, NEITZEL, SIMON, WICK, AND WOLLNER

with desired state
ug(x1,x2) = (1 =x)(1 = x3),
and desired control
1+ x% 0
qa(x1,x2) = ( 0 1)
following [16] with the additional introduction of g,4. This is done so that without
the introduction of an obstacle, the desired solution (g4, u4) would be the optimal
solution of with objective J(q, u).

The problem setting has been implemented in C++ using the DOpElib optimiza-
tion suite, see [22]], which uses the deal Il finite element library, see [5} 4]. For our
finite element approximations, we utilize a uniform mesh dependent on refinement
level > O that is constructed of 2! x 2! quadratic cells of size 4. To compute
discretized solutions (gp, i), we utilize piecewise bilinear finite elements.
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FIGURE 5.1. State solution (uy, Aj,) for Problem (PM"%!) at refine-
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FiGURE 5.2. Control solution gy, for Problem (P™**{) at refinement
level [ =5

In this first problem, we compute solutions for (PM™{) on Q = (-1, 1)? with
obstacle ¢ = 0.5 at refinement levels / = 5. Here we have weighted the Tikhonov
term in the objective with @ = 0.1 and the barrier with 8 = 0.0001. We have chosen

N |
it _
-5 3)

as the initial control. To implement the obstacle we have equivalently reformulated
the set of complementarity constraints into

A-max{0,A+c(u—y)} =0 = u<y, 120, (L,u-y)=0,
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for arbitrary ¢ > 0. In the computations, we have chosen this parameter as ¢ = 1.
Figure [5.1] shows the state solution uj, and the associated Lagrange multiplier A,
of this problem. We can observe the obstacle acting as a constraint on the state,
preventing the state u;, from achieving the desired solution u#4. Note that, since the
Lagrange-multiplier 4, acts as a slack variable, it allows us to observe the area in
which the obstacle constraint is active. The effects on the corresponding control
solution g, are illustrated in Figure[5.2]

5.2. Example 2. To study the effects of the regularization, we use the regularized
problem formulation. It is given by

min J U
(PMEst) qy €L} (Q),uy €H} (Q) (qy 7)
Y

st. = V- (qyVuy) +ymax (uy —¢,0)° = f in H ' (Q)

with penalty parameter y > 0. All other quantities as the domain €2, the parameters
@, B, and the obstacle y are chosen as in Problem (PM*1)).

y=1 y=103 y=10%
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Ficure 5.3. Results for different choices of regularization param-
: St
eter y on state solution uy, , of Problem (P%E at refinement level
qu,nfory=1 Guznfory=1 Gz2,nfory=1
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S
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\\\\\\\\\\\\\\\&\\\\:‘gg::‘\ 0.998
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HTHTHHHw 0.996
TR
TR 0.994
0.992
AR 1.0
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Ficure 5.4. Results for different choices of regularization param-

eter y on control solution g, of Problem |i at refinement
level [ = 5.
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We also start our computations with the same initial control ¢™'. We now
compute solutions (g, up, ) for at different values of the regularization
parameter y. In Figure [5.3] we have illustrated the impact of increasing  on the
optimal state solution, visibly enforcing the obstacle for higher values of y. We can
also observe that the regularized control, see Figure [5.4] approximates the control
solution of obstacle problem for increasing y. This is supported by our
numerical results when comparing solutions of Problem 1i at different regular-
ization values with those of Problem , see Table[5.1|for error computations
at different refinement levels.

’ Y H lun,,y — un, 2 ||Qh|,7_Qh1||2‘ tny,y = unylla NGhyy = qmll2

|

100 3.79579 - 107! 1.8927 - 1071 3.79979 - 1071 1.87395- 107!

103 1.41644 - 1071 6.47868 - 1072 1.42056 - 1071 6.98082 - 1072

10° 1.59084 - 1072 7.76552 - 1073 1.62702-1072  8.16446 - 1073

10° 1.6923 - 1073 3.57287 - 1073 1.62867 - 103  1.56167-1073

1012 2.0242-107° 4.39335- 1074 1.81648 -107*  1.19951-1073

TaBLE 5.1. Difference between solution (gp,,un,) of Prob-
lem (PMES)) and solution (qn;,y»>un; ) of regularized Prob-
lem ll with i = 1, 2 for refinement levels [y =5 and [, = 7.

6. ExTENSION TO PHASE-FIELD FRACTURE

Let us introduce a free material optimization problem in the setting of fracture
propagation, that is inspired by [27]]. The overall goal is to control the behavior of
the fracture by optimizing the stiffness tensor with a control in the coefficients and
thus achieving a desired crack pattern.

6.1. Problem Statement. The state of the material is given by a pair u = (u, @),
where u denotes a two dimensional displacement field and ¢ a phase-field, i.e., a
smooth indicator function for the fracture, cf., [12} [11], with ¢ = 0 in the broken
area, and ¢ = 1 in the intact area. The symmetric gradient e(u) is defined as

1 (du;(x) duj(x))

;- = = + s -7 = 19 27
ij(u(x)) 2( dx; | dy o

and the strain by 0qij = gijkiexi(u), i, j, k,1 = 1,2, where g; jx; is the elastic/plane-
stress stiffness tensor. In accordance with [27], it is written as the symmetric
material matrix

qg1111 41122 \/ifmlz
(6.1) q= g1 V2qn12 |-
sym 2q1212

As spatial domain ©, we choose the unit square (0, 1)?> ¢ R? with a horizontal
notch in the middle of the domain [0, 1] x {0.5}. Moreover, the Lipschitz boundary
is partitioned into dQ = I'p U I'y U Tfee, where I'p := [0,1] x {0} and
I'y = [0,1]x{1}. OnT"p we enforce homogeneous Dirichlet boundary conditions
for the displacement u. We have homogeneous Neumann boundary conditions
for the phase-field and the initial condition ¢ = 1 in Q at ¢+ = 0. Further, let



COEFFICIENT CONTROL OF VARIATIONAL INEQUALITIES 13

fry € L*(T'y) be a stationary external orthogonal force. We consider a time-
discrete model formulation on the time interval [0, 1] with M + 1 equidistant time
points, i.e., 0 = tyg < 11 < ... < tpy = 1. Consequently the state is given by
u= )M = (' ¢)Y . However, we will assume both the material matrix ¢ and
the external load f to be constant in time. The fracture problem then reads: For
given material matrix ¢ € L*(Q,R}})), initial values #° € V and right-hand side

f, find astate u’ € V := HlD(Q;RZ) x H'(Q) that solves foralli = 1,..., M,
(PDEF™)  (A(u',q),v) + (R(¢";y),09) = (£,0")ry, Yo =(0",0%)€V.
The operators A(u’, g) and R(¢';y) are given by

(A, q),0) = (((1= 06"+ K)oy (), (")
+ch(Vgoi,Vv“’) - %(1 -4, U¢) + 77("0i - vso)
+ ((1 —K)p oy (u): e(u'), U‘p)’

(R(¢'57).0%) 1= (ymax(0,¢' = ¢'1),0%),

for any (v, v¥) € V, see, [48,149]]. Here, « denotes a (bulk) regularization parame-
ter that helps extending the displacements to the entire domain Q, € is a phase-field
regularization parameter, vy is a penalty parameter for the crack irreversibility condi-
tion ¢’ < ¢~!, 5 denotes a viscosity parameter, and G .. is the critical energy release
rate. For further explanation on phase-field fracture, and the physical interpretation
of the involved parameters, we refer to [48} 49, 33].

We investigate an optimal control problem with tracking type cost functional
J. The objective is to reach a given desired crack pattern ¢z € V as well as a
desired material matrix g4 € L*(<Q, R':’;Ifl) With constraints given by ,
the optimal control problem reads:

M
. Ly 2« ’
minJ(q,u) = (— b — +—|lg - + BB ),
minJ (g, u) ; sl¢" = wall”+ Flla - qall; + BB(q)
s.t.  u'and g satisfy (PDEf"9) foralli = 1,..., M,

(PFrac )

where @ > 0 is a Tikhonov cost parameter, and 8 > 0 is a barrier parameter. The
barrier function is defined by

-B(q) = /Qlog (qr:1.10 = qria,1) +1log (quia 1 — 1)

+logdet(q1:2,1:2 = qL1:2,12) +10gdet(qu 2,12 — q12.12)
+logdet(g — gr) +logdet(gy — ¢q) dx,

where ¢1.1.1:1, q1:2.1:2 are the leading principal submatrices of the control matrix
g defined in (6.1). Further, g7 = gminl € R¥S, qr12.12 = qminl € R22 and
qL1:1.1:1 = 9min € R, respectively for gy, etc. Note that the integrand in the barrier
is finite if and only if ¢ — g7 and gy — ¢ are positive definite and thus the control
fulfills the constraints specified in 0, similar to Problem but without the
need to check for values ¢ outside of Q.

We conduct two numerical test examples, which are both motivated by the single
edge notched tension test [40,41]]. The propagating fracture is caused by a constant
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orthogonal force fir,, = (0, 2100)T. In both examples, we chose the time interval
[0, 1], with 501 and 101 equidistant time points in Example 1, and Example 2,
respectively. The spatial mesh has 64 x 64 square elements.

6.2. Example 1: Material Susceptible to Fracture Propagation. In this first
example the initial control is defined as

o 2/11 + A A1 0
qlmt: A1 2/11+/11 01,
0 0 2uy
which represents the standard elasticity tensor for the Lamé parameters 4; = ffé‘ -

and y; = ﬁ, cf., [33]. The desired phase-field continues the initial notch to the
left, i.e.,

0, x€[0.25,0.5] andy € [0.5-0.0221,0.5 + 0.0221]
pa(x,y) = :
1, else.
The desired control g, is defined as
qa=q" in [0.45,1] x [0, 1],
2/12 + Ay Aa 0

ga = Ao 2up+ A, 0 ], in [0, 0.45] x [0, 1],

0 0 2/.12

which corresponds to the Lamé parameters A = A; and yp = 0.01y; in the latter
subdomain. The choice of g, describes a material that is more susceptible to
fracture in the left part of the domain. Within the optimization process we seek a
control ¢ that is closer to g4 in order to get a different crack pattern, compared to
the one that we get from g™, In Table|6.1] we present further numerical parameters
that lead to trq(q™!) := fg trace(q™") dx = 6u; +21; = 3.056 - 10°. In Figure
we compare the phase-fields at the final timepoint #5¢q for the initial control g™ and
the control ¢", where trq(qi") ~ 2.776 - 10°, see Figure for the corresponding

diagonal entries of g,

6.3. Example 2: Effects of the Desired Control. In this example, we focus on the
effects of adjusting the desired control g¢. On [0.35,1] x [0, 1] we set g4 = g™
On [0,0.35] x [0, 1] we adjust the Lamé parameters similar to Example 1, but
using uy = 100u;. Here we chose a time interval in [0, 1] with 101 equidistant
time points. Mesh size, constant orthogonal force fir,, = (0, 2100)T, and all
other parameters remain the same, see Table[6.I] We want to observe the effects of
increasing the Lamé parameter u, on part of the domain to achieve a different crack
pattern, as opposed to Example 1 where we observed the effects of decreasing this
parameter. In Figure [6.3] we compare the phase fields at final timepoint ¢y for
the initial control ¢™™* and the control ¢, where trg(q™") ~ 1.5332 - 108, for the
corresponding diagonal entries of ¢ we refer to Figure
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Parameter Definition Value
g Regularization (crack) 0.0884
K Regularization (bulk) 1.0e-10
n Regularization (viscosity)  1.0e3
0% Penalty 1.0e5
a Tikhonov 4.75e-4
G, Fracture toughness 1.0
% Poisson’s 0.2
E Young’s modulus 1.0e6

TaBLE 6.1. Parameters for Problem (P"2°).

0 0.5 1

Ficure 6.1. Crack Pattern of Example 1 after 500 timesteps for
initial control (left) and final control (right) on a 64 X 64 mesh

] ]

9.10° 1.1-10°  9.10° 1.1-10°  6.3-10° 8.3-10°

FiGurE 6.2. Diagonal entries of final control ¢" of Example 1 on
a 64 x 64 mesh
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0 0.5 1

\J
0.85 0.925 1

Ficure 6.3. Crack Pattern of Example 2 after 100 timesteps for
initial control (left) and final control (right) on a 64 X 64 mesh

] ]

1.6 -10° 1.4-108 1.6 -10° 1.4-108 1.4-10° 1.4-108

FIGURE 6.4. Diagonal entries of final control ¢ of Example 2 on
a 64 x 64 mesh

7. SumMMARY OF FURTHER ProJECT RESULTS AND OUTLOOK

The article summarized some results obtained within the project ,,Optimizing
Fracture Propagation using a Phase-Field Approach” concerning existence and
first order optimality conditions for control in the coefficients of a variational
inequality. Improved results and detailed proofs for these optimality conditions
will be subject of a forthcoming publication. Further, some numerical results for
a related coeflicient control problem of phase-field fracture are provided. The
project analyzed in detail the control of such phase-field fracture problems by the
applied forces and the convergence in the regularization limit in 49]. These
results where enabled by a fundamental result on higher integrability of solutions
to elliptic systems by [24]. The analysis of such phase-field control problems
could be extended to second order sufficient conditions [28]], and finite element
error estimates where obtained in [44] for a linearized fracture control problem.
Analysis of local quadratic convergence of the SQP method for regularized fracture
with control on a Neumann boundary is subject of a forthcoming publication.
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Further results on optimality conditions for control of variational inequalities
have been obtained in [47], including state-constraints and control in the right-
hand-side, as well as for coefficient control problems in [56]. A posteriori [19]
and a priori [30]] finite element error analysis for non-smooth control problems of
equations with p structure could be carried out within the project. The project
was complemented by developments of algorithms for the control of phase-field
fracture in [34} [33]] and of Lagrange multiplier methods [32] for nonlinear elliptic
state-constrained problems.
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