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Equidistribution of high traces of random matrices over finite fields
and cancellation in character sums of high conductor

Ofir Gorodetsky, Valeriya Kovaleva

Abstract

Let g be a random matrix distributed according to uniform probability measure on the finite general
linear group GL,(Fy). We show that Tr(¢g") equidistributes on Fy as n — oo as long as logk = o(n?)
and that this range is sharp. We also show that nontrivial linear combinations of Tr(g'),. .., Tr(g")
equidistribute as long as logk = o(n) and this range is sharp as well. Previously equidistribution of
either a single trace or a linear combination of traces was only known for k < ¢4n, where ¢, depends on
q, due to work of the first author and Rodgers.

We reduce the problem to exhibiting cancellation in certain short character sums in function fields.
For the equidistribution of Tr(gk) we end up showing that certain ezplicit character sums modulo 7%*?
exhibit cancellation when averaged over monic polynomials of degree n in Fy[T] as long as logk = 0(n2).
This goes far beyond the classical range log k = o(n) due to Montgomery and Vaughan. To study these
sums we build on the argument of Montgomery and Vaughan but exploit additional symmetry present
in the considered sums.

1 Introduction

Fix Fy, the finite field of ¢ elements. We denote its characteristic by char(F;). Let g € GL,(F,) be an
invertible n X n matrix over F, chosen according to the uniform probability measure. The first author and
Rodgers [12, Thm. 1.1] showed that Tr(g"*) equidistributes in F, as n — oo, uniformly for k < ¢,n for some
sufficiently small ¢, depending on ¢, and the rate of convergence is superexponential. However, nothing
beyond k = O(n) was known. We describe our three main results.

Theorem 1.1. Let g € GL,,(F,) be chosen uniformly at random. Let k = k(n) be a positive integer such
that logk = o(n?). The distribution of Tr(g*) tends to the uniform distribution on F, as n tends to occ.

The range logk = o(n?) in Theorem [ is optimal in the sense that we cannot replace it with logk =
O(n?). Indeed, if we take k = |GL,,(F,)| = H?:_Ol (¢"™ — ¢') then logk =<, n? and, by Lagrange’s theorem,
g* =1, for g € GL,(F;) and so Tr(¢g*) = n does not equidistribute. (This shows Tr(g") is periodic in k.)
Theorem [I1] leaves open the question, not explored in this paper, whether the range can be extended to
log k < ¢gn? for some constant ¢, > 0 depending on ¢; we believe the answer is negative. We also prove a
theorem for combination of traces.

Theorem 1.2. Let g € GL,,(F,) be chosen uniformly at random. Let k = k(n) be a positive integer such
that char(Fy) t k and logk = o(n). Let a; € F, for j =1,...,k be arbitrary constants with ar, # 0. Then the
distribution of Zlgigk a;Tr(g") tends to the uniform distribution on F, as n tends to oo.

Over F, we have Tr(g"*(Fa)) = Tr(g)°Pa*(a) and the condition char(F,) { k is necessary to avoid trivial
linear combinations. The range log k = o(n) in Theorem [[2is optimal in the sense that it cannot be replaced
by log k = O(n), as we now demonstrate by giving an example where Y, -, -, a;Tr(g") (char(F,) { k, aj, # 0)
is not equidistributed and log k <, n. Let F, denote an algebraic closure of Fy, and let f € F,[T] be a monic
polynomial. Given its factorization f(T) = H?iglf(T — ;) over F,, we define its ith (i > 0) power sum
symmetric polynomial as

deg f o
pi(f) = N eF, (1.1)
1
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By Newton’s identities p;(f) is an integral multivariate polynomial in coefficients of f, hence p;(f) is in fact
in F,. Moreover, we have p;(fg) = pi(f) + pi(g) for any monic f,g € F,[T]. If f(T) = det(I,T — g) is the
characteristic polynomial of a matrix g, then p;(f) = Tr(g*).

Let F(T) := Zf:o a;T" be the product of all monic irreducible polynomials in F,[T] of degree at most n

(so ap =1, ag = 0). Then, for any A\ € Uj_;F;,

k
F(N) =Y ai\ =0.
1=1

Hence Zle a;pi(f) = 0 for any f with deg f < n and

k k
Z a;Tr(g") = Z a;p;(det(L, T —g)) =0
i=1 i=1
for all ¢ € GL,(Fy). Finally, k¥ = deg F' < ¢" by the Prime Polynomial Theorem (see Lemma B.1]). If k
happens to be divisible by char(F,), we can replace F' by T'F.
The question whether the range of Theorem [[.2] can be extended to logk < ¢4n for some constant ¢, > 0,
for which we believe the answer is negative, remains open and is not explored here.
For certain values of k, for example, primes, we can go beyond the range logk = o(n?) of Theorem 1]
using the following arithmetic criterion.

Theorem 1.3. Let g € GL,,(F,) be chosen uniformly at random. Let k = k(n) be a positive integer. Suppose

> d' = o0 (1.2)
12log, n<d<n
gr:d(k,qd—l)<q”l/3

as n — oo. Then, the distribution of Tr(g*) tends to the uniform distribution on Fq as n tends to co.

As we shall see later, Theorem [[.1]is a consequence of Theorem [[.3]

1.1 Comparison with random matrix theory

Our investigation was motivated by results in random matrix theory, although we do not use any techniques
from this area. Let U,(C) be the group of n x n unitary matrices over complex numbers, endowed with
Haar measure of total mass 1. A classical result of Diaconis and Shahshahani [9] states that for any k& > 1,
the vector X;, = (Tr(U), Tr(U?)/v/2,...,Tr(U*)/VE) converges in distribution to Yy = (Z1, Za, ..., Zy),
where (Z;)%_, are independent standard complex Gaussians. Johansson [I8, Thm. 2.6] showed that the
rate of convergence of a linear combination of Tr(U?) to a suitable Gaussian is superexponential in total
variation distance. In [19], Johansson and Lambert extended [18] to the total variation distance of X} from
Y% uniformly for k < n?/37¢ and in [6], Courteaut and Johansson established similar results for orthogonal
and symplectic groups. In a recent work, Courteaut, Johansson, and Lambert [7] studied the convergence
of Tr(U*)/Vk to Zy, as k varies, obtaining, among other results, that the distance goes to 0 for any & in the
range 1 < k < n. As for the complementary range, Rains [24] proved that there is a stabilizing phenomenon
once k > n: The eigenvalues of U¥ become distributed as n independent uniform random variables on the
unit circle, and in particular Tr(U*)/y/n tends in distribution to the standard complex Gaussian.

1.2 Symmetric function perspective

Let us also formulate a natural problem in symmetric functions that will turn out to share strong similarities
with the equidistribution of Tr(g*). Let ex(t1,...,t,) be the kth elementary symmetric polynomial

ek(tl,...,tn) = Z tj1tj2"'tjk

1<j1<ja < <jp<n



and pg(t1,...,t,) be the kth power sum symmetric polynomial
n
Prlty, o tk) =) tF.
i=1

Let X = (X;)™,; be n F,-valued random variables such that e;(X), ..., e,(X) are independent and uniformly
distributed on F,. By Newton’s identities, px(X) must also be Fy-valued. We ask, is pi(X) close to uniform?

Here is one way to construct such a sequence X. Taking ai,...,a, to be independent uniform random
variables on F,, the polynomial 7" — a1 7" + axT""2 F ... + (—1)"a, is distributed uniformly among
M, q € Fy [T, the subset of monic polynomials of degree n. Setting (X;)!_; to be its n roots in some order,
we have that e;(X) = a; satisfy the conditions above, and p;(f) defined in (LI} coincides with p;(X). We
prove the following.

Theorem 1.4. Let n > 1. Let k = k(n) be a positive integer. Suppose X = (X;)™_, are n random variables
such that (e1(X),. .., en(X)) has the uniform distribution on (F,)™. Then:

1. Iflogk = o(n?) then the distribution of px(X) tends to the uniform distribution on F,.

2. Let a1,...,a5 € Fy. Iflogk = o(n), ar # 0 and char(F,) { k then the distribution of Zle a;p;(X)
tends to the uniform distribution on Fy.

3. If the sum in (L2) diverges then the distribution of pi(X) tends to the uniform distribution on Fy.

Theorem [[.4]is about pi(f) when we choose f uniformly at random from M,, 4, while Theorems [[LTHL.J]
are about pg(f) for a polynomial f drawn from the space of possible characteristic polynomials of a matrix
from GL,,(F,) endowed with the uniform measure. As proved in [12, Thm. 1.4], the total variation distance
of the law of the first k next-to-leading coefficients of det(I, T — g) from the uniform distribution on F’; tends
to 0 as n — oo for k as large as n — o(logn), so the setup of Theorem [[4lis not that different from the setup
of Theorems [LIHL3l

1.3 Cancellation in character sums of high conductor

Given n > 0 we denote by M,, , C F,[T] the subset of monic polynomials of degree n. We denote by

My = Up>oM,, 4 the set of monic polynomials in Fy[T]. We denote by P,, ; C M,, 4 the set of irreducible

polynomials of degree n and let Py = U, >0Pr,q- Throughout, the letter P is reserved for elements of P,,.
Given k > 1 and a nontrivial additive character ¢: F; — C, we define a function x,4: Mg — C by

¢(p—k(f))a if (fv T) =1,

0, otherwise.

Xk, (f) = {

Remark 1.1. If i is a negative integer, then p;(f), as defined in (L]), is well defined as long as T' 1 f.
Moreover, the usual properties are preserved: p;(fg) = pi(f) + pi(g) if T 1 fg; if f(T) = deg(I,T — g)
then pi(f) = Tr(g). When T f £, pi(F) = pi(f(1/T)T1 /£(0)), where f(1/T)T%%/f(0) is a monic
polynomial, proving p;(f) € F, as well.

We show in Lemma 1] that the function Xy, is a primitive Dirichlet character modulo T#*!. The
following theorem is the main component behind the proof of Theorem 11

Theorem 1.5. We have, uniformly forn>1 and k > 1,

. 1+ log,n+ (/log, k
T Y k() < : .

. n
feEMn q

In particular, we have cancellation when logk = o(n?) as n — oc.



Note that the range logk = o(n?) is optimal because for k = [[/_,(¢* — 1) we have y=% = 1 for every

v € U?ZquXi and thus p_x(f) =non {f € My, : T 1 f}. Hence, there is no cancellation for such k. We
do not know if cancellation for logk = o(n?) persists if we restrict to P, , instead of M,, 4; the proof of
Theorem relies on summing over all degree-n polynomials.

It is instructive to compare Theorem to results about character sums for integers and polynomials.
We switch temporarily to the integer setting. Let x be a nonprincipal Dirichlet character modulo m and
consider the sum S, == > __x(n) as £ — oo. Montgomery and Vaughan [22, Lem. 2] proved under the
generalized Riemann hypothesis for L(s,x) that if m > x and y € [(logm)*, z] is a parameter, then

Sex =3 x(n)+O(xy /*(logm)*). (1.3)
n<z
pln = p<y

Recall 35, . 0 —s p<y 1 18 0(2) if logz/logy — oo [8] eq. (1.9)]. Taking y = (logm)?, we see that S,
exhibits cancellation if loglogm = o(logz). Granville and Soundararajan improved the error term in (3]
and also showed that this range is optimal [I3] Cor. A], in the sense that for any given A > 0 and for any
prime m, there exists a nonprincipal character x mod m with |S; | >4 x, where z = log” m.

Much less is known unconditionally. Burgess proved S, , exhibits cancellation when m < z37¢, and
this can be extended to m < z%7¢ if m is cubefree [4, [5]. When the conductor is smooth, better results
exist [I7, Ch. 12]. In particular, if m = p", then Banks and Shparlinski [I] showed one has cancellation in
the range logm = o((logx)3/2) (if » > C and p < z° for some absolute C' > 0 and ¢ > 0); this improved
earlier work of Postnikov [I7, Thm. 12.16]. It is worthwhile to recall }°, _ n exhibits cancellation when

log(|t| 4+ 2) = o((log #)3/2), a result due to Vinogradov [I7, Cor. 8.26]. The bound we prove for the sum of
I+ Xn,u(f) also holds for the function f +— 9 (pg(f)), which is an analogue of n — n, see Remark 2] and
[12, Lem. 2.2].

Now let us return to the polynomial setting. The generalized Riemann hypothesis in F,[T] is a seminal
theorem due to A. Weil [28]. Let x be a nonprincipal Dirichlet character modulo a polynomial @ € F,[T].
In [2, Thm. 3], Bhowmick and Lé adapted (L3]) to the polynomial setting, proving unconditionally that

> x(f) = > X(f) +0(¢"" % degQ) (1.4)
fEMn q FEMn q
P|f = deg P<m

holds for m € [2log, deg @, n]. Taking m = [4log, deg Q] shows that, as n — oo, ZfeMn,q X(f) exhibits
cancellation when log, deg @ = o(n). (For a self-contained bound on the sum in the right-hand side of (L4,
see Lemma B.H])

The range log k = o(n?) in Theorem [[Hlis far beyond the ranges that the generalized Riemann hypothesis
implies, and heavily exploits a special symmetry satisfied by X, which is shown in Lemma B8 We are
not aware of any other explicit family of characters, in either integers or polynomials, where the general-
ized Riemann hypothesis implies cancellation when the conductor exceeds the Montgomery—Vaughan range
loglogm = o(log x) in Z or logdeg @ = o(n) in F,[T7.

In §Alwe prove a new bound on general character sums in function fields which is not used in the paper.

1.4 Structure of the paper

In Section 2] we discuss the connection between the distribution of traces and character sums in more detail,
and bound the total variation distance between our respective distributions and the uniform distribution by
corresponding character sums. By doing so, we reduce Theorem [Tl and the first part of Theorem [L.4] to
Theorem [[.5] and Theorem and the second part of Theorem [[.4] to obtaining bounds for the character
sum in ([[4). The latter is quite straightforward as shown in Lemma 2:2] while the former requires more
careful treatment. We prove Theorem in Section [Bl we consider this to be the technical part of the paper.
We start with observing that there is underlying symmetry in sums of x . against primes. To see this, in
Lemma 3.8 we prove

ST OADOXkw() = D AP)xw (),

fEMn,q fEMn,q



where A(f) is the function field von Mangoldt function, and k' = ged(k, ¢™ — 1). This identity allows us to
improve the Weil bound

‘ > A(f)Xk,w(f)‘ngk
fEMn q
to

] 3 A(f)x/c,w(f)’ < #K = q# ged(k,q" — 1) (15)
fEMn 4

as shown in Corollary This is helpful when ged(k,¢™ — 1) is small. Motivated by Montgomery and
Vaughan [22 Lem. 2] given S C {1,...,n}, we write

"> k) =q" > Xk (f) +q7" > X, (f)- (1.6)

feEMun 4 fEMu 4 fEMun 4
P|f = deg P¢S 3P| f such that deg P€S

In our case, choosing
S = {[12log, n] < d < n:ged(k,q* — 1) < ¢*/%}

allows us to bound the second sum on the right-hand side of (L)) using ([H]) (see Lemma B4]) while a sieve
bound (Lemma [B5]) bounds the first sum on the right-hand side of (L8). This strategy ends up proving the
following criterion.

Proposition 1.6. Let n > 1 and k> 1. Let ¢: F; — C* be a nontrivial additive character. We have

Y xewlf) <<n1+exp(— 3 d1>. (1.7)

feMn 4 12log, n<d<n
ged(k,q*—1)<q?/®

In particular, a sufficient criterion for cancellation is that the sum in (L2) diverges as n — oo.

In Section [2] we reduce Theorem [[.3] and the third part of Theorem [I.4] to Proposition To deduce
Theorem from Proposition [L6, we prove a sharp upper bound on ; _,,; loggcd(k, ¢ —1) in Lemma
3.6l that may be of independent interest.

The criterion above is particularly interesting because it allows us to exhibit cancellation on the left-hand
side of (7)) for arbitrarily large k, for example, whenever k is a prime, or a product of a bounded number
of primes, the sum in (L2 diverges simply because the following shorter sum does:

>, A
12log, n<d<n
ged(k,q?—1)=1

Remark 1.2. Proposition [, and hence Theorem [LE] apply as is to >_ e v, \ w(f)xk,w(f) where p is the
Mobius function, see Remark Recall p is multiplicative with pu(P) = —1 and p(P°¢) = 0 for e > 2.
However, we do not know that log k = o(n?) is optimal in this case.

Remark 1.3. For every € > 0, there are examples where logk ~ en? for which Proposition does not
yield cancellation, for example, k = Hil" / (¢ — 1) where taking logarithm shows ¢/ > 0 is defined via
e =¢e"(logq)/2.

Remark 1.4. Tt is natural to ask whether analogues of Theorems [[.T] and [[.2 hold for other groups. Consider

for instance U(n,q), the unitary group over Fp2. Then, as in Section [2 we are led to consider the sums
drem. , Pulf)x(f) where Pu(f) := Pyeu(n,g)(det(L,T — g) = f) is a function studied in [12, §5] and x is
n,q

a Dirichlet character depending on k (if we are in the situation of Theorem [[1) or on aq,...,a; (if we are
in the situation of Theorem [[.2]). The support of Py is restricted since the characteristic polynomial of any
matrix from U(n, q) is unitary self-reciprocal, that is, it belongs to

usr ., __ 2 _ dcgja(f(l/T)) o Ci 7 — Cl_] 7
T = {feMn,q Lf0)#£0, fF(T)=T O } (> 1) =) T,



Using the strategy in Section [2] together with [12) Thm. 5.10], the problem ultimately reduces to bounding
character sums over MquTg, > femusr, X(f). We expect that it is possible to adapt our proofs to bound such

sums with additional work, although various complications arise, and this problem deserves further study.
For a review of character sums over such sets, we refer the reader to [12, §5].

2 Reductions

2.1 An involution

Given f € M, we use the notation p;(f) introduced in (II)). Given a1,...,ar € F, and an additive character
P: Fg — C*, define a function &, y: My — C by

Can(f) = ¢(§;pi<f>ai>.

The function &, ,, sometimes called a short interval character, is closely related to a certain Dirichlet char-
acter modulo T*+1 as observed by Hayes [16, pp. 115-116] and Keating and Rudnick [21, §4.1][20, p. 389).
Let us explain this idea. We let MJ' := {f € M, : (f,T) = 1} (this notation, borrowed from [12, §3.1], is

motivated by the fact that the characteristic polynomial of any matrix from U,>oGLy, (F,) lies in Mgl). We
define an involution ¢ on Mgl by

W(f) = f(/T)T8 ] £(0).
If we factorize f € M9 as f(T) =] 8 /(7 — ;) over F, we find that

Jj=1

deg f

)= TIa@-x3"

Jj=1

50 pr(f) = p—k(e(f)) (see Remark [[1] for the definition of p_j). For any function a: M, — C, we define
ta: Mg — C by

alL i gt
wlf) e {O((f)) £femy,

if f & ./\/lgl.
We say that a function o: My — C is completely multiplicative if a(fg) = a(f)a(g) holds for all f,g € M,
and a(l) = 1. If « is completely multiplicative, then so is ¢, because ¢ is (when extended to M, via

«(T) =0). Given an arithmetic function a.: My, — C, we use the notation

S(n,a) = Z a(f).

fEMn,q
Letting
Xo(f) :== 1pyy,
we have
S(n,a-x0) =S, ta) (2.1)

and, since S(n,a - xo) = S(n,a) — a(T)S(n — 1,a)1,>1 holds for completely multiplicative a,

n n

S(n,a) = Z S(i,a - xo)a(T)" " = Z S(iyta)a(T)" . (2.2)

i=0 i=0
A variant of the following lemma was established in [12, Lem. 2.2].

Lemma 2.1. Let a,...,a; € Fq with ar # 0 and char(Fy) t k. Let ¢: Fg — C* be a nontrivial additive
character, and let o = &q . Then, 1o 15 a primitive Dirichlet character modulo Tk+1,



Proof. We know ,, is completely multiplicative, vanishes at multiples of T" and ¢,(1) = 1. It remains to
show that it only depends on the residue of the input modulo T**! and that it is primitive. Newton’s
identities yield that p;(f) is a function of the 7 first next-to-leading coefficients of f, where the jth (j > 1)
next-to-leading coefficient of T" + E;:Ol a;T" is defined to be a,_; if j < n and to be 0 otherwise. Hence,
a = &a(f) only depends on the k first next-to-leading coefficients of f. Since by definition ¢(f) reverses
the coefficients of f and normalizes by f(0), it follows that ¢ (f) depends only on the last k + 1 coefficients
of f, that is, on f mod T**!. Finally, 1o(T**! —¢) = 1 for every ¢ € Fy while a short computation using
Newton’s identities shows ¢, (T* — ¢) = ¥(kay/c) is not equal to 1 for suitable c. O

For k£ > 1 and an additive character ©: F; — C, with a slight abuse of notation, let

S () = Y(pr(f)),

which coincides with &, 4 for a1 = ... = ar—1 =0, a; = 1. By definition, we have

Xkp = Lep .y = Lk y-xo-
Remark 2.1. We have S(n, &) = > 1o S(i, Xk,e) by @2). In particular, ¢~"S(n, xxy) < (1 + log, n +
V/log, k)/n implies ¢~™S(n, &) < (1 +log, n + /log, k)/n and vice versa.

2.2 Reduction of Theorem [1.4] to character sum estimates

Recall that X = (X;)7_, € F,” are n random variables such that e;(X),...,e,(X) are independent and
uniformly distributed on F,, and that one can take X; to be the zeros of a polynomial f chosen uniformly
at random from M,, 4.

Let ay,...,ar € F, and denote by @ the group of ¢ additive characters from F; to C*, with 1y denoting
the trivial character. By Fourier analysis on Fy, given = € [,

k

k
P(Z aipi(X) = 7) = Prem, ,(O_ aipi(f) = )

i=1
k
=¢' > V@B, 0O api(£) =a7" D a7 0(@)S(n,&a)-
pel, =1 pel,

Since S(n,&a, ) = ¢", the triangle inequality implies

k
SPO apiX)=2) ¢ < D g S aw)l. (2.3)
vy 0=l voFEwER,
By ([23), [2.2), and the triangle inequality,

k n
Z }P(Z api(X) =2) —q7 | < qu_" Z g7 5, tea )l (2.4)
ocFy 0=l =0 YotYeER,

A special case of (24 is

D PErX) =2) —q <D D0 oSG k)l (2.5)
IG]Fq 7=0 woiweﬁ
The first part of Theorem [[4 is immediate from (23] and Theorem The third part follows from (23]
and Proposition For the second part of Theorem [[.4, we use (2.4) and observe t¢, , is a nonprincipal
Dirichlet character modulo T**! by Lemma 21l and the result follows from applying the following lemma.

Lemma 2.2 (Bhowmick-Lé¢). Let x: My — C be a nonprincipal Dirichlet character modulo Q). We have
1 +log, (1 +degQ)

n+1 ’
Lemma [2.2] follows from (L.4) with m = [2log,(n(1 + deg@))] (see Section [3.3] for details).

g "S(n,x) <



2.3 Reductions of Theorems [I.IHI.3l to character sum estimates
We define an arithmetic function Pqr,: My — C as follows. If f € M, and n = deg f, then

PaL(f) = PgEGLn(Fq)(det(InT -9)=f),

where GL,, (Fy) is endowed with the uniform measure. It follows from the work of Reiner [25] and Gersten-
haber [11] that Pgy, is multiplicative (in the sense that Par(fg) = Pen(f)PeL(g) when ged(f,g) = 1) and
supported on ./\/lgl. Their works also show that on prime powers it is given by Pgr,(T¢) = 0 and

PGL(Pe — —edegPH —zdegP 1, (26)

where P € P, \{T} and e > 1 (cf. [I2, Thm. 3.3]). The following identity is a quick consequence of (Z0]) (it
can also be derived directly from [12, Thm. 3.4]). Recall |f| = ¢g4°&/.

Lemma 2.3. We have P = a1 * ag where ar(f) = || 1y and ao(f) = Pan(f)/If]-

Let ai,...,ar € F;. By Fourier analysis on F,, given z € F,, we have
k
Pyecr, 5, (Y aiTr(g") = Y Byear,r,) P Zaz
i=1
wGJF

The trivial character 1y contributes 1/¢ to the right-hand side. Recall py(f) (f € M,) is defined in (LI).
Since p;(deg(I,T — g)) = Tr(g"),

Pgeara( Zaz =) —qt=q" Z ¥(x) Z Par(f)éaw(f)-

Yo#YeR, FeMn.q

Summing over x and using the triangle inequality gives

Z ‘PgEGL (Fy) Zaz = - q_l‘ < Z |S(n7PGL : §a,w)|- (2'7)

©€F, YoAYeR,

n [12, Thm. 3.6], the first author and Rodgers showed that

|S(n,Par - &aw)| < g 3 TOa(n)

For fixed k this is essentially optimal up to constants, because |S(n,Pqr - &a )| cannot decay faster than

exponentially in n? due to |GL, (F,)| = q@("z). In this paper, we focus on the range of cancellation rather
than the rate of cancellation, and in this aspect, we can do better. Observe that from Lemma 23]

S, Por-bay) =" Y. Y. Law(f) Y. Par(9)au(y)-

i+j=n feMz q T)(f gEMj,q

Since Pqy, is a probability measure on M 4, the triangle inequality yields

n

1S(n, Par - o) <™ Y150, &aw - X0)]. (2.8)

=0

From (Z8), @1), and 1),
Z ’]P)QGGL (Fq) Zaz - qill S qin Z Z |S(i7L5a,¢)|' (29)

o€l Yoy eFy =0



Similarly to the symmetric function case, we see that Theorem follows from (Z9) and Lemma
In the special case a1 = ... =ai_1 and a; = 1, we have

D Pgecra,) (Tr(g") =2) —a7 [ <a™™ >0 D156 xuw)l- (2.10)
v€fq YoFpel, =0

Theorem [[T] follows from (ZI0) and Theorem Theorem [[3] follows from (2I0) and Proposition

3 Proof of Theorem

The von Mangoldt function A: M, — C is defined as

degP if f=Pk,PecP, k>1,
A(f) = . !
0 otherwise.

Gauss’ identity [27], Thm. 2.2] states that

> A =D [Pagld =q", (3.1)
d|n

fEMn 4
and is known to imply the following.
Lemma 3.1. [23, Lem. 4] We have ¢"/n — 2¢"/?/n < [Py 4| < ¢"/n forn > 1.

Given a Dirichlet character y its L-function is defined as

Liu,x) = Y x(Hu's = T (1 = x(Pyu'=?)", (3.2)

fem, PeP,

which converges absolutely for |u| < 1/¢g. If x is a nonprincipal character modulo @, then L(u,y) is a
polynomial of degree at most deg @ — 1 as follows from the orthogonality relations for xy. We set

d(x) = deg L(u, x) < deg Q.
Theorem 3.2 (Weil’s RH [28]). Let x be a nonprincipal Dirichlet character. Factoring L(u,x) as

d(x)

L(u,x) = [[ (1 = wuw), (3.3)

i=1
we have |v;| € {1,/q} for all 1 <i < d(x).

Lemma 3.3. Let x be a nonprincipal Dirichlet character, then

) x(f)A(f)‘ < gHd(x). (3.4

JEMn q

Proof. We take the logarithmic derivative of the Euler product (3:2) and (B3] and compare coefficients to
obtain

d(x)
> XHAH ==
fEM, 4 i=1
for all n > 1. Then, Theorem implies the lemma via the triangle inequality. O



Let a: My — C be a completely multiplicative function. Given any subset 1" of the positive integers N,

we define
Fr(u,a) = > a(fuless = II a-a@ui=r)t
feMy PcPy,deg PET
P|f = deg PET

Let us write [u™]F for the mth coefficient of a power series F. Our starting point is the identity
> alf) = [ Fu(u, @) = [u"]Pre(u, ) Fr(u, a)
fEMn,q
= [u")Pre(u,0) + [u")Pre (1, @) (P (u, ) ~ 1) (35)
=q" > aoff)+q " > a(f),

fEMn,q fEMn,q
P|f = deg P¢T 3P| f such that deg PET

where T° = N\ T is the complement of T

3.1 Montgomery and Vaughan’s estimate

To bound the second term in (B3], we prove the following lemma generalizing an estimate of Montgomery
and Vaughan [22] Lem. 2] in the polynomial setting.

Lemma 3.4. Let a: M, — C be a 1-bounded completely multiplicative function, meaning |a
all f € Mg, Letn > 1 and S C {1,...,n} be a set of positive integers, and S¢ = {1,...,n
complement. Let sy = mingeg s. Then,

ey
—

" > a(f) < exp(Ar)(exp(Az) — 1),
.fEMn,q
JP|f such that deg PES

where

—d .
A=yt @—Z%ﬂzamw%mmww
feMa,q

dese des

Remark 3.1. In [2] Lemma [B4]is proved in the special case S = {m+1,m+2,m+3,...,n} and « being a
Dirichlet character. For this choice, one immediately recovers (IL4) from (B).

Proof. Using identity (8] and noticing that we can restrict the set of degrees to {1,...,n}, we have

X :=q" Z a(f) = [u"]Fse(u, a)(Fs(u,a) — 1).
.fEMn,q
JP|f such that deg P€S

Because « is 1-bounded, the coefficients in the series of Fse(u, ) are bounded in absolute value by the
respective coefficients of

Zge(u) := Z udess = H (1 —udes Py=1,

feMy PePy,deg PeS©
P|f = deg PeS*

10



Further, we may write Fis(u, «) as

Fs(u,a) = H (1 —a(P)ues?)~! =exp Z Zi_ludi Z a(P)’

PEPy,deg PES des i>1 PcPyq
= exp E u? E a(P) + E E ity E a(P)’
deS  PePa, des i>2 PEPa,

d di ) d
ap Y= Y aDAN YD = Y alP) =Y = e Y ap)
deS = feMa,q des i>2 PEP, des ;chi PCP.q

It follows that [u’](Fs(u,a) — 1) for 0 < j < n are bounded in absolute value by the coefficients of v/ in

ud ydi ud
Z3,a(u) :=exp Z T Z a(fIA(S)| + Z Z Tlpd’q| + Z vl Z€|7>e,q| - L (3.6)

des feEMaq,q desS i>2 des eld
e#d

Putting this together, we have
| X = |[u"]F5c(u,a)(F5(u,a) - 1)‘ < [u")Zse(u)(Zg,a(u) — 1).

We make a general observation. If the coefficients of a power series F(u) = > .., f;u’ are bounded in

absolute value by the respective coefficients of G(u) = Y, g;u’, then | f,| < G(R)R™" for every 0 < R < C
such that G(R) converges. Indeed, B

GRR™ =) giR™ > g R"™" = gn > | fnl.
i=0
Applying this observation with R = 1/q, we get
| X| < q"Zse(1/q)(Zs,a(1/q) — 1). (3.7)

We estimate Zg<(1/q) using Lemma 3] as

Zse(1/q)=exp [ > (¢ %" +0(q ")) | =exp <Z d='+ 0(1)> : (3.8)
deg PES® dese
Similarly,
—di —d —di ,d -2 —50/2
q q 9 " q q 2 q
ZZT|Pd’q|+Z7Ze|PE’q| SZZ i E+2Z d < 50 5 (39)
deS i>2 des eld des i>2 des
e#£d
where sg = mingeg s. The required estimate then follows from [B7), (38), B.6), and B.3). O

We now move on to estimating the first term in (B.35]).

3.2 Sieve estimate

Lemma 3.5 (Sieve bound). Let S C {1,...,n} be a set of positive integers, and S¢ = {1,...,n}\ S be its
complement. Then

q" -1 -1
E 1 — E d = q" — E d .
< " exp< ) q - exp (
fEMn 4 desSe desS

P|f = deg P¢S

11



whose prime factors do not exceed x is a classical consequence of Selberg’s sieve (see [15] for a discussion of
this and an alternative proof). A permutation analogue of Lemma 3.5 was established (in greater generality)
by Ford [10, Thm. 1.5]. The proof we give is self-contained and is in the spirit of [15 [I4] [10].

Remark 3.2. In the integer setting, the estimate > _ . (=11 < T Hp‘k(l —1/p) for any positive integer k

Proof. Let
Ai = Z 1,
feEMi 4
P|f = deg P¢S

and define

deg Pr—1 ukdegP >

o _ ,,deg P\—1 __ . )

F(u) := H (1-u )T  =exp Z Z : =: ZAlu . (3.10)
deg PeS*© deg PeSc k>1 =0

The coefficients satisfy /Nll = A; for 0 < ¢ < n. Differentiating (3I0) formally, we see that

> iAt = F(u)G(u), (3.11)

i>1

G(u) = ZBiui, B; = Z deg P = Z d|Pa,ql-

i>1 k>1,deg P€S® des®
k deg P=1 d|i

where

Comparing coefficients in (1)), we obtain
n
An = n_l Z An—iBi'
i=1

Lemma [B.T] implies
B; < 1igs(ilPigl) + D dPagl < Ligsq' +2¢"/2,
d<i/2

and so
n

Ap<n' Y g Anmi+207 1Y Ansig?,
eS¢ i=1

The trivial bound A, _; < ¢"~" implies

A <07y g ATl <7 | Y g A+ 5

iese 0<i<n
Since o _
F(1/q) = Zqﬂfh > Z q A,
i>0 0<i<n
we find that
A, <n'q"(F(1/q) +5).
By Lemma B.1],

—kd —d
g F(1/) = 3 [Pagl Y e = S HHo < 3 2,

dese E>1 dese dese

and recalling logn = >__, d~' + O(1), we conclude that

A, < n g™ exp <Z d_1> = q" exp (— Zd_1>

deSe des

as needed. O



3.3 Proof of Lemma

Due to the trivial estimate |S(n, x)| < ¢", we may assume n > 12(1 +log, (1 +deg Q)). Since S(n, x) = 0 for
n > deg ) we may also assume deg @ > n. Applying Lemma B4 with « = y and S ={m+1,m+2,...,n}
for some m € (2log, deg @, n| (as indicated in Remark [3.1]), we find that (I.4]) indeed holds by appealing to
Lemma 3.3l By Lemma B.5]

Y xih<gm Y 1k %

fEMn,q fEMn,q
P|f = deg P<m P|f = deg P<m

Choosing m = [2log,(n(1 + deg@))] in (L) yields the statement of the lemma.

3.4 Bound on a gcd sum

For L > 1, let
Br i = Z log ged(k, ¢* — 1).
L<d<2L
We trivially have By, < Lmin{logk, Llogq}, and this bound is optimal when log, k > L2. For example,

take k = H1<i<2L(qi -1)= q®<L2), then ¢ — 1| k for all L < d < 2L so that By j =< L?loggq. For smaller
k, however, this bound is too generous.

Lemma 3.6. Suppose L > \/log, k. Then Br, , < Ly/logklogg.

To prove this result we will need a couple of facts concerning cyclotomic polynomials. Recall that the
cyclotomic polynomials (¢n(2))n>1 are defined recursively by [, ¢a(x) = 2™ — 1. They lie in Z[z] and can
be written as ¢, () = [];c(z/nz)x (T — e2™3/™) . This last relation shows that if m and p are coprime where
p is a prime then ¢,,,: (z) = G (2P") ) (zP" ") for i > 1.

The following lemma is classical but we could not find it explicitly stated in the literature and so we give
a proof based on an argument implicit in Roitman [26].

Lemma 3.7. Fiz an integer a. For a prime p define A, .= {n>1:p | ¢n(a)}. Ifp| a, then A, = @.
Otherwise, A, = {p‘ordy(a) :i > 0} where ord,(a) is the multiplicative order of a modulo p.

Proof. If p | ¢n(a), then p | a™ — 1 since ¢,(a) | a™ — 1. If p | a, then a™ — 1 = —1 mod p, which is a
contradiction. Thus, 4, = @ in this case.
Now suppose p { a. By definition, we have p | a®"4»(®) — 1. Suppose p | ¢n(a) | a® — 1 for some positive

integer n, then
p|ged(a™ — Laordp(a) —1) = gged(nordp(a)) _ 1

Since ord,(a) = min{n > 1:p | a™ — 1}, we have ged(n, ord,(a)) > ord,(a) and thus ord,(a) | n. This shows
Ay, C{m-ordy(a) : m > 1}. (3.12)

Next we show ord,,(a) € A,. Since p | a®dr(®) —1 = [Lejord, (a) @e(a), it follows that Ap, contains some divisor

of ord,(a), which by (BI2) then has to be ord,(a) itself. Next, we want to show that for n € A,, n/ord,(a)
is a power of p. If p’ is a prime dividing n/ord,(a), then ord,(a) | n/p’ and so

plon(a) = -l | i - -l _pz_lam/plzpz_ll—p/modp
T Han,agn 9@ lgjnyp dal@) o =1 = = 7

where we used that by definition of ord,(a)

’ n n
a™'P = (aordp(a))p'ordpm = 17> @ = 1 mod p.

Hence, p" must be p, and n is indeed ord,(a) times a power of p. This shows A, C {plord,(a) : i > 0}.
Finally, the relation ¢y, (a) = Gm(a?")/m(a?’ ") for ged(m,p) = 1 and i > 1 implies p'ord,(a) € A, for
every i > 1 since ¢ (aP')/dm(a? ) = ¢m(a)? " mod p. O

13



Proof of LemmalZ.8. Recall that ¢ — 1 = [1.4®e(q). Because ged(A,ab) < ged(4, a)ged(A,b), it then
follows that
log ged(k, q? — 1) <> logged(k, ¢e(q)) = >_ Y logged(p”* ™, ¢c(q)),

eld eld plk
where p stands for prime and v, (k) is the multiplicity of p in k (i.e., the p-adic valuation of k). Hence,
Bre< >, > logged(p”®, ¢.(q)).
L<d<2Lplk, ¢c(q)
eld

We introduce a parameter 7' > 1. We shall show

L?logq
T )

Br i < Tlogk + (3.13)

and then take T'= L/,/log, k. We consider separately the contribution of e > d/T" and e < d/T, obtaining
Brir <Brri1+ Brko,
where

Brri= > logged(pr™, ¢ (q)),
L<d<2L p|k, ¢c(q)
eld
e>1d/T

Brio= ) >~ logged(p'r ™, ¢e(q)).
L<d<2L p|k, ¢e(q)
eld
eSlIi/T

Let us bound By, 1. By interchanging the order of summation,

vp(k)lo
Brka < Z vp(k)logp Z 1< L Z M.

e

e, p:plk, de(q) L<d<2L ke,p:

L/T<e<2L eld plk, ¢e(a)
L/T<e<2L

Let A, := {n > 1: p divides ¢, (q)}. By Lemma[B.7 A, is either empty or is a geometric progression with

step size p, so that
1 T T
> <P

e:plde(q) i>0
L/T<e<2L

and it follows that

Br ka1 < TZ vp(k)logp = T log k.
plk

Next, omitting the restriction p | k and using ¢.(q) | ¢° — 1 < ¢, we have

2
Br k2 < Z Zlog¢e(q)§10gq Z Ze<<L10gq Z 1<<Llj?gq'

L<d<2L eld L<d<2L e|d 1<e<2L/T
e<d/T e<d/T
This implies (B13), and thus the statement of the lemma. O
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3.5 Symmetry of character sums

Lemma 3.8. Let ¢: F; — C* be an additive character. Let k,n > 1, and let k' = ged(k, ¢™ — 1). Then,

S OADOXkF) = D APk ()

FEMu 4 FEM, 4

Proof. Consider a surjective map

O = {f € Mug \ {T}:A(f) #0}

given by
n—1
®(z) = II @-o@)=][T-2")
o€Gal(Fyn /Fq) i=0

Alternatively, one can also write ®(z) = mg(z)"/ 9°€™  where m,, is the minimal polynomial of = over F,.
Every element f in the image of ® has A(f) preimages given by the Galois conjugates of a given preimage,
namely, {29 : 0 < i < d} if degm, = d. Because Xk, (f) is defined in terms of the zeros of f, the map &
allows us to conveniently write

n—1 )
ST OAPxEw() = D O @)
fEMn q mGF;n 1=0

By Euclid’s algorithm, we can write k' = ged(k, g™ — 1) = ak + b(¢™ — 1) for some coprime integers a and
b. In particular, o = (z¥)®. Conversely, 2% = (,Tk/)k/k/. It follows that the group endomorphisms z — z*
and z — 28d*4"=1) defined on qun have the same image and kernel. This implies that every element in
the image is attained the same number of times, and so

> vl Z = > U Z = > Alxwsf)
mE]FX =0 wE]FX i=0 feMn 4
as required. O

From Lemmas 2] 3.3 and B.8, we conclude the following.
Corollary 3.9. Let ¢: F; — C* be a nontrivial additive character. Let k,n > 1. We have

fEan

3.6 Proof of Proposition
Let m := [12log, n], and
S={m<d<n:ged(k, ¢ —1) < ¢¥3}. (3.14)
Let S¢={1,...,n}\ S. As before, let
" Y ke =a " > Xk () +a7" > Xk (f)-

JEMn q FEMu 4 FEMu 4
JP|f such that deg PES P|f = deg PeS°

Applying Lemma B4 for o = x4, and our chosen S together with Corollary B.9] we get

qa" > X, (f)

feMn,q
JP|f such that deg PES

—d/6 —m/6
< exp (Z d_1> (exp ( g 7 (q_m/2/m)> — 1) < 1 <n L
dese des m
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By Lemma B.5]

q " Z Xk (f) < g™ Z 1 < exp(— Z d-?!

FEMn.q FEMn.q des
P|f = deg P€S° P|f = deg P€S°

Remark 3.3. The same proof works as is if we replace xx,y by pt - Xk, because

ST xkw(OAF) == D w(Hxew(HAS) +O0("?).

fGMd,q fGMdﬁq

3.7 Conclusion of proof of Theorem

Due to the trivial estimate [S(n, x)| < ¢", we may assume n > 12(1 + /log, k). In view of Proposition LGl
it suffices to show
- Z d~' <log(1 + log, k +log, n) —logn + O(1),
des
where S is as in (BI4). To show this, first observe that —> ,.qd™ = > ,cq.d™t —logn + O(1). Let
m' = max{[12log, n]|, \/log, k}. Since 14>p < log A/log B,

_ _ log ged(k, q¢ — 1)
1 1 1 1
Sdat< Y ats > d™' <logm'+0(1)+ Y d gl
dese d<m/’ m/<d<n m/<d<n

ged(k,q? —1)>¢"/?

By Lemma 5.6, the last d-sum is O(/log, k/m’), finishing the proof.
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A Squareroot cancellation in character sums

Under the generalized Riemann hypothesis for L(s, x) one has 3 x(n) < /zexp(C logm/loglogm) for
a nonprincipal Dirichlet character y modulo m [3]. Bhowmick, Lé and Liu [3] proved the function field

analogue
)2 nloglogdeg Q deg Q ))
E < C + Al

o X(f) <" exp ( 1 ( log deg @ log? deg Q (A1)

unconditionally, for a constant C, that depends only on ¢, where x is a character modulo @ € F,[T]. The
estimate (A.J) implies dfem, \ x(f) < ¢z0*°M) for deg Q = o(nlog®n). Here we prove that squareroot

cancellation holds in the wider range deg Q@ < n'*+o(V),

Proposition A.1. Let x be a nonprincipal Dirichlet character modulo Q € Fy[T]. There is a constant Cy
that depends only on q such that

Z X(f) <4 q% exp <HlaX {an

feEMn q

log(deg Qlogdeg Q/n) o})
log(1 + deg Q) ’ '
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Recall d(x) := deg L(u, x) < deg@. If d(x) < n we have S(n,x) = 0, so from now on we assume that
d(x) > n. In view of the trivial bound |S(n,x)| < ¢" we may also assume that n is larger than a fixed
constant, as well as that d < n'*? for a fixed § > 0. From (32,

uk
Llux)=exp | Y5 > x(HAF)

k>1 fEM 4

Set L := [2log, d]. For k < L the trivial bound

dooxHAN|< > AN =4 (A2)

feMg 4 feEMyi 4

coming from (B)) is superior to (34). We see from ([34) and (A2) that the coefficients of L(u,x) are
bounded (in absolute value) from above by those of

k
ur oLk k/2
exp (Z k min{¢”, d(x)q }),
E>1
hence, writing [u"]F for the nth coefficient of a power series F,

uk
001 = 42 VE00/ VA1 < 2 e (3 minda¥2, 001 )

k>1

RE .
< q"?exp <Z - min{g"/?, d(x)}>R

k>1

for any R € (0,1) (this is the same observation used in the proof of Lemma [3.4). If 6/(5,/q) < R < 1 then

—k min{q*/2,d(x)} = ' < (RyQ)* < 7L < 6d(x)R"
IZ (R\f) (Rvq)

— -1 —
1<k<L 1<k<L 1<k<L 1—(Ryq)
" * F_ A (x) RM!
R )2 R d(x . dx) R
— < < L — M
> min{g" A0} <d) Y < > R = TR
k>L k>L k>L
so that R
n/2| < L S
1S x)/a"?1 < exp (60O R (1 + =)~ Mos R):

Set a := log(d(x)log d(x)/n) and take R = ¢~%/(21°840)) The assumption d(x) > n implies a > 0 (at least
if n > 3) and so R < 1. (This choice of R differs from the choice in [3], where a is chosen to be of order
loglogd(x).) Since we may assume n < d(x) < n'*? and n > C for § and C' we choose, we may also assume
a/logd(x) is at most ¢’ for a ¢’ we want. In particular, R > 6/(5,/q) may be assumed from now on by
taking small enough ¢’. Moreover,

log(d(x) log d n
__log( (2X1) g d(x)/ )(210

log(d(x) log d(x)/n) L loa(d(0) log 400 /m) (9 log d(x) 1) 2
logdy) ¢ " = {00 og d(x)/m)

for large enough n. Additionally, alogq/logd(x) € (0,1) holds (by taking small enough ¢’) which implies
R <1-—alogq/(4logd(x)), and so

R 1 1 < log ¢ 4logd(x) B 2
(L+1)1—R) ~ L+11—R ~ 2logd(x) logqlog(d(x)logd(x)/n)  log(d(x)logd(x)/n

for large enough n. All in all,

—nlog R < (logq)n

y =1

24n
S(n, x q"/2 < exp <7
1S(m.0)/4"1% < exp ( oo

Since deg @ > d(x), the claim follows.

' (logq)”log(d(gglzig(w/n)) = (CQ”log(d(ﬁ);z%(X)/n) )
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