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Abstract

We consider an additive functional driven by a time-inhomogeneous Markov chain with a finite
state space. Our study focuses on the joint distribution of the two-sided exit time and the state
of the driving Markov chain at the time of exit, given in terms of expectation operators. These
operators can be expressed as compositions of other operators related to some relevant one-sided
exit (or first passage) problems. In addition, we study the law of the driving Markov chain at
times prior to the exit time.

1 Introduction

In this paper we consider a time-inhomogeneous Markov process X = (X;);>0 with finite state
space E, and an additive functional

¢(8) ::/ v(Xy)du, tE[s,00), (1.1)

where s > 0 and v # 0 is a real valued function defined on E. For ¢ > 0, we define the following
first passage times

7,/ (s) :==1inf {t € [s,00] : ¢¢(s) > ¢} and 7, (s):=inf{t€ [s,00]: ¢u(s) < —L}. (1.2)

Our goal is to provide a analytical/algebraic expression for the following expectation

Es,; (g (TZ_, (s) /\T;(S)’XT;, (s)/\rzt(s))) (1.3)

for any s > 0,7 € E, ¢ ¢/~ >0 and bounded g : Ry x E — R. This is done via (3.5) and Theorem
3.2.

For the case of /= = —oo (i.e., one-sided exit, or, first passage), under suitable conditions,
one can derive equations that compute E(g(7% (s), XT;+ ( s))) for various g’s. Most of the literature
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considers time-homogeneous setting. [BRW80] and [KW90] respectively study the one-sided exit
problems without and with additive Brownian noise. That is, respectively, the case of

o ::/0 o(X,) du, € 0,00), (1.4)

and the case of
t
2 ;:/ o(Xy) du+ Wi, t€0,00), (1.5)
0

where (W)¢>0 is a standard Brownian motion independent of X. In [Rog94], alternative proofs of
the main results in [BRW80] and [KW90] are provided. The proofs are facilitated by introducing
certain novel martingales (cf. [Rog94, (2.10) and (7.2)]). Using similar martingales, [JP08] gen-
eralizes the previous results to allow coexistence of unnoisy and noisy regions (we refer to [JP0S8,
Sections 3 and 4] for details). Recently, [BCCG20] studied the one-sided exit problem and computa-
tion of Eg ; (g (T; (s), XT;+ (S)>> in a time-inhomogeneous setting. Although martingales analogous
to the aforementioned martingales are not explicitly used there, the proof in [BCCG20] is built upon
a similar martingale idea.

However, the martingale method described above for the one-sided exit problems is not readily
applicable to the two-sided exit problem here. Therefore, in this paper, we will express (1.3) in
terms of some operators related to T;::E, which are motivated by studies done in [BCCG20]. The
analogous idea can also be found in [JP08] under time-homogeneous setting. However, some of
the techniques used in [JP08] are not quite compatible with time-inhomogeneity, thus we adopt a
different approach. Our approach is mainly based on the probabilistic decomposition such as (4.22)
and its analytic counterpart (4.28), which originate from (3.5) and a reformulation of the problem
in Section 2.2.

It is important to acknowledge the fact that the two-sided exit problem is used in various
applications. For example, in [JP08] the solution of a two-sided exit problem was used as a tool for
dealing with pricing a perpetual American option subject to a stock dynamics that is modulated
by a Markov driver. In [ES2015] a two-sided exit problem was used a tool in studying issues arising
in so called prospect theory. In [SN2014] a two-sided exit problem was considered in relation to
precipitation statistics. Numerous applications in physics of two-sided exit problems are discussed
in [Red2001].

The rest of the paper is organized as below. We first introduce our setup in Section 2. In
Section 3 we present the main result of this paper, Theorem 3.2. Then, we give Proposition 3.5
which demonstrates that our main result can also be used to compute expectation of a function the
driving state at times prior to the two-sided exit. The proofs are gathered in Section 4. Finally, in
Section 5, we close with some concluding remarks and suggestions for a follow-up research.

2 Setup

Our setup is similar to that of [BCGH20]|, except that some assumptions on the regularity of the
generator of the underlying Markov chain are relaxed here. The rest of the section details our
setup.



2.1 Preliminaries

Throughout this paper we let E be a finite set, with |[E| = m > 1. We define E := E U {9},
where 0 denotes the coffin state isolated from E. Let (Ay)scr,, where Ry := [0,00), be a family
of m x m sub-Markovian generator matrices, i.e., their off-diagonal elements are non-negative, and
the entries in their rows sum to a non-positive number. We additionally define A, := 0, the m x m
matrix with all entries equal to zero.

We make the following standing assumption:

Assumption 2.1. There exists an absolute constant K € (0,00), such that |Ns(i,7)| < K, for all
1,7 € E and s e Ry.

Let v : E — R with v(i) # 0 for any i € E and v(9) = 0. We will use the following partition of
the set E

E; ={icE:v()>0} and E_:={icE: v(i) <0}.

We assume that both E; and E_ are non-empty. Without loss of generality, we also assume that
the indices of the first my = |E| (respectively, last m_ = |E_|) rows and columns of any m x m
matrix correspond to the elements in E (respectively, E_).

In what follows we let 2" := Ry xE, and 27 := Ry xE.. The Borel o-field on 2" (respectively,
Z4) is denoted by B(Z') := B(Ry) ® 2F (respectively, B(2%) := B(R;) ® 2B+). Accordingly, we
let 27 := 2 U (00,d) (respectively, 2+ := 24 U (00,d)) be the one-point completion of 2°
(respectively, 27%), and let B(Z") := o(B(2") U {(00,0)}) (respectively, B(ZL) := o(B(2%) U
{(00,0)})). A pair (s,i) € £ consists of the time variable s and the space variable i.

We will also use the following notations for various spaces of real-valued functions:
e B,(Z) is the space of B(2Z")-measurable, and bounded functions f on 27, with g(co,d) = 0.

e Cy(2) is the space of functions f € By(Z") such that f(-,i) € Co(Ry) for all i € E, where
Co(Ry) is the space of functions vanishing at infinity.

e C.(Z) is the space of functions f € By(Z") such that f(-,i) € C.(R,) for all i € E, where
C.(Ry) is the space of functions with compact support.

Sometimes .2~ will be replaced by .27 or 2_ when the functions are defined on these spaces,
in which case the set E will be replaced by E; or E_, respectively, in the above definitions. Note
that each function on 2~ can be viewed as a time-dependent vector of size m, which can be split
into a time-dependent vector of size m (a function on £7 ) and a time-dependent vector of size
m_ (a function on 2_).

2.2 A time-inhomogeneous Markov family corresponding to (A;)scr, and related
passage times

We start by introducing a time-inhomogeneous Markov Family corresponding to sub-Markovian
matrix intensity function (Ag)ser, . After the introduction of the time-inhomogeneous Markov
Family, we proceed with a study of some passage times related to this family.



2.2.1 A time-inhomogeneous Markov family M corresponding to (A,)scr.

We take € as the collection of E-valued functions w on R, and .% := o{X;, t € R, }, where X is
the coordinate mapping X.(w) := w(-). Sometimes we may need the value of w € Q at infinity, and
in such case we set X (w) = w(oo) = 9, for any w € Q. We endow the space (€2, .#) with a family
of filtrations Fy := {.#, t € [s,00]}, s € R, where, for s € R,

= o K uelorl), te o #2=a( Us7).

r>t

and .73 := {0,Q}. We denote by
M= {(Q, 7, Fs, (Xt)ie[s,00) Ps,i) (5,9) € 2}

a canonical time-inhomogeneous Markov family. That is,

e P, is a probability measure on (2, .Z%) for (s,i) € Z;

e the function P : 2 x Ry x oF _, [0, 1] defined for 0 < s <t < o0 as

P(s,i,t,B) =P ;(X; € B)
is measurable with respect to i for any fixed s <t and B € 2E;
o P ;(X;=1i)=1for any (s,i) € Z;
e for any (s,i) € 27, s <t <r <oo,and B € 2E, it holds that

P,i(X, € B|.%]) =P x,(X, € B), Pg;—as.,

Let U := (Ust)o<s<t<oo be the evolution system (cf. [Bot14]) corresponding to M, defined by
Usef(i) =Es; (f(Xy), 0<s<t<oo, i€E, (2.1)

for all functions (column vectors) f : E — R.! We assume that

1}%1% (Ussinf (i) — F()) = Af(i), for any (s,4) € 2, (2.2)

for all f: E — R. Without loss of generality,” we assume M is a standard Markov family (cf.
[GS04, Definition 1.6.6]).> In particular, M has the strong Markov property. Consequently, each
process (Xt)te[s,oo]7 for s € Ry, is a strong Markov process.

'Note that for t € Ry, X; takes values in E.
*We refer to the discussion in [BCCG20, Section 2.2.1].
*In terminology of [GS04, Definition 1.6.6], M is called a Markov process instead of a Markov family.



2.2.2 Passage times related to M

For all s € R, and w € Q, we define an additive functional ¢.(s) as

t
o(s) ::/ v(Xy)du, te s, 00). (2.3)
Additionally, we define ¢o(s,w) := 0. Moreover, for any s € Ry and £ € R, we define associated
passage times
7,7 (s) :=1inf {t € [s,00] : ¢(s) > ¢} and 7, (s):=inf{t € [s,00]: ¢ (s) < —(}. (2.4)

Both TZ_ (s) and 7, (s) are Fs-stopping times since, ¢.(s) is Fs-adapted, has continuous sample
paths, and Fy is right-continuous (cf. [JS03, Proposition 1.28]). For notational convenience, if no
confusion arises, we will omit the parameter s in ¢ (s) and 7;°(s).

The following lemma is an immediate consequence of the definitions above. We refer to
[BCCG20, Lemma 2.2] for the proof.

Lemma 2.2. For any s € Ry, £ € Ry and w € Q the following inclusion holds XTli(s)(W) €
E. U{0}. In particular, if TEE(S,W) < 00, then XTli(s) (w) € Ex.

In order to proceed, we introduce the following operators:
o JT:By(Z) = By(2Z_) is defined as
(JFg")(s,i) =y, <g+ <TO+, XTJ)), (s,9) € Z_. (2.5)

Clearly, for any g* € By(Z7) it holds that |(J*gT)(s,)| < 19" |5, 7y < oo for any (s, i) €
2, and (JTgT)(c0,d) =0, so that J*gT € By(27).

o J7:By(2_) — By(Z,) is defined as,

(J7g7)(5,7) = B, (g— (Tg,XTO,», (s,9) € Zy. (2.6)
e For any { € Ry, P : By(27) — By(Z4) is defined as

(P g™)(s,i) i= Eqy <g+ <T;, XT;)), (s,i) € 3. (2.7)
e For any £ € Ry, P, : By(2_) — By(2Z_) is defined as,

(Prg)(s,) = Boi(9™ (77X, ), (s,0) € 22 (2.8)

The proposition below follows from the strong Markov property of (Xi)ie[s,0c]- We refer to
[BCCG20, Section 2.3] for the proof.

Proposition 2.3. For gt € By(27), £ € (0,00), and (s,i) € Z_, we have
Eoi(gt (77X, ) = (TP g7 (5,0, (2.9)
Analogously, for g~ € By(2_), £ € (0,00), and (s,i) € 27y, we have

o (77X, )) = 0P )00



Remark 2.4. Let C}(Z7) be the space of functions f € Cy(Z") such that, for any i € E, 9f(-,i)/0s
exists and belongs to Cy(Ry). [BCCG20] shows that, if we assume additionally that s — A is
continuous, then J* and P* can be uniquely characterized by certain operator equation. More
precisely: Define V := diag {v(i) : i € E}, Ag(s,) := [Asg(s,-)]; and consider the following equation
in unknown (S*, H* S~ H™)

(0 ~ It S- g" It S H+ 0 gt -
Ve - *eCy 2.1
(83 + > <S+ I_> (g_) <S+ I—) < 0 _H_> <g_) 9 g 6 Co(%:t)7 ( 0)
subject to the conditions below:

(aF) S*:Co(2%) — Cy(2%) is a bounded operator such that

(i) for any g € C.(27%) with suppg™® C [0,m4+] X Ex for some constant 7+ € (0,00), we
have supp STg* C [0, 7% ] X Ex;
(ii) for any ¢g* € C3(Z%), we have STg* € C}(2%).

(bi) H#* is the strong generator of a strongly continuous positive contraction semigroup (Q;t) R,
on Co(2%) with domain Z(H*) = CL(27%).

Then, (2.10) has a unique solution. Moreover, restricted to Co(2%), we have J* = S*. In

addition, (ta)g@w are strongly continuous positive contraction semigroups with generators H*
+ _ H=E

and P, = Q.

3 Main Result

Note that ¢o(s) = 0. To facilitate the investigation of the exit time of (¢¢(s))i>s from interval
[—€~,¢%], where £* > 0, we define

&8 o (8) = mb{t € 5,72 () du(8) >} =Ty o (AT L 0 o (100
and
& o (s) = inf{t € [s, 75 (5)) : pu(s )<= gt ) T T g ()%

where we adopted the usual convention that inf() = co. Note that for a fixed w at least one of
f; s+ (8,w) and §,° . (s,w) equals to oo. Clearly,

X

é-z;’r‘» (8) c E+ U {a} and Xé‘;f’lﬁ» (8) c E_ U {a} (31)

We define Z; . By(2) — By(Z) as

(E;’Hng)(s,i) = E,; <g+ <gﬁ(s),X§;ﬁ(s)>> , (s,i) e X, (3.2)

where gt € B,(27). Note that we consider g* € By(Z) instead of g € By(Z") due to (3.1).
Similarly, we define = . : :By(22) = By(Z) as

(Erwo o= (s (500X o)) e 3.3



where g~ € By(Z22).
Note that events {¢, ,; (s) < oo}, {£,- ;4 (s) < oo}, and {& . (s) = &, ,.(s) = oo} forms a
partition for €. It follows that
+ — () — + —
Te+(3)ATzf(3)—]1{5;’H(s)<oo}fz:e+(S)JF]I{( (s)<oo}§é*,é+(S)—’_]l{fltﬁ(s): = (8)=00} O (3-4)

0= 0t

For any g € By(Z), if we let g* € By(Z%) satisfy g% (s,4) = g(s,i) for (s,i) € 24, then by (3.1)
and (3.4), we have
E.. (g (T;, A X AT{Q) _ (E;ﬁ g+> (5,9) + (Ez,7é+g_) (s,4). (3.5)

Recall that the left hand side of (3.5) is the expectation showing in (1.3). We therefore focus on
computing EZ’, qand 20

In what follows we say that g© € B;,(2~) decays exponentially fast to zero if there are constants
C, ¢ > 0 such that max;eg, lg™(s,7)| < Ce™¢ for s € R,. The proofs of results below are presented
in Section 4. We begin with the following lemma.

Lemma 3.1. Suppose that g* € By(Zy) decays exponentially fast to zero. Then for any £+,0~ €
R+7

Z (J_PZ_*+Z+J+PZ+*+£+)”9+ (3.6)
n=1

converges in || -||oo. Analogously, suppose that g~ € By(2_) decays exponentially fast to zero. Then
for any (T, 0~ € Ry,

WE

(JPf T Prse) 0 (3.7)

3
Il
—

converges in || - ||oo-
The ensuing theorem is our main result.

Theorem 3.2. For g© € By(2Z%) decaying exponentially fast to zero, for any ¢*,0~ € Ry and
(s,i) € Z°, we have

- , It I\ e . n .
(:zl,g+g+> (372):[<<J+> P;_ (I_>,PZJ+IPZ_+Z+>Z(J Pé,+é+J+P;+Z+) g+] (s,9), (3.8)

n=0
(EZ_*,Ztg_) (,7) :K(i:) = ('ﬁ) P;J—P;+Z> Z(J+P;+£+J‘P;+H)"g‘] (s,9). (3.9)
n=0

Remark 3.3. Ifone of J*, J~, 7722 ot 0t P_ ¢ has an operator norm || ||o that is strictly less than
J—I—p-i- )—1
+4+ =40+ ’

and further allows removing the condition that g% decays exponentially fast to zero from the state-

L, then 3 0% ((J =P, 4 J+7DZC+H)” converges in operator norm ||-||oo to (17 —=J~ P

ment of Theorem 3.2. The proof of this modification of Theorem 3.2 is similar to the proof in
Section 4.3, and will be omitted. A sufficient condition for HP}, +otlloo < 1is that there is a ¢ >0
such that each row of Ay sums up to a number less than —c for all s € R;. Indeed, this intro-
duces an exponential killing at the rate of at least ¢ to (X)ic[s,o); for all s € Ry. Consequently,
||73£i,+z+||OO <1 —exp(—c(f~ +£%)||v]|}), since for £ > 0 and s € Ry we have 7,7 (s) — s > £|jv]| %!



Remark 3.4. In this remark we relate (3.8) to [JPO8, Proposition 1] without additive Brownian
noise by letting the Markov family M be time-homogeneous, namely, for all s € Ry, Ay = Ag =: A.
For simplicity, we assume that there is a ¢ > 0 such that each row of A sums up to a number smaller
than —c. We define ((s) := inf{t > s : X; = 9}; we will omit s in {(s) when no confusion arises.
In this case, observe that

Poi(X 20 = k) = Poi (7 (5) < C(5), Xy = k) = Poa(75(0) < C(0), X 2 g) = )

for any (s,i) € 2, k € Ex, and ¢ € Ry. Moreover, it is shown in [JP08, Theorem 2, (24)] (see also
[BRWS&0], [BCCG20, Remark 3.5]) that there are sub-Markovian matrices Q" and Q~ on E and
E_, respectively, such that

Poi(r < X0 =k) =[], (i.k) €EB, (eRy,
Poi(ry <¢X- =k) =[], (k) CEL, (ERy.
We define J* € RIE-IXE+l and J= € RIE+XIE-| a5
= Poi(r <¢.Xr=k), (k) €E_xEy,
Jo =Py, <70— <X, = k:) (i,k) €E; x E_.
Then, for any g% satisfying g™ (s,i) = g*(0,4) for all (s,7) € 27, setting g*(-) := g™ (0, ), we have

(‘]+g+)(87i) = Z Es’i <]1{TSL<C,X +=k}g+(k)> = [J+g+]iv (Svi) €2,
keE4 0
wwwsz&&%wx@wwy¢th@M%tem.
keE, e
In view of the exponential killing, with similar reasoning as in Remark 3.3, we have He(e+ +HO)Q* lloo <
e=e(+OIll' | Tt follows that

i <<J_P;+5+J+Pzt+g+)ng+> 0,-) = i <J—e(f*+£+)Q*J+e(£*+z+)Q+)ng+
n=0 e
= <| — J—e(é”ré*)Q*J+e(r+z+)Q+)_1g+_

Consequently, for any (s,i) € 2, the right hand side of (3.8) becomes

N 3 - B - B B -1
[((L) FQE <f_) QT e +g+)Q+) (I_J_e(z HQT (¢ +z+)Q+> g+] 7

which shows that (3.8) as a special case of [JP08, Proposition 1, equation (31)] without additive
Brownian noise. For (3.9), the sanity check can be carried out analogously.
The knowledge of Ezt, s+ can also be used to study the law of X7 before the exit time, that is
the law of X7 restricted to the set T~ A T; > T'. Observe that
Es; (h(XT)]l{TZ/\r;pT}) = E;i(h(X7)) — Es <h(XT)]1{rZ/\rj+<T}> ) (3.10)
it is sufficient to investigate the second term of the right hand side. The proposition below represents
the desired quantity in terms of =*.



Proposition 3.5. For any h: E — R and (T € Ry, we have

E,,; (h(XT)ll o art, ST}> = (E;ﬁk*) (s,4) + (ngk—) (s,9),

o—

where

k= (t,4) = Loy (t) Bey (R(X7)), (L) € 2% (3.11)

4 Proofs

4.1 Proof of Lemma 3.1
The proof of Lemma 3.1 relies on the following inequality.

Lemma 4.1. Suppose that g*(t,j) = Lo 1)(t) for some T € Ry. Then, for any (s,i) € 2y and
(T € R, we have

(J7P7 e TP g™ ) (500) < Tomy(s) (1= e FT9)

2
Proof. To start with, we let vy(s) := inf{t > s: X; # X}. Clearly, P ;(y(s) <T)=0for s >T. It
is known that (cf. [RSST99, Section 8.4.2, (8.4.21)])

Py i(v(s) <T) =1—exp (— /T /\u(z',z')du> <1—eKT=9)  s<T, (4.1)
where we used Assumption 2.1-(i) for the inequality. It follows from Lemma 2.2 and (4.1) that
Py i(1E(s) S T) <Pyi(v(s) <T) <1—e KT s <T ¢ E. (4.2)
Next, observe that 7;°(s) > s. By (2.7), we have
<P;+Z+g+>(s,i) = Psﬂ-(TZﬁJrﬁ <T) <g"(s,i)
Then, for (s,7) € 2_, by (2.5) and (4.2), we have
0< (J5PS 4007 )(5:0) < (J97) (5,3) = Pua(r () £ T) < Lory(s) (1= e KI=9) (4.3)
It follows from (2.8) and (4.3) that, for (s,i) € Z_,

0< (Pr o TTPE g™ ) (5,0) Ssup oy (r) (1= e KT7) <1 y(s) (1 e KT=9). (4.9)

r>s

Finally, by (2.6), (4.4) and (4.2),

(Tﬁwﬁﬁwﬂ@M%%mWﬂsw(Wwﬁﬁwﬁmﬁ

r>s,i€bE_
2
< 1p7)(s) (1 - G_K(T_s)> ;

which completes the proof. O
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Proof of Lemma 3.1. We will only present the proof for the convergence of (3.6) as the proof for the

convergence of (3.7) follows analogously. Without loss of generality, we assume that g*(t,i) = e~

for some ¢ > 0 and define g; (s,i) := 231—11 1y, Tk](s)/2k, where Tf =inf{t > 0:e % < 1—
]

j27F) = ¢~ Hn(2% /(2% — j)) for j = 1,...,2% — 1. Therefore, by Lemma 4.1,

((J_PZ+Z+J+7DZF—+5+>91€> 221( ( __> K/C> 5/01(1—(1—$)K/C)2d35 = Cke <1

Since g; is non-decreasing in k € N and limy_.o g; (s,7) = g7 (s,i) for (s,i) € 27, by (2.7) and
monotone convergence, we have that 732', ot glj is non-decreasing in k € N and that

Tim <P;+Z+g,j)(s,i) - (P;+Z+g+>(s,i), (s,i) € 2.

k—o00

It follows from (2.5) and monotone convergence that

Tim <J ijgk)( i) = <J+P++Z+g )(s,z’), (s,0) € 2.

k—o00

By a similar reasoning we deduce that

((J—P;+Z+J+7>;+é+)g+) (0,4) = lim ((J_PZ_,+Z+J+P;+Z+>QZ) (0,4) < Cien

k—00

Note that

(7P e PE L )at) () = o (TP o TP L ) g™ (s00),
where gt5(t,5) := e (=% for t > s and j € E. A similar argument as before shows that
((J Prprd PL +£+> +> (5,i) < Cree ® =Ckegt(s,9).
Invoking the linearity and nonnegativity of J~P,_ o +7722 ¢+ by iteration, we have

((J_Pé_*+é+‘]+7)£+*+€+> g+) (s,i) < Cl.g"(s,i), forany neN.

Finally, we obtain that

o0 o0 (o]
n
Z ('] PZ_ +e+J Pz +Z+) g+ SZH('] PZ_ +£+J PZ +€+) 9+H SZC%CHQJFHOO < 00,
n=1 n=1 o n=1
from which the strong convergence follows immediately. O

4.2 Auxiliary Markov families

In this subsection, we introduce an auxiliary time-inhomogenous Markov family M and an auxiliary
time-homogenous Markov family M. Most of the technical details presented in this section, except
for those involving two-sided exit times, are similar to [BCCG20, Section 4.1].
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We start by introducing some more notations of spaces and o-fields. Let % := E x R, and the
Borel o-field on % is denoted by B(#%) := 2P®B(R). Accordingly, let % := #'U{(0, o0)} be the one-
point completion of ', and B(#) := o(B(#Z)U{(0,)}). Moreover, weset 2 := R, x% = 2 xR
and & := 2 U {(c0,0,00)}.

Let € be the set of cadlag functions & on R, taking values in %. We define @(co) := (8, 0)
for every w € Q. As shown in [BCCG20, Appendix A], one can construct a standard canonical
time-inhomogeneous Markov family (cf. [GS04, Definition 1.6.6])

M\ = {(nyﬁm (Xtv@t)te[s,oo}aﬁs,(i,a))v (s,z’,a) € g}

with transition function P given by

P(s, (i,a),t, A) = Ps,i<<xt, a+ /stv(Xu) du> € A>, (4.5)

where (s,i,a) € Z, t € [s,00], and A € B(%). Note above X, takes values in E and 3, takes values
in R.

The lemma below reveals the probabilistic relationship between M and M. The proof can be
found in [BCCG20, Lemma A3].

Lemma 4.2. For any 0 < s <t < oo, let Qst be the collection of all cadlag functions on [s,t]
taking values in % . Let %t be the cylindrical o-field on Qst generated by (Xu,cpu)ue[s,t] Then,
for any a € R and C € %J,

B o) (%1 8), 00y € C) = p((x at / o(X2) du> E c). (4.6)

As an immediate consequence of Lemma 4.2, M has the following properties:
(i) for any (s,i,a) € Z,

the law of X under @8,(,-7@ = the law of X under P, ; (4.7)
(ii) for any (s,i,a) € 2,
o~ t A~
Py (i) <@ =a +/ v(Xy)du, forallte [s, oo)> =1. (4.8)
Considering the standard Markov family M\, for any s,/ € R with —¢~ < /%, we define the
following auxiliary first passage time
7 (s):=inf{t € [s,00) : &y > L}, T, (s):=inf{t € [s,00): & < —L}.
For any s,/ € R with —¢~ < /T, we also define the two-sided exit time
§8 pi(s)=inf{t € [s,72()) s @ > €7}, & ()=t {t € [5,75(s) : G < —L7},

The above are R—stopping times in light of the continuity of @ and the right-continuity of the

filtration F. If no confusion arises, we will omit the s in 77 (s) and é\ei, o+ (8)-
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By

(4.8) and (4.7), for a < ¢, we have

Es (i,0) <g+ (5_\;—’ X?f >) = Es (i) <g+ (inf {UZ s-a +/8 v(Xy)dr >€}’Xinf {uzs:a+fs“ v()?r)dr>£}>>

= ES,Z’ <g+ <1nf {u 2 S :/ 'U(Xr)d"" > é — a}’Xinf{u>S'fuv(X )dr>f—a}>>
= Es,i <g+ <Tfta7 XTZL, >> (49)

Similarly, for a,¢* € R satisfying —¢~ < a < (7,

Ba i) (97 (& 1o X+ H)) —Eoi(g" (&7 T )) (4.10)

Equalities (4.9) and (4.10) provide useful representations of the expectation under P. We will

need still another representation of this expectation. Towards this end, we will first transform the

time-inhomogeneous Markov family M into a time-homogeneous Markov family

M = {(57}5\\:@7 (Zt)t€@+7 (HT)TER+7]P> ) S f}

following the setup in [Bot14]. The construction of M proceeds as follows.

We let Q := ]R+ x Q to be the new sample space, with elements & = (s, @), where s € R} and
& € €. On Q we consider the o-field

ff::{gcﬁzgseﬁjoforanyseﬁJr},

where A, == {@ € Q: (5,0) € A} and ﬁgo is the last element in F, (the filtration in M).

We let Z = 2 U{(00,0,00)} to be the new state space, where 2 = R, x % = 2 x R, with
elements z = (s,4,a). On 2 we consider the o-field

B(Z) = {ECEZF: B, € B(%) foranys€R+},

where By := {(i,a) € % : (s,i,a) € B}. Let B(Z) := o(B(Z) U {(c0,d,0)}).

We consider a family of probability measures (P,), 4, where, for z = (s,7,a) € 2,

P, (A) = ]?’572'7@ (g) = @s,(i,a) (28), g S :%0-\: (4.11)

We consider the process Z := (Zt)teR+ on (ﬁ, F), where, for t € Ry,

Z(@) = (s + 1, Xspt (@), Pot (@), @ = (5,0) € . (4.12)
Hereafter, we denote the three components of Z by Z', Z2, and Z3, respectively.

On (9,7 /v) we define F := (Jt)te]R , where .7, = = @,, (with the convention %4 = %), and
(%)te]R+ is the completion of the natural filtration generated by (Z;),g, with respect to the
set of probability measures {P,,z € Z} (cf. [GS04, Chapter 1).
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e Finally, for any r € Ry, we consider the shift operator 6, : Q — Q defined by
0,0 =(u+rwar), ©=uw)e -
It follows that Z; 00, = Z;1,, for any t,r € R.
For z = (s,i,a) € Z,t € R, and Be E(?), we define the transition function P by
ﬁ(z,t,g) = @Z(Zt € E)
In view of (4.11), we have

ﬁ(Z, t, E) = ]P)s,(i,a) ((Xt-i-s; @t—i—s) S Es-i-t) = P(S, (Z, CL), s+ t, Es—i—t)' (413)

It can be shown that the transition function ﬁ, defined in (4.5), is associated with a Feller semigroup,
so that P is a Feller transition function. This and [Bot14, Theorem 3.2] imply that P is also a
Feller transition function. In light of the right continuity of the sample paths, and invoking [GS04,
Theorem 1.4.7], we conclude that Mis a time-homogeneous strong Markov family.

In light of (4.8), (4.11), and (4.12), for any (s,i,a) € Z, we have

Poia(2} =a+ /0 tv(zg) du, for all t € R ) = 1. (4.14)
For any ¢ € R, we define the auxiliary first passage time
7, =inf{t e Ry : 7z} > ¢}, 7, =inf{teRy: 73 < —(}.
Let —¢~ < ¢*. We define two auxiliary constrained passage times for M as
§h e =if{te (0,7, ) Z0 > %), & =it {te[0,7)): 2} < —17}, (4.15)

which are F—stopping times since Z2 has continuous sample paths and F is right-continuous. By
(4.9), (4.10), (4.11), (4.12) and (4.14), for any g+ € By(Z7), (s,i,a) € Z, and £ € [a,0),

i (5 (e ) ) = Bosa0 (2 72)), (4.16)
which, in particular, implies that
Bua(0" (230222 )) = Buso (672, 222 ) (@.17)
Similarly, for any g* € By(2%), (s,i,a) € 2 and —¢~ < a < (T,
(ot (et —FE.. (gt (71 2
Es,z (g (ggf+a7g+_aa ng;ﬁ»a,l“’fa)) - Es,z,a (g (det o ) Zg:z; Z+>). (4'18)
and
(== —E.. (o (7L 2
E.. (g (ge, +w_a,)(Q:Wm)) = Eyia (g (Z S Zﬁ)). (4.19)

We conclude this section with the following lemma. It is an exact adaption of [BCCG20, Lemma
4.2], and the proof is therefore omitted here.

Lemma 4.3. Let 7 be any F-stopping time, and g+ € By(Z5). Then, for any (s,i,a) € Z and
¢ € [a,00), we have

1rent) Eaia (g+ (Z;;, Z%) ‘}0‘;) = Lpperry Bt g2 0 <g+ (Z%, Z%)), Pyio—a.s. (4.20)
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4.3 Proof of Theorem 3.2
Let

T g = inf {t > & i T > £+}. (4.21)

The auxillary time 7,~ ,, will be used to prove (3.8). Since the proof of (3.9) can be done in
an analogous way, we do not introduce the ‘minus’ counterpart of 77; s+ We first establish an
important observation.

Lemma 4.4. For any gt € By(Z +) and —¢~ < 0 < ¢*, we have

Es’i’o <]l{f~e o+ <oo} g+ <Z%+ ) Z%* ) ng:* > (J+P 0t 44— g ) <Zl 7Z“2“— )

=0t L=t o=+ o= ot o= ot

Proof. Observe that

_ +( 71 2 o +( 1 2
Le <) 9 <Zﬁ;ﬁ’zﬁ;ﬁ> L <o}9 <Z@++7Z@++>-

In addition,

(G p<ob=U{G n<nfede  ana {§,. <oo}c{g . <7}

neN

The above together with Lemma 4.3 implies that

Es.i0 <]l{glye+<oo} g <Z%e+,z+ ’ Z’%,ﬁ)
=~ +
a ]1{5z e+<oo} {65 o+ =T ﬁ} - <g

+ 1 2
BRCITS N CIEL S S G )

- Lt Ce— et Ee*,ﬁ
=1 Ezl 72 VA <g+ <ZE+ Zng ))
{5 f+<oo} PRSI P P ek T
Notice that under {{Z o < oo}, Z3 = —(~ thanks to the continuous sample path of Z3. By
z N

(4.17), (4.16), and Proposition 2.3, we have

The proof is complete. ]

We are ready to prove Theorem 3.2.
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Proof of Theorem 3.2. We will only present the proof for 2 as the proof for Z~ follows analogously.
To start with, in view of (4.15), {¢ ,. < oo}, {¢, ,» < oo}, and {7} AT,_ = oo} form a disjoint
partition of Q. Tt follows that

T = é;,g+1{g+

<o } +1,- s {5 } + OO]l{~+ N _OO} (4.22)

= e+<

where we recall the definition of ﬁ; 4+ from (4.21). Therefore, for g* € B(Z),

IEsi Z~ Vs = Ls * Z~ Z2
”0< < ot e++>> ”0< {§ +<°°}g< S ot & z+>>

+Egi0 (15 * <Z~ e >> : 4.23
0 ( {ng’z+<oo} g Zr Z+ n;*,bL ( )
For the left hand side of (4.23), due to (4.16) and Proposition 2.3, we have

Es,i,()( <Z~+ ,Z~Z++>> = <<§i) Pl ) (s,9), (s,i)e . (4.24)

For the first term in the right hand of (4.23), due to (4.18) and (3.2), we have

0( SRy <le+ s ﬁ)) = (55 po) ), (si)e . (4.25)

For the second term in the right hand side of (4.23), due to Lemma 4.4, (4.19) and (3.3), we have

2 _ (= +p+ + ; ;
Es,; 0 < (&, ) (Z% . Z%yﬁ)) - (HHJ Pl g )(s,z), (s.i) € 2. (4.26)
Note also that (4.24), (4.24), and (4.24) remains true for (s,i) = (00, d) as both hand sides vanish
at coffin state. By combining (4.23)-(4.26), we yield

I+
<J+> Phot =EL £+9 + 2 £+J+P;F+zfg+' (4.27)
By analogue, for g~ € By(2~) we also have
e _ = e _
- Prg =2 9 +E 0 P9 (4.28)
Substituting J TP, Lo+g" for g7 in (4.28) then subtracting (4.28) from (4.27), we yield

It I -

Below we point out a useful observation, that is, for N € N we have

[I]

=S (I =T P W TTPE )t (429)

N
-~ -~ n B N+1
(=7 P W TPE +Z+)Z<J i PE ) ot =g = (TP T PE) o
By Lemma 3.1, letting N — oo, we yield
(17 = TP TP ) S (T Pr e TTPE ) gt = g%, £ eRy, (4.30)

Finally, in view of (4.29) and (4.30), substituting Y32 (J~P,_ .+ J TP, )Fg™ for T in(4.29),

the proof is complete. O
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4.4 Proof of Proposition 3.5

We present below the proof of Proposition 3.5.

Proof of Proposition 3.5. Notice that

. ot . . J‘ —_
Bs,i <h(XT)]1{TZ/\Tl++<T}> Esi <EsvZ (h(XT)]l{TZ/\rZﬁ<T} ‘J% AT;FAT>> ’

Because

{r(s)ATfi(s)<tleF, t<T
(17 ()ATf(s) ST} eF, t>T

T . .
T, /\TeJr/\T

{ro ) ATS(s) ST N {r () ATL(s) AT <t} = {

we have ]l{T[, (s)AT ()T} is 977 () (S)AT—measurable. Therefore,

B (XTI ey ) = Bt (14 cry B (50

L

By [GS04, Theorem 1.4.6],

¢ ¢ ="t

&4““WTWﬂQ=&%%Mﬂ«anﬂwAﬁMW%ﬁ

_ 4+ +
4 4 7'27 /\‘r[+

=Es; (Mom (T ATE) B at x

In view of (3.11) and (3.5), the proof is complete. O

5 Concluding remarks and future work

In this paper, we have shown that certain expectation associated with two-sided exit time can
be expressed in terms of expectation operator of one-sided exit time. Our proof is based on the
probabilistic decomposition such as (4.22) and its analytic counterpart (4.28). This decomposition
emerges from the Markov property of an appropriately extended time-space process, introduced in
Section 4.2. We would like to highlight that Lemma 3.1 provides a crucial regularity that aids our
proof. We conjecture that an analogous regularity holds true in the presence of additive Brownian
noise (potentially also driven by the Markov chain), i.e.,

o) = [ oxaus [ oCegan,

where X and W are independent. Consequently, a similar methodology can be employed to study
the expectation associated with the two-sided exit time in this scenario.
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