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Quasi-crystals are aperiodic structures that present crystallographic properties which are not
compatible with that of a single unit cell. Their revolutionary discovery in a metallic alloy, less
than three decades ago, has required a full reconsideration of what we defined as a crystal structure.
Surprisingly, quasi-crystalline structures have been discovered also at much larger length scales
in different microscopic systems for which the size of elementary building blocks ranges between
the nanometric to the micrometric scale. Here, we report the first experimental observation of
spontaneous quasi-crystal self-assembly at the millimetric scale. This result is obtained in a fully
athermal system of macroscopic spherical grains vibrated on a substrate. Starting from a liquid-like
disordered phase, the grains begin to locally arrange into three types of squared and triangular tiles
that eventually align, forming 8-fold symmetric quasi-crystal that has been predicted in simulation
but not yet observed experimentally in non-atomic systems. These results are not only the proof
of a novel route to spontaneously assemble quasi-crystals but are of fundamental interest for the
connection between equilibrium and non-equilibrium statistical physics.

In 1982, Shechtman discovered the first alloy with a
diffraction pattern for which the Bragg peaks showed a
symmetry that is forbidden by crystallography in peri-
odic solids [1]. This discovery was initially met with re-
sistance: the existence of structures in which atoms can
be arranged in spatial structures which lack long-range
periodicity, while still preserving sufficient long-range or-
der to generate discrete Bragg peaks clashed with the el-
egant picture of crystals as consisting of a repeating unit
cell. Nonetheless, eventually materials with this prop-
erty, which were called quasi-crystals (QCs) [2], changed
the way in which scientists interpret the crystal state,
by disentangling the concept of order from the concept
of periodicity, to the point where the very definition of
crystals had to be changed to include aperiodic structures
[3].

In the following years, quasi-crystalline structures have
been observed in several artificial alloys (see Refs. 4 and
5 for a review) and were even discovered in a natural
occurring mineral, Icosahedrite [6], of probable extrater-
restrial origin [7]. More recently, quasi-crystals have been
also observed at much larger length scales in a wide
range of soft matter systems [8? –16] revealing promis-
ing optical properties for next-generation photonic de-
vices [17, 18]. In soft quasi-crystals [14], two fundamen-
tal questions arise: i) understanding up to which length
scales we can observe spontaneous quasi-crystalline or-
der and ii) identifying the key dynamical and interaction
properties required for a soft-matter system to form a
quasi-crystal. For the former, the self-assembly of QCs
has been observed on length scales that are related to the
nature of the elementary building blocks that range from
macromolecular structures [19] and nanoparticles [10] to
polymers aggregates made of micelles [12, 20], passing by
polymers [8, 13, 15, 16] and thin films [? ]. To our knowl-
edge, the largest soft-matter quasi-crystals found to self-
assemble consisted of micrometer-size micelles [20, 21].

The second question is of a more fundamental na-

ture and has been explored extensively using numer-
ical simulations. In particular, simple coarse-grained
models of interacting particles make it possible to sim-
ulate systems large enough to display aperiodicity and
to pin down its origin, from anisotropic repulsive [22]
and attractive [23] particles to simple isotropic poten-
tials [24–26] and hard spheres [27]. Interestingly, one of
the simplest systems leading to quasi-crystal formation
in silico is a simple two-dimensional binary mixture of
non-additive hard disks undergoing equilibrium dynam-
ics [27, 28]. This proved that, in the right geometri-
cal conditions, quasi-crystalline order can emerge from
a purely entropy-driven self-assembly process. To our
knowledge, quasi-crystal self-assembly in dissipative non-
equilibrium systems where energy is constantly supplied
from the environment and internally dissipated (such as
active or granular matter) is still unexplored.

A natural avenue to explore quasi-crystal formation
beyond colloidal scale and thermodynamic equilibrium is
to use granular matter, which has proven itself to be an
ideal playground for the exploration of non-equilibrium
phenomena over the last three decades. Depending on
how a granular system is confined and the imposed ex-
ternal driving, it may exhibit either a fluid-like or a solid-
like behaviour [29, 30] and can undergo a variety of phase
transitions [31–36]. However, spontaneous quasi-crystal
formation in systems driven out of thermodynamic equi-
librium has not yet been observed in either experiments
or simulations.

In this paper, we report the experimental and numeri-
cal observation of quasi-crystalline order in a binary mix-
ture of millimeter-size spherical grains vibrated on a sub-
strate. Our findings demonstrate that quasi-crystals can
be formed also by macroscopic particles much beyond the
scale at which thermal agitation plays a role. Our system
is indeed intrinsically out of equilibrium due to dissipa-
tion arising from frictional forces and energy injection
due to external driving.

ar
X

iv
:2

30
7.

01
64

3v
1 

 [
co

nd
-m

at
.s

of
t]

  4
 J

ul
 2

02
3



2

FIG. 1. Numerical results obtained with EDMD of the collisional model defined in Eqs. 1. Here {q, xS , ϕ} = {0.5, 0.68, 0.85},
NS + NL = 5000, α = 0.95, ∆ = 0.02. a) Sketch of the granular non-additive hard-core interactions, final configuration,
reconstructed tiling and structure factor. b) Bond orientation histrogram. c) Histogram of the area fraction occupied by
tiles of different types and orientations. The color of the tiles is chosen according to their orientation but we also consider
defected regions which are not covered by the correct square-triangle tiling (white areas) and tiles with ambiguous orientations
or misaligned with the dominant set of bond directions (yellow areas). Results are obtained with a 5.3 × 1010 collision-long
simulation.

In the following, we first discuss granular quasi-crystal
formation in numerical simulations of a coarse-grained
collisional model. We then report the main result of this
paper namely the experimental self-assembly of a granu-
lar quasi-crystal.

In both simulations and experiments, we consider a bi-
nary mixture of spherical grains (NS with diameter σS

and NL with diameter σL) lying on a horizontal sub-
strate. In order to characterize the geometrical proper-
ties of such a mixture, we use the following dimension-
less parameters: the size ratio q = σS/σL, the fraction
of small grains xS = NS/(NS + NL) and the area frac-
tion ϕ = (NSσ

2
S + NLσ

2
L)π/4L

2, where L is the side
of the box. As shown in Fig. 1a, spheres on a sub-
strate can be mapped onto disks thanks to the introduc-
tion of a non-additivity parameter δ = 2

√
q(1 + q) − 1

and letting them interact at a distance smaller than
σLS = 1

2 (σS + σL)(1 + δ), note that −1 < δ < 0. This

is the main idea underlying the effective 2D model con-
sidered in a previous numerical study focusing on elastic
non-additive hard disks following dynamics at thermo-
dynamic equilibrium [27]. This previous study revealed
that, for sufficiently high area fractions and depending
on the specific {q, xS} combination, one can observe the
self-assembly of different crystals including a 12-fold and
a 8-fold symmetric quasi-crystal. These results are in
agreement with the fact that for conservative dynam-
ics, geometrical constraints and hard-core interactions
can be minimal ingredients for thermodynamic stability
of quasi-crystalline structures [37, 38]. In this work, we
focus our attention on the quasi-crystalline 8-fold sym-
metric phase (QC8), which was observed to self-assemble
significantly more rapidly than the dodecagonal quasi-
crystal [27].

The collisional model we use in our simulations repre-
sents the athermal/non-equilibrium extension of the one
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considered in [27]. It has been shown to embody dissi-
pative and forcing mechanisms of experimental systems
where spherical grains are placed on vertically vibrat-
ing horizontal substrates [39–41]. In these systems, en-
ergy is injected along the vertical direction through grain-
substrate collisions and then transferred to the horizontal
ones through grain-grain collisions with an efficiency that
depends on the impact kinematics. In the model the dy-
namics is fully 2D: there is no vibrating plate since its
effect is coarse-grained out thanks to the introduction
of instantaneous grain-grain collisions which take into
account both energy injection and dissipation. In this
model, a binary collision between grains of mass mi, mj

obey the following rule for the velocity (vi,vj) update:

v′
i = vi +

mj(1 + α)

mi +mj
(vij · σ̂ij)σ̂ij +

2mj

mi +mj
∆σ̂ij

v′
j = vj −

mi(1 + α)

mi +mj
(vij · σ̂ij)σ̂ij −

2mi

mi +mj
∆σ̂ij ,

(1)

where the primed letters refer to post-collisional vari-
ables, and σ̂ij and vij are respectively the unit vector
joining particles i and j and the relative velocity between
them. The parameter α is the coefficient of restitution
that embodies, for 0 ≤ α < 1, the dissipative nature of
the collision. The last term in the Eqs. 1, is responsible,
via the parameter ∆, for the velocity gain arising from
the non-planar collisions which are coarse-grained out in
the effective 2D description (see SI for a more detailed
explanation). By computing the energy change in a col-
lision [39], it is possible to see that, depending on the
impact kinematics, one can have conditions in which the
total energy decreases or increases. In this simple granu-
lar model, the limit to the equilibrium conservative case
is recovered by setting α = 1 and ∆ = 0.

A granular system cannot attain thermodynamic equi-
librium but it can reach a non-equilibrium steady state
thanks to a balance between injected and dissipated en-
ergy. Nevertheless, one can often identify a conservative
system with the same geometrical properties and consider
it as an equilibrium counterpart. In this perspective, non-
additive hard disks in the conservative limit (α = 1 and
∆ = 0) represent the equilibrium version of our granular
system. Of course, given the dissipative/athermal nature
of the dynamics, one cannot expect theoretical or numer-
ical predictions for the equilibrium counterpart to hold in
the granular case. However, in some specific conditions,
vibrated granular materials have been shown to exhibit
an equilibrium-like phenomenology, such as in the case
of tracer diffusion in granular gases [42, 43] or hexag-
onal crystal formation in monodisperse granular layers
vibrated on a substrate [32, 33, 36]. The latter phe-
nomenon is particularly relevant for our study since many
aspects of the equivalent elastic hard-sphere crystalliza-
tion have been observed also in the liquid-solid granular

phase transition. The main challenging aspect for the ob-
servation of an equilibrium-like behaviour in our system
is given by size polydispersity because it usually trig-
gers non-equilibrium effects in vibrated granular materi-
als. Size segregation [34, 44–46] and violation of energy
equipartition [47], are two examples of that. Thus, an
important question underlying the approach we propose
is the following: can we tune the non-equilibrium pa-
rameters i.e. related to forcing/dissipative mechanisms
of the granular system, such that it self-assembles into
the quasi-crystalline structures that have been observed
in the equilibrium counterpart?

Results obtained through event-driven molecular dy-
namics (EDMD) simulations of the model described by
Eqs. 1 are reported in Fig. 1a. There we show the
last snapshot of a simulation and the associated scat-
tering pattern computed from the large grain positions.
The final self-assembled structure exhibits no periodic or-
der but the scattering peaks reveal an underlying 8-fold
symmetry. This particular symmetry is forbidden by or-
dinary crystallographic order based on repeated trans-
lations of a single unit cell. Indeed, in our system, the
final strcture can be decomposed into a combination of
three different tiles each one appearing with different ori-
entations. In Fig. 1a, we also highlight how small and
large grains combine to form such tiles: we have i) small
squares made of four large grains surrounding one small
grain, ii) isosceles triangles made of three large grains
surrounding one small grain and iii) large squares made
of four large grains surrounding a square of small grains.
The sides of the tiles coincide with bonds between large
grain nearest neighbours and we can identify long and
short bonds. The former outlines large square sides and
triangle legs, the latter forms small square sides and tri-
angle bases. In addition to the scattering pattern, an-
other piece of evidence of the 8-fold symmetry is given
by the histogram of bond orientations over the entire
system (Fig. 1b). Here we can clearly see that short
and long bonds are not uniformly distributed but are
aligned along eight specific directions. These dominant
directions are spontaneously selected among a continuum
since PBC do not impose preferred orientations. Within
a specific 8-fold set of bond directions, small and large
squared tiles can only appear with two specific orienta-
tions while triangular tiles can lay along eight ones. One
can then classify all the tiles in the system (see Methods)
as shown in Fig. 1c and reconstruct the overall tiling of
the plane (bottom-left side of Fig. 1a). The observed
square-triangle tiling can cover aperiodically an infinite
plane with long-range 8-fold orientational order. What
we observe in our simulations is a finite portion of such
an infinite quasi-crystal, the fact that tiles with the same
form but with different orientations cover a similar area
fraction is coherent with this picture [27]. Additional
EDMD simulations varying the geometrical parameters
{ϕ, xS , q}, the non-equilibrium ones {α,∆} and consid-
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ering different system sizes confirmed the robustness of
QC8 formation for this model (see SI).

We now turn our attention to the experimental realiza-
tion. Our setup consists of non-magnetic steel spherical
grains confined in a quasi-2D squared container (height h
and width L ≫ h) which is vertically vibrated by an elec-
trodynamic shaker following a signal zp(t). The evolution
of the system is followed by a camera that allows to detect
the horizontal position of the grains (xy coordinates) as
a function of time. The relevant set of explored geomet-
rical parameters {q, xS , ϕ} for the experiments is chosen
close to those used in the simulation model. The real-
istic system eventually attains a non-equilibrium steady
state whose dynamical properties sensitively depend on
the driving force. To tune this, we performed prelim-
inary numerical simulations of the setup implemented
through the Discrete Element Method (DEM) [48, 49].
Such simulations implement granular dynamics by means
of accurate contact models which allow for studying in-
silico prototypes of realistic setups (see SI). From this
analysis and subsequent experimental tests (see SI), we
found that to observe QC8 self-assembly one generally
needs sufficiently strong vibrations to allow for an ef-
ficient vertical-to-horizontal energy transfer but not so
strong that grains pile up on each other (which alters the
effective 2D packing fraction of the system).

For suitable choices of the driving parameters, our ex-
perimental system indeed spontaneously forms the 8-fold
quasi-crystal. The dynamics of this process is shown in
Fig. 2a (see also supplemental video) where we plot
the occupied area fraction as a function of time for
three different groups of tiles: the ones oriented accord-
ing to the specific 8-fold set of directions which domi-
nates at the end of the experiment (green), misaligned
tiles (yellow) and defects (grey). These results are ob-
tained from a seven-day-long experiment with sinusoidal
vibrations and quantify the two distinct processes con-
tributing to the QC8 self-assembly: single tile forma-
tion and tile orientational ordering. We note that both
aligned and misaligned tiles increase monotonously at
very short times. After that, their evolution becomes
non-monotonous: aligned tiles exhibit an increase inter-
rupted by sudden drops while misaligned tiles exhibit a
decrease interrupted by sudden growths. Both of them
eventually reach a final plateau. Such behaviour reveals
that, once tiles are formed and locally ordered, they still
need substantial rearrangements in order to form larger
quasi-crystalline domains and this makes the QC forma-
tion extremely slow.

From the evolution of reconstructed tilings shown in
Fig. 2b, we observe that QC8 with the dominant 8-
fold symmetry is growing from the boundaries toward
the bulk. During this process, it is possible to observe
the coexistence between different misaligned QC domains
(t ∼ tmax/2). In Fig. 2c, we also show the evolution of
the structure factor: the initial configuration shows the

FIG. 2. Experimental results for {q, xS , ϕ} =
{0.5, 0.675, 0.848}, NS + NL = 3840, σL = 2.381 mm,
zp(t) = A sin(2πft) where A = 22 µm and f = 120 Hz.
Data from real-time measurements during QC8 formation (see
also supplemental video). a) Area fraction of tiles correctly
aligned according to the dominant orientational order, mis-
aligned tiles and defects. Reconstructed tiling (b), structure
factor (c) and bond orientation histogram for early, intermedi-
ate and late times. Yellow tiles are misaligned with the final
long-range order, green ones are in agreement with it. We
note that the latter have long bonds laying on the xy axis.
See also Movie 1.

typical rings of a liquid-like structure, the middle one ex-
hibits blurred peaks originating from the coexistence of
multiply oriented QC domains while the last one presents
sharper peaks highlighting long-range order according to
a dominant set of 8 directions. Finally, from the evolution
of the bond orientation histogram (Fig. 2c), we can see
that the most favoured set of orientations is the one with
large tile sides aligned with the hard walls. Repetitions
of the experiment revealed that this is a reproducible fea-
ture. Indeed, an important difference with respect to the
numerical case discussed above is represented by the hard
horizontal walls which break the orientational symme-



5

FIG. 3. a) Configuration, structure factor, reconstructed tiling obtained after ∼ 170 hours of the experimental run already
shown in Fig. 2. The specific snapshot shown is the one with the highest QC8 area fraction (red arrow in Fig. 2). We also
show a sketch of the xz projection of the setup and a comparison between real space tiling and the reconstructed one in a
zoomed region on the sample. b) Bond orientation histogram. c) Tile area fraction histogram with snapshot of single granular
tiles forming the quasi-crystal.

try. The enforced grain alignment at the xy boundaries
favours two specific sets of 8-fold symmetric directions:
one with short bonds and one with long bonds aligned
with walls. The dominance of the latter can be explained
considering that the forming quasi-crystalline structure
requires much more long bonds than short ones.

An interesting picture seems to emerge: tiles of the
desired shapes form very rapidly, probably as a conse-
quence of their efficient local packing. However, global
alignment requires much more collective rearrangements
that appear to be rare events. It is important to point out
that real-time measurements of forming quasi-crystalline
structures are extremely rare in experiments. Generally,
the techniques used for QC self-assembly (e.g. evapora-
tion of nanoparticle solutions) are not compatible with
the observation of the dynamics during the ordering pro-
cess but only allows to analyze the final structure. The
experimental study of system configurations over time
is then another important novelty of macroscopic quasi-
crystals since it can shed light on unexplored dynamical
properties of QC self-assembly.

In Fig. 3a, we show the spatial configuration, the
related scattering pattern, and the reconstructed tiling

obtained from the experimental configuration with the
largest quasi-crystalline area fraction (see the red arrow
in Fig. 2a). On the right side of the same figure, we re-
port the histograms of bond orientation (b) and tile area
fraction (c). We note that the key properties of the quasi-
crystalline structure observed in EDMD simulations are
found also in the experiment: we have the same 8-fold
long-range orientational order, confirmed by the scatter-
ing intensity, and the same square-triangle tiling. By
comparing Fig. 1 and 3, we realize that the main differ-
ence between EDMD simulations and experiments is the
presence of larger defects in the latter. It is difficult to
pin down the origin of this difference as the z-to-xy en-
ergy transfer mechanism of the real experimental model
depends, in a highly non-trivial way, on the dissipative
properties of the materials and the plate roughness, while
the energy injection in the EDMD simulations is fully de-
scribed by a simple collision rule that depends only on
two parameters. We argue that larger defects are also
the reason why we observe lower large-square area frac-
tion in the experiment with respect to EDMD (compare
Fig. 1c and 3c). In fact, large squares are favoured by a
large number of small grains [27], but many of them are
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stuck in defects that appear mainly as clusters of small
grains.

In order to test robustness and reproducibility of the
discussed results we repeated the experiment for differ-
ent initial random configurations, different drivings (saw-
tooth vibrations) and slightly shifted state points. As
reported in the SI, the emergence of quasi-crystalline or-
der proved to be a quite robust feature of this granular
system.

More than 30 years ago, the quasi-crystal self-assembly
paradigm emerged in purely atomistic systems but was
later extended to the nanometric and micrometric scales
typical of soft matter. Here, we have shown that this
idea can be extended to much larger length scales in vi-
brofluidized granular systems. Our study reports the first
observation of quasi-crystalline order in a physical system
undergoing athermal dynamics in the visible scale where
real-time measurements of system configuration can be
performed during the self-assembly process. The passage
from the micrometer to the millimeter scale is not a triv-
ial one, since in the latter the grains do not undergo ther-
mal agitation. This means that for granular systems, we
cannot explain the emergence of quasi-crystalline order
based on entropy arguments alone. Despite this funda-
mental difference, quasi-crystalline order emerges in the
same conditions as predicted at equilibrium, something
that could not be trivially expected.
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