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Abstract. We computed the phase diagram of zigzag graphene nanoribbons as a
function of on-site repulsion, doping, and disorder strength. The topologically ordered
phase undergoes topological phase transitions into crossover phases, which are new
disordered phases with non-universal topological entanglement entropy that exhibits
significant variance. We explored the nature of non-local correlations in both the
topologically ordered and crossover phases. In the presence of localization effects,
strong on-site repulsion and/or doping weaken non-local correlations between the
opposite zigzag edges of the topologically ordered phase. In one of the crossover phases,
both e−/2 solitonic fractional charges and spin-charge separation were absent; however,
charge-transfer correlations between the zigzag edges were possible. Another crossover
phase contains solitonic e−/2 fractional charges but lacks charge transfer correlations.
We also observed properties of non-topological, strongly disordered, and strongly
repulsive phases. Each phase on the phase diagram exhibits a different zigzag-edge
structure. Additionally, we investigated the tunneling of solitonic fractional charges
under an applied voltage between the zigzag edges of undoped topologically ordered
zigzag ribbons, and found that it may lead to a zero-bias tunneling anomaly.
Keywords: Topological order, Topological phase transition, Semions

1. Introduction

Is the formation of a fractional charge [1, 2, 3, 4, 5, 6] a necessary and sufficient
condition [7] for topologically ordered insulators [8] such as fractional quantum Hall
systems [9] and interacting disordered zigzag graphene nanoribbons [10] (ZGNRs) with
anyonic fractional charges? This issue is related to whether the electron localization
effects destroy or enhance the topological order [11, 12, 13] and quantization of fractional
charges. In a Laughlin state on a sphere (no edges present) and under weak disorder, the
added electrons fractionalize and create a quasi-degenerate peak within the gap of the
tunneling density of states (DOS). Electron localization [14] is expected to stabilize these
fractional charges of the quasi-degenerate midgap states because these localized quasi-
degenerate energy states are spatially separated from each other, as explained in [15]
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(if fractional charges are delocalized they overlap and become ill-defined). However,
excessive disorder is considered detrimental to topological order.

In this study, we investigate similar issues with ZGNRs [16, 17, 18, 19, 20, 21, 22].
A recent study showed that weak randomness (disorder) in ZGNRs can generate e−/2
solitonic fractional charges [23, 24, 25], which is a disorder effect closely related to the
change in the disorder-free symmetry-protected topological insulator of ZGNRs to a
topologically ordered [26] Mott-Anderson insulator [27, 28, 29]. These systems have a
universal value for topological entanglement entropy (TEE) [11, 12] in the weak-disorder
regime [30]. The shape of entanglement spectrum is also found [31] to be similar to the
DOS of the edge states, as expected of topologically ordered systems [13]. In interacting
disordered ZGNRs, the gap is further filled by edge states [32, 24] with an increasing
strength of the disorder potential.

In the absence of disorder, the ground states have opposite edge site spins, but
each edge is ferromagnetically polarized [16, 17, 18, 19, 20, 21, 22]. In the presence
of disorder, a spin reconstruction of the zigzag edges can occur [26]. Nonetheless, a
topologically ordered ZGNR has two degenerate ground states, see Figure 1(a). Mixed
chiral gap-edge states (see Figure 1(b)) play an important role in this effect. A short-
range disorder potential couples two nearly chiral gap-edge states residing on opposite
zigzag edges [24, 33], and mixed chiral gap-edge states with split probability densities
may form to display e−/2 fractional semion charges [34]. These states, with midgap
energies, are solitonic, with half of the spectral weight originating from the conduction
band and the other half from the valence band [23]. Note that a mixed chiral gap-edge
state has a nonzero fractional probability at the A- and B-carbon sites. In other words,
it is split into two nonlocal parts, each residing on the edges of the A or B sublattice.
The formation of mixed chiral gap-edge states is a nonperturbative instanton effect [24].
(They are akin to the bonding and antibonding states of a double quantum well.) It
should be noted that well-defined e−/2 solitonic fractional charges in the weak-disorder
regime are emergent particles, i.e., they have new qualitative features and appear only
in sufficiently long ribbons. In a weak-disorder regime, the number of fractional charges
is proportional to the length of zigzag edges.

Although weak disorder leads to formation of fractional charges, strong disorder
may destroy them. Similar to fractional quantum Hall systems, the topological order of a
ZGNR is not immediately destroyed upon doping because electron localization partially
suppresses quantum fluctuations between quasi-degenerate mid-gap states. The system
may still be an insulator with a fractional charge. However, in the presence of strong
disorder or doping, zigzag edge antiferromagnetism is expected to diminish, thereby
affecting the topological order. (In the doped region, a disordered anyon phase with
a distorted edge spin density wave was discovered [31].) These results suggest the
possibility of multiple topological phase transitions in the zigzag ribbons. What is the
nature of these topological phase transitions and the physical properties of the ground
states? Does the presence of a fractional charge imply a universal value of the TEE? Does
the TEE become nonuniversal and vary [35] with an increase in the disorder strength
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mixed chiral
gap-edge states

Figure 1. (a) Two degenerate disordered ground states are illustrated on the surface of
a cylinder. The site spins of these ground states are reversed. The expectation values of
site spins pointing outward (inward) normal to the cylinder surface are represented by
solid red (dashed blue) vectors. Nearly zero-energy gap-edge states exist on the zigzag
edges. (b) Chiral edge states are present near the Brillouin zone boundaries. Here, u(l)
stands for a chiral state localized on the upper (lower) zigzag edge and σ =↑, ↓ for the
spin components along the z-axis. Short-range disorder potential couples two nearly
chiral edge states: a (u, σ) chiral edge state is coupled to a (l, σ) chiral edge state. This
coupling process generates a mixed chiral gap-edge state with two fractional charges.

or doping level?
The main results of our paper are as follows: the phase diagram of ZGNRs is

found in the parameter space comprising on-site repulsion (U), disorder strength (Γ),
and doping concentration (δN/Ns) (δN and Ns are, respectively, the number of doped
electrons and the total number of sites in the ribbon). We identified a number of
different phases, including those with topological order, quasi-topological order, and no
order. Each of these phases is defined by the value of TEE β and its variance. These
properties of β are related to the presence or absence of charge fractionalization and
charge transfer correlations between zigzag edges. When both of these properties are
present, along with correlations leading to spin-charge separation, β is universal with
small variances. In this case, we investigated the tunneling of fractional charges under
an applied voltage between the zigzag edges of undoped topologically ordered zigzag
ribbons and observed a possible zero-bias anomaly. The other two types of phases fall
into the category of quasi-topological order. We refer to these phases as crossover phases,
in which the variance of β is significant. In one of these phases, both e−/2 fractional
charges and spin-charge separation are absent; however, the charge transfer (±e−/2)
correlations exist between the zigzag edges. Another phase may contain weakly stable
e−/2 fractional charges but lacks charge transfer correlations between the zigzag edges.
We also investigated the ground state and zigzag edge properties of the various crossover
and nontopological phases.
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2. Model Hamiltonian

The following mechanisms can all give rise to fractional charges: the coupling between
the valleys mediated by short-range scatterers [24] and the sublattice mixing facilitated
by the alternation of the nearest neighbor hopping parameters [26]. Here we will consider
the effect of short-range scatterers only. The self-consistent Hartree-Fock approximation
works well for graphene systems [18, 19, 36]. The Hartree-Fock Hamiltonian of a ZGNR
with length L and width W is

HMF = −t
∑
n.n.,σ

c†i,σcj,σ +
∑
i,σ

Vic
†
i,σci,σ

+ U
∑
i

[ni,↑⟨ni,↓⟩+ ni,↓⟨ni,↑⟩ − ⟨ni,↓⟩⟨ni,↑⟩] +
∑
i

[six⟨hix⟩+ siy⟨hiy⟩], (1)

where the site index is given by i = (k, l) (k labels sites along the ribbon direction and l
along the width), c†i,σ and ni,σ represent creation and occupation operators at site i with
spin σ = {↑, ↓}, respectively (periodic boundary conditions are used along the ribbon
direction). The site spin operators are given by six(y) = 1

2
(c†i,↑, c

†
i,↓)σ

x(y)(ci,↑, ci,↓)
T , where

σx(y) is the conventional Pauli matrix. The first term represents the kinetic energy with
hopping parameter t, with n.n denoting the summation over the nearest-neighbor sites.
The second term represents the short-range impurities parameterized by Vi, which is
randomly chosen from the energy interval [−Γ,Γ]. Throughout this study, the density
of the impure sites is fixed at 10%. U denotes the on-site repulsive strength. The
last term in (1) represents self-consistent “magnetic fields", where ⟨hix⟩ = −2U⟨six⟩
and ⟨hiy⟩ = −2U⟨siy⟩. (These fields are present only in doped ZGNRs. In the initial
stage of the Hartree-Fock iteration, the values of ⟨hix⟩ and ⟨hiy⟩ can be selected from
small random numbers). In the presence of these fields, the Hartree-Fock eigenstates
are mixed spin states. The Hartree-Fock single-particle states |k⟩ (k = 1, 2, . . . , 2Ns)
can be written as a linear combination of site states |i, σ⟩. In the language of second
quantization this is equivalent to

ak =
∑
i,σ

Ak,i,σci,σ. (2)

These magnetic fields are rather small for the disorder strength and doping level
considered in this study.

There may be several nearly degenerate Hartree-Fock ground states. We select
the Hartree-Fock initial ground state such that ⟨ni,σ⟩ represents a paramagnetic state
with a small spin splitting. In addition, we choose small random values for ⟨hix⟩ and
⟨hiy⟩ (these values do not significantly affect the final results). The Hartree-Fock matrix
dimension scales with the number of carbon atoms, which is typically less than 50, 000.
The Hartree-Fock eigenstates and eigenenergies are self-consistently computed, requiring
approximately 20 iterations. The TEE is computed using the disorder-averaging results
from numerous disorder realizations. Here, we used GPU to speed up the solution of
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the Hartree-Fock matrix. The GPU calculations were computationally intensive and
were performed on a supercomputer. In the presence of disorder and in the low-doping
region, the obtained Hartree-Fock ground-state properties with solitons are in qualitative
agreement with those of the density matrix renormalization group in the matrix product
representation [31]. However, quantum fluctuations are not included in the Hartree-Fock
calculation, so it may overestimate the stability of fractional charges. (In this work we do
not investigate the high doping region. Obtaining density matrix renormalization group
results in this region is challenging because the computation is rather time consuming,
making it impossible to determine the true ground state among the nearly degenerate
Hartree-Fock ground states.)

Note that the Mott gap in the absence of disorder, denoted by ∆, is well-developed
only when the length of the ribbon is much greater than its width L ≫ W (for a
ribbon with L ∼ W , its excitation spectrum is similar to that of a gapless two-
dimensional graphene sheet [37]). The localization properties of ZGNRs are unusual
because both localized and delocalized states can exist [24, 33]. Gap-edge states with
energy |E| ∼ ∆/2 can have localization lengths of approximately W and have significant
overlap with each other.

3. Effects of Anderson localization

The following simple toy model, although not realistic, is useful in understanding physics
of localization [14]. Consider two localized orbital wave functions, ϕ1 and ϕ2, each
having eigenenergies ϵ1 and ϵ2. Suppose these two states are coupled by an energy I.
The Hamiltonian of the coupled system is

H =

(
ϵ1 I

I ϵ2

)
. (3)

For the non-resonant case, where ϵ2 − ϵ1 ≫ I, the perturbed eigenstates are given by

ψ1,2 ≈ ϕ1,2 +O
(

I

ϵ2 − ϵ1

)
ϕ2,1. (4)

Thus, when the energy difference ϵ2− ϵ1 is greater than the hopping energy I, the states
remain nearly unchanged, i.e., they stay localized. In the opposite resonant case, where
ϵ2−ϵ1 ≪ I, the states ϕ1 and ϕ2 become strongly perturbed and transform into resonant
states given by

ψ1,2 ≈ ϕ1,2 ± ϕ2,1. (5)

Therefore, when the energy difference is sufficiently small, the states may become
delocalized, and the overlap between the localized states is significant. Symmetric
and antisymmetric states of a quantum double well serve as good examples of these
delocalized states.

Anderson localization plays a crucial role in the quantization of fractional
charges [15]. The effects of Anderson localization can be described using self-consistent
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Hartree-Fock approximation [38, 39]. The first important effect of Anderson localization
in undoped ribbons in the presence of on-site repulsion is that quasi-degenerate
localized midgap states are spatially separated [14, 32], leading to well-defined fractional
charges [15]. (In low-doped ZGNRs, added electrons fractionalize and form a narrow
peak in the DOS near E = 0 consisting of quasi-degenerate localized states [31].) Figure
2(d) displays the probability densities of such two midgap states carrying fractional
charges. These gap-edge states are mixed chiral gap-edge states [24], whose probability
densities peak at the two edges and rapidly decays inside the ribbon. Note that these
states do not overlap with each other. Non-interacting electrons of disordered ZGNRs
also display mixed chiral gap-edge states near E = 0. However, in the weak-disorder
regime, the overlap between nearly degenerate states is small but not negligible. Thus
well-defined fractional charges do not readily form in non-interacting disordered ZGNRs.

Another important effect is as follows: it affects the value of the correlation length,
which is determined from the entanglement entropy of an area A by computing the
reduced density matrix of region A. The Hartree-Fock correlation function [30, 40]
between i ∈ A and j ∈ A decays exponentially as a function of distance x between i

and j

C(x) = Ci↑,j↑ = ⟨Ψ|c†i↑cj↑|Ψ⟩ ∼ exp

(
−|x|
ξ

)
, (6)

where Ψ represents the Hartree-Fock ground state of the ZGNR, and ξ represents the
correlation length. By inverting the relation given in Eq.(2), we can express ciσ as a
linear combination of ak. To ensure accurate computation, the diameter of the area
must be larger than the correlation length [7, 41].

The results of correlation length ξ are shown in Figure 2. For disordered cases with
Γ ̸= 0, the correlation length is obtained by averaging over several disorder realizations.
Anderson localization leads to a reduction in the correlation length when compared to
disorder-free ribbons, as demonstrated in Figure 2(b). (Disorder-free ZGNRs exhibit a
large correlation length for small U .) Therefore, compared to the non-disordered case,
we can use a smaller Wilson loop [12] to calculate the TEE of disordered interacting
ZGNRs. In contrast, doping results in an increased correlation length, as depicted in
Figure 2(c). We stress that, in computing the correct TEE, it is important that the
correlation length is small in comparison to the dimensions of the Wilson loop.
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Figure 2. (a) Schematic figure of a ZGNR which consists of two triangular sublattices
A (black sites) and B (grey sites). Each site of a ZGNR is labeled by two indices
(k, l), corresponding to the blue and red carbon lines. The line l = 1 comprises
zigzag edge sites, which are not connected to each other through the hopping term
of the Hamiltonian. (b) Correlation length ξ is estimated by fitting the correlation
function with an exponential function along the zigzag edges. In this case, the ribbon
length and width are (L,W ) = (100, 64). For each data point, we created ND = 5

disorder realizations. (c) Dependence of correlation length on doping concentration.
Each point is calculated with (U,Γ) = (t, t), and number of doped electrons are:
δN = 0, 2, 5, 10, 20, 30. At each data point, ND = 6 disorder realizations were created.
(d) Fractional charge probability densities of two quasi-degenerate mixed chiral gap-
edge states with E/(∆/2) = −0.005 (left) and E/(∆/2) = 0.004 (right) taken from
a single-disorder realization in the weak disorder regime at low doping. These states
have the same spin. The Mott gap in this case is ∆ = 0.2t. The green (blue) surface
refers to the probability density of sites A (B). On-site repulsion, disorder strength,
and number of doped electrons are (U,Γ, δN) = (t, 0.01t, 3). The geometry of the
ribbon is (L,W ) = (101, 8).

4. Phase Diagram

Topological order can be detected by investigating the TEE (β) [11, 12] within
the Hartree-Fock approximation [30]. We begin by selecting a set of values for
(L,W,w, lzig, larm), as defined in Figure 3(a), to compute β. Subsequently, we increment
these quantities by the same ratio, and a new β is computed. This process is repeated
several times (see [30] for details). We employ finite-size scaling analysis to extract
the TEE’s value in the limit as L approaches infinity (see Figure 3(b)). We discretize
the parameter space (Γ, U, δN) into a three-dimensional grid, and at each grid point, we
compute β (see Figure 3(c)). The resulting three-dimensional phase diagram is depicted
in Figure 3(d). We observe that β can have three types of values: (i) A universal value
in the topologically ordered phase, (ii) nonuniversal values with large variances in the
crossover phases, and (iii) a zero value in the normal-disordered phase. Projections of
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the phase diagram, including the U -Γ, Γ-δN , and U–δN planes, are presented in Figures
3(e)-(g).

In undoped ZGNRs, a topologically ordered phase is observed in regions Γ/U ≲ 1

and U ≲ t, see Figure 3(c). The topological phase transition into the symmetry-
protected phase at Γ = 0 is abrupt, consistent with findings in [30] (TEE of the
symmetry-protected phase phase is zero). There are also other topological phase
transitions, but they are smooth transitions with crossover regions. Note that the system
is not topologically ordered at U = 0: our Hartree-Fock results show that fractional
charges overlap with each other and charge-transfer correlations are absent. Figures
3(e)-(g) reveal the presence of crossover regimes lying beyond the topologically ordered
phase with an increase in the disorder, doping, and interaction strength. The phase
boundaries between topologically ordered and normal phases are “blurred,” indicating
the presence of crossover phases (comprising two types, crossover phase I and crossover
phase II). The numerical results of the TEE are shown in Figure 3(c). The error bars
in this figure include not only random fluctuations caused by disorder but also the
uncertainties arising from the extrapolation process of the finite scaling analysis. As
Γ/U increases, β decreases (indicated by the red line in Figure 3(b)). The value of
the TEE thus changes across a crossover phase. Within this phase, β exhibits a large
variance, but the average values are not zero, which implies that the topological order
is not completely destroyed. In this regime, the TEE becomes nonuniversal and decays.

One can use a different but equivalent procedure to determine the phase diagram.
We have verified that a similar phase diagram can be obtained by analyzing the presence
of fractional charges and nonlocal correlations between the opposite zigzag edges.
For each grid point (Γ, U, δN) in the parameter space, we find the ground state and
investigate whether the gap-edge states display fractional charges and whether nonlocal
correlations exist between the opposite zigzag edges. By utilizing this method, we have
successfully recovered the phase diagram depicted in Figure 3(d).

5. Topologically ordered phase

We elucidate the nature of non-local correlations in topologically ordered ZGNRs.
Figure 4(a) presents a ZGNR consisting of 8 carbon lines labeled l = 1, 2, . . . , 8. In
each pair of carbons lines (1, 8), (2, 7), (3, 6), and (4, 5), an increase/decrease in the
occupation number of one line is correlated with a decrease/increase in that of the
other line (as illustrated by lines 1 and 8 in Figure 4(c)). This correlation is not
limited to the zigzag edges but extends to other carbon lines inside the ribbon, away
from the edges. The corresponding site spins of the ribbon are shown in Figure 4
(d). These non-local correlations are attributed to mixed chiral gap-edge states (which
can decay relatively slowly from the zigzag edges, unlike the fractional edge states), as
schematically represented in Figure 4(b). Changes in the occupation numbers δni,↑ and
δni,↓ of an edge often coincide at nearly the same values as k, which labels the site
position along the ribbon direction. This effect can lead to ni,↑ ≈ ni,↓ of the occupation
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Figure 3. (a) A schematic to explain the geometric parameters of a ribbon.
W represents the ribbon width, accounting both A and B sites, marked with a
solid line. lzig, larm, and w are respectively, zigzag length, arm length, and width
of the Wilson loop. (b) Finite-size scaling analysis of TEE in universal regime
(blue circles, (U,Γ, δN) = (t, t, 0)) and strongly disordered regime (red triangles,
(U,Γ, δN) = (t, 15t, 0)). Ribbon sizes used in the analysis are (L,W,w, lzig, larm):
(200, 172, 12, 171, 68), (170, 144, 10, 145, 60), (130, 112, 7, 111, 46), (100, 64, 4, 81, 28),
(80, 68, 4, 69, 24); and (50, 32, 2, 41, 12). At each data point, ND = 50 disorder
realizations were made. (c) TEE calculation for an undoped ZGNR (δN = 0): red
squares correspond to TEE with U = 0.5t, black circles are with U = t, yellow hexagons
are with U = 1.5t, and blue triangles are with U = 2t. The values of TEE were
estimated through finite-size scaling. For each data point, the number of disorder
realizations is ND ∼ 30. The value of TEE is zero at Γ/U = 0. (d) A schematic phase
diagram of finite-length ZGNRs obtained using the Hubbard model. Regions with
degraded color indicate crossover phases. (e), (f), (g) Projections of phase diagrams
onto 2D planes. Acronyms TO and COI (COII) stand for topologically ordered and
crossover phase I (II), respectively. Here Ns = L × W represents the total numbers
of carbon sites of the ribbon, and δN/Ns represents the doping concentration. The
degradation of color represents the variance of TEE (red means small variance), and
the white-color regions represent trivial TEE (β = 0).

numbers in the presence of disorder, resulting in si ≈ 0, i.e., the appearance of spin-
charge separation around a site on one of the edges [26].

The following points should be noted as well. The results in Figure 3(c) show that
the variance of β decreases as we approach the singular limit of Γ/U → 0. (Additional
numerical results confirm this conclusion.) This result is consistent with the previous
finding that fractional charge of a midgap state becomes accurate in the weak disorder
regime and in the thermodynamic limit (as discussed in [31]). In the opposite limit of
Γ/U ≫ 1, the value of the TEE becomes non-universal and decreases with increasing U
(as shown in Figure 3(c)). In addition, the functional dependence of DOS on E in the
universal region is given by an exponentially suppressed function, a linear function [26],
or something in between. The actual shape of the DOS is determined by the competition
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Figure 4. (a) A ZGNR comprises lines of carbon atoms, labeled 1, 2, 3, . . . , 8. Red
arrows connect two opposite lines that support charge transfers. (b) Schematic of the
probability densities of chiral and mixed chiral gap-edge states. A mixed state (black)
comprises both A-(red) and B-(blue) probability components, while a chiral state has
only one component. The depicted mixed state in the figure illustrates the possibility
of overlapping A- and B-components; however, it is worth noting that they can be also
non-overlapping. (c) Change in the spin-up occupation number δni,↑ = ni,↑ − n0

i,↑ of
a ribbon with dimensions (L,W ) = (120, 8) and parameters (U,Γ, δN) = (2t, 0.2t, 0)

(here n0
i,↑ denotes the occupation numbers in the absence of disorder). Occupation

numbers are computed for a single disorder realization. The x-axis label k denotes
sites along each carbon line l = 1, 2, . . . , 8 (see Figure 2(a)). Blue arrows signify
where charge transfer takes place, and black dashed lines indicate where the occupation
number changes. Similar results were also found for spin-down occupation numbers.
(d) Site spins computed with parameters similar to (c) are displayed.

between the strength of disorder and the on-site repulsion [29]. For instance, the DOS
is linear for (U,Γ, δN) = (2t, 0.5t, 0), but it is exponentially suppressed in the weak
disorder limit.

Disorder is a singular perturbation[26] and it significantly impacts the properties
of zigzag ribbons, particularly noticeable when measuring the average site spin value
along a zigzag edge. Our analysis reveals a dramatic alteration in this value concerning
the disorder strength Γ: a singularity in the slope emerges, as depicted in Fig. 5.

Here we also investigate the tunneling of fractional charge between two zigzag edges
[43, 44]. We initiate the investigation by considering a gap-edge state that displays
fractional charges in the undoped case, as illustrated in Figure 6(a). We then examine
how the probability density of this state evolves as the voltage V between the zigzag
edges increases. The transformation of the probability density during the tunneling
event is plotted in Figure 6(a). One peak tunnels across the width of the ZGNR and
merges with the other peak located at the opposite edge to form an integer charge. Since
tunneling of fractional charges occurs within a narrow range of applied voltage V , as
shown in Figure 6(b), our results suggest the potential existence of a zero-bias anomaly
in the differential conductance, see Figure 6(c).
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Figure 5. The average site spin value of a zigzag edge (Si) is computed. The impurity
concentration is 0.1, and the on-site parameter is U = t. Each data point is computed
from ND = 10 disorder realizations.
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Figure 6. (a) Probability densities of fractional and integer charges are plotted before
and after the tunneling event, respectively. The two density profiles are generated
from a single disorder realization with V = 0.00115t and V = 0.00116t. The remaining
relevant parameters include (L,W ) = (100, 8), and (U,Γ, δN) = (t, 0.01t, 0). During
this process, we observe the tunneling of approximately one fractional charge to the
opposite edge, resulting in the formation of an integer charge. (b) The dependence
of the energy of a solitonic fractional gap-edge state on V is shown, with the red
vertical line indicating specific point where the tunneling event occurs. (c) A plot
of the tunneling current I, proportionate to the total transferred charge (defined as
the sum of spin-up and spin-down electrons transferred between edges, (ni − nī), is
displayed as a function of voltage V . ni and nī represent the average site occupation
numbers on opposing zigzag edges, averaged across various disorder realizations and
zigzag edge sites. Here, i denotes sites on one zigzag edge, while ī refers to sites on the
opposite zigzag edge. It’s important to note that the differential conductance dI

dV at
V = 0 becomes notably large. This plot corresponds to (U,Γ, δN) = (t, 0.01t, 0) and
(L,W ) = (100, 8). The disorder configuration is fixed while varying voltage V .

6. Crossover phase I

We will provide a comprehensive description of the characteristics of undoped ZGNRs
in the crossover I phase, with U ≳ t and U ≳ Γ, where the dominant energy is the on-
site repulsion U . The topologically ordered phase gradually changes into the crossover
I phase as U increases, as illustrated in Figure 3(e). In this phase, β is nonzero, but
its variance is significant, as shown in Figure 7(a). The crossover I phase exhibits the
following notable properties: (i) The disorder-induced change in the edge occupation
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numbers δni,↑ = 1/2 for one type of spin σ is entirely transferred to the opposite edge,
i.e., the zigzag edges are correlated in a nontrivial manner, as shown in Figure 7(c) for
a specific case of Γ/U = 0.17. However, the site positions k on the opposite zigzag
edges, where changes in δni,↑ and δni,↓ occur do not coincide. (This is in contrast to the
topologically ordered phase where these positions exhibit correlations at nearly identical
k values.) We believe that these edge transfer correlations between zigzag edges modify
the ground state entanglement pattern and yield a nonzero fluctuating TEE. The edge
charge transfer correlations become weaker when the disorder is stronger (see Figure 7(d)
for Γ/t = 4), leading to a smaller value of β (see Figure 3(c)). (ii) Although the zigzag
edge changes are fractional, δni,↑ = 1/2, as shown in Figures 7(b) and (c)), the A- and
B-probability densities of the mixed chiral gap-edge states responsible for this feature
overlap, see Figure 4(b). Consequently, fractional charges are ill-defined in this phase.
(iii) The presence of spin-charge separation necessitates that charge transfers for both
spin types occur at the same positions k. However, these effects are not observed in the
crossover I phase. It is essential to emphasize that the condition Sz =

1
2
(ni,↑ − ni,↓) = 0

at site i is not sufficient for spin-charge separation. To fulfill the conditions, well-defined
fractional charges must exist.

(a) (b) (c) (d)
1

0.5
0
1

0.5
0

ni↑ (1)

(8)

0 30 60 90 120

1
0.5

0
1

0.5
0

ni↓ (1)

(8)

1
0.5

0
1

0.5
0

ni↑ (1)

(8)

0 30 60 90 120
k

1
0.5

0
1

0.5
0

ni↓ (1)

(8)

−0.5
0

0.5
−0.5

0
0.5

δni↓ (1)
(8)

0 30 60 90 120
k

−0.25
0

0.25
−0.25

0
0.25

Sz

(1)

(8)

−0.5
0

0.5
−0.5

0
0.5

δni↑
(1)

(8)

0 30 60 90 120
k

0.5 (1)

(8)

δni↑

−0.5
0

0.5

−0.5
0

0
5
10
15
20
25

0 0.01 0.02 0.03
β

Counts

Figure 7. (a) Distribution of β for parameters (U,Γ, δN) = (3t, 4.5t, 0) with
ND = 134. The dashed line indicates the mean value. (b) ni,↑(↓) is calculated in
a ribbon size (L,W ) = (120, 8) with (U,Γ, δN) = (3t, 0.5t, 0). The numbers (1) and
(8) indicate the upper and lower zigzag edges, as depicted in Figure 4(a). The x-
axis label k denotes sites along each carbon line. Blue arrows signify locations where
charge transfers occur. (In the lower graph, ni,↑(↓) are displayed for the non-disorder
case in the same condition as the upper graph.) (c) Change in the spin-up (down)
occupation number δni,↑(↓) = ni,↑(↓) − n0

i,↑(↓) of a ribbon size (L,W ) = (120, 8) with
(U,Γ, δN,ND) = (3t, 0.5t, 0, 1). Edge site spins Sz are also shown. (d) δni,↑ is displayed
for a ribbon size (L,W ) = (120, 8) with (U,Γ, δN,ND) = (3t, 4t, 0, 1). In this case, the
correlations disappear as the disorder strength increases.
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7. Crossover phase II

For undoped ZGNRs, another crossover phase emerges when Γ ≫ U but U/t ≲ 1.
We call this phase crossover II where the disorder strength Γ is the dominant energy.
As Γ increases, the topologically ordered phase undergoes a gradual transition into the
crossover phase II, as depicted in Figure 3(e). Concurrently, the gap is progressively filled
with states, as illustrated in the upper graph of Figure 8(a). Similar to the crossover I
phase (Figure 7(a)), β is finite with a significant variance. However, in this phase, there
are no charge-transfer correlations between the zigzag edges, as evident from the lower
graph in Figure 8(a). Some fractional charges may exist, as shown in Figure 8(b), but
they are expected to be subject to greater quantum fluctuations.

This observation aligns with the following obtained results: (i) Some changes in
the edge occupation number are δni,σ ≈ ±1/2. (ii) There are gap-edge states with
qA ≈ 1/2. (Here qA =

∑
i∈A |ψiσ(E)|2, where ψiσ(E) is the Hartree-Fock eigenstate

with energy E, see [26]. The probability densities are summed over all sites of the A
sublattice.) However, although the mean value of qA is 1/2, its variance in the energy
interval [E − δE,E + δE] is large because qA varies substantially within this interval,
as shown in Figure 8(a). Despite this, a fractional charge of a state in the interval
[E−δE,E+δE] near E = 0 does not overlap significantly with the probability densities
of other fractional and non-fractional states in the same energy interval, provided that
δE is small (for U ∼ t and Γ ∼ t, this happens when δE ∼ 0.01t). (However, in the
absence of on-site repulsion, multiple states with the same value of δE overlap.) We
posit that the interplay between localization and on-site repulsion accounts for these
non-overlapping states, as previously discussed at the outset of Sec.3. Nevertheless, the
impact of quantum fluctuations [15] must not be disregarded, as significant overlap with
states in the adjacent energy intervals may occur. (The Hartree-Fock calculation, which
ignores quantum fluctuations, may thus overestimate the stability of fractional charges.)

So far, our investigation has primarily focused on the undoped case. Upon doping,
the disorder-free ZGNRs exhibit edge spin density waves, with the opposite edges still
being antiferromagnetically coupled. This is in contrast to the edge ferromagnetism
observed in undoped ribbons. If disorder is added to a doped ZGNR, the spin
waves become distorted [31]: There is a topological phase transition from modulated
ferromagnetic edges at zero doping to distorted spin-wave edges at finite doping. Our
results indicated that, under substantial doping, this phase is also a crossover phase II.
The dependence of the mean value of qA of the states within the midgap peak on the
number of doped electrons is illustrated in Figure 8(d) (the DOS shows a sharp peak at
the midgap energy as seen in Figure 8(c)). At a low doping concentration, the disorder-
averaged value of qA of the midgap peak is close to 0.5, and the midgap states display
well-defined fractional charges with small variance, as discussed below Fig. 2 (note that
the width of the midgap peak is δE ∼ 0.005t). As the doping concentration increases
further, qA significantly deviates from 0.5, and simultaneously, the DOS midgap peak
starts to decrease [31]. These findings imply that even though fractional charges can
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Figure 8. (a) (Upper graph) E-qA diagram in the half-filling case (U,Γ, δN) =

(t, 5t, 0), for a ribbon with dimensions (L,W ) = (100, 8), and employing ND = 120

disorder realizations. Red (blue) dots represent states of spin up (down). There are
numerous states with qA ≈ 1/2, but fractional charges barely exist. (Lower graph)
δni,↑(↓) is displayed for a ribbon size (L,W ) = (120, 8) with (U,Γ, δN) = (t, 5t, 0). (b)
Plot of the probability density of several mixed chiral gap-edge states with qA ≈ 1/2

are shown (ND = 4). Green and blue represent densities on two different sublattices.
All parameters are similar to those in (a). Blue arrows point to a gap-edge states
that display fractional charges. The ribbon has dimensions of (L,W ) = (100, 8).
(c) (Left figure) DOS of an undoped weakly disordered interacting ZGNRs is shown
as a dotted black line, which displays a soft gap [24] . The midgap peak of the
DOS in the low doping limit [30] is marked by the dotted red line. (The Fermi
level is above the DOS peak.) (Right figure) The midgap peak value of the DOS
changes as a function of doping concentration δN/Ns, taken from [31]). Here, the
size of the ribbon is (L,W ) = (101, 8) and other parameters are (Γ, U) = (0.01t, t).
(d) Mean value of qA of the midgap states shown in (c) is plotted as a function of
doping concentration. The number of disorder realization is ND = 200. (e) Average
beta is plotted for several values of doping concentration, with (U,Γ) = (t, t) and
10 disorder realizations for each point. The analysis includes ribbons of several
sizes with dimensions (L,W,w, lzig, larm): (170, 144, 10, 145, 60), (130, 112, 7, 111, 46),
(100, 64, 4, 81, 28), (80, 68, 4, 69, 24), and (50, 32, 2, 41, 12).

still be observed, their number decreases with an increase in doping. The gradual
change in qA as a function of δN/Ns indicates that the transition from the phase of the
distorted ferromagnetic edge to the phase of the distorted edge spin-wave is not sharp.
Figure 8(e) shows how β decreased with an increase in δN/Ns. For a large δN/Ns, it
is computationally demanding to calculate β due to the anticipated longer correlation
length, as observed in Figure 2(c).
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8. Strongly disordered and strongly repulsive phases

Let us discuss the strongly disordered phase within the region Γ/U ≫ 1 as indicated
in Figure 3(e). The topological order is destroyed once the disorder strength reaches
a sufficiently high level, for example, β = 0 at (U,Γ, δN) = (t, 15t, 0). Within this
region, both edge charge-transfer correlations and charge fractionalization are not well-
defined, implying a TEE of zero. In Figure 9(a), site occupation numbers in weak
(Γ = 0.03t) and strong (Γ = 15t) disorder regimes are shown side by side to highlight
the difference, where the ones in strong disorder regime highly fluctuate from site to
site. Moreover, edge magnetization is zero almost everywhere (see Figure 9(b)). The
occupation numbers display sharp values of ni,σ = 1 at some sites, a feature also
observed in the density matrix renormalization group calculations of disordered ribbons,
as reported in [31].
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Figure 9. (a) Site occupation numbers for spin-up and -down, along with the
total occupation numbers, are shown for a ribbon size (L,W ) = (100, 64). The
calculations were performed for two different sets of parameters: the left one with
(U,Γ, δN) = (t, 0.03t, 0) and the right other with (U,Γ, δN) = (t, 15t, 0). Both
cases were computed by single disorder realization ND = 1. (b) Edge occupation
numbers for spin-up, spin-down, and edge site spins in strongly disordered regime
with (U,Γ, δN) = (t, 15t, 0). The geometry of the ribbon is (L,W ) = (100, 8) and
these quantities are obtained by single disorder realization ND = 1. (c) E - qA graph
with (L,W ) = (100, 8), (U,Γ, δN) = (7t, 0.5t, 0) (ND = 1). Red (blue) dots are
states of spin up (down). Solid red and blue lines represent qA values of spin-up
and -down states for Γ = 0. These states correspond to zigzag edge states localized
either on the upper or lower zigzag edges. Disorder-free DOS for (U,Γ, δN) = (7t, 0, 0)

shown in the inset has a large gap, ∆ ≈ 6t. (d) Probability density of several states
near gap edges ±∆/2 (horizontal thin black lines) with qA ≈ 0.5 for single disorder
realization ND = 1 and (U,Γ, δN) = (7t, 0.5t, 0). The ribbon’s dimensions are set
to (L,W ) = (100, 8). (e) DOS for a ribbon of dimensions (L,W ) = (100, 64) with
(U,Γ, δN) = (4t, 4t, 0) (ND = 100 realizations were made). The computed TEE value
is β = 0. (f) Zigzag edge occupation numbers ni,σ, ni = ni,↑ + ni,↓ and site spins
Sz in the strong repulsive regime with parameters (U,Γ, δN) = (5t, 0.01t, 0) with a
ribbon’s dimension of (L,W ) = (120, 8). These results are based on a single disorder
realization (ND = 1). (g) The same quantities are computed for the parameters
(U,Γ, δN) = (5t, 0.1t, 0) using a ribbon with the dimensions mentioned in (f). At
Γ = 0.1t, more sites exhibit total site occupation numbers ni ≈ 2 in comparison to
Γ = 0.01t.
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Another phase emerges in the form of the strongly repulsive phase (U ≫ t) where
fractional charges and zigzag edge correlations become non-existent. As depicted in
Figure 3(e), β ≈ 0 characterizes this phase. The qA–E diagram in Figure 9(c) highlights
the nonperturbative nature of disorder in this regime: the values qA are scattered across
the entire spectrum between 0 and 1 as Γ → 0, whereas they are restricted to the four
solid lines at Γ = 0. Also, the (E, qA) distribution indicates that in this strongly repulsive
regime, even with the presence of disorder, a large energy gap persists. There are no
states with qA ≈ 1/2 in the vicinity the midgap energy, as illustrated in Figure 9(c).
The A- and B-components of the wave function of the states with qA ≈ 1/2 near the gap
edges ±∆/2 overlap, as revealed in Figure 9(d). For a stronger disorder (equivalently
a larger value of Γ), the gap becomes increasingly filled with states, leading to a DOS
finite at E = 0, as shown in Figure 9(e).

The main physics characterizing this phase becomes apparent by investigating the
zigzag edge structure: the occupation numbers take on values of ni,σ = 1 or 0 so charge
transfers are one (δni,σ = ±1) in the strongly repulsive phase (the total site occupation
number of each site is ni ≈ 2, 1, or 0 despite a strong on-site repulsion U). It is important
to note that no transfer of fractional charges was observed between zigzag edges. This
absence of charge transfer is attributed to the absence of mixed chiral gap-edge states.
Additionally, it is worth mentioning that the edge magnetization displays sharp domain
walls, as evidenced in Figures 9(f)-(g).

9. Summary and Discussion

We computed the phase diagram of zigzag graphene nanoribbons as a function of the
on-site repulsion U , doping δN , and disorder strength Γ. Our analysis identified the
universal, crossover, strongly disordered, and strongly repulsive phases. Each phase of
the phase diagram was defined by the TEE value and its variance. We also investigated
how the values of the TEE are related to the following physical properties: the presence
of charge fractionalization and the edge charge transfer correlations between the opposite
zigzag edges. When both of these properties are present, along with correlations
leading to spin-charge separation, β was universal. If only one of these properties
was present, β was nonuniversal and its variance was significant. However, when both
properties were entirely absent, β was approximately zero. These results suggest that
non-local correlations in zigzag ribbons give rise to non-zero TEE values. Furthermore,
our investigation identified a strongly repulsive phase with zero TEE in large on-site
repulsion and weak disorder limits. Its ground state contains abrupt kinks in zigzag edge
magnetizations without charge fractionalization, which is a consequence of the singular
perturbative nature of the disorder potential. An additional phase with zero TEE was
identified, corresponding to the strongly disordered regime Γ ≫ U . In this phase, the
edge site occupation numbers fluctuate highly from site to site, and antiferromagnetic
coupling between the two edges is nearly destroyed. Each phase of the phase diagram
presents a distinct zigzag-edge structure.
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We also conducted an investigation into the effect of the interplay between
localization and on-site repulsion on the charge quantization. In low-doped and/or
weakly disordered ZGNRs, this interplay contributes to the spatial separation of quasi-
degenerate gap-edge states, and protects the charge fractionalization against quantum
fluctuations. Even in the presence of moderately strong disorder, charge fractionalization
is not completely eradicated.

Reference [42] showed that, in the absence of disorder, there can be several different
antiferromagnetic and ferromagnetic phase changes as width and doping concentration
increase. In our work, we have investigated ribbons with widths smaller than ∼ 10 nm
and doping concentrations less than ∼ 0.003. We focused on the low doping region
of disordered ribbons because our investigation shows that topological order is stable
only in that regime. In this low doping region, each edge develops a spin density
wave [31]. However, the average site spin values of the opposite edges are still being
antiferromagnetically coupled.

We briefly discuss some experimental implications. Investigating the tunneling of
fractional charges between the zigzag edges of undoped, topologically ordered zigzag
ribbons under an applied voltage could be an interesting avenue, similar to experiments
performed on fractional quantum Hall edges [43, 44]. Such an effect may lead to a
zero-bias anomaly. Additionally, observing the presence of nonlocal charge transfers
between the zigzag edges of the crossover phase I would be of interest. This can be
investigated by measuring correlations between the edge site occupation numbers using
a scanning tunneling microscope [45]. In the crossover phase II, fractional e−/2 edge
charges are present; however, unusual transport and magnetic susceptibility properties
are not expected due to the absence of spin-charge separation. (In contrast, the
topologically ordered phase is expected to display unusual transport and magnetic
susceptibility because of spin-charge separation [46, 26].) Similarly, using scanning
tunneling microscopy can help to validate the predicted edge occupation numbers in
the strongly repulsive and strongly disordered phases.
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