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Abstract

The canonical NLT partition function of a quasi-one dimensional (q1D) one-file system of equal hard disks [J. Chem Phys. 153,

144111 (2020)] provides an analytical description of the thermodynamics and ordering in this system (a pore) as a function of linear

density Nd/L where d is the disk diameter. We derive the analytical formulae for the distance dependence of the translational

pair distribution function and the distribution function of distances between next neighbor disks, and then demonstrate their use by

calculating the translational order in the pore. In all cases, the order is found to be of a short range and to exponentially decay with

the disks’ separation. The correlation length presented for different pore widths and densities shows a non-monotonic dependence

with a maximum at Nd/L = 1 and tends to the 1D value for a vanishing pore width. The results indicate a special role of this

density when the pore length L is equal exactly to N disk diameters. Comparison between the theoretical results for an infinite

system and the results of a molecular dynamics simulation for a finite system with periodic boundary conditions is presented and

discussed.
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1. Introduction

The statistical description of many-particle systems must deal with many, even infinite number of degrees of

freedom and as many integrals. As this limit can be studied only theoretically, the analytical results and particularly

exact ones are of great importance. To solve a statistical mechanical problem implies to reduce the problem of

calculation of its partition function (PF) and pair correlation functions to a finite number of dimensions, finite number

of integrals and other mathematical actions. This is most often a task impossible and we try to learn the physics

of many-body system and develop the appropriate mathematical tools by studying simplified models. In particular,

a strong simplification can be achieved by considering geometries with reduced dimensionality and, in particular,

one-dimensional (1D). A great number of 1D models considered in the last century and summarized in the book [1]

has proved to be very usefully related to the physics in two and three dimensions. In the theory of liquids, modeling

molecules as hard spheres, the distinguished example of the 1D physics is the exact solution for the PF of a 1D gas of

hard core molecules, now known as Tonks’ gas [2].
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The 1D Tonks gas is much simpler than any 2D system, nevertheless Tonks’ solution has become the analyti-

cal platform for further expansion into the world of 2D hard disk (HD) systems via moving to certain quasi-one-

dimensional (q1D) models. The simplest q1D HD system is such that each disk can touch no more than one next

neighbor from both sides (the so-called single-file system); the width of such q1D pore must be below (
√

3/2 + 1)d

where d is the HD diameter. The analytical theory of HDs in q1D pore was first considered by Wojciechowski et al [3]

for a system periodically replicated in the transverse direction. Later Kofke and Post [4] proposed an approach that

enables one to consider HDs in a q1D pore in the thermodynamic limit using the well-known transfer matrix method

introduced in statistical physics by Kramers and Wannier [5]. This theory has become the main tool in studying a q1D

single-file HD system [6, 7, 8, 9, 10, 11] that allowed one to address also q1D systems of non-circular particles (e.g.,

[12]). The virial expansion for disks in the q1D geometry has been addressed by Mon [13]. Thanks to the analytical

methods nowadays HDs in the q1D geometry have been intensively used for calculations of thermodynamic as a model

glass former to study glass transitions and HDs’ dynamics [9, 14, 15, 16]. The approximate analytical theory for HDs

was also developed for one- and two-dimensional random pore geometry by the scaled particle method [17]. The new

interest has been brought about by the studies of actual physical ultracold systems such as Bose-Einstein condensates

created in practically 1D or q1D electromagnetic traps [18]. Although mathematically quantum and classical gases

are very different, the classical 1D and q1D models can provide some technical and even physical insight.

The transfer matrix method is essentially related to the pressure-based NPT ensemble which does not directly

predict pressure as a function of system’s width D and length L as the Gibbs free energy is parameterized by

the pressure P. Another peculiarity is that the transfer matrix approach essentially employs the periodic boundary

conditions along the pore which allows one to reduce the PF to the trace of the transfer matrix [4]. Recently one

of us derived analytically the canonical NLT PF of a q1D HD single-file system (from now on q1D implies also

single-file system) both for a finite number of disks N and in the thermodynamic limit [19]. Although the derivation

of the PF in [19] has used certain approximation which is addressed in more detail in the next section, the obtained

results provide convenient analytical tools. In particular, the PF of a NLT ensemble is not related to the periodic

boundary conditions and finding the thermodynamic properties of a q1D HD system for given L and D is reduced to

solving single transcendental equation which can be easily done numerically. The PF, pressure along and across the

pore, distribution of the contact distances between neighboring HDs along the pore, and distribution of HD centers

across the pore for given linear density ρ = Nd/L are found analytically. In this paper we derive and employ another

fundamental thermodynamic quantity, the pair distribution function (PDF).

The transfer matrix method directly gives the leading correlation length that describes the correlations between

the disks’ transverse coordinates yi and yi+n as a function of the difference n between their order numbers [6, 7, 8, 9,

10, 11]. At the same time, the most important longitudinal ordering is related to PDFs that are functions of the actual

distance R between disks along the system. The analytical formula for such PDF g1D(R) is known only for a 1D gas

of noninteracting (Tonks’ gas) [22, 20, 21] and interacting [21] hard core molecules . In a q1D system, finding the

PDF g(R) for large R by the transfer matrix method directly from its definition is admittedly a formidable problem

[7]. The large R behavior of the PDF is possible to get by means of the following nontrivial numerical procedures:

either by inverse Fourier transform of the structure factor obtained from the joint solution of two integral equations

[9], or by first planting the system’s configuration from the transfer matrix eigenstates and then averaging over these

planted configurations [11]. The main goal of this paper is to develop an alternative, analytical approach to the PDFs

of a q1D HD system based on the NLT ensemble PF, which is not related to periodic boundary conditions along the

pore, and demonstrate its implementation.

From the analytical canonical PF of a q1D HD system [19], we derive a formula for the translational PDF g(R)

which requires computing a few integrals and can be straightforwardly implemented numerically. We also derive the

PDF for the distance between next neighbors. Both PDFs are presented for an infinite system, but the canonical PF

allows one to obtain the formulae for finite systems, too. Usually, the PDF for a 1D gas is derived by resorting to

Laplace’s transform related to the NPT ensemble [20, 21], but in earlier works Frenkel [22] and Nagamija [23] used

a more direct technique related to a converting infinite products into exponentials. We also use the last technique and

derive the PDF for a q1D HD system directly from the canonical PF. The method is first demonstrated by application

to the PDF of a 1D Tonks gas and the derived formulae then used to calculate the translational PDF g(R) and its

correlation length for the range of the q1D pore widths and wide range of linear densities of a q1D HD system. In all

cases, the correlations are found to exponentially decay with the disks’ separation. The correlation length presented

for the total range of the q1D pore widths and different densities shows a non-monotonic density dependence with

2
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a maximum at the density Nd/L = 1 and, for vanishing pore width, tends to the 1D value of a Tonks gas. The

theoretical PDFs g(R) and g1(R) are compared with the results of molecular dynamic (MD) simulations presented

for q1D systems of N = 400 and 2000 HDs. It is found that the theoretical and computer simulations results for

g1(R) nearly coincide for high and low densities. At the same time, at the intermediate densities in the vicinity of

ρ ∼ 1 , to coincide with the MD results, the theoretical g1 should be obtained for a slightly higher density. Analysing

MD simulations data for PDF g(R) , we came to a tentative conclusion that this difference can be attributed to the

approximation used in [19] and, possibly, to a pressure difference between a finite system with periodic boundary

condition considered in computer simulations and an infinite system considered in the theory.

The paper is structured as follows. The canonical PF and the methods of its calculations are introduced in Sec. 2,

and then, in Sec. 3, the formulas for PDFs g(R) and g1(R) are derived. In Sec. 4 , these formulae are used to study

the theoretical PDFs, the results are compared with the MD data and discussed in detail. The final Sec.5 is a brief

conclusion.

2. The canonical partition function of a q1D HD system

Consider a pore of length L, confined between two parallel hard walls separated by the width D, and filled with N

of HDs of diameter d = 1. All lengths will be measured in units of HD diameters. The reduced width ∆ = (D− d)/d ,

that gives the actual pore width attainable to HD centers, in the single-file q1D case ranges from 0 in the 1D case to

the maximum
√

3/2 ≈ 0.866 . The i-th disk has two coordinates, xi along and yi across the pore; y varies in the

range −∆/2 ≤ y ≤ ∆/2 ; the pore volume is LD . The transverse center-to-center distance between two neighbors,

δyi = yi+1 − yi , determines the contact distance σ between them along the pore :

σ(δyi) = min |xi+1(yi+1) − xi(yi)| ,

σ(δyi) =

√
d2 − δy2

i
, (1)

σm(∆) =
√

d2 − ∆2 ≤ σ ≤ d .

The minimum possible contact distance, σm , depends on the pore width ∆ and obtains for δyi = ±∆ when

the two disks are in contact with the opposite walls. Thus, each set of coordinates {y} = y1, y2, . . . , yN determines

the correspondent densely packed state of the total length L′{y} =
∑N−1

i=1 σ(δyi) , which we call condensate [19]. The

minimum condensate length (the distance between centers of the first and N th disk) is (N−1)σm , the maximum length

can be as large as (N−1)d , but it cannot exceed L−d , i.e., (N−1)σm < L′ ≤ L′max where L′max = min[(N−1)d, L−d] .

The PF of this q1D HD system is given by the integral [19]:

Z = ∆

∫ ∞

−∞
dα

N!

∫ L′m

(N − 1)σm

dL′eiαL′ (L − 1 − L′)N


∫ 1

σm

dσ
√

1 − σ2
σe−iασ


N−1

, (2)

where i is an imaginary unite. To derive the above PF, in [19], the integration over transverse coordinates y was

changed to that over σ(δy). The integration over different δyi is not independent and so is the integration over σ(δyi),

but in [19] this integration was performed for each σ(δyi) fromσm to 1 independently. It turns out that the PF obtained

under the above approximation coincides with that obtained in [3] for a system periodic in the transverse direction.

However, in [19] such periodic condition in y was not imposed. The above approximation is supposed to be valid in

the limit of large N as in this limit the main contribution to the PF has to come from the average contact distance σ

which does lie within the range from σm to 1. This approximation has allowed one to solve the problem analytically

for the system in a box and avoid the periodic boundary condition in x.

It is convenient to rewrite this PF in the exponential form :

Z =
∆

N!

∫ L′m

(N − 1)σm

dL′
∫

dαeS , (3)

where

S = iαL′ + N ln(L − 1 − L′) + (N − 1) ln


∫ 1

σm

dσ
√

1 − σ2
σe−iασ

 . (4)

3
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Equations (3) and (4) give the PF in the general case of a q1D HD system for large N and L .

The integrand of Z is a regular function of α so that the α-integration contour, in particular, its central part

that gives the principal contribution to the integral, can be shifted while the ends remain along the real axis. In the

thermodynamic limit N → ∞ , L → ∞ ,Nd/L = ρ = const , we can compute the PF (3) by the steepest descent

method. In the limit N → ∞ the integral (3) is exactly determined by the saddle point which, for given N , L and

σm , is the stationary point of the function S (iα, L′) , Eq. (4). It is convenient to introduce real a = iα since α at the

saddle point lies on the imaginary axis and the integration contour has to be properly deformed. The two equations

∂S/∂a = ∂S/∂L′ = 0 that determine the saddle point, can be reduced to the single equation for a = aN which reads :

L

N
− 1

aN

=
I′(aN)

I(aN)
, (5)

where

I(aN) =

∫ 1

σm

dσ
√

1 − σ2
σ exp(−aNσ) , (6)

I′(aN) =

∫ 1

σm

dσ
√

1 − σ2
σ2 exp(−aNσ) . (7)

The solution aN of Eq. (5), which gives the total longitudinal pressure PL = kBTaN/D [19] and longitudinal force

kBTaN [16] where kBT is Boltzmann’s constant times temperature, depends on the per disk pore length L/N and, via

σm , on the pore width D , and fully determines the free energy. The free energy per disk, F/N, which therefore is the

function of the pore length L , pore width D and the temperature T , is F(L,D, T )/N = −TS (aN)/N = −T sN where

sN is system’s per disk entropy :

sN = aNσN + ln (L − NσN ) +
N − 1

N
ln I(aN) , (8)

where σN is the average value of the contact distance σ in the condensate [i.e., average of L′/(N − 1) ] [19]:

σN =
L

N
− 1

aN

. (9)

Finally, for N → ∞ , the PF can be cast in the two equivalent forms :

Z∞ =
ςN∆

N!
exp(NsN) (10)

=
ςN∆

N!
(L − NσN )N I(aN)N−1 exp(NaNσN ) ,

where ςN is the prefacfor ∼ 1/
√

N originated from the Gaussian integration along the steepest descent contour

whose exact form is of no need. In the 1D case, all σ’s are equal to d and this expression goes over into the Tonks PF

Z1D up to the factor ∆N which in this case represents the independent transverse degrees of freedom: Z∞ → ∆NZ1D

where

Z1D =
1

N!
(L − Nd)N θ (L − Nd) (11)

and θ (x) is the step function equal to 1 for x > 0 and 0 otherwise. Now consider the general case of a finite system.

In what follows, the number of HDs and the total length of a finite system are denoted as n and Ln , respectively

(instead of N and L ). The integral (2) can be transformed to the one along the real axis α like that :

Zn, Ln
=
∆

n!

∫ Lm

(n − 1)σm

dL′
(
Ln − 1 − L′

)n

(12)

×
∫ ∞

−∞
dα

2π
|I(iα)|n − 1 cos

[
L′α + (n − 1)ϕα

]
,

4
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where Lm = min(n − 1, Ln − 1) and

ϕα = arg I(iα),

(13)

I(iα) =

∫ 1

σm

dσ
√

1 − σ2
σe−iασ .

Although the Gaussian approximation at the saddle point cannot give an exact result for a system with finite

number of disks, choosing the α integration contour passing through the saddle point provides the best convergence

of the integrals (which has been confirmed numerically). Hence to compute the PF we shift the central part of the

α integration contour downward and integrate over the real variable t along the line α = −ian + t that crosses the

imaginary axis at α = −ian . The best choice for the shift an is the root of the following modified equation (5):

Ln

n
− n − 1

nan

=
I′(an)

I(an)
, (14)

whose rhs is defined in Eqs. (6) and (7). Then the PF Zn,Ln
can be transformed like that:

Zn,Ln
=
∆

n!

∫ Lm

(n−1)σm

dL′eanL′ (Ln − 1 − L′
)n

(15)

×
∫ ∞

−∞

dt

2π

(
Is

2 + I2
c

)
(n−1)/2 cos[L′t + (n − 1)ϕ] .

where

Is(t) = −
∫ 1

σm

dσ
√

1 − σ2
σe−anσ sin(tσ) ,

(16)

Ic(t) =

∫ 1

σm

dσ
√

1 − σ2
σe −anx cos(tσ) ,

ϕ(t) = arg (Ic + iIs) =



arctan
Is

Ic

, Ic > 0 ,

π + arctan
Is

Ic

, Ic < 0, Is > 0 ,

−π + arctan
Is

Ic

, Ic < 0, Is < 0 .

. (17)

The density n/Ln and the reduced pore width ∆ , which enter the integrals above via σm , fully determine the partition

function Zn, Ln through Eqs. (14) - (17) .

3. Derivation of the PDF from the canonical partition function

The PDF as a function of separation R is the probability to find particle a distance R from another particle whose

coordinate x0 is fixed, say at x0 = 0 . Here we derive g(R) for a q1D HD systems directly from the PF ZN of the

canonical NLT ensemble.

The q1D PF ZN {xi, yi} , Eqs. (3) and (4), is a functional of the particles’ longitudinal x coordinates and transverse

y coordinates. In the particular case of a q1D system, the general formula for the PDF g(R) equivalent to its definition

is obtained from the canonical PF for the N particle system by fixing the x coordinate of n-th disk at xn = x and

then summing over all possible n (the range of n will be clarified later on) :

g(R) =
1

ρ

∑

n=1

ZN {x0 = 0, y0, x1, y1, ..., xn = R, yn, ..., xN , yN}
ZN {x0 = 0, y0, x1, y1, ..., xn, yn, ...xN , yN}

. (18)

5
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Figure 1. Definition of the pair distribution function g(R) and the three PFs: Zn,R is for n − 1 free moving disks in the space R in which there are

n neighbors of disk 0 ; ZN−n,L−R is for N − n free disks in the space L − R ; and ZN is for N free disks in the space L .

Note that y0 and yn are not fixed so that the particles 0 and n can move in the transverse direction. The PF in the

nominator splits into a product of two PFs, Zn for n disks (of which n−1 are free to move) in the space 0 < xk < R ,

and ZN−n,L−R for N − n moving disks in the space R < xk < L − R − d/2 , Fig. 1 :

g(R) =
1

ρ

∑

n=1

Zn,RZN−n,L−R

ZN,L

. (19)

Figure 1 demonstrates that the numbers of free disks, contact distances σ , and the disk-vertical wall contact distance

d/2 have to be adjusted in each PF individually. As a result, the form of Eq. (5) that determines an , is also slightly

modified.

Consider first Zn,R . We assume that R > 1 ; the case R < 1 , possible only for n = 1 , will be considered

separately. In the system of size R > 1 , there are n − 1 freely moving HDs,
∫

dy0 = ∆, n contact distances σ, no

vertical walls and thus no contact distances d/2 . Hence (R − d − L′)n in PF (15) has to be replaced by (R − L′)n−1

and I(iα)n−1 by I(iα)n . Then the PF Zn,R takes the form

Zn,R =
∆

(n − 1)!

∫ Ln,m

nσm

dL′eanL′ (R − L′
)n − 1

(20)

×
∫ ∞

−∞
dt

2π
(Is

2 + Ic
2)n/2 cos[L′t + nϕ(t)] ,

where Ln,m = min(n,R) . The angle ϕ(t) is defined in Eq. (17), an is the root of equation (14), and the relation

between σn and an is just the properly modified Eq. (9) ,

σn =
R

n
− n − 1

nan

. (21)

Next consider ZN−n,L−R in Eq. (19), the PF for N − n HDs in the range R < x < L . Here all disks are free to

move, there are N − n contact distances σ , and the single vertical wall at the pore end. Then the PF ZN−n,L−R can be

presented in the form

ZN − n, L − R =
1

(N − n)!

∫ LN−n,m

σm

dleL′aN−n (L − R − 1/2 − L′)N − n

6
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(22)

×
∫ ∞

−∞
dt

2π
(Is

2 + Ic
2)(N − n)/2 cos[L′t + (N − n)ϕ(t)] ,

where LN − n,m = min(N − n, L − R − 1/2) and aN − n is the root of the following modified Eq. (5) :

L − R − 1/2

N − n
− 1

aN−n

=
I′(aN − n)

I(aN − n)
. (23)

At last, consider ZN,L in Eq. (19) that is the PF for N HDs in the range 0 < x < L . Here all disks are free to

move,
∫

dy0 = ∆ , there are N contact distances σ and the single vertical wall at the pore end. Then the PF ZN,L can

be presented in the form

ZN,L =
∆

N!

∫ LN,m

Nσm

dL′eaN L′(L − 1/2 − L′)N

(24)

×
∫ ∞

−∞
dt

2π
(Is

2 + Ic
2)N/2 cos[L′t + Nϕ(t)] ,

where LN,m = min(N, L − 1/2) and aN is the root of the equation (5). Making use of the PFs (20), (22), and (24) in

the general formula (19) gives the PDF of a q1D HD system for finite N and L .

The general result for g(R) can be further simplified in the thermodynamic limit. This case, usually considered

the most important one, is presented in detail in the next section. To illustrate our method of deriving the PDF directly

from the canonical NLT PF we first derive the PDF for 1D Tonks’ gas.

3.1. PDF of a q1D HD system in the thermodynamic limit

3.1.1. PDF of an infinitely long 1D HD system (Tonks’ gas)

The PDF g(R) for a 1D HD is given by the general formula (19) in which the three PFs are obtained from the

Tonks’ PF, Eq. (11) :

g1D(R) =
1

ρ

∑

n=1

N!|R − n|n−1[L − R − n]N−n

(n − 1)!(N − n)!(L − n)N
θ(R − n) . (25)

In the limit N → ∞ , neglecting O(n/N) , one also has (N − n)! � N!/Nn and

(L − R − n)N−n = (L − N)N−n

(
1 − R − n

N(lN − 1)

)N−n

= (L − N)N−n

[
exp

(
− R − n

lN − 1

)
+ O

(
n

N

)]
(26)

→ (L − N)N−n exp

(
− R − n

lN − 1

)
,

where lN = L/N = 1/ρ . Making use of these results in Eq. (25) and introducing the step function, θ(R − n) = 1 for

R ≥ n and θ(R − n) = 0 otherwise, one finally obtains

g1D(R) =
1

ρ

∑

n=1

|R − n|n−1 exp

(
− R − n

lN − 1

)

(n − 1)!(lN − 1)n
θ(R − n) , (27)

which is the well-known PDF of 1D Tonks’ gas [20, 21].

7
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3.1.2. PDF of an infinitely long q1D HD system.

In an infinitely long q1D HD system, the above thermodynamic limit result, Eqs. (3) and (4), is applicable both

for ZN, L and ZN − n, L − R as the number of particles N − n and volume L − R are infinite, but the PF Zn,R for

the finite n disk system has to be found directly from the general formula (15) [or from the original form (12) without

the contour shift]. Adjusting Eqs. (8)-(10) to the above PFs of interest, one has :

ZN−n,L−R =
ςN−n

(N − n)!
[L − R − (N − n)σN−n]N−n exp[(N − n)s̃N−n] ,

(28)

ZN,L =
ςN∆

N!
(L − NσN )N exp(Ns̃N) .

Here s̃N − n = aN − nσN − n + ln I(aN−n) and s̃N = aNσN + ln I(aN), where the pair σN , aN is determined by

lN = L/N = 1/ρ from the Eqs. (5) and (9) and the pair σN − n, aN − n by lN − n = (L − R)/(N − n) from similar

equations

lN−n −
1

aN−n

=
I′(aN−n)

I(aN−n)
,

(29)

σN−n = lN−n −
1

aN−n

.

Substituting these expressions in the general formula (19) for g(R) and taking into account that in the thermodynamic

limit the preexponential factors ςN and ςN − n are equal, we get :

g(R) =
1

ρ

∑

n=1

Zn,RN![L − R − (N − n)σN−n]N−n

(N − n)!(L − NσN )N

(30)

× exp[N(s̃N−n − s̃N) − ns̃N−n] .

Now we find s̃N−n by expanding about s̃N and using the smallness of n/N. First, up to O(n/R), one has N(s̃N−n − s̃N ) �

N (∂s̃N/∂lN) (lN−n − lN) , where

lN−n − lN =
L − R

N − n
−

L

N
(31)

=
R − lNn

N
[1 + O(n/L)] .

The lN derivative obtains regarding (5) and (9) :

∂s̃N

∂lN

=
1

aN

∂aN

∂lN

+ aN = aN

∂σN

∂lN

. (32)

Then one expands s̃N−n about s̃N regarding (31) :

ns̃N−n � ns̃N + n
∂s̃N

∂lN

(lN−n − lN) (33)

= ns̃N + O(n/N) ,

to finally obtain

N(s̃N−n − s̃N) � −aN

∂σN

∂lN

(R − nlN) . (34)

8
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Next we show that the N − n th power of the ratio in (30) gives rise to an exponential:

[
L − R − (N − n)σN−n

L − NσN

]N−n

=

(
lN − σN−n

lN − σN

)N−n (
1 −

R − nσN−n

L − NσN−n

)N−n

(35)

�

(
lN − σN−n

lN − σN

)N−n

exp

(
−R − nσN

lN − σN

)
.

In turn, the first factor in the last line can also be reduced to an exponential whose exponent cancels out the one in

Eq. (34) :

(
lN − σN−n

lN − σN

)N−n

=

(
1 +
σN − σN−n

lN − σN

)N−n

�

(36)
[
1 +

aN

N

∂σN

∂lN

]N−n

� exp

[
aN

∂σN

∂lN

(R − nlN)

]
.

Making use of the results (34)-(36) in formula (30), after some straightforward algebra and convenient rescaling, we

obtain the PDF in the final form:

g(R) =
1

ρ

nmax∑

n = 1

|R − nσn|n − 1 exp

{
−R − nσN

lN − σN

+ n

[
anσn − aNσN + ln

I(an)

I(aN)

]}

(n − 1)!(lN − σN)n
Jn(R) . (37)

Here Jn(R) is the following integral:

Jn(R) = n

∫ lm

σm

dlenan(l − σn)
(

R/n − l

|R/n − σn|

)n − 1

(38)

×
∫ ∞

−∞

dt

2π

[
Ic(t)2 + Is(t)

2

I(an)2

]n/2
cos[n(lt + ϕ)] ,

where Ic(t), Is(t), ϕ(t) and an, σn are given in Eqs. (16), (17) and Eqs. (14), (21), respectively. Deriving Eqs. (37)

and (38), we changed from the variable L′ to l = L′/n so that the upper l integration limit is now lm = min(1,R/n).

To avoid dealing with extremely small quantities and extremely fast oscillations, we made the following convenient

rescaling: we divided R/n− l by |R/n−σn| and, to compensate, introduced the factor |R−nσn|n−1; similarly, the factor

exp[nanσn + n ln I(an)] compensates for the denominator I(an)n and exp[−nanσn] in the integrand.

The maximum nmax in summation of Eq. (37) is the maximum number of disks at close contact which can be put

in the space between the particle fixed at x = 0 and the point x = R :

nmax(R) =
R −mod(R, σm)

σm

. (39)

Note that the expression for g(R) appears to be considerably simpler if no contour shift and rescaling have been

applied:

g(R) =
1

ρ

nmax∑

n = 1

n exp

(
−

R − nσN

lN − σN

)

(n − 1)!(lN − σN)n

(40)

×
∫ lm

σm

dl (R/n − l)n−1

∫ ∞

−∞
dα

2π
|I(iα)|n/2 cos[n(lα + ϕα)] ,

9



V.M. Pergamenshchik et al. / Journal of Molecular Liquids 00 (2024) 1–17 10

where I(iα) and ϕα are defined in (13). But the formulae (37) and (38) actually provide a much better convergence

and much simpler numericals.

3.1.3. The 1D limit

It is important to see how the results obtained for a q1D HD system behave approaching a 1D HD system, i.e., in

the limit D→ 0 when ∆→ 0 , and σm , σn , σN → 1 . To this end, we first estimate the x integrals in this limit :

I(a) = e−a∆ + O(∆2) ,

Ic = e−a∆ cos t + O(∆2) , (41)

Is = e−a∆ sin t + O(∆2) .

As a result,

ϕ → −t ,

I2
c + I2

s

I(an)2
→ 1 ,

∫ ∞

−∞
dt

2π


I2
c + I2

s

I(an)2



n/2

cos[n(lt + ϕ)] → δ(l − 1) , (42)

Jn → 1 .

We see that in the 1D limit, the g(R) , Eq. (37), goes over into the Tonks g1D(R) , Eq. (27).

3.1.4. Probability to find next neighbor at a distance R

The term with n = 1 in the PDF g(R) is proportional to the probability g1(R) = Z1,RZN−1,L−R/ρZN,L to have next

neighbour disk 1 of disk 0 at a distance R including R < 1 . Here we derive this quantity for an infinitely long q1D

HD system. The case n = 1 is particular because the small distance between neighbor disks sets certain restriction

on the integration over their transverse coordinates y which depends on their distributions. Now we have to consider

the two neighbor disks, 0 and 1, within the large system. The result is similar to that obtained in [19] in deriving the

y distribution across the pore. This distribution has the form ∝ ϕ(y)2 where ϕ is the following integral :

ϕ(y) =

∫ ∆/2

−∆/2
dy′e−αNσ(y − y′). (43)

Here σ(y − y′) is defined in eq.(1), and, compared with formulae of [19], the integration variable σ is changed to y.

This derivation shows that to place the two disks into a large system, it is sufficient to consider correlations between

disk 0 and one disk on the left of disk 0, call it disk −1, and that between disk 1 and one disk, call it disk 2, on the right

of disk 1. Then, rather than disks 0 and 1 we consider disks −1, 0, 1, and 2 which results in the following extensions:

∫ ∆/2

−∆/2
dy0 →

∫ ∆/2

−∆/2
dy−1

∫ ∆/2

−∆/2
dy0e−αNσ(y0 − y−1) =

∫ ∆/2

−∆/2
dy0ϕ(y0),

∫ ∆/2

−∆/2
dy1 →

∫ ∆/2

−∆/2
dy1

∫ ∆/2

−∆/2
dy2e−αNσ(y2 − y1) =

∫ ∆/2

−∆/2
dy1ϕ(y1).

Regarding the equalities σN−1 = σN+1 and s̃N−1 = s̃N+1 valid up to O(1/N) and retaining only the R dependent terms

z(R), one has:

z(R) =

∫ ∆/2

−∆/2
dy0

∫ ∆/2

−∆/2
dy1ϕ(y0)ϕ(y1)θ

[
R2 + (y0 − y1)2 − 1

]
exp (−aNR) , (44)

10
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where the θ function eliminates states in which the cores of disks 0 and 1 overlap and we used that 1/(lN − σN) = aN .

Normalizing on unity, one finally obtains:

g1(R) =
z(R)∫ ∞

σm

dRz(R)

. (45)

In relation with the approximation used to derive the PF (3) and described in Sec.2, we stress that the distribution ϕ(y)2

with ϕ given in ( 43) is very different from that in the system periodic in the y direction [4], and the approximation

influences this distribution only through the value of aN .

4. Results and discussion

Figures 2 and 3 present the PDF g1(R) for next neighbor disks obtained from Eq. (45) for a set of linear densities

ρ = N/L and two reduced pore widths ∆. The sharp peak at R = 1 is present at all densities including very high,

but in this case its height is incomparable with second peak centered at the average interdisk spacing lN = 1/ρ . The

second peak appears and strengthens as density becomes higher and higher. The concentration of spacings R at the

average distance indicates a high order along the pore. For densities ρ near the close packing, this also implies a high

overall zigzag order since R � lN approaches the minimum separation σm for which disks stay very close to the

walls. In contrast, the fact that there is a high peak at R = 1 which is particularly pronounced for the density ρ = 1

with lN = 1 shows that the ordering at this density is not necessarily related with a zigzag type order. We shall give

this issue a more consideration later on as the peculiarity of separation R = 1 and density ρ = 1 will get additional

indications. Right now we would like only to explain the very reason for the cusp at R = 1 whose presence at PDFs

g1(R) and g(x) has been well known [7, 8, 19, 24, 11]. To this end, the θ function in the formula for z(R) , Eq. (44),

is replaced by the explicit dependence of the integration limits on R, i.e.,

z(R) =



∫ ∆/2−
√

1−R2

−∆/2
dy0

∫ ∆/2

y0+
√

1−R2

dy1ϕ(y0)ϕ(y1), R ≤ 1 ,

∫ ∆/2

−∆/2
dy0

∫ ∆/2

−∆/2
dy1ϕ(y0)ϕ(y1), R > 1 .

(46)

This formula shows that the increase of the disk transverse free path in y with distance R abruptly stops at its

maximum constant value ∆ at R = 1.

In Fig. 2a, the theoretical g1(R) is superimposed on the MD simulation data [24] for the same ∆ = 0.5 . It is

seen that the theoretical and MD simulation results for high ρ = 1.111 and low ρ = 0.8 practically coincide whereas

for the intermediate densities ρ = 1.053 and 1.01 they look very different. Actually, however, a perfect fit can be

achieved by a small increase of these theoretical densities respectively to 1.065 and 1.032, Fig. 2b. This mismatch is

addressed after presenting the case of pore width ∆ = 0.866 in Fig. 3. This figure shows our theoretical g1(R) for

the densities for which in [7] the PDF normalized on the density, g/ρ, was obtained by a Monte Carlo simulation for

short distances R < 1.5. While g1(R) contains the contribution of a single next neighbor, g(R) in [7] includes the

contributions of both next and next-next neighbor. Nevertheless, the peaks for ρ = 1.6 and 1.4 are concentrated at

distances R < 1 where the contribution of the next-next neighbor is indirect and negligible so that our g1/ρ and the

g/ρ can be compared. After dividing by the correspondent ρ, these curves in Fig.3 become in a good agreement with

their counterparts from [7]. The results for ρ = 1 and 0.6, however, cannot be compared as the role of the next-next

neighbor for these curves in [7] is essential.

The first idea is that the reason for the aforementioned mismatch lies in the approximation described in Sec.2 which

was used in the derivation of the PF in [19]. This can be checked by developing the theory which does not use both

above approximation and periodic boundary condition in the x direction. At the same time, to address the mismatch

between our theoretical and MD results at the intermediate densities for ∆ = 0.5 , it is also important to resort to

Fig. 4 which presents our theoretical g(R) and the MD results for ρ = 1 . Figure 4a shows that the general trend is that

the theoretical peaks obtained for an infinitely long system are slightly wider and lower than those obtained by the

MD simulations for a system with periodic boundary conditions. The theoretical correlation length 1/0.124 ≈ 8.1 is

11
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Figure 2. Part a): Theoretical results (solid lines) and MD simulation data (symbols) for pair distribution function g1(R) for pore width ∆ = 0.5

and four densities: 1 – ρ = 0.8 ; 2 – 1.01; 3 – 1.053; 4 – 1.111 . Part b): Theoretical results for shifted densities ρ = 1.034 and ρ = 1.065 (thick

solid lines) which are practically indistinguishable of the MD simulation data (symbols) for densities ρ = 1.01 (right peak) and ρ = 1.053 (leftt

peak), respectively. For comparison, the thin solid lines 2 and 3 [the same as in part a)] show theoretical curves for actual (non shifted) densities

ρ = 1.01 and 1.053 , respectively .
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Figure 3. Theoretical pair distribution function g1(R) for pore width ∆ = 0.866 and four different densities: 1 – ρ = 0.6 ; 2 – 1; 3 – 1.4 and 4 –

1.6 .

slightly shorter than that of the fit to MD data 1/0.1015 ≈ 9.85 , Fig. 4b. This last figure, however, also demonstrates

a visually appreciable difference between the theoretical and MD g(R) : the last does not vanish for large R and

remains at a level on the order of 0.01 for both system sizes N = 400 and N = 2000 . The residual correlations

persist for all R & 50, are highly fluctuating, showing no tendency to decreasing and are even higher for the larger

system. This points to the possibility that the slower correlation decay of MD data is connected to the system finite

size, i.e., the effect which was already addressed in [11]. Another reason can be the periodic boundary conditions

employed in MD simulations: imposing a correlation at the distance equal to the system length L can also enforce the

longitudinal correlation value. The relation between theoretical and computer simulation data was already addressed

in [16] where we compared the data for the transverse disk distributions. It was found that the former always predict

less disks at the walls, i.e., at R ∼ σm , and slightly more disks at a distance R ∼ 1 than the latter. The reason is that

the space for windowlike defects with R ∼ 1 is related to the system size L : it diminishes sharper with the linear

density ρ for shorter L and for sufficiently high ρ in a finite size system is not available at all. At the same time, the

probability of a window R ∼ 1 in the zigzag arrangement in an infinite q1D system is nonzero for any ρ below close

packing [19]. For this reason it can be expected that the peaks of g1(R) and g(R) in an infinite theoretical system are

slightly stretched toward higher R , hence are wider and slightly lower than those obtained in computer simulations of

a finite system with periodic boundary conditions, which is the case of Fig.4. In terms of correlation decay, this means

that an infinite system has a shorter correlation length than that in a finite system with periodic boundary conditions.

Clearly, in terms of pressure and density it implies that the pressure sensitively depends on the ordering details: in

a finite system pressure is slightly higher than in an infinite system and the mismatch between the two PDFs can be

eliminated by shifting the density of an infinite system to a slightly higher value, which was demonstrated in Fig.2b.

Another question is why this shift is mostly needed at the intermediate densities, i.e., those between the dense packing

and gas values. Before addressing this we first consider the results presented in Figs. 5 and 6.

The longitudinal pair correlations as function of the disks’ number difference, g2(|n2−n1|) , has been investigated in

detail by the transfer matrix method [6, 8, 9, 10, 11]. At the same time, the PDF g(R) as function of the disk separation

R for given density cannot be directly obtained by this method. Formula (37) considerably simplifies its calculation

13
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Figure 4. Theoretical PDF g(R) (the dashed line) superimposed on MD simulation data (the solid line and symbols) for the case of pore width

∆ = 0.5 and density ρ = 1 . The MD data are shown for two distinct sizes of the simulated system, i.e., N = 400 (the green color) and N = 2000

(the red color). Part a) for distances R < 5 and part b) for distances R < 200 . In part b) the theoretical curve is cropped in the range 15 < R/d < 50

for better visualization of the simulation data.
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Figure 5. Dependence of the correlation length ξ on density ρ for the case of pore width ∆ = 0.5 .
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and enables one to get its systematic understanding by means of the direct calculation. The density ρ determines aN

(i.e., the pressure) via simple transcendental Eq. (5) in which ∆ enters via minimum contact distance σm , Eq. (1), and

σN is given by Eq. (9). We obtained the PDF g(R) , Eq. (37), by performing the integration in Eq. (38) numerically,

Figs. 5 and 6 [25]. Contrary to our suggestion based on computer simulations data [24] and in line with the results

of the transfer matrix method [11], our findings on the longitudinal correlations in the thermodynamic limit show an

exponential decay for all pore widths and densities. The correlation length is a monotonically increasing function of

density, Fig. 5. To combine both width and density effects, we fixed the ratio (ρ/ρmax) of the actual density ρ to

the maximum density ρmax(∆) for a given pore width ∆ , and then found the correlation lengths for different ∆ in

the total range of the single-file widths, 0 ≤ ∆ ≤
√

3/2 ≈ 0.866 , Fig. 6. For a given ∆ the maximum density is

ρmax(∆) = 1/σm(∆) = 1/
√

1 − ∆2 . It follows that as ∆ runs from 0 to 0.866, the actual density ρ = (ρ/ρmax)/
√

1 − ∆2

monotonically increases from 0 to 1. 154 7(ρ/ρmax). In particular, for the same ∆ , the actual ρ is higher for higher

ρ/ρmax . The results for (ρ/ρmax) = 0.866 , 0.9539 and 0.9875 are presented in Fig. 6 .

First, it is seen that, for the same ∆ , the correlation length is larger for a higher density. Second, as the width

approaches zero, the correlation length tends to the value obtained for the 1D Tonks gas from g1D(R) , Eq. (25). Third,

the width and density monotonically grow along the curves in Fig.6̃. It is seen however that the correlation length

does not monotonically increase as both the width and density do: there is a maximum at each of the three curves.

But the most interesting observation is that all these maxima occur at the density ρ = 1 when a pore length interval

equal to the disk diameter d is on average occupied by one disk. This is another peculiarity of these density and

disks’ separation indicated above.

Figure 6. Numerically obtained correlation length (symbols) for the correlation function g(R) − 1 as a function of width ∆ for the fixed ratio

(ρ/ρmax) [for given pore width ∆ , the maximum density ρmax = 1/σm(∆) ]. The three curves correspond to the three different ratios (ρ/ρmax)

indicated in the figure. All maxima on different curves appear at density ρ = 1 .

Thus, Figs. 2, 3, and 6 show that the PDFs g1(R) and g(R) have peculiarities at the density ρ = 1 in the form

of certain peaks or maxima. Moreover, for ∆ = 0.5, density ρ = 1 is in the intermediate range between high and

low densities where we found a high sensitivity of the pressure to density. Consider this effect which can be related

to the mismatch between the correlations in an infinite and finite system with periodic boundary condition. It has

been suggested that the peak at the distribution of next neighbors at R = 1, Figs.2, 3, is related to the tendency of the

system to produce windowlike defects to increase the entropy as such a defect enables disk’s travel across the pore
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[27, 9, 19, 24]. However, our finding that the correlation length has a maximum at ρ = 1 for any pore width, Fig.6, is

unexpected and cannot be explained by this idea alone. At higher densities, the peak at R = 1 is diminishing and the

peak at another distinguished, namely average distance lN = L/N < 1 is raising and eventually dominates the one at

R = 1 . As the peak of g1(R) at R = L/N is definitely related to the longitudinal component of the zigzag order, it

is natural to connect the peak at ρ = 1 , at least partially, to the nascent longitudinal ordering, too. In the light of this

idea, the maxima of the correlation length become reminiscent of the correlation length increase at a phase transition.

Of course, there is no transition at ρ = 1 , but a kind of pretransitional effect seems to show up. Interestingly, in recent

paper on the same q1D HD system [28], the authors found, also for all widths ∆’s, well developed compressibility

peaks at ρ ≈ 1 showing that at this density the system is softer even than at lower densities, which is in line with the

above idea. We may then speculate that at ρ = 1 , this effect is somehow related to the increase of the correlation length

and to enforced correlation sensitivity at densities in the vicinity of ρ = 1. Approaching thermodynamic equilibrium,

a system tends to find more space to increase its entropy. For densities near close packing, it has no much choice: the

interdisk space is very limited, correlating many such spacings along the system requires extremely fine adjustments

so that the correlations are determined by the average distance L/N. At low densities, the interdisk spacings are large

and uncorrelated, so that again entropy-wise the correlations are connected to L/N rather than to the global system’s

size. But at the intermediate densities, when the longitudinal and nascent transverse orders compete, the system tends

to benefit from both interdisk spaces, the strict L/N and those nearby L/N ∼ 1. To do so, it searches for the space by

correlating interdisk spaces along the system so that the system size comes into play. As a result, the size effect can

manifest itself in the pressure: slight increase of density adjusts the pressure in an infinite system to that in a finite

one.

5. Conclusion

We derived the formulae for the two important PDFs g(R) and g1(R) for a q1D HD system and demonstrated

that they can be readily used. Apart of that, based on our finding on the correlation lengths, we suggested that the

density ρ = 1 plays a distinguished role in the zigzag transformation with density irrespective of the pore width. We

related this to a nascent longitudinal order and the system tendency to correlate multiple interdisk spacings along the

system to increase its entropy. To this effect we attributed the high sensitivity of the system pressure to its density

in the vicinity of ρ = 1 which was also revealed in [28]. As the pressure is affected by a system size and can be

slightly higher in a finite system with periodic boundary conditions than in an infinite system, the PDF g(R) and

next-neighbor distribution g1(R) , which nearly coincide with computer simulation data for high and low densities,

can differ for intermediate densities in the vicinity of ρ = 1 , but can be made coinciding by the correspondent density

increase in an infinite system. Of course, one obvious reason for the observed mismatch between the theoretical

predictions and simulation data can be the approximation described in Sec.2, but one cannot also exclude an effect

of the pressure difference between a finite system with the periodic boundary condition and infinite system, which is

possible at the intermediate densities. Note that the theoretical results [11, 26] based on the transfer martrix approach

show a good fit to the simulation data for high, low, and intermediate densities. As the periodic boundary conditions

along the pore are essential for both these approaches, the relation between the results obtained for a finite and infinite

systems is yet to be clarified. The investigation of a similar problem in the physics of one-dimensional ultra cold

quantum gases shows that this problem is nontrivial and worth to be addressed [29].
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