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A VOLUME-RENORMALIZED MASS FOR
ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

MATTIAS DAHL, KLAUS KRONCKE, AND STEPHEN MCCORMICK

ABSTRACT. We define a geometric quantity for asymptotically hyper-
bolic manifolds, which we call the volume-renormalized mass. It is es-
sentially a linear combination of the ADM mass surface integral and a
renormalization of the volume.

We show that the volume-renormalized mass is well-defined and dif-
feomorphism invariant under weaker fall-off conditions than required to
ensure that the renormalized volume and the ADM mass surface inte-
gral are well-defined separately. We prove several positivity results for
the volume-renormalized mass. We also use it to define a renormalized
Einstein—Hilbert action and a renormalized expander entropy which is
nondecreasing under the Ricci flow. Further, we show that local max-
imizers of the entropy are local minimizers of the volume-renormalized
mass.
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1. INTRODUCTION

For manifolds asymptotic to hyperbolic space, there is an established
concept of asymptotically hyperbolic mass defined through a Hamiltonian
formulation of Einstein’s equations in general relativity, see [11, 28]|. The
reference spacetime is the static Anti-de Sitter metric.

In this paper, we introduce a new mass-like quantity for the larger class of
asymptotically hyperbolic (AH) manifolds that are asymptotically Poincaré—
Einstein (APE), which means that Ric + (n — 1)g decays at an appropriate
rate. By AH we mean that the manifolds are conformally compact with
sectional curvature tending to —1 towards the conformal boundary. This
new mass can also be deduced from a reduced Hamiltonian formulation of
Einstein’s equation, see [12, 17]. In this case, the reference spacetime is an
expanding Milne-type metric.

Given two AH manifolds (M™, g) and (]\/4\ . g) with diffeomorphic confor-
mal infinities, the volume-renormalized mass of g with respect to g is defined
as

myrg(g) = /8  (Aivg(eag) — dirglng)) ()4

+o(n — 1) </M qv, — /M dV§> ,

where ¢ is a diffeomorphism between neighborhoods of the conformal infini-
ties such that p,g—g decays suitably, and the linear combination of integrals
should be understood as an appropriate limit.

When the asymptotic fall-off is so fast that the boundary integral vanishes,
the volume-renormalized mass is simply the renormalized volume. In this
sense, we can also view the quantity as a generalization of the renormalized
volume. Positivity of the renormalized volume has been proven for metrics
on R3 asymptotic to the standard hyperbolic metric by Brendle and Chodosh
[6], which can thus be viewed as a positive mass theorem for the volume-
renormalized mass under strong decay conditions.

Let us mention that the definition of APE marli\folds given above is con-
venient for the following reason: If (M", g) and (M",g) are APE manifolds
with isometric conformal boundaries, there exists a diffeomorphism ¢ be-
tween neighborhoods of the conformal infinities such that p.g—g§ = O(e™")
for some & > "T_l This is a consequence of the well-known Fefferman—
Graham expansion for AH Einstein metrics near the conformal boundary,
see Proposition 2.6.

We are now ready to state the main results of this paper.

(1.1)
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Theorem A. Let (M",g) and (]\/4\ ".g) be APE manifolds with isometric
conformal boundaries that both satisfy scal +n(n —1) € L'. Then mygz(9)
is well-defined and finite.

For the proof of the theorem, we study a renormalized version of the
Einstein—Hilbert action for AH manifolds.

A priori, the definition of the volume-renormalized mass depends on the
choice of ¢. From a physical perspective however, a mass should be a
coordinate-invariant object and therefore not depend on the choice of dif-
feomorphism ¢. We are indeed able to show that this is the case for the
volume-renormalized mass, provided that an additional condition holds.

Theorem B. Let (M",g) and (]\7",@\) be APE manifolds with isometric
conformal boundaries which both satisfy scal + n(n — 1) € L. If the con-
formal boundaries are proper, mygg(g) does not depend on the choice of

®.

In this context, we call a conformal class proper if it is the conformal
boundary of a PE manifold (M,g) such that every isometry of the confor-
mal boundary extends to an isometry of (M,g). It is easy to see that the
conformal class of the round sphere is proper. It is known that every confor-
mal class of a smooth metric on a compact manifold is the conformal class
of a PE manifold, see [19]. It seems reasonable to believe that every such
conformal class is proper, but we do not have a proof of this conjecture at
the moment.

We also show that the mass satisfies an additivity property, see Propo-
sition 3.6. As a consequence, the functional g — mypgg(g) only changes
by a constant if we change the reference metric g. Summarizing, we have
for every proper conformal boundary a natural mass functional which is
diffeomorphism invariant and well-defined up to a constant.

We prove the following positive mass theorem for two-dimensional mani-
folds.

Theorem C. Consider a surface (M2, g) asymptotic to R? with the metric
G = dr? + sinh?(r) (%)2 df?, which is the hyperbolic metric with angular
defect w. Under the assumption that scal, + 2 is nonnegative and integrable
we have

(1.2) myrg(9) +2(21 —w) > 0,
where equality holds if and only if (M2, g) is isometric to (]\/4\ . G)-
For three-dimensional manifolds we prove the following.

Theorem D. Let g be a complete APE metric on R3 whose conformal
boundary is the hyperbolic metric gyyp,. Assume furthermore that scal, + 6
is nonnegative and integrable. Then myg g, (g) is nonnegative and vanishes
if and only if g is isometric to ghyp-
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The proof of this theorem uses positivity of the renormalized volume
by Brendle and Chodosh [6], combined with a density argument and the
following conformal positive mass theorem.

Theorem E. Let (M",g) be a complete APE manifold with scaly = —n(n—
1), and let (M™, g) be a complete APE manifold conformal to (M™,g). Then
if scalg +n(n — 1) is nonnegative and integrable, we have myg 3(g) > 0 with
equality only if g = g.

Furthermore, we use the volume-renormalized mass to define a renormal-
ized expander entropy g — papg(g) for AH manifolds, which is monotone
under the (normalized) Ricci flow 0,9 = —2Ricy — 2(n — 1)g and whose crit-
ical points are PE. This part of the article is inspired by work of Deruelle
and Ozuch [13] who use the ADM mass to define a version of Perelman’s
A-functional for asymptotically locally Euclidean (ALE) manifolds which
is monotone under the Ricci flow in its standard form on ALE manifolds.
However, their functional is a priori only defined near a Ricci-flat manifold
and seems not to be defined for every ALE metric. In contrast, our version
of the expander entropy is defined for every APE manifold.

Our final main result is a local positive mass theorem which is as follows.

Theorem F. Let (M,g) be a complete PE manifold. Then the following
two assertions are equivalent:

(i) gis a local maximiser of papg
(ii) g is alocal minimum of myg z among all metrics with scal +n(n—1)
being nonnegative and integrable.

Furthermore, we have:

(a) If (M,9) is linearly stable and integrable, then (i) and (ii) hold.
(b) If (i) and (ii) hold, then (M,g) is scalar curvature rigid under a
volume constraint.

Ilmanen conjectured a relation between Ricci flow and the positive mass
theorem, partly proven in [13, Proposition 0.1] and [20, Theorem 8.1] for
ALE manifolds. Theorem F solves an AH version of this conjecture. In
the article [23], Yudowitz and the second author prove that a PE manifold
is stable under the Ricci flow if and only if (i) and (ii) in Theorem F are
satisfied.

The structure of the paper is as follows. In Section 2, we explain some
notation and make some of the definitions of this introduction more precise.
In Section 3, we prove Theorem A and B and we study the renormalized
Einstein—Hilbert action. In Section 4 we prove Theorem C, Theorem E and
Theorem D. In Section 5, we define and study the renormalized expander
entropy pang. Then finally in Section 6, we establish Theorem F as a
combination of Theorem 6.5, Theorem 6.8 and Corollary 6.10 in Section 6.
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2. NOTATION AND DEFINITIONS

Throughout the article, we use n to denote the dimension of the manifold
We assume n > 3 unless otherwise specified. For the Laplacian we use the
sign convention A = —divod = —tro V2.

Definition 2.1. Let N be a compact manifold with compact boundary
ON. Let p: N — [0,00) be a smooth boundary defining function, which
means that p~1(0) = ON and dplpy # 0. Let M = N\ ON. We say
that a Riemannian metric g on M is conformally compact of class CF,
if there is a C®®-Riemannian metric b on N so that ¢ = p~2b. In this
case, the sectional curvatures of g tend to —|dp|? at ON. If |dp7 = 1
so that all sectional curvatures tend to —1 at ON we say that (M,g) is
asymptotically hyperbolic, or simply AH. The Riemannian manifold (N, b) is
called the conformal background of (M, g). With o = b|gn, we call (ON, [o])
the conformal boundary of (M, g).

Remark 2.2. We also call a manifold (M, g) conformally compact if it is the
complement of a compact set of a manifold that is conformally compact in
the above sense.

Throughout, we will make use of a radial function r defined by p = e™".
We will work in weighted Holder spaces CZ;’O‘(M ) = e~ C*(M), equipped
with the norm
l[ulleas = ||€6TU||ck’a(M)-

Here, § € R and C*®(M) denotes the standard Holder space with the
norm | - [|ok.a(pr). Weighted Hélder spaces of sections of bundles are defined
similarly, see Lee [24] for further details.

For a fixed AH manifold (M, g), we define the space of Riemannian metrics
on M asymptotic to g as

Ry (M,9) = {919 -7 Cy(S3T"M) },

where S_%T*]\/J\ is the bundle of positive definite symmetric bilinear forms on
M.

Definition 2.3. Let (M, g), (]\/4\ ,g) be AH manifolds with conformal back-
grounds N, N respectively. We say that (M, g) is asymptotic to (]\/4\ g) of
order 5 >0 Wlth respect to @, if there are bounded and closed sets K C M,
K C M and a Ck+1e dlﬁeomorphlsm p N\ K — N \ K of manifolds with
boundary such that ¢.g € Rk O‘(M \ K ,9)-
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With g, K, K and @ as in Definition 2.3, we define
Ry (M, 0,9) = {g| g € CHU(SIT"M), 0.9 € R (M\ K,) } .

Given an AH manifold (M, g) asymptotic to (]\/4\ ,g) with diffeomorphism

©, we choose the boundary defining functions on N and N so that p = poy
and r =7op on N \ K. Define the sets

Br={xe M |r(z) <R} C M, OBr={x € M |r(z) =R} C M,
and

Brp={xeM|7&)<RYCM, 08Br={xecM|7x)=R}cCM.
For R so large that p(0BR) = dBp for R, let

My (9, R) = /8 - (divg(psg) — dtrg(psg))(vg) dV;

RV/g\*’J(g,R):/ dVy — [ dVj,
Br Br

where v5 is the outward unit normal to dBp in (]\/4\ ,9)-

Definition 2.4. Let (M,g) be asymptotically hyperbolic. We define the
volume-renormalized mass m{'}Rg(g) of g with respect to g and ¢ as

(2.1) myps(9) = lim (mf\DM’/g\(g,R) +2(n — 1)RV(g, R)) :

R—o00

Theorem 3.1 in the following section demonstrates that this quantity is
well-defined under the assumptions that ,g € ng’a(]\? \ K ,g) for some
o > ”T_l, where g is APE (in the sense of Definition 2.5 below) and the
scalar curvature satisfies scalg + n(n — 1) € L'(M).

Given a boundary defining function p, an AH metric g can be written as

(2.2) g=p"2(dp” +3,),
where 7, is a family of metrics on ON. If ¢ is PE, it is known from the work
of Fefferman and Graham [15], that &, has the asymptotic expansion
(2.3) G, =00+ ploa+plos+ ...+ p" oo+ p" ton_1+ O(p")
if n is even and
~ 2 3 n—3
Op=00+po2+po3+...+p° “op_3
+ " H(on-1 +10g(p)dn-1) + O(p" log(p)),

if n is odd. Here, o9 = b|gn and the tensors o;, 2 < i < n — 2, are uniquely
determined by o¢. In the odd case, the tensor G,,_1 is also determined by o.
The metric oy together with the first undetermined term o,_1, determine
all remaining terms of the asymptotic expansion.

(2.4)

Definition 2.5. We say an AH manifold (M, g) of class C*® k > 2 is
asymptotically Poincaré-FEinstein (APE) of order ¢ if |Ricy + (n — 1)g|y €
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C§_2’Q(M) for some "T_l < 6 < n —1 satisfying 0 < k+ a. The set of all
such metrics is denoted by ng’a(M )

Proposition 2.6. Let (M,g) and (]\/4\, 9) be CF2_asymptotically hyperbolic
manifolds with isometric conformal boundaries. Then, if both manifolds are
APE of order 6, (M, g) is asymptotic to (M,q) of order J.

Proof. This follows from the Fefferman—Graham expansion discussed above.

Fix a boundary defining function p and write g as in (2.2) The family o,

is now a C*-family of metrics on ON with Oplp=0 = 0¢. By lowering the

regularity, we may assume that 6 = k + «. Using the APE condition, the

arguments of Bahuaud, Mazzeo and Woolgar [3, Prop. 2.2], then show that
6'\p =09+ p202 +...+ pkak + O(pk+a),

where the tensor fields o9, ...,0, are uniquely determined by oy. Fix a

boundary defining function p on M such that 5q = p7| aN 1s isometric to

oo Let o : N\ K — N \ K a diffeomorphism such thaj‘z pow = p and
(¢lan)*d0 = 0¢. Repeating the above arguments, we get
©*g = p2(dp® +3,)
with
op =00+ p202 +...+ pkak + O(pk+a),
so that p*g—g € O(p*+%), or equivalently, p,g—g € O(p*T®), as desired. O

Remark 2.7. A similar, but stronger, definition of APE manifolds for a
different purpose is given in [3]|, where they use the weight § = n.

3. WELL-DEFINEDNESS AND COORDINATE INVARIANCE OF THE MASS

3.1. A renormalized Einstein—Hilbert action. We utilize an AH ver-
sion of the Einstein—Hilbert action to establish well-definedness of the volume-
renormalized mass.

Theorem 3.1. Let (]\/4\, ) be an APE manifold with scal; + n(n—1) € L.
Then for (M, g) asymptotic to (M,q) of order § > ”T_l, the limit

S%(g) = lim </BR (scaly + n(n — 1)) dV

R—o00

— w500, B) = 20— )RVE (g, R)).

is well-defined and finite, where o is the diffeomorphism from Definition 2.3.
In particular, m¥y 3(9) is well-defined and finite if scalg+n(n—1) € LY(M).

Definition 3.2. We call the functional g — Sg (g) the renormalized Einstein—
Hilbert action.
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Proof of Theorem 3.1. Fix some large Ry so that K C Bg,. For R > R we
define the annular regions Ar = Br \ Br, and A = ¢(Ar). This allows us
to work with ,g on Apg.

We now note that mXDMg(g, R) can be expressed via the divergence the-
orem in terms of the linearization of scalar curvature as

S i (0, ) = /B (divg(divg(eg)) + Agltry(eng))) dVs

R

= /,K (Dscalg[h] + (h,Ricg)) dVz+ C,
R

where h = p,g — g and C' is the finite contribution from the integral over
Bpg,. We will use C' throughout the proof to denote such a finite term
independent of R, where the exact value may vary from line to line.

By Taylor expanding the scalar curvature we may write the above expres-
sion as

mﬁDMg(g, R) = /,Z (scaly,  — scaly + (h, Ricg) + Q1(h)) dVz + C
R

= /A (scaly, 4 — scalg + (h, Ricg)) dVg + C.
AR

Here, Q1(h) is a remainder term quadratic in h and its first two derivatives.
For the second equality, we have used that Q(h) is integrable, which follows
from h € C’g’a with ¢ > "T_l Similarly, we Taylor expand the volume form

dVy,y = (1 - %trg(h) + Qz(h)> vy,

where Q2(h) is quadratic in h and integrable. We get

1
RV#(g, R) = + / tr5(h) Vs + C.
g 2 A\R
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Now we bring everything together to obtain

S/g(g) = lim </ (scaly +n(n —1)) dVy — mi (9, R)
Br ’

R—o00

—2(n — 1)RV¥ (g, R)

n—1)) dVy,.q — mﬁDM,g(ga R)

R—o00

= lim / (scalg, g +n
Ap

)RVQ‘%O (97 R)

n—1
= lim (/A (scalg,q +n
A

R—o0

+C

n—1)) dV,.g

R
- /g (scaly, g — scalg + (h, Ricg) + (n — 1)trz(h)) dVg)) +C
R

= I /A (scaly.q +n(n — 1)) (dV,,., — dV5)
AR

R—o00
+ /A (scalg +n(n —1) — (h,Ricg + (n — 1)§>) dVg) +C.
AR

By assumption, scal; +n(n — 1) € L'. Since g is APE, Ricg + (n — 1)g and
scaly,g + n(n — 1) are in L?. Since also h € L?, we conclude that the limit
is finite. O

From Definition 2.5 and Proposition 2.6, we immediately obtain:

Corollary 3.3. Let (M,g) and (]\7, g) be APE manifolds with isometric
conformal boundaries and assume that scalg +n(n — 1) € L'. Then, S;f(g)
is well-defined and finite, where © is a diffeomorphism in the sense of Defini-
tion 2.8. If furthermore scaly +n(n —1) € L', then m@R@(g) is well-defined
and finite.

We will often use Corollary 3.3 without giving an explicit reference to it.
Furthermore, for the sake of convenience, we will say that an APE manifold
has integrable normalized scalar curvature if scal +n(n — 1) € L.

Remark 3.4. The definition is of the volume-renormalized mass uses an ex-
haustion of M by coordinate balls. The proof of Theorem 3.1 demonstrates
that the volume-renormalized mass is independent of the choice of exhaus-
tion. In particula/r\, it is independent of the pair of boundary defining func-
tions on M and M, as long as these are p-compatible.

Remark 3.5. Note that under the conditions of Theorem 3.1, m{’;R?(g) =
+o0 if £(scaly +n(n —1)) > 0 and scal, +n(n—1) ¢ LY(M). In particular,
this is independent of the chosen diffeomorphism .

We have the following additivity properties for the renormalized Einstein—
Hilbert action and for the volume-renormalized mass. A similar additivity
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property for mass invariants of asymptotically hyperbolic manifolds is stud-
ied in [7].

Proposition 3.6. Let (M, g), (M, 9), (]\7, g) be APE manifolds with isomet-

ric conformal boundaries and assume that (M,q) and (M,g) have integrable
normalized scalar curvature. Then the renormalized Finstein—Hilbert action
satisfies the additivity property

S£%(g) = S£(9) — m{p 5(9),

where p : N\ K — N\ K and 3 : N\ K — N\ K, respectively, are dif-
feomorphisms as in Definition 2.3. If (M, g) also has integrable normalized
scalar curvature, it holds that

mE* (g) = m&(g) + mGp (9.
Proof. For R sufficiently large, we have
RVE*?(g,R) = RV¥ (g, R) + RV (g, R)
so that
S£(9) = S7°7(9) = lim (m335, (0. B) = Gy o(9) + 20— DRV (G, R) )
Let v = @.p.g. By diffeomorphism invariance, we get
mi%oM,g(g’ R) =\ 5(9. R)
= mIAdDM,ﬁ(‘:Z*QD*ga R) — mESDM,@g(SZ*SD*Q, R)
= meM,g(% R) — mkiDM,{E*’g“(’Y — ¢+, R)
= meM,g(% R) — mEdeM,g(’Y — 0«9, R)
+ Mo (Y — P49, B) — mipy g,5(7 — $49 R)
= mipy (P49, R)
+ Mo (Y — P49, B) = mipy g,5(Y — $49 R)
= m{paig(0 R)
+ mipng(Y — @ed: R) — Moy 5.5(7 — 949, R)-
Let h =7 — @,g and § = p,g. For the last two terms, we have
miosigh B) ~milouish. B < C [ (19 )I +17 -7 h1) V5

Because g —g,h € C(I;’O‘ with § > ”T_l, this converges to 0 as R — oo, which
proves the proposition. O

We now compute the first variation of the renormalized Einstein—Hilbert
action.
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Proposition 3.7. The first variation of Sg is given by

(3.1)  DySZ[h] = —/

1 1
<Ricg - §Scalg g— §(n —2)(n—1)g, h> avy.
M g

In particular, S/;\O is an analytic functional on the space ng’a(M, ©,qg) for
any § > "T_l

Proof. Let g = g+ th. We compute
a
dt Jp,

= / (Dgscal[h] + (scalyg +n(n — 1)) %trgh> avy
Br

(scalg, +n(n—1)) dV, |t:0

= [ (aivy(divg () + Ayltrgh) — (1, Ricy)) a,
Br
+ / (scalyg +n(n —1)) 1trgh av,
Br 2

1
= mkiDMg(h, R) — /B (Ric — §(Scalg +n(n—1))g,h)gdVy,
R

where we use the divergence theorem in the last line. We further compute

d . 1 1
SRV Blo =5 [ ehav, =5 [ Ly

Bgr
and

d
%miDM,g(gt, R)|t=0 = miDM@(h, R).

As in the proof of Proposition 3.6, we find that
Jim (g o(, R) =m0, R) ) = 0.

Adding up the above identities and letting R — oo thus finishes the proof.
O

The proposition demonstrates that S7 is a natural version of the Einstein—

Hilbert action for asymptotically hyperbolic manifolds, illustrated also by
the following corollary.

Corollary 3.8.

(i) If n = 2, the functional g — S;f(g) is constant on ng’o‘(M, ©,9)-
(ii) If n > 3, the critical points of Sg are exactly the PE metrics.

3.2. Diffeomorphism invariance. In thissubsection, we demonstrate that
the volume-renormalized mass is a diffeomorphism-invariant quantity. A
first indication is given by the following lemma, which requires slightly more
regularity than we have previously assumed.
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Lemma 3.9. Let (M,g) and (]\/4\, g) be APE manifolds with isometric con-
formal boundaries and assume that (M,q) has integrable normalized scalar

curvature. Assume also that the manifolds are C*®, with k > 3. Then for
all X € CY(TM), we have

DgS;f(ﬁxg) = 0.
Proof. Since Lxg € Cf_l’a, Proposition 5.14 gives us
1 1
DgSg(EXg) = —/ <Ricg — =scalg- g — =(n—1)(n —2)g, EXg> avj.
M 2 2 p

Integrating by parts we get a boundary term at infinity which vanishes due
to the decay conditions. This leaves us with

1
DySE(Lxg) = —2/M div <Ricg — §scalg : g> (X)dVg,

which vanishes by the contracted second Bianchi identity. O

An immediate consequence is the following result.

Corollary 3.10. Let (M, g), (]\/4\, g) and ¢ be as in Lemma 3.9. Additionally

let X € Cg’a(TM) and Yy be the group of diffeomorphisms generated by X.
Then,

SE((tr)e9) = 52(9)
for all t € R. If in addition scal, + n(n — 1) € L', we obtain
mg\ing\((wt)*g) = mg\ip‘,/g\(g)
for allt € R.

This corollary asserts that the mass does not change if we modify the
Cke_diffeomorphism ¢ : N\ K — N \ K slightly by a diffeomorphism on
N, generated by a vector field with sufficiently fast falloff. This is does
not give a completely satisfying answer to the question of diffeomorphism
invariance. For example, it excludes Lorentz boosts on hyperbolic space,
which are generated by vector fields that do not decay towards the conformal
boundary.

From now on, we may again allow C*®, with & > 2 and k + a > 6.
The following lemma is entirely straightforward, however we state it for
completeness.

Lemma 3.11. Let (M,g) and (]\/4\, g) be APE manifolds with integrable
normalized scalar curvature and isometric conformal boundaries and let v :
M — M be a diffeomorphism. Then

oy—1
mips(9) =m (¥.g),
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where @ is the usual defining diffeomorphism as in Definition 2.3. Similarly,
if x : M — M is a diffeomorphism,

m{g 5(9) = m7(9).
Proof. The renormalized volume clearly is unchanged by a diffeomorphism

and the ADM term is unchanged because (¢ 01~ !),(¥.g) = ¢+g. The other
argument is analogous. O

In the following, we are going to prove a much stronger type of diffeomor-
phism invariance under a natural condition.

Definition 3.12. Let (M g) be a (p0881bly incomplete) PE manifold with
conformal boundary (8N []). We call (M g) proper if every conformal
isometry 1y € Iso(dN, [5]) extends to a C* L diffeomorphism ¢ : N — N

which restricts to an isometry of (M §). We call a conformal class (9N, [7])
proper if it is the conformal boundary of a proper PE manifold.

The key technical step is provided by the following lemma.

Lemma 3.13. Let (]\/4\, g) be a proper PE manifold. Then, for every pair
of open neighborhoods U,V of ON in N and every C*tLe_diffeomorphism
o : U —V with p.g € ng’o‘(v, g), we have that

Proof. Because ¢ restricts to a CF+12diffeomorphism on the boundary and
©sg — g E C’f’a, we get that ¢| an 1s a conformal isometry on the boundary.
Since (M,g) is proper, there exists a CF+1@ diﬁeomorphism 1 on N with
Ylyn = ¢lyx which restricts to an isometry of (M g). The diffeomorphism

X = o toy : (V) = U satisfies x.g — g € Cf and x|,5 = Idy5
Furthermore, by Lemma 3.11 and since ¢ is an isometry we have

o ~ -1
myg 5(9) = mge 5 (1s9) = myp 5(9)-

Let us extend ¢ to a C*tlhe_diffeomorphism on M , again denoted by .
This does not change the value of the mass and by Lemma 3.11, we have

i (9) = mid (D).
It therefore remains to show that m{(}R’g(x*’g\) =0.

Changing the diffeomorphism x inside a ball Br does not change the
mass. By deforming x on a bounded subset, we may therefore assume that
x = Id inside such a ball. Choosing R sufficiently large will make the
difference x — Id arbitrarily small (measured with respect to the conformal
background iAL) Provided that R is chosen large enough, we therefore find a
Ch+Llevector field X on N such that the flow x: generated by X satisfies
X1 = X- Note that X vanishes on ON and Bg. The family ¢t — g = xjg
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then connects g and x*g. By Taylor expansion in time,

1 d 1 d 1
(3.2) Xg—9= / —gpdt = —(xj9)dt = / X; (Lxg)dt.

Our goal is now to determine the weighted regularity of %’g}.

For this purpose, let p be a boundary defining function for ON and denote
by y the coordinates on dN. By Taylor expansion at p = 0 and because X
vanishes on the boundary, we get that

(3.3) X = apd, + pY (p) + O(p?),

where Y (p) is a p-dependant family of vector fields on AN and a is a function
on the boundary. With respect to the conformal background metric b, we
have

l 1—1 l
VY X5 = o VY X
To compare covariant derivatives of g and ﬁ, we note that
~\1 ™ —1/sl I Tim7 -
where * denotes a linear combination of tensor products and contractions
using the metric A. An induction argument then shows that

vgl+1) vgr‘f‘l)
hip**hip *V%O)X.

vix -vlx =
b Z p p

g
lo+...+lr+r=l

From this, we find

l
! — l m— m
Vg Xlg =/ TIVE X < € 3 pm X,
m=0

which implies

”Xuck+1,a(§) < HV%DX‘

1
o) + e XHCO(E)’

Since X is C*tle regular and vanishes on the boundary, we have | X =
O(p) so that || X[|ckr1,ag) < 0o. Therefore, the family of metrics ¢ — gy =
X;g is a smooth family in ng’o‘(]\/f\ ,9). In particular, the C**norms of
the metrics g;, t € [0,1] are uniformly equivalent and %ﬁt = x;(Lx9) €
Ch(x5g) = C**(g). Next, we will improve the weight of this regularity.
By (3.3), there are constants a_ < a4, depending on the bounds of the
function a such that

e"'p(x) < p(xi(x)) < e'p(x)
for all x € P and t € R. We therefore find uniform constants C7,Cs > 0
such that

Cip < xip < Cop
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for all t € [0,1]. Thus for any weight § € R and ¢ € [0, 1], the weighted spaces
Cf’a generated by the metrics g; are also uniformly equivalent and we have
that h € C’?’Q(SQT*]\/Z, g) (or equivalently, x;h € C’?’Q(SzT*]\/Z, X7 9)) if and
only if x;h € C§’0(52T*]\/4\, g). Since x*g—g € CZ;’O‘, the expansion (3.2)
implies that %:q\t € C’?’a(SQT*]\?, g) for t € [0, 1].

Thus, g is a smooth family of isometric PE metrics in Cf’a(SiT*]\/f ,9)
connecting g and x*g. The function t +— S/;\d(xf g) is constant, as it is evalu-
ated along a family of critical metrics. In addition, S/;\d(xj g) = —m{}iR’/g\(X;f 9)
because all x;g have constant scalar curvature —n(n — 1). Therefore,

myg 5(XG) = mig 5(9) = 0,
which was to be proven. O

Theorem 3.14. Let (M,g) and (]\7, g) be APE manifolds with integrable
normalized scalar curvature and isometric conformal boundaries. Assume
that the conformal boundaries are proper. Then, the definition of m{iRg(g)

is independent of the choice of C*Th2-diffeomorphism .

Proof. Let 1 : N\ K — N\IAQ and @9 : N\ Ky — ]V\I?g be Cktha.
diffeomorphisms with the property that
(p1)eg € REUMN\KLG),  (p2)eg € RYY(M \ K2, 3).
Our goal is to show that
myg z(9) = m{g 5(9).
Let (M,g) be a proper PE manifold with the same conformal boundary as

(]\7, §). Let furthermore x : N\ K — N \ K be a C* L diffeomorphism
such that

X9 € ng’a(ﬁ \ F, 9)-
Assume without loss of generality that K c I?l N I?g so that the diffeo-

morphisms ¢; = xo; : N\ K; -+ N\ K;, i = 1,2 are defined. We then
get

(34) (¥1).g —7 € Cy*(S°T" (M \ K).3),
(3.5) (12).g —7 € Cy*(S°T" (M \ K).3),
and Proposition 3.6 implies that

»i

Mykg(9) = MR 5(9) + MR 5(9)
for i = 1,2. Thus, it suffices to show

mik 2(9) = m% o(9)-



16 M. DAHL, K. KRONCKE, AND S. MCCORMICK
For this purpose, observe that we may choose closed and bounded subsets
K4 and K9 of N such that we get a diffeomorphism
oo (1) N\ K1 — N\ K,.
Note that (3.5) implies
C5*(S°T* (M \ Ka), (12)+9) = C5 *(S°T" (M \ K»).9)
By (3.4) and diffeomorphism invariance, we thus get
(¥2)eg — (W2 0 ¥71).g € C5(S* T (M \ K2), (42).9)
= Oy (S*T* (M \ K>), 9).
Together with (3.5) and the triangle inequality, we obtain
(20 ").g—g € C5(S*T* (M \ K2), 7).
We can also extend v 01); 1o a CkTLe_diffeomorphism 6 : M — M. Thus,
Yo =6 o1y and
6.9 —g € Cy(S3T*(M\ K>), 7).
Proposition 3.6 together with Lemma 3.13 implies that

mﬁzR g(g) %/21{ 9*g(9) - m{(/iR,e*g@)
= mVR 0gl9) + m{ﬁR,g(Q*?)
= My p.5(9)
= mVR,g( 9);
where we used Lemma 3.11 for the last equality. O

Remark 3.15. Note that the key arguments are indeed performed in the
proof of Lemma 3.13. Interestingly, the proof does not require a choice
of preferred coordinate system, which may be contrasted to the proofs of
diffeomorphism invariance of the ADM mass, see [4, 9].

Remark 3.16. The Fefferman—Graham expansions (2.3), (2.4) imply that
two PE metrics (M, g) and (]\/4\ ,g) with isometric conformal boundaries are
asymptotic to each other of order n — 1. Therefore the ADM boundary
term is finite and computed from the first undetermined term o,_1 in the
Fefferman—Graham expansion. Thus, the renormalized volume is finite as
well. The functional g — m“\'}R@(g) is constant along a family of complete
Einstein metrics by Corollary 3.8, but the renormalized volume and ADM
boundary term may vary.

4. SPECIAL POSITIVE MASS THEOREMS

For the remainder of this paper, we will assume that all AH manifolds
have proper conformal boundaries, so that Theorem 3.14 holds. We may
thus drop the dependence of the mass and the renormalized Einstein—Hilbert
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action on the diffeomorphism in the notation and write S5(g) instead of
S;f (9) and myg 5(g) instead of m@R’g(g),

4.1. Two-dimensional positive mass theorem. In Corollary 3.8, we
have seen that the functional g — S5(g) is constant in dimension two. We
will now determine the value of this constant and deduce a positive mass
theorem for surfaces.

As a ref;e\rence surface, we use the hyperbolic plane with an angle defect.
That is, (M, g) = (R?, ghypw), where the metric gnyp ., i given by

a2 w2y (YN a2
Ghypew = dr? + sinh (r)(%) 6, 6 € [0,2r] mod 2r.

in polar coordinates.

Theorem 4.1. Consider a complete APE surface (M?,g) which is asymp-
totic to (M,q). We then have

(4.1) S3(g) = 4m(x(M) - 2) +2(27 — w),

where M is the one-point compactification of M. Under the assumption that
scaly +2 € L' we conclude the identity

(4.2) mygrg(9) +2(27 —w) = / (scaly 4 2) dV, + 47 (2 — x(M)).
M
If in addition, scaly, > —2, we find that
(4.3) myrg(g) +2(21 —w) > 0,
where equality holds if and only if (M?,g) is isometric to (]\/4\, 9). In this

case, (]\7, g) is also complete, and thus w = 2.

Proof By linear interpolation we deform ¢ to a metric g such that p,g =9
on M \ B Ro—e for some large radius Ry. From Corollary 3.8 we have

S:(g) = S5(7) = lim ( /B (sealy +2) V5 2503 R)>

(4.4) = lim (/ scalg dVg +2/ dVg)
R—o0 Br Br

= / scalg dVg — /A scalg dVg.
Br, Br,

Now replace the closed set M \ ERO by its one-point compactification at
infinity, that is, a closed disk D, and choose a metric g on DU (E Ro \E Ro—¢)
which agrees with g on ERO \ ERO_E. Then ¢ extends to a metric g; on
Du BRO =~ §2 and to a metric g; on D U, Bg, = M. Note that g; has
a conical singularity with the same angle defect as §. The Gauss—Bonnet
theorem for compact conical surfaces (see, for example, [27, Proposition 1))
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yields
/ scalg, dVg, = 4mx(S?) + 2(w — 27).
S2

Using the fact that g; and g, agree on D, we obtain
dr(x (M) — 2) + 227 — w) = 4y (M) — (47x(5?) + 2(w — 27))

= / scalg, dVg, — / scalg, dV,
M 52

= / scalg, dV5, + / scalg, dVg,
D Br

- / scalg, dV, — /A scalg, dV,
D Br

:/ scalngg—/A scalg dV7,
Br Br

and combining this with (4.4) yields (4.1). The identity (4.2) is immediate.
The inequality (4.3) follows easily from the assumption scal, > —2 and
the well-known identity x(M) < x(S?) = 2. In case of equality in (4.3),
scal; = —2, so g is a metric of constant curvature —1, and M is diffeomorphic
to S2%, so M is diffeomorphic to R2. Since g is asymptotic to ¢ and both are
of constant curvature, they must agree up to isometry in a neighborhood of
infinity. Since both metrics are of constant curvature and they are defined
on diffeomorphic manifolds, they must be isometric. O

Remark 4.2. An analogue of this formula has been established for asymp-
totically conical surfaces, see for example [10, Sec. 1.1.1].

4.2. A conformal positive mass theorem. Let g be an APE metric of

constant scalar curvature scaly = —n(n—1) on the manifold M. Let § > ”T_l
and consider the set
(4.5) C= {g € R'g’a(M, g) | scalg = —n(n — 1)}

of constant scalar curvature metrics asymptotic to g.

Proposition 4.3. For each g € ng’o‘(M, g), there exists a unique function
w E Cf’a such that § = e*Yg € C. Moreover, the set C is an analytic
manifold and the map
k, k, .
D :CyN(M) x C— RJM(M,g),
(w,g) = *g,
is a diffeomorphism of Banach manifolds.
Proof. The first assertion follows from the resolution of the Yamabe problem

in the AH setting as formulated in [1, Theorem 1.7], except the precise decay
of the conformal factor as formulated in this proposition. According to [1,

Theorem 1.7], there is a function w € C’f “ 50 that the metric § = ¢*g has
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constant scalar curvature —n(n — 1). The function w satisfies the Yamabe
equation

—e*(n — 1)n = e*scaly = scal, +2(n — 1)Ayjw — (n — 1)(n — 2)|dw|§.
In the following we are going to use this equation to show that w € Cf’a.
We rewrite the above equation as
(4.6) 2(n — 1)(Aw 4+ nw) = (n—1)(n — 2)\dw[3 — (scaly +n(n —1))

' —n(n—1)F(w),

where F(z) = ¢** — 1 — 2x. By assumption, g — § € C’f’a, so that we have
scalg + n(n — 1) € C’(I;_Za. From w € C’f’a and because F(r) = O(z?) as
z — 0, we get

(n—1)(n — 2)|dw|? — (scaly + n(n — 1)) — n(n — 1)F(w) € q’;;m}.

By [24, Theorem C and Proposition E|, we know that the operator
Adn:Cp*— Cp>e

is an isomorphism for n € (—1,n). Thus we obtain w € Cﬁlﬁ{z 5} This
implies

2|dw|§ — (scaly +6) — 6F(w) € Crl;i_n2{725}’

and therefore, w € C’g’;{ 15} Repeating this procedure a finite number of

times yields w € Cg’a, as desired.
To show that C is a manifold, consider the analytic map

U RE(M,G) - G5 (M),
U : g scaly +n(n—1).
The differential of this map is given by
DgW(h) = Dgscal(h) = Ag(trh) + divy(divgh) — (Ricg, h)g.

In particular, if g € C and f € C(I;’O‘,

Dg¥U(fg) =(n—1)(Agf +nf).
Due to [24, Theorem C and Proposition E|, the operator

Ag+n:Cr*(M) — Cy (M)

is an isomorphism. Thus, D,¥ is surjective and hence, C is an analytic
manifold with Dy,¥ = T,C by the implicit function theorem for Banach
manifolds.

It remains to show that the map @ is a diffeomorphism. We already know
that ® is smooth and bijective. Thus we are done, if we can show that ® is a
local diffeomorphism in a neighborhood of each tuple (w, g) € C’?’a(M ) xC.
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At first we have
(4.7) CY(S*T* M) = CF*(M) @ T,C.

for each g € C: For h € Cf’a(SzT*M ), there exists a unique function
w € CP®(M,g) solving the equation
Dw(h) = D,®(fg) = (n — 1)(Agw + nw)
and we obtain (4.7) by writing h = wg + (h — wg). The differential
Dy )@ : C (M) @ T,C — Cy*(S*T* M)
directly corresponds to the splitting (4.7) and is therefore an isomorphism.
Thus, ® is a local diffeomorphism around each tuple (1, g) where g € C. For
a general tuple (wg,g) € C?’Q(M ) x C, we write ® is the composition of
maps

2w —2wq

(W,g) = (w—ZU(],g) Hq)(w_w(]vg) =€ ¢ g|—>e2wg:q)(w,g),

We see that @ is a local diffeomorphism around (wyp,g) since ® is a local
diffeomorphism around (1, g) and the maps w + w — wg and g — €2%0g are
obviously diffeomorphisms. This finishes the proof. O

Corollary 4.4. The functional g — mygg(g) is an analytic functional on
the analytic manifold C. Furthermore, g € C is a critical point of mygg if
and only if Ric, = —(n — 1)g.

Proof. We know that g — S3(g) is an analytic functional on ng’o‘(]\/f\ ,9)
which by definition agrees with g — —mygz(g) on C and the first assertion

follows. For the second assertion, Proposition 3.7 tells us that the gradient
of S5 is
. 1 1
gradS5(g) = Ricy — §scalg g — 5(71 —1)(n —2)g.

In particular, gradS;(g) is trace-free if scal; = —n(n —1). Thus, any g € C
is a critical point of S with respect to conformal variations. By (4.7), we
therefore have Ricy, = —(n —1)g for g € C if and only if it is a critical point
of Sjlc = —mygg|c. This proves the assertion. O

We next turn to the case where g is conformal to g, with scaly = —n(n—1).

Theorem 4.5. Let (M",g) be a complete APE manifold with scaly =
—n(n —1). Let w € C’f’a(M) for some 6 > "T_l and k + o > 6, and
consider the conformal metric g = g on M.

Then if scaly, > —n(n—1) and scalg+n(n—1) € L', we have myg z(g) > 0.
If furthermore myg g(g) =0, then g = g.

Proof. We assume that the diffeomorphism ¢ for defining the mass is p = Id.
1 -~
We substitute ¢ = e2(" 2 g0 that g = ¢¥/=25. Note that ¢ — 1 € C’f’a.
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We have
mapag(9: B) = /8  (ivgl) — dirg(9)) () dV;
- / (1 — n)d(&Y =) () v
OBRr
_ 41 (6-n)/(n—2) .
-T2 e o) Vs
and

RVy(g,R) = [ dV,— / dv; = / <¢2"/<"—2>—1> v,
Br Bgr Br

so that
mygrg(9) = Rh_{go (mapmg(9, R) +2(n — 1)RV;(g, R))

— lim _4(n—1) N Ve
_ ( 7/5)3Rd¢()dvg

R—o00 n—2
(4.8) 4(n —1) (6=n)/(n—2)
) /8 N (o —1) do(v) dV;

+2(n—1) / <¢2"/ (n=2) _ 1) dV§>.
Br

With the decay of ¢, the first and last terms in this expression may be
infinite. However, we will see below that they combine to yield a finite
quantity with the correct sign. Furthermore, the integrand of the middle
term satisfies (qb(ﬁ_")/("_Z) — 1) dp(v) € O(e~%") and since 2§ > n — 1, this
term vanishes in the limit.

To handle the first and last terms in (4.8), we need to establish that ¢ > 1.
In order to do this, recall that the scalar curvatures of g and ¢ are related
by

e*“scaly = scalg + 2(n — 1)Agw — (n — 2)(n — 1)|dw|§\,

from which we have

(4.9) 2A5w = <e2wscalg —scalg + (n —1)(n — 2)|dw|§) )

1
(n—1)
Using the fact that scal, > scaly = —n(n — 1) we find that
285w > —n(e*” — 1) + (n — 2)]dw\%.

For the sake of contradiction assume that w < 0 somewhere on M. Since
we know that w — 0 at infinity, there must be a minimum attained at some
point 2y where w < 0 and therefore e — 1 < 0 at zg. In particular, this
implies Agw > 0 at xg, which by the maximum principle contradicts the
fact that g was a minimum. We therefore conclude that w > 0 and ¢ > 1.
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Applying the divergence theorem to (4.8) and using the fact that the
middle integral vanishes in the limit, we see that

. n/(n— 2
monglo) = Jim 200 -1) [ (/0014 2onge) avs
R

=2(n— 1) / <¢2"/<"—2> —1+ iAggb) dv;
M n—2

In terms of ¢, the scalar curvatures of g and g are related by
4(n—1)

n—2
(4.10) —n(n—1) <¢ _ ¢(n+2>/(n—2>)

+ (scaly + (n — 1)n) ¢ +D(=2)

Agp = scalyp(n 2/ (n=2) _ scalgo

from which we find that
_ 2
myrglg) =2(n —1) / <¢2"/ =2 1+ —quﬁ) dv;
M n — 2

= [ 0= DF(@) + (sealy +nn = 1)+ -] v,
where the smooth function F' : (0,00) — R is defined by
(411) F(;p) = 3;2"/("_2) —1+ 2:17 _ E$(n+2)/(n—2).
2 2

Recall that ¢ > 1, so we are done with the proof if we can show F(z) > 0
for x > 1 with F(x) = 0 only if 2 = 1. In fact, a direct computation shows
that F'(1) = F'(1) = 0 and

2n(n+2) (4 _
" _ 6—n)/(n—2
hence F”(1) = 0 and F”(z) > 0 for x > 1 and the desired statement
follows. 0

Remark 4.6. Since every rotationally symmetric AH metric on R" is confor-
mal to the hyperbolic metric, we also get a positive mass theorem for such
metrics.

Remark 4.7. An analogue of Theorem 4.5 is well known for the ADM mass
of asymptotically Euclidean manifolds, (see, for example, [26, Lem. 3.3]).

4.3. Positive mass theorem for AH metrics on R3. Now we consider
AH metrics on R3. In this case, we are able to prove a positive mass theorem
for the volume-renormalized mass.

Theorem 4.8. Let (R3, g) be an APE manifold with g € R?’Q(Rg, Ghyp) for
some § > 1, satisfying scal, > —6 and scal,+6 € L'. Then, MyR gy, (9) >0
and equality holds if and only if g is isometric to gnyp.
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Proof. Let C be as in (4.5), with M = R? and § = giyp. By Proposition
4.3, there is a function w € C’?’O‘(R?’,ghyp) such that § = g € C. From
Theorem 4.5, it follows that myrz(g) > 0, or equivalently myr g, (g9) >
MVR, gy, (9) With equality if and only if g = 7.

It thus remains to show that myg g, (g) > 0, with equality if and only if g
is isometric to gnyp. We know that g— gy, € C’f’a(SQT*R?’, Ghyp)- Since C°
is dense in C’?’a, we can find a sequence {g;}ieny of AH metrics on R? such
that g; — gnyp is compactly supported for each ¢ and g; — g with respect to

the C(I;’O‘—norm as ¢ — 00. By Proposition 4.3, we get a sequence of constant
scalar curvature metrics g; = e?“ig;, where the sequence of conformal factors
w; € C?’a converges to 0 in Cf’a. By (4.6), we have
4(Ag,w; + 3w;) = 2|dw2-|52h_ — (scalg, +6) — 6F(w;),
where F(z) = ** —1—2z. Recall that scalg, + 6 is compactly supported, so
that w; € C’g’a for all B > 0. We now repeat the above argument to improve
the decay rate of the functions w;. First, |dwi|3i — (scalg, +6) — 6F'(w;) €
k—2,« . . ) k—2,«

Cys ©7, so by the isomorphism property of A + 3, we have w; € C - (26,3}
Repeating this step twice, we see that |dw;|2, — (scalg, +6) —6F (w;) € Cg_z’o‘
and w; € Hg for any 8 < 3. Therefore, w; € O(e™?") for any 8 > —3 and
J; — Ghyp € C’g’a for any 8 < 3. For this reason, mapmg(g, R) — 0 as
R — o0, and

mVR,ghyp (gz) = 2(” - 1)R%}1yp (gz)
Furthermore, we know by the work of Brendle and Chodosh [6] (see also
[8, Sec. 5]) that RV, (g;) > 0. Since 7; is a sequence of constant scalar

Ihyp
curvature metrics converging to g in C’f’a, we get from Corollary 4.4 that
2(” - 1)R%}1yp (gl) = mVRvghyp (gl) - mVRvghyp (g)

Consequently, myg,g, (g) > 0. To finish the proof, it remains to consider
the equality case. Suppose that myg g, (g) = 0. Then, g is a critical point

of
C 29w Sgy,(9) = —mvR g, (9)-

By Corollary 4.4, it follows that g is a PE metric on R?. Since n = 3, metric
g has constant curvature and must therefore be isometric to gnyp. O

5. A RENORMALIZED EXPANDER ENTROPY FOR AH MANIFOLDS

In this section we will define and study a renormalized expander entropy
for AH manifolds, which turns out to be a monotone quantity for the Ricci
flow. Throughout, let (M, g) and (]\/4\ ,g) be APE manifolds with isometric
conformal boundaries. Assume that (M, g) is complete and that (]\/4\ ,g) has
integrable normalized scalar curvature.
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5.1. Definition of the entropy. In analogy to the expander entropy for
compact manifolds defined in [16], we consider the following definition.

Lemma 5.1. For f € C°(M), the limit

Wanglo.f) = Jim ([ (V47 +scal, =200 =) f) ) a

—|—(n—2)(n—1)/B et av,

+2(n — 1)/3 dV — mADM,ﬁ(ng)>
- Rh—]g;o </B ( (IVfI? + scaly + f) e~ avy
—2(n — 1) <(f +1)ef — 1) ) dv,

— mapmg(9 R) = 2(n — DRVy(g, R)).

is finite.

Proof. Substitute e~/ = w? and define

Wang(g,w) = Wang(g, f)-
Then we get
Wang(g,w) = Rh_Igo </BR

<4|Vw|2 + (scaly +n(n — 1))w?

+2(n — 1[(log(w?) — 1)w? + 1]) v, — RVg(g,R)>.
Substitute further u = w — 1 and let
WAH,@(Qa u) = WAH,@(Qa w).
In addition, set G(z) = 2(n—1) ((log((z + 1)?) — 1)(z + 1) + 1). Note that
G is nonnegative and G(0) = 0. Then,

Wanglou) = Jim ([ (@UTuP + (scaly +nln = 1)+ 1+ Glw) a

~ (maprglg, R) +2(n — )RV;(9, R)) )
= / <4|Vu|2 + (scaly +n(n — 1))u?
M
+2(scaly + n(n — 1))u + G(u)) dv, + S5(g),
where S5(g) is well-defined and finite by Theorem 3.1. Since f € CZ°(M) we

have w — 1 € C°(M) so u € C°(M) and G(u) € C°(M), and the integral
is finite, completing the proof. O
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Definition 5.2. The renormalized expander entropy of (M, g) is defined as

~(g) = inf - — inf Wanse .
panz(9) et Wang(g, f) et Wang(g,u)

Remark 5.3. The proof of Lemma 5.1 implies that
:(9)=S; inf (4vup 1 — 1))l
paialo) = Salo)+ _int | (419 + (scaly + nln = D)

+ 2(scalg +n(n —1))u + G(u)> dvy,
where G(z) = 2(n — 1) ((log((z + 1)%) — 1)(z 4+ 1)* + 1). We obtain an ad-
ditivity of the functional papg. Suppose that (M, §) is another APE mani-
fold with integrable normalized scalar curvature whose conformal boundary

is isometric to the one of (M, g). Then the additivity of the renormalized
Finstein—Hilbert action in Proposition 3.6 gives

pang(9) = nang(g) + myvrg(g).-

Thus, the variational properties of the functional g — pam z(g) are indepen-
dent of the choice of the reference metric g.

5.2. Existence of minimizers. We are going to show that the infimum in
the definition pap(g) is always achieved by a unique Ck2_function fq and
that f, and hence also piapg(g) depend analytically on the metric g.

Lemma 5.4. For sufficiently small ¢ > 0 there are positive constants C.
and C, depending on g and g, such that

C llullfps — C < Wang(g,u) = S5(9) < Cel+ lJully) llull 3 + C
for all w € C°(M). In particular,

pang(g) = ueli{Hlf(M) Wang(g,u)

and piang(g) > —oo.

Proof. Recall that G(z) = 2(n — 1) ((log((z 4+ 1)*) — 1)(z + 1)* + 1). This
function satisfies G(z) > 0 for all x € R and G(z) = 0 if and only if x = 0 or
x = —2. Taylor expansion at # = 0 shows that G(z) = 4(n — 1)2% 4+ O(|z|?)
as © — 0, whereas G(z) = O(log(|z|)2z?) as |z| — co. Summarizing these
estimates, we get for any given € > 0 a constant C¢ > 0 such that

(5.1) G(x) < 4(n — 1)z* + Cc|z|*Te.
Therefore, we have

Wang(g,u) — S5(9)
= /M (4|Vu|2 + (scaly +n(n — 1))u? + 2(scaly +n(n — 1))u + G(u)) dV,

< / (O(|VU|2 +u?) + (scaly + n(n — 1))* + Cu®t*) dV,
M

€ 2 2
< Ce(1 A+ [Jullg) ullgn + llscaly +n(n = 1)|7 -
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Here, we used (5.1) and the Peter—Paul inequality in the first inequality. In

the second one, we used that L>*¢ ¢ H' for sufficiently small ¢ > 0 and

scalg + n(n — 1) € C§_2’a C L? since § > 252, This gives us the upper

bound. ’

Now let us find the lower bound. From [24, Proposition F| we know that
there is a gap around zero in the essential spectrum of the scalar Laplacian
A. Since there is also no zero eigenvalue, we get a lower bound A > A > 0.
Therefore, again by the Peter—Paul inequality,

WAH,@(Q? ’LL) - SE(Q)
= / (4| Vul® + (scaly + n(n — 1))u® + 2(scaly + n(n — 1))u + G(u)) dV,
M

> / (2|Vul? + 2Au? + (scaly + n(n — 1))u® + G(u)) dVj
M

- /M <eu2 + %(Scalg +n(n — 1))2> av,
= /M (2|Vul® 4+ (2A + scaly + n(n — 1) — ) u® + G(u)) dV,

1
- |lscaly + n(n — 1)”%2
for any € > 0. Since scaly + n(n — 1) — 0 at infinity, the set
K ={xe M|2A+scaly+n(n—1)—e <0}

is compact, provided that we chose € > 0 such that ¢ < 2A. Since G is a
nonnegative function and since the scalar curvature is bounded from below,
there exists a constant C' > 0 such that

Warg(g,u) — Sy(g) > 2 / Tl dV,, + / (Glw) — Cu?) v,
M K

1
- ||lscaly +n(n — 1)H2L2

Since the function G(z) has faster than quadratic growth, we have G(x) —
Cz? > —C, for some constant C; > 0. Thus,

Wang(g,u) — S5(9)
> 2/ |Vul? dV, — Cyvol(K, g) — E |lscaly + n(n — 1)||%2
M €
1
> / (|Vu|2 + Au2) dVy — Civol(K, g) — - ||scalgy + n(n — 1)||%2
M

1
> Cy [lull i — Crvol(K, g) — — [lscaly + n(n — 1) .

This proves the desired lower bound. O



A VOLUME-RENORMALIZED MASS FOR AH MANIFOLDS 27

Proposition 5.5. The Euler-Lagrange equation of the functional Waw 5(g, f)
18

(5.2) 2Af + |V f|* —scal, —n(n —1) +2(n—1)f =0
Proof. For v € CZ°(M) we get

d
EWAH@(% f+t0)|i=o
d

B /M (2(Vf, Vo) — v (Vf|? +scaly + n(n—1))) e/

((\Vf\z +scal, +n(n—1))e™ —2n - D)((f + e - 1)) dV)i=o

—2(n—1) /M(ve_f — (f+Dwe yav

= / (2Af + |V f]2 = scaly — n(n — 1) +2(n — 1) f) ve™ dV,
M
where we used integration by parts in the last equality. O

Next, we are going to discuss existence and uniqueness of solutions of
the equation (5.2) with suitable conditions at infinity. We begin by proving
uniqueness of solutions.

Lemma 5.6. There exists at most one solution f of (5.2) such that f €
Cke(M) and f — 0 at infinity. Moreover, for every bounded domain
with smooth boundary, there is at most one solution of (5.2) such that f €
Ck’a(Q) N Co(ﬁ) and flaq = 0.

Proof. We consider the case where f — 0 at infinity. The other case is
treated similarly. Suppose fi, fo are solutions of (5.2) with fi, fo — 0 at
infinity. The difference fo = f1 — fo satisfies

(5.3) 2Afo +(V(f1 + f2), Vo) +2(n — 1) fo = 0.

We have fy — 0 at infinity, so it either vanishes identically or it has a
maximum or a minimum in the interior. If fy attains a maximum at an
interior point p, we have fo(p) > 0, Vfo(p) = 0 and Afy(p) > 0 which
contradicts (5.3). The argument for the minimum is analogous. Therefore,
fo = 0, which proves uniqueness. O

For a bounded domain 2 C M, we define

Walg,u) = /Q (4| Vul? + (scaly + n(n — 1))u?) dVj

+ 2/ ((scalg +n(n —1))u+ G(u)) dVj.
Q
with associated localized entropy

— inf W .
pa(g) e (Q)Wn(g,u)
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Note that
for all u € C(Q2) C CX(M).
Proposition 5.7. Let QQ C M be a bounded domain with smooth boundary.

Then there exists a function u that realizes the infimum of Waq(g,-). The
function f such that

el = (u+41)>
is then the unique solution of (5.2) such that f|so = 0.

Proof. From (5.4) and Lemma 5.4, we get
2 YY) 2
Cllul? = 1) < Walg,w) < C ((1+ Jullsp) lulifn +1)
Thus,

pa(g) = inf Wgq(g,u) > —oc.
weHL(Q)
Let u; be a minimizing sequence for uq(g). The sequence is obviously
bounded in H', hence there exists a subsequence, again denoted by wu;,
which converges weakly in H' and strongly in L for some fixed p < % to
a function u € H(2). The functional u — Wq(g, u) is lower semicontinuous
in H} (). Therefore,

po(g) < Walg,u) < 1igi£fwﬂ(gyui) < pa(g)-

Consequently, u € H&(Q) is the desired minimizer. By variational calculus,
the function u is a weak solution of (5.2). Standard arguments involving
elliptic regularity and Sobolev embedding yield v € C*® and uniqueness
holds due to Lemma 5.6. (]

Lemma 5.8. Let 2 C M be a bounded domain with smooth boundary and
f e k()N C%Q) be a solution of (5.2) with flao = 0. Then

izl\a/[f(scalg +nn—-1) < f< scalg +n(n —1)).

2(n — 1) 20 =1 Pl

Proof. Let x € Q) be the point where f attains its maximum. It follows that
Vf(z)=0and Af(z) > 0. From (5.2) we get
0=2Af(x) 4 |Vf> —scal(x) — n(n — 1) + 2(n — 1) f(x)
>2(n—1)f(z) —scal(z) — n(n — 1),

which implies the upper bound. The argument for the lower bound is similar.
O

We can now prove existence on the whole manifold.
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Theorem 5.9. There are unique bounded functions ug, f4 € CFe(M) with
e~J9 = (ug +1)%, such that

panz(9) = Wanz(9, fg) = Wanz(g, ug).

In other words, there exists unique functions realizing the infimum in the
definition of the entropy.

Proof. Let €; be a sequence of bounded domains with smooth boundaries
such that €; C ;11 and U2, Q; = M. Let the sequence f; be the solutions
of (5.2) such that f; € CH*(;) N C%(Q;) and fi|sq, = 0. By Lemma 5.8,
we have uniform bounds

2(Tl—l) iﬁf(scalg +n(n—1)) < fi < 2(T1_1) skl/lp(scalg +n(n—1)).

Thus, there exists a subsequence, which we also denote by f;, which con-
verges locally uniformly in C*“ to a function fq defined on the whole man-
ifold, which again solves (5.2). Note that f necessarily satisfies the same
bounds.

It remains to show that f, is the minimizer of Wa5(g,-), or equiva-
lently, the associated function u, is the minimizer of WAva(g, -). By domain
monotononicity we have

My, (g) 2 Q41 (g)
and since U°,Q; = M we get from (5.4) that

lim pi6,(9) + S5(9) = pang(9)

In particular, we have an upper bound on puq,(g). Let u; be the minimizer
of Waq.(g,-). Then,

rang(g) — Sg(9)
= lim pq,(9) = lim Wa(yg, fi) = lim Wa(g, u;)
1—+00 1—>00 12— 00
= lim (4|Vu;|* + (scaly + n(n — 1)u? + 2(scaly + n(n — 1))u; + G(u;)) dV.
1— 00

As in the proof of Lemma 5.8, we can estimate
/ ‘4|Vui|2 + (scaly +n(n — 1))u? + 2(scaly +n(n — 1))u; + G(ui)| dVy
M
< / (4|Vu2-|2 + |scaly + n(n — 1)|u22 + 2|scalg +n(n —1)| - |us| + |G(ul)|) dvy
M
< C (1 (uilF)?) sl + €
< C (1+ COWa, (g, u) + 1)) (Wa, (g.w:) +1)

< C (14 Clun(9) + 1)) (uai(9) +1) < C.
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Note that from the third to fourth line, we used the lower bound from
Lemma 5.8. Note also that the constants involved are independent of €2;.
Thus, since u; — g4 locally uniformly in all derivatives, we can apply the
dominated convergence theorem and conclude

panglg) = lim [ (4|Vu;|* + (scaly +n(n — 1))u;

21— 00
+ 2(scaly +n(n — 1))u; + G(u;)) dVy + S;(g)
= / (4|Vug|2 + (scalg + n(n — 1))u§
M
+ 2(scaly + n(n — 1))ug + G(ug)) dVy + S5(9)
= WAH,§(97 Ug)
= WAH,§(97 fg)7
which is the desired result. O

Next, we consider the asymptotics of the minimizing function f,.

Lemma 5.10. For each constant C' > 0 there exist a positive function fy
satisfying

(5.5) 2Af + [V fi > —scaly —n(n—1) +2(n —1)f4 >0
and a negative function f_ such that
(5.6) 2Af- + |Vf_|* —scaly —n(n—1) +2(n—1)f- <0

both defined on the complement M\Bp of a large ball B, such that +f+|sp, >
C and f+ = O(e™2#") for some p > 0.

Proof of Lemma 5.10. Given a metric oy on the conformal boundary of
(M, g), we can choose a boundary defining function p such that on a neigh-
borhood U C M near ON, g is of the form

g=p2(dp* + 7,),

where p — o, is a Cke family of Riemannian metrics on N, see [18,
Theorem 2.11]. With p = €", we obtain

g=dr’+ée%o,.
Note that 0,h = —e~"0,0, so that |0,0|, = O(e™") as r — oo. The Lapla-
cian of g is

Ayf=-02f—(n—1)0,f— %(trgara)arf +e A, f.

Suppose, without loss of generality, that U = {x € M | r(z) > Ry} for some
radius Rg and let f : U — R be a function depending only on r. Define
functions on M \ Bgr, by a = trs(0,0) and b = scaly; + n(n — 1). Then, f
satisfies (5.5) (resp. (5.6)) if and only if

—202.f —2(n — )0, f — adrf + (0, f)> =b+2(n—1)f > 0 (resp. < 0).
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With the ansatz f(r) = Ae™#", f, satisfies (5.5) if
A(=20 +2u(n — 1) +2(n — 1)) e > b— Apae™ " + (Ap)2e "
We know that there exist constants A, B > 0 such that |a|] < Ae™" and
|b| < Be™%". Choose R > Ry and \ > max{C, 2(n—1))7" Be“;R}, where
C > 0 is the constant in the statement of the lemma. Now choose u € (0, d]
so small that
e B S )
(=202 +2u(n — 1) +2(n — 1)) e # > Be 0F 4 A pe~ (DR ) 2)\20— 2R
Because p < §, we get for all » > R that
A=20 +2u(n —1) +2(n—1)) e " > Be ™ 4 Axpe” WD 1 (Ap)Ze 2
> b— Apae " 4 (A\p)Ze
for all » > R. Thus for these choices of u and A, fi is a positive function
satisfying (5.5) on M \ Bgr with fi(R) > C.
Similarly, with the ansatz f_(r) = —Ae™"", the function f_ satisfies (5.6)
if
“A (=2 +2u(n— 1) +2(n — 1)) e < b+ Adpe M + (Ap)?e .
Let A, u and R be as before. Then,
A (=2 +2u(n —1) +2(n — 1)) e #" < —Be " — ACpe” "
< b— Apae M 4 (Ap)?e 2

for all » > R and f_ is a negative function satisfying (5.6) on M \ Bgr with
f-(R) < —C. O

Lemma 5.11. Let f be the minimizer given by Theorem 5.9. Then, f €
O(e=2) for some p > 0.

Proof. Let ; be a sequence of bounded domains such as in the proof of
Theorem 5.9. Let f; be the solutions of the Dirichlet problem for (5.2) on
Q;, which exists by Proposition 5.7. By Lemma 5.8, |f;] < C for some
constant C > 0.

Let fy and f_ be the functions provided by Lemma 5.10. We are done
with the proof if we are able to show f_ < f < f.. Since a subsequence of
the f; converges locally uniformly to f, it suffices to show f_ < f; < fi. We
may assume that i is so large that €; \ Bg is an annular region with inner
boundary dBpr and outer boundary 9€2;. On this set, the functions f,, f_
and f; are all defined. We consider the inequality f; < fi, the other one is
similar.

Assume that there exists an i for which the inequality f; < fi fails to
hold. We know that f; =0 < fi on 99; and f; < C < fy on OBg, so that
the inequality fails in the interior. Certainly, we have fi + C > C > f; on
Q; \ Br. Therefore, there exists a smallest Cy > 0 for which the inequality
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f++Co > f; holds, and a point z in the interior of the compact set €2; \ Br
such that fi(z)+ Cy = f;(x). At this point, we have V fi(z) = V f;(z) and
Afi(z) > Afy(x). However, since f solves (5.2) and fy satisfies (5.5), we
get

0= 2Afi(x) + |V fi(x)* = scaly(z) — (n — D)n +2(n — 1) f;(2)
> 2Af1 (%) + |V () — scaly(x) — (n — Dn +2(n — 1)(f4(z) + Co)
> 2(7’L - 1)007
which contradicts Cy > 0. O

Recall that under the assumptions we made at the beginning of this sec-
n—1

tion, (M, g) is asymptotic to (]\/4\ ,g) of order § > “5=. For technical rea-

sons, we will additionally assume for the remainder of this section that
<A+ 1 /(n+3)(n—1).

Lemma 5.12. Let the function f be the minimizer given by Theorem 5.9.
Then f € C’f’a(M).

Proof. By substituting u 4+ 1 = e~//2, equation (5.2) transforms to
(5.7) 4Au = —(scaly + (n — 1)n)u — scaly — (n — 1)n — H(u),
where

H(u) =2(n—1)log((u+ 1)) (u+1).
Note that for every e > 0, there is a constant C¢ such that
(5.8) [H (w)| < Ce(ful + [ul**).

By Lemma 5.11, f = O(e #") for some pu € (0,d). Thus, we also get
u=0(e "), so that u € Cg and hence also H(u) € Cg. Choose n € (0, )

and a sufficiently large p € (n,00) such that n + "le < p. Then u € LE.

Since scal, 4+ (n — 1)n € O(e™") with § > 7 and H(u) = O(e™""), we have
(scaly + (n — 1)n)u —scaly — (n — 1)n — H(u) € LF,

and u € W,? P c C%’O‘ by elliptic regularity applied to (5.7) and Sobolev

embedding (see [24, Lemma 3.6]. Hence, we also have f € C,lz’a. Now we

are going to to successively improve the decay of f. Since f satisfies (5.2),
we get

(5.9) 2Af +2(n —1)f = —|V > +scaly +n(n — 1).

We have that |V f|? € Cg;za and scaly +n(n—1) € C§_2’O‘. By [24, Proposi-
tions C and EJ, the operator A+ (n — 1) : Clﬁ’a — Clﬁ_2’a is an isomorphism
for all 2 <! <k and

(5.10) ”;1 —%\/(n+3)(n—l)<5< ”;1 +% T3 —1).
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Thus we get f € Cf;l’o‘ for 0 < m < min {2n,d}, since we assume § < "T_l +

$v/(n+3)(n —1). Using the above arguments again, we obtain f € Cgf‘
for 0 < me < min{2m,0}. After repeating this procedure a finite number of
times, we obtain the desired result. O

We now prove that the renormalized expander entropy depends analyti-
cally on the Riemannian metric.

Proposition 5.13. The map

Ry (M) 3 g fy € C5 (M),
associating to a metric g the unique minimizer in the definition of pang(g)
s analytic. In particular, ng’a(M) > g — pang(g) is analytic.

Proof. We consider the map ® : RE*(M) x C¥*(M) — Cy~>*(M), given
by
D(g, f) = 2Af + |V f]* —scaly —n(n—1) +2(n — 1) f.
The differential of ® in the second argument is given by
(5.11) Dy 1®(0,v) = 2Av + 2(V f, Vv) +2(n — 1)v.
The result will follow from the implicit function theorem, if we show that
the map
k,a k—2,«
Pg,f:D(g,f)(I)(Oy-):Cg (M)—)C(S (M)

is an isomorphism for each f € Cf’a.

In fact, an integration by parts argument with respect to the weighted
measure e~/ dV shows that P, ¢ has trivial kernel. It remains to show that it
is surjective. For this purpose, one computes that P, y = ef/2o Qg.50 e 112,
where

1
Qqg,r(v) =2Av +2(n — 1)v + <Af + Q\Vf\2> v.
By [24, Proposition F] and the assumptions on 4,
2A +2(n — 1) : C5*(M) — Cy (M)

is Fredholm of index zero. Since Af + 1[Vf2 € O(e™®") as r — oo, the
operator @y has the same indicial root as 2A + 2(n — 1). Thus by [24,
Theorem C], Q .7 : Cr*(M) — Cy~**(M) is also a Fredholm operator of

index zero. Because multiplication with e*/ is an isomorphism, P, ¢ is also
Fredholm of index zero. Since its kernel is zero, Py ¢ is an isomorphism, as
desired. 0

5.3. First and second variation. In the next proposition, we compute
the first variation of g — pang.
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Proposition 5.14. We have

Dypianglh] = — / (Ric + V2, + (n — 1)g, hye 4 dV,
M

where fq is the minimizing metric in the definition of pamg(g)-

Proof. If h € Cy*®, then by Proposition 5.13, v = & f, i4limo € CF*(M).
In order to avoid cumbersome notation, let us write f = f, throughout the
rest of the proof. An approximation argument shows that the computation
in the proof of Proposition 5.5 is also valid for v € C’(I;’O‘. Thus, since f is
the minimizer,

Dy, tWangl0,v] =0,
and the chain rule implies
Dypanglh] = Dy tWanglh, v]
= Dy sWanglh, 0] + Dg s Wan g[0,v]
= Dy tWanz(h,0].

Using this and the first variation of the scalar curvature, we compute

d
Dypiawglh] = EWAH@(Q +th, f)]i=o
d

= /M ((\Vf‘2 +scal +n(n—1)) e —2(n-1) ((f +1)ef - 1>> dV |10

d
- amVR,g(Q) |t:0

= / (—(h,Vf @ Vf) + Atrh + div(divh) — (Ric, b)) e~/ dV,
M

1

+ 3 /M <(|Vf|2 + scal + n(n — 1)) el —2(n—-1) ((f + 1)e_f)) trh dV

— lim (divh — Vtrh,v) dV.
= JoB,

By integration by parts over a large ball, we have

A(trh)e T dV = /
Br

- / trh(Vf,v)e ™ dV
8BrR

trhA(e™!) dV — / (Vtrh, vYe ™ dv

Bpr OBRr

= —/ trh(Af + |Vf2)e  av — (Vtrh,v)e/ dV
Br O0BRr

—/ trh(V f,v)e 7 dV
OBR
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and

div(divh)e ™/ dV = / (h, Ve )y dv

Bpr Bpr

+/ (divh + h(Vf,-),v)e  dV
OBRr
:/ (hVfoVf—-V2fle ldv
Br
- / (divh 4+ h(Vf,-),v)e ) av.
OBRr
Since h € C’f’a and f € C’f’a for some § > ”T_l, we have

/ trh(Vf,u>e‘de+/ (h(Vf,-),u>e‘de‘—>0
0Br OBR

as well as
/ (Vtrh, )1 — e=T)dv / (divh, 1)(1 — e~y v
O0BRr OBR

as R — oo. Therefore, all the boundary terms vanish and after summing
up, we obtain

Dypanglhl =~ [ wh(af+ VsBelav — [ (V254 Rie,wye! dv
M M

+ — 0

1
v / (V11 + seal + n(n — 1)~ — 200 1)(f + 1)) tehav
M
= —/ (V2f + Ric,hye ™ dV — (n — 1)/ trhe ™/ dV
M M
1
+ 5 / [—2Af — |Vf|?> +scal + n(n — 1) —2(n — 1) fle ' trhdV.
M
Using the Euler-Lagrange equation (5.2), the last integral on the right hand
side vanishes and we obtain the first variation formula as stated. O

It follows that critical points of the renormalized expander entropy are
precisely the Einstein metrics. In what follows we will continue to use f to
denote the minimizing function in the definition of pamg(g).

Corollary 5.15. A metric g € ng’a is a critical point of pang if and only
if it is PE.
Proof. By Proposition 5.14, the critical points of uap g satisfy

Ric + V2f = —(n —1)g,

or equivalently

1 1
Ric — éscalg = —V2f - é(Af)g —(n—1)g+ g(n —1)g.



36 M. DAHL, K. KRONCKE, AND S. MCCORMICK

By the second Bianchi identity, the left-hand side is divergence free, so that
1 1
0=divV2f + SAiv((Af)g) = —AVf + S V(Af)

n—1

:_Avf+%(A+Ric)(Vf):—(A+V2f—|— )(V])
n—1

7)),

Since Vf € H!, taking the scalar product of the equation with V£ itself
and integrating over M with respect to the weighted measure e~/ dV yields
Vf = 0. Thus, we have V2f = 0 which implies that Ric = —(n — 1)g, as
desired. O

= —(A-l—va-i-

Lemma 5.16. We have
DypianglLxgl =0
for any X € C’(I;_LO‘(TM).

Proof. Let f = f, be the minimizer in the definition of papg and let u =
e~7/2 — 1. By the proof of Lemma 5.1,

pang(9) = Wanglg, )
(5.12) = /M (4\Vu]2 + (scaly + n(n — 1))u?
+ 2(scalg +n(n — 1))u + F(u)) dVy + S5(9),

where F(z) =2(n — 1) ((log((z + 1)) — 1)(z + 1)* + 1).

By density of C'?H’a in Cf_l’a, it suffices to show the lemma for X €

C(?H’a(TM ). Let ¢ be the diffeomorphisms generated by X and g, = ¢jg.
By diffeomorphism invariance of the Euler-Lagrange equation (5.2), f,, =
fg 0 @s, so that also ug, = ugy o ¢;. Furthermore, Corollary 3.10 implies that
S5(g¢) is constant along ¢. Using this together with ug, = ug o ¢; in (5.12)
implies that also pamg(g) is constant in ¢. Differentiating at ¢ = 0 gives the
desired result. O

We have mentioned Ricci flow on AH manifolds but have yet to discuss it
in detail. In the AH setting, it natural to normalize the Ricci flow equation
to

(5.13) d

Egt
Existence and uniqueness of solutions to (5.13) in the AH setting has been
established by Bahuaud [2]. While Bahuaud only considers AH metrics
with smooth compactifications, these results can probably be extended to
AH metrics of class C’f’a along the same lines. Thus if gy € R?’Q(M v 9),
we expect to have a unique solution g; of (5.13) starting at gy such that
k A
gt € Ré’a(M,g).

= —2Ricy, +2(n — 1)g;.
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Lemma 5.17. Let g be a solution of (5.13) with g, € ng’a(M, g). Then,
the function t — pang(g:) is monotonically increasing. It is strictly mono-
tonically increasing unless g is a constant family of PE metrics.

Proof. By Lemma 5.16, Dyuang[V2f] =0 for f € Cg’a. If g is a solution
of (5.13), we get from Proposition 5.14 that

d

El‘AH,@(gt) =2 /M |Ricg, + v2fgt +(n — 1)9t|fh€_fgt dVg, > 0.

The equality case follows from Corollary 5.15. O

Next, we compute the second variation of the expander entropy at an
Einstein metric.

Definition 5.18. The Lichnerowicz Laplacian Ay and the Einstein operator
Apg, which act on symmetric tensor fields h, are defined by

ALhij = Ahlﬁ + Rlc,khé‘C + Rlc]khf — QhklRiklj, and
Aphij = Ahij — 2" Ry

Note that if the underlying manifold is Einstein with Ric = Ag then we
simply have Aph = (Ag + 2)\)h.

Proposition 5.19. Let (M, g) be a complete PE manifold. Then the second
variation of pang at g is given by

D2punssalhh] = —5 [y (Agh, h)dV, if divh =0, )

grathEl™ 0, if h=Lxg for X € CYyTV(TM).
Moreover, Dg,u AH,g 5 diagonal with respect to the orthogonal decomposition
(5.14) CEO($2T* M) = ker(div) @ {,cXg | X e O(];H’a(TM)} :

Proof. Recall that the first variation of the Ricci tensor [5, Theorem 1.174]
is given by

1
DyRiclh] = 5 (Aph+ Laivng — V2trh) .
From this we compute for h € C’?’O‘(SQT*M) with divh = 0,

d? d . _
@NAH@(Q + th)|i—o = - /M<R1C +V2f) + (n—1)g,hye T av|,_,

=— / (DyRic(h) + V2f' + (n — 1)h, h)e ™ dV
M
= - / <%[ALh + Laivng — V*rh] + V2 f 4 (n — 1)h, h)ye™/ dV
M
1
=3 / (Aph+ V?(2f" — trh) +2(n — 1)h, h),
M

where f/ = % fg+thlt=0, and here we also used that f = 0. In order to
compute f’, we differentiate the Euler-Lagrange equation (5.2). Since f is
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constant and divh = 0, this yields
0 =2Af"— Dyscal(h) +2(n — 1) f’
=2(A+ (n—1))(f") — [Atrh + 6(5h) — (Ric, h)]
=2(A+n—-1)(f") - (A+n-—1)trh.

Recall that the operator A +n — 1 : C(I;’O‘(M) — C(I;_z’o‘(M) is an isomor-
phism. This implies 2f" = trh and
1
D2 panglh, h] = -3 /M(A gh,h)dvV,
which proves the variational formula for the case divh = 0. For the other
case, let h = Lxg for some X € C(?H’O‘(TM) and k € Cg’a(SzT*M) be
arbitrary. Let ¢; be the diffeomorphism generated by X and consider the
2-parameter family of metrics g;s = (g + sk). Then by Lemma 5.16,
pAng(ge,s) only depends on s, so that
d2
D;/’LAH,@[hﬂ k] = DE,UAH@[/‘J’ h] = @MAH,@(gt,s)’s,tzo = 0.

Together with the fact that Ap 7 preserves the splitting (5.14) (see [25, pp.
28-29]), the second variational formula as well as the orthogonality state-
ment follow. O

6. A LOCAL POSITIVE MASS THEOREM

From this point onward, we will take the metric § to be a complete PE
metric on the manifold M = M. We consider the functional g — pang(g)
on the space R'g’a(M, g), with § > "T_l

6.1. Local maxima of the entropy. In order to establish a criterion for
local maximality of pian g at g, we need to take into account that our second
variation has an infinite-dimensional kernel. However due to diffeomorphism
invariance, the space of Lie derivatives of the metric is a subspace of finite
codimension of the kernel. Due to this fact, we may restrict our attention
to the subset

S5 = {9 € RE*(M,5) | divgg = 0}

Let Diff]ngl’o‘(M ) be the set of diffeomorphisms generated by the vector
fields X € CyTH*(TM).

Lemma 6.1. There exists a Cf’a—neighbourhood U of g in the space of met-
rics such that any g € U can be uniquely written as g = @*g for some
g € UNS; and a diffeomorphism ¢ € Diff]ngl’a(M) that is C’(I;H’a—close to
the identity.
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Proof. Consider the smooth map
& : S; x Diffs (M) — Cp*(S2 M),
(9,0) = ¥"g.
Its differential at (g,Id) exactly corresponds to the decomposition (5.14).

Therefore the assertion is an immediate consequence of the inverse function
theorem. O

Definition 6.2. The PE manifold (M,g) is called linearly stable if Ag

is a nonnegative operator. It is called integrable if there exists a C’?’a-

neighbourhood U of § in the space of metrics such that
E={geUnS;|Ricg=—(n—1)g}

is a smooth manifold with T;& = ker2(Ag).

In order to prove a statement of local maximality for the entropy we also
need to control some error terms.

Lemma 6.3. There exists a H*-neighbourhood of § in the space of metrics
and a constant C' > 0 such that

d3
—hang(g + th)],_y| < C Il e [1hll3
forall g e U.

Proof. We follow the proof of [22, Proposition 4.5] for the expander entropy
in the compact setting, to which we refer for further details. Large part of
the estimate follows from standard computations. The nontrivial part is to
establish estimates on first and second variations of the minimizing function
fg- By differentiating (5.2) twice, one sees that the defining equations for

d d?
v = G fortnli=0 and w = F= fg1nli=0 are of the form

ngfg(v) = (*) Pg7fg(w) = (**)
for some right hand sides (x), (+). Here, P, is the operator defined in
(5.11). In the proof of Proposition 5.13, we show that Py : C’f’a —

C§_2’a is an isomorphism. Because of that, we can carry out all nessecary
estimates exactly as in [22, Section 4]. The only difference is that one needs
to replace the unweighted Holder spaces by weighted ones and to use the
trivial inclusion C’(I;’O‘ C C’g o, O

Lemma 6.4. Let h € Cf’a(SQT*M) be a tensor field satisfying divgh = 0.
For a PE metric g € ng’a(M, g), we consider the g-dependent vector field
X, satisfying hg = h — Lx,g € ker(divy) given by (5.14). Then,

.0l < Clla =l s Il

Proof. An analogous statement was shown in [21, Lemma 5.4.4] for the com-
pact setting and the proof is the same here. With respect to the orthogonal
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decomposition
H(TM) = {V,f | f e B (M)} & { X € H'(TM) | div,X =0}
for I € {0,1,2}, the operator P : X — —div,Lxg decomposes as
P=2A,® (A;+ (n—1))

and both operators on the right hand side are isomorphisms from H? to L2.
Thus,

HEngHHl < O Xgllge < ClIPXgll 2 < Cldivghl|
< C|(divy — divg)h|| ., < Cllg = Gllea 1l 2 -

The estimate of the lemma follows from the trivial inclusion C’f’a ccl. O

Now we are ready to prove the main result of this subsection.

Theorem 6.5. Let the PE manifold (M,q) be linearly stable and integrable.
Then it is a local maximum of piang-

Proof. Recall that by Lemma 6.1, any metric g close to g is isometric to a
metric g € S5 close to g. Therefore it suffices to prove
pang(9) < pang(g)  forallge SnU

for a sufficiently small Cf’a—neighbourhood U of g. In order to prove this,
let £ be as in Definition 6.2 and let N be the orthogonal complement of
ker;2(Ag) in

7385 = {h € CP(S*T*M) | divgh = 0}
Since g is integrable, £ is a manifold and
T55; =T © N
By the implicit function theorem applied to the map
U:Ex N — TS5, (g,h) — g+ h,

there exists a Cf’a—neighbourhood U such that any g € SG NU can be
uniquely written as g = g+h with g € £ and h € N. Let hz be as in Lemma
6.4. Taylor expansion yields

. d _ 1 d? _
pang(9) = pang(9) + a#AH@(g + th)‘t:(] + 5@#AH,§(9 + th)|t:0

1t o d3 _
3 | 00 Gnans + )

1
= pang(9) - § /M<AE,§h'gv hg)g dVg

1 1 2d3
— 1—-1)"— =(g +th).
+5 | 0= Ggmans@ + h)
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For the second equality, we used the fact that pap is constant on the man-
ifold £ of its critical points. Let us now look more carefully at the term
coming from the second variation. By [25, pp. 28-29], see also [21, Lemma
2.4.5], we know that Ag 7 preserves the splitting (5.14) according to which
we have h = hy + Lx;g. Therefore,

| SrghgtagdVs = [ (SrghihgaV— [ (gl Lx;)sdvs
M M M
By Lemma 6.4,

/M<AE7§£X§§7 ﬁng §dV§ < C H£X§§HH1 < C Hg - /g”cgva HhHHl
and a Taylor expansion argument (see for example [21, p. 74]) implies

| (nghbgdy = [ (Apgh gV =l =Tl cpe bl

By [24, Proposition D] we have that Ag; > +(n — 1)2 on N. Therefore,
with a suitable choice of € > 0, we get

/ (AEgh, h>§ dV/g\ = (1 — 6)/ (AEgh, h>§ dV/g\ + E/ <AE7/g\h, h>§ dVg
M M M
1—¢€

> (n = 1)?[[All72 + €l Vhl72 — || Rgll . IBII7:

1—c¢

2 2
= IV + |5 2 e | gl | 12
> C||hl3p
for some constant C' > 0. Combining these estimates, we have thus shown

| (Brghgg)gaVy = (1 = g = Gleg) 1

which implies, together with Lemma 6.3,

1
pang(g) = pang(g) — 1 /M<AE,§h§a hz) dV;

1 1 5 d3
— 1-— —_— g+t t
+2/0 (1—-1t) dtg,uAH(g+ h)d

< pan(@) = C(L = g = ll ) Bl + 12 e 1 Al17

Thus we get the desired statement, provided that the Cf’a—neighbourhood
U is small enough. O

6.2. Positivity of mass. As in Subsection 4.2, we set
C= {g € R?’Q(M,ﬁ) | scaly = —n(n — 1)} .

Observe that if g € C, the Euler-Lagrange equation (5.2) implies that f; = 0,
so that we have the identity pang(g) = —myrzg(9).
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Proposition 6.6. Let g € C. Then g is a critical point of papg with
respect to conformal variations. Moreover, the second variation in conformal
directions is given by

D2 pang(vg, vg) = — /M(Pv)v dv,

where the operator P is given by
(n —1)(A +n) (1 - %A(A +(n — 1))—1> .

Proof. Since scal, = —n(n — 1) we have f; = 0 so the gradient of papg
at g is trace-free. This proves the first assertion. For the second variation
formula, we get as in the proof of Theorem 5.19 that

d2

Thanz(g +th)]

1
= _/ (5 (ALh+ Laivng — V?trh) + V2 f' + (n — 1), hye V.
M

Continuing the computation with h = vg yields
2

d
@MAH,@(@ +t)g)|,_,

__1 / ((Av)g + (2 — n)V2v + 2V2f + 2(n — 1)vg,vg) dV
2Jm

_ ! / (nAv + (n — 2)Av — 2Af + 2n(n — )v)v dV
2 Jm

=— /M ((n—1)(Av +nv)v — (Af)v) dV.
To compute f’, we differentiate (5.2). Since f, = 0 is constant and h = vg,
this yields
0=2Af —scal +2(n—1)f
=2(A+ (n—1)(f) — (Atrh + div(divh) — (Ric, h))
=2(A+n—-1)(f")—(n—-1)(A+n).
Inserting this equation in the above yields the desired formula. O

Remark 6.7. Observe that
—1
—/ (Pv)vdVS—n / (Av+nv)vdV = —
M M

Theorem 6.8. Let (M, q) be a complete PE manifold. Then the following
are equivalent.

n—1

/ (Vo2 + no?) dV.
M

(i) g is a local mazximiser of pang-

(i1) For all metrics g sufficiently close to g with scalyg + n(n — 1) non-
negative and integrable, we have mygrg(g) > 0. Moreover, equality
holds if and only if g is PE.
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(iii) g is a local minimizer of mygrg on C.
(iv) g is a local mazimiser of pamg on C.

Proof. For proving (i) = (ii), let g be as in (47) and let wy be the minimizing
function in the definition of pamg(g) through the functional Way z(g,w).
Then, because scaly +n(n —1) > 0 and wy = e~f9/2 >0, we have

0= pang(9) > pang(9)
= WAH,@(Q? wg)

= / (4| Vuwy|* + (scaly +n(n — 1))wy) dV
M

+2(n—1) /M ((log(wg) — 1)w§ + 1) dV —myg3(9)

> —mygrg(9)-
Thus we have mygg(g9) > 0. Moreoever, we get that mygg(g) = 0 implies
pang(g) = 0. Therefore, g is another local maximum of jizp 5. In particular,
it is a critical point and Ricy, = —(n — 1)g follows from Corollary 5.15.

The implication (i7) = (¢4i) is trivial. The implication (ii7) = (iv) follows
immediately from the fact that papg(g9) = —myrz(g) for g € C.

For proving (iv) = (i), we show that every metric g € C is a local max-
imum of papg in its conformal class. In fact, by Taylor expansion along
the curve g, = g+ tvg, t € [0, 1] and using Proposition 6.6, Remark 6.7 and
Lemma 6.3, we obtain

~ o d _ 1 & _
pang((1+v)g) — pang(9) = a#AH@(gt)‘t:o T §@“AHv§(gt)|t=0

+1/1<1 2L s @)
n—1
- 4
’I’L—l 2
<~ ("3 - Clllese ) ol

where the right hand side is nonpositive, provided that v is sufficiently small.
Now, let g be any metric sufficiently close to g. By Proposition 4.3, there
exists a unique metric g € C N [g] close to g. By the assumption in (ii) and
the above computation,

A

ol + C oll g ol

pang(9) < nang(@) < pang(9),
which proves (i). O

Remark 6.9. The above proof shows that the equivalent assertions in The-
orem 6.8 imply the bound

~(q) > inf 4|Vw|? 1 — 1))+ F av,
mVR’g(g)_w—lelgcoo(M)/M( [Vwl|? + (scaly + n(n — 1))w” + F(w)) dV,
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for all g close to g with scaly + n(n — 1) nonnegative and integrable. Here,
F denotes the nonnegative function F(z) = 2(n — 1) ((log(z?) — 1)z? + 1)
which vanishes exactly for z = +1.

The equivalent assertions in Theorem 6.8 imply scalar curvature rigid in
the following sense.

Corollary 6.10. Let (M,q) be a complete PE manifold which satisfies the
equivalent assertions of Theorem 6.8. Then, any metric g on M sufficiently
close to g with scaly > scalg, for which there exists a compact set K C M
with

(61) g9 — a‘M\K = 07 VOI(K7 g) = VOl(Ka §)7

is isometric to g.

Proof. By (6.1), mygrg(9) = 0. By Theorem 6.8 (ii), (M, g) is a complete
PE manifold. Since g and g are both Einstein and agree outside a compact
set, they have to be isometric, see [14]. O

Example 6.11. Hyperbolic space is well known to satisfy the spectral in-
equality Ag > %(n —1)2, so it is linearly stable and integrable. By Theorem
6.5, it is a local maximum of the entropy and by Theorem 6.8, it is a local
minimizer of the volume-renormalized mass.
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