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A VOLUME-RENORMALIZED MASS FOR

ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

MATTIAS DAHL, KLAUS KRÖNCKE, AND STEPHEN MCCORMICK

Abstract. We define a geometric quantity for asymptotically hyper-
bolic manifolds, which we call the volume-renormalized mass. It is es-
sentially a linear combination of the ADM mass surface integral and a
renormalization of the volume.

We show that the volume-renormalized mass is well-defined and dif-
feomorphism invariant under weaker fall-off conditions than required to
ensure that the renormalized volume and the ADM mass surface inte-
gral are well-defined separately. We prove several positivity results for
the volume-renormalized mass. We also use it to define a renormalized
Einstein–Hilbert action and a renormalized expander entropy which is
nondecreasing under the Ricci flow. Further, we show that local max-
imizers of the entropy are local minimizers of the volume-renormalized
mass.
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1. Introduction

For manifolds asymptotic to hyperbolic space, there is an established
concept of asymptotically hyperbolic mass defined through a Hamiltonian
formulation of Einstein’s equations in general relativity, see [11, 28]. The
reference spacetime is the static Anti-de Sitter metric.

In this paper, we introduce a new mass-like quantity for the larger class of
asymptotically hyperbolic (AH) manifolds that are asymptotically Poincaré–
Einstein (APE), which means that Ric + (n− 1)g decays at an appropriate
rate. By AH we mean that the manifolds are conformally compact with
sectional curvature tending to −1 towards the conformal boundary. This
new mass can also be deduced from a reduced Hamiltonian formulation of
Einstein’s equation, see [12, 17]. In this case, the reference spacetime is an
expanding Milne-type metric.

Given two AH manifolds (Mn, g) and (M̂n, ĝ) with diffeomorphic confor-
mal infinities, the volume-renormalized mass of g with respect to ĝ is defined
as

mVR,ĝ(g) =

∫

∂∞M
(divĝ(ϕ∗g)− dtrĝ(ϕ∗g))(ν)dA

+ 2(n − 1)

(∫

M
dVg −

∫

M̂
dVĝ

)
,

(1.1)

where ϕ is a diffeomorphism between neighborhoods of the conformal infini-
ties such that ϕ∗g−ĝ decays suitably, and the linear combination of integrals
should be understood as an appropriate limit.

When the asymptotic fall-off is so fast that the boundary integral vanishes,
the volume-renormalized mass is simply the renormalized volume. In this
sense, we can also view the quantity as a generalization of the renormalized
volume. Positivity of the renormalized volume has been proven for metrics
on R

3 asymptotic to the standard hyperbolic metric by Brendle and Chodosh
[6], which can thus be viewed as a positive mass theorem for the volume-
renormalized mass under strong decay conditions.

Let us mention that the definition of APE manifolds given above is con-

venient for the following reason: If (Mn, g) and (M̂n, ĝ) are APE manifolds
with isometric conformal boundaries, there exists a diffeomorphism ϕ be-
tween neighborhoods of the conformal infinities such that ϕ∗g− ĝ = O(e−δr)
for some δ > n−1

2 . This is a consequence of the well-known Fefferman–
Graham expansion for AH Einstein metrics near the conformal boundary,
see Proposition 2.6.

We are now ready to state the main results of this paper.
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Theorem A. Let (Mn, g) and (M̂n, ĝ) be APE manifolds with isometric
conformal boundaries that both satisfy scal+n(n−1) ∈ L1. Then mVR,ĝ(g)
is well-defined and finite.

For the proof of the theorem, we study a renormalized version of the
Einstein–Hilbert action for AH manifolds.

A priori, the definition of the volume-renormalized mass depends on the
choice of ϕ. From a physical perspective however, a mass should be a
coordinate-invariant object and therefore not depend on the choice of dif-
feomorphism ϕ. We are indeed able to show that this is the case for the
volume-renormalized mass, provided that an additional condition holds.

Theorem B. Let (Mn, g) and (M̂n, ĝ) be APE manifolds with isometric
conformal boundaries which both satisfy scal + n(n − 1) ∈ L1. If the con-
formal boundaries are proper, mVR,ĝ(g) does not depend on the choice of
ϕ.

In this context, we call a conformal class proper if it is the conformal
boundary of a PE manifold (M,g) such that every isometry of the confor-
mal boundary extends to an isometry of (M,g). It is easy to see that the
conformal class of the round sphere is proper. It is known that every confor-
mal class of a smooth metric on a compact manifold is the conformal class
of a PE manifold, see [19]. It seems reasonable to believe that every such
conformal class is proper, but we do not have a proof of this conjecture at
the moment.

We also show that the mass satisfies an additivity property, see Propo-
sition 3.6. As a consequence, the functional g 7→ mVR,ĝ(g) only changes
by a constant if we change the reference metric ĝ. Summarizing, we have
for every proper conformal boundary a natural mass functional which is
diffeomorphism invariant and well-defined up to a constant.

We prove the following positive mass theorem for two-dimensional mani-
folds.

Theorem C. Consider a surface (M2, g) asymptotic to R
2 with the metric

ĝ = dr2 + sinh2(r)
(
ω
2π

)2
dθ2, which is the hyperbolic metric with angular

defect ω. Under the assumption that scalg+2 is nonnegative and integrable
we have

mVR,ĝ(g) + 2(2π − ω) ≥ 0,(1.2)

where equality holds if and only if (M2, g) is isometric to (M̂, ĝ).

For three-dimensional manifolds we prove the following.

Theorem D. Let g be a complete APE metric on R
3 whose conformal

boundary is the hyperbolic metric ghyp. Assume furthermore that scalg + 6
is nonnegative and integrable. Then mVR,ghyp(g) is nonnegative and vanishes
if and only if g is isometric to ghyp.
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The proof of this theorem uses positivity of the renormalized volume
by Brendle and Chodosh [6], combined with a density argument and the
following conformal positive mass theorem.

Theorem E. Let (Mn, ĝ) be a complete APE manifold with scalĝ = −n(n−
1), and let (Mn, g) be a complete APE manifold conformal to (Mn, ĝ). Then
if scalg+n(n− 1) is nonnegative and integrable, we have mVR,ĝ(g) ≥ 0 with
equality only if g = ĝ.

Furthermore, we use the volume-renormalized mass to define a renormal-
ized expander entropy g 7→ µAH,ĝ(g) for AH manifolds, which is monotone
under the (normalized) Ricci flow ∂tg = −2Ricg − 2(n− 1)g and whose crit-
ical points are PE. This part of the article is inspired by work of Deruelle
and Ozuch [13] who use the ADM mass to define a version of Perelman’s
λ-functional for asymptotically locally Euclidean (ALE) manifolds which
is monotone under the Ricci flow in its standard form on ALE manifolds.
However, their functional is a priori only defined near a Ricci-flat manifold
and seems not to be defined for every ALE metric. In contrast, our version
of the expander entropy is defined for every APE manifold.

Our final main result is a local positive mass theorem which is as follows.

Theorem F. Let (M, ĝ) be a complete PE manifold. Then the following
two assertions are equivalent:

(i) ĝ is a local maximiser of µAH,ĝ

(ii) ĝ is a local minimum of mVR,ĝ among all metrics with scal+n(n−1)
being nonnegative and integrable.

Furthermore, we have:

(a) If (M, ĝ) is linearly stable and integrable, then (i) and (ii) hold.
(b) If (i) and (ii) hold, then (M, ĝ) is scalar curvature rigid under a

volume constraint.

Ilmanen conjectured a relation between Ricci flow and the positive mass
theorem, partly proven in [13, Proposition 0.1] and [20, Theorem 8.1] for
ALE manifolds. Theorem F solves an AH version of this conjecture. In
the article [23], Yudowitz and the second author prove that a PE manifold
is stable under the Ricci flow if and only if (i) and (ii) in Theorem F are
satisfied.

The structure of the paper is as follows. In Section 2, we explain some
notation and make some of the definitions of this introduction more precise.
In Section 3, we prove Theorem A and B and we study the renormalized
Einstein–Hilbert action. In Section 4 we prove Theorem C, Theorem E and
Theorem D. In Section 5, we define and study the renormalized expander
entropy µAH,ĝ. Then finally in Section 6, we establish Theorem F as a
combination of Theorem 6.5, Theorem 6.8 and Corollary 6.10 in Section 6.
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2. Notation and definitions

Throughout the article, we use n to denote the dimension of the manifold
We assume n ≥ 3 unless otherwise specified. For the Laplacian we use the
sign convention ∆ = −div ◦ d = −tr ◦ ∇2.

Definition 2.1. Let N be a compact manifold with compact boundary
∂N . Let ρ : N → [0,∞) be a smooth boundary defining function, which
means that ρ−1(0) = ∂N and dρ|∂N 6= 0. Let M = N \ ∂N . We say
that a Riemannian metric g on M is conformally compact of class Ck,α,
if there is a Ck,α-Riemannian metric b on N so that g = ρ−2b. In this
case, the sectional curvatures of g tend to −|dρ|2h at ∂N . If |dρ|2h = 1
so that all sectional curvatures tend to −1 at ∂N we say that (M,g) is
asymptotically hyperbolic, or simply AH. The Riemannian manifold (N, b) is
called the conformal background of (M,g). With σ = b|∂N , we call (∂N, [σ])
the conformal boundary of (M,g).

Remark 2.2. We also call a manifold (M,g) conformally compact if it is the
complement of a compact set of a manifold that is conformally compact in
the above sense.

Throughout, we will make use of a radial function r defined by ρ = e−r.

We will work in weighted Hölder spaces Ck,αδ (M) = e−δrCk,α(M), equipped
with the norm

‖u‖k,α,δ = ‖eδru‖Ck,α(M).

Here, δ ∈ R and Ck,α(M) denotes the standard Hölder space with the
norm ‖ · ‖Ck,α(M). Weighted Hölder spaces of sections of bundles are defined

similarly, see Lee [24] for further details.

For a fixed AHmanifold (M̂, ĝ), we define the space of Riemannian metrics

on M̂ asymptotic to ĝ as

Rk,α
δ (M̂ , ĝ) =

{
g | g − ĝ ∈ Ck,αδ (S2

+T
∗M̂)

}
,

where S2
+T

∗M̂ is the bundle of positive definite symmetric bilinear forms on

M̂ .

Definition 2.3. Let (M,g), (M̂ , ĝ) be AH manifolds with conformal back-

grounds N, N̂ , respectively. We say that (M,g) is asymptotic to (M̂ , ĝ) of
order δ > 0 with respect to ϕ, if there are bounded and closed sets K ⊂M ,

K̂ ⊂ M̂ and a Ck+1,α-diffeomorphism ϕ : N \K → N̂ \ K̂ of manifolds with

boundary such that ϕ∗g ∈ Rk,α
δ (M̂ \ K̂, ĝ).



6 M. DAHL, K. KRÖNCKE, AND S. MCCORMICK

With ĝ,K, K̂ and ϕ as in Definition 2.3, we define

Rk,α
δ (M,ϕ, ĝ) =

{
g | g ∈ Ck,α(S2

+T
∗M), ϕ∗g ∈ Rk,α

δ (M̂ \ K̂, ĝ)
}
.

Given an AH manifold (M,g) asymptotic to (M̂ , ĝ) with diffeomorphism

ϕ, we choose the boundary defining functions on N and N̂ so that ρ = ρ̂ ◦ϕ
and r = r̂ ◦ ϕ on N \K. Define the sets

BR = {x ∈M | r(x) < R} ⊂M, ∂BR = {x ∈M | r(x) = R} ⊂M,

and

B̂R = {x ∈ M̂ | r̂(x) < R} ⊂ M̂ , ∂B̂R = {x ∈ M̂ | r̂(x) = R} ⊂ M̂.

For R so large that ϕ(∂BR) = ∂B̂R for R, let

m
ϕ
ADM,ĝ(g,R) =

∫

∂B̂R

(divĝ(ϕ∗g)− dtrĝ(ϕ∗g))(νĝ) dVĝ,

RV ϕ
ĝ (g,R) =

∫

BR

dVg −

∫

B̂R

dVĝ,

where νĝ is the outward unit normal to ∂B̂R in (M̂ , ĝ).

Definition 2.4. Let (M, ĝ) be asymptotically hyperbolic. We define the
volume-renormalized mass m

ϕ
VR,ĝ(g) of g with respect to ĝ and ϕ as

(2.1) m
ϕ
VR,ĝ(g) = lim

R→∞

(
m
ϕ
ADM,ĝ(g,R) + 2(n − 1)RV ϕ

ĝ (g,R)
)
.

Theorem 3.1 in the following section demonstrates that this quantity is

well-defined under the assumptions that ϕ∗g ∈ Rk,α
δ (M̂ \ K̂, ĝ) for some

δ > n−1
2 , where ĝ is APE (in the sense of Definition 2.5 below) and the

scalar curvature satisfies scalĝ + n(n− 1) ∈ L1(M).
Given a boundary defining function ρ, an AH metric g can be written as

g = ρ−2(dρ2 + σ̂ρ),(2.2)

where σ̂ρ is a family of metrics on ∂N . If g is PE, it is known from the work
of Fefferman and Graham [15], that σ̂ρ has the asymptotic expansion

σ̂ρ = σ0 + ρ2σ2 + ρ3σ3 + . . .+ ρn−2σn−2 + ρn−1σn−1 +O(ρn)(2.3)

if n is even and

σ̂ρ = σ0 + ρ2σ2 + ρ3σ3 + . . .+ ρn−3σn−3

+ ρn−1(σn−1 + log(ρ)σ̃n−1) +O(ρn log(ρ)),
(2.4)

if n is odd. Here, σ0 = b|∂N and the tensors σi, 2 ≤ i ≤ n− 2, are uniquely
determined by σ0. In the odd case, the tensor σ̃n−1 is also determined by σ0.
The metric σ0 together with the first undetermined term σn−1, determine
all remaining terms of the asymptotic expansion.

Definition 2.5. We say an AH manifold (M,g) of class Ck,α, k ≥ 2 is
asymptotically Poincaré–Einstein (APE) of order δ if |Ricg + (n − 1)g|g ∈
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Ck−2,α
δ (M) for some n−1

2 < δ < n − 1 satisfying δ ≤ k + α. The set of all

such metrics is denoted by Rk,α
δ (M).

Proposition 2.6. Let (M,g) and (M̂ , ĝ) be Ck,α-asymptotically hyperbolic
manifolds with isometric conformal boundaries. Then, if both manifolds are

APE of order δ, (M,g) is asymptotic to (M̂ , ĝ) of order δ.

Proof. This follows from the Fefferman–Graham expansion discussed above.
Fix a boundary defining function ρ and write g as in (2.2) The family σ̂ρ
is now a Ck,α-family of metrics on ∂N with σ̂ρ|ρ=0 = σ0. By lowering the
regularity, we may assume that δ = k + α. Using the APE condition, the
arguments of Bahuaud, Mazzeo and Woolgar [3, Prop. 2.2], then show that

σ̂ρ = σ0 + ρ2σ2 + . . . + ρkσk +O(ρk+α),

where the tensor fields σ2, . . . , σk are uniquely determined by σ0. Fix a

boundary defining function ρ̂ on M̂ such that σ̂0 = ρ̂2ĝ|∂N̂ is isometric to

σ0. Let ϕ : N \ K → N̂ \ K̂ a diffeomorphism such that ρ̂ ◦ ϕ = ρ and
(ϕ|∂N )

∗σ̂0 = σ0. Repeating the above arguments, we get

ϕ∗ĝ = ρ−2(dρ2 + σ̃ρ)

with

σ̃ρ = σ0 + ρ2σ2 + . . . + ρkσk +O(ρk+α),

so that ϕ∗ĝ−g ∈ O(ρk+α), or equivalently, ϕ∗g−ĝ ∈ O(ρ̂k+α), as desired. �

Remark 2.7. A similar, but stronger, definition of APE manifolds for a
different purpose is given in [3], where they use the weight δ = n.

3. Well-definedness and coordinate invariance of the mass

3.1. A renormalized Einstein–Hilbert action. We utilize an AH ver-
sion of the Einstein–Hilbert action to establish well-definedness of the volume-
renormalized mass.

Theorem 3.1. Let (M̂ , ĝ) be an APE manifold with scalĝ + n(n− 1) ∈ L1.

Then for (M,g) asymptotic to (M̂, ĝ) of order δ > n−1
2 , the limit

Sϕĝ (g) = lim
R→∞

(∫

BR

(scalg + n(n− 1)) dVg

−m
ϕ
ADM,ĝ(g,R)− 2(n − 1)RV ϕ

ĝ (g,R)
)
.

is well-defined and finite, where ϕ is the diffeomorphism from Definition 2.3.
In particular, mϕ

VR,ĝ(g) is well-defined and finite if scalg+n(n−1) ∈ L1(M).

Definition 3.2. We call the functional g 7→ Sϕĝ (g) the renormalized Einstein–

Hilbert action.
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Proof of Theorem 3.1. Fix some large R0 so that K ⊂ BR0
. For R > R0 we

define the annular regions AR = BR \BR0
and ÂR = φ(AR). This allows us

to work with ϕ∗g on AR.
We now note that mϕ

ADM,ĝ(g,R) can be expressed via the divergence the-

orem in terms of the linearization of scalar curvature as

m
ϕ
ADM,ĝ(g,R) =

∫

B̂R

(
divĝ(divĝ(ϕ∗g)) + ∆ĝ(trĝ(ϕ∗g))

)
dVĝ

=

∫

ÂR

(
Dscalĝ[h] + 〈h,Ricĝ〉

)
dVĝ + C,

where h = ϕ∗g − ĝ and C is the finite contribution from the integral over
BR0

. We will use C throughout the proof to denote such a finite term
independent of R, where the exact value may vary from line to line.

By Taylor expanding the scalar curvature we may write the above expres-
sion as

m
ϕ
ADM,ĝ(g,R) =

∫

ÂR

(
scalϕ∗g − scalĝ + 〈h,Ricĝ〉+Q1(h)

)
dVĝ + C

=

∫

ÂR

(
scalϕ∗g − scalĝ + 〈h,Ricĝ〉

)
dVĝ + C.

Here, Q1(h) is a remainder term quadratic in h and its first two derivatives.
For the second equality, we have used that Q(h) is integrable, which follows

from h ∈ C2,α
δ with δ > n−1

2 . Similarly, we Taylor expand the volume form

dVφ∗g =

(
1 +

1

2
trĝ(h) +Q2(h)

)
dVĝ,

where Q2(h) is quadratic in h and integrable. We get

RV ϕ
ĝ (g,R) =

1

2

∫

ÂR

trĝ(h) dVĝ + C.
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Now we bring everything together to obtain

Sϕĝ (g) = lim
R→∞

( ∫

BR

(scalg + n(n− 1)) dVg −m
ϕ
ADM,ĝ(g,R)

− 2(n − 1)RV ϕ
ĝ (g,R)

)

= lim
R→∞

( ∫

ÂR

(scalϕ∗g + n(n− 1)) dVϕ∗g −m
ϕ
ADM,ĝ(g,R)

− 2(n − 1)RV ϕ
ĝ (g,R)

)
+C

= lim
R→∞

( ∫

ÂR

(scalϕ∗g + n(n− 1)) dVϕ∗g

−

∫

ÂR

(
scalϕ∗g − scalĝ + 〈h,Ricĝ〉+ (n − 1)trĝ(h)

)
dVĝ)

)
+ C

= lim
R→∞

( ∫

ÂR

(scalϕ∗g + n(n− 1)) ( dVϕ∗g − dVĝ)

+

∫

ÂR

(
scalĝ + n(n− 1)− 〈h,Ricĝ + (n − 1)ĝ〉

)
dVĝ

)
+ C.

By assumption, scalĝ + n(n− 1) ∈ L1. Since g is APE, Ricĝ + (n− 1)ĝ and

scalϕ∗g + n(n− 1) are in L2. Since also h ∈ L2, we conclude that the limit
is finite. �

From Definition 2.5 and Proposition 2.6, we immediately obtain:

Corollary 3.3. Let (M,g) and (M̂, ĝ) be APE manifolds with isometric
conformal boundaries and assume that scalĝ + n(n− 1) ∈ L1. Then, Sϕĝ (g)

is well-defined and finite, where ϕ is a diffeomorphism in the sense of Defini-
tion 2.3. If furthermore scalg +n(n− 1) ∈ L1, then m

ϕ
VR,ĝ(g) is well-defined

and finite.

We will often use Corollary 3.3 without giving an explicit reference to it.
Furthermore, for the sake of convenience, we will say that an APE manifold
has integrable normalized scalar curvature if scal + n(n− 1) ∈ L1.

Remark 3.4. The definition is of the volume-renormalized mass uses an ex-
haustion of M by coordinate balls. The proof of Theorem 3.1 demonstrates
that the volume-renormalized mass is independent of the choice of exhaus-
tion. In particular, it is independent of the pair of boundary defining func-

tions on M and M̂ , as long as these are ϕ-compatible.

Remark 3.5. Note that under the conditions of Theorem 3.1, mϕ
VR,ĝ(g) =

±∞ if ±(scalg +n(n− 1)) ≥ 0 and scalg +n(n− 1) /∈ L1(M). In particular,
this is independent of the chosen diffeomorphism ϕ.

We have the following additivity properties for the renormalized Einstein–
Hilbert action and for the volume-renormalized mass. A similar additivity
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property for mass invariants of asymptotically hyperbolic manifolds is stud-
ied in [7].

Proposition 3.6. Let (M,g), (M̃ , g̃), (M̂ , ĝ) be APE manifolds with isomet-

ric conformal boundaries and assume that (M̃ , g̃) and (M̂ , ĝ) have integrable
normalized scalar curvature. Then the renormalized Einstein–Hilbert action
satisfies the additivity property

Sϕ̃◦ϕĝ (g) = Sϕg̃ (g) −m
ϕ̃
VR,ĝ(g̃),

where ϕ : N \ K → Ñ \ K̃ and ϕ̃ : Ñ \ K̃ → N̂ \ K̂, respectively, are dif-
feomorphisms as in Definition 2.3. If (M,g) also has integrable normalized
scalar curvature, it holds that

m
ϕ̃◦ϕ
ĝ (g) = m

ϕ
g̃ (g) +m

ϕ̃
VR,ĝ(g̃).

Proof. For R sufficiently large, we have

RV ϕ̃◦ϕ
ĝ (g,R) = RV ϕ

g̃ (g,R) +RV ϕ̃
ĝ (g̃, R)

so that

Sϕg̃ (g)− Sϕ̃◦ϕĝ (g) = lim
R→∞

(
m
ϕ̃◦ϕ
ADM,ĝ(g,R) −m

ϕ
ADM,g̃(g) + 2(n− 1)RV ϕ̃

ĝ (g̃, R)
)

Let γ = ϕ̃∗ϕ∗g. By diffeomorphism invariance, we get

m
ϕ̃◦ϕ
ADM,ĝ(g,R) −m

ϕ
ADM,g̃(g,R)

= m
Id
ADM,ĝ(ϕ̃∗ϕ∗g,R)−m

Id
ADM,ϕ̃∗g̃(ϕ̃∗ϕ∗g,R)

= m
Id
ADM,ĝ(γ,R)−m

Id
ADM,ϕ̃∗g̃(γ − ϕ̃∗g̃, R)

= m
Id
ADM,ĝ(γ,R)−m

Id
ADM,ĝ(γ − ϕ̃∗g̃, R)

+m
Id
ADM,ĝ(γ − ϕ̃∗g̃, R)−m

Id
ADM,ϕ̃∗g̃(γ − ϕ̃∗g̃, R)

= m
Id
ADM,ĝ(ϕ̃∗g̃, R)

+m
Id
ADM,ĝ(γ − ϕ̃∗g̃, R)−m

Id
ADM,ϕ̃∗g̃(γ − ϕ̃∗g̃, R)

= m
ϕ̃
ADM,ĝ(g̃, R)

+m
Id
ADM,ĝ(γ − ϕ̃∗g̃, R)−m

Id
ADM,ϕ̃∗g̃(γ − ϕ̃∗g̃, R).

Let h = γ − ϕ̃∗g̃ and g = ϕ̃∗g̃. For the last two terms, we have
∣∣∣mId

ADM,ĝ(h,R)−m
Id
ADM,g(h,R)

∣∣∣ ≤ C

∫

∂B̂R

(
|∇̂(ĝ − g)||h|+ |ĝ − g||∇̂h|

)
dVĝ

Because ĝ− g, h ∈ Ck,αδ with δ > n−1
2 , this converges to 0 as R→ ∞, which

proves the proposition. �

We now compute the first variation of the renormalized Einstein–Hilbert
action.
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Proposition 3.7. The first variation of Sϕĝ is given by

(3.1) DgS
ϕ
ĝ [h] = −

∫

M

〈
Ricg −

1

2
scalg g −

1

2
(n− 2)(n − 1)g, h

〉

g

dVg.

In particular, Sϕĝ is an analytic functional on the space Rk,α
δ (M,ϕ, ĝ) for

any δ > n−1
2 .

Proof. Let gt = g + th. We compute

d

dt

∫

BR

(scalgt + n(n− 1)) dVgt
∣∣
t=0

=

∫

BR

(
Dgscal[h] + (scalg + n(n− 1))

1

2
trgh

)
dVg

=

∫

BR

(divg(divg(h)) + ∆g(trgh)− 〈h,Ricg〉) dVg

+

∫

BR

(scalg + n(n− 1))
1

2
trghdVg

= m
Id
ADM,g(h,R)−

∫

BR

〈Ric −
1

2
(scalg + n(n− 1))g, h〉g dVg,

where we use the divergence theorem in the last line. We further compute

d

dt
RV ϕ

ĝ (gt, R)|t=0 =
1

2

∫

BR

trghdVg =
1

2

∫

BR

〈g, h〉 dVg

and
d

dt
m
ϕ
ADM,ĝ(gt, R)|t=0 = m

ϕ
ADM,ĝ(h,R).

As in the proof of Proposition 3.6, we find that

lim
R→∞

(
m

Id
ADM,g(h,R) −m

ϕ
ADM,ĝ(h,R)

)
= 0.

Adding up the above identities and letting R → ∞ thus finishes the proof.
�

The proposition demonstrates that Sϕĝ is a natural version of the Einstein–

Hilbert action for asymptotically hyperbolic manifolds, illustrated also by
the following corollary.

Corollary 3.8.

(i) If n = 2, the functional g 7→ Sϕĝ (g) is constant on Rk,α
δ (M,ϕ, ĝ).

(ii) If n ≥ 3, the critical points of Sϕĝ are exactly the PE metrics.

3.2. Diffeomorphism invariance. In this subsection, we demonstrate that
the volume-renormalized mass is a diffeomorphism-invariant quantity. A
first indication is given by the following lemma, which requires slightly more
regularity than we have previously assumed.
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Lemma 3.9. Let (M,g) and (M̂, ĝ) be APE manifolds with isometric con-

formal boundaries and assume that (M̂, ĝ) has integrable normalized scalar
curvature. Assume also that the manifolds are Ck,α, with k ≥ 3. Then for

all X ∈ Ck,αδ (TM), we have

DgS
ϕ
ĝ (LXg) = 0.

Proof. Since LXg ∈ Ck−1,α
δ , Proposition 5.14 gives us

DgS
ϕ
ĝ (LXg) = −

∫

M

〈
Ricg −

1

2
scalg · g −

1

2
(n− 1)(n − 2)g,LXg

〉

g

dVg.

Integrating by parts we get a boundary term at infinity which vanishes due
to the decay conditions. This leaves us with

DgS
ϕ
ĝ (LXg) = −2

∫

M
div

(
Ricg −

1

2
scalg · g

)
(X) dVg ,

which vanishes by the contracted second Bianchi identity. �

An immediate consequence is the following result.

Corollary 3.10. Let (M,g), (M̂, ĝ) and ϕ be as in Lemma 3.9. Additionally

let X ∈ Ck,αδ (TM) and ψt be the group of diffeomorphisms generated by X.
Then,

Sϕĝ ((ψt)∗g) = Sϕĝ (g)

for all t ∈ R. If in addition scalg + n(n− 1) ∈ L1, we obtain

m
ϕ
VR,ĝ((ψt)∗g) = m

ϕ
VR,ĝ(g)

for all t ∈ R.

This corollary asserts that the mass does not change if we modify the

Ck,α-diffeomorphism ϕ : N \ K → N̂ \ K̂ slightly by a diffeomorphism on
N , generated by a vector field with sufficiently fast falloff. This is does
not give a completely satisfying answer to the question of diffeomorphism
invariance. For example, it excludes Lorentz boosts on hyperbolic space,
which are generated by vector fields that do not decay towards the conformal
boundary.

From now on, we may again allow Ck,α, with k ≥ 2 and k + α ≥ δ.
The following lemma is entirely straightforward, however we state it for
completeness.

Lemma 3.11. Let (M,g) and (M̂ , ĝ) be APE manifolds with integrable
normalized scalar curvature and isometric conformal boundaries and let ψ :
M →M be a diffeomorphism. Then

m
ϕ
VR,ĝ(g) = m

ϕ◦ψ−1

ĝ (ψ∗g),
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where ϕ is the usual defining diffeomorphism as in Definition 2.3. Similarly,

if χ : M̂ → M̂ is a diffeomorphism,

m
ϕ
VR,ĝ(g) = m

χ◦ϕ
χ∗ĝ

(g).

Proof. The renormalized volume clearly is unchanged by a diffeomorphism
and the ADM term is unchanged because (ϕ◦ψ−1)∗(ψ∗g) = ϕ∗g. The other
argument is analogous. �

In the following, we are going to prove a much stronger type of diffeomor-
phism invariance under a natural condition.

Definition 3.12. Let (M̂, ĝ) be a (possibly incomplete) PE manifold with

conformal boundary (∂N̂, [σ̂]). We call (M̂, ĝ) proper if every conformal

isometry ψ∂ ∈ Iso(∂N̂, [σ̂]) extends to a Ck+1,α-diffeomorphism ψ : N̂ → N̂

which restricts to an isometry of (M̂, ĝ). We call a conformal class (∂N̂ , [σ̂])
proper if it is the conformal boundary of a proper PE manifold.

The key technical step is provided by the following lemma.

Lemma 3.13. Let (M̂, ĝ) be a proper PE manifold. Then, for every pair

of open neighborhoods U, V of ∂N̂ in N̂ and every Ck+1,α-diffeomorphism

ϕ : U → V with ϕ∗ĝ ∈ Rk,α
δ (V, ĝ), we have that

m
ϕ
VR,ĝ(ĝ) = 0.

Proof. Because ϕ restricts to a Ck+1,α-diffeomorphism on the boundary and

ϕ∗ĝ − ĝ ∈ Ck,αδ , we get that ϕ|
∂N̂

is a conformal isometry on the boundary.

Since (M̂ , ĝ) is proper, there exists a Ck+1,α diffeomorphism ψ on N̂ with

ψ|
∂N̂

= ϕ|
∂N̂

which restricts to an isometry of (M̂, ĝ). The diffeomorphism

χ = ϕ−1 ◦ ψ : ψ(V ) → U satisfies χ∗ĝ − ĝ ∈ Ck,αδ and χ|
∂N̂

= Id
∂N̂

.
Furthermore, by Lemma 3.11 and since ψ is an isometry we have

m
ϕ
VR,ĝ(ĝ) = m

ϕ◦ψ−1

VR,ĝ (ψ∗ĝ) = m
χ−1

VR,ĝ(ĝ).

Let us extend ψ to a Ck+1,α-diffeomorphism on M̂ , again denoted by ψ.
This does not change the value of the mass and by Lemma 3.11, we have

m
χ−1

VR,ĝ(ĝ) = m
Id
VR,ĝ(χ

∗ĝ).

It therefore remains to show that mId
VR,ĝ(χ

∗ĝ) = 0.

Changing the diffeomorphism χ inside a ball BR does not change the
mass. By deforming χ on a bounded subset, we may therefore assume that
χ = Id inside such a ball. Choosing R sufficiently large will make the
difference χ− Id arbitrarily small (measured with respect to the conformal

background ĥ). Provided that R is chosen large enough, we therefore find a

Ck+1,α-vector field X on N̂ such that the flow χt generated by X satisfies

χ1 = χ. Note that X vanishes on ∂N̂ and BR. The family t 7→ ĝt = χ∗
t ĝ
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then connects ĝ and χ∗ĝ. By Taylor expansion in time,

χ∗ĝ − ĝ =

∫ 1

0

d

dt
ĝtdt =

∫ 1

0

d

dt
(χ∗
t ĝ)dt =

∫ 1

0
χ∗
t (LX ĝ)dt.(3.2)

Our goal is now to determine the weighted regularity of d
dt ĝt.

For this purpose, let ρ be a boundary defining function for ∂N̂ and denote

by y the coordinates on ∂N̂ . By Taylor expansion at ρ = 0 and because X
vanishes on the boundary, we get that

X = aρ∂ρ + ρY (ρ) +O(ρ2),(3.3)

where Y (ρ) is a ρ-dependant family of vector fields on ∂N̂ and a is a function

on the boundary. With respect to the conformal background metric b̂, we
have

|∇
(l)
ĝ X|ĝ = ρl−1|∇

(l)
ĝ X |̂

b
.

To compare covariant derivatives of ĝ and ĥ, we note that

Γ(ĝ)lij − Γ(̂b)lij = −2ρ−1(δlj∂iρ+ δli∂jρ− b̂lmb̂ij∂mρ) = ∇(1)
ĥ
ρ ∗ ρ−1,

where ∗ denotes a linear combination of tensor products and contractions

using the metric ĥ. An induction argument then shows that

∇
(l)
ĝ X −∇

(l)

b̂
X =

∑

l0+...+lr+r=l


∇

(l1+1)

ĥ
ρ

ρ
∗ . . . ∗

∇
(lr+1)

ĥ
ρ

ρ


 ∗ ∇

(l0)

ĥ
X.

From this, we find

|∇
(l)
ĝ X|ĝ = ρl−1|∇

(l)
ĝ X |̂

b
≤ C

l∑

m=0

ρm−1|∇
(m)

b̂
X |̂

b
,

which implies

‖X‖Ck+1,α(ĝ) ≤
∥∥∥∇(1)

b̂
X
∥∥∥
Ck,α(̂b)

+
∥∥ρ−1X

∥∥
C0 (̂b)

.

Since X is Ck+1,α-regular and vanishes on the boundary, we have |X |̂
b
=

O(ρ) so that ‖X‖Ck+1,α(ĝ) < ∞. Therefore, the family of metrics t 7→ ĝt =

χ∗
t ĝ is a smooth family in Rk,α

0 (M̂, ĝ). In particular, the Ck,α-norms of

the metrics ĝt, t ∈ [0, 1] are uniformly equivalent and d
dt ĝt = χ∗

t (LX ĝ) ∈

Ck,α(χ∗
t ĝ) = Ck,α(ĝ). Next, we will improve the weight of this regularity.

By (3.3), there are constants a− < a+, depending on the bounds of the
function a such that

ea−tρ(x) ≤ ρ(χt(x)) ≤ ea+tρ(x)

for all x ∈ P and t ∈ R. We therefore find uniform constants C1, C2 > 0
such that

C1ρ ≤ χ∗
t ρ ≤ C2ρ
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for all t ∈ [0, 1]. Thus for any weight δ ∈ R and t ∈ [0, 1], the weighted spaces

Ck,αδ generated by the metrics ĝt are also uniformly equivalent and we have

that h ∈ Ck,αδ (S2T ∗M̂ , ĝ) (or equivalently, χ∗
th ∈ Ck,αδ (S2T ∗M̂, χ∗

t ĝ)) if and

only if χ∗
th ∈ Ck,αδ (S2T ∗M̂, ĝ). Since χ∗ĝ − ĝ ∈ Ck,αδ , the expansion (3.2)

implies that d
dt ĝt ∈ Ck,αδ (S2T ∗M̂, ĝ) for t ∈ [0, 1].

Thus, ĝt is a smooth family of isometric PE metrics in Ck,αδ (S2
+T

∗M̂, ĝ)

connecting ĝ and χ∗ĝ. The function t 7→ SId
ĝ (χ∗

t ĝ) is constant, as it is evalu-

ated along a family of critical metrics. In addition, SId
ĝ (χ∗

t ĝ) = −m
Id
VR,ĝ(χ

∗
t ĝ)

because all χ∗
t ĝ have constant scalar curvature −n(n− 1). Therefore,

m
Id
VR,ĝ(χ

∗ĝ) = m
Id
VR,ĝ(ĝ) = 0,

which was to be proven. �

Theorem 3.14. Let (M,g) and (M̂ , ĝ) be APE manifolds with integrable
normalized scalar curvature and isometric conformal boundaries. Assume
that the conformal boundaries are proper. Then, the definition of mϕ

VR,ĝ(g)

is independent of the choice of Ck+1,α-diffeomorphism ϕ.

Proof. Let ϕ1 : N \K1 → N̂ \ K̂1 and ϕ2 : N \ K2 → N̂ \ K̂2 be Ck+1,α-
diffeomorphisms with the property that

(ϕ1)∗g ∈ Rk,α
δ (M̂ \ K̂1, ĝ), (ϕ2)∗g ∈ Rk,α

δ (M̂ \ K̂2, ĝ).

Our goal is to show that

m
ϕ1

VR,ĝ(g) = m
ϕ2

VR,ĝ(g).

Let (M,g) be a proper PE manifold with the same conformal boundary as

(M̂, ĝ). Let furthermore χ : N̂ \ K̂ → N \ K be a Ck+1,α-diffeomorphism
such that

χ∗ĝ ∈ Rk,α
δ (M \K, g).

Assume without loss of generality that K̂ ⊂ K̂1 ∩ K̂2 so that the diffeo-
morphisms ψi = χ ◦ ϕi : N \ Ki → N \Ki, i = 1, 2 are defined. We then
get

(ψ1)∗g − g ∈ Ck,αδ (S2T ∗(M \K), g),(3.4)

(ψ2)∗g − g ∈ Ck,αδ (S2T ∗(M \K), g),(3.5)

and Proposition 3.6 implies that

m
ψi

VR,g(g) = m
ϕi

VR,ĝ(g) +m
χ
VR,g(ĝ)

for i = 1, 2. Thus, it suffices to show

m
ψ1

VR,g(g) = m
ψ2

VR,g(g).
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For this purpose, observe that we may choose closed and bounded subsets
K1 and K2 of N such that we get a diffeomorphism

ψ2 ◦ (ψ1)
−1 : N \K1 → N \K2.

Note that (3.5) implies

Ck,αδ (S2T ∗(M \K2), (ψ2)∗g) = Ck,αδ (S2T ∗(M \K2).g)

By (3.4) and diffeomorphism invariance, we thus get

(ψ2)∗g − (ψ2 ◦ ψ
−1
1 )∗g ∈ Ck,αδ (S2T ∗(M \K2), (ψ2)∗g)

= Ck,αδ (S2T ∗(M \K2), g).

Together with (3.5) and the triangle inequality, we obtain

(ψ2 ◦ ψ
−1
1 )∗g − g ∈ Ck,αδ (S2T ∗(M \K2), g).

We can also extend ψ2 ◦ψ
−1
1 to a Ck+1,α-diffeomorphism θ :M →M . Thus,

ψ2 = θ ◦ ψ1 and

θ∗g − g ∈ Ck,αδ (S2
+T

∗(M \K2), g).

Proposition 3.6 together with Lemma 3.13 implies that

m
ψ2

VR,g(g) = m
ψ2

VR,θ∗g(g)−m
Id
VR,θ∗g(g)

= m
ψ2

VR,θ∗g(g) +m
Id
VR,g(θ∗g)

= m
θ◦ψ1

VR,θ∗g
(g)

= m
ψ1

VR,g(g),

where we used Lemma 3.11 for the last equality. �

Remark 3.15. Note that the key arguments are indeed performed in the
proof of Lemma 3.13. Interestingly, the proof does not require a choice
of preferred coordinate system, which may be contrasted to the proofs of
diffeomorphism invariance of the ADM mass, see [4, 9].

Remark 3.16. The Fefferman–Graham expansions (2.3), (2.4) imply that

two PE metrics (M,g) and (M̂, ĝ) with isometric conformal boundaries are
asymptotic to each other of order n − 1. Therefore the ADM boundary
term is finite and computed from the first undetermined term σn−1 in the
Fefferman–Graham expansion. Thus, the renormalized volume is finite as
well. The functional g 7→ m

ϕ
VR,ĝ(g) is constant along a family of complete

Einstein metrics by Corollary 3.8, but the renormalized volume and ADM
boundary term may vary.

4. Special positive mass theorems

For the remainder of this paper, we will assume that all AH manifolds
have proper conformal boundaries, so that Theorem 3.14 holds. We may
thus drop the dependence of the mass and the renormalized Einstein–Hilbert
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action on the diffeomorphism in the notation and write Sĝ(g) instead of
Sϕĝ (g) and mVR,ĝ(g) instead of mϕ

VR,ĝ(g).

4.1. Two-dimensional positive mass theorem. In Corollary 3.8, we
have seen that the functional g 7→ Sĝ(g) is constant in dimension two. We
will now determine the value of this constant and deduce a positive mass
theorem for surfaces.

As a reference surface, we use the hyperbolic plane with an angle defect.

That is, (M̂, ĝ) = (R2, ghyp,ω), where the metric ghyp,ω is given by

ghyp,ω = dr2 + sinh2(r)
( ω
2π

)2
dθ2, θ ∈ [0, 2π] mod 2π.

in polar coordinates.

Theorem 4.1. Consider a complete APE surface (M2, g) which is asymp-

totic to (M̂, ĝ). We then have

Sĝ(g) = 4π(χ(M )− 2) + 2(2π − ω),(4.1)

where M is the one-point compactification of M . Under the assumption that
scalg + 2 ∈ L1 we conclude the identity

mVR,ĝ(g) + 2(2π − ω) =

∫

M
(scalg + 2) dVg + 4π(2 − χ(M)).(4.2)

If in addition, scalg ≥ −2, we find that

mVR,ĝ(g) + 2(2π − ω) ≥ 0,(4.3)

where equality holds if and only if (M2, g) is isometric to (M̂ , ĝ). In this

case, (M̂, ĝ) is also complete, and thus ω = 2π.

Proof. By linear interpolation we deform g to a metric g such that ϕ∗g = ĝ

on M̂ \ B̂R0−ǫ for some large radius R0. From Corollary 3.8 we have

Sĝ(g) = Sĝ(g) = lim
R→∞

(∫

BR

(scalg + 2) dVg − 2Rĝ(g,R)

)

= lim
R→∞

(∫

BR

scalg dVg + 2

∫

B̂R

dVĝ

)

=

∫

BR0

scalg dVg −

∫

B̂R0

scalĝ dVĝ.

(4.4)

Now replace the closed set M̂ \ B̂R0
by its one-point compactification at

infinity, that is, a closed disk D, and choose a metric g̃ on D∪ (B̂R0
\ B̂R0−ǫ)

which agrees with ĝ on B̂R0
\ B̂R0−ǫ. Then ĝ extends to a metric ĝ1 on

D ∪ B̂R0
∼= S2, and to a metric g1 on D ∪ϕ BR0

∼= M . Note that ĝ1 has
a conical singularity with the same angle defect as ĝ. The Gauss–Bonnet
theorem for compact conical surfaces (see, for example, [27, Proposition 1])
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yields ∫

S2

scalĝ1 dVĝ1 = 4πχ(S2) + 2(ω − 2π).

Using the fact that ĝ1 and g1 agree on D, we obtain

4π(χ(M )− 2) + 2(2π − ω) = 4πχ(M )− (4πχ(S2) + 2(ω − 2π))

=

∫

M
scalg1 dVg1 −

∫

S2

scalĝ1 dVĝ1

=

∫

D
scalg1 dVg1 +

∫

BR

scalg1 dVg1

−

∫

D
scalĝ1 dVĝ1 −

∫

B̂R

scalĝ1 dVĝ1

=

∫

BR

scalg dVg −

∫

B̂R

scalĝ dVĝ,

and combining this with (4.4) yields (4.1). The identity (4.2) is immediate.
The inequality (4.3) follows easily from the assumption scalg ≥ −2 and

the well-known identity χ(M) ≤ χ(S2) = 2. In case of equality in (4.3),
scalg ≡ −2, so g is a metric of constant curvature−1, andM is diffeomorphic
to S2, so M is diffeomorphic to R

2. Since g is asymptotic to ĝ and both are
of constant curvature, they must agree up to isometry in a neighborhood of
infinity. Since both metrics are of constant curvature and they are defined
on diffeomorphic manifolds, they must be isometric. �

Remark 4.2. An analogue of this formula has been established for asymp-
totically conical surfaces, see for example [10, Sec. 1.1.1].

4.2. A conformal positive mass theorem. Let ĝ be an APE metric of
constant scalar curvature scalĝ = −n(n−1) on the manifoldM . Let δ > n−1

2
and consider the set

C =
{
g ∈ Rk,α

δ (M, ĝ) | scalg = −n(n− 1)
}

(4.5)

of constant scalar curvature metrics asymptotic to ĝ.

Proposition 4.3. For each g ∈ Rk,α
δ (M, ĝ), there exists a unique function

w ∈ Ck,αδ such that g = e2wg ∈ C. Moreover, the set C is an analytic
manifold and the map

Φ : Ck,αδ (M)× C → Rk,α
δ (M, ĝ),

(w, g) 7→ e2wg,

is a diffeomorphism of Banach manifolds.

Proof. The first assertion follows from the resolution of the Yamabe problem
in the AH setting as formulated in [1, Theorem 1.7], except the precise decay
of the conformal factor as formulated in this proposition. According to [1,

Theorem 1.7], there is a function w ∈ Ck,α1 so that the metric g = e2wg has
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constant scalar curvature −n(n − 1). The function w satisfies the Yamabe
equation

−e2w(n− 1)n = e2wscalg = scalg + 2(n − 1)∆gw − (n− 1)(n − 2)|dw|2g .

In the following we are going to use this equation to show that w ∈ Ck,αδ .
We rewrite the above equation as

2(n− 1)(∆w + nω) = (n− 1)(n − 2)|dw|2g − (scalg + n(n− 1))

− n(n− 1)F (w),
(4.6)

where F (x) = e2x − 1 − 2x. By assumption, g − ĝ ∈ Ck,αδ , so that we have

scalg + n(n − 1) ∈ Ck−2,α
δ . From w ∈ Ck,α1 and because F (x) = O(x2) as

x→ 0, we get

(n− 1)(n − 2)|dw|2g − (scalg + n(n− 1))− n(n− 1)F (w) ∈ Ck,αmin{2,δ}.

By [24, Theorem C and Proposition E], we know that the operator

∆ + n : Ck,αη → Ck−2,α
η

is an isomorphism for η ∈ (−1, n). Thus we obtain w ∈ Ck,αmin{2,δ}. This

implies

2|dw|2g − (scalg + 6)− 6F (w) ∈ Ck−2,α
min{4,δ},

and therefore, w ∈ Ck,αmin{4,δ}. Repeating this procedure a finite number of

times yields w ∈ Ck,αδ , as desired.
To show that C is a manifold, consider the analytic map

Ψ : Rk,α
δ (M, ĝ) → Ck−2,α

δ (M),

Ψ : g 7→ scalg + n(n− 1).

The differential of this map is given by

DgΨ(h) = Dgscal(h) = ∆g(trh) + divg(divgh)− 〈Ricg, h〉g.

In particular, if g ∈ C and f ∈ Ck,αδ ,

DgΨ(fg) = (n − 1)(∆gf + nf).

Due to [24, Theorem C and Proposition E], the operator

∆g + n : Ck,αδ (M) → Ck−2,α
δ (M)

is an isomorphism. Thus, DgΨ is surjective and hence, C is an analytic
manifold with DgΨ = TgC by the implicit function theorem for Banach
manifolds.

It remains to show that the map Φ is a diffeomorphism. We already know
that Φ is smooth and bijective. Thus we are done, if we can show that Φ is a

local diffeomorphism in a neighborhood of each tuple (w, g) ∈ Ck,αδ (M)×C.
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At first we have

Ck,αδ (S2T ∗M) = Ck,αδ (M)⊕ TgC.(4.7)

for each g ∈ C: For h ∈ Ck,αδ (S2T ∗M), there exists a unique function

w ∈ Ck,αδ (M, ĝ) solving the equation

DgΨ(h) = DgΦ(fg) = (n− 1)(∆gw + nw)

and we obtain (4.7) by writing h = wg + (h− wg). The differential

D(0,g)Φ : Ck,αδ (M)⊕ TgC → Ck,αδ (S2T ∗M)

directly corresponds to the splitting (4.7) and is therefore an isomorphism.
Thus, Φ is a local diffeomorphism around each tuple (1, g) where g ∈ C. For

a general tuple (w0, g) ∈ Ck,αδ (M) × C, we write Φ is the composition of
maps

(w, g) 7→ (w − w0, g) 7→ Φ(w − w0, g) = e2we−2w0g 7→ e2wg = Φ(w, g).

We see that Φ is a local diffeomorphism around (w0, g) since Φ is a local
diffeomorphism around (1, g) and the maps w 7→ w−w0 and g 7→ e2w0g are
obviously diffeomorphisms. This finishes the proof. �

Corollary 4.4. The functional g 7→ mVR,ĝ(g) is an analytic functional on
the analytic manifold C. Furthermore, g ∈ C is a critical point of mVR,ĝ if
and only if Ricg = −(n− 1)g.

Proof. We know that g 7→ Sĝ(g) is an analytic functional on Rk,α
δ (M̂, ĝ)

which by definition agrees with g 7→ −mVR,ĝ(g) on C and the first assertion
follows. For the second assertion, Proposition 3.7 tells us that the gradient
of Sĝ is

gradSĝ(g) = Ricg −
1

2
scalg · g −

1

2
(n − 1)(n − 2)g.

In particular, gradSĝ(g) is trace-free if scalg = −n(n− 1). Thus, any g ∈ C
is a critical point of S with respect to conformal variations. By (4.7), we
therefore have Ricg = −(n− 1)g for g ∈ C if and only if it is a critical point
of Sĝ|C = −mVR,ĝ|C . This proves the assertion. �

We next turn to the case where g is conformal to ĝ, with scalĝ = −n(n−1).

Theorem 4.5. Let (Mn, ĝ) be a complete APE manifold with scalĝ =

−n(n − 1). Let w ∈ Ck,αδ (M) for some δ > n−1
2 and k + α ≥ δ, and

consider the conformal metric g = e2wĝ on M .
Then if scalg ≥ −n(n− 1) and scalg+n(n− 1) ∈ L1, we have mVR,ĝ(g) ≥ 0.
If furthermore mVR,ĝ(g) = 0, then g = ĝ.

Proof. We assume that the diffeomorphism ϕ for defining the mass is ϕ = Id.

We substitute φ = e
1
2
(n−2)w so that g = φ4/(n−2)ĝ. Note that φ− 1 ∈ Ck,αδ .
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We have

mADM,ĝ(g,R) =

∫

∂BR

(divĝ(g)− dtrĝ(g))(ν) dVĝ

=

∫

∂BR

(1− n)d(φ4/(n−2))(ν) dVĝ

= −
4(n− 1)

n− 2

∫

∂BR

φ(6−n)/(n−2)dφ(ν) dVĝ

and

RVĝ(g,R) =

∫

BR

dVg −

∫

BR

dVĝ =

∫

BR

(
φ2n/(n−2) − 1

)
dVĝ

so that

mVR,ĝ(g) = lim
R→∞

(
mADM,ĝ(g,R) + 2(n− 1)RVĝ(g,R)

)

= lim
R→∞

(
−

4(n− 1)

n− 2

∫

∂BR

dφ(ν) dVĝ

−
4(n − 1)

n− 2

∫

∂BR

(
φ(6−n)/(n−2) − 1

)
dφ(ν) dVĝ

+ 2(n − 1)

∫

BR

(
φ2n/(n−2) − 1

)
dVĝ

)
.

(4.8)

With the decay of φ, the first and last terms in this expression may be
infinite. However, we will see below that they combine to yield a finite
quantity with the correct sign. Furthermore, the integrand of the middle
term satisfies

(
φ(6−n)/(n−2) − 1

)
dφ(ν) ∈ O(e−2δr) and since 2δ > n− 1, this

term vanishes in the limit.
To handle the first and last terms in (4.8), we need to establish that φ ≥ 1.

In order to do this, recall that the scalar curvatures of g and ĝ are related
by

e2wscalg = scalĝ + 2(n − 1)∆ĝw − (n− 2)(n − 1)|dw|2ĝ ,

from which we have

(4.9) 2∆ĝw =
1

(n− 1)

(
e2wscalg − scalĝ + (n − 1)(n − 2)|dw|2ĝ

)
.

Using the fact that scalg ≥ scalĝ = −n(n− 1) we find that

2∆ĝw ≥ −n(e2w − 1) + (n− 2)|dw|2ĝ .

For the sake of contradiction assume that w < 0 somewhere on M . Since
we know that w → 0 at infinity, there must be a minimum attained at some
point x0 where w < 0 and therefore e2w − 1 < 0 at x0. In particular, this
implies ∆ĝw > 0 at x0, which by the maximum principle contradicts the
fact that x0 was a minimum. We therefore conclude that w ≥ 0 and φ ≥ 1.
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Applying the divergence theorem to (4.8) and using the fact that the
middle integral vanishes in the limit, we see that

mVR,ĝ(g) = lim
R→∞

2(n − 1)

∫

BR

(
φ2n/(n−2) − 1 +

2

n− 2
∆ĝφ

)
dVĝ

= 2(n − 1)

∫

M

(
φ2n/(n−2) − 1 +

2

n− 2
∆ĝφ

)
dVĝ

In terms of φ, the scalar curvatures of g and ĝ are related by

4(n− 1)

n− 2
∆ĝφ = scalgφ

(n+2)/(n−2) − scalĝφ

= n(n− 1)
(
φ− φ(n+2)/(n−2)

)

+ (scalg + (n− 1)n)φ(n+2)(n−2)

(4.10)

from which we find that

mVR,ĝ(g) = 2(n− 1)

∫

M

(
φ2n/(n−2) − 1 +

2

n− 2
∆ĝφ

)
dVĝ

=

∫

M
[2(n − 1)F (φ) + (scalg + n(n− 1))φ(n+2)/(n−2)] dVĝ,

where the smooth function F : (0,∞) → R is defined by

F (x) = x2n/(n−2) − 1 +
n

2
x−

n

2
x(n+2)/(n−2).(4.11)

Recall that φ ≥ 1, so we are done with the proof if we can show F (x) ≥ 0
for x ≥ 1 with F (x) = 0 only if x = 1. In fact, a direct computation shows
that F (1) = F ′(1) = 0 and

F ′′(x) =
2n(n+ 2)

(n− 2)2
x(6−n)/(n−2) (x− 1) ,

hence F ′′(1) = 0 and F ′′(x) > 0 for x > 1 and the desired statement
follows. �

Remark 4.6. Since every rotationally symmetric AH metric on R
n is confor-

mal to the hyperbolic metric, we also get a positive mass theorem for such
metrics.

Remark 4.7. An analogue of Theorem 4.5 is well known for the ADM mass
of asymptotically Euclidean manifolds, (see, for example, [26, Lem. 3.3]).

4.3. Positive mass theorem for AH metrics on R
3. Now we consider

AH metrics on R
3. In this case, we are able to prove a positive mass theorem

for the volume-renormalized mass.

Theorem 4.8. Let (R3, g) be an APE manifold with g ∈ Rk,α
δ (R3, ghyp) for

some δ > 1, satisfying scalg ≥ −6 and scalg+6 ∈ L1. Then, mVR,ghyp(g) ≥ 0
and equality holds if and only if g is isometric to ghyp.
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Proof. Let C be as in (4.5), with M = R
3 and ĝ = ghyp. By Proposition

4.3, there is a function w ∈ Ck,αδ (R3, ghyp) such that g = e2ωg ∈ C. From
Theorem 4.5, it follows that mVR,g(g) ≥ 0, or equivalently mVR,ghyp(g) ≥
mVR,ghyp(g) with equality if and only if g = g.

It thus remains to show that mVR,ghyp(g) ≥ 0, with equality if and only if g

is isometric to ghyp. We know that g−ghyp ∈ Ck,αδ (S2T ∗
R
3, ghyp). Since C

∞
c

is dense in Ck,αδ , we can find a sequence {gi}i∈N of AH metrics on R
3 such

that gi − ghyp is compactly supported for each i and gi → g with respect to

the Ck,αδ -norm as i→ ∞. By Proposition 4.3, we get a sequence of constant
scalar curvature metrics gi = e2wigi, where the sequence of conformal factors

wi ∈ Ck,αδ converges to 0 in Ck,αδ . By (4.6), we have

4(∆giwi + 3wi) = 2|dwi|
2
gi − (scalgi + 6)− 6F (wi),

where F (x) = e2x−1−2x. Recall that scalgi +6 is compactly supported, so

that wi ∈ Ck,αβ for all β > 0. We now repeat the above argument to improve

the decay rate of the functions wi. First, |dwi|
2
gi − (scalgi + 6) − 6F (wi) ∈

Ck−2,α
2δ , so by the isomorphism property of ∆ + 3, we have wi ∈ Ck−2,α

min{2δ,3}
.

Repeating this step twice, we see that |dwi|
2
gi−(scalgi+6)−6F (ωi) ∈ Ck−2,α

β

and wi ∈ Hk
β for any β < 3. Therefore, wi ∈ O(e−βr) for any β > −3 and

gi − ghyp ∈ Ck,αβ for any β < 3. For this reason, mADM,ĝ(g,R) → 0 as
R→ ∞, and

mVR,ghyp(gi) = 2(n − 1)RVghyp(gi).

Furthermore, we know by the work of Brendle and Chodosh [6] (see also
[8, Sec. 5]) that RVghyp(gi) ≥ 0. Since gi is a sequence of constant scalar

curvature metrics converging to g in Ck,αδ , we get from Corollary 4.4 that

2(n − 1)RVghyp(gi) = mVR,ghyp(gi) → mVR,ghyp(g).

Consequently, mVR,ghyp(g) ≥ 0. To finish the proof, it remains to consider
the equality case. Suppose that mVR,ghyp(g) = 0. Then, g is a critical point
of

C ∋ g 7→ Sghyp(g) = −mVR,ghyp(g).

By Corollary 4.4, it follows that g is a PE metric on R
3. Since n = 3, metric

g has constant curvature and must therefore be isometric to ghyp. �

5. A renormalized expander entropy for AH manifolds

In this section we will define and study a renormalized expander entropy
for AH manifolds, which turns out to be a monotone quantity for the Ricci

flow. Throughout, let (M,g) and (M̂, ĝ) be APE manifolds with isometric

conformal boundaries. Assume that (M,g) is complete and that (M̂, ĝ) has
integrable normalized scalar curvature.
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5.1. Definition of the entropy. In analogy to the expander entropy for
compact manifolds defined in [16], we consider the following definition.

Lemma 5.1. For f ∈ C∞
c (M), the limit

WAH,ĝ(g, f) = lim
R→∞

( ∫

BR

( (
|∇f |2 + scalg − 2(n − 1)f

)
e−f
)
dVg

+ (n− 2)(n − 1)

∫

BR

e−f dVg

+ 2(n − 1)

∫

B̂R

dVĝ −mADM,ĝ(g,R)
)

= lim
R→∞

( ∫

BR

( (
|∇f |2 + scalg + f

)
e−f dVg

− 2(n − 1)
(
(f + 1)e−f − 1

))
dVg

−mADM,ĝ(g,R) − 2(n− 1)RVĝ(g,R)
)
.

is finite.

Proof. Substitute e−f = ω2 and define

W̃AH,ĝ(g, ω) = WAH,ĝ(g, f).

Then we get

W̃AH,ĝ(g, ω) = lim
R→∞

(∫

BR

(
4|∇ω|2 + (scalg + n(n− 1))ω2

+ 2(n − 1)[(log(ω2)− 1)ω2 + 1]
)
dVg −RVĝ(g,R)

)
.

Substitute further u = ω − 1 and let

WAH,ĝ(g, u) = W̃AH,ĝ(g, ω).

In addition, set G(x) = 2(n−1)
(
(log((x+ 1)2)− 1)(x + 1)2 + 1

)
. Note that

G is nonnegative and G(0) = 0. Then,

WAH,ĝ(g, u) = lim
R→∞

( ∫

BR

(
4|∇u|2 + (scalg + n(n− 1))(u + 1)2 +G(u)

)
dVg

−
(
mADM,ĝ(g,R) + 2(n − 1)RVĝ(g,R)

) )

=

∫

M

(
4|∇u|2 + (scalg + n(n− 1))u2

+ 2(scalg + n(n− 1))u+G(u)
)
dVg + Sĝ(g),

where Sĝ(g) is well-defined and finite by Theorem 3.1. Since f ∈ C∞
c (M) we

have ω − 1 ∈ C∞
c (M) so u ∈ C∞

c (M) and G(u) ∈ C∞
c (M), and the integral

is finite, completing the proof. �
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Definition 5.2. The renormalized expander entropy of (M,g) is defined as

µAH,ĝ(g) = inf
f∈C∞

c (M)
WAH,ĝ(g, f) = inf

u∈C∞

c (M)
WAH,ĝ(g, u).

Remark 5.3. The proof of Lemma 5.1 implies that

µAH,ĝ(g) = Sĝ(g) + inf
u∈C∞

c (M)

∫

M

(
4|∇u|2 + (scalg + n(n− 1))u2

+ 2(scalg + n(n− 1))u+G(u)
)
dVg,

where G(x) = 2(n − 1)
(
(log((x+ 1)2)− 1)(x+ 1)2 + 1

)
. We obtain an ad-

ditivity of the functional µAH,ĝ. Suppose that (M, g̃) is another APE mani-
fold with integrable normalized scalar curvature whose conformal boundary
is isometric to the one of (M,g). Then the additivity of the renormalized
Einstein–Hilbert action in Proposition 3.6 gives

µAH,g̃(g) = µAH,ĝ(g) +mVR,ĝ(g̃).

Thus, the variational properties of the functional g 7→ µAH,ĝ(g) are indepen-
dent of the choice of the reference metric ĝ.

5.2. Existence of minimizers. We are going to show that the infimum in
the definition µAH,ĝ(g) is always achieved by a unique Ck,α-function fg and
that fg and hence also µAH,ĝ(g) depend analytically on the metric g.

Lemma 5.4. For sufficiently small ǫ > 0 there are positive constants Cǫ
and C, depending on g and ĝ, such that

C ‖u‖2H1 − C ≤ WAH,ĝ(g, u) − Sĝ(g) ≤ Cǫ(1 + ‖u‖ǫH1) ‖u‖
2
H1 + C

for all u ∈ C∞
c (M). In particular,

µAH,ĝ(g) = inf
u∈H1(M)

WAH,ĝ(g, u)

and µAH,ĝ(g) > −∞.

Proof. Recall that G(x) = 2(n − 1)
(
(log((x+ 1)2)− 1)(x + 1)2 + 1

)
. This

function satisfies G(x) ≥ 0 for all x ∈ R and G(x) = 0 if and only if x = 0 or
x = −2. Taylor expansion at x = 0 shows that G(x) = 4(n− 1)x2 +O(|x|3)
as x → 0, whereas G(x) = O(log(|x|)x2) as |x| → ∞. Summarizing these
estimates, we get for any given ǫ > 0 a constant Cǫ > 0 such that

G(x) ≤ 4(n− 1)x2 +Cǫ|x|
2+ǫ.(5.1)

Therefore, we have

WAH,ĝ(g, u) − Sĝ(g)

=

∫

M

(
4|∇u|2 + (scalg + n(n− 1))u2 + 2(scalg + n(n− 1))u+G(u)

)
dVg

≤

∫

M

(
C(|∇u|2 + u2) + (scalg + n(n− 1))2 +Cǫu

2+ǫ
)
dVg

≤ Cǫ(1 + ‖u‖ǫH1) ‖u‖
2
H1 + ‖scalg + n(n− 1)‖2L2 .
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Here, we used (5.1) and the Peter–Paul inequality in the first inequality. In
the second one, we used that L2+ǫ ⊂ H1 for sufficiently small ǫ > 0 and

scalg + n(n − 1) ∈ Ck−2,α
δ ⊂ L2 since δ > n−2

2 . This gives us the upper
bound.

Now let us find the lower bound. From [24, Proposition F] we know that
there is a gap around zero in the essential spectrum of the scalar Laplacian
∆. Since there is also no zero eigenvalue, we get a lower bound ∆ ≥ Λ > 0.
Therefore, again by the Peter–Paul inequality,

WAH,ĝ(g, u) − Sĝ(g)

=

∫

M

(
4|∇u|2 + (scalg + n(n− 1))u2 + 2(scalg + n(n− 1))u+G(u)

)
dVg

≥

∫

M

(
2|∇u|2 + 2Λu2 + (scalg + n(n− 1))u2 +G(u)

)
dVg

−

∫

M

(
ǫu2 +

1

ǫ
(scalg + n(n− 1))2

)
dVg

=

∫

M

(
2|∇u|2 + (2Λ + scalg + n(n− 1)− ǫ)u2 +G(u)

)
dVg

−
1

ǫ
‖scalg + n(n− 1)‖2L2

for any ǫ > 0. Since scalg + n(n− 1) → 0 at infinity, the set

K = {x ∈M | 2Λ + scalg + n(n− 1)− ǫ ≤ 0}

is compact, provided that we chose ǫ > 0 such that ǫ < 2Λ. Since G is a
nonnegative function and since the scalar curvature is bounded from below,
there exists a constant C > 0 such that

WAH,ĝ(g, u) − Sĝ(g) ≥ 2

∫

M
|∇u|2 dVg +

∫

K
(G(u) − Cu2) dVg

−
1

ǫ
‖scalg + n(n− 1)‖2L2

Since the function G(x) has faster than quadratic growth, we have G(x) −
Cx2 ≥ −C1 for some constant C1 > 0. Thus,

WAH,ĝ(g, u) − Sĝ(g)

≥ 2

∫

M
|∇u|2 dVg − C1vol(K, g) −

1

ǫ
‖scalg + n(n− 1)‖2L2

≥

∫

M

(
|∇u|2 + Λu2

)
dVg − C1vol(K, g) −

1

ǫ
‖scalg + n(n− 1)‖2L2

≥ C2 ‖u‖
2
H1 − C1vol(K, g) −

1

ǫ
‖scalg + n(n− 1)‖2L2 .

This proves the desired lower bound. �
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Proposition 5.5. The Euler–Lagrange equation of the functional WAH,ĝ(g, f)
is

2∆f + |∇f |2 − scalg − n(n− 1) + 2(n− 1)f = 0(5.2)

Proof. For v ∈ C∞
c (M) we get

d

dt
WAH,ĝ(g, f + tv)|t=0

=
d

dt

∫

M

(
(|∇f |2 + scalg + n(n− 1))e−f − 2(n− 1)((f + 1)e−f − 1)

)
dV |t=0

=

∫

M

(
2〈∇f,∇v〉 − v

(
|∇f |2 + scalg + n(n− 1)

))
e−f

− 2(n − 1)

∫

M
(ve−f − (f + 1)ve−f ) dV

=

∫

M

(
2∆f + |∇f |2 − scalg − n(n− 1) + 2(n − 1)f

)
ve−f dV,

where we used integration by parts in the last equality. �

Next, we are going to discuss existence and uniqueness of solutions of
the equation (5.2) with suitable conditions at infinity. We begin by proving
uniqueness of solutions.

Lemma 5.6. There exists at most one solution f of (5.2) such that f ∈
Ck,α(M) and f → 0 at infinity. Moreover, for every bounded domain Ω
with smooth boundary, there is at most one solution of (5.2) such that f ∈
Ck,α(Ω) ∩ C0(Ω) and f |∂Ω = 0.

Proof. We consider the case where f → 0 at infinity. The other case is
treated similarly. Suppose f1, f2 are solutions of (5.2) with f1, f2 → 0 at
infinity. The difference f0 = f1 − f2 satisfies

2∆f0 + 〈∇(f1 + f2),∇f0〉+ 2(n − 1)f0 = 0.(5.3)

We have f0 → 0 at infinity, so it either vanishes identically or it has a
maximum or a minimum in the interior. If f0 attains a maximum at an
interior point p, we have f0(p) > 0, ∇f0(p) = 0 and ∆f0(p) ≥ 0 which
contradicts (5.3). The argument for the minimum is analogous. Therefore,
f0 = 0, which proves uniqueness. �

For a bounded domain Ω ⊂M , we define

WΩ(g, u) =

∫

Ω

(
4|∇u|2 + (scalg + n(n− 1))u2

)
dVg

+ 2

∫

Ω
((scalg + n(n− 1))u+G(u)) dVg.

with associated localized entropy

µΩ(g) = inf
u∈C∞

c (Ω)
WΩ(g, u).
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Note that

WΩ(g, u) = WAH,ĝ(g, u) − Sĝ(g)(5.4)

for all u ∈ C∞
c (Ω) ⊂ C∞

c (M).

Proposition 5.7. Let Ω ⊂M be a bounded domain with smooth boundary.
Then there exists a function u that realizes the infimum of WΩ(g, ·). The
function f such that

e−f = (u+ 1)2

is then the unique solution of (5.2) such that f |∂Ω = 0.

Proof. From (5.4) and Lemma 5.4, we get

C(‖u‖2H1 − 1) ≤ WΩ(g, u) ≤ C
(
(1 + ‖u‖ǫH1) ‖u‖

2
H1 + 1

)
.

Thus,

µΩ(g) = inf
u∈H1

0 (Ω)
WΩ(g, u) > −∞.

Let ui be a minimizing sequence for µΩ(g). The sequence is obviously
bounded in H1, hence there exists a subsequence, again denoted by ui,
which converges weakly in H1 and strongly in Lp for some fixed p < 2n

n−2 to

a function u ∈ H1
0 (Ω). The functional u 7→ WΩ(g, u) is lower semicontinuous

in H1
0 (Ω). Therefore,

µΩ(g) ≤ WΩ(g, u) ≤ lim inf
i→∞

WΩ(g, ui) ≤ µΩ(g).

Consequently, u ∈ H1
0 (Ω) is the desired minimizer. By variational calculus,

the function u is a weak solution of (5.2). Standard arguments involving
elliptic regularity and Sobolev embedding yield u ∈ Ck,α and uniqueness
holds due to Lemma 5.6. �

Lemma 5.8. Let Ω ⊂ M be a bounded domain with smooth boundary and
f ∈ Ck,α(Ω) ∩C0(Ω) be a solution of (5.2) with f |∂Ω = 0. Then

1

2(n− 1)
inf
M

(scalg + n(n− 1)) ≤ f ≤
1

2(n− 1)
sup
M

(scalg + n(n− 1)).

Proof. Let x ∈ Ω be the point where f attains its maximum. It follows that
∇f(x) = 0 and ∆f(x) ≥ 0. From (5.2) we get

0 = 2∆f(x) + |∇f |2 − scal(x)− n(n− 1) + 2(n− 1)f(x)

≥ 2(n− 1)f(x)− scal(x)− n(n− 1),

which implies the upper bound. The argument for the lower bound is similar.
�

We can now prove existence on the whole manifold.
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Theorem 5.9. There are unique bounded functions ug, fg ∈ Ck,α(M) with

e−fg = (ug + 1)2, such that

µAH,ĝ(g) = WAH,ĝ(g, fg) = WAH,ĝ(g, ug).

In other words, there exists unique functions realizing the infimum in the
definition of the entropy.

Proof. Let Ωi be a sequence of bounded domains with smooth boundaries
such that Ωi ⊂ Ωi+1 and ∪∞

i=1Ωi =M . Let the sequence fi be the solutions

of (5.2) such that fi ∈ Ck,α(Ωi) ∩ C
0(Ωi) and fi|∂Ωi

= 0. By Lemma 5.8,
we have uniform bounds

1

2(n − 1)
inf
M

(scalg + n(n− 1)) ≤ fi ≤
1

2(n− 1)
sup
M

(scalg + n(n− 1)).

Thus, there exists a subsequence, which we also denote by fi, which con-
verges locally uniformly in Ck,α to a function fg defined on the whole man-
ifold, which again solves (5.2). Note that f necessarily satisfies the same
bounds.

It remains to show that fg is the minimizer of WAH,ĝ(g, ·), or equiva-

lently, the associated function ug is the minimizer of WAH,ĝ(g, ·). By domain
monotononicity we have

µΩi
(g) ≥ µΩi+1

(g)

and since ∪∞
i=1Ωi =M we get from (5.4) that

lim
i→∞

µΩi
(g) + Sĝ(g) = µAH,ĝ(g).

In particular, we have an upper bound on µΩi
(g). Let ui be the minimizer

of WΩi
(g, ·). Then,

µAH,ĝ(g) − Sĝ(g)

= lim
i→∞

µΩi
(g) = lim

i→∞
WΩ(g, fi) = lim

i→∞
WΩ(g, ui)

= lim
i→∞

∫

M

(
4|∇ui|

2 + (scalg + n(n− 1))u2i + 2(scalg + n(n− 1))ui +G(ui)
)
dVg.

As in the proof of Lemma 5.8, we can estimate∫

M

∣∣4|∇ui|2 + (scalg + n(n− 1))u2i + 2(scalg + n(n− 1))ui +G(ui)
∣∣ dVg

≤

∫

M

(
4|∇ui|

2 + |scalg + n(n− 1)|u2i + 2|scalg + n(n− 1)| · |ui|+ |G(ui)|
)
dVg

≤ C
(
1 + (‖ui‖

2
H1)

ǫ/2
)
‖ui‖

2
H1 + C

≤ C
(
1 + C(WΩi

(g, ui) + 1)ǫ/2
)
(WΩi

(g, ui) + 1)

≤ C
(
1 + C(µΩi

(g) + 1)ǫ/2
)
(µΩi

(g) + 1) ≤ C.



30 M. DAHL, K. KRÖNCKE, AND S. MCCORMICK

Note that from the third to fourth line, we used the lower bound from
Lemma 5.8. Note also that the constants involved are independent of Ωi.
Thus, since ui → ug locally uniformly in all derivatives, we can apply the
dominated convergence theorem and conclude

µAH,ĝ(g) = lim
i→∞

∫

M

(
4|∇ui|

2 + (scalg + n(n− 1))u2i

+ 2(scalg + n(n− 1))ui +G(ui)
)
dVg + Sĝ(g)

=

∫

M

(
4|∇ug|

2 + (scalg + n(n− 1))u2g

+ 2(scalg + n(n− 1))ug +G(ug)
)
dVg + Sĝ(g)

= WAH,ĝ(g, ug)

= WAH,ĝ(g, fg),

which is the desired result. �

Next, we consider the asymptotics of the minimizing function fg.

Lemma 5.10. For each constant C > 0 there exist a positive function f+
satisfying

2∆f+ + |∇f+|
2 − scalg − n(n− 1) + 2(n − 1)f+ ≥ 0(5.5)

and a negative function f− such that

2∆f− + |∇f−|
2 − scalg − n(n− 1) + 2(n − 1)f− ≤ 0(5.6)

both defined on the complementM\BR of a large ball BR, such that ±f±|∂BR
>

C and f± = O(e−2µr) for some µ > 0.

Proof of Lemma 5.10. Given a metric σ0 on the conformal boundary of
(M,g), we can choose a boundary defining function ρ such that on a neigh-
borhood U ⊂M near ∂N , g is of the form

g = ρ−2(dρ2 + σρ),

where ρ 7→ σρ is a Ck,α family of Riemannian metrics on ∂N , see [18,
Theorem 2.11]. With ρ = er, we obtain

g = dr2 + e2rσr.

Note that ∂rh = −e−r∂ρσ, so that |∂rσ|σ = O(e−r) as r → ∞. The Lapla-
cian of g is

∆gf = −∂2rrf − (n− 1)∂rf −
1

2
(trσ∂rσ)∂rf + e−2r∆σrf.

Suppose, without loss of generality, that U = {x ∈M | r(x) > R0} for some
radius R0 and let f : U → R be a function depending only on r. Define
functions on M \ BR0

by a = trσ(∂rσ) and b = scalg + n(n − 1). Then, f
satisfies (5.5) (resp. (5.6)) if and only if

−2∂2rrf − 2(n − 1)∂rf − a∂rf + (∂rf)
2 − b+ 2(n− 1)f ≥ 0 (resp. ≤ 0).
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With the ansatz f+(r) = λe−µr, f+ satisfies (5.5) if

λ
(
−2µ2 + 2µ(n − 1) + 2(n − 1)

)
e−µr ≥ b− λµae−µr + (λµ)2e−2µr.

We know that there exist constants A,B ≥ 0 such that |a| ≤ Ae−r and

|b| ≤ Be−δr. Choose R ≥ R0 and λ > max
{
C, (2(n − 1))−1Be−δR

}
, where

C > 0 is the constant in the statement of the lemma. Now choose µ ∈ (0, δ]
so small that

λe−2µR > C,

λ
(
−2µ2 + 2µ(n− 1) + 2(n − 1)

)
e−µR ≥ Be−δR +Aλµe−(µ+1)R + µ2λ2e−2µR.

Because µ ≤ δ, we get for all r ≥ R that

λ
(
−2µ2 + 2µ(n− 1) + 2(n − 1)

)
e−µr ≥ Be−δr +Aλµe−(µ+1)r + (λµ)2e−2µr

≥ b− λµae−µr + (λµ)2e−2µr

for all r ≥ R. Thus for these choices of µ and λ, f+ is a positive function
satisfying (5.5) on M \BR with f+(R) > C.

Similarly, with the ansatz f−(r) = −λe−µr, the function f− satisfies (5.6)
if

−λ
(
−2µ2 + 2µ(n − 1) + 2(n− 1)

)
e−µr ≤ b+Aλµe−µr + (λµ)2e−2µr.

Let λ, µ and R be as before. Then,

−λ
(
−2µ2 + 2µ(n − 1) + 2(n − 1)

)
e−µr ≤ −Be−δr −ACµe−(µ+1)r

≤ b− λµae−µr + (λµ)2e−2µr

for all r ≥ R and f− is a negative function satisfying (5.6) on M \BR with
f−(R) < −C. �

Lemma 5.11. Let f be the minimizer given by Theorem 5.9. Then, f ∈
O(e−2µr) for some µ > 0.

Proof. Let Ωi be a sequence of bounded domains such as in the proof of
Theorem 5.9. Let fi be the solutions of the Dirichlet problem for (5.2) on
Ωi, which exists by Proposition 5.7. By Lemma 5.8, |fi| ≤ C for some
constant C > 0.

Let f+ and f− be the functions provided by Lemma 5.10. We are done
with the proof if we are able to show f− ≤ f ≤ f+. Since a subsequence of
the fi converges locally uniformly to f , it suffices to show f− ≤ fi ≤ f+. We
may assume that i is so large that Ωi \ BR is an annular region with inner
boundary ∂BR and outer boundary ∂Ωi. On this set, the functions f+, f−
and fi are all defined. We consider the inequality fi ≤ f+, the other one is
similar.

Assume that there exists an i for which the inequality fi ≤ f+ fails to
hold. We know that fi = 0 < f+ on ∂Ωi and fi ≤ C < f+ on ∂BR, so that
the inequality fails in the interior. Certainly, we have f+ + C > C > fi on
Ωi \BR. Therefore, there exists a smallest C0 > 0 for which the inequality
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f++C0 ≥ fi holds, and a point x in the interior of the compact set Ωi \BR
such that f+(x) +C0 = fi(x). At this point, we have ∇f+(x) = ∇fi(x) and
∆fi(x) ≥ ∆f+(x). However, since f solves (5.2) and f+ satisfies (5.5), we
get

0 = 2∆fi(x) + |∇fi(x)|
2 − scalg(x)− (n− 1)n + 2(n− 1)fi(x)

≥ 2∆f+(x) + |∇f+(x)|
2 − scalg(x)− (n− 1)n + 2(n − 1)(f+(x) + C0)

≥ 2(n− 1)C0,

which contradicts C0 > 0. �

Recall that under the assumptions we made at the beginning of this sec-

tion, (M,g) is asymptotic to (M̂ , ĝ) of order δ > n−1
2 . For technical rea-

sons, we will additionally assume for the remainder of this section that
δ < n−1

2 + 1
2

√
(n+ 3)(n − 1).

Lemma 5.12. Let the function f be the minimizer given by Theorem 5.9.

Then f ∈ Ck,αδ (M).

Proof. By substituting u+ 1 = e−f/2, equation (5.2) transforms to

4∆u = −(scalg + (n− 1)n)u− scalg − (n− 1)n−H(u),(5.7)

where

H(u) = 2(n− 1) log((u+ 1)2)(u+ 1).

Note that for every ǫ > 0, there is a constant Cǫ such that

|H(u)| ≤ Cǫ(|u|+ |u|1+ǫ).(5.8)

By Lemma 5.11, f = O(e−µr) for some µ ∈ (0, δ). Thus, we also get
u = O(e−µr), so that u ∈ C0

µ and hence also H(u) ∈ C0
µ. Choose η ∈ (0, µ)

and a sufficiently large p ∈ (n,∞) such that η + n−1
p < µ. Then u ∈ Lpη.

Since scalg + (n− 1)n ∈ O(e−δr) with δ > η and H(u) = O(e−µr), we have

(scalg + (n− 1)n)u− scalg − (n− 1)n−H(u) ∈ Lpη,

and u ∈ W 2,p
η ⊂ C1,α

η by elliptic regularity applied to (5.7) and Sobolev

embedding (see [24, Lemma 3.6]. Hence, we also have f ∈ C1,α
η . Now we

are going to to successively improve the decay of f . Since f satisfies (5.2),
we get

2∆f + 2(n − 1)f = −|∇f |2 + scalg + n(n− 1).(5.9)

We have that |∇f |2 ∈ C0,α
2η and scalg + n(n− 1) ∈ Ck−2,α

δ . By [24, Proposi-

tions C and E], the operator ∆+ (n− 1) : C l,αβ → C l−2,α
β is an isomorphism

for all 2 ≤ l ≤ k and

n− 1

2
−

1

2

√
(n+ 3)(n− 1) < β <

n− 1

2
+

1

2

√
(n+ 3)(n − 1).(5.10)
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Thus we get f ∈ Ck,αη1 for 0 < η1 ≤ min {2η, δ}, since we assume δ < n−1
2 +

1
2

√
(n+ 3)(n − 1). Using the above arguments again, we obtain f ∈ Ck,αη2

for 0 < η2 ≤ min {2η1, δ}. After repeating this procedure a finite number of
times, we obtain the desired result. �

We now prove that the renormalized expander entropy depends analyti-
cally on the Riemannian metric.

Proposition 5.13. The map

Rk,α
δ (M) ∋ g 7→ fg ∈ Ck−2,α

δ (M),

associating to a metric g the unique minimizer in the definition of µAH,ĝ(g)

is analytic. In particular, Rk,α
δ (M) ∋ g 7→ µAH,ĝ(g) is analytic.

Proof. We consider the map Φ : Rk,α
δ (M) × Ck,αδ (M) → Ck−2,α

δ (M), given
by

Φ(g, f) = 2∆f + |∇f |2 − scalg − n(n− 1) + 2(n − 1)f.

The differential of Φ in the second argument is given by

D(g,f)Φ(0, v) = 2∆v + 2〈∇f,∇v〉+ 2(n− 1)v.(5.11)

The result will follow from the implicit function theorem, if we show that
the map

Pg,f = D(g,f)Φ(0, .) : C
k,α
δ (M) → Ck−2,α

δ (M)

is an isomorphism for each f ∈ Ck,αδ .
In fact, an integration by parts argument with respect to the weighted

measure e−f dV shows that Pg,f has trivial kernel. It remains to show that it

is surjective. For this purpose, one computes that Pg,f = ef/2 ◦Qg,f ◦ e
−f/2,

where

Qg,f (v) = 2∆v + 2(n − 1)v +

(
∆f +

1

2
|∇f |2

)
v.

By [24, Proposition F] and the assumptions on δ,

2∆ + 2(n − 1) : Ck,αδ (M) → Ck−2,α
δ (M)

is Fredholm of index zero. Since ∆f + 1
2 |∇f |

2 ∈ O(e−δr) as r → ∞, the
operator Qf has the same indicial root as 2∆ + 2(n − 1). Thus by [24,

Theorem C], Qg,f : Ck,αδ (M) → Ck−2,α
δ (M) is also a Fredholm operator of

index zero. Because multiplication with e±f is an isomorphism, Pg,f is also
Fredholm of index zero. Since its kernel is zero, Pg,f is an isomorphism, as
desired. �

5.3. First and second variation. In the next proposition, we compute
the first variation of g 7→ µAH,ĝ.
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Proposition 5.14. We have

DgµAH,ĝ[h] = −

∫

M
〈Ric +∇2fg + (n− 1)g, h〉e−fg dV,

where fg is the minimizing metric in the definition of µAH,ĝ(g).

Proof. If h ∈ Ck,αδ , then by Proposition 5.13, v = d
dtfg+th|t=0 ∈ Ck,αδ (M).

In order to avoid cumbersome notation, let us write f = fg throughout the
rest of the proof. An approximation argument shows that the computation

in the proof of Proposition 5.5 is also valid for v ∈ Ck,αδ . Thus, since f is
the minimizer,

Dg,fWAH,ĝ[0, v] = 0,

and the chain rule implies

DgµAH,ĝ[h] = Dg,fWAH,ĝ[h, v]

= Dg,fWAH,ĝ[h, 0] +Dg,fWAH,ĝ[0, v]

= Dg,fWAH,ĝ[h, 0].

Using this and the first variation of the scalar curvature, we compute

DgµAH,ĝ[h] =
d

dt
WAH,ĝ(g + th, f)|t=0

=
d

dt

∫

M

((
|∇f |2 + scal + n(n− 1)

)
e−f − 2(n− 1)

(
(f + 1)e−f − 1

))
dV |t=0

−
d

dt
mVR,ĝ(g)|t=0

=

∫

M
(−〈h,∇f ⊗∇f〉+∆trh+ div(divh)− 〈Ric, h〉) e−f dVg

+
1

2

∫

M

((
|∇f |2 + scal + n(n− 1)

)
e−f − 2(n− 1)

(
(f + 1)e−f

))
trhdV

− lim
η→∞

∫

∂BR

〈divh−∇trh, ν〉 dV.

By integration by parts over a large ball, we have∫

BR

∆(trh)e−f dV =

∫

BR

trh∆(e−f ) dV −

∫

∂BR

〈∇trh, ν〉e−f dV

−

∫

∂BR

trh〈∇f, ν〉e−f dV

= −

∫

BR

trh(∆f + |∇f |2)e−f dV −

∫

∂BR

〈∇trh, ν〉e−f dV

−

∫

∂BR

trh〈∇f, ν〉e−f dV
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and ∫

BR

div(divh)e−f dV =

∫

BR

〈h,∇2(e−f )〉 dV

+

∫

∂BR

〈divh+ h(∇f, ·), ν〉e−f dV

=

∫

BR

〈h,∇f ⊗∇f −∇2f〉e−f dV

+

∫

∂BR

〈divh+ h(∇f, ·), ν〉e−f dV.

Since h ∈ Ck,αδ and f ∈ Ck,αδ for some δ > n−1
2 , we have

∣∣∣∣
∫

∂BR

trh〈∇f, ν〉e−f dV

∣∣∣∣+
∣∣∣∣
∫

∂BR

〈h(∇f, ·), ν〉e−f dV

∣∣∣∣→ 0

as well as∣∣∣∣
∫

∂BR

〈∇trh, ν〉(1 − e−f ) dV

∣∣∣∣+
∣∣∣∣
∫

∂BR

〈divh, ν〉(1 − e−f ) dV

∣∣∣∣→ 0

as R → ∞. Therefore, all the boundary terms vanish and after summing
up, we obtain

DgµAH,ĝ[h] = −

∫

M
trh(∆f + |∇f |2)e−f dV −

∫

M
〈∇2f +Ric, h〉e−f dV

+
1

2

∫

M

(
[|∇f |2 + scal + n(n− 1)]e−f − 2(n− 1)(f + 1)e−f

)
trhdV

= −

∫

M
〈∇2f +Ric, h〉e−f dV − (n− 1)

∫

M
trhe−f dV

+
1

2

∫

M
[−2∆f − |∇f |2 + scal + n(n− 1)− 2(n− 1)f ]e−f trhdV.

Using the Euler–Lagrange equation (5.2), the last integral on the right hand
side vanishes and we obtain the first variation formula as stated. �

It follows that critical points of the renormalized expander entropy are
precisely the Einstein metrics. In what follows we will continue to use f to
denote the minimizing function in the definition of µAH,ĝ(g).

Corollary 5.15. A metric g ∈ Rk,α
δ is a critical point of µAH,ĝ if and only

if it is PE.

Proof. By Proposition 5.14, the critical points of µAH,ĝ satisfy

Ric +∇2f = −(n− 1)g,

or equivalently

Ric−
1

2
scal g = −∇2f −

1

2
(∆f)g − (n− 1)g +

n

2
(n− 1)g.
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By the second Bianchi identity, the left-hand side is divergence free, so that

0 = div∇2f +
1

2
div((∆f)g) = −∆∇f +

1

2
∇(∆f)

= −∆∇f +
1

2
(∆ + Ric)(∇f) = −(∆ +∇2f +

n− 1

2
)(∇f)

= −(∆ +∇∇f +
n− 1

2
)(∇f).

Since ∇f ∈ H1, taking the scalar product of the equation with ∇f itself
and integrating over M with respect to the weighted measure e−f dV yields
∇f = 0. Thus, we have ∇2f = 0 which implies that Ric = −(n − 1)g, as
desired. �

Lemma 5.16. We have

DgµAH,ĝ[LXg] = 0

for any X ∈ Ck−1,α
δ (TM).

Proof. Let f = fg be the minimizer in the definition of µAH,ĝ and let u =

e−f/2 − 1. By the proof of Lemma 5.1,

µAH,ĝ(g) = WAH,ĝ(g, u)

=

∫

M

(
4|∇u|2 + (scalg + n(n− 1))u2

+ 2(scalg + n(n− 1))u+ F (u)
)
dVg + Sĝ(g),

(5.12)

where F (x) = 2(n − 1)
(
(log((x+ 1)2)− 1)(x+ 1)2 + 1

)
.

By density of Ck+1,α
δ in Ck−1,α

δ , it suffices to show the lemma for X ∈

Ck+1,α
δ (TM). Let ϕt be the diffeomorphisms generated by X and gt = ϕ∗

t g.
By diffeomorphism invariance of the Euler–Lagrange equation (5.2), fgt =
fg ◦ ϕt, so that also ugt = ug ◦ ϕt. Furthermore, Corollary 3.10 implies that
Sĝ(gt) is constant along t. Using this together with ugt = ug ◦ ϕt in (5.12)
implies that also µAH,ĝ(g) is constant in t. Differentiating at t = 0 gives the
desired result. �

We have mentioned Ricci flow on AH manifolds but have yet to discuss it
in detail. In the AH setting, it natural to normalize the Ricci flow equation
to

d

dt
gt = −2Ricgt + 2(n − 1)gt.(5.13)

Existence and uniqueness of solutions to (5.13) in the AH setting has been
established by Bahuaud [2]. While Bahuaud only considers AH metrics
with smooth compactifications, these results can probably be extended to

AH metrics of class Ck,αδ along the same lines. Thus if g0 ∈ Rk,α
δ (M, ĝ),

we expect to have a unique solution gt of (5.13) starting at g0 such that

gt ∈ Rk,α
δ (M, ĝ).
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Lemma 5.17. Let gt be a solution of (5.13) with gt ∈ Rk,α
δ (M, ĝ). Then,

the function t 7→ µAH,ĝ(gt) is monotonically increasing. It is strictly mono-
tonically increasing unless gt is a constant family of PE metrics.

Proof. By Lemma 5.16, DgµAH,ĝ[∇
2f ] = 0 for f ∈ Ck,αδ . If gt is a solution

of (5.13), we get from Proposition 5.14 that

d

dt
µAH,ĝ(gt) = 2

∫

M
|Ricgt +∇2fgt + (n− 1)gt|

2
gte

−fgt dVgt ≥ 0.

The equality case follows from Corollary 5.15. �

Next, we compute the second variation of the expander entropy at an
Einstein metric.

Definition 5.18. The Lichnerowicz Laplacian ∆L and the Einstein operator
∆E, which act on symmetric tensor fields h, are defined by

∆Lhij = ∆hij +Ricikh
k
j +Ricjkh

k
i − 2hklRiklj, and

∆Ehij = ∆hij − 2hklRiklj.

Note that if the underlying manifold is Einstein with Ric = λg then we
simply have ∆Lh = (∆E + 2λ)h.

Proposition 5.19. Let (M,g) be a complete PE manifold. Then the second
variation of µAH,ĝ at g is given by

D2
gµAH,ĝ[h, h] =

{
−1

2

∫
M 〈∆Eh, h〉 dV, if divh = 0,

0, if h = LXg for X ∈ Ck+1,α
δ (TM).

Moreover, D2
gµAH,ĝ is diagonal with respect to the orthogonal decomposition

Ck,αδ (S2T ∗M) = ker(div)⊕
{
LXg | X ∈ Ck+1,α

δ (TM)
}
.(5.14)

Proof. Recall that the first variation of the Ricci tensor [5, Theorem 1.174]
is given by

DgRic[h] =
1

2

(
∆Lh+ Ldivhg −∇2trh

)
.

From this we compute for h ∈ Ck,αδ (S2T ∗M) with divh = 0,

d2

dt2
µAH,ĝ(g + th)|t=0 = −

d

dt

∫

M
〈Ric +∇2f) + (n− 1)g, h〉e−f dV

∣∣
t=0

= −

∫

M
〈DgRic(h) +∇2f ′ + (n− 1)h, h〉e−f dV

= −

∫

M
〈
1

2
[∆Lh+ Ldivhg −∇2trh] +∇2f ′ + (n− 1)h, h〉e−f dV

= −
1

2

∫

M
〈∆Lh+∇2(2f ′ − trh) + 2(n − 1)h, h〉,

where f ′ = d
dtfg+th|t=0, and here we also used that f = 0. In order to

compute f ′, we differentiate the Euler–Lagrange equation (5.2). Since f is
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constant and divh = 0, this yields

0 = 2∆f ′ −Dgscal(h) + 2(n − 1)f ′

= 2(∆ + (n− 1))(f ′)− [∆trh+ δ(δh) − 〈Ric, h〉]

= 2(∆ + n− 1)(f ′)− (∆ + n− 1)trh.

Recall that the operator ∆ + n − 1 : Ck,αδ (M) → Ck−2,α
δ (M) is an isomor-

phism. This implies 2f ′ = trh and

D2
gµAH,ĝ[h, h] = −

1

2

∫

M
〈∆Eh, h〉 dV,

which proves the variational formula for the case divh = 0. For the other

case, let h = LXg for some X ∈ Ck+1,α
δ (TM) and k ∈ Ck,αδ (S2T ∗M) be

arbitrary. Let ϕt be the diffeomorphism generated by X and consider the
2-parameter family of metrics gt,s = ϕ∗

t (g + sk). Then by Lemma 5.16,
µAH,ĝ(gt,s) only depends on s, so that

D2
gµAH,ĝ[h, k] = D2

gµAH,ĝ[k, h] =
d2

dsdt
µAH,ĝ(gt,s)|s,t=0 = 0.

Together with the fact that ∆E,g̃ preserves the splitting (5.14) (see [25, pp.
28–29]), the second variational formula as well as the orthogonality state-
ment follow. �

6. A local positive mass theorem

From this point onward, we will take the metric ĝ to be a complete PE

metric on the manifold M = M̂ . We consider the functional g 7→ µAH,ĝ(g)

on the space Rk,α
δ (M, ĝ), with δ > n−1

2 .

6.1. Local maxima of the entropy. In order to establish a criterion for
local maximality of µAH,ĝ at ĝ, we need to take into account that our second
variation has an infinite-dimensional kernel. However due to diffeomorphism
invariance, the space of Lie derivatives of the metric is a subspace of finite
codimension of the kernel. Due to this fact, we may restrict our attention
to the subset

Sĝ =
{
g ∈ Rk,α

δ (M, ĝ) | divĝg = 0
}
.

Let Diffk+1,α
δ (M) be the set of diffeomorphisms generated by the vector

fields X ∈ Ck+1,α
δ (TM).

Lemma 6.1. There exists a Ck,αδ -neighbourhood U of ĝ in the space of met-
rics such that any g ∈ U can be uniquely written as g = ϕ∗g̃ for some

g̃ ∈ U ∩ Sĝ and a diffeomorphism ϕ ∈ Diffk+1,α
δ (M) that is Ck+1,α

δ -close to
the identity.
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Proof. Consider the smooth map

Φ : Sĝ ×Diffk+1,α
δ (M) → Ck,αδ (S2

+M),

(g, ϕ) 7→ ϕ∗g.

Its differential at (ĝ, Id) exactly corresponds to the decomposition (5.14).
Therefore the assertion is an immediate consequence of the inverse function
theorem. �

Definition 6.2. The PE manifold (M, ĝ) is called linearly stable if ∆E

is a nonnegative operator. It is called integrable if there exists a Ck,αδ -
neighbourhood U of ĝ in the space of metrics such that

E =
{
g ∈ U ∩ Sĝ | Ricg = −(n− 1)g

}

is a smooth manifold with TĝE = kerL2(∆E).

In order to prove a statement of local maximality for the entropy we also
need to control some error terms.

Lemma 6.3. There exists a Hk-neighbourhood of ĝ in the space of metrics
and a constant C > 0 such that∣∣∣∣

d3

dt3
µAH,ĝ(g + th)

∣∣
t=0

∣∣∣∣ ≤ C ‖h‖
Ck,α

δ

‖h‖2H1

for all g ∈ U .

Proof. We follow the proof of [22, Proposition 4.5] for the expander entropy
in the compact setting, to which we refer for further details. Large part of
the estimate follows from standard computations. The nontrivial part is to
establish estimates on first and second variations of the minimizing function
fg. By differentiating (5.2) twice, one sees that the defining equations for

v = d
dtfg+th|t=0 and w = d2

dt2 fg+th|t=0 are of the form

Pg,fg(v) = (∗) Pg,fg(w) = (∗∗)

for some right hand sides (∗), (∗∗). Here, Pg,fg is the operator defined in

(5.11). In the proof of Proposition 5.13, we show that Pg,fg : Ck,αδ →

Ck−2,α
δ is an isomorphism. Because of that, we can carry out all nessecary

estimates exactly as in [22, Section 4]. The only difference is that one needs
to replace the unweighted Hölder spaces by weighted ones and to use the

trivial inclusion Ck,αδ ⊂ Ck,α0 . �

Lemma 6.4. Let h ∈ Ck,αδ (S2T ∗M) be a tensor field satisfying divĝh = 0.

For a PE metric g ∈ Rk,α
δ (M, ĝ), we consider the g-dependent vector field

Xg satisfying hg = h− LXgg ∈ ker(divg) given by (5.14). Then,
∥∥LXgg

∥∥
H1 ≤ C ‖g − ĝ‖

Ck,α
δ

‖h‖H1 .

Proof. An analogous statement was shown in [21, Lemma 5.4.4] for the com-
pact setting and the proof is the same here. With respect to the orthogonal



40 M. DAHL, K. KRÖNCKE, AND S. MCCORMICK

decomposition

H l(TM) =
{
∇gf | f ∈ H l+1(M)

}
⊕
{
X ∈ H l(TM) | divgX = 0

}

for l ∈ {0, 1, 2}, the operator P : X 7→ −divgLXg decomposes as

P = 2∆g ⊕ (∆g + (n− 1))

and both operators on the right hand side are isomorphisms from H2 to L2.
Thus, ∥∥LXgg

∥∥
H1 ≤ C ‖Xg‖H2 ≤ C ‖PXg‖L2 ≤ C ‖divgh‖L2

≤ C
∥∥(divg − divĝ)h

∥∥
L2 ≤ C ‖g − ĝ‖C1 ‖h‖H1 .

The estimate of the lemma follows from the trivial inclusion Ck,αδ ⊂ C1. �

Now we are ready to prove the main result of this subsection.

Theorem 6.5. Let the PE manifold (M, ĝ) be linearly stable and integrable.
Then it is a local maximum of µAH,ĝ.

Proof. Recall that by Lemma 6.1, any metric g̃ close to ĝ is isometric to a
metric g ∈ Sĝ close to ĝ. Therefore it suffices to prove

µAH,ĝ(g) ≤ µAH,ĝ(ĝ) for all g ∈ Sĝ ∩ U

for a sufficiently small Ck,αδ -neighbourhood U of ĝ. In order to prove this,
let E be as in Definition 6.2 and let N be the orthogonal complement of
kerL2(∆E) in

TĝSĝ =
{
h ∈ Ck,αδ (S2T ∗M) | divĝh = 0

}
.

Since ĝ is integrable, E is a manifold and

TĝSĝ = TĝE ⊕N

By the implicit function theorem applied to the map

Ψ : E ×N → TĝSĝ, (g, h) 7→ g + h,

there exists a Ck,αδ -neighbourhood U such that any g ∈ Sĝ ∩ U can be
uniquely written as g = g̃+h with g̃ ∈ E and h ∈ N . Let hg̃ be as in Lemma
6.4. Taylor expansion yields

µAH,ĝ(g) = µAH,ĝ(g̃) +
d

dt
µAH,ĝ(g̃ + th)

∣∣
t=0

+
1

2

d2

dt2
µAH,ĝ(g̃ + th)

∣∣
t=0

+
1

2

∫ 1

0
(1− t)2

d3

dt3
µAH,ĝ(g̃ + th)

= µAH,ĝ(ĝ)−
1

4

∫

M
〈∆E,g̃hg̃, hg̃〉g̃ dVg̃

+
1

2

∫ 1

0
(1− t)2

d3

dt3
µAH,ĝ(g̃ + th).
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For the second equality, we used the fact that µAH is constant on the man-
ifold E of its critical points. Let us now look more carefully at the term
coming from the second variation. By [25, pp. 28–29], see also [21, Lemma
2.4.5], we know that ∆E,g̃ preserves the splitting (5.14) according to which
we have h = hg̃ + LXg̃

g̃. Therefore,
∫

M
〈∆E,g̃hg̃, hg̃〉g̃ dVg̃ =

∫

M
〈∆E,g̃h, h〉g̃ dVg̃ −

∫

M
〈∆E,g̃LXg̃

g̃,LXg̃
g̃〉g̃ dVg̃.

By Lemma 6.4,∫

M
〈∆E,g̃LXg̃

g̃,LXg̃
g̃〉g̃ dVg̃ ≤ C

∥∥LXg̃
g̃
∥∥
H1 ≤ C ‖g − ĝ‖

Ck,α
δ

‖h‖H1

and a Taylor expansion argument (see for example [21, p. 74]) implies∫

M
〈∆E,g̃h, h〉g̃ dVg̃ ≥

∫

M
〈∆E,ĝh, h〉ĝ dVĝ − C ‖g − ĝ‖

Ck,α
δ

‖h‖H1 .

By [24, Proposition D] we have that ∆E,ĝ ≥ 1
4(n − 1)2 on N . Therefore,

with a suitable choice of ǫ > 0, we get∫

M
〈∆E,ĝh, h〉ĝ dVĝ = (1− ǫ)

∫

M
〈∆E,ĝh, h〉ĝ dVĝ + ǫ

∫

M
〈∆E,ĝh, h〉ĝ dVĝ

≥
1− ǫ

4
(n− 1)2 ‖h‖2L2 + ǫ ‖∇h‖2L2 − ǫ

∥∥Rĝ
∥∥
L∞

‖h‖2L2

= ǫ ‖∇h‖2L2 +

[
1− ǫ

4
(n− 1)2 − ǫ

∥∥Rĝ
∥∥
L∞

]
‖h‖2L2

≥ C ‖h‖2H1

for some constant C > 0. Combining these estimates, we have thus shown∫

M
〈∆E,g̃hg̃, hg̃〉g̃ dVg̃ ≥ C(1− ‖g − ĝ‖

Ck,α
δ

) ‖h‖2H1

which implies, together with Lemma 6.3,

µAH,ĝ(g) = µAH,ĝ(ĝ)−
1

4

∫

M
〈∆E,g̃hg̃, hg̃〉g̃ dVg̃

+
1

2

∫ 1

0
(1− t)2

d3

dt3
µAH(g̃ + th) dt

≤ µAH(ĝ)− C(1− ‖g − ĝ‖
Ck,α

δ

) ‖h‖2H1 + ‖h‖Hk ‖h‖
2
H1 .

Thus we get the desired statement, provided that the Ck,αδ -neighbourhood
U is small enough. �

6.2. Positivity of mass. As in Subsection 4.2, we set

C =
{
g ∈ Rk,α

δ (M, ĝ) | scalg = −n(n− 1)
}
.

Observe that if g ∈ C, the Euler–Lagrange equation (5.2) implies that fg = 0,
so that we have the identity µAH,ĝ(g) = −mVR,ĝ(g).
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Proposition 6.6. Let g ∈ C. Then g is a critical point of µAH,ĝ with
respect to conformal variations. Moreover, the second variation in conformal
directions is given by

D2
gµAH,ĝ(vg, vg) = −

∫

M
(Pv)v dV,

where the operator P is given by

(n− 1)(∆ + n)

(
1−

1

2
∆(∆ + (n− 1))−1

)
.

Proof. Since scalg = −n(n − 1) we have fg = 0 so the gradient of µAH,ĝ

at g is trace-free. This proves the first assertion. For the second variation
formula, we get as in the proof of Theorem 5.19 that

d2

dt2
µAH,ĝ(g + th)

∣∣
t=0

= −

∫

M
〈
1

2

(
∆Lh+ Ldivhg −∇2trh

)
+∇2f ′ + (n− 1)h, h〉e−f dV.

Continuing the computation with h = vg yields

d2

dt2
µAH,ĝ((1 + tv)g)

∣∣
t=0

= −
1

2

∫

M
〈(∆v)g + (2− n)∇2v + 2∇2f ′ + 2(n − 1)vg, vg〉 dV

= −
1

2

∫

M
(n∆v + (n− 2)∆v − 2∆f ′ + 2n(n− 1)v)v dV

= −

∫

M

(
(n− 1)(∆v + nv)v − (∆f ′)v

)
dV.

To compute f ′, we differentiate (5.2). Since fg = 0 is constant and h = vg,
this yields

0 = 2∆f ′ − scal′ + 2(n− 1)f ′

= 2(∆ + (n− 1))(f ′)− (∆trh+ div(divh)− 〈Ric, h〉)

= 2(∆ + n− 1)(f ′)− (n− 1)(∆ + n)v.

Inserting this equation in the above yields the desired formula. �

Remark 6.7. Observe that

−

∫

M
(Pv)v dV ≤ −

n− 1

2

∫

M
(∆v + nv)v dV = −

n− 1

2

∫

M
(|∇v|2 + nv2) dV.

Theorem 6.8. Let (M, ĝ) be a complete PE manifold. Then the following
are equivalent.

(i) ĝ is a local maximiser of µAH,ĝ.
(ii) For all metrics g sufficiently close to ĝ with scalg + n(n − 1) non-

negative and integrable, we have mVR,ĝ(g) ≥ 0. Moreover, equality
holds if and only if g is PE.
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(iii) ĝ is a local minimizer of mVR,ĝ on C.
(iv) ĝ is a local maximiser of µAH,ĝ on C.

Proof. For proving (i) ⇒ (ii), let g be as in (ii) and let ωg be the minimizing

function in the definition of µAH,ĝ(g) through the functional W̃AH,ĝ(g, ω).

Then, because scalg + n(n− 1) ≥ 0 and ωg = e−fg/2 ≥ 0, we have

0 = µAH,ĝ(ĝ) ≥ µAH,ĝ(g)

= W̃AH,ĝ(g, ωg)

=

∫

M

(
4|∇ωg|

2 + (scalg + n(n− 1))ω2
g

)
dV

+ 2(n − 1)

∫

M

(
(log(ω2

g)− 1)ω2
g + 1

)
dV −mVR,ĝ(g)

≥ −mVR,ĝ(g).

Thus we have mVR,ĝ(g) ≥ 0. Moreoever, we get that mVR,ĝ(g) = 0 implies
µAH,ĝ(g) = 0. Therefore, g is another local maximum of µAH,ĝ. In particular,
it is a critical point and Ricg = −(n− 1)g follows from Corollary 5.15.

The implication (ii) ⇒ (iii) is trivial. The implication (iii) ⇒ (iv) follows
immediately from the fact that µAH,ĝ(g) = −mVR,ĝ(g) for g ∈ C.

For proving (iv) ⇒ (i), we show that every metric g ∈ C is a local max-
imum of µAH,ĝ in its conformal class. In fact, by Taylor expansion along
the curve gt = g + tvg, t ∈ [0, 1] and using Proposition 6.6, Remark 6.7 and
Lemma 6.3, we obtain

µAH,ĝ((1 + v)g)− µAH,ĝ(g) =
d

dt
µAH,ĝ(gt)

∣∣
t=0

+
1

2

d2

dt2
µAH,ĝ(gt)

∣∣
t=0

+
1

2

∫ 1

0
(1− t)2

d3

dt3
µAH,ĝ(gt)

≤ −
n− 1

4
‖v‖2H1 + C ‖v‖

Ck,α
τ

‖v‖2H1

≤ −

(
n− 1

4
− C ‖v‖

Ck,α
τ

)
‖v‖2H1 ,

where the right hand side is nonpositive, provided that v is sufficiently small.
Now, let g be any metric sufficiently close to ĝ. By Proposition 4.3, there
exists a unique metric g ∈ C ∩ [g] close to g. By the assumption in (ii) and
the above computation,

µAH,ĝ(g) ≤ µAH,ĝ(g) ≤ µAH,ĝ(ĝ),

which proves (i). �

Remark 6.9. The above proof shows that the equivalent assertions in The-
orem 6.8 imply the bound

mVR,ĝ(g) ≥ inf
ω−1∈C∞

c (M)

∫

M

(
4|∇ω|2 + (scalg + n(n− 1))ω2 + F (ω)

)
dVg
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for all g close to ĝ with scalg + n(n − 1) nonnegative and integrable. Here,
F denotes the nonnegative function F (x) = 2(n − 1)

(
(log(x2)− 1)x2 + 1

)

which vanishes exactly for x = ±1.

The equivalent assertions in Theorem 6.8 imply scalar curvature rigid in
the following sense.

Corollary 6.10. Let (M, ĝ) be a complete PE manifold which satisfies the
equivalent assertions of Theorem 6.8. Then, any metric g on M sufficiently
close to ĝ with scalg ≥ scalĝ, for which there exists a compact set K ⊂ M
with

g − ĝ|M\K = 0, vol(K, g) = vol(K, ĝ),(6.1)

is isometric to ĝ.

Proof. By (6.1), mVR,ĝ(g) = 0. By Theorem 6.8 (ii), (M,g) is a complete
PE manifold. Since g and ĝ are both Einstein and agree outside a compact
set, they have to be isometric, see [14]. �

Example 6.11. Hyperbolic space is well known to satisfy the spectral in-
equality ∆E ≥ 1

4(n−1)2, so it is linearly stable and integrable. By Theorem
6.5, it is a local maximum of the entropy and by Theorem 6.8, it is a local
minimizer of the volume-renormalized mass.
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Anal. Non Linéaire, 28(6):813–835, 2011. doi:10.1016/j.anihpc.2011.03.007.

[3] E. Bahuaud, R. Mazzeo, and E. Woolgar. Renormalized volume and the evolution of
apes. Geometric Flows, 1(1), 2015.

[4] R. Bartnik. The mass of an asymptotically flat manifold. Communications on pure
and applied mathematics, 39(5):661–693, 1986.

[5] A. L. Besse. Einstein manifolds. Classics in Mathematics. Springer-Verlag, Berlin,
2008. Reprint of the 1987 edition.

[6] S. Brendle and O. Chodosh. A volume comparison theorem for asymptotically hyper-
bolic manifolds. Communications in Mathematical Physics, 332(2):839–846, 2014.

[7] A. Cap and A. R. Gover. A relative mass cocycle and the mass of asymptotically
hyperbolic manifolds, 2021. arXiv:2108.01373.

[8] O. Chodosh. Large isoperimetric regions in asymptotically hyperbolic manifolds.
Communications in Mathematical Physics, 343:393–443, 2016.
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[11] P. T. Chruściel and M. Herzlich. The mass of asymptotically hyperbolic riemannian
manifolds. Pacific journal of mathematics, 212(2):231–264, 2003.
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rics. Adv. Math., 361:106912, 50, 2020. doi:10.1016/j.aim.2019.106912 .

[20] S. Hall, R. Haslhofer, and M. Siepmann. The stability inequality for Ricci-flat cones.
J. Geom. Anal., 24(1):472–494, 2014. doi:10.1007/s12220-012-9343-z.
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