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Abstract

The main contribution of this paper is a new improved variant of the laser method for designing matrix
multiplication algorithms. Building upon the recent techniques of [Duan, Wu, Zhou, FOCS 2023], the
new method introduces several new ingredients that not only yield an improved bound on the matrix
multiplication exponent w, but also improve the known bounds on rectangular matrix multiplication by
[Le Gall and Urrutia, SODA 2018].

In particular, the new bound on w is

w < 2.371552 (improved from w < 2.371866).

For the dual matrix multiplication exponent « defined as the largest « for which w(1, a, 1) = 2, we obtain
the improvement

a > 0.321334 (improved from o > 0.31389).

Similar improvements are obtained for various other exponents for multiplying rectangular matrices.
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1 Introduction

Matrix multiplication is arguably the most basic linear algebraic operation, with plentiful applications through-
out computer science and beyond. Its algorithmic complexity has been studied for many decades. In 1969 a
breakthrough result by Strassen [Str69] showed that n X n matrices can be multiplied faster than the naive
cubic time algorithm. Since then there has been an explosion of results obtaining lower and lower bounds
on the exponent w defined as the smallest constant such that for all ¢ > 0, n X n matrices can be mul-
tiplied using O(n“*¢) arithmetic operations (additions, subtractions, multiplications and divisions; this is
called the arithmetic circuit model of computation). In recent years, the bound w < 2.373 has been ob-
tained [Vas12, DS13, LG14, AV21]. A new paper by Duan, Wu and Zhou [DWZ23] shows that w < 2.3719.

The dream bound would be w = 2, implying a near-linear time algorithm for multiplying matrices.
Unfortunately, a series of works [AFLG15, AV18a, CVZ21, Alm21, AV18b, BCC*17a, ASU13, BCC*17b]
has shown that the known techniques for multiplying matrices cannot achieve w = 2.

All work on matrix multiplication since 1986 [Str86, Vas12, DS13, LG14, AV21, DWZ23] has used
various variants of the so-called laser method. The strongest limitation result known for the laser method
and its variants [AFLG15] is that such techniques cannot show that w < 2.3078.

The limitation results could mean that radically new methods need to be produced to make big strides.
Yet, even if one stays within the laser method framework, it is still an intriguing question: how close can we
get to the 2.3078 barrier bound?

In many applications of matrix multiplication, one needs to multiply rectangular matrices: n® x n® by
n® x n¢, where a, b, c are different. Here one defines w(a, b, c) to be the exponent for which matrix products
of such dimensions can be multiplied in O(n®(®t¢)+¢) time for all € > 0, in the arithmetic circuit model of
computation.

For instance, in the study of All-Pairs Shortest Paths (APSP) in unweighted directed graphs [Zwi(02],
the complexity of APSP depends on the value p which is defined as the real number satisfying the equa-
tion w(1l,u,1) = 1 4 2u. The same value is needed for the best known algorithms for computing mini-
mum witnesses of Boolean Matrix Multiplication [CKLO7], for All-Pairs Bottleneck Paths in node-weighted
graphs [SYZ11] and other problems.

In the work on k-clique detection, the value of w(1, 2, 1) is important, as it is known [EG04] that 4-cliques
in n-node graphs can be detected in O(n®(1:21)+¢) time for any ¢ > 0. Moreover, if w(1,2,1) < 3.16, this
would improve the known algorithms for k-clique detection for all £ > 8 [NP85].

A final value of interest is «, the largest constant so that w(1,a,1) = 2, first studied by Copper-
smith [Cop82, Cop97]. If w = 2, then & = 1. So one can view the goal of increasing o as another way to
attempt to prove that w = 2.

The best bounds on rectangular matrix multiplication to date are given by Le Gall and Urrutia [LGU18],
which improved upon [Cop82, Cop97, HP98, KZHP08, LG12]. For the values listed above, the bounds
obtained by [LGU18] are as follows: p < 0.5286, w(1,2,1) < 3.25164 and o < 0.31389.

The goal of this paper is to obtain better bounds on w, , ;1 and rectangular matrix multiplication in
general.

1.1 Our Results

The main result of this paper is a new improved variant of the laser method for designing matrix multiplication
algorithms. Applying the new method, we obtain improved bounds for both square and rectangular matrix
multiplication.



In particular, we show that a > 0.321334 (improving upon the previous bound 0.31389), 1 < 0.527661
(improving upon the previous bound 0.5286) and w(1,2,1) < 3.250385 (improving upon 3.25164).

As a consequence, Zwick’s algorithm for APSP in directed unweighted graphs (and several other algo-
rithms, e.g., minimum witnesses for Boolean Matrix Multiplication [CKLO7] and All-Pairs Bottleneck Paths
in node-weighted graphs [SYZ11]) runs in O(n?°27%1) time and 4-cliques can be found in O(n?32°0385)
time.

For many other bounds on rectangular matrix multiplication, see Table 1.

upper bound on | previous bound upper bound on | previous bound
" w(l,k,1) onw(l,k,1) " w(l,k,1) onw(l,k,1)
0.321334 2 N/A 0.75 2.186210 2.187543
0.33 2.000100 2.000448 0.80 2.220929 2.222256
0.34 2.000600 2.001118 0.85 2.256984 2.258317
0.35 2.001363 2.001957 0.90 2.294209 2.295544
0.40 2.009541 2.010314 0.95 2.332440 2.333789
0.45 2.023788 2.024801 1.00 2.371552 2.371866
0.50 2.042994 2.044183 1.10 2.452056 2.453481
0.527661 2.055322 N/A 1.20 2.535063 2.536550
0.55 2.066134 2.067488 1.50 2.794941 2.796537
0.60 2.092631 2.093981 2.00 3.250385 3.251640
0.65 2.121734 2.123097 2.50 3.720468 3.721503
0.70 2.153048 2.154399 3.00 4.198809 4.199712

Table 1: Our bounds on w(1, , 1) by analyzing the fourth power of the CW tensor compared to the best
previous bounds. The previous bound for x = 1 comes from [DWZ23]’s eighth-power analysis, while all
other entries come from [LGU18].

Independent Work. Independently, Le Gall [LG24] also obtained bounds on rectangular matrix multipli-
cation, improving over [LGU18]. His method generalizes the approach of [DWZ23] to rectangular matrices.
For technical reasons, the bound on w produced by his method does not match the bound in [DWZ23]. In
comparison, our method is not only a generalization of [DWZ23] to rectangular matrices, but also an im-
provement. As a result, our bounds are better than the bounds in [LG24].

2 Technical Overview

2.1 Overview of Previous Work

For positive integers a, b, ¢, the a x b x ¢ matrix multiplication tensor (a, b, ¢) is a tensor over the variable
sets {74 }iela),jelb] 1Yik }jelb]kelc) 12ki Frhe[c) iclq) defined as the tensor computing the a X ¢ product matrix
{2kiYre(d]iela) Of @an a X b matrix {2} }ic(q) jepp) and @ b X ¢ matrix {yjk}je[b},ke[c]-l Specifically, (a, b, c)
can be written as the following trilinear form

{a,b,c) = Z Z Z TijYjkZhi-

i€la] jE[b] ke[c]

"For integer n > 0, the notation [n] denotes {1, ...,n}.



It is not hard to check that (a, b, c) ® (d, e, f) = (ad, be, cf). For atensor T', let R(T") denote the tensor rank
of T" and the matrix multiplication exponent w is defined as

= inf 1 .
w= iof, og, R({4,4,9))

It is hard to directly bound the tensor rank of (g, ¢, ¢) in general, so current approaches to bounding w utilize
Schonhage’s asymptotic sum inequality [Sch81], which states that if one can bound the asymptotic rank of a
direct sum of matrix multiplication tensors, where the asymptotic rank R(7") of a tensor 7" is defined as

R(T) = lim R(T®™)'/,

n—oo

then one can get a bound on w. More specifically, we recall the asymptotic sum inequality as follows.

Theorem 2.1 (Asymptotic Sum Inequality [Sch81]). For positive integers r > m and a;, b;, c; for i € [m),

if
. m
R <@<ai7 bi7 Cz>> S T,
i=1
then w < 31 where T € [2/3, 1] is the solution to the equation
m
Z(ai b)) =71
i=1

Schonhage’s asymptotic sum inequality gave rise to the following approach to bounding w: start with a
tensor 7' whose asymptotic rank ]:’;(T ) is easy to bound. Consider T®" for some n sufficiently large and we
want to transform 7®" into a direct sum of matrix multiplication tensors whose asymptotic rank is upper
bounded by the asymptotic rank of E(T ony = ]SL(T)" The common ways of doing such transformation is via
zeroing-out, i.e., setting some variables in 7" to zero, or the more general degeneration, whose definition
is deferred to Section 3. Then we can apply the asymptotic sum inequality to get a bound on w. Observe
that if 7™ can be degenerated into ;" (a;, b;, ¢;), then for a fixed 7, we want to maximize the value of
Yot (a; - bi - ¢;)7. This gives a notion of the “matrix multiplication value” of a tensor 7" that we want to
maximize. Then notice that a lower bound on the value of 7" would directly imply an upper bound on w
via the asymptotic sum inequality. It still remains unknown how to get the best possible bound on w via a
tensor power 7'®", but the laser method provides one way to give a nontrivial bound.

Laser method. Let 7" be a tensor over three sets of variables X, Y, Z. For positive integers sx, sy, Sz,
let X = |ics XirY = Ujesy) Y5 and Z = [ y¢(s,) Zk be partitions of the X-, Y-, Z-variable sets
into sx, Sy, sz parts respectively. Then T' can be written as a sum of subtensors ZZ ik T; ; k» where T; ;
denotes the subtensor of T restricted to variables X;, Y;, Zj.

Suppose for now that each subtensor 7; ; j is a matrix multiplication tensor. If 7" is a direct sum of matrix
multiplication tensors, then we can apply Schonhage’s asymptotic sum inequality [Sch81] to obtain a bound
on w. However, T is a sum of T; ; x, not necessarily a direct sum.

The laser method [Str86] is devised to overcome this issue. First, we take the n-th tensor power of T for
some large n, which is a tensor over variables X", Y " Z™:

Z Z Z ee

IE Sx}n JE[Sy}n KE[SZ



where
Tk =105 @110k, @ Q11,1 K, -

We will refer to these three sets of variables as X -variables, Y -variables and Z-variables respectively. Be-
cause each T; ; ;. is a matrix multiplication tensor and the tensor products of several T; ; 1.’s will still be matrix
multiplication tensors, 77, i is a matrix multiplication tensor for any I € [sx]",J € [sy|", K € [sz]™.
For any I € [sx]", let X denote X, x X, x --- x X, , which is a subset of X™. Similarly we define Y;
and Zx . It is not difficult to see that 17 j  is exactly the subtensor of T®" when restricted to X7,Y7, Zx.
We call such subsets X1, Y;, Zx variable blocks.

The goal of the laser method is to select some of the variable blocks X7, Y or Zx and zero out all of the
variables in these blocks, i.e. “zero out the blocks”, so that the remaining tensor is a direct sum of 717 j i’s.

The laser method specifies a distribution « over triples (7, j, k) where i € [sx],j € [sy],k € [sz], so
that for each 17 ; i that we want to keep in the direct sum, we require that

Ht € [n] | (ItajtaKt) = (i7j7 k)}‘ = Oé(’i,j, k) 2 (1)

If a subtensor 17 ; g satisfies (1), we say that it is consistent with the distribution a.

The distribution « induces the marginal distributions ax, ay, a7 on the X-, Y-, Z-variables over the
indices [sx], [sy], [sz] respectively as follows. Let ax, oy, cvz be the marginal distributions of « on the
three dimensions respectively, i.e.,

ax(i)= Y. alijk) Vi€ lsx],
J€lsyl,k€E[sz]

aY(j) = Z a(i7j7 k) vj € [SY]7
i€[sx],k€E[sz]

az(k)= > ali,j,k) VkE€ [sg].

1€]sx],J€[sy]

In the laser method, we zero out all X -variable blocks X that are not consistent with ax (X7 is consistent
with ax if |[{t € [n] : I; = i}| = ax(i) - n for every i € [sx]). We similarly zero out all Y -variable blocks
Y; that are not consistent with oy and Z-variable blocks Zx that are not consistent with az.

At this stage, a subtensor 77 j ;i remains if X,Y; and Z all remain. Thus, all remaining 77 j ks
are consistent with some distribution o/ that induces the same marginal distributions ax, ay, az, though
o/ might be different from «. The final stages of the laser method aim to keep a collection of independent
subtensors 717 j i and zero out the subtensors 77 ;i that are consistent with a distribution o' # «, using
techniques such as hashing and greedy procedures. Eventually, the laser method obtains multiple independent
copies of the tensor isomorphic to: )

T = @Ik

Z7j7k
i7j7k

The Coppersmith-Winograd tensor CW,. Prior works [CW90,DS13, Vas12,L.G14, AV21, DWZ23] that
obtained the best bounds on w used the Coppersmith-Winograd tensor CW, and its powers as the starting
tensor 7" in the laser method. The Coppersmith-Winograd tensor CW, for a nonnegative integer g is defined
as

q
CWy = T0Y02¢+1 + ToYq+120 + Tg+1Y020 + Z(xoyizi + Y02 + TiYizo0)-
i=1



Observe that .

Z(ﬂfoyizi + ziyozi + xiyizo) = (1,1,q9) + (¢, 1,1) +(1,¢, 1),
i=1
so CW,, is the sum of six matrix multiplication tensors where the other three are copies of (1,1,1). Next,
we describe the leveled partitions of CW,, and CW;®2Z that are crucial to our analysis. For simplicity, we
denote T = CWEI@Q(Z%.
For T(M) = CW,, its variable sets are partitioned into three parts

X1 — 0(1) L Xfl) L Xél) ={zo}U{x1,...,2q} U{zgt1},
vy — Yo(l) L Yl(l) U Yz(l) ={vot U{y1, - yg} U{yg+1},
AL - Z(gl) L Z}l) U Zz(l) = {20} U{z1,..., 24} U{zg41}-

)

Notice that under this partition, a constituent tensor TZ(; i is nonzero if and only if ¢ + j + k = 2.
For T() = CVV?ZLL1 with variable sets X(©),Y(©), Z(©) the above partition on 7!) directly induces

a partition on the variable sets X (), Y () Z() where each part of the partition is indexed by a {0,1,2}-
sequence of length 2¢~1. Specifically, this gives the partition

X0 = | | xW g xM ®---®X§1)

o - i1 i2 ol—1
(il77:27"'71'2(71)6{07172}2 B

for X -variables and analogous partitions for Y- and Z-variables.

One can use the laser method on these partitions. However, this would not yield an improved bound
on w from what one would get just by analyzing T™. The reason behind the improvement obtained by
analyzing higher powers of CW, comes from the fact that we can consider the following coarsening of the
above partition where the parts corresponding to sequences with the same sum are “merged” into a single
part. More specifically, we have

2[
X0 = |_| XZ-(Z), where XZ.(K) = |_| XA.(ll) ® XS) Q- Xfll) .
= 7 7 Goo—1

A 4 -1
(Zl 825000901 )6{07172}2

>, =i

We refer to this specific partition of 7'(®) as the level-¢ partition. Note that we can also view this partition as
obtained from coarsening the level-(£ — 1) partition, i.e.,

© _ (£-1) (£-1)
X, = |_| X X,
0<4' <4
0<i’ i—i' <2t

We can partition the variable sets Y () and Z() similarly. Then we use TZ.(? i, to denote the subtensor of T ©

restricted to the variable subsets X Z.(Z), Yj(é), Z g) and note that TZ.(? ;. is nonzero if and only if i + j + k = 2t

We call TZ.(? .. alevel-£ constituent tensor, X Z-(Z) , Yj(z) A ,gé) level-£ variable blocks, and we omit the superscript
(¢) when /¢ is clear from context.



)

For ¢/ > 1, some level-¢ constituent tensors T «

independent copy of 7 = ), i, k( (i)k)@m’] ) may also no longer be a matrix multiplication tensor.

To resolve this issue, prior works [CW90, DS13, Vas12, LG14, AV21] use the laser method recursively to
analyze T; ; 1.’s that are not matrix multiplication tensors.

;& are no longer matrix multiplication tensors, so each

The work of [DWZ23]. Consider the analysis on the tensor 79 of the laser method. In previous ap-
proaches prior to the work of Duan, Wu and Zhou [DWZ23], one would first apply the laser method on 7'(%)

to obtain multiple copies of 7 = ), g k( (i) k)®a(i’j’k)'n which consists of level-¢ constituent tensors T(Z)k

and do not share level-¢ variable blocks. Then for each T( )k that is not a matrix multiplication tensor, one
would recursively apply the laser method to obtain multlple copies of some other tensors that are independent
over level-(¢ — 1) variable blocks.

0)

Recall that for a level-£ constituent tensor TZ.( > We can partition its variable set Xi(z), Yj(z), Z ,gg) re-

cursively into | |, X, =1 & x Z( p 2 L Yj(,z_l) ® Y(Z ,1 and | |, Z , g Z,gg__kl,) respectively. In the

)

first recursive step, when applying the laser method on T.( e We take the n/-th tensor power (TZ.(?R)(@W of

T,( ) . for some large n’ and specify a distribution /3 over triples ((i',i —4'), (',7 —j), (K',k — k’)) where
0 § 7 <i,0<j <j4,0 <k <k, and zero out all variables blocks that are not consistent with the
marginal distributions induced by 3. Therefore, in TZ@; > only a subset of the level-(¢ — 1) variable blocks
survive the above zeroing-out.

Now suppose we can move the above zeroing-out step earlier, say before we have independent copies of
T when we first apply the laser method on 7'¥), then instead of keeping independent copies of 7, we only
need to keep a subtensor 77 of it, where 7" is T after applying the above zeroing-out step. This leads to one
of the key observations in [DWZ23]: we do not need to have copies of 7~ that are fully independent over
the level-£ variable blocks. Instead, any two copies can share the same level-¢ variable block as long as they
do not share the same level-(¢ — 1) variable blocks that would survive the first zeroing-out in the recursive
application of the laser method on the level-¢ constituent tensors. As a result, we can potentially keep more
independent copies of 7", because of the relaxed constraints, and each copy 7’ would still be essentially as
good as 7T for the purpose of the analysis because we are merely moving a later zeroing-out earlier. Because
we are keeping more copies, by the asymptotic sum inequality, we will achieve a better bound for w.

As illustrated in Fig. 1, consider (CW?4)®" and suppose «, 3,y are (collections of) distributions over
level-3, level-2, level-1 constituent tensors respectively. In subfigure (a), works prior to [DWZ23] includ-
ing [Vas12, AV21, LG14] zero out level-3 blocks according to o and obtain level-3-independent® copies
of 77 before zeroing out level-2 blocks. As shown in subfigure (b), Duan et al. [DWZ23] moved the step
of zeroing out level-2 blocks according to ( earlier and only obtained level-2-independence as opposed to
level-3-independence.

It is not obvious how one can accomplish the above modification. Duan et al. [DWZ23] considered the
notion of split distributions, which roughly measures how a level-¢ block “splits” into level-(¢ — 1) blocks
with respect to the recursive leveled partition. By observing the split distribution of a level-£ block, one gains
some partial information about the level-(¢—1) blocks that allows the modification of zeroing out level-(/—1)
blocks inconsistent with 3 earlier. Ideally, one would hope to achieve this modification symmetrically over
the X-, Y-, and Z-variables, i.e., allow the sharing of level-¢ variable blocks in all three dimensions, but
the method in [DWZ23] did not achieve that. Instead, their technique works when the multiple copies of 7

2We say several subtensors of CW;X’N are level-{-independent if they do not share any level-¢ variable block, and thus they are
also independent.
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Figure 1: High-level comparison between this work and prior works on (CW?4)®”. Here, « is a distribution
over level-3 constituent tensors, (3 is a collection of distributions over level-2 constituent tensors, and - is a
collection of distributions over level-1 constituent tensors.

only share the same level-¢ Z-variable block while each X- and Y -variable block needs to be contained in
a unique level-¢ subtensor. (More generally, their technique works when level-¢ variable blocks are shared
in exactly one of X-, Y-, Z-variables). In order to set up the tensor satisfying the required constraints, they
need to zero out the Z-variable blocks asymmetrically with respect to the X - and Y -variables. It still remains
an open question whether the techniques in [DWZ23] can be symmetrized over the three dimensions.

Another technical detail is that the obtained independent copies of tensors in [DWZ23] are not all nec-
essarily full copies of 7’. That is, some variables of the independent tensors are zeroed out. This creates
independent copies of 7’ but with some “holes”. Because of the asymmetry of their method, such holes
can only appear in Z-variables. In order to overcome this issue, they showed that, as long as the fraction of
holes is small, and all holes are in Z-variables, one can degenerate a small number of independent copies
of 7" with holes to a full copy of 7. Prior to their work, Schonhage [Sch81] also studied this problem of
degenerating multiple independent copies of a tensor with holes to a full copy of the tensor. Schonhage’s
method applied to the case when two of the three dimensions can have holes, but it focuses only on matrix
multiplication tensors.



2.2 Our Improvements

Complete split distribution.  We take the observation of [DWZ23] one step further. The high-level idea
is the following: instead of keeping copies of 7 that are independent over level-(¢ — 1) variable blocks, we
keep copies of it that are independent over level-1 variable blocks. For ¢ > 1, this should give more degrees
of freedom and enable us to keep more copies of 7. As illustrated in Fig. 1 (c), we directly move the step
of zeroing out level-1 blocks according to - earlier and obtain level-1 independence as opposed in level-2
independence in [DWZ23].

To implement the above idea, we utilize the notion of complete split distributions, which can be viewed
as an extension of the notion of split distributions used in [DWZ23]. Recall that in [DWZ23], a level-¢ split
distribution measures how a level-¢ variable block splits into level-(¢ — 1) blocks. A level-¢ complete split
distribution measures how a level-¢ block splits into level-1 variable blocks. Specifically, a level-1 block
sequence of length 2= - n in T () can be viewed as n consecutive chunks of {0,1,2}-sequences each of
length 2¢=1, and we consider the proportion of each of these 327! possible types of chunks in the n chunks.
A level-¢ complete split distribution is a distribution on these 32! types of chunks, and a level-1 block
sequence (and its corresponding level-1 variable block) is said to be consistent with a level-¢ complete split
distribution if the proportion of each type of chunks matches the corresponding probability specified in the
complete split distribution.

Let 8x, By, Bz be three level-¢ complete split distributions, and let T; ; ;. be a level-£ constituent tensor.
We will consider the tensor Ti%flk [Bx, By, Bz], which is obtained from TZ®]”,€ by zeroing out all level-1 X-, Y-,
Z-variable blocks that are not consistent with Sx, By, 5z respectively. We call this “enforcing the complete
split distributions”. In our recursive steps, we will analyze Tz®j"k [Bx, By, Bz] instead of Tz®j"k
Enforcing split distributions in all three dimensions. Dual et al. [DWZ23] only enforce their split dis-
tribution in one of the dimensions (the Z variables). In our method, we need to enforce complete split
distributions in all three dimensions. Here we explain why.

First of all, when analyzing a level-£ constituent tensor sz;”k, [DWZ23] only consider split distributions,
instead of complete split distributions. Every level-(¢ — 1) block sequence in ﬂ@;"k can be viewed as a
length-(2n) sequence on {0, 1,.. ., 2t—1 }. If we split the sequence to chunks of length 2, we obtain a length-
n sequence of pairs in {0,1,...,271}2. The split distribution used in [DWZ23] essentially specifies the
proportion of each type of pairs, and they zero out all level-(¢ — 1) variable blocks that are not consistent
with the specified proportions.

Similar to what we discussed earlier, when enforcing the split distribution on the tensor T, ik (or

"

i—i/ j A
able block in the level-(¢ — 1) variable blocks in Tl@j", - Since there is only one level-(¢/ — 1) block in
TZ‘?;‘, i either the whole tensor TZ‘?;‘, i satisfies the constraints, or it does not. Thus, the constraints of the
split distribution do not carry over to further recursion levels.

When analyzing each constituent tensor T®"k, Duan et al. [DWZ23] aim to obtain some “symmetrized
value” of T} ; 1, similar to previous works [CW9O DS13, Vas12, LG14, AV21]. As aresult, when analyzing
TZ@; 1. they apply their method multiple times to enforce a split distribution on each of the three possible
dimensions, i.e., they can choose to share X-, Y-, or Z-variables depending on which application of their
method it is. Still, the constraints of the split distribution do not carry over to the next recursion level as
discussed in the previous paragraph. Thus, in their analysis, holes only appear in one of the dimensions.

However, when enforcing a complete split distribution, the constraints carry over to further recursion

levels: say in the analysis for T ; . in some application of the method in the current level, we choose to enforce

.+ -_s)» the constraint becomes a constraint that enforces the proportion of each level-(¢ — 1) vari-



a complete split distribution on Z-variables. This constraint still has an effect on the next level. However, in
the analysis at the next level, we can choose to enforce a complete split distribution on Y -variables instead.
This creates constraints on the complete split distribution in two dimensions. In general, these constraints
can appear in all three dimensions, and therefore, we need to handle holes in all three dimensions.

A technical issue. A technical issue arises if we enforce complete split distributions in three dimensions.
We consider a simplified scenario where the support of the distribution S has size 1 to explain the issue.
In other words, we aim to zero out Tz®j"k into independent copies of (Ti ;o @ Ti—ir j— i jo— ) ©™ for some
', 7', k. In this simplified scenario, if we do not enforce complete split distributions, we could rewrite
(Ty o @ Ty j—jr ki)™ equivalently as ngj", p ® Iff?ﬁ_j,’k_ 4+ by simply permuting the indices, and
then recursively analyze T, b and Tf’i’;, i hek? separately. Now with complete split distribution, this
step becomes problematic. Suppose we are able to obtain independent copies of

T = (Ty g ® Timir j—jr o))" [Bx . By, Bz,

for some Sx, By, Bz. Then in order to recursively analyze 77, we instead need a tensor
— (L) pL) a(L) (R) 5(R) p(R)
Toi= (T35 (0857 8571) @ (T2 i [ 07 8571).

for some level-(¢ — 1) complete split distributions ﬁ%), ﬁ BZ , B P ﬁy , Z

Let us discuss how the above level-(¢ — 1) complete split distributions are related to Sx, By, Sz. To
give some intuition, in each length-2¢ chunk of a level-1 block sequence in 77, the first half-chunk belongs
to some T ;s 1/, and the second half-chunk belongs to some 7;_; ;s 1. In T2, we permute the indices
so that all the first half-chunks belonging to some T}/ ; 1/ are put together in the first half of the resulting
sequence, and all the second half-chunks belonging to some T;_;/ ;_;: 1. are put together in the second half
of the resulting sequence. If we enforce a level-¢ complete split distribution Sx on a level-1 block sequence
I€{0,1,2}2" in 71, what would the permuted sequence look like? Let oy, 05 € {0, 1,2}2 " denote two
length- 2¢=2 chunks and let oq o o9 denote their concatenation. Since [ is consistent with Bx, I contains
Bx (o1002)-n chunks o1 ooy for every o1, 05. For each of these chunks, o) gets permuted to the first half of
the permuted level-1 block sequence in 72, and o5 gets permuted to the second half of the permuted level-1
block sequence in 75. Summing over all o1, 09, it is not difficult to verify that

5X o1) ZﬁX 010 032), 5§f)(02)225x(01002)-

In this sense, B&L) and Bgf) can be viewed as two marginal distributions of Sx. This similarly holds for Y’
and Z.

One set of constraints we can add to make BE(L) and Bgf) always the two marginal distributions of Sx is
OBx = ﬁ%) X ﬁ;R), namely we enforce Sx to be the joint distribution of (independently distributed) Bg?
and ﬁg(R). Similarly we can add the constraints Sy = ﬁ}(,L) X B&R) and 87 = B(ZL) X ﬁ(ZR).

However, even with these constraints, 77 might not necessarily be equivalent to 75. By the above reason-
ing, every level-1 block sequence in 77 is permuted into a level-1 block sequence in 75, but not all block se-
quences in 73 can be obtained this way. Intuitively, this is because joint distributions can determine marginal

distributions, which means that, for instance, Bg(-L) X B&R) can determine both BE(L) and Bgf). The other way

is not true, and there could be multiple joint distributions whose marginals satisfy Bg? and B&R)



By a careful calculation, one can still show that the proportion of X -, Y-, Z-variables in 75 that are not in
71 isat mostal— 2-°(N) fraction of those in 2. These variables become holes. Unfortunately, the methods
in previous works [Sch81, DWZ23] do not apply, as they are unable to fix holes that are present in all three
dimensions (X-, Y-, Z-variables).

Next, we discuss how we fix the technical issue.

Intuition of the fix. The first step towards resolving this issue is to decrease the fraction of holes in all
three dimensions, from 1 —27°(") all the way down to 2~ V) Then we describe a generic method adapted
from [Dua22] for fixing holes in all three dimensions as long as the fractions of holes are small.

For the first step, we slightly relax the condition for zeroing out variables in 77 and 75. Let & > 0 be

an arbitrary constant. For any 7j ; ., we use TZ®]”,€ [Bx, By, Bz, ] to denote Ti%flk but we zero out all level-1

X-, Y-, Z-variables, where the proportion of each chunk in {0, 1, 2}2[71 in their level-1 block sequence
differs at most € from the corresponding probability in Sx, 8y, Bz respectively. That is, we allow some
small flexibility when zeroing out variables. Then, let

T = (Lo @ Do) " [ B < BYY, B x 80, 85 x 850, <,

and recall

7= (T3, [0 6 5571) © (T2 a8 6776571,

Intuitively, we allow more flexibility in 77 than that in 72, so that more variables remain in 7; compared to
75, and the fraction of holes should become smaller. The idea for proving this is to use concentration bounds:

if we pick a uniformly random level-1 X -variable block from Tz@j", " [ Bgf) , B&L) , ﬁ(ZL)] and another uniformly
random level-1 X -variable block from ng?, e ek [ﬁgf) , 5)(/}2) , B(ZR)] , then with very high probability (1 —
2-%")), the combination (interleaving the length 2¢~2 chunks between their level-1 block sequences) of them

satisfies BE(L) X Bgf), up to ¢ additive error. Then the fraction of holes is 2~("). Similar reasons also apply
to Y- and Z-variables.

Fixing the holes in all three dimensions. Suppose we have many “broken” copies of some tensor 7', in each
of which a small fraction of variables (holes) are missing. The goal of this step is to degenerate these broken
tensors into one without holes. Schonhage [Sch81] solved this problem for matrix multiplication tensors
with holes in only X - and Y -variables, but not Z, via an elegant linear transformation. Duan et al. [DWZ23]
introduced another method for so-called standard form tensors, which are quite general and are able to capture
tensor products of constituent tensors, but can only deal with holes in a single dimension. Duan [Dua22]
developed a method utilizing an elegant recursive approach for fixing holes in all three dimensions, but only
for matrix multiplication tensors.

We generalize the method of [Dua22] so that it can fix holes in all three dimensions simultaneously,
while supporting a broad class of tensors similar to [DWZ23]. The only additional requirement compared
to [DWZ23] is that the fraction of holes is below O(1/log N), where N is the number of variables in the
tensor 7. This requirement is satisfied via the previous step of the fix.

Next, we provide some intuition of the recursive hole-fixing approach. Assume 7" is supported on variable
sets X, Y, Z, and the fraction of holes in every copy of T" does not exceed ¢ < 1. We first take one broken
copy of T', which we call T}, and let X (0), Y(O), Z(9) denote the set of holes in Thole; let X W .=x \ X ),
YW =y \YO, 20 .= 7\ ZO) represent the set of non-hole variables. We can further divide 7" into the
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sum of eight subtensors:

T = Z T‘x(a)7y(b)7z(c) = Thole + Z T|X(a),y(b)’z(c)7
a,b,ce{0,1} a,b,ce{0,1}
1e{a,b,c}

where T'| 7y 7 denotes the subtensor of 7" over subsets of variables X’ C X, Y’ C Y, and Z' C Z. We
directly use the broken copy T, for the first term, and recurse into seven subproblems to produce the other
terms. In each subproblem, at least one of the variable sets is X1, Y7 or Z;, which is c times the size of X,
Y, or Z. As long as c is very small, the number of broken copies of 7" used in this recursive algorithm is
affordable.

Rectangular matrix multiplication. In the analysis for square matrix multiplication, we could lower
bound the “symmetrized value” of every constituent tensor 7; ; ., which captures the asymptotic ability of
@@;"k ® 1}®k"1 ® T,f?{‘j to degenerate into matrix multiplication tensors. The reason why we could sym-
metrize the constituent tensors is that we want to obtain square matrix multiplication tensors (a, a, a) for
some a, which is symmetric about all three dimensions. The situation is different when we consider rectan-
gular matrix multiplications, where we produce matrix multiplication tensors of the form (a, a”, a) to bound
w(1,k,1). Thus, we no longer treat the analysis of each constituent tensor 7} ; . as an individual subprob-
lem, because the proportion of T; ; x, T} x i, and T}, ; ; could be different. Hence, it is natural to adopt the
framework introduced by Le Gall [LG12] (and further used in [LGU18]) for rectangular matrix multipli-
cation: we directly apply the laser method on a tensor consisting of multiple constituent tensors, e.g., on

T = ®” k 11@;&;2] ’k)'", rather than doing this for every term Jﬁak(” k)n separately.
Difficulty of applying the refined laser method. Another natural attempt would be to combine our tech-
niques with the refined laser method introduced in [AV21], which aims to reduce the “penalty term” that
arises when we deal with the block triples inconsistent with the selected distribution o but consistent with
the marginals of a. Alman and Vassilevska W. [AV21] pick a collection of disjoint level-¢ block triples
X1Y;Zx consistent with the chosen distribution «, which we call the “wanted” triples. Then, they zero out
a wanted triple with probability 1 — p and keep it with probability p. Any “unwanted” triple X ;'Y Zx+ only
remains with probability p?, since three involved variable blocks come from three different wanted triples and
are zeroed out independently; in contrast, every wanted triple has probability p to remain. The gap between
p and p® makes it a nontrivial improvement beyond the older method (increasing the modulus of hashing,
see, e.g., [DS13, Vas12, LG14]), which produces a gap between p and p?.

However, a difficulty arises when the refined laser method is combined with the asymmetric hashing
technique in [DWZ23] and this paper. Since we allow, e.g., level-¢ Z-variable blocks to be shared, we can
no longer zero out all three blocks X7, Y, Zx when we decide to give up on this triple, as Zx might be
utilized by other wanted triples. If we only zero out X; and Y; simultaneously, the probability of remaining
becomes p (for a wanted triple) versus p? (for an unwanted triple), which results in the same bound as the
older approach.

11



3 Preliminaries

3.1 Tensors and Tensor Operations

Tensors. A tensor 1" over variable sets X = {z1,...,zx1}, Y ={y1,.. -, yy|}, Z = {z1,...,2z} and
field FF is a trilinear form
x| Y| |z
T=2_ 2D kT2
i=1 j=1 k=1

where all a; ; 1, are from F. X, Y, Z are also called the support of the tensor. If all a; ; ,, € {0,1}, the tensor
T can be considered as over any field IF, which is the case for all tensors involved in this paper.

In the following, assume T'is atensor over X = {z1,...,7x},Y ={y1,-- -, yv}, Z = {21, -, 22|}
and 1" is a tensor over X' = {x/,... ,:L'TX,|}, Y ={y,... ,y{y,‘}, Z'={z,..., z"Z,|}, written as
X Y| |z X' Y| 2]
/ o1
T=3 2 2 aukmwgzm  T'=3 % % bijkwiyi,
i=1 j=1 k=1 i=1 j=1 k=1

Tensor Operations. Recall the following tensor operations between two tensors 7" and 7"

e The sum T + T’ is only defined when both tensors are supported on the same sets (X,Y,7) =
(X',Y',Z"), given by
X1 Yl 12

T+T =Y Y (i +bijn) - ziyjz.

i=1 j=1 k=1

e The direct sum T & T" equals the sum T+ T over disjoint unions X LI X', Y LUY’,and Z U 7', i.e., we
first relabel the variables so that 7" and 7" have disjoint supports, and then take their sum. If 7" and 7"
are supported on disjoint variable sets, their sum is the same as their direct sum, in which case we say
T and T are independent. We write T®" := T & T & --- @& T to denote the sum of n independent

n copies
copies of T'.

* The tensor product, a.k.a. the Kronecker product, is defined as the tensor

XTIV 12 (X Y12

T® T = Z Z Z Z Z Z Qi 5k * bi’,j’,k’ : (l'i,l';f) : (yj,y;/) ' (Zka Z;C/)

i=1 j=1 k=1¢=1j'=1k'=1

over variable sets X x X', Y x Y/, and Z x Z'. We write T®" =TT ® ---® T to denote the

n times
n-th tensor power of T.

e We say T and T are isomorphic, denoted by T = T",if | X | = | X'|, |Y| = |Y'|, |Z| = | Z'], and there
are permutations 7, Ty, 7z over [|X|], [|Y|], [|Z]] respectively, such that a; ; , = b (i) sy (G)m 2 (k)
for all 4, j, k. In other words, both tensors are equivalent up to a relabeling of the variables.

12



3.2 Tensor Rank

Given a tensor 1" over X, Y, Z, the tensor rank R(7") is defined to be the minimum integer > 0 such that

T can be written as
r |X] Y| 4

T:E E Qi - T E bej - yj § Ctk 2k |
=1 \ i=1 j= k=1

where the above sum is called the rank decomposition of T'.
Given two tensors T', T”, the tensor rank satisfies the following property with respect to tensor operations.

* R(T+T'") <R(T)+ R(T).

* RT®T) <R(T)+ R(T.

* RT®T) < R(T)-R(T").

The asymptotic rank R(T) of T is defined as

R(T) := lim (R(T®™)"/".

n—o0

Due to the third item above and Fekete’s lemma, the asymptotic rank is well-defined and upper bounded by
R(T®™)1/™ for any fixed integer m > 0.

3.3 Degenerations, Restrictions, Zero-outs

Let T be a tensor over X,Y, Z and T” be a tensor over X', Y”’, Z’. Both T and T" are tensors over a field F.

Degeneration. Let F[\] be the ring of polynomials of the formal variable A. We say that 7" is a degeneration
of T, written as T' > T, if there exists F[\]-linear maps

¢x : spangy (X) — spang(y (X),

Py : SPanJF[,\}(Y) - SPaan[A](Y/)a

¢z : spangy (Z) — spangy(Z'),
and d € N such that

|X] Y| |Z]
T =AY aijn- dx(@i) oy (y;) - dz(zk) | + O,

i=1 j=1 k=1

It is not hard to check that if 7’ &> T, then R(T") < R(T).
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Restriction. Restriction is a special type of degeneration that considers the case where the maps ¢ x, ¢y, ¢z
are F-linear maps. More specifically, 7" is a restriction of 7T if there exist F-linear maps

¢x : spang(X) — spang(X’),
¢y : spang(Y') — spang(Y”),
¢z : spang(Z) — spang(Z’),

such that
IX] Y] |Z]

=S NS ain- dx(@) - oy () - bz ().

i=1 j=1 k=1

It is not hard to see that since the maps ¢x, ¢y, ¢z are linear transformations, we have R(7") < R(T") and
consequently R(T") < R(T).

Zero-out. In the laser method, we only consider a limited type of restriction called zero-outs, namely the
maps ¢x, ¢y, Pz set some variables to zero. More specifically, we choose subsets X' C X, Y’ C Y,

7' C Z and define the maps as
x; Ifx; e X/,
Px(w;) = { ' '

0 otherwise,

and similarly for ¢y, ¢. The resulting tensor

X1 Y] 12

Zzzaz,]k bx () - by (yj) - dz(2k) Z Z Z Qi gk - TiYj 2k

1=1 j=1k=1 €X' y; €Y’ 2z’

is called a zero-out of 7. Throughout this paper, we use the notation 7" = T'| x y 2+ to denote such a tensor
T obtained as a zero-out of 7" and we say that the variables in X \ X', Y\ Y’, Z\ Z’ are zeroed out. In this
case, we also call T” the subtensor of T over X', Y’ , 7.

3.4 Matrix Multiplication Tensors

For positive integers a, b, ¢, the a x b x ¢ matrix multiplication tensor (a, b, ¢) is a tensor over the variable
sets {74 }iela),jelb]) \Yik }jelb]kelc) 12ki Yicla) ke[ defined as the tensor computing the a X ¢ product matrix
{%kiYic[a] kelq Of an a x b matrix {7} }ic(q) jep) and b X ¢ matrix {y;x} jep) kel Specifically, (a, b, c) can

be written as the trilinear form
@b =3 3 3 v
i€[a] j€[b] kec]

It is not hard to check that (a, b, c) ® (d, e, f) = (ad, be, cf).

Following from the recursive approach introduced by Strassen in [Str69], for any integer ¢ > 2, if
R({q,q,q)) < r, then one can use the rank decomposition of (g, g, q) to design an arithmetic circuit of
size O(nlogq(r)) to multiply two n x n matrices. This motivates the definition of the matrix multiplication
exponent w as follows:

W= qell\ll}£22logq(R(<q7 7,9)))-
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Namely, for every € > 0, there exists an arithmetic circuit of size O(n**¢) that computes the multiplication
of two n x n matrices. Since (q,q,¢)*" = {(¢",q",q"), equivalently w can be written in terms of the
asymptotic rank of (g, g, q) as

w = log,(R({¢; 4, 9)))-

In this paper, we also consider the arithmetic complexity of multiplying rectangular matrices of sizes
n® x n® and n® x n¢ where a, b, c € R>q. We define the quantity w(a, b, ¢) similar to w as

w(a,b,c) =log, (E((qa, ¢, qc>)>

where ¢ > 2 is a positive integer. This means that for any € > 0, there exists an arithmetic circuit of
size O(n*(®Y¢)+¢) that computes the multiplication of an n® x n® matrix with an n® x n° matrix. In this
paper, we focus on bounds for the values of the form w(1, x, 1) for £ > 0. We remark that it is known that
w(l,1,k) =w(l,k,1) =w(k,1,1).

3.5 Schonhage’s Asymptotic Sum Inequality

By the above definition of w, it is clear that if one can bound the asymptotic rank of matrix multiplication
tensors, then one would get an upper bound on w. In fact, Schonhage showed in [Sch81] that one can obtain
an upper bound on w if one can bound the asymptotic rank of a direct sum of matrix multiplication tensors.
Specifically, we recall Shonhage’s asymptotic sum inequality as follows.

Theorem 3.1 (Asymptotic Sum Inequality [Sch81]). For positive integers r > m and a;, b;, ¢; for i € [m)],

if
§<@<ai7 bi7 cl>> S r,

i=1
then w < 31 where T € [2/3, 1] is the solution to the equation

m

Z(ai . bl . Ci)T =T.

i=1

Analogously, the asymptotic sum inequality can also be used to obtain bounds on the rectangular matrix
multiplication as follows.

Theorem 3.2 (Asymptotic Sum Inequality for w(a,b,c) [Sch81]). Let t, ¢ > 0 be positive integers and

a,b,c >0, then
t
t-g¥@be) < E(@(cf% qb7qc>>-

i=1

3.6 The Coppersmith-Winograd Tensor

For a nonnegative integer ¢ > 0, the Coppersmith-Winograd tensor CW, over the variables X = {xo, ..., z¢11},
Y ={yo,...,Yg+1}, Z ={20,..., 2441} is defined as

q

CW i= 20Y02¢+1 + ToYg+120 + Tg+1Y020 + Z(ib”oyizi + ziYozi + TiVizo)-
i=1
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Observe that . . .
Z$0yizi + Z:Eiyozi + Z:Eiyizo = <17 17 q> + <q7 17 1> + <17 q, 1>7
i=1 i=1 i=1

so CW,, is the sum of six matrix multiplication tensors where the other three are copies of (1,1,1). Itis
known from Coppersmith and Winograd [CW90] that R(CW,,) < ¢ + 2.

3.7 Base Leveled Partition of CW,

We will consider the 2¢~!-th tensor power of CW, for £ > 1. For convenience, we use the notation 7O =

CW?2Z71. There is a natural partitioning of the variables of CW introduced in [CW90] and consequently
used in all following works including [Vas12, AV21, LG14, DWZ23]. We now describe the leveled partition
of T,

Level-1 Partition. For 7() = CW,, its variable sets X M, y® 7z are partitioned into three parts

x@ — Xél) L Xfl) L X2(1) ={zo} U{z1,..., 20} U{zgt1},
vy — Yo(l) L Yl(l) U Yz(l) ={vot U{y1, - yg} U{yg+1},
AQ - Z(gl) L Z}l) U Zz(l) = {20} U{z1,...,2¢} U{zg41}-

)

We use T.(l.) to denote the subtensor 7'(1) | X;.Y;, 2, and we call TZ(; .. & level-1 constituent tensor. Then notice

1,5,k
that under the above partition, the constituent tensor TZ.(;.)k is nonzero if and only if ¢+ j+ & = 2. In particular,

we can write CW, as a sum of constituent tensors as follows

TW=cw,= Y 1.
4,5,k>0
i+j+k=2

Level-¢ Partition. For 70 = CVVZKQLL1 with variable sets X(© V() Z() the above level-1 partition
on T directly induces a partition on the variable sets X, V(9 Z(!) where each part of the partition is
indexed by a {0, 1, 2}-sequence of length 2¢=1_ Specifically, this gives the partition

X = || xWexWeg...0xW
2 7

- K ex s
(il77:27"'71'2(71)6{07172}2 B

for X -variables and analogous partitions for Y- and Z-variables.

In order to obtain an improvement by analyzing higher tensor powers of CW,, we need to consider the
following coarsening of the induced partition where the parts corresponding to sequences with the same sum
are “merged” into a single part. More specifically, we have

2@
X0 = |_| XZ-(Z), where XZ-(Z) = |_| xY g XA.(;) ®--ox® |
' 11 7 lo0—1
=0

A a A -1
(Zl 1025000901 )6{07172}2

Zt =1
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We refer to this above coarsened partition of T® as the level-¢ partition. Note that we can also view this
partition as obtained from coarsening the level-(¢ — 1) partition, i.e.,

© _ (e-1) (¢—1)
X = | X, ® X,
0<i'<i
0<d!,i—4'<2¢

We can partition the variable sets V() and Z®) similarly.

Under the level-¢ partition, we use Ti(i.) ;; to denote the subtensor 7O | (O 3O H©) and note that Ti(i.)
2 i 4 4y

is
9, 7k

nonzero if and only if i 4 j + k = 2¢. So we have

0wt = Y Tl
1,5,k>0
i+j+k=2¢

We call each Ti(?k a level-{ constituent tensor, XZ-(Z)7 Yj(é), Zg) level-¢ variable blocks, and we omit the
superscript (¢) when ¢ is clear from context.

3.8 Leveled Partition for Large Tensor Powers of CW,,

In the laser method, we consider a large tensor power of CW,, in the form (T8 = (CWq)@nQe*l‘ We
set N := n - 2=1 and note that the leveled partition of T(“) induces a partition on (7)®". We recall some
basic terminology and notations with respect to the leveled-partition of (T£)®”.

Level-1 partition of (CW,)®V. In level-1, we view (CW,)®" as the tensor (7))®N and consider the
partition induced by the level-1 partition on 7(!). Each level-1 X -variable block X 7 is indexed by a sequence

I=(I,...,Iy) of length N in {0,1,2}". The variable block X7 is defined as
= x W o )
X['—le ® ®Xf1v’
where X}tl) for t € [N] is the level-1 partition of 7). We call X i a level-1 variable block and I its
level-1 index sequence. The level-1 Y- and Z-variable blocks Y'; and Z . are defined similarly for level-1
index sequences J , K e {0,1,2}". Then notice that X 7+ Y3, Z - form a nonzero subtensor of (T(l))®N if
I, + J,+ K, = 2forall t € [N]. So we can write (T)®" as a sum of subtensors

()y®N _ (1)\®N
() Z (T) ‘Xf,yj,zk'

I,J,Ke{0,1,2}N
Ii+Ji+Ki=2 Vte[N]

For convenience, we use X ;Y;Z . to denote the subtensor (7' yenN| X;,Y;,2, and we call X;Y; 7 alevel-1
triple.

Level-/ partition of (CW,)®V. In level-/, we view (CW,)®" as the tensor (7))®" where n = N/2¢~1
and consider the partition induced by the level-¢ partition on 7). Each level-1 X-variable block X is
indexed by a sequence I € {0,1,...,2°}" of length n. The variable block X7 is defined as

X=XV® 0Xx
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where X i(z) (0 < i < 2% is the i-th part in the level-¢ partition of T©). We call X[ a level-{ variable block
and [ its level-{ index sequence. The level-¢ Y - and Z-variable blocks Y; and Z are defined similarly for
level-¢ index sequences J, K € {0,1,... L2t }™. Similarly, the level-¢ variable blocks X, Y, Zx form a
nonzero subtensor of (79))®™ when I; + J; + K; = 2 for all t € [n]. So we can write

(T(Z))®n = Z (T(Z))®H|XI7YJ72K'

I,J,Ke{0,1,2¢3
L+ Ji+ K =2¢ Vte[N]

For convenience, we use the notation X;Y;Zk to denote the subtensor (T(Z))®"| X;,Y;,Zx and we call such
X1Y;Zk alevel-£ triple.

In addition, note that since the level-/ partition of T is a coarsening of the partition induced by the level-
1 partition of T}, a level-1 variable block X ; is contained in a level-£ variable block X7 if the sequence
I' = (I,...,1I]) formed by taking I} = 222:1 j(t_l).zlfl_;’_i satisfies I} = I, for all t € [n]. Namely, if
taking the sum of consecutive length-2¢~' subsequences in I yields the sequence I, then X; is contained in
X7. In this case, we use the notation Ieland X i € X1

3.9 Distributions and Entropy

In this paper, we only consider distributions with a finite support. Let a be a distribution supported on a set
S, we have a(s) > Oforall s € Sand ) g a(s) = 1. The entropy of c, denoted as H(«), is defined as

H(a) = — Z a(s)log a(s),
s€S
a(s)>0
where the log has base 2. We will frequently use the following well-known combinatorial fact.

Lemma 3.3. Let « be a distribution over the set [s] = {1,...,s}. Let N > 0 be a positive integer, then we
have
( N ) _ 9N (H(a)%o(1)
a(l)N,...,a(s)N '

For two distributions « and 3 over the sets S and S’ respectively, we define the joint distribution v X /3
as the distribution over S x S’ = {(s,s’) | s € S, s’ € S'} such that

(o x B)(s,8") = as) - B(s").

When S and S’ are sets of integer sequences, we will instead define « x (3 as a distribution over all integer
sequences that can be obtained by concatenating one sequence in .S and one sequence in S’, such that

(a0 x B)(s0s) = a(s) - B(s"),

where s o s’ denotes the concatenation of s and s’.
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3.10 Complete Split Distributions

Motivated by the leveled partition of tensor powers of CW,, we define the notion of complete split distribu-
tions to characterize the level-1 variable blocks contained in level-¢ variable blocks.

Definition 3.4 (Complete Split Distribution). A complete split distribution for a level £ constituent tensor
T; i1 with i + j + k = 2 is a distribution on all length 2/~ sequences (i1, i, ... ,45-1) € {0, 1, 2}2Z '

For a level-1 index sequence Ie {0,1, 2}2£71 ™, we say that it is consistent with a complete split distri-
bution [ if the proportion of any index sequence (i1, %2, . .., iy-1) in

£—1
{(I(t 1)-20~ 1+p);2; 1 | tE [n]}

equals B(iy, g, . . ., ige—1). Namely, for every (i1, ..., ip-1) € {0,1,2}2", we have

2f—1 ~

Hte [n] ‘ (Fryoe14) oy _(il,...,%Qe,l)}\ = 81,32, iper) - 1.

Notice that any level-1 index sequence Ie {0,1, 2}2Z 'n defines a complete split distribution by com-

puting the proportions of each type of length-2¢—! consecutive chunks present in I. More specifically, we
have the following definition.

Definition 3.5. Given a level-1 index sequence I e {0,1, 2}2671'", its complete split distribution over
(%1, e ,%2571) € {0,1, 2}2L/71 is defined as

N Y 4 1 21 A 4
split(1) (i1, ..., ige1) = — Ht € [n] ‘ (I(t 1)-2¢- 1+p)p L= (11,...,22@71)}‘.
Given a subset S C [n], we can define the complete split distribution over (i1, .., ige-1) € {0,1, 2}2271
given by [ restricted to the subset S as
. A - 1
Sp|it(I,S)(Z'1,...,Z'2271):m HtGS‘ (t—1)-2¢- 1+p)

2[1

- (al,...,gu)}(.

Given two complete split distributions 3; and 3 over the length-2~! index sequences {0, 1, 2}2571, the
L, distances between 31 and (35 is defined to be

181 falloo = max |Bi(0) — falo)].
0€{0,1,2}2¢1
For any constant ¢ > 0 and a fixed complete split distribution 3, we say that a level-1 index sequence
2 l—1 . . . . . 7 .
I € {0,1,2}> ™ is consistent with 3 up to ¢ error if ||split(/) — B|lc < &. When the ¢ is clear from
context, we say that I is approximately consistent with /3 if it is consistent with 5 up to ¢ error.

Definition 3.6. For a level-¢ constituent tensor 7; ; ., an integer exponent N, a constant ¢ > 0, and three
complete split distributions Sx, By, 8z for the X-, Y-, Z-variables respectively, we define

ij[B)OﬁYvﬁZv ]_ E : XijZK
level-1 triple X;Y;Z ;. in T} JA,Z
I approximately consistent with 5x
J approximately consistent with 5y
K approximately consistent with 5z
It is a subtensor of in]\]i over all level-1 X-, Y-, Z-variable blocks that are approximately consistent with

Bx, By, Bz, respectively. When e = 0, we will simplify the notation to 11@;1\,; [Bx, By, Bz].
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3.11 Salem-Spencer Sets

In the hashing step of the laser method, we make use of the existence of a large dense subset of Z,, that
avoids 3-term arithmetic progressions. We recall the following past result.

Theorem 3.7 ([SS42, Beh46]). For every positive integer M > 0, there exists a subset B C Zy of size

|B| > M - e~ OWlog M) _ pri—o(1)

that contains no nontrivial 3-term arithmetic progressions. Specifically, any a,b,c € B satisfy a + b = 2c
(mod M) ifand only ifa = b = c.

4 Algorithm Outline

In the following, we will use k > 0 to denote that we want to obtain an upper bound on w(1, , 1).

In this section, we give the outline of our algorithm, which accepts CW?N as its input for a large
enough N, and degenerates it into a collection of independent matrix multiplication tensors of the same size
(m,m" m). By the asymptotic sum inequality (Theorem 3.2), this will give an upper bound on w(1, k, 1).

4.1 Algorithm Framework

The following notion of interface tensor acts as an interface of our algorithm between different levels. In
general, each level of our algorithm takes an interface tensor as input (except the first level, which takes a
large tensor power of CW ), and degenerates it into independent copies of an interface tensor.

Definition 4.1 (Interface Tensor). For a positive integer £ > 1 and any constant 0 < ¢ < 1, a level-£
e-interface tensor T* with parameter list

{(nesde, Jes kes Bxts Byt Bzt) Yeels]

is defined as i

T = ®ﬂ%?tt,kt [Bx.t, By t: Bz,t: €l

t=1

where i; + j; + ky = 2¢ forevery t € [s] (.e., T}, j, k, is a level-¢ constituent tensor) and By ¢, By, Bz, are
level-¢ complete split distributions for X -, Y -, Z-variables respectively. We call each Tf?j ke Bx.t, Byt Bz, €]
a term of T*. When ¢ = 0, we will simply call 7* a level-/ interface tensor.

Note that the same (i, ji, k¢) can appear multiple times in the parameter list, with potentially different
Nk, Bx.t, By, Bzt Also note that the tensor product of two level-/ e-interface tensors is also a level-/ e-
interface tensor, whose parameter list is the concatenation of the parameter lists of the two level-£ e-interface
tensors.

The framework of our algorithm is as follows. First, we apply the global stage algorithm described in

Section 5 on input (CW?ZZ* )®n to degenerate it into independent copies of a level-£* y«-interface tensor.
Then we apply the constituent tensor stage algorithm described in Section 6 for £ = ¢* ¢*—1,... 2 to obtain
the tensor product between a matrix multiplication tensor and independent copies of a level-1 ¢;-interface
tensor. More specifically, the constituent tensor stage algorithm takes as input a level-£ -interface tensor and
outputs the tensor product between a matrix multiplication tensor and independent copies of a level-(¢ — 1)
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e¢—1-interface tensor, so we can keep applying the constituent tensor stage algorithm on each level-(¢ — 1)
interface tensors that was outputted previously until we get a tensor product between a matrix multiplication
tensor and independent copies of a level-1 €1 -interface tensor. Finally, we show that each level-1 ¢ -interface
tensor can be easily degenerated into a matrix multiplication tensor, so we obtain independent copies of
matrix multiplication tensors of dimension (m, m",m).

4.2 Algorithm Outline

We first give a high-level outline of each step of the global stage algorithm. The constituent tensor stage
algorithm will share similar high-level ideas.

The algorithm takes in (CWEI@QZJ)@“ as input and outputs level-1-independent level-¢ interface tensors
as a degeneration of the input (for simplicity, we consider the ¢ = 0 case in this outline). In the algorithm, we
define the notion of compatibility between level-1 blocks and level-¢ triples with respect to some specified
complete split distributions, so that if all level-1 blocks in the remaining tensor are compatible with exactly
one level-{ triple, then the subtensors over each remaining triple are level-1-independent. So the goal of the
algorithm is to zero out some level-¢ and level-1 variable blocks such that each remaining level-1 block is
compatible with a unique level-/ triple. The structure of the algorithm is similar to the global stage algorithm
in [DWZ23] with the main modification being the generalization from split distributions to complete split
distributions.

On input ( CW?}QFI ) ®", we first view the tensor as the tensor product of three terms, where each term

is called a region, i.e., we write (CWEI@zFl)@n as ®T€[3} (CWEI@zFl)@AT'" for some Aq, Ay, A3 > 0 and
A1 4 Az + A3 = 1. Recall that we are only able to allow the sharing of level-¢ variable blocks in one of X -,
Y-, Z-dimensions, so each region will allow the sharing of level-£ variable blocks in different dimensions and
we will perform the subsequent steps on the three regions separately. This step helps balance the number of
remaining variable blocks in the three dimensions due to the asymmetric nature of the subsequent procedure.

From now on, we describe the procedure on the first region where we allow the sharing of level-¢ Z-
variable blocks. We perform the same procedure up to rotation of the three dimensions on the other two
regions separately.

1. Zero out according to a. For a distribution « over the level-¢ constituent subtensors and its induced
marginals ay, ay, az in the X-, Y-, Z-dimensions, we zero out level-¢ X -, Y-, Z-variable blocks that
are not consistent with a, ay, oz respectively.

2. Asymmetric hashing. We use pairwise independent hash functions that hash level-£ index sequences
to the set {0, ..., M —1} for some M which partitions the level-¢ variable blocks into buckets based on
its hash value. Within each bucket, we do asymmetric cleanup so that every level-¢ X -variable block
X7 or Y-variable block Y7 is contained in a unique level-/ triple X;Y;Z, while a level-¢ Z-variable
block Zx could be contained in multiple level-£ triples.

3. Compatibility zero-out I. We define a notion of compatibility with respect to the complete split dis-
tributions between level-1 blocks and level-/ triples for a set of specified level-¢ complete split distri-
butions {5x.i j k> Byij.ks BZ7i7j7k}i+j+k:2l for the X-, Y-, Z-blocks. We zero out all the level-1 X- or
Y -blocks that are not consistent with {5x ;. Jk}z 4jth=2t> {BY,i,j,k}i k=2t respectively (we can only
do this because every level-¢ X -variable block X or Y -variable block Y7 is contained in a unique
level-£ triple). We zero out all the level-1 Z-blocks that are incompatible with any level-/ triples.
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4.

Compatibility zero-out II: unique triple. After the compatibility zero-out I, every level-1 block is
compatible with at least 1 level-/ triple and we want every level-1 block to be compatible with exactly
one level-{ triple. So in this step, we zero out level-1 Z-blocks that are compatible with more than one
level-/ triples. Note that the level-1 blocks zeroed out in this step will become holes.

. Usefulness zero-out. Now that each remaining level-1 Z-block Z  is contained in exactly one level-/

triple X;Y;Z5, we can define the notion of whether a level-1 block is useful for the level-£ triple
containing it as whether it is consistent with the complete split distributions {8z,; j . };+ 4+ x=2¢- Note
that we can only do this now because previously we do not have the property that every level-1 Z-block
is in a unique level-£ triple. In this step we zero out the level-1 blocks that are not useful for the level-£
triple containing it.

Fixing holes. Now we have obtained level-1-independent level-¢ interface tensors with holes. We use
the following result which will be proved in Section 7 to fix the holes.

Corollary 4.2 (Fixing holes in interface tensors). Let 1" be a level-{ interface tensor with parameter
list

{(ney e, i, ke, Bxt, Broas Bz,t) Yeels)-
Let N =2¢-1. Zte[s] ng. Suppose 11, . .., T, are broken copies of T’ where < 8LN fraction of level-1
X-, Y- and Z-blocks are holes. If v > 2C1N/18 N for some large enough constant Cy > 0, the direct
sum @;_, T; can degenerate into an unbroken copy of T.

5 Global Stage

In the global stage, we take as input the tensor CW[;@N for N = n - 2¢" and output independent copies of a
level-£* interface tensor, where the output will be a degeneration of the input. For the rest of this section, we
will use £ to denote ¢* for convenience.

Given «, which is a distribution over {(,5,k) € Z3, | i +j + k = 21, and Bx.i ks BYij ks B2, ks
which are level-¢ complete split distributions, we define the following quantities:

ay is the marginal distribution of o on the X-dimension, i.e., ax(i) = >, , a(i, j, k) for any i. We
also similarly define ay and .

D is the set of distributions whose marginal distributions on the three dimensions are ay, ay, az re-
spectively, and let the penalty term P, := maxyecp H(a') — H(a) > 0.

For every k, a(+,+, k) = Zi>0,j>0 a(i, j, k); for every j, a(+,j,+) = Zi>07k>0 a(i, j, k); and for
every i, a(i,+,+) = 2j>0,k>0 a(i, j, k).

7 . 1 . 3 3
For every k’ BZ,+,+,I€ = m ZZ>0,]>O a(z7j7 k) : /BZ7i7j7k’ and /8Y7+7j7+ and /8X77;7+7+ are deﬁned
similarly.

BX,*,*,* = Z”k a(i, j, k) - Bx,i jx and By*** and BZ*** are defined similarly.

A2 = 30 kim0 or j—0 O1 5, k) H(Bz,i,g6) + 2k a(+,+, k) H(Bz,4.4.). and Ax and Ay are defined
similarly.
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In the following proposition, we will have (") 5 X ik ﬁ ik 52 ;. forevery r € [3] For every T e

[3], we use superscript () on variables to denote that they are computed using values of o” ﬁ Xk BY ik ﬁ Zigk

Proposition 5.1. (CW?2Z71)®N can be degenerated into

2(A1 E1+A2E>+AzE3)n—o(n)

independent copies of a level-{ interface tensor with parameter list

{ <n “Ay - alr) (4,5, k),4,7,k 5)( J,5,k7 6Yw k> ﬁZM k) }re[g},i—i-j—i-k:?Z

where
c 0< A, Ay, A3 <1, A1 + A+ A3 =1,

« o) for every r € [3] is a distribution over {(i, j, k) € Z%o i+ 5+ k=2

» ForeveryW € {X,Y, Z}, Bg,)i j pJorr e 3l i+ji+k = 26=1 is a level-t complete split distribution;

a Ty

° El = mln{H(Oé(l)) _P(l) H( ( )) P(l (ﬁZ***) )\(ZI)}’

By = win{ H(a{)) - PO, H(of)) — PO, HEP, ) - 27,

[e%
& Ty

By = min{ H(o{) - PY, H (o) - PP, H(FL, ) - 2P}

Remark 5.2. Note that without loss of generality, we can assume that, for every r, 4, j, k, and every L €
—1
{0,1,2* ",

B o) =Byt on@ = L), By L) =B @—L), BYL (L) =B 0@~ L),

where 2 denotes the length-(2¢~1) vector whose coordinates are all 2, and
L) =00t S Lo #4, BY) (L) =0if ZLt £i B (D) =0if S L £k,
t t

because otherwise, the level-¢ interface tensor will be the zero tensor and the lemma will follow trivially.
Next, we show Theorem 5.3, which is a corollary of Proposition 5.1.
Theorem 5.3. For any £ > 0, 2°") independent copies of (CVV?ﬂf1 )€™ can be degenerated into

2(A1E1+A2E2+A3E3—01/E(l))n—o(n)

independent copies of a level-{ c-interface tensor with parameter list

{ (n Ap a6, 5,k), 5, k 5)( i,k BYZ] k> ﬁZw k) }re[s},i+j+k:2l

where the constraints are the same as those in Proposition 5.1.3

%01 /(1) denotes a function f(c) where f(g) — 0as e — 0. We also use 0; . (n) to denote 0y /(1) - n.
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Here, the differences with Proposition 5.1 are the followings:
* The input becomes multiple independent copies of (CW?zhl)@".

» The output tensor becomes independent copies of some level-¢ c-interface tensor, instead of level-¢
interface tensor in Proposition 5.1.

* There is a small 2°7/+(") factor loss in the number of independent copies of the level-¢ e-interface
tensor we can keep.

The high-level idea of the proof is the following: for each copy of (CWEI@QZJ)@“ in the input, we apply
Proposition 5.1 where the target complete split distributions are slightly different in each application (up to
€ in Lo, distance with some specified complete split distributions). Finally, we merge the level-¢ interface
tensors into a level-£ e-interface tensor.

Proof of Theorem 5.3. Let
(r) }
{ Woisdik f e [3),We XY, 2}, itj+k=2¢

be a set of level-¢ complete split distributions whose L, distance with

IB(T’) }
{ Woidk J re[3),we{X,Y,2} i+j+h=2¢

is at most €. Furthermore, we require that all entries of 5‘(,7[;)2 j i are integral multiples of m Let D

be the collection of such sets of complete split distributions. For every W, 1, j, k, there are O(n) choices

for the value of each entry in 5‘(;,)2. ;x> and the total number of entries is 327 = O(1) as £ is a con-
stant. Thus, the number of 51(/12‘ k18 bounded by poly(n) = 2°(")and consequently the number of

{Bgf?i’j’k}7‘6[3},W€{X,Y,Z},i+j+k:2f (i.e., the size of 75) is also bounded by 20(n) - Also, it is not difficult

to verify that the level-¢ e-interface tensor with parameter list

{ <’I’L : A?‘ : a(r) (Z.7j7 k)) ivj) k) 5;7)i,j7k7 5}(;:27]'7]@ ﬁ(ZiZJ,k> }7’6[3} i+j+k:2[ (2)

is the sum of all level-¢ interface tensors with parameter lists

{ (n . Ar . 04(7‘) (i7j7 k)7 Z‘7j7 k7 §§3i7j,k7 gg:;j’k;? S(ZT’Z’L]{;) }TEB] ’i+j+k)=2£ (3)

over all such {fg})ij k} e D.
Let E1, E5, E3 be defined as in Proposition 5.1 applied to complete split distributions { ﬁg})i j k} and

let EY, EY), EY be defined as in Proposition 5.1 but applied to some complete split distributions {gg,)l j k} €
D. By Proposition 5.1, each copy of (CW?2Z71)®" can be degenerated into 2(4151+A2Ey+AsEz)n—o(n)
independent copies of the level-¢ interface tensor with parameter list as in (3).

It is not difficult to see that A; F'y + A3 Es + A3 3 is continuous with respect to { BI(;/)” k} and because
the L., distance between {ﬁ‘(,;)”k} and {SI(/IT})Z]k} is at most ¢, we get that A1 B + AsF) + AsE} >
AEy+ Ay By + AsEs — 01/5(1).
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Thus, 2°(") independent copies of (CVV;@@?1 ) “™ can be degenerated into 2(41E1+A2 B2+ 435501 /¢ (1))n—o(n)
independent copies of a direct sum of all level-£ interface tensor with parameter list

{(n- A0 k)i k€00 600006505 0) }Tem e

over all such {58;)[. j k} € D, and because a direct sum of some tensors can be degenerated into the sum of

these tensors, the theorem follows. O

The remainder of this section aims to show and analyze an algorithm that proves Proposition 5.1.

5.1 Dividing into Regions
Similar to [DWZ23], we consider
(OW5H )" = (W )P e (O ) e (owgH )

for Ay, Ao, A3 > 0 and A1 + Ao + A3 = 1. We call each of the three factors of the above tensor product a
region. For r € [3], we denote the 7-th region as

T = (CWg2 e,

The idea is to apply asymmetric hashing on the three regions separately. We will use asymmetric hashing
that shares level-¢ Z-blocks in the first region, Y -blocks in the second region, and X-blocks in the third
region. Each region will be degenerated into independent copies of a level-/ interface tensor and the output
will be the tensor product of the independent copies of the three level-¢ interface tensors from the three
regions. Thus we can analyze each region independently and we only give the detailed analysis on the first
region as the analysis for the other two regions follow by symmetry.

From now on, we will describe the analysis on 7 in which the level-¢ Z-variable blocks are shared
and we will omit the superscript (1) on all variables for conciseness.

5.2 Asymmetric Hashing

Recall that « is a distribution on {(i, j, k) € Z3, | i +j + k = 2}, i.e., it can be viewed as a distribution
on level-/ constituent tensors. Recall that «v induces marginal distributions ay, ay, az. We first zero out X -,
Y-, Z-blocks that are not consistent with the marginals ay, ay, az respectively. Let Ngx be the number of
remaining level-¢ X -blocks, and it is not difficult to see that

Npx = 2H(ch)~A1n:|:o(n)‘ 4)
Similarly, let Ngy and Nz be the number of remaining Y- and Z-blocks, and we have

Ngy = 2H(an)-Aindo(n) £ — gH(az) Ainzo(n) )

Let N, be the number of remaining block triples that are consistent with cv. We have

N. = 2H(o¢)~A1n:|:o(n). 6)

«

Finally, let Nqy. ay,q, be the number of remaining block triples X;Y;Z.
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Claim 54. N, oy.0, = 9(H () +Pa)-Arnzto(n)

Proof. Recall that P, = max,ep H(a') — H(«) where D is the set of distributions whose marginal dis-
tributions on the three dimensions are o, ay, oz respectively.

As we zeroed out X-, Y-, Z-blocks based on ay, ay, az respectively, all remaining block triples are
consistent with one of the distributions o’ € D. Additionally, o/ (i, , k) - A1 - n must be an integer for every
i, 7, k. Let us denote the set of distributions satisfying such properties as D’.

Thus, Nay.ay.ay = ey 27410 As | D'| = poly(n), we have that

NQ’X ay,oy — 2(maXa/€D/ H(Q’/))'A17L:|:O(n).

When n approaches oo, the difference between max, ¢ p H(o') and max,¢p H (') will approach 0, as
the entropy function H is continuous. Thus,

Noy,ay,a; = g(max /e p H(a'))-Ainto(n) _ o(H(a)+Pa)-Ainto(n) 0

Let M € [My, 2Mj] be a prime number for some integer M. The value of M is yet to be fixed, but we
first require that

N, N,
M > . ax,y,oz ay,Qy,z . 7
0> 8 max{ Nex | Nay } @)

One additional term that lower bounds M, will be mentioned later.
We independently pick uniformly random elements by, {w; };~, € {0,..., M — 1}, and define the fol-
lowing hash functions hx, hy,hz : {0,...,2¢" = {0,...,M —1}:

hx(I) = by + (Zwt-lt> mod M,

t=1

hy(J) = by + (wo—l—Zwt-Jt) mod M,

t=1

1 n
hz(K) =by+ = | wo+ > we - (2° = Ky) | mod M.
2 t=1

Let B be a Salem-Spencer subset of {0, ..., M — 1} that has size M'~°() and does not contain any
nontrivial 3-term arithmetic progressions (modulo M). Then we zero out all blocks X; with hx(I) ¢ B,
Y with hy(J) Qé B, and Zx with hz(K) §7§ B.

For every block triple X;Y;Zk in T, we have that X; + Y; + Z; = 2¢ for every t € [n]. Therefore, it is
not difficult to verify that hx (I) + hy (J) = 2hz(K) (mod M). In order for hx (I),hy (J),hz(K) € B,
we must have hx (I) = hy (J) = hz(K) = b for some b, because B does not contain any nontrivial 3-term
arithmetic progression (modulo M). We say that triples X;Y;Z g with hx (I) = hy(J) = hz(K) = b are
contained in bucket b.

For every bucket b, if it contains two level-£ triples X;Y;Zx and XY Zy that share the same X-
block, then we zero out X ;. Similarly, if a bucket contains two level-£ triples X;Y;Zx and XY Z g that
share the same level-¢ Y-block, then we zero out Y;. We repeatedly perform the previous zeroing-outs so
that eventually, all remaining triples in the same bucket do not share X - or Y'-blocks. As each level-¢ block
triple in 7 must belong to some bucket, we get that all remaining triples do not share X - or Y -blocks, i.e.,
each level-¢ block X or Y is in a unique level-£ block triple. For every level-¢ block X (or Y;), we check
whether the unique triple containing it is consistent with the distribution «; if not, we zero out X (or Yy).
We call the tensor after this step Thash.
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Claim 5.5 (Implicit in [CW90], see also [DWZ23]). For a block triple X;Y;Zy € T, and for every b €
{0,..., M — 1},
1
Prlhx(I) =hy(J) =hz(K)=10b| = e
Furthermore, for two different block triples X1YjZ i, XY Zyr € T that share the same X -block, and for
everyb e {0,...,M — 1},

Pr|hx(I) = hy (J') = hz(K') =b | hx(I) = hy (J) = hy(K) = b] = %

This also holds analogously for different block triples that share the same Y -block or Z-block.

Claim 5.6. For every b € B and for every level-{ block triple X;Y;Z i € T that is consistent with o, the
probability that X1Y;Z i remains in Tpasn conditioned on hx (I) = hy (J) = hz(K) =bis > %.

Proof. The only way that X;Y;Zx does not remain in Tp,sn conditioned on hx (1) = hy (J) = hz(K) =10
is when some other block triples that share the same X-block or the same Y -block are hashed to the same
bucket b.

Right before the hashing step, the total number of block triples remaining is Ny ay,q,, and the number
NO‘X y,az

of X-blocks is Npx. By symmetry, each X -block is in the same number of block triples, which is

Thus, the total number of block triples that share the same X -block as X;Y;Zk is ]\7&)](\}7;(%&2 — 1. For each of

them, the probability that they are hashed to the same bucket b with X;Y;Z is % by Claim 5.5. Therefore,
by union bound, the probability that any of them is hashed to the same bucket with X;Y;Z is at most

NaX7aY7aZ Nax,ay7az Eq<(7) 1
M - Ngx — My - Npx — ]

Similarly, the probability that any block triple that shares the same level-¢ Y-block is mapped to the
same bucket as XY ;7 is at most %. By union bound, the probability that X;Y;Zx will be zeroed out is
<1 O
=1

Claim 5.7. The expected number of level-£ block triples in Tash is at least
N, - M(]_I_O(l)-

Proof. For every level-£ block triple X;Y;Zi € 7T that is consistent with «, and for every b € B, the
probability that hx (I) = hy(J) = hz(K) = bis ﬁ by Claim 5.5. Also, by Claim 5.6, X1Y;Z will
remain in 7p,sn With probability > % . #

Summing over all block triples X;Y;Z ) and all b € B, we get that the expected number of block triples

in Thaen is at least

3 1 —1-0(1
No-1Bl- 5+ 57 = Na- Mg W, O

5.3 Compatibility Zero-Out I

Recall that {B8x.; j k, By,ijk BZijk}; +jtkege ATC level-¢ complete split distributions for the X-, Y-, Z-
blocks.
Let
S = {ten] | I =i, Jy = j. K, = k),
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and P
SUO0 = {t e n] | K = k}.

If clear from the context, we will drop the superscript (1, J, K) or (K).

Recall that in Tp,gn, every level-£ block X7 is in a unique block triple X;Y;Zk. For every level-1 block
X; € X7, wewill zero out X ; if split(1, S; j x) # Bx.ijx forany 4, j, k (recall the definition of split(1, S; j )
in Definition 3.5). Similarly, every level-£ block Y7 is in a unique block triple, and we zero outevery Y; € Y
where split(j, Sijk) 7# By, jk forany i, j, k.

We can not perform the same zeroing out for Z-variables, because in Tp,sn each level-¢ Z-block is not
in a unique block triple and S; ; ;. is not well-defined just given the Z-block. Instead, for every level-1 block

Zy € Zk, we zero out Z . if spIit(K, Sxk) 7 BZ**k for any k, where

1

itj=20—k (i, j, k)

Z (i, j, k) - Bz

i+j=20—k

BZ,*,*,k = z

is the average complete split distribution for constituent tensors whose third coordinate is k.

We call the tensor after the previous zeroing-outs Teomp-

Next, we are ready to define the notion of compatibility. The notion is adapted from [DWZ23], which is
a crucial ingredient in their analysis (and ours).

Definition 5.8 (Compatibility). For some I, J, K, a level-1 block Z, € Z is compatible with a level-£
triple X;Y;Zk if

1. Forevery (i,j,k) € Z?éo withi+j+k=2%4i=00rj =0, split(K7 Sijk) = B2 jk-
2. For every index k € {0,1,...,2¢}, split(K, Sisk) = Bzink

Claim 5.9. In Tcomp, for every level-1 block triple X iY;Z and the level-{ block triple X1YjZ§ that con-
tains it, Z j; is compatible with XY ;Z.

Proof. First of all, Item 2 is clearly satisfied, because we zeroed out every K with split(K , S*,*Jf) #* B 75 %,k
for any k. Next, we show that Item 1 is also satisfied.

Recall that we zeroed out all X ; where split(f, Sijk) 7 Bxijkforany i, j, k. Let (4,7, k) € 73, where
i+j+k=2andj=0.As X;Y;Z ;. remains in Teomp, split(f, Sijk) = Bx.ijk Because j =0, J, =0
forevery t € S; j 1, which implies that (j(t_l),22—1+1, j(t_l),2z71+2, ceey jt-2£*1) = 0. As I}+J}—|—f(£ =2
for every ¢, we have that

(K(t—l)-2‘*1+1’ K(t—l)-2e*1+27 SRR} Kt-2‘*1) =2- (I(t—l)-2‘*1+1’ I(t—l)-2‘*1+27 SR It-2‘*1)
for every t € S; ;. Thus, for every L € {0,1, 2}2671, the proportion of L appearing in ([A(t—l)~2l*1+17
f(t_l),2zf1+2, ce ft,2z71) over t € S; ;1 is exactly the proportion of 9 — L appearing in (K(t_l),2271+1,
Ky 1yoe-149, -+ s K,.50-1). Inother \jvords, split(K,.S; j k) (L) = split(Z, S; ;) (2—L) = Bx,ijk(2—L).
By Remark 5.2, this implies that split(/,S; j r) = 82, j.k-
We can show that split(f(7 Sijk) = Bz, jk with i = 0 similarly. O
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5.4 Compatibility Zero-Out II: Unique Triple

In this step, we zero out level-1 Z-blocks that are compatible with more than one level-¢ triples. To do so,
we check if each level-1 Z-block Z . is compatible with multiple level-/ triples. If so, we zero it out and it
becomes a “hole”. Note that after this step, each remaining level-1 Z-block Z ;. € Zk is compatible with a
unique level-¢ triple (X7, Y, Zk) containing it.

5.5 Usefulness Zero-Out

Next, we further zero out some level-1 Z-blocks using the following definition of usefulness.

Definition 5.10 (Usefulness). For a level-1 block Z and a level-£ triple X7Y;Zk containing it, if for all
(4,7, k) we have split(K’7 Sijk) = Bz, jk» then we say that Z . is useful for X;Y; Z.

For each 7, it appears in a unique triple X;Y;Zf by the previous zeroing out. Furthermore, if Z is
not useful for this triple, we zero out Z . We call the current tensor Tusetul -
If there is no hole, then the subtensor of the remaining tensor over X;Y;Zx is isomorphic to

®QRA1-a(i,j,k)n
T = & T CIRI B s i By B2,ig )
i+j+k=2¢

i.e., it is the level-£ interface tensor with parameter list

{(Al : a(iv j7 k) ' n, iv j7 k) 5X,i,j,k7 ﬁY,i,j,k, 5Z,i,j,k)}i+j+k:25'
More formally:

Claim 5.11. For any level-{ block triple X1Y;Z ¢ contained in Teomp (01 equivalently, Tnash), the subtensor
of Tusetul Testricted to blocks X1,Yy, Zy is a subtensor of T*, where the missing variables in this subtensor
are exactly those in level-1 blocks Z ;. that are compatible with multiple level-{ triples in Tcomp-

Proof. Initially,
= ®A1a(7’7]7k)n
Toshlx,y,ze = @ T :
i+j+k=2¢

To show Tyseful] X, Y, 7y 1S asubtensor of T*, it suffices to show that the level-1 X -blocks (Y '-blocks or Z-
blocks resp.) remaining in 7Tlsefm|lesz have the property that split(f, Sijk) = Bxijk (split(j, Sijk) =
By, jkorsplit(K, S; j 1) = Bz, resp.) forevery 7, j, k. This is true because we enforced these constraints
on X- and Y-blocks in the compatibility zeroing-out step, and enforced the constraints on Z-blocks by
zeroing out Z - that is not useful for the unique level-/ triple that contains it. Furthermore, these are the only
constraints we have on the level-1 X- and Y -blocks, so the set of X- and Y -variables in Tyeful] XY, 2k is

the same as that in 7*. It remains to analyze which level-1 Z-blocks are missing in Tyseful] X1V 2
There are three constraints we enforced on level-1 Z-blocks:

1. In the compatibility zeroing-out, we enforced that for every index k € {0, 1,...,2}, split(K s Swnk) =
Bzv*v*vk'

2. In the unique triple zeroing-out, we zeroed out Z ;- that is compatible with multiple level-/ triples.
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3. In the unique triple zeroing-out, we zeroed out Z that is not useful for the unique level-¢ triple
X1Y;Zk that contains it. Thus, we will have that split(K, Sijk) = Bz forevery i, j, kif Zp
remains.

The third constraint implies the first constraint, because if the third constraint holds, then for every k,

N 1 5
Sp“t(K, 5*7*,]@) S — Oz(i,j, k) : Sp|it(K, S} ',k)
Zi,j (i, j, k) ng;[_k "
1 —
- a(i7j7 k) ' 52,4, ik — ﬁZ,*,*,k'
Zi,j (i, j, k) ng;[_k "

Therefore, we can ignore the first condition. As a result, the set of level-1 Z-blocks not in Tyseful XY, ZK but
in 7 are exactly those that are compatible with multiple block triples in Tcomp.

Also, note that for different remaining block triples X;Y;Zx, Tuseful| x,v;, 2, are level-1-independent,
i.e., they do not share the same level-1 blocks. This is because X; and Y are already in unique level-¢
triples in Than; for every level-1 block Z ., Claim 5.9 shows that Z . is compatible with every level-/ triple
X1Y;jZ containing it, and then we zeroed out Z that are compatible with multiple triples. Thus, every
remaining Z in Tuseful i contained a unique level-¢ triple as well. As a result, we can write

Tuseful = a Tusetul | XY, 2 ®)

X1Y5Z K remaining

as a direct sum of broken copies of 7*.

5.6 Fixing Holes

Next, we analyze the fraction of holes in the broken copies of 7* contained in Tysef. To do so, we define
the following notion of typicalness, which will then be used to define the quantity peomp:

Definition 5.12 (Typicalness). Alevel-1 Z-block Z ;. in some level-¢ Z-block Z is typical if split(K s Snk) =
5 7%k forevery k. When Z is consistent with az, this condition can be equivalently written as split(K ,[A1n]) =
B 2,55, Where we recall that Bz ... = 3, i (i, 5, k) - Bz, jk-

Definition 5.13 (pcomp). For fixed Z; and Zx where Z ;. € Z and Z; is typical, peomp is the probability
that a uniformly random block triple X;Y;Zx consistent with « is compatible with K.

By symmetry, this probability is the same for different Z; and Zx where Z € Zk and Z is typical,
SO Peomp 18 Well-defined. Since holes only arise when some Z - is compatible with multiple triples, the value
of peomp 18 closely related to the fraction of holes, and is given by the following claim.

Claim 5.14. The value of pcomp is

2(>\z—H(Bz,*,*,*)+H(az))A1~nﬂ:0(n)’

where we recall that

Az= > aligk) HBzige) + Y at++k) - H(Bzewk),

,5,k:1=0 or j=0 k
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bt
al+,+, k)

Oé(+7 +7 k) = Z Oé(ihj? k)’ BZ7+7+7I€ =

i,5>0

Z Oé(’i,j, k) : 5Z,i,j7k7
i,j>0
and B
/BZ,*,*7* - Z a(i7j7 k) : /BZ,i,j,k~
i7j7k

Proof. By symmetry, it suffices to compute the following two quantities, and peomp Will be the ratio between
them: (1) the number of tuples (7, J, K, K') where X;Y;Zk is consistent with c, K € K, Z is typical,
and Z is compatible with X;Y;Z; (2) the number of (I1,J, K, K ) where XY ;Zk is consistent with «,
K € K, and Z, is typical.

We first compute the second quantity. First, the number of typical Z is 2H (Bz,4.x.4)- ArnEo(n) Each of
these Z . uniquely determines a level-£ block Z. Also, for each Z, the number of block triples X;Y; Zx
consistent with « is ]]VV—;Z = 9(H(a)=H(az))-Arn£o(n) Therefore, the second quantity is

2(H(BZV*,*y*)-‘rH(a)—H(az))-Al-’rL:I:O(TL). (9)

Next, we compute the first quantity, which is the number of (I, J, K, K ) where XY ;Z is consistent
witha, K € K, Z i is typical, and Z is compatible with X;Y;Zf. By Item 2 in Definition 5.8, if Z
is compatible with any level-¢ block triple, then it is typical. Thus, we can drop the condition that Z is
typical, and equivalently count the number of (I, J, K, K ) where XY ;Zk is consistent with «, K € K,
and Z . is compatible with X;Y;Z.

First, the number of block triples X;Y;Zx consistent with « is N,,. Then, for each such block triple, we
count the number of Z . € Z that is compatible with it. If we fix some X;Y;Z, then we also have fixed
the values of \S; ; ;. for all 4, j, k. Then we can rewrite the condition for Z & being compatible with X;Y; Zx
equivalently as follows:

Definition 5.15 (Compatibility’). For level-/ triple X;Y;Z consistent with o, a level-1 block Z ;. € Z is
compatible with X;Y;Z if

* Forevery {(i,j,k) € Z%y | i+j+k = 20,i = 0orj = 0}, split(K,S; ;1) = Bzijx (Thisis
exactly Item 1 in Definition 5.8).

* Forevery k, let S, . j, == |J S j.k- Then split(f(, Siik) = BZ7+7+7/€.

i>0,5>0

Item 1 and the second condition above imply the original condition split(K , 5*7*,;6) = B Z,%,%k in Item 2,
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because

1 Z ali, j, k) - split(K, Si jx)

split(K, Sy up) = —

1 .. o P .. e
= Z O[(Z ; ]{7) Z Oé(Z,j, k) : Spllt(Kv Si,j,k) + Z Oé(’L,j, k) : Spllt(Kv Si,j,k)
1,520 0 J> i,j>0 i=0 or j=0
1

= Z a(i ; k;) Z Oé(i,j, k‘) . SP|it(K,S+7+,k) + Z a(z’,j, k:) . 52%],7]6
4,5 >0 s J

1,7>0 1=0or j=0
1 _
= — Y ali k) Bzaant Y alijik) Bz
2,520 (1 J: k) 0750 i=0 or j=0
1

= > ali g, k) - Bzijk = Bzesk-

Zi,jzo (i, j, k) i7>0

Similarly, Item 1 and Item 2 together imply the second condition in Definition 5.15. Therefore, Defini-
tion 5.15 is an equivalent definition of compatibility.

In Definition 5.15, there are constraints on the complete split distributions of K on some disjoint sub-
sets of [A1n]. Therefore, we can count the number of valid subsequences of K for each of these subsets
of indices, and multiply them together. For every (i,j, k) € Z?;O where i + j + k = 2° while i = 0
or j = 0, we require that split(K’7 Sijk) = Bzijk so the number of possibilities of K on the sub-
set of indices S j 1 is 2 (Bz.ijk)|SijklFo(n) = 9H(Bz.ijk)-a(igk)-Ainto(n) — For every k, we require that
split(f(, Si+k) = BZ,+7+,k’ so the number of possibilities of K on Sy is QH(Bz,4:4,0) 1814 k| F0(n)  —
2H (87,41 k)-0(++k)- Ainto(n) -~ Qverall, the number of possible compatible K, multiplied by the number of
block triples X;Y;Zk, is

N, - H 9H(Bz,i,5,)-0i,5.k)-AinzEo(n) | H2H(BZ,+,+,I¢)'O‘(+7+7]9)‘Alnio(n) — o(H(@)+Az)-Anto(n) (10
i,5,k k
=0 or j=0

Finally, as mentioned, pcomp is the ratio between (10) and (9), so

Peomp = (Q(H(a)+>\z).A1n:|:0(n))/(Q(H(Bz,*,*,*)+H(a)—H(az)).A1.n:to(n)) _ Q(AZ—H(BZ,*,*,*)JFH(aZ))Al-nio(n)

as desired. O

Claim 5.16. For every b € B, every level-£ block triple X1Y;Zy consistent with o, and for each typical
Zy € Z, the probability that Z ;; is compatible with multiple triples in Teomp is at most

Ny - Pcomp
Ngz - My’

conditioned on hx (I) = hy (J) = hz(K) =b.

Proof. By the definition of peomp, the total number of level-¢ block triples XY ;: Z that is compatible with

Z s ]]VV—;Z “ Peomp- For each X /Yy Z ¢ different from X;Y;Z, the probability that XY Zk is mapped to
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the same bucket bas X;Y;Zk is % by Claim 5.5. Thus, by the union bound, the probability that any of them
is mapped to the same bucket as X7Y;Z is upper bounded by ]J\\;—;Z * Peomp ° % < ]1\\[;1;; };’/'[“O" Furthermore,
if none of them are mapped to the same bucket as X;Y;Zk, then Z is compatible with a unique triple

X1Y;ZK in Teomp, so the claim follows. O

. N& « « N& « «
Recall that we require M to be at least 8 - max{ %B ; =z ’]‘\}B ;’ =z } Now, we add another (and final)

constraint: My > M%B;‘"“p - 80N. That is, we will set M to be

max{ 8]\700(,04140427 8*]\[00(,041’70427 Na - Peomp . 8ON}
Npx Npy Ngz

— 2max{H(a)—Pa—H(ax), H(a)—Pa—H(ay), H(@)+Az—H(BZ « « «) }-A1-nEo(n) )

Now, for every b € B and every level-£ block triple X;Y;Z that is consistent with o with hyx (1) =
hy(J) = hz(K) = b,

1. by Claim 5.6, it remains in 7,5y With probability > %;

2. by Claim 5.16, linearity of expectation and Markov’s inequality, among 7 € Zk that is useful for
X1Y;Zk (this implies that Z is typical, so we could apply Claim 5.16), the fraction of Z that
becomes a hole in 7y is at most 10/80N = % with probability at least 9/10.

Therefore, by the union bound, with constant probability, the subtensor of Tysefy over X7, Yy, Zx is a
copy of 7™ whose fraction of holes does not exceed 1/8N. The expected number of X;Y;Zx with hx (I) =
hy(J) =hz(K)=boverallb € Bis N, - M=) 5o overall, Tysefu contains Ny, - M~ copies of
T whose fraction of holes is 1/8N.

By Corollary 4.2, we can degenerate them into N, - M ~1~°(1) unbroken copies of 77*.

5.7 Summary

{— . — 11—
So far, we have degenerated (CVV?2 1)®A1 "into > N, - M, 1-o(1) copies of a level-/ interface tensor 7 *
with parameter list

.o .o 1 1 1
{ (Tl -Aq- a(l) (27,77 k)a % 7, k, ﬁgﬂ)i,j’k’ }(/727j’k7 (Z,z,j,k) }i+j+k:2e'

By plugging in the bounds of N, and M, we see that the number of copies we obtained (in the first region)
is
2A1n.min{H(a§1))_P,§1>, H(a")-P" HFY, , -2 }—o(n)'

By symmetry, we can apply the same method to the second and third region, where for the second region
we perform asymmetric hashing that shares Y -variable blocks, and for the third region we perform asym-
metric hashing that shares X -blocks. Taking the tensor product of these results returned by our method on
the three regions concludes the proof.

33



6 Constituent Stage

In the constituent stage for level-¢ for some ¢ > 1, the input is an s-term level-¢ e-interface tensor with
parameters

{(ney ity e, key Bty By .ty Bzt) beels)

that meet the following constraints:

1. For every t € [s], if i1 +ig 4+ %2671 % 1y, then ,8X7t(%1,%2, .. ,%2571) = 0. Similar constraints
hold for By and Bz;.

2. Forevery t € [s] with j; = 0, and every 01,19, . . . ,%2#1,
Bxi(i1,02, .- yige-1) = Bza(2 — 11,2 — g, ..., 2 — ige1).
Similar relations hold between By ; and By; where k; = 0 and between Sy and 3z where i; = 0.

Additionally, we letn = ), n; and N = 2¢=1 . n. The goal of this stage is to degenerate the input to the
tensor product between a matrix multiplication tensor and multiple independent copies of a level-(¢ — 1)
¢’-interface tensor for some &’ > 0.

Before we apply the laser method, let us handle the terms ¢ € [s] in the level-¢ e-interface tensor where
it = 0, ¢ = 0 or k; = 0, which are already matrix multiplication tensors. The proof idea of the following
theorem is similar to the proof idea of a result in [Vas12], who showed the version of the following theorem
without complete split distributions.

Theorem 6.1. If k; = 0O, then
Ti??;,kt [ﬁX,ty 5Y,t7 52,157 5] = <17 Ma 1>7

where
ob—1 .

M = 2"t(H(BX,t)i01/s(1)):|:o(n) . qntz(glb »»»»» ige—1) Bx’t(zl’b"“’%ﬂ*l)szl [ZP:”'
Similar results hold when i, = 0 or j, = 0.

Proof. As k; = 0, there is only one Z-variable zg in the given tensor. Also, for each fixed X-variable z,
there is a unique Y -variable y so that xyzg is a term in the given tensor (this is because it is a subtensor
of CW[;@N ), and vice versa. Thus, the given tensor is isomorphic to an inner product tensor (1, M, 1) for
some M > 0. It remains to calculate the number of X -variables in the given tensor. The X -variables are
distributed among several level-1 X -blocks. Fixing a complete split distribution {y; whose L, distance to
Bx ¢ is within €, the number of level-1 X -blocks in Tf;‘; ke that conform with {x ; is

2ntH(5x7t):|:0(TL) _ 2nt(H(ﬁX’t):|:ol/5(1)):|:o(n) ) (11)

In each of these level-1 blocks, say X 7, the number of X -variables is

- —1 . R R 4 4 25*1 s
qut:f ([p=1] _ qmz(h vvvv izéfl)gx’t(ll""’Z?Z’l)zpzl [tp=1]
A 2 ol=1~
_ q"t 2y 22Z71)(5X,t(217---722571)i01/s(1))Zp:1 [lp—l}‘ (12)

The product of (11) and (12) gives the number of X -variables belonging to level-1 X -blocks that are consis-
tent with a certain £y ; taking summation over all £x ; (there are poly(n) of which) proves the lemma. [
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Next, we assume that we already used Theorem 6.1 to handle terms with i, = 0, j; = 0 or k; = 0, and
assume without loss of generality that we are left with the first s’ terms for some s’ < s.

For a triple of level-¢ complete split distributions (S, Sy, 5z) associated with the tensor power of the
constituent tensor T3, ;, 1., we define a distribution vx on {0, ..., 2/=112 as follows:

’y)((lx,rx) = Z 5)((%1,%2,...,%2271).

(112, orlge—1 )}
i1ty o =lx,
2( 2+1+ +225 1=rx

It describes how every level-£ index i, splits into two level-(¢ — 1) indices. We similarly define ~y and .

Let o be a distribution on possible combinations of (I x, ly, [z) such that the marginals of « are consistent
with ’yx(lx, lx) Vy(ly, j — ly), "yz(lz, k— lz). MOI'GOVGI‘, let /BX,i’,j’,k’, /BY,i’,j’,k’a ,BZJ'/J/,]Q/ be level—(ﬁ— 1)
complete split distributions. We then define the following quantities:

* D is the set of distributions whose marginal distributions on the three dimensions are consistent
with vx(Ix,i — Ix), vww(ly,7 — ly), vz(lz,k — lz) respectively, and let the penalty term P, :=
maxyep H(o') — H(a) > 0.

* Forevery k', a(+,+,K') =3, o vugali’, 5, k') forevery j', a+, 5, +) = 325 g prso (i 5/ K');
and for every i, au(’, +,+) = 3 g (i, 5 K).

* Forevery k', a(<, <, k') =32, vy, (i, j', k') forevery j, o<, j', <) = > 2y i, ey, (@ 57, K');
and for every ', a(i', <, <) = 35 i oy, (@ 5 K).

e For every k/, 6Z7+,+,k W Ei,>07j/>0 a(@,j' k) - Bz j k> While Byﬁ,’j/’_'_ and BX,i',+,+ are
defined similarly.
« Az = S (el LK) +alic =i ge— 5 ke — k) - H(Bz o)

i’ ,§' k":i'=0 or j'=0
+ Z +,+, k) +al<, <, k — k')) . H(BZ7+7+7kt_kl)7 while Ax and Ay are defined similarly.

In the following proposition, we will use the above definitions for different ¢ € [s'] and r € [3]. We will
use t in the subscripts and (r) in the superscripts on variables to denote that they are computed using values

7‘ T T
of oy vﬁxw th Zt’{ Xm,g',k'}i’,j’,k’v{51(/,2,i',j',k'}i’7j’7k”{5§,2,if,jf,kf}i’,j’7k’~

Proposition 6.2. An s'-term level-{ e-interface tensor with parameters

{ (e, ity ey kes Bty Bty Bze) el

fore >0, i, ji, ke > 0V t € [s'] can be degenerated into

9(E1+E2+E3)—o(n)—01/(n)
independent copies of a level-({ — 1) interface tensor with parameter list
{(ne Ave - (@058 + 0l e =G = o = K75 K B i Y k0 B i)
forte [, re B+ +k =2710<i <i, 0 <5 <y, 0 <K < ky, where
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* 0< A1, Ao, Ars <land Ayy + Aro + Arz = 1 forevery t € [s'];

* Forevery t, and for every W € {X,|Y, Z}, Ay 15Wt + Ay gﬁWt + Ay 35Wt Bwt (ﬁWt are inter-
mediate variables that will be used later);

» ForeveryW € {X,Y,Z},r € [3]and ' +j' + K =2t} BW“, o 1 18 alevel-(€ — 1) complete split
distribution;

o Forevery W € {X,Y,Z}, t € [s'] and r € [3],

Bl = > @K (B X B i)

it j k!
°E1 Z:miH{ZAtJ"I’Lt'(H(’Y > ZAtlnt<H(/7)(%t))_P0(jt))7
te(s’] te(s’]
Z Aty g (H(B(Zli) - )‘(Zli) }7
tels’]
By m{ 5 vz (HOE) - PR). 3 vami- (005 - PLY),
te(s’] te[s’]
5 e (1520 )
tels’]
By m{ 5 vy (HOE) - P2). - v (005 - PAY),
te(s’] te(s’]
S Ao (HEE) - 2E)) }
tels’]

Given Proposition 6.2, we obtain the following theorem, whose proof is essentially the same as that of
Theorem 5.3.

Theorem 6.3. 2°") independent copies of s'-term level-{ 3=-interface tensor with parameters

{(’I’Lt, itv jtv kt7 5X,t7 5Y,t7 5Z,t)}t6[s’}

fore > 0,4y, 51,k > 0V t € [$'] can be degenerated into

2(E1+E2+E3)—0(”)—01/s(")
independent copies of a level-({ — 1) e-interface tensor with parameter list
{ (’I’Lt : At,r : (OZET) (Z./uj/v k/) + OZET) (Zt - ZJ)jt - j/7 kt - k/))7i/7j/7 k/ 5)(13 i 5 k" 5Yt Jilgl k! 5215 7/,]’7]4) }

fortc[s',reB,i+j+K =210<4 <iy, 0< 45 <ji, 0 <k <k, where the constraints are
the same as those in Proposition 6.2.
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Proof. Similar to Theorem 5.3, for every set of complete split distributions {55‘7,1)1e i k,}W7t7T,7i,7 j.k that is at

most £ away in L distance from { 5&;1 o Ywitrir ik » We take an independent copy of the input interface
tensor, and degenerate it to independent copies of the output interface tensor with the specified complete split
distributions. Let

g‘(;/?t = Z agr)(l./,j/, k‘/) . (gwtll 3k X EWt de—il je—j! ke — k") (VW S {X,K Z}, r e [3], t e [s/])
i/7jl7kl
(13)
and (= Aulfg/?t + At,2§‘()[2,7)t + At,gfg}?t be determined by the considered complete split distributions
{éwit,ir,j k' }- According to Proposition 6.2, an e-interface tensor 7~ with parameter list { (n¢, 4t jt, ke, Ex.t5 Evit, §z,t) Fee|s]

2E1 +E2+E3—o(n) —01/¢ (n)

can degenerate to copies of the target interface tensor. Summing up a copy of

the outcome tensor for each {5‘(,;)1e i g k/}W,t,r,i’,j’,k’ will give the output e-interface tensor, so we can get

oF1+E2+Es—o(n)=01/:(n) jndependent copies of the output tensor in total.

It remains to show that 7 is a subtensor of the input interface tensor, i.e., a 3e-interface tensor with

parameters {(n¢, i, jt, ke, Bx.t, Byt BZ t)}te . On the right-hand side of (13), the two complete split distri-
butions have at most € distance from 5W R and BW tis—il ji—i' o—k'* SO their product has < 2¢ distance*
( )

from ﬁWt i, k, X ﬁWt iy it ojt ke Since the coefficients oy (', 4', k") sum up to 1, we know that the

left-hand side 5 W ) has at most 2¢ distance from BWt as well, and the same holds between &, and By ;. Thus
the e-interface tensor with complete split distributions {& W,t}W,t is contained in the 3e-interface tensor with
{Bw,t}w as a subtensor. Then we conclude the proof. O

The remainder of this section aims to prove Proposition 6.2.

6.1 Dividing into Regions

For each of the s’ terms, say the ¢-th term, we pick three real numbers Apq, A2, Ay > 0 where Ay +
At + Az z = 1, that aims to divide the ¢-th term in the input level-¢ e-interface tensor into three regions
of sizes At 1nt, A ony and A; 3n, respectively. We also pick three different complete split distributions

X t , BX . BX ,, with the constraint
;(<1t) A + 5;(22 Ara + 5;(52 Ars = Bxgt (14)

We also pick B,(,Tg and ng for r € [3] with similar constraints. Similar to Remark 5.2, we assume without

loss of generality that, for every ¢, r and every L € {0, 1, 2}2#1,
Wy =600E - L)ifj=0, BY)(L)=p6Y)E-L)ifi, =0, BYNL)=8YNE - L)ifk =0
Bx,t( )—ﬁz,t( ) if jr = 0, Z,t( )_BY,t( )if iy =0, BY,t( )—ﬁx,t( ) if ky =
where 2 denotes the length-(2°~1) vector whose coordinates are all 2, and

BUNL) = 0if S"Le#4, AU —OleLt#jt, (L) _OleLHékt
t

“The distance is at most 2¢ for the following reason: first, we change 5\/& gt k, to ‘Sv;)t i e which introduces an additive €
error (as the right hand side in Eq. (13) is a weighted average of the entries of fw bl gt &) then we change BW bin—i e k!
to fg,)t il e kK which introduces another additive € error.
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For any level-1 X-block, if the portion of it in the r-th region of the ¢-th term is not e-approximate

consistent with ﬁ)({rt) , we zero it out. We similarly handle level-1 Y -blocks and Z-blocks. It is not hard to see
the following.

Claim 6.4. After the previous zeroing-out, we obtain a tensor that is isomorphic to

3 g N .
® t,rNt r
® Zt]tkt thv th AR ]

r=1 t=1

Proof. We only need to show that for a fixed ¢,

3
®At,r
f?jkt[ﬁXt’ﬂYuBZt’ ] sl ,_T“ ]tt’ktnt[ Xta Yt7BZt7 ] (15)
r=1
by performing the above zeroing-out rule, i.e., zeroing out every level-1 X-block whose portion in the r-th
region is not e-approximate consistent with ﬁ)((rt), and doing similarly for Y- and Z-blocks. Suppose some

level-1 X-block belongs to the right-hand side and has complete split distributions & (12 , 5)((22 , 5)((32 in three
regions respectively, each of which is at most € away from ﬁX 1 X t , BXt in L, distance. Then, its average

complete split distribution £y ; = Alf + Agf + Aggxz has at most € distance from Sy ;, which means
that the considered level-1 X -block also belong to the left-hand side. It is the same for Y- and Z- blocks, so
the right-hand side of (15) is a subtensor of the left-hand side, i.e., Eq. (15) holds, which further implies the
claim. O

In the following, we will focus on the first region » = 1, in which we will apply asymmetric hashing that
allows the sharing of Z-blocks. Let

(1) . ®At 1Mt (1)
TV = zt,]t,kt [BXt’ th Zt’g]'
t=1

We will omit the superscript (1) on all variables for conciseness.

6.2 Asymmetric Hashing

Next, we apply hashing similarly to the global stage. For every ¢ € [s'], recall that oy is a distribution on
{(#',§,K) € Z3, : i + j/ + K = 2°~1}. Additionally, the marginal distributions of c (', j', k") on the
three dimensions are the same as vx.¢ (7', 3 — '), Yy.e(j', 5t — 5'), vz (K', ke — k'), respectively.

Each level-(¢ — 1) index sequence is partitioned into s’ parts, where each part corresponds to one term
in 7. The t-th part is a length-(2n;) {0,...,2/"!}-sequence, which can also be viewed as a length-(n;)
{0,...,21}2.sequence by combining pairs of adjacent numbers. If the ¢-th part of a level-(¢ — 1) X-index
sequence is not consistent with the distribution ~x; for any ¢, we zero out the corresponding level-(¢ — 1)
X -block. We similarly handle the Y- and Z-blocks.

Let Npx be the number of remaining level-(¢ — 1) X -blocks, and it is not difficult to see that

Nax = 25 HOxo)-Avanio(n), (16)

Similarly, let Ngy and Nz be the number of remaining Y- and Z-blocks, and we have

NBY — 227: H('yy,t)-AtJnt:I:o(n) NBZ — 2215 H('YZ,t)'At,lntio(n). (17)

)
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Let N, be the number of remaining block triples that are consistent with {at}te[s'}- We have
Na — 221& H(at)-Atylnt:I:o(n)' (18)

Finally, let Ny, y,q, be the number of remaining level-(¢ — 1) block triples X;Y;Z.

Claim 6.5. Ny, oy, = 22 ¢ (H(at)+FPat)- Arane£o(n) \where we recall that Pot = maxyep, H(a})—H (o)
in which Dy is the set of distributions sharing the same marginals as o.

Proof. Fixing a series of distributions o, € D; (t = 1,2,...,s’), the number of level-(¢ — 1) block triples
consistent with {a} };[s] equals

93 H(op) Avimio(n) < g2 maxgrep, Haf) Avimto(n) 553 (H(aw)+Pa,t)-Aranito(n)

Taking summation over all poly(n) = 2°(") series of distributions { }refs) Will prove the claim. O

Let M € [My,2M;] be a prime number for some integer M. Similar as before, the value of My is yet
to be fixed, but we first require that

NOC ay,Q, NO! ay,x
M > 8 . X,ay, &z X, Yy, &7 . 19
0= max{ Nex | Nay (19)

We independently pick uniformly random elements bo, {w,}>"; € {0,...,M — 1}, and define the
following hash functions hx, hy,hz : {0,...,271 = {0,..., M — 1}:

2n
hx(I)=bo+ | > wp-I, | mod M,
p=1

2n
hy (J) =bo + | wo+ > wp-J, | mod M,
p=1

2n
1 _
hz(K) =bo + 5 w0+p§_1wp-(2f '~ K,) | mod M.

Next, for a Salem-Spencer subset B of {0, ..., M —1} that has size M*~°(1), we zero out all level-(£—1)
blocks X with hx(I) ¢ B, Y; with hy(J) ¢ B, and Zx with hz(K) ¢ B. Then all remaining block
triples are contained in a bucket b for some b € B.

For every bucket b, if it contains two level-(¢ — 1) triples X;Y;Zx and XY Z that share the same
X-block, then we zero out X;. We similarly handle Y -blocks. We repeatedly perform the previous zeroing-
outs so that all remaining triples do not share X - or Y'-blocks. For every level-(¢ — 1) block X (or Y), we
check whether the unique triple containing it is consistent with {Oét}te[sl]; if not, we zero out X7 (or Y;). We
call the tensor after this step Thash.

The following claims, which are analogous to the claims in Section 5, still hold, and we omit their proofs
to conciseness.
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Claim 6.6 (Implicit in [CW90], see also [DWZ23]). For a level-(¢ — 1) block triple X;Y;Z € T, and for
everybe {0,...,M — 1},

1
Pr|lhx(I) =hy(J) =hz(K)=10b| = ik
Furthermore, for two different block triples X1YjZ i, XY Zyr € T that share the same X -block, and for
everybe {0,...,M — 1},

1
Pr|hx (1) = hy (J') = hy(K') = b | hx(I) = hy (J) = hz(K) = b] =
This also holds analogously for different block triples that share the same Y -block or Z-block.

Claim 6.7. For every b € B and for every level-(¢ — 1) block triple X;Y;Zy € T that is consistent with
{u }ee(sr), the probability that X Y;Z ¢ remains in Thash conditioned on hx (I) = hy (J) = hz(K) = bis
> 3
-_ 4‘

Claim 6.8. The expected number of level-({ — 1) block triples in Thash is at least Ny, - M, 1-o(1),

6.3 Compatibility Zero-Out I

Recall that for every W € {X,Y, Z} and i’ + j/ + k' = 2°7%, By jr 4 is a level-(¢ — 1) complete split
distribution, and they satisfy

Bw, = Z (@' 5 K) - (Bwtir gt bt X BWitio—it ot e~k - (20)
i/’j/7k:/
Let
St(ll,‘;,[?, = {pisinthe t-thterm | I, =7, J, = j', K, = k'},
and
t(l*(l v = {pisinthe t-thterm | K, = k'}, Sy, .. = {pisin the t-th term}.

If clear from the context, we will drop the superscript (1, J, K) or (K).

Recall that in Tpysh, every level-(¢ — 1) block X7 is in a unique block triple X;Y;Z. For every level-1
block X; € X;, we will zero out X; if split(f, St k) 7 Bxir g forany i, ' K. SiAmilarly, every
level-¢ block Y is in a unique block triple, and we zero out every Y; € Y; where split(J, St,i/,j%/) #+
Byt o k forany ¢, 4", 5" k'

For every level-1 block Z; € Zk, we zero out Z if split(f(, St,*7*,k/) # BZ7t,*7*,k/ for any t, k', where

Zi/+j/:2l—1_k/ (O[(Z.,,j,, k/) + a(Zt - Z.,,jt - j,, kt - k/)) . 5Z,i’,j’,k’
Zi’+j’:2571—k’ (a(i/7j,7 k,) + Oé('lt - i/,jt - j/, kt - k,))

We call the tensor after the previous zeroing-outs Tcomp.
Next, we define the notion of compatibility.

BZ,t,*,*,k’ =

Definition 6.9 (Compatibility). Forsome I, .J, K, alevel-1block Z € Z is compatible with a level-(£/—1)
triple X;Y;Zk if
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1. Foreverytandevery (7', ', k') € Z3 20N[0,4¢]x [0, 5] X [0, k] with ' +j' +k' = 2014 =0orj =0,
there is spllt(K, Stirjrk) = Bzt gl k-

2. For every t and every index k' € {0, 1,... ,rnin{QZ_l, ki}}, spIit(K, St k) = Bz,t,*,*,k'-

Claim 6.10. In Tcomp, for every remaining level-1 block triple X ;Y ;Z . and the level-(¢ — 1) block triple
X1YjZK that contains it, Z . is compatible with X1Y ;7.

The proof of this claim is the same as Claim 5.9.

6.4 Compatibility Zero-Out II: Unique Triple

In this step, we zero out all level-1 Z-block Z . that are compatible with more than one level-(¢ — 1) triples
and they become holes. After this step, each remaining level-1 Z-block Z, € Zf is compatible with a
unique level-(¢ — 1) triple X;Y;Zk containing it.

6.5 Usefulness Zero-Out

Next, we further zero out some level-1 Z-blocks using the following definition of usefulness.

Definition 6.11 (Usefulness). For a level-1 block Z ;- and a level-(¢ — 1) triple X;Y;Z§ containing it, if for
all t,4', j', k' we have split(K St k) = Bz, j k> then we say that Z . is useful for X1Y; Z .

For each Z, it appears in a unique triple X;Y;Zx by the previous zeroing out. Furthermore, if Z is
not useful for this triple, we zero out Z . We call the current tensor Tyseful-
Ideally, we want the subtensor of Tysery over each triple X;Y;Z to be isomorphic to

QA 1-(as (7,5 k) 4o (i =1, je—37" ke —k'))-ne
® ® ]—;lvjl7kl [BX7t7i,7j,7k,7/8Y7t7i/7j,7k/7/BZ7t7i/7j/7k/]'
tels’] i/ 45/ +k/=2¢-1

However, there will be two types of holes. The first type of holes is caused by the fact that some level-1 sub-
tensors are already missing in the input tensor because we enforced complete split distributions By ¢, By ¢, Bz,
on it; the second type of holes is caused by zeroing out Z, that are compatible with multiple level-(£ — 1)
triples. In the next section, we will analyze and fix these two types of holes.

6.6 Fixing Holes

First, we analyze the fraction of holes that are caused by the complete split distributions enforced in the input.
To do so, we focus on a fixed triple X;Y;Zx and the subtensor 7 * we desire. Then we take a random level-1
block that is not zeroed out in 7 *, and upper bound the probability that this level-1 block is zeroed out in the
input level-/ e-interface tensor. By symmetry, it suffices to focus on X -blocks.

Fix any (i1, ... ,49-1), let us analyze the fraction of its occurrences in a random level-1 X -block in 7°*.
Forevery t € [s’ ] and for every 7/ j ' k', we first focus on the level-£ positions in the ¢-th term where (i¢, j¢, k)
is split into (i, 7', k') and (iy — i, j: — j', k¢ — k') (thus, there are A;; - oy (7', j', k") - ny such positions).
Among these positions, we want to analyze the number of positions that correspond to the level-1 chunk
(i1,...,49-1). Therefore, the first half-chunk, which corresponds to (i, j/, k'), should be (i1, .. Z2z 2),
and the second half-chunk, which corresponds to (i; — ', j; — j/, k¢ — k'), should be (ige—2. 1, ..., ip1).

There are A; 1 - (e (', ', k') + a(ie — 7', jr — j', ke — K')) - ny level-(¢ — 1) positions corresponding to
(i',7', k"), and among them, A; ; - a (7', j', k) - ny are in odd positions. By definition of 7*, the fraction of
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(i1, .., ige—2) inthese Ay 1-(au(i', 5, k') +au(iy—i', jo—j', ke—k'))-n; positions is /BX,t,i’,j’,k’(%h ey igees),
and if we take a random level-1 X -block in 7*, the fraction of (%1, cee %2@2) among the odd positions corre-
sponding to (i', 5/, k') is Bx.t.ir jo 4 (i1, - . ,ine—2) & 0(1) with 1 — 1/ poly(n) probability, by concentration
bounds. Furthermore, the subset of positions in these A 1 - a(?', 7', k") - ny positions is also random. Simi-

larly, with 1—1/ poly(n) probability, the fraction of (ig¢-—2_ 1, .., %2@1) in the even positions corresponding
to (ig— ', o — 5’ ke — k') is Bxt.ir jo 4 (ige—241, - - - yige—1) £0(1), and the positions are also random. Apply-
ing concentration bounds again, we get that the fraction of level-¢ positions corresponding to (%1, e ,%26—1)

among positions that split into (¢, 5/, k') and (i — i, j; — 7', k¢ — k') is
BX’t7i”j’,k’ (Zl, c .. ,Z‘2Z72) N /Bxyt,it_i/,jt_j/,kt_k/ (Z‘2Z72+1, ce e 7212[71) :]: 0(1).

Summing over all ¢/, j/, k’, we get that with probability 1 — 1/ poly(n), the fraction of level-£ positions
with (i1, ...,990-1) is

Z Oét(i/,j/, k‘/) . 5X,t,i’,j’,k’(%17 e ,’22272) . 5X,t,it—i’,jt—j’,kt—k’ (’222—2_,’_1, e ,%25—1) + 0(1)
Z”,j/,k,

= Bx(i1, .- ige-1) £ o(1). (by Eq. (20))

The o(1) term can become less than &, and the 1 — 1/ poly(n) probability can be bounded by 1 — 1/n? for
sufficiently large n. Therefore, arandom level-1 X -block appears in 7~ with probability atleast 1 —1/n2. This
means that the fraction of holes caused by the complete split distributions enforced in the input is 1 — 1/n?
for the X -dimension. By symmetry, the same also holds for the Y- and Z-dimensions.

Next, we focus on holes caused by zeroing out Z ., that are compatible with multiple level-(¢ — 1) triples.
The analysis will be similar to Section 5.6.

First, notice that for every level-1 Z-block Z that appears in the input of the constituent stage, its
complete split distribution {z; in the ¢-th term must be within ¢ L,-distance to the given parameter 3z ;.
Then we define peomp as follows:

Definition 6.12 (p.omp). Forfixed Z ;- and Zx where Z - € Zi and K has level-¢ complete split distributions
p K K
7t hielsr1, We define p 7.+ fiels1) as the probability that a uniformly random block triple X;Y;Zx
tSte[s] comp trtels’] p y y p

consistent with {v }4¢[¢] is compatible with Z ... We further define pcomp = « r%ax pzomp( (& her)-
ZtSte(s’] :
162, —Bz,¢ll o, <e Vt

By symmetry between level- positions, this probability pgom,({€zt}ie[s) i the same for different K
that have the same complete split distributions, 0 péom, and peomp is well-defined.

Claim 6.13. The value of plon,({€z.t }ie(s)) is at most

92 tels’] (Az,t=H(&2,6)+H(v2,t) ) Ae,1neto(n)

where we recall that

)\Z,t = Z (Oét(i/,j/, k/) + at(it - ilvjt - jl? kt - k/)) ' H(ﬂzvtvilvjlvk/)

i7",k :3/=0 or /=0

+ Z(at(-l') +, k/) + Oét(<, <, kt - ]{7,)) : H(BZ,+,+,kt—k’)7
k/
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and
at(+7+7k,) = Z O‘t(i,’j,ak/)v at(<7<7k/) = Z at(ilajlyk,)‘
i'>0,4/>0 i <ig, §' <js
Furthermore,

Peomp < tae[s/](Az,t—H(Bz,t)-FH(Vz,t)+01/s(1))At,1'nt+0(n). 21)

Proof. Similar to before, it suffices to compute the following two quantities, and py,, ({€z,:}¢) will be the
ratio between them:

(1) the number of tuples (I, .J, K, K') where XY Z is consistent with {atbierss K € K, K has com-
plete split distributions {{z}¢, and Z . is compatible with X;Y;Z;

(2) the number of (I, .J, K, K') where XY Z is consistent with {attiesns K € K, and K has complete
split distributions {£7;};.

We first compute the second quantity. First, the number of Z with the desired complete split distribu-
tions {&74 ¢ is 2200 (§2.0) Avamito(n) Each of these Z % uniquely determines a level-(£— 1) block Zg. Also,
for each Z k-, the number of block triples X ;Y7 Zx consistent with {at}te[s’] is ]J\\;—BQZ = 22 (H(at)=H(vz,t)) Ar,1neFo(n)
Therefore, the second quantity is

92 (H(&z,0)+H (o) —H(vz,1))- At 1 -mato(n) (22)

Then, we compute the first quantity, which does not exceed the number of (7, J, K, K ) where XY ;7§
is consistent with {at}te[s’]7 K e K,and Z v 1s compatible with X;Y;Z . (We dropped the condition of
having correct level-¢ complete split distributions {7, }; and got an overestimation.)

First, the number of block triples XY ;Zx consistent with {at}te[s’] is N,. Then, for each such block
triple, we count the number of Z, € Z that is compatible with it. If we fix some X;Y;Zf, then we also
have fixed the values of Sy ; ; j for all ¢,4, j, k. Then it is not difficult to see that the following condition is
equivalent to the condition for Z being compatible with X;Y;Zk:

Definition 6.14 (Compatibility’). For level-(¢ — 1) triple X;Y;Zx consistent with {at}te[s'}, alevel-1 block
Z - € Zk is compatible with XY, Z if
* Foreverytandevery (7,7, k') € Z%OO[O, ig] % [0, 5] % [0, k] with i’ +§/+k = 21,4’ = 0 or j' = 0,
there is spIit(K, St.ir it k') = Bzt jo k- (This is exactly Item 1 in Definition 6.9).

» Forevery t,k,let S, .1 1= Ui>07j>0 St,ijk- Then split(K, Sy 44 x) = Bz7t’+7+’k.

In this definition, there are constraints on the complete split distributions of K on some disjoint subsets
of level-(¢ — 1) positions, i.e., subsets of [2 > At,lnt] . Therefore, we can count the number of valid sub-

sequences of K for each of these subsets of indices, and multiply them together to get the number of valid
K. For every t and every (i, j', k') € Z3,0[0,4;] x [0, 5¢] x [0, k;] where i’ + j/ 4+ k' = 2/~ with i’ = 0
or j = 0, we require that split(K, St.ir it k) = Bzt o k> 50 the number of possibilities of K on the subset
of indices S ;s j s is

QH(BZ,t,i’,j’,k’)"St,i’,j’,k’ |+o(n) — 2H(Bz,t,i’,j’,k/)'(O‘t(ilvjlvk/)"'at (it—7',gt—3" ke —kK'))- At 1neto(n)
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For every t, k, we require that split(K7 St k) = Bz,t +.+.%'» SO the number of possibilities of KonS;,

is
2H(BZ,t,+,+,k’)'lst,+,+,k’ |+o(n) — 2H(BZ,t,+,+,k’)'(at(+7+7kl)+at(<7<7kt_k/))'At71nt:to(n) X

Overall, the number of possible compatible K, multiplied by the number of block triples X;Y; 7k, is

Na . H 2H(Bzyt’i/7j/7k/)~(Oct(i/7j/7k‘/)+at(it—i/,jt—j/,kt—k‘/))-AtJnt:I:O(n)

t7i/7j/7k/
i/=0o0r 3'=0

_ H OH (B0 ) (@ (44 K ) (<< ke —k))- A, imio(n) (23)

t,k’
= QZt(H(at)"")‘Z,t)'At,lnt:l:O(’n)‘

Finally, as mentioned, p:omp({fz,t}t) is the ratio between (23) and (22), so

Pomp (i hicger) < 2EHO2amH L +HOz0) A mctolo

as desired. The bound (21) on pcomp follows as the L, distance between {7}, and {5z} is atmoste. [
The proof of the following claim is essentially the same as that of Claim 5.16.

Claim 6.15. For every b € B, every level-({ — 1) block triple X1Y;Zc consistent with {c }yc[s), and for
each typical Z ;. € Zy, the probability that Z ;. is compatible with multiple triples in Teomp is at most

Na * Pcomp
Ngz - My’

conditioned on hx (I) = hy (J) = hz(K) = b.

Npx 7 Npy
. Na- . .
constraint: My > % -n?. That is, we will set M to be

max{ 8]\700(,04;/,0427 8N06X706Y70427 Na - Peomp . n2}
Npx Npy Npz
< gmax{3, (H(a)—=Po,t—H(yx,1))At,1ne, 324 (H(at)=Pat—H(vy,)) A ime, 32, (H(aw)+ Az, —H(Bz,1)) Av,1-ne}+o(n)

. N(X ay,x Na ay,x
Recall that we require M to be at least 8 - max{ 17 Az } Now, we add another (and final)

Similar to before, for every b € B and every level-(¢ — 1) block triple X;Y;Z that is consistent with
{au}iefey and hx (I) = hy (J) = hz(K) = b, with constant probability, it remains in Thash and the fraction
of holes caused by enforcing that each Z is compatible with a unique triple is 1/ n?. Additionally, as
discussed earlier, the fraction of holes caused by the input complete split distribution constraints are also
1/n2. Overall, we expect to get N, - M ~1=°(1) copies of 7* whose fraction of holes is O(1/n?).

By Corollary 4.2, we can degenerate them into N, - M ~1~°(1) unbroken copies of 7* because O(1/n?) <
% for sufficiently large n.
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6.7 Summary

In the analysis, we have degenerated ®f/:1 ﬂ?ﬁtgtm [5)((12 , 1(/12 , Bélt) , 5] into > Ny - M, 1-o(1) copies of a

level-(¢ — 1) interface tensor 7* with parameter list
{ (At,l s Mg - (OQ(EI) (ilvjlv k/) + ai(tl) (Zt - ilvjt - jlv kt - kl)))

oo (1) (1) (1)

¢ ’ j ’ k ’ IBthvilvjlvkl7 ﬁthvilvjlvkl7 ﬁzvtvilvjlvkl te[s/]7i/+j/+k/:2571'

By plugging in the bounds of N, and M, we see that the number of copies we obtained (in the first region)
is

Qmin{Zte[s’] At,l'"t'(H(V)((?z)—Pé%z)’ 2tels!] Atvl'nt'(H('Y}(’,lt))_Pc(:t))v 2tels] At,l'"t'(H( (zl,)t)—)‘(zl,)t) }—01/5(")—0(")

We conclude the proof by applying the same method to the second and third region, where for the second
region we perform asymmetric hashing that shares Y -variable blocks, and for the third region we perform
asymmetric hashing that shares X -blocks, and taking the tensor product of these returned results.

7 Fixing Holes

In this section, we show (by generalizing a result by Duan [Dua22]) that we can degenerate a direct sum
of some broken copies of an interface tensor into an unbroken copy of the same tensor as long as we only
have a small fraction of holes in the X -, Y-, Z-dimensions. Since our result of fixing holes in all X-, Y-,
Z-variables might be of independent interest, we present our result in a more general setting.

Let us first describe the setup of this section. We consider a partitioned tensor 7" on variable sets X =
{1’1,... ,:ENX}, Y = {yl,... ,yNY}, Z = {Zl,... ,ZNZ} of size |X| = Ny, |Y| = Ny, |Z| = Nz with
partitions X = | [M¥ X,V = |_|J]\g Yi, Z = |_|,]€M:Z1 Zy, into equal-size parts | X;| = mx for all i € [Mx],
|Y;| = my forall j € [My], and |Z;| = my for all k € [Mg]. (We use the notation X; to represent both
the part itself and the set of elements in this part.) Let Px = {X; | i € [Mx]} denote the set of parts in
the partition of X, and similarly let Py, Pz denote the set of parts in the partition of Y and Z respectively.
Note that by definition Nx = Mx -mx, Ny = My -my, Ny = My -myz and |Px| = Mx, |Py| = My,
|Pz| = M.

We consider the broken copies of T where some of the X-, Y- and Z-parts are missing which we call
the holes. (Equivalently, the variables in a part are either all present or all missing.) More specifically, we

say that Tyl is a@ broken copy of T with holes P)(? ) C My, Pﬁ(/o) C My, Péo) C Mz when

Thoe = T | (24)

X\I—IXtEP)((O) X, Y\Uyt€P§/0) Yi, Z\uztePéO) Z4

is obtained from 7" via zeroing out the variables in the parts P)((O ) C Px, P}(/O) C Py, Péo) C Py. For
simplicity, we define the notation

T =T
[Ex, Py, P ‘letePX Xt Uvyery Yoo Uzyep, 20

to represent the subtensor of 1" over the set of parts Px, Py, Pz. With this notation, Eq. (24) can be rewritten
as

Thote = Tllp,\p© 2y £, P2
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We call the ratios | P\’ |/ Mx, | P |/ My, |PY"| /My the fraction of holes in the X-, Y-, Z-dimension
respectively.

We will show that we can degenerate sub-polynomially many broken copies of 7" with small fraction of
holes in all three dimensions into an unbroken copy of 7" if 7" satisfies the following property.

Property 7.1. There exists a subset G C Sy, x Sy, x S, of permutations over the variables of 7" where
Sy denotes the symmetric group on [N], such that G satisfies the following:

1. Every (wx,my,mz) € G preserves the partitions. Specifically, it permutes any part into some entire
part, i.e., for every part X; € Py, there exists Xy € Px such that 7x (X;) == {nx(x) | z € X3} =
Xy . Similar conditions hold for Y- and Z-parts. Hence, mx, 7y, Tz also induce permutations on
Px, Py, Pz, respectively.

2. Every (rx,my,7z) € G preserves the tensor structure of T'. Formally, the coefficient of x; - y; - 2, in
T equals the coefficient of wx (x;) - my (y;) - mz(21) in T, for all variables x;, y;, 2.

3. A uniformly random element (7x, 7y, 7z) € G permutes any given part to a uniform random part.
Formally, for any fixed X;, Xy € Px, Y1,Yy € Py, Z;,Zy € Pz, and for a uniformly random
(rx,my,mz) € G, we have

Prirx(X;) = X¢]| =

)

Prlry (¥;) = Yy] =

Y

1
Mx
1

Y
1
7z

Pr(nz(Zy) = Zy] = u

We show the following.

Theorem 7.2. Let T be a partitioned tensor defined above; let 11, ..., T, be broken copies of T, where
in each T; for i € [r], at most glMX, 410g1 oL and m fraction of X-, Y-, and Z-parts are holes,
respectively. If T satisfies Property 7.1 with a set of permutations G, then there exists a constant Cy such

3
that for r > Cy - M1egloe N where M = max{Myx, My, Mz}, we have

=1

In particular, M°Y) broken copies of T with fraction of holes O(
copy of T.

1
log M

) can degenerate into an unbroken

Before proving Theorem 7.2, we first show the following Lemma 7.3 that will explain why we need
Item 3 in Property 7.1. The lemma essentially states that if 7" satisfies Property 7.1, then we can find a
set of permutations 7x, Ty, 7z on the partitions of X-, Y-, Z-variables such that any set of parts can be
permuted away from any set of positions that we specify. Specifically, one should think under the context of
degenerating a broken copy of 7" with holes into some subtensor T'| x+ y+ 7/, the lemma states that we can find
a set of permutations preserving the tensor structure of 7" on the variable sets such that the holes are away
from the terms in T'| x7 y+ 7. Then applying the permutation on the broken copy would give the subtensor
T|x' y+,z without holes or with fewer amount of holes.
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Lemma 7.3. Let T be a tensor satisfying the assumptions of Theorem 7.2 with G. Then there exists (tx, Ty, 7z) €
G such that for any sets of parts Px, Py, C Px, Py, P}, C Py, Pz, P}, C Pz we have
4|Px| - |Py|

Px|
APyl - |Py|

Pyl
4Py - 1Py

Pzl
Proof. We prove the lemma using a probabilistic argument. Consider a uniformly random element (7x, 7y, 7z) €
G. By Item 3 in Property 7.1, for any X; € Px, we have

|PX ﬂﬂ')((Pkﬂ <

|Py N7y (Py)| < (25)

|PZ N Wz(Pé” <

P
Pr[ﬂx(Xt) S Px] = %

By linearity of expectation
Px| - | P,
E[|Px nax(Py)|] = Y Prlax(X;) € Px] = %
XtEPAg{ X
Thus by Markov’s inequality, have
4| Px| - | P} 1
Pr||my (X)) € Py| > AP L
Px 4
The argument works similarly for Y and Z, so by union bound over X, Y, Z, with probability > %, arandom
(rx,my,7z) € G satisfies Eq. (25). Therefore, we can conclude that there exists such a (7x, 7y, 77) € G
satisfying Eq. (25). O

We now proceed to prove Theorem 7.2. The main idea is to first take a broken copy of 1" that covers most
of the terms in the tensor, then write the missing terms as a sum of 7 smaller subtensors which we treat as 7
subproblems, and finally recurse on each of the subproblems with smaller sizes.

Proof of Theorem 7.2. Assume Py, Py, Py are sets of hx, hy, hy parts of X-, Y-, Z-dimension respec-
tively, and assume that we need to produce T'||p, p, p,. The number of broken copies of 1" required for
this purpose is denoted as f(hx, hy, hz). Clearly, f(hx,hy,hz) = 0 when one of hx, hy, hz equals zero
(because T'|| Px,Py,P, Would be an empty tensor), and we need to upper bound f(Mx, My, Mz), which is
the number of broken copies required to produce a complete copy of T'.

Take a broken copy of 7', namely Tl = 7' where P§<0 ), P)(,O), Péo) are the set

Px\PY, Py \PY), PL\PY)
of holes. Then, applying Lemma 7.3 on Py, P;;)),Py, PX(,O), Pz, Péo) gives (mx,my,mz) € SNy X SNy X
Sn, such that

, Px|-|PY 1

PY'| = PmeX(P)(?’)‘ <4.] X’MLX < g ary Pl
, 1

P}(/O) = | Py ﬂ?TY(P}(/O)) < Tog My - | Py, (26)
/ 1

Péo) = PZﬂ”X(PéO))‘ = log My 1Pzl
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We relabel the variables in 73, according to the permutations 7y, Ty, Tz, obtaining another broken copy

of T with sets of holes 7x (P)((O )), Ty (P}(,O)), Ty (Péo)). We then zero out all parts outside Py, Py, Pz. The

obtained tensor, denoted by 77 ;.. is a subtensor of the target tensor T'|| py py P,

/ = / / ;= / / /
Thoe = Tllp o p0" pp® py\p Tllpgy por pors
) _ (0)y . ; } 1 ._ ), s }
where Py’ = Px N7y (PX ) is the set of holes in X -parts, and Py’ = Px \ Py’ ; similar for Y- and
Z-dimension.
Next, we write T'|| p . p, P, as a sum of 8 subtensors:

T =T Tl @ o -
Py, Py.Py HPQ',PSV,P;)' + E HP)(()',P@’,P; Y
a,b,ce{0,1}
0e{a,b,c}

Notice that the first term THP(U’ PO QY equals 77, (which we already obtained by consuming one broken
X Y 7 Z

copy Thole), and the other seven subtensors are significantly smaller than T'|| p, Py, P> SO We can obtain them
recursively. The fact that |P)((-1) | < |Px| = hx, Pﬁ(/l) | < |Py| = hy, Pél) | < |Pz| = hy together with
Eq. (26) gives us the following recursion:

hX hY hZ
hx,hy,hy) <1 X hy,h hx,———h hx, by, ="
f( X5 1Y, Z)_ +f<10gMX7 Y Z>+f< X’]og]\fy7 Z>+f< X Y710gMZ>

hx hy hx hz
h h
f<10gMX710gMY7 Z>+f<10gMX7 Y710gMZ>
hy hz hx hy hz
h .
+f< X2 10g My’ logMZ> +f<logMX’ log My’ logMZ>

Since |Px| = Mx, |Py| = My, |Pz| = M, we can solve the recursion for f(Mx, My, M) and get

f(MX My MZ) < 71—1— ’VIOglog My MX-‘ + {loglog My My-‘ + {loglog My MZW
) ) -

3
< CO . Mlog;log]%

where C is a sufficiently large constant and M = max{Mx, My, M } since the function M 1/loglog M jg
monotonic increasing for sufficiently large M. O

We remark that Theorem 7.2 also works for non-partitioned tensors satisfying Property 7.1 when con-
sidering on X -, Y-, Z-variables as partitioned into size-1 parts where each part consists of a single variable.

Now let us return our attention to the context of fast matrix multiplication and show that we can fix the
holes in the interface tensors with holes obtained in our algorithm.

Corollary 4.2 (Restated). Let T be a level-{£ interface tensor with parameter list

{ (e, e, ey Kes Bty Bty Bze) Feels)-

Let N = 2¢-1 'Zte[s} ng. Suppose Ty, . .., T, are broken copies of T where < ﬁ fraction of level-1 X -, Y -

and Z-blocks are holes. If r > 21N/ 198N for some large enough constant Cy > 0, the direct sum DT
can degenerate into an unbroken copy of T.
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Proof. Consider the level-1 partition of the X -, Y -, Z-variables in T into level-1 blocks indexed by sequences
in {0, 1,2} with length exactly N = 2(~1. Zte[s] n, as defined in the statement. By definition, the level-1
blocks remaining in 7" are consistent with the distributions Bx ¢, By,t, Bz, over each term t € [s] in T', which
means that every level-1 block X ; with index sequence Ie {0,1,2}" has the same number of 0’s, 1’s, and
2’s. This implies that each level-1 X -variable block contains the same number of variables and the number
of level-1 blocks can be bounded by 3V. Similarly, there are < 3"V level-1 Y- and Z-variable blocks and the
partitions of Y- and Z-variables into level-1 blocks are partitions into equal-sized parts.

We let the partitions of X-, Y-, Z-variables into level-1 blocks be the partitions used for Theorem 7.2,
and therefore the number of blocks M, My, Mz < 3. Then suppose we can find an appropriate G C
S| x| X Sjy| X 8|z satisfying Property 7.1 for T', then by Theorem 7.2, as the fraction of holes in every broken
copy 7; is at most % < m < min{ 410g1 M 410g1 ok 410g1 e } in all three dimensions, a direct sum of

(3N ) m = 201'108LN broken copies (with sufficiently large constant C; > 0) of 7" can degenerate into
an unbroken copy of 7.

Thus it suffices to construct a set of permutations G C S|x| X Sy| X 8|z that together with 71" satisfies
Property 7.1. Note that every X-, Y-, or Z-variable in T is indexed by a sequence in {0,1,...,q + 1}V =
({O, 1,...,9+ 1}21“/71 )n we call every 2¢=1 consecutive indices a chunk and randomly permute chunks within
the same term in 7. Specifically, consider the set H = S,,, X --- X S,,,. Foreach o = (01,...,05) € H,
consider that o; permutes the n; length-2¢~1 chunks in the ¢-th term for ¢ € [s]. o can be regarded as a
permutation over [n], indicating the destinations of all n chunks. It also induces a permutation ¢/ € Sy
over N level-1 indices. Formally, the j-th index in the i-th chunk is permuted to the j-th index in the o (7)-th
chunk, i.e., o’ ((i — 1) - 2671 4 j) = (o(i) — 1) - 271 + jforall i € [n] and j € [2°71]. Further, ¢’ induces
a permutation 7y over all X-variables, given by

TX Gy ain) = T hriayiorin))

where T3 ioin) represents the X -variable indexed by (%1, %2, ... ,%N) € {0,1,...,q9+ 1}N, The per-
mutations 7y, Tz over Y- and Z-variables are defined similarly. Finally, G is defined as all permutations
generated in the above way, i.e., G = {(7x, 7y, 7z) induced from o € H}.

Note that G is well-defined, since for any element (wx,7y,7z) € G and any level-1 index sequence
IinT satisfying the complete split distributions {BX,t}te[s}, mx (X ;) must also satisfy the complete split
distributions {fx,;}+c[s], because the permutation acts on each term individually. Now we check that G
satisfies Property 7.1. It is easy to see by definition that the set G satisfies Item 1 and Item 2 since variables
in one level-1 variable block all get permuted to the same level-1 variable block. Item 3 holds due to the

symmetry of the chunks within the same term. O

8 Numerical Result

Let ¢* > 0 be an integer and let N = 2"~ . n. Our upper bound of w(1, x,1) is formed by successively

applying Theorems 5.3, 6.1 and 6.3 to degenerate 2°(™) independent copies of CW?N = (CW?ZK*A)@n
into independent matrix multiplication tensors of the form (a, a”, a), shown in Algorithm 1.

Every degeneration step in Algorithm 1 requires a set of parameters, including the distribution o over
constituent tensors, the proportions of tensor powers A1, Ao, A3 assigned to three regions, and others. If we

are given an assignment to the parameters, we can precisely calculate
. 1 .. 1
lim lim V, /n, lim lim a/n
e—0n—o00 e—0n—o0

. . 1 . 1
,  lim lim b/”, lim lim c/"
e—+0n—o0 e—0n—oo
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Algorithm 1: Procedure of Degeneration

Let € > 0 be a fixed constant and ¢* > 0 be an integer.

1. Degenerate 2°(™ independent copies of (CW?TZ*A)@" into Vy+ (independent) copies of a
level-¢* (£ - 3°")-interface tensor T+, where the number of copies V- and the parameter list of
T¢~ are given in Theorem 5.3 and Proposition 5.1.

2. Foreach ¢/ = /¢*,...,2:

« Degenerate every 2°(") copies of the level-¢ (¢ - 39)-interface tensor Ty into V;_; inde-
pendent copies of the tensor product of a level-(¢ — 1) (¢ - 3*~!)-interface tensor Ty
and some matrix multiplication tensor (ay, by, c¢). Here, the number of copies V;_1, the
parameter list of 7,_; and the matrix multiplication size (ay, by, c;) are all given in The-
orem 6.3 and Proposition 6.2.

3. The level-1 3c-interface tensor 77 can degenerate into a matrix multiplication tensor, written
(a1,b1,c1), according to Theorem 6.1.

4. So far, we have obtained V := []4_, V; copies of (4, B, C) = ®%_, (ag, bs, cz).

We first let n — oo and apply Schonhage’s asymptotic sum inequality (Theorem 3.2) on the above
degeneration, obtaining a bound on w(1, , 1) which might depend on ¢; then, we let e — 0, obtaining
the bound w(1, k,1) < w’ as long as

lim lim V" min{A4, BY/% ¢}/ > (g +2)2" @7)

e—>0n—o0

\. J

according to Theorems 5.3, 6.1 and 6.3. Plugging them into (27) would verify the correctness of the claimed
bound on w(1, K, 1).

Optimization strategy. Finding a set of parameters that lead to the best bound of w(1, , 1) can be modeled
as a constrained optimization problem:

/

minimize w

subject to  all constraints in Theorems 5.3, 6.1 and 6.3 (28)
lim lim V™. min{ A, BY/*, c}” > (¢ + 2)2Z o
e—=+0n—o0

We used sequential quadratic programming (SQP) to solve this optimization problem, which is a well-known
iterative approach for solving nonlinear constrained optimization. The software package SNOPT [GMSO05]
is used for performing SQP. Like all other optimization methods for nonlinear optimization, SQP does not
guarantee finding the global optimum or a specific convergence rate; the quality of the solution and the time
performance both rely on the initial point of the iterative process, which could be provided by the user.

For k = 1, we take the parameters from [LG14] which Le Gall used to analyze CVV?ZWL1 for square
matrix multiplication, and transform it into a feasible solution to the optimization problem (28), which we
set as the initial point. Specifically, Le Gall’s parameters consist of a distribution « over level-£* constituent
tensors (for the global stage) together with a split distribution «; ; j, for every constituent tensor 7 ; ;. (for the
constituent stages). We specify our parameters as follows:
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* For every constituent tensor 7; ; ;. that appears in our interface tensors, we directly set ; ;  as its split
distribution in every region, and let Ay = As = A3 = 1/3, which means that all three regions are
symmetric to each other.

* The distribution used in our global stage is set to « as well. Other parameters are uniquely determined
by these specified ones.

¢ For every constituent tensor 7; ; 1, that contains a zero, say ¢ = 0, we choose its complete split distri-
butions Sy, By, 57 that maximizes its size as an inner product tensor, i.e., maximizes H(Sy).

* Other parameters are uniquely determined by the specified ones.

It is easy to see that these parameters form a feasible solution. Furthermore, these parameters actually lead
to the same upper bound on w as Le Gall’s analysis. We start from this feasible solution and perform SQP to
obtain an upper bound for w = w(1,1,1).

For k # 1, our strategy is to start with a solution for another ~ nearby. For example, it is natural to believe
that a good solution for w(1,0.95,1) is similar to that for w(1,1, 1). Therefore, we use our parameters for
w(1,1,1) as the initial point for optimizing the bound of w(1,0.95,1), and proceed with SQP to obtain the
bound for w(1,0.95,1). Then, we can further start with our parameters for w(1, 0.95, 1) to obtain parameters
for w(1,0.90,1), and so on.

Lagrange multipliers. In Theorem 5.3, we need to calculate P, = max,ecp H(o') — H(«) where D

represents the set of distributions that share marginals with a.. Although this definition of P, is not a closed

form in terms of «, we can let the max-entropy distribution .y = arg max,cp H(a') be an optimizable

variable, and use the method of Lagrange multipliers to ensure that o has the largest entropy among D.
Formally, we first add linear constraints to force au,ayx and « to have the same marginals:

> (emax(i g k) —a(i, 4, k) =0, Vi=0,1,...,2", (29)
JHk=28"—i
> (emax(ig k) —a(i 4, k) =0, Vi=0,1,...,2", (30)
i+k=2¢"—j
> (amax(i 5, k) —a(i g, k) =0, Vk=0,1,...,2", 31)
i+j=2"—k
> (i, 5, k) = 1, (32)
4,5,k
Omax(i,,k) >0, Vi+j+k=2". (33)

Let Ax (i), \y (j), Az (k), s (0 < i,5,k < 2¢") be Lagrange multipliers for (29), (30), (31), (32) respec-
tively, which we also treat as optimizable variables. Then the first-order optimality of H (cyax) can be
written as

Ax (i) + Ay (5) + Az(k) + As = In Qmax (i, 5, k) + 1, Vi+j+k=2". (34)

(Note that any oy satisfying (34) will also satisfy strict inequalities in (33), thus we do not need to create
Lagrange multipliers for (33).) Since the entropy function H (-) is strictly concave, any auy,,x satisfying these
constraints is guaranteed to have maximum entropy. (Conversely, the true max-entropy distribution oy, will
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satisfy all these requirements.) We include these Lagrange multiplier constraints (34) in our optimization
problem (28). Similarly, in Theorem 6.3, we also introduce Lagrange multiplier constraints when we need
to ensure that some distribution has maximum entropy given its marginals.

Smooth the landscape. In Theorems 5.3 and 6.3, the intermediate variables named FE7, Fs, E'3 are min-
imums of three terms. If we calculate them according to the definition, it would create a “spike” (non-
differentiable point) in the landscape, which is unfriendly for many optimizable methods including SQP.
(SQP requires all objective and constraint functions to be twice continuously differentiable.) To address
this issue, we treat Fq, Fo, F3 as optimizable variables and transform the minimum into linear inequality
constraints:

E = min(z,y, z) = E<z E<y, E<z.

Since E (any of E1, E5, E3) is positively correlated with the number of matrix multiplication tensors we
produce, we do not need to worry that E' takes on a value smaller than min(z, y, z). The newly introduced
constraints are linear and thus have smooth landscapes. We include these auxiliary optimizable parameters
and constraints in the optimization problem (28). In practice, we also observe that SQP would not work well
without this type of smoothing.

Numerical results. We wrote a MATLAB [Mat22] program to solve the optimization problem (28), with
the help of SNOPT [GMSO05], a software package for solving large-scale optimization problems. By running
the program for different , we obtained various upper bounds of w(1, x, 1), as shown in Table 1. All bounds
are obtained by analyzing the fourth power® of the CW tensor with ¢ = 5. Specifically, we obtained the
important bounds w < 2.371552, a > 0.321334, and p < 0.527661. The code and parameters are available
at https://osf.io/7wgh2/7view_only=cela6a66d9fc432d8f6dal39abeadbbed.
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