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Abstract

In this study, an analytical investigation was conducted to assess the effects of the extended uncertainty

principle (EUP) on a Bose-Einstein condensate (BEC) described by the deformed one-dimensional Gross-

Pitaevskii equation (GPE). Analytical solutions were derived for null potential while we used variational and

numerical methods for a harmonic oscillator potential. The effects of EUP on stability, probability density,

position, and momentum uncertainties of BEC are analyzed. The EUP is found to be applicable for the free

dark soliton solution and in the presence of a harmonic potential within specific ranges of the deformation

parameter α, while it is not valid for the free bright soliton solution.
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1. INTRODUCTION

The Gross-Pitaevskii equation (GPE) is fundamentally used to describe the behavior of a Bose-

Einstein condensate (BEC) at very low temperatures (T → 0,K) [1, 2]. Originally, it appeared in

the beginning as a model to study superfluids and the vortex lines modeled by a non-perfect Bose-

Einstein gas [3–5]. The GPE is a nonlinear Schrödinger equation with cubic nonlinearity. It has

been proven that the 1D cubic nonlinear Schrödinger equation satisfies a solitonic (shape-invariant)

solution [6], specifically, bright and dark soliton solutions for self-focusing and self-defocusing re-

spectively. Several works have been done in the context of addressing the GPE experimentally,

analytically, and numerically under various types of nonlinearity and potentials. To name a few,

A. Weller et al. [7] experimentally investigated the oscillating and interacting matter wave dark

solitons by releasing a BEC from a double well potential into a harmonic trap in the crossover

regime between one dimension and three dimensions. Similarly, A.D Carli et al. [8] experimentally

studied the excitation modes of bright matter-wave solitons created by quenching the interactions

of a BEC of cesium atoms in a quasi-one-dimensional geometry. Furthermore, B. Gertjerenken et

al. [9] studied analytically and numerically the bright solitons scattering of potential in a one-

dimensional geometry via the GPE. L. Salasnich et al. [10] numerically investigated the formation

of bright solitons in a BEC using the GPE with a dissipative three-body term.

In recent years, the extended uncertainty principle (EUP) has attracted great interest due to its

ability to replicate the effects of space-time curvature [11]. Furthermore, it is important to study

quantum effects over large distances [12]. In this context, numerous applications have emerged, in-

cluding the one-dimensional Klein-Gordan and Dirac oscillators [13], two-dimensional Dirac oscilla-

tor [14], three-dimensional relativistic Coulomb potential [15], the two-dimensional Dirac equation

with Aharonov–Bohm-Coulomb interaction [16], and scalar and vector potentials for the Klein-

Gordon equation in one dimension [17].

Our goal is to study the one-dimensional GPE for the bright and dark solitons in the presence

of EUP. For this purpose, we generalize the momentum operator as follows

P̂ = −i~fα(x)
d

dx
. (1)

The EUP is encoded in the positive function fα(x) with α a small and positive parameter, where

fα=0(x) = 1.

2



Eq. (1) leads to the following modified commutation relation and uncertainty principle

[x̂, P̂ ] = i~fα(x) (2)

∆X∆P ≥ ~

2

〈

fα(x)
〉

, (3)

〈

fα(x)
〉

being the mean value of fα(x). The momentum operator in Eq. (1) is not Hermitian

anymore. Therefore the Hamiltonian of the system is not Hermitian as well, so the operations,

such as the scalar product between two functions and the closure and projection relations must be

modified respectively as follows:

〈Ψ | Φ〉α =

∫

dx

fα(x)
Ψ⋆(x)Φ(x), (4)

∫

dx

fα(x)
|x〉〈x|= I, (5)

〈y|z〉α = fα(x)δ(y − z). (6)

In the context of general relativity, 1/(fα(x))
2 can represent the spatial component of the metric

tensor for (1+1)-dimensional curved space-time; (fα(x))
−2 = gxx with determinant 1/fα(x) [18, 19].

Therefore, as we mentioned earlier, the impact of the EUP is analogous to the curvature of space-

time and, consequently, has a strong connection to the gravitational fields. The investigation of the

influence of the EUP on the BEC has been addressed in Ref. [20], where, the authors consider the

effects originating from the Planck scale regime during the free expansion of a condensate. They

naturally introduce a modified uncertainty principle, which is associated with the quantum structure

of space-time. Additionally, in Ref [21], the authors examine the GPE within the framework of q-

deformed or nonextensive statistics which is mathematically equivalent to Eq. (1). This approach

aligns with experimental observations of anyons [22–24]. To our best knowledge, the topic of the

GPE has been addressed in terms of a modified momentum operator only once [21].

In the current study, we aim to investigate the influence the impact of the EUP by using Eq. (1).

Our focus will be on analyzing the probability densities, position, and momentum uncertainties of

a BEC in both null and harmonic trap potentials.

2. MATHEMATICAL ANALYSIS

The simplest form of the ordinary one-dimensional GPE (~ = m = 1 )[25] is given by

i
∂Ψ(x, t)

∂t
= −1

2

∂2Ψ(x, t)

∂x2
+ g |Ψ(x, t)|2Ψ(x, t) + V (x)Ψ(x, t), (7)

3



Where, x represents the position and −∞ < x < +∞, V (x) is the scalar potential of the system,

Ψ(x, t) a complex wave function where |Ψ(x, t)|2 is interpreted as the atomic density [25, 26], and

g a parameter that determines the type of interaction between atoms [26]. g > 0 and g < 0 are for

repulsive and attractive interactions respectively [25].

In the context of the EUP, Eq. (7) becomes:

i
∂Ψ(x, t)

∂t
= −1

2
fα(x)

(

∂

∂x
fα(x)

∂

∂x

)

Ψ(x, t) + g |Ψ(x, t)|2 Ψ(x, t) + V (x)Ψ(x, t). (8)

The existence of a generalized momentum operator leads to an unusual form of the kinetic energy

operator, and it may create an effective potential different from the original potential. By using

the transformation dη =
dx

f(x)
, and putting Ψ(x, t) = Ψ̃(η, t), Eq. (8) transforms to

i
∂Ψ̃(η, t)

∂t
= −1

2

∂2Ψ̃(η, t)

∂η2
+ g

∣

∣

∣
Ψ̃(η, t)

∣

∣

∣

2
Ψ̃(η, t) + V (x(η))Ψ̃(η, t). (9)

Since we are going to focus on stationary systems, the general solution can be written as

Ψ̃(η, t) = Φ̃(η) exp(−iεt), (10)

where ε can be interpreted as a possible energy level or as the chemical potential of the system.

Throughout this study, we consider the deformation function fα(x) = 1 + αx2, which leads to

the following EUP

∆X∆P ≥ 1

2

(

1 + α(∆X)2
)

. (11)

This implies a maximal length (∆X)max = 1/
√
α and a minimal momentum (∆P )min =

√
α. The

relation (11) simulates an anti-de Sitter space [27, 28]. Under these considerations, the new variable

η is expressed as η = arctan(x
√
α)√

α
. This transformation allows us to obtain the familiar expressions

for the normalization condition and the kinetic energy operator.

2.1. Null potential [V(x)=0]

For V (x) = 0 and g = −1, Eq. (7) exhibits a bright soliton which can be written as [25]

Ψ(x, t) =
√

2µ sech(
√

2µx)eiµt, (12)

with µ the chemical potential. On the other hand for g = +1, it yields a dark soliton solution given

by [29]

Ψ(x, t) =
√
µ tanh(

√
µx)e−iµt. (13)
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For simplicity, we have assumed the following:

(i) The bright soliton is at rest, (ii) the initial location of the dark soliton is x0 = 0, (iii) the

background of the dark soliton is stationary, (vi) the relative velocity between the dark soliton and

the background is null. Under the effect of EUP, the solutions (12) and (13) become

Ψ̃g=−1(η, t) =
√

2µ sech(
√

2µη)eiµt, (14)

Ψ̃g=+1(η, t) =
√
µ tanh(

√
µη)e−iµt. (15)

For the chosen EUP (11), the bright and dark soliton solutions in terms of the original variable x

are expressed as

Ψg=−1(x, t) =
√

2µ sech

(

√

2µ
arctan(

√
αx)√

α

)

e−iµt, (16)

and

Ψg=1(x, t) =
√
µ tanh

(√
µ
arctan(

√
αx)√

α

)

e−iµt, (17)

respectively. For the bright soliton case, the expectation value of X̂2 diverges

〈

X̂2
〉

=

∫ +∞

−∞

2µ sech2
(√

2µarctan(
√
αx)√

α

)

x2

1 + αx2
dx → +∞. (18)

However, the EUP leads to a bounded dense domain of the infinite-dimensional Hilbert space H due

to the maximum length constraint [30]. Consequently, instead of studying the entire Hilbert space

H = L2(R), we investigate a limited subspace Dα = L2(a, b) where a, b ∈ R and take the values

a = −ℓmax = −1/
√
α, b = ℓmax = 1/

√
α. In the case of the usual quantum mechanics where α = 0,

we recover the total Hilbert space Dα=0 = L2(R). It is worth mentioning that the deformation

in momentum space, also known as the generalized uncertainty principle (GUP), leads to minimal

length constraint. Additional details on this aspect can be found in [31].

The normalization of the solutions (14) and (16) leads to the following transcendental relation

between α and µ

2
√

2µ tanh

(

π

√

µ

8α

)

= 1. (19)

In the conventional case where α = 0, the chemical potential takes the value µ = 1/8. Addition-

ally, it is crucial to highlight that as a result of Eq.(4), the probability density is expressed as

|Ψ(x, t)|2 /(1 + αx2) instead of just |Ψ(x, t)|2.
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Further, the uncertainty of a quantity Q̂ is given by

∆Q =

√

〈

Q̂2
〉

−
〈

Q
〉2
, (20)

where
〈

Q̂
〉

is the mean value of the operator Q̂. One can easily see that the bright soliton solution

is an even function; therefore, the mean value of the position is 〈X̂〉 = 0. On the other hand, the

mean value of X̂2 is calculated as

〈

X̂2
〉

=

∫ +ℓmax

−ℓmax

2µ sech2
(√

2µarctan(
√
αx)√

α

)

x2

1 + αx2
dx. (21)

Where we used the modified scalar product expressed in Eq. (4). Hence, the position uncertainty

∆X takes the form

∆X =

√

√

√

√

∫ +ℓmax

−ℓmax

2µ sech2
(√

2µarctan(
√
αx)√

α

)

x2

1 + αx2
dx. (22)

∆X (22) can be expressed in a simpler form in terms of the new variable η as

∆X =

√

∫ π/(4
√
α)

−π/(4
√
α)

2µ tan2(
√
αη) sech2(

√
2µη)

α
dη. (23)

Similarly for the momentum uncertainty ∆P , we employ P̂ = −i(1 + αx2)∂/∂x = −i∂/∂η and

∆P becomes

∆P =

√

−
∫ π/(4

√
α)

−π/(4
√
α)

2µ sech(
√

2µη)
∂2

∂η2
sech(

√

2µη)dη. (24)

As we can see from the Eqs. (23) and (24), ∆X and ∆P are influenced by α. To visualize this

impact, we depict in terms of α the variation of ∆X, ∆P , and the validation of the EUP in Fig. 1.

For the dark soliton, unlike the ordinary case, the wave function can be normalized under the

effect of the EUP. Consequently, we can establish a transcendental relation between the α and the

chemical potential µ which reads

µπ

2
√
α
− 2

√
µ tanh

(√
µπ

4
√
α

)

= 1. (25)

∆X and ∆P of the dark soliton solution can be calculated respectively as follows:

∆X =

√

∫ π/(4
√
α)

−π/(4
√
α)

µ tan2(
√
αη) tanh2(

√
µη)

α
dη (26)

∆P =

√

−
∫ π/(4

√
α)

−π/(4
√
α)

µ tanh(
√
µη)

∂2

∂η2
tanh(

√
µη)dη. (27)
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FIG. 1: Bright soliton solution: (a) ∆X vs α [Eq. (23)]; (b) ∆P vs α [Eq. (24)] ; (c) EUP

validity: ∆X∆P against 0.5(1 + α∆X2) [Inequality.(11)]

∆X and ∆P along with the validation of EUP for the dark soliton solution are depicted in Fig. 2.

Additionally in Fig. 3 we have plotted the probability density.
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FIG. 2: Dark soliton solution: (a) ∆X vs α [Eq. (23)]; (b) ∆P vs α [Eq. (24)] ; (c) EUP validity:

∆X∆P against 0.5(1 + α∆X2) [Inequality. (11)]
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FIG. 3: Squared norm of dark soliton solution and probability density distributions corresponding

to the wavefunction described by Eq. (17) for different values of α

2.2. Harmonic trap

In the presence of an external potential, obtaining an exact solution to the GPE becomes in-

tractable and challenging due to its nonlinear nature. Thus, the focus of this section is to derive a

qualitative solution for Eq. (8) subjected to a harmonic oscillator (HO) potential using the varia-

tional method and validate this latter through a numerical technique namely the split-step Fourier

method (SSFM).

2.2.1. Variational analysis

For the HO potential V (x) =
x2

2
(where ω = 1), and utilizing the generalized momentum

operator P̂ = (1 + αx2)p̂, the deformed GPE takes the form

i
∂Ψ̃(η, t)

∂t
= −1

2

∂2Ψ̃(η, t)

∂η2
+ g






Ψ̃(η, t)







2
Ψ̃(η, t) +

tan2(η
√
α)

2α
Ψ̃(η, t). (28)

Here, we used x = tan(
√
αη)/

√
α. This transformation converts the HO potential to Pöschl–Teller

(PT) potential which is considered a generalization of harmonic vibrators and gives phenomena
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such as anharmonicity [14]. For the stationary solution, we use

Ψ̃(η, t) = φ(η) exp(−iµt). (29)

Therefore, the effective classical field Hamiltonian for g = −1 is

Heff =

∫

[

1

2

∣

∣

∣

∣

∂φ(η)

∂η

∣

∣

∣

∣

2

+
tan2(

√
αη)

2α
|φ(η)|2−|φ(η)|4

]

dη. (30)

Now, we assume the following ansatz

φ(η) =

√

K

2
sech(Kη), (31)

K being a variational parameter. Taking into account the definitions (30) and(31), the effective

Hamiltonian can be expressed in terms of K and α as

Heff =
1

8
K3J1 +

1

4α
KJ2 +

1

4
K2J3, (32)

Where

J1 =

∫ π

4
√

α

− π

4
√

α

(

sech2(Kη)− sech4(Kη)
)

dη, (33)

J2 =

∫ π

4
√

α

− π

4
√

α

tan2(η
√
α) sech4(Kη)dη, (34)

and

J3 =

∫ π

4
√

α

− π

4
√

α

sech4(Kη)dη. (35)

Similarly to the free case, we can compute ∆X and ∆P along with the validation of EUP as

illustrated in Fig. 4. Furthermore, by plotting the effective Hamiltonian as a function of K for

different values of α (see fig. 5), we observe that Eq. (30) displays local minima at specific values

of K. Inserting these values into the soliton ansatz yields profiles of the bright soliton depicted in

Fig. 5a.
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FIG. 4: Variational solution of the GPE in the presence of HO potential: (a) ∆X vs α [Eq. (23)];

(b) ∆P vs α [Eq. (24)] ; (c) EUP validity: ∆X∆P against 0.5(1 + α∆X2) [Inequality. (11)]
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FIG. 5: (a) Probability density distribution corresponding to HO wave function described by [Eq.

(31)]. (b) Effective Hamiltonian as a function of K with different values of α [Eq. (32)]

2.2.2. Numerical analysis

The numerical solutions of Eq. (28) for various values of α were obtained using SSFM [32].

This method has proven to be a reliable approximation for the GPE [33–35]. The SSFM involves

discretizing space and time and then alternating between Fourier transformation and applying

evolution operators. The deformed GPE can be expressed as [36]

i
∂Ψ̃(η, t)

∂t
=

[

L̂+ N̂
]

Ψ̃(η, t), (36)

where the linear operator L̂ is defined as

L̂ = −1

2

∂2

∂η2
. (37)

The nonlinear operator N̂ is given by:

N̂ = −





Ψ̃(η, t)







2
+

tan2(η
√
α)

2α
. (38)

Generally, L̂ and N̂ operators do not commute. However, according to the Baker-Hausdorff formula,

the error introduced by treating them as if they commute is of order (∆t)2 [37–39]. Taking small

time steps ∆t, we can approximate the solution by
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Ψ(η, t+∆t) = e−iL̂∆te−iN̂∆tΨ(η, t). (39)

To apply the SSFM algorithm we first compute the solution considering the part that involves

the nonlinear operator:

Ψ(η, t+∆t) = e−iN̂∆tΨ(η, t). (40)

In the next step, the solution (40) undergoes a transformation into the frequency domain through

the application of the Fourier transformation. Subsequently, it is advanced according to the linear

operator, wherein the partial derivative is converted using ik = i ∂
∂η where k is the wave num-

ber. Finally, the solution is subjected to an inverse Fourier transformation. This entire process is

described by the expression

Ψ(η, t+∆t) = F−1
[

e−i∆t(− 1

2
k2)F

[

e−iN̂∆tΨ(η, t)
]]

, (41)

in which F and F−1 denote the forward and inverse Fourier transforms, respectively. These steps

are iteratively applied to solve Eq. (28) numerically. The code was written in MATLAB and

we have taken 20000 Fourier modes with ∆t = 0.001. The probability densities compared to the

variational solutions are depicted in Fig. 6

3. DISCUSSIONS

We can observe the effects of EUP on the BEC by plotting the probability densities, the position

uncertainty ∆X and the momentum uncertainty ∆P for different values of α. Based on the Figs.

1-5 and 6, we give the following perspectives:

1. In the examination of the free bright soliton solution, we have investigated ∆X and ∆P .

The results, depicted in Fig. 1 reveal that the EUP does not apply for all values of the

α. Consequently, it can be asserted that, within the framework of anti-de Sitter space, the

bright soliton solution does not correspond to a physical state.

2. The variations of ∆X and ∆P with EUP validation for a free dark soliton are shown in Fig. 2.

It is evident that the curved space or the gravitational field enhances the precision of position

13



-10 -5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Numerical

Variational

(a)

-10 -5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Numerical

Variational

(b)

-10 -5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Numerical

Variational

(c)

-10 -5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Numerical

Variational

(d)

FIG. 6: Numerical results compared to the variational solutions as function of x for different

values of α: (a) α = 0, (b) α = 0.01, (c) α = 0.04, (d) α = 0.09

measurements while concurrently diminishing the precision of momentum measurements. It

is important to emphasize that these observations are right for the α-values that make EUP

valid and which can be extracted from Fig 2c. Specifically starting from α ≃ 0.3, the

inequality (11) is fulfilled.

3. Fig. 3 represents the probability density for a free dark soliton with position x and for

different values of α. As the EUP impact increases, the amplitude grows and the width

decreases and since the width physically is directly related to the ∆X, this confirms the

decrease in the ∆X that we obtained in the Fig. 2a.
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4. The variations of ∆X and ∆P with EUP validation in terms of the α for the HO are illustrated

in Fig. 4. One can easily observe that as the α parameter increases, ∆X reaches a maximal

value after which the EUP causes a decrease in ∆X. Meanwhile, the EUP directly reduces

∆P indicating a decrease in BEC depletion and an increase in BEC fraction with space-time

curvature. On the other hand, from α = 0 to 0.15 < α < 0.155, the EUP is valid as depicted

in Fig. 4c.

5. The probability density and effective Hamiltonian of the HO potential in the presence of

EUP are presented in Fig. 5. It is worth noting that the amplitude of probability increases

with α and vice versa for the width. On the other hand, the effective Hamiltonian has

a minimum value in terms of the variational parameter K for a range of α ≤ 0.15 which

reflects the stability of BEC. As α increases beyond this range, the effective Hamiltonian

does not display local minima, indicating the instability of BEC.

6. The variational solutions were validated using the SSFM and the two methods show remark-

able agreement in Fig. 6 with an error ranging between 0.074 and 0.077.

Furthermore, the quantum depletion in the context of BEC corresponds to the fraction of atoms

that do not occupy the condensate at zero temperature due to correlation effects. However, the

GPE mean-field approximation typically neglects the fluctuations exhibited by an interacting BEC

[40, 41]. Thus, to further investigate the effect of EUP on BEC depletion and fraction, it is more

accurate to employ the Bogoliubov approximation, which incorporates quantum fluctuations into

the description of the system [42–44].

4. CONCLUSION

In this study, we explored the effects of the EUP on a BEC modeled by the deformed one-

dimensional GPE. Specifically, we investigated free and harmonic trap scenarios. Our main findings

suggest that the EUP significantly influences ∆X and ∆P as well as the amplitude and the width

of probability density. This effect varies according to α. For instance, in the case of a dark soliton,

we found that the curved space increases the accuracy of measuring position and vice versa for the

momentum of a free dark soliton. Additionally, we observed that the solution becomes normalizable

under the effect of EUP in contrast to the ordinary case (α=0), and the gravitational effect amplifies

the amplitude of the probability density.
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For the HO potential, we employed variational and numerical approaches and both approaches

showed excellent agreement. The results indicate that the anti-de Sitter space leads to an increase

in the amplitude of the probability density and a reduction in ∆X which contributes to a decrease

in condensate depletion and thus an increase in the condensate fraction. Finally, it is important to

note that these observations for null and HO potentials are valid for certain ranges of α, where the

EUP inequality (11) is fulfilled.
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