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1 Introduction

1.1 Background

Given data from an unknown distribution, can one determine whether the underlying distribution has
certain properties or not? In order to make this determination, how much data would be needed? These
are the critical questions in the field of statistical hypothesis testing (see [7]). Some of these questions,
particularly when dealing with discrete distributions, have over the past few decades drawn the interest of
computer scientists under the heading of distribution testing (see [§]).

In order to make such a determination possible, distribution testing algorithms are usually asked to
distinguish between the cases where the unknown distribution p either has the property P or is far from
(usually in L' distance) any distribution with this property. The goal is usually to do this with as few
samples as possible (ideally to within a constant factor of the information-theoretic limits) and in a
computationally efficient manner. While many of the most basic questions such as testing for uniformity,
identity, closeness and independence have all been resolved, many more complicated properties still have
wide gaps between the best known algorithms and the best lower bounds. For a survey of progress in this
field see [4] for a recent survey of the area.

In this paper, we develop a new lower bound technique for testing properties that are defined by
inequalities between the probability masses of individual bins. In particular, this technique is used to
produce new lower bounds for testing monotonicity and log-concavity, the latter of which matches known
upper bounds to within polylog factors.

1.2 Notation

We use [n] to denote the set {1,2,...,n}. As we will usually be dealing in this paper with discrete
distributions, for a distribution p on a discrete set S and an element ¢ € S, we let p; denote the probability
that p assigns to the element . The distance considered in this paper will usually be the total variational
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distance denoted by dry, defined as drv (p,q) := 3||p — ¢||1. In particular, if p and ¢ are distributions
defined over the same discrete set S, drv(p,q) = 5D _,cq IPi — @il

By an ensemble we will typically mean a probability distribution over probability distributions on some
fixed set S.

1.3 Owur Results

Our main applications have to do with the monotonicity test and log-concavity testing problems, so we
begin by defining our terms.

Definition 1. We say that a distribution p on [n] is monotone (decreasing) if p; > p; for all i < j.

In fact, we will also deal with monotone distributions defined over higher dimensional cubes. To make

sense of this we first need to define a partial order on [n]¢:

Definition 2. For i,j € [n]?, we say that i < j if i, < j, for all 1 < a < d.

We say that a distribution p on [n]? is monotone if p; > p; whenever i < j.

We also define log-concavity as follows:

Definition 3. A distribution p on [n] is log-concave if its support is a contiguous interval and its density
function, p;, satisfies that pf > pit1pi—1 forall2 <i<n-—1.

Our main results are to prove new lower bounds for multidimensional monotonicity testing and log
concavity testing. In particular, we show that algorithms that can reliably distinguish between a
distribution having the desired property (monotonicity or log-concavity) and being e-far in total variation
distance from any such distribution, must make use of a relatively large number of samples.

The result for multidimensional monotonicity testing is stated as below.

Theorem 4. For € > 0 sufficiently small, any algorithm that can distinguish whether the distribution over
[n]? is monotone (for some n at least a sufficiently large multiple of dlog(1/€)) or € far from monotone
with probability over 2 requires at least N = 20 g=de=210g™"(1/€) min(n, de~ log~3(1/€))¢ samples.

We get the following lower bound of log concavity testing of distribution over [n].

Theorem 5. For e > 0 sufficiently small, let p be distribution over [n] where n is at least a sufficiently
large multiple of log(1/€). Any algorithm that can distinguish whether the distribution is log concave or e
far from log concave with probability over % requires at least

N = Q(log™"(1/€)e 2 min(n, e /2log™*/?(1/€))) samples.

1.4 Prior and Related Works

The problem of monotonicity distribution testing was first considered by [2] who developed a tester with

sample complexity O(@) for distributions over [n]. Then the result was generalized to give a tester

with sample complexity O(nd_%poly(%)) for distributions over [n]¢ by [3]. The best currently known result
da

is by [1], O(%= + (dls#)de%) for testing monotonicity of a distribution over [n]?. On the other hand, the

best lower bounds to date for this problem come from the lower bounds for uniformity testing giving a

sample complexity of Q(vn?/e?). While this shows that the algorithm of [I] is asymptotically optimal for
n much larger than 1/e, it leaves a pretty substantial gap when e is small.



For testing log concavity of a distribution over [n], [I] provides the first known tester for the low sample

regime of testing log concavity, which requires O(‘E/—zE + }5) samples. Then [5] gives an improved algorithm

with sample complexity O(‘/—zﬁ) The latest result for sample complexity of log concavity testing lies in [6],
€2

O(@) + O(=) for testing a distribution over [n]. Once again, previously known lower bounds for this
€2

problem were somewhat lacking, consisting only of the (y/n/€e?) lower bound for uniformity testing.
However, importantly, if one combines this with our lower bound, it nearly matches the best of the upper
bound of [6] and the trivial O(n/e?) bound from learning p to error e. Together these show that the

. —1/2
optimal sample complexity for testing log-concavity is (‘E/—f + %) up to polylogarithmic factors.

1.5 Owur Techniques

Our techniques come from a general framework for obtaining lower bounds for testing properties defined by
imposing inequalities on the individual bin probabilities. Our starting point is fairly standard for such
lower bounds: we want to construct two ensembles of distributions over some support set S, Dyes and Dy,
where the distributions in D, have the property with high probability and distributions in D,,, far from
having the property with high probability. Therefore, if an algorithm can distinguish a distribution having
the property or € far from having the property through N samples with probability at least %, then it
should be able to distinguish N samples from a distribution in D,.s and N samples from a distribution in
D,,, with probability at least % However, we show that if a distribution p is randomly taken from either
Dyes or Dy, then a small number N of samples from p will be insufficient to reliably determine which of
the two ensembles it was sampled from. In particular, our goal will be to show that the two resulting
distributions on SV will be close in total variational distance, making such a determination
information-theoretically impossible.

In order to construct these ensembles, a key insight is that we will need them to match moments. In
particular, if n; is the number of samples drawn from the i*” bin then the expectation of (7};) will be

(JZ )E[pf] If we want our ensembles to be nearly indistinguishable, it is thus a good idea to ensure that
these moments- E,.p [pf]- are the same for D,.s and Dy, for all small (in our case at most logarithmic)
values of k. This will typically ensure that D,.s; and D,, are hard to distinguish.

On the other hand, if the property in question is defined by inequalities among the p; (like p; > p; 41 for
monotonicity or p? > p;_1p;+1 for log-concavity), then these kinds of inequalities are not defined by
moments. In particular, our goal will be to find a moment matching pair of ensembles Dycs and D, so
that distributions from D,., satisfy these inequalities, but distributions from D,, do not.

For the mechanics of this construction, we begin by constructing a pair of moment distributions over real
numbers Fye, and F,, with E[F} ] = E[F},] for all small natural numbers k. These will be used to modify
the bin probabilities of a base distribution Q. In particular, in a sample from D, 4/, the bin probability of
a bin p; will by Q; + A;Fye/no for some carefully chosen constants A; and with the samples from Fcq/p0
coupled in such a way to ensure that p remains properly normalized. On the other hand, we can construct
our distributions Fycs/pn, so that while Fyes is positive almost surely, F,, has a reasonable probability of
being reasonably negative, which (assuming that @ was constructed carefully) will break the inequalities

defining the property in question.

In Section 2] we will explain the generic version of the construction of these ensembles D5 and D, and
in particular prove Proposition [0l to show that they are indistinguishable with a small number of samples.
The next three sections will be applications. In particular, in Section 3 as a warmup we will prove a lower
bound for one-dimensional monotonicity testing. In Section, ] we will generalize this to a lower bound for
multidimensional monotonicity testing. Finally, in Section [5]l we will prove our lower bound for testing
log-concavity.



2 Generic Lower Bound Construction

This section contains the key construction for our lower bound technique. In particular, we provide a
general framework for producing two ensembles of distributions Dy.s and D), over some finite set S that
are hard to distinguish using few samples. In particular, for a positive integer N, we consider the two
distributions over S which we call Dfl\és and DY given by taking a random distribution p from the
ensemble D, c,/n, and then returning N ii.d. samples from p. The key result here is Proposition [, where
we show that as long as N is not too large relative to the other parameters of the construction that
dTV(Dé\QS, DY) is small, thus implying that one cannot reliably determine whether p was taken from Dyes

or Dy, with only N samples.

2.1 Construction of D, and D,,

In this section, we describe the general procedure for construction ensembles D,.s and D,,. The basic idea
is to start with a fixed distribution @ over S and to tweak it slightly. In order to ensure that these tweaks
match moments and preserve indistinguishability, we will first need to find a pair of real-valued
distributions Fy.s and F),, that match their low order moments, and we will use the outputs of these
distributions to tweak the bin probabilities of Q. In order to ensure that the resulting distribution remains
properly normalized, we will pair up a number of the bins in S getting pairs (j1, k1), (2, k2), - - -, (Js, ks)
and ensure that any probability mass taken from j; is added to k; and visa versa. Finally, to decide the
amount of mass to move we will sample §; proportional to F).,/n, and our final distribution will have

We begin by defining our distributions Fyes and F,,, for which we will need to have a few free parameters:

Definition 6. Let m be an integer, A and g be real numbers and a be a uniformly random integer mod m,
we define the probability distributions Fis9™ and Fig%™ to be the distribution of A(cos(%22) 4 g) and

A(cos(%@) +9).

The first critical property of these distributions is that they match their first m — 1 moments, which we can
prove by making use of the Chebyshev polynomials T}, (cos #) := cos(m#) for 6 € [0, 7].

Lemma 7. For any positive integer k less than m,

EéeFfﬁ’Sg‘m [6k] = E5€Ff,;g‘m [6k]

2ma

Proof. Note that the roots of T, (z) + 1 and T, () — 1 are cos(%—k%))ogth and COS(T)OS(Km
respectively. Since T, (z) + 1 and T;,,(z) — 1 only differ by a constant, all elementary symmetric
polynomials of degree less than m of roots of one agree with the corresponding polynomials of roots of the
other. By the fundamental theorem on symmetric polynomials, for roots of a polynomial r, )" r* can be
written in terms of elementary symmetric polynomials, where 3" r* is proportional to the kth moment of
roots. Since the roots have m — 1 identical elementary symmetric polynomials, we can conclude that they

have m — 1 matching moments. In particular, this means that

o)) [0

Applying the linear transformation z — A(z + g), we note that the distributions A(cos(2%2) + g) and

m

1
A(cos(%) + g) must also have m — 1 matching moments as

k
Bl + 9] = Y- 44} ) o+ B
k’=0



We are now ready to define Dy.; and D,, below:

Definition 8. Suppose that we have:

A distribution Q over a finite set S.

A set of disjoint pairs of elements of S: (j1,k1), (Jo, k2), .-, (s, ks)-

A positive integer m.

o Two sequences of real numbers (A;)1<i<s and (gi)1<i<s S0 that |A;| < min( ) for all i.

1+\9 [ 1+|g [

Given this, we define a pair of ensembles of distributions over S, Dyes and Dy, as follows:

To select a distribution p from Dyeq/mo, we first select 6; independently from FAvgim foreach1 <i<s.

yes/no

For a € § with a not equal to any j; or k;, we let p, = Q4. Otherwise, we let p;, = Q;, +0; and
pkll = Qk}Z - 61

. i Qr;
Note that as |4;] < mln( 1+|g D T )
pj; + PR, = Qj, + Qk,, from which it is not hard to see that }° .« p, is always 1. These observations
confirm that p is in fact defines a probability distribution over S.

), Pa in non-negative for all a € S. In addition, for each 4,

Another important remark is that conditioned on a sample from p landing in the ith pair of bins, (j;, k;),
the probability of it landing in the j;th bin depends only on the value of §;, and J;s are independently

sampled from FA e; /g;w This is a crucial condition our key proposition needs.

For this construction, we are hoping to prove the following proposition,

Proposition 9. Given @, (A:i)1<i<s, (gi)1<i<s, M, (i, ki)1<i<s be as above and let Dyes and Dy, be as in
Definition[8 Assume furthermore, that m is at least a C'log(s) for some sufficiently large constant C.
6log s
mlnr(Q] +Qk )’
random distribution p from Dyes and then taking N independent samples from p, and define DY, similarly.

Then letting Tmaz = Maxi<i<s (%) and B = 2maxi<;<s(Qj; + Qk, )N, then if Tmar < 1/10, we
<i< Q5 <i<

have that dpy (DY, DY) is at most

yes?

we define DY, to be the distribution on SN obtained by first taking a

yes

For integers N >

O(1/s) + m4sO(\/Blog(s) + TmaaB)(1 + xmam)o( Blog(s)”’"“B)O( x2,,. Blog(s) + x2,,,B)™.

In our applications, we will take s on the order of |S| and will use @’s which are not too far from uniform
(and thus min,ecg @, will be on the order of 1/s). In order to ensure that Dy.s and D,,, perturb @ by at
least € in total variational distance, we will want x4, (which is essentially the largest relative perturbation
of any bin probability) to be on the order of e. Taking N on the order of s/¢2 up to some polylog factors
gives us B on the order of 1/¢2.

From here we note that the

(1 + zmaz)O(zmamB-i-\/B log(s))

term is

exp(O(Bp,qp + v/ By, 108(5))),

which is not too large. On the other hand, so long as we ensure that

(Tmaz/Blog(s) + Ba2,,,)

is less than a sufficiently small constant and keep m to be a large enough multiple of log(s), this term will
dominate the things it is multiplied by, thus leaving us with a final bound that is quite small.

In particular, we have



Corollary 10. In the notation of Proposition [d, if we have additionally that Bx2,,, is at most a

sufficiently small multiple of 1/log(s), m is at least a sufficiently large multiple of log(s/(Zmaz€)) and s is
at least a sufficiently large constant, then

1

drv (DY _ DN —.
v ( no)<100

yes?

Proof. Assume that for some A sufficiently large that Bxz2, . log(s) < 1/A and that m > Alog(s/(Tmax€))-
Then the bound in Proposition [@ reduces to

0(1/8)+O(m48/xmaiﬂ)( Bw?nam log(8)+x371awB) exp(O( Bw?nam log(8)+x371amB))O( B‘T?nam log(s)—i_‘r?namB)m

Noting that (y/Bx2,,, log(s) + 22,,.,B) = O(1/A), this reduces to

O(1/5) + O(m*s/(Azmaz)) exp(O(1/A))O(1/A)™.

In particular, if A is large enough the O(1/A)™ term is at most (1/2)™, which if m is a sufficiently large
multiple of log(s/(Zmaz€)) is at most m ™ 42,4, /5%, which would make our final bound O(1/s). If s is
sufficiently large, this is less than 1/100. O

2.2 Comparison of Distributions of Number of Samples in Bins j; and k;

In our construction of Dyes and D,, we refer to the ith pair of bins as the pair {j;, k;}. As Dyes and Dy,
are essentially identical except in how they distribute probability mass between the ith pair of bins for
various values of 7, in order to show that they are hard to distinguish, it will be important for us to show
that the distribution on the number of samples in these bins is close for Dy, and Dy,. In particular, if we
condition on the number of samples B; that land in the ith pair of bins, and consider the probability that
exactly £; samples lie in the first of this pair (i.e. j;), we would like to show that this probability is similar
for a random distribution from D,.s and a random distribution from D,,,. In particular, we prove:

Lemma 11. Let A;, gi,m,Q, (Ji, k:) be as in Proposition[d, and let 1 <i < s, and let B; and N be
non-negative integers. Then we have that if N i.i.d. samples are taken from a probability distribution p
taken from either Dyes or Dy, and consider this distribution conditioned on exactly B; samples lying in
the ith pair of bins. Let X!® and X[° be the distributions on the number of samples drawn from the bin j;
in the case where p is taken from Dyes or Dy, respectively. Then

dry (X2, X1°) < O(1/s*)+m*O(\/Bi10g(s)+Zmar Bi ) 142 mar ) OV Biloe©Femac B (/2  Bilog(s)+2,,,B:)™.

K2

Proof. We begin by proving this in the case where @, = Q, and will reduce to this case later.

di
Qj»;

The key observation here is that if we let © = then a sample landing in the ¢th pair of bins will have a

probability of
P, _ jS+5i 71+I

Dj; + Pk, B jS + Qk?i )

of landing in bin j;. Thus, conditioned on §;, X/ es/m° ig distributed as the binomial distribution
Bin(B;, (1 + z)/2). Therefore, the probabilities of X/“* and X" being equal to ¢ are just

. 5 (B o
E, paioim o [Pr(Bin(By, (1+2)/2) = )] =277 ( ( )ENF/Q [(1+ o) (1 = 2)% ]

and ;
9—Bi ( £Z>Em’vofJ’9i*m/Qu [(1 + .’L‘)g(l _ x)Bi_g} 7

respectively.



Our goal will be to show that (at least for £ close to B;/2, which it will be with high probability) that these
are close. The basic plan here is to approximate the term (1 + z)*(1 — )%= by its Taylor series about

x = 0. We note that since the low order moments of z ~ Ffeisvgi’m/jS and & ~ F29:m /() are identical,
these terms will cancel exactly, leaving only the Taylor error terms to contend with, which we will prove
are small.

However, before we do this, we first want to deal with the outer term 2~ 5 (B;i). In particular, we show that

it is at most 1. In fact,
B; B;
“)27Bi <278 1Bt =1
(f) = 2;<f)

by the Binomial Theorem.
We next let f(z) := (1 + 2)(1 — z)P~¢. By Taylor expanding about = = 0, we find that

110 o 10

f@) = 1(0) + 'O + L5 " Bn) (1)

where Ry, (z) = £ T;(!C) x™ for some ¢ between 0 and x.

As Es.cr,..[0F] = Es,cr,,[0F] for k < m by Lemma[7] we have
E "0, [f(zi)] = E pAveim o [f(z)] if B; < m. On the other hand, if B; > m, the expectations

szqf‘e@’gi’
of the non-remainder terms over x ~ Ffeisvgi’m/jS and & ~ F239m /), will be the same. Thus, in that
case we have that

E Ai,gi,wn/jS [f(x)] — EwNF;li,gi,m/jS [f(x)] = EmNFﬁg,giﬂn/jS Rm(x) - EwNF;liS,gimn/jS Rm(I)

Ty o

We will try to bound this by showing that |R,,(x)| is small at least when ¢ is close to B;/2. [[TODO:
Mention bounds on £.]]

Lemma 12. Take x to be a real number with |z| < <, if m > B; and ’é — B < % then

107 2

7

| Rin(2)] < (14 |2)1P =24 m* (2(|2|v/B; + |l | B; — 2¢| + |af* By))™

where Ry, (x) is given in equation ().

Proof. By definition R,,(z) = 2™ /m!f(™ (y) for some y between 0 and z. In particular, note that this
implies |y| < 1/10.

Using Leibnitz Rule, the m-th derivative of f(y) can be expressed as

Fmy)y=>" (m> (Bi = O)m—e(0)e(1+y) (1 = y) P mmr (-1t

t
t=0
= (1+1) (1= y)B (i (m) (B = et (O1( 15 >t<¢>mf(—1>’“> @
pard t 1+y” "1—-y
Note that the summand in (2] is roughly
m m—t gt Lo, b m—t
(7 )= et ey

If this were exactly true, we could use the binomial theorem to rewrite it as

( L B, —¢ ) "
1+y 1-—y ’
allowing us to take advantage of significant cancellation of terms. Unfortunately, the falling factorials

(B; = £)m—+ and (£); are not exactly equal to the relevant exponentials. However, we can make use of
Stirling numbers to write them in terms of similar exponentials.




Definition 13. The unsigned Stirling number of the first kind, usually written as c¢(n,k) or [Z] , 1s defined
to be the number of permutations of [n] with exactly k cycles. The signed Stirling number of the first kind is
defined by s(n, k) = (—1)"Fe(n, k).

In particular, we make use of the fact:

Fact 14. For any non-negative integer n and real number z we have that

(2)n = Z s(n, k)zk

k

Using this, we may rewrite (2)) as

1+y)(1—y)P "

2O (oot ) (poerh ) ) ()

Interchanging the order of summations yields

L+y) -y 3)

% <§ (?) [t _t }J {mnjt__t h’] (=)0 (B — gyt (ﬁ)t (%)m_t> :

To make further progress, we would like to simplify (m) [t_t h} [mz__th,]. Specifically, we use a lemma about
Stirling numbers to find an alternative expression of [t h] and [ met

mitfh,} and get cancellation of the
binomial coefficients.

Lemma 15. There exist some constants 0 < cyp < 1 such that for all t, h, [t_th] = E?‘];h—i-l(t)fcfvh

Proof. We analyze these Stirling numbers using a combinatorial approach. [tf h] is the number of
permutations of [t] with exactly ¢ — h cycles. Such permutations should have between h 4+ 1 and 2h non
fixed points. Let f be the number of non-fixed points in this permutation. Then [tfh] can be represented

as Zihzh 41 (;) Tt ¢—p where T ¢_p, represents the number of permutations of f elements with no fixed
points that have exactly f — h cycles. Note that T ¢_p < fl.

T e
We have [,,] = Zj htl j'(t f)‘Tff h_Zj hr (0 =" = ~Lf=t

7

, we are done. O

Substituting the result of Lemma [[5] into Stirling numbers showing up in [3]), we get that

2h

(T> L—th} [mﬂ—lt_—th/} - t!(mmi )l Z ( TAs Z L

f=h+1 g= h’+1

Z Z m = g IJ:) ()f-i-qcfhcq,h’: Z Z (m 9= f)(m)fﬂcf,hcg,h/.

for g ¢ 9) f=h+1g=h'+1
Substituting this result into equation (@), we have f(™(y) equals

(1+ya—y-s*-
2h'

Sy 8 (e () ()

t=0 h,h’ f=h+1g=h'+1




t—f m—t—g
Applying the binomial theorem to the sum > ;" (m;gf*f) (L) (_ Bi_f) , we can get that the

above is equal to

2h' m—g—f _ —h'
- ' ¢ B; -t 971 pf=h(B; — £)97"
1+ )Pt S Z S (1) (_ _ ) ( ) () j+.0¢ nCo -

— (1 —
hoh! f=h+1g=h'+1 I+y 1-y (1+y)f(1—y)s

Given 0 < cfp,cgnr < 1, we have that | (™ (y)| is at most

L S ol S

h,h' f=h+1 g=h'+1

_g‘m 9— fﬂj h( [)gfh’ )
Ty ATy =gy e

Note that (m) 44 is at most m!, but vanishes if f + g > m. In order for this not to happen, it must be the
case that h+ h’ < m. This means that there are at most m* non-vanishing terms in the above sum as each
of h and h' can take at most m values and for each pair of values, there are at most m possibilities for each
of f and g. Therefore, we have that the above is at most

[(A+y)" (1 —y)" T mim! | max
2h'>g>h'>0
frgsm

(4)

¢ Bi— er‘g‘f o=nB; - f)g—h’]

l+y 1-y (1 +y) (1—y)

In order to bound (@), we want to ﬁnd the largest summands. For this we note that increasing f or g

decreases the exponent of ‘ } while increasing f increases the exponent of (1 and increasing

Ty +y

g increases the exponent of (%). To make progress, we need to understand the relative sizes of these
terms:
75 ¢ Bi—¢ Bi—f
Claim. We have that|1+y =< 1+y and | — T < 75
Proof. Tt suffices to show that —— and B yé are within a factor of two of each other. For this, we note that

as |y| < 1/10 that the ratio of 1 + Yy to 1 —y is between 9/11 and 11/9. Furthermore, as |B; — 2¢| < B;/5,
we have that the ratio of B; — ¢ to ¢ is the same as the ratio of (¢/B;) + (B; — 2¢)/B; to (£/B;), which is
between 4/5 and 6/5. Multiplying these together yields our result. O

Applying this, we find that the maximum in () is attained either when f 4+ g = m or when f = 2h and
g = 2h'. In the former case we have

o= (B; — 0)9=h
max
2r>f>h>0 (14 y) (1 —y)9
20/ >g>h'>0
f+g=m

_ ( e ) (B; — )"
T anzfonzo \(1+y) (1—y)

2h'>g>h/>0
ftg=m

= ((1%) ) (G :6)51/2)
Zmax< Vi VB =T )

1+y 1-y



In the latter case, it gives

6 B B»L _ 6 m—2h—2h’ éh(B»L _ é)h,
(L+y)2h(1—y)>

Vi W)m

max
2h+2h'<m |1+ vy 1—y

(‘ ¢ Bi—t
< max —

1+y 11—y |14y 1—y

Thus, in either case we have that |f(™ (z)| is at most

¢ Bi—t| Vi VB=1\
14 _ Bl—é 4 | _ 7 7
[(1+9)(1—yv) Im m.max<‘1+y 1—y"1+y’ 1—y> .

To bound the maximum, we note that

\/Z, Bi_gﬁ Bi§2\/Bi~
1+y 1-y —9/10

On the other hand,

1
1+y 1—y‘_1—y2
< 2B, — 24| + |a] By).

V4 B; — ¢
\ (B, — 20) — yBy|

Finally, note that (14 y)(1 —y) = 1 — y? < 1. Therefore, we have that

(141 — )P <max((1+y), (1 —y)/ B0 = (1 4 [P =24

Putting this together we have that for |z| < 1/10 that

Ry () = [ f™ (y)/m)| < (14 2! P2V m* (2(j2|/Bi + [«||B; — 2¢] + [|* Bi))™.
As desired.

So for any value of £ we have that
[Pr(X7™ =€) = Pr(X = 0)|

= E””NFﬁzis’gi’m/jS [f ()] EmwFf;"gi’m/jS [f(x)]}

= IEINFyi@gi,m/jS [a0 + a1z 4 ...+ @pm_12™ 4 Ry ()] — EmNF;?Oi,gi,m/jS [ap + a1z 4 ...+ ap_12™ ' + Rm(:t)]‘

m—1

- kz (EINF;;%’%’M/QH [a’kxk] - EmNFnAoi’gi’m/jS [a’kxk]) + EINFyAeis,yi,m/jS [Rm (I)] — EzNF:J’gi’m/jS [Rm (.I)]
=0

= B, _pagom o, Bn(@)] — B, _pacoin g [Rm(:c)]} .

no

Since for all x in either distribution, we have |z| < 1/10, this is at most

2(1+ |2)1P = m* (2|2l /By + |l | B; — 24| + |2 Bi)™

by Lemma

10



While this bound is fairly good when ¢ is close to B;/2, it is less useful when they are far apart.
Fortunately, since B; > m > C'log(s) we have by a Chernoff bound that except for with probability 1/s?
that Bin(B;, (1 4 x)/2) is within O(y/B; log(s)) of B;(1 + x)/2. Therefore, for a sufficiently large constant

A
Pr(|2XY* — Bi| > ®pmazBi + Ay/Bilog(s)) < 1/s?

and similarly for X°. Therefore, we have that dry (X7, X"°) is at most

3

0(1/s%) + > |Pr(XY* = ¢) — Pr(X[° = 1)|.
0:| Bi—26| <@ 0w Bi+Ay/B; log(s)

Using the above to bound the differences in probabilities, we get a final bound of:

0(1/5%) + m*O(/Bi10g(5) + ZmawBi)(1 4 Tyay)CV Bilog)FemecBIO(( /22, Bilog(s) + #2,,,Bi)™.

This completes our proof when Q;, = Q,. In general, we can assume without loss of generality that

Qk; > Qj;. We will then sub-divide the bin k; into two sub-bins with probability masses @, — Q;, and
Qj, — 0;. We can think of taking a sample from p conditioned on lying in {j;, k;} as first with probability
(Qr, — Qj,)/(Qr, + Qj,) taking a sample from the first sub-bin (and thus landing in bin %;), and otherwise
taking a sample from j; or k; with probabilities (Q;, £ 9;)/(2Q);,). If we are taking B; samples from this
pair, we can imagine this as first taking X ~ Bin(B;, (Qk, — Qj,)/(Qk, + Q;,)) samples from this extra
sub-bin and then taking B, = B; — X samples from the remaining pair. However, we note that the
distribution of samples obtained in the first bin of this pair is distributed exactly as it would have been if
B} samples were originally taken conditioned on lying in a pair of bins with probabilities (), = 6. As this
situation has already been analyzed (in the case where Q;, = Qx,), we know that the resulting total
variational distance is at most

O(1/5%) +m*O(y/ B{10g(s) + Zmaz B)) (1 + T nag) OV P1EO T omesBDO( [a2,  Bllog(s) + 5,00 B)™

Taking the expectation of this over B] (which is always less than B;) yields our full result. O

Lemma [IT] provides fairly good bounds so long as B; is not too large. However, the total number of

samples N that we are taking might be substantially larger. Fortunately, we can say that with high

probability that no pair of bins contains too many samples. In particular we show:

Lemma 16. If N > % and B = 2max;(Qj, + Qk,)N, then if N i.i.d. samples are drawn from
i(Qj; Tk,

a distribution p taken from either Dyes or D, then with probability at least 1 —1/s there is no pair of bins

(ji, ki) receiving a total of more than B of these samples.

Proof. By construction, for DY =E[B;] = (Qj, + Qr,)N > 6logs. Note that B; is a sum of

yes/no’ M -
independent and identically distributed indicator random variables. Applying the Chernoff Bounds,
2/"‘1' . .
Pr(B; > (1+0)u;) < et Letting § = 1, then we have that Pr(B; > 2u;) < s% As B > 2yu;, this says
that with probability at least 1 — 1/s? that the ith pair of bins does not contain more than B samples. Our

result now follows by taking a union bound over 3. O

2.3 Proof of Proposition

We are now ready to prove the full Proposition

Proof. Let B; be the number of samples from the ith pair of bins, j; and k;. Define U to be the vector of
values (Bq,-- -, Bs) as well as the number of samples in each unpaired bin. By our construction, the

11



distribution of U is the same for any p taken from Dy.s or D,,, independently of d;s, as p;, + px, is always

Qj, + Qr,. So
dry (DY, DN = Eyldry (DY, |U, DY |U)] < Pry(3i: B; > B) + max  dpy(DN,|U,DN|U). (5)

yes? yes U:B;<B for all i yes

For the first term, we note that Lemma [TI6 implies that the probability that some B; is more than B is at
most 1/s. To deal with the second term, we note that after conditioning on U, either DUes or DX we
observe that the choice of §;s are independent for each pair of bins. This implied that conditioned on U,
the number of samples drawn from each of j; and k; are independent for each i. As the distributions Dé}és
and DX are symmetric in the sense that seeing a collection of samples in some order is as likely as seeing
those samples in any other order, the total variational distance between these distributions conditioned on
U is the same as the variational distance between their distributions over the counts of numbers of samples

from each bin. These distributions in turn are product distributions over pairs of bins, and thus we can
bound (E]) by

1
UI%ai( Z dTV i yes7 i no) + ;7 (6)

where X?,Byes is the distribution over the number of samples a random p from Dy, draws from j;
conditioned on the fact that it drew a total of B; samples from {j;, k;}, and X Bi is defined similarly.

1,0

However, by Lemma [[1] and the fact that B; < B, the ith term in this sum is at most

s Og + Tmaz B + Tmaz mae og(s) +x .
o1 Bl 1 o v Blog(s)+z B)O mazBl EnaxB m

Summing over all ¢ from 1 to s and adding in the extra 1/s term gives our final bound of

O(1/s) + m430(\/Blog(8) + TrmazB)(1 + :vm,u)o( Vv Blog(S)JrIm”B)O( 22, .. Blog(s) + :C?muB)m.

3 One-Dimensional Monotonicity Testing

As a warmup we will prove the d = 1 version of Theorem @l

3.1 Construction

In this section, we focus on getting a new lower bound of testing monotone distribution over [n]. We will
do this by producing a version of the construction in Section 2] so that a distribution from D, is always
monotone and a distribution from D, is far from monotone with high probability. We begin by proving it
for n not too large.

In particular, assume that n is an even number with C?log(1/¢) < n < m for some sufficiently

large constant C' and assume that € is sufficiently small. We begin with defining a base distribution ) over
S = [n] by
5 1 i

Q2i71:Q2i24_+—_ 1< <
n

n
2n2  n?’ 2"

Note that Q; > @, for any ¢ < j and Y., ; @Q; = 1. We define the sequence of pairs (j, ki)1<i i<z by
jJi = 20— 1, k; = 2i. Note that these cover all bins in S exactly once.

To complete the construction, we need to define values of A;, g;, and m. In particular, we let m be the
smallest odd integer that is more than C'log(1/e).

12



Note that we have nm? < 1/(Ce), and thus ;=5 > 8";‘135. Therefore, taking 4, = A = Sste for all i, we have
# > A. We also let g; = cos(;) for all 4. Since A; and g; are both constants, the distributions of F;es/no
are identical for all 7. For convenience of notation, we denote this distribution to be Fycs/pno. Given € >0
sufficiently small, we can assume that n and m are larger than sufficiently large constants. It’s easy to

check that this construction satisfies A < “2’3:’2‘?‘

In order to prove the monotonicity/non-monotonicity of Dyes/Dpo we will need some properties of the
Fyes/no With these particular parameters. In fact, we will prove a slightly more general form:

Lemma 17. For m a sufficiently large positive odd integer, g = cos(X), and A > 0, F;}g;‘?’m and FA9m
have the following properties:

1. If § is taken from either distribution |§| < 2A almost surely.

2. If 6 is taken from Flj‘gq’m, then § > 0 almost surely.

€

3. If § is taken from F259™  then there is a probability of 1/m that & is negative, in which case we have
§ < —A/m?.

Proof. Property 1 follows from the fact that the cosine terms all have absolute value at most 1. For
Iray) > cos(%) = —cos(Z), so all ds drawn from F).s will

m

1

be non-negative. For distribution of F,,,, we have A(cos(%) + cos(Z)) < 0 if and only if a = 2L,
Since there are m choices of a, we conclude that § drawn from F,,, will have % chance to be negative, and

the negative value is A(cos(Z-) —1). By Taylor expanding cos(x) about 0, we find that it is at most

property 2, since m is odd, we have that cos(

—A(% - %) Given that m is sufficiently large this is at most —A/m?. O
Lemma [I7 ensures that ds drawn from either distribution are small. In addition, it guarantees that ds
drawn from F., are positive with probability 1 and ds drawn from F,, are negative with probability %
This makes sure that the distributions in Dy, and the distributions in D,,, are different in terms of being
monotone or not, as we can see in the later analysis.

We want to show that a random distribution drawn from D,.s is monotone, and a random distribution
drawn from D, is some distance from monotone with high probability. This will mean that any
monotonicity tester will be able to distinguish between a distribution from D,.s and a distribution from
D, which is impossible without many samples by Proposition

Lemma 18. A distribution p drawn from Dycs is monotone with probability 1.

Proof. We will prove that p; > p;11 for all 7. Firstly, we note that for odd i, Q; = Q;+1. According to
construction, p; = Q; + 5# and p;11 = Q; — 5#. Applying Lemma[I7], for 6 € Fyes, § > 0 gives p; > piyi1.

Foreveni,pi:%—l-#—;?—é% andpiH:%—l-#—%—l—(S%. Thus,

1
Di — Dit1 = ﬁ_(éé +0ug2)

By Lemma [[T |§;| < 24 < 1/(2n?) for each j. Thus

2

M. D
Pi pz+1_n2 N2

This completes our proof. O

In contrast to distributions in D,.s, the distributions in D, is at least e far from monotone with high
probability. In order to show this, we first need a lemma allowing us to show that some distributions p are
far from any monotone distribution.

13



Lemma 19. For a distribution p, and q an arbitrary monotone distribution, then drv (p,q) > Zi%:l Yi,
where

= Ip2i—1 — p2il/2  if p2i—1 —p2i <0
to\o if p2i—1 — p2i = 0.

Proof. We will show that (|g2i—1 — p2i—1| + |g2: — p2i|)/2 > ;. In particular, if pe;—1 — p2; > 0, v = 0 and
we have our desired inequality. If po;—1 — p2; < 0, then v; = (p2; — p2i—1)/2 > 0. By definition, ¢ monotone
implies ¢2;—1 > ¢2;. This means that

|QQ1'71 - p2i71| + |Q2i - p2i| > (Q2i71 —p2i71) + (in - Q2i) = g2i—1 — q2; + 27v; > 2;.

Summing this inequality over all ¢, we have:

n
2

drv(p,q) Z lgi — pi| = Z((Vhiq —p2i-1| + g2 — p2il))/2 >

'Mw\s
2

s
Il
-

This completes our proof. O

We can now use Lemma, to show that a distribution from D,,, is far from monotone with high
probability.

Lemma 20. With 99% probability, a random distribution drawn from Dy, is € far from monotone.

Proof. Let 7; be as in Lemma [[9] we have that

i = [p2i—1 — p2:l /2 if pai—1 —p2; <O
o if p2i—1 — p2i 2 0.

Note that pe;—1 — p2; = (Q2i—1 + ;) — (Q2: — ¢;) = 24;. Thus we have that

o _51' 1f51<0
Y0 s >0

By Lemma [I7] we have that each ~; is positive (with absolute value at least 8¢m/n) independently with
probability 1/m. Let X be the number of these positive terms. We have that X ~ Bin(n/2,1/m). As n/m
is at least a large constant, we have with 99% probability that X > n/(4m). If this holds then by Lemma
the distance of p from the nearest monotone distribution is at least

n/2

Z% > (n/(4m))(8em/n) > e
This completes our proof. O

We are now prepared to prove Theorem [l when d = 1 and n < is even. Let N be a sufficiently

C4(101g 1)3¢
small multiple of n/(m®log(n)e?) and suppose for sake of contradiction that there is a monotonicity
algorithm with a probability 2/3 of success using only N samples. Running this algorithm should be able
to distinguish N samples taken from a random distribution from D,.s and a random distribution from D,
with probability of success at least 3/5 since the distribution in the former case will be monotone, and the

distribution in the latter will be at least e-far from monotone with probability at least 99%.

On the other hand, we can apply Corollary [0 here as B = O(N/n) and 4z = O(An) = O(m3¢). Thus,
Bz?, . = O(Nm3e%/n), which is at most a small multiple of 1/log(s). This implies that
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dTV(‘Dé\Qs7 DNy < 1/100, and thus the difference in the probability that our tester accepts a distribution
from D5 given N samples can differ from the probability of accepting a distribution from D,, given N
samples by at most 1/100.

This completes the proof when n is even and at most W

. We note that a monotonicity tester on [n] can be used to obtain a

Ty, For other n, we let ng be the largest even

number less than both n and ﬁ
(log ¢)3e
monotonicity tester on [ng] simply by ignoring the extra bins in the domain. Thus, we get a lower bound of

Q(no/(log (1/€)e)) = Q(min(n, (1/€)/log®(1/¢))/(elog" (1/e))).

This completes our proof.

4 Multidimensional Monotonicity Testing

In this section, we generalize the results of the previous section to cover d-dimensional monotonicity testing.

4.1 Construction

For the one dimensional case we were able to modify our monotone base distribution ) to make it
non-monotone by exchanging bits of probability mass between adjacent bins. In the high dimensional case
however, it is not clear what the appropriate generalization of this should be, especially given that there
are pairs of bins i and j that are incomparable to each other in the relevant ordering. Thus, in order to
construct Dyes/no for the multidimensional case, we have to find comparable pairs of bins to move. Here
we introduce the notion of cubes and halfcubes for a distribution over [n]? so that most bins in a halfcube
are comparable to a bin in another halfcube within the same cube. Once again, we start by proving it
when n is not too large.

Suppose Cdlog(l/e) < n < d 95 and d < (C?log 1)? for some sufficiently large constant C' and that

(C?log
2d|n. We begin by separating a distribution over [n]? into (44)? cubes with each of them having (2d)¢ bins,
with the idea of using these cubes as a unit to replace the pairs of bins in the one dimensional construction.

More formally,

Definition 21. Let 1 be the d-dimensional vector (1,1,1...,1). For ,5 € [n]?, we denote i < j when i, < j,
foralll <a<d.

For a distribution over [n]?, we define its ith cube (for some i € [25]¢) to be the set of jth bins where
2d(i— 1) < j< 2di+ 1. Within the ith cube, we define J; to be the set of bins {j: j; < 2d# — d} and
K;={j:j3 > 2di —d}. We call J; the first halfcube of the ith cube and K; the second halfcube.

Note that we are separating the ith cube into 2 halfcubes based on the magnitude of its first coordinate, so
|Ji] = |Kj| and the ith cube is J; U Kj. Our construction will produce distributions that are uniform over
each halfcube, so we can construct our base distribution over these halfcubes. In particular, we will use an
instantiation of the ensembles from Section [2] to produce these distributions over halfcubes.

Let the distribution @ over [25]? x {F, S} given by

5(2d)¢ 24t (i g+ ..ig)2¢ 7l L, n g
Qir = Qis = 8nd + And T s A= (i1,1p,...1a) € [ﬁ] .

Summing over all i;s and multiply by d, we have
iy i) = (14 ) (yarg = (E Py
Z(11+12+...ld)—(1+2d)4d(2d) d—(2+4)(2d).

ie[g4]¢
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Therefore, we get
5 d d n, . n ;2414
Y Qur+ D Qis= 20+, G P ) =1
ie[g5]? ig[gy]?
This and the fact that

Qir = Qis > 5@d)T d(n/ici)fj—ldd > (1/4)(2d/n)

8nd

shows that @ is a valid probability distribution.

As in Definition 3, we define the sequence (ji, ki)ijc[z)a where ji = (i, F') and ki = (i, ) to specify which

halfcube of bins we are moving. Then we construct F;es and F} by choosing proper Aj, gi, m

In particular, let m be the smallest odd integer that is larger than C'log(1 / €) Where C is a sufficiently large
constant. The fact that n < - and d < (C?log1)3 imply that nm? < &, and

__d
(CZlog 1)3e
9d—3 gd+1 gd+2,,3 gd, Qd+2 3 gd+1

T > . We take A = +jdd€, noting that QdT > A, and 1et A; = A for all i.
Assuming e > 0 is sufficiently small (as otherwise there is nothing to prove), we may assume that n and m
are at least sufficiently large constants. Let g; = cos(Z-) for all i.

As the A; and g; are the same for all i, we refer to F Ai,gim
yes/no

applies to them. Noting that A < mln(QLF, Qi,5)/(1+ |g|), we can invoke Definition [ to define ensembles

Cyes and Cy, over the set of halfcubes. Using these we construct our actual hard instances over [n]d as

follows:

simply as Fcs/no and we note that Lemma [I7]

Definition 22. We define ensembles Dyes/no of distributions over [n]? in the following way: To sample a
distribution q from Dyes/mo: first get a sample distribution p over halfcubes from Cyes/no, one then takes a
sample from q by first sampling a halfcube using p and then returning a uniform random sample from that

halfcube.

Note that in this construction, any distribution ¢ ~ Dy c,/p, is uniform inside each halfcube. And if we

consider a distribution p over [ﬂ] x {F, S} where p; p = (2d) g; where j € J; and p; 5 = (2;1) g; where

J € K;, we have p € Cye5/p, by definition. Since one can produce a sample from ¢ given a sample from p,
the statistical task of distinguishing whether a distribution ¢ was taken from D5 or Dy, in N samples is
equivalent to the task of distinguishing whether a distribution p was taken from Cjy.s or Cy, in N samples.
We will show by Corollary [0 that this latter task is hard unless N is large, but first we need to prove that
a distribution in Dy, is monotone with probability 1.

Lemma 23. A distribution g drawn from Dy.s is monotone with probability 1.

Proof. Firstly, we note that since we are separating halfcubes based on the magnitude of its first coordinate,
for any pair of bins j and k in the ith cube where j < k, j and k are either in the same halfcube or j is in
the first halfcube and k in the second halfcube. If they are in the same halfcube, g; = gk by construction.
For the case that j is in the first halfcube and k is in the second halfcube, we show that g; > gk by proving
that within each cube, any bin in the first halfcube is always heav1er than any bin in the second halfcube.
Note that a bin in the first halfcube in the ith cube has weight 2; r fd‘} and the one in the second halfcube
in the ith pair has We1ght Qus =% Gince d; > 0 for ¢; drawn from Fyes (by Lemma[I7) and Qi s = Qi,r for

od— ldd
all i, g}i £ fd‘j‘ > Qd T ddi always holds. So for any pair of bins j and k in the ith cube where j < k, ¢; > qx.

Secondly, we want to make sure the distribution is monotone across cubes. Note that there exists bins in
the ith cube that are comparable to some bins in the jth cube for j #1i if and only if i, <j, for 1 <a <d
and there exists a such that i, < j,. As the previous paragraph implies that bins in the first half of each
cube are heavier than bins in the second half, it suffices to prove that any bin in the second halfcube of the
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ith cube (with welght 2d 5 g ) is heavier than any bin in the first halfcube in the jth cube (with weight

Qj,F+90; )
od—Tqgd ]+

We note that the difference,
Qis — 6  Qjr+J;
9d—1gd ~— ~9d—lgd

equals

1 5(2d)¢  24d9tl (i) +ip + ...ig)29 7 1dd 52d) 2444t (5 4y + .§g)29 e 5 _s
9d—14d Snd And+1T nd+1 “\ " 8nd And+1l nd+1 BRI

1 2d—ldd+1
o
9d—14d nd+1

By Lemma [I7, we have §; < Qd;i# for 6; ~ Fyes, 50 03 + 65 < %, which completes the proof that all
distributions in Dy., are monotone. O

In contrast to distributions in D,.s, the distributions in D, is at least e far from monotone with high
probability. To show this, we first need to prove a lemma about how far a distribution which is uniform
over halfcubes is from monotone.

Lemma 24. For a distribution q uniform within each halfcube and p an arbitrary monotone distribution,
drv(p,q) = Zle["]d i, where v = (2574) 7 max(0, Y e 45 — Yo je 7, 95)

Proof. Define Si1 ={j:j € Ji and j, # 2di,,2 < a < d} and

Siz2={j:j€ Kjand j, # 2di, —2d+ 1,2 < a < d}, we can pair a bin j € Si1 to k € Sj 2 where
j+(d,1,1,...,1) =k, so that for each such pairj < k. The probability that a random bin in the first
halfcube of the ith cube lies in Sj; is (2d2 dl) Slmllarly, the probability that a random bin in the second

halfcube of the ith cube lies in S 2 is (2d2 —1)4=1. Given that ¢ is uniform within each halfcube, we can get
n=max(0, >0 g— > g
JESi 2 JESi1

Note that since Sj ;1 U S 2 C J; U Kj,

drv (p; q) Z > qJI_ > ij—qJIZ%Z Domi— >G> mi— Y g

16 [34]?J€JiUK; ie[%]djesi,lUSiz ie[g4]¢ \ [i€Sia Jj€Sin JjE€Si 2 JE€Si 2

Pi— > Gt X pi— X g

JESi JESi JESi,2 JESi,2
monotone and k > j, p; > pk for all pairs of j and k in S;; and Sjo with k =j+(d,1,...,1). Therefore,

summing over S 1 and Si2, Y. pj > >, pj for all i.
J€Sin J€Si2

It suffices to prove that <

) > ~; for all i. Given that p is

If)ies,, 4 — > ¢ =0, then 75 =0, and we have our desire inequality.

JESi 2
If Zjesi,l gG— >, ¢5<0,thenyi= > ¢i— > ¢ > 0. In this case,
JESi,2 JESi,2 JESi1
> =D awlH D = D al = (D> k= Y, )+ (> G— > p)
Jj€Sin Jj€Sin JE€Si,2 JE€Si 2 Jj€Sin Jj€Sin JE€Si 2 JE€Si 2
=D pi—- > (D G- >, )=
JESi JESi, 2 JESi 2 JE€Sia
Summing this inequality over all i, we have that drv (p,q) > 3 Zie[%]d . O
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This lemma is a multidimensional analogue of Lemma [T9 It gives a lower bound of distance from
monotone for a distribution uniform within each halfcube, which helps us prove that a random distribution
from D,,, is not close to being monotone. We will prove in the next lemma that it’s at least € far from
monotone with probability at least 99%.

Lemma 25. With 99% probability, a random distribution drawn from D, is at least € far from monotone.

Proof. By the definition of D,,,, if ¢ is sampled from D,,,, we have that

ZQJ_ZQj:pi,S_pi,F:

JEK; JeJi
= (Qi,5 — 03) — (Qi,r + 1)
— _25;.

Where p is the corresponding distribution from C,,. Therefore, in the notation of Lemma 24] we have that
o if ;>0
T2 2 s it <0,

—1/2

)d_l . Thus, by Lemma [I7] this means that ; is non-zero

2d—1 _ 1
Note that (T = ¥ /@71 = €

independently with probability 1/m and if it is non-zero, it is at least 24+2md®e/n.

Letting X be the number of non-zero ;’s. It is distributed as Bin((n/2d)%,1/m) and so with probability at
least 99% is at least (n/2d)¢/(2m). In such a case we have that the distance of ¢ from uniform is at least

1
3 Z v > X2d+1mdde/nd > €.

ic[g4]?
O

We have proved that a distribution in D,.s is monotone with probability 1 and a distribution in Dy, is €
far from monotone with 99% probability. In the next section, we will apply Proposition [ to use this to
show that one cannot build a monotonicity tester with too few samples.

4.2 Lower Bound of Multidimensional Monotonicity Testing

Here we prove Theorem [ starting with the case where n is at most and is a multiple of 2d. Let

(Cc? lolfg <)3e
N be a sufficiently small multiple of (n/2d)%(1/€)?/(dm®log(1/¢)) and suppose for sake of contradiction
that there is a tester that tests monotonicity over [n]? with N samples. As a distribution from D is
monotone and a distribution from D,,, is e-far from monotone with 99% probability, this tester can reliably
distinguish N samples from a distribution from Dy, from N samples from a distribution from D,,,.
However, this is equivalent to distinguishing Cyes from Cp,, which is difficult by Proposition [0

In particular, in the context of Corollary [[0 we have that B = O(N(n/2d)?) and .. = O(m3e) < 1/10.
This makes Bz2,,. at most a small multiple of 1/(dlog(1/€)) < log(s). Thus, we can apply Corollary [0

and conclude that dry (CN ., CN) < 1/100 and thus that one cannot distinguish the two with N samples,

yes?
providing our contradiction.

For n not of the desired form, let ng be the largest integer smaller than n that is both a multiple of 2d and

at most W‘;l)?’e' As monotonicity testing over [ng]? is a special case of monotonicity testing over [n]<,

we obtain a lower bound of
Q((no/2d)%(1/€)?/(dm®log(1/€))) = 270D d=%e=210g77(1 /) min(n, de * log~(1/€))%.

This completes our proof.
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5 Log Concavity Distribution Testing

To prove our lower bound for log-concavity testing, we will again use Proposition [d to construct
indistinguishable ensembles Dy¢s and D,,. In particular, we need to carefully instantiate our construction
so that distributions from D5 are log-concave almost surely, while distributions from D,,, are € far with
high probability. Then Proposition 1 will imply that these ensembles are indistinguishable without a large
number of samples, giving us a desired lower bound.

5.1 Construction

The intuition for log concavity testing over [n] is: start with a log concave base distribution @ over [n] and
separate it into groups of 6 bins, then modify the 2nd and 5th bin in each group. The reason we choose to
move bins in this way is that with only 1 bin being moved in each triple, it’s easier to evaluate how each
move affects log concavity. As long as the size of the move is small enough, the distribution will still be log
concave. On the other hand, large moves cause it to be € far from log concavity.

We begin by constructing the base distribution @ over [n]. Firstly, we assume that with
Clog(l/e) <n < m for some sufficiently large constant C' and that n is a multiple of 6. We let
€2 og ¢ 2
. 32 i2
Qi = %67(%)2 with b = ﬁ Observe that Q? = Z—Ze_ < Z—ze_zvﬂ” = Q;—1Q;i+1, we use this @ as
e n
=1

it is in some sense roughly the most log concave that it can be and b € (1, e) is a normalization factor that

ensures ) Q; = 1. Additionally, @; > Q; for i < j. Let the sequence (ji, ki)1<i<n be defined by
i=1
ji=6i—4 and k; = 6i — 1.

— 2, we have m < C'log . For
48C%eZ(log )2 €

3612 —12i+1 e
Ci =n*(Qi—1 — /Q6iQsi—2) = bne” =2 (1—e n7)

Given e > 0 sufficiently small, we can assume that n and m are bigger than sufficiently large constants.
Therefore, we have

Let m be the smallest odd integer larger than C'logn. Since n <
1§i§%,wetake

L
— —e n —.
2n2 n?

Thus, C; = ©(1).

Next, we define the sequence of swapped bins by (j;, k;) = (6i — 4,6i — 1) for 1 <i < n/6. Finally, we
define A; and g; so that Fyes and Fy,, are given by Ci/n® — Cm®e/n(cos(22%) + cos(Z%)) and

Ci/n3 — C’m%/n(cos(%@) + cos(72)), respectively. It will be useful to compare this to another
construction producing the same result. Namely:

Qa ifi#£1l (mod 3)
Q=< Qu+Ci/n? ifx==6i—4
Q. —Ci/n?® ifx=06i—1.

Then we can likewise construct Dye,/no from Q' using the same sequence of (ji, k;) and letting

A; = —Cm?3¢/n and g; = — cos(Z2) for all i. We will switch back and forth between these two
interpretations as necessary. We note that the @} are all ©(1/n) and therefore the x4, in the primed
interpretation of the construction is O(Cm?3e).

We now have some important properties to prove about this construction. Namely that distributions from
D, are log-concave, distributions from D,,, are far from that and that the two are indistinguishable with
few samples. To begin:
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Lemma 26. Any distribution p in Dy.s is log concave with probability 1.

Proof. Consider a distribution p ~ D, given a sample of §; € F;es, it moves (6¢ — 4)th bin up by 0; and
(6¢ — 1)th bin down by §;. We note that applying Lemma [l to the @’ formulation we have that

§; < C;/n3. On the other hand, as n* < C~(1/€)(1/m?), we have that &; > 0 for all 4. Using this, we can
check log-concavity of p at each i based on 4 (mod 6). In particular,

P%i—s — P6i—4P6i—6 = Q%i—5 - QGi—G(QGi—4 + 5i)
= Q%5 — Qoi—6Qoi—1 — 6:Qsi—o
=Q(1/n*) - Q(1/n*) > 0.

We are similarly still log-concave at 6i — 3. We also have that

Dei—1 — \/DeiDei—2 = Qei—1 — 6 — / Qe6iQsi—2
= (jl/’rL3 — 61' Z 0.

The other locations follow immediately from d; > 0 as

2 2
Pgi—a — Poi—3D6i—5 > Qi—4 — Qei—3Q6i—5 > 0,

and similarly for 67 — 2 and 63. O

In order to show that D, is likely far from log-concave we need a Lemma to allow us to show how far a
distribution is from log-concave.

n

Lemma 27. For a distribution p over [n] with ps;—2 > p3; > %p&-_g, P3i—1 > %p&- foralll1 <i< 3, and q
any log concave distribution over [n], then drv(p,q) > %Zle max (0, \/P3i—2D3i — P3i—1)-

Proof. It’s sufficient to show that |psi—2 — gzi—2| + |[p3i—1 — qzi—1| + |p3i — q3i| > max(0, \/P3i—2P3i — P3i—1)
for all 1 <4 < 2. For a log concave ¢, \/q3i—2¢3i — ¢3i—1 < 0 must hold for all i. Fix a given i, given p a
distribution over [n], we will find such ¢s;—2, ¢3;—1, ¢3; that minimizes

|P3i—2 — q3i—2| + |P3i—1 — q3i—1] + [P3: — g3:| subject to the constraint gs3;—1 > |/g3iqzi—2. If g3i—2 > p3i—2,
we get a better set of g3;_2,¢3i—1,q3; by taking gs;_1 = ps3;—2 and keeping ¢3;_1, g3; unchanged. Similar
reasoning applies to the case of ¢3,_1 < psi—1 or gs; > p3;. Therefore, we have that the optimal

q3i—2, q3i—1, q3; satisfy q3i—2 < ps3i—2,q3i-1 > P3i—1,q3: < P34, SO
|P3i—2 — q3i—2| + [P3i—1 — q3i—1| + |P3i — ¢3i| = P3i—2 — q3i—2 + G3i—1 — D3i—1 + P3i — q3i-

Let ﬁ: (pgifg,pgi,Q,pgi) and (j: (Q3i,2, q3i—2, Q3i), f . RB — R iS a function Where
f(&) = \/T3i—2%3; — x3;—1, applying the mean value theorem, we have

f®) = (@) =F-q7) - V@)

for some ¥ = (x1,x2,x3) between p and ¢. In particular, it’s clear that gz;—2 < 21 < p3;—2,
P3i—1 <z < q3i—1 and g3; < x3 < ps3;. Expanding the dot product, we can get

f) - f(@) = %\/iij(%i—z — p3i—2) + (P3i—1 — g3i—1) + %\/g(%i — P3i)-

Notice that if g3;_o > p'*T” and q3; > pé“, using the relation ps;—s > p3; > %pgi_g, we have

21 < p3i—2 < 2p3; < 4g3; < 4wz and 23 < p3; < 2p3i_2 < 4q3i—2 < 4w, we have
F() = f(@) < |psi—2 — qzi—2| + |P3i—1 — q3i—1| + |p3i — 34| since %1/;_?7% <L
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On the other hand, if ¢3;_2 < p“%, by manipulating the relations between ps; o, p3;—1, p3; in the
hypothesis, we have

P3i—2

5 5
|p3i72_QBi72|+|p3i71_QBi71|+|p3i_QBi| > |p3i72_QSi72| > > p3z‘72—§p3i > p3i—2—gp3i—1 > /DP3i—2P3i—P3i—1-

Similarly, with the case that gs3; < Z5*, we can show that
P3i 5 3 5
|Psi—2 —q3i—2|+|P3i—1 —q3i—1|+|P3i —q3i| > |p3i —qszi| > o - (Z_Z)p?’i > 7P3i T P3i-1 > \/P3i—2D3i —P3i—1-

So in any case we have that

|p3i—2 - (J3z‘—2| + |P3i—1 - Q3i—1| + |p3z' - QSi| > \/P3i—2D3i — P3i—1-

Summing over i yields our result. O

Using this we show that a distribution from D, is likely far from log-concave.

Lemma 28. With 99% probability, a random distribution drawn from Dy, is € far from log concave.

Proof. Let p be taken from D, and let ¢ be an arbitrary log-concave distribution over [n]. Applying
Lemma [T7 we note that for each i there is independently a 1/m probability that §; = C;/n3 + Q(Cme/n).
Let X be the number of such i’s. We note that for each such 7 that

Pei—1 — \/P6iP6i—2 =
= Q6i—1 — V/Q6iQei—2 — 0;

= Ci/n® — §; < —Q(Cme/n).

Therefore, by Lemma 27 dry (p, q) > Q(XCme/n). It thus suffices to show that with 99% probability that
X = Q(n/m). However, as X ~ Bin(n/6,1/m), this is clear. O

Finally, we can complete our proof of Theorem

Proof. We begin by proving it for n less than 5 and a multiple of 6. Suppose that there is a

C2c% (log 1)3
tester that can reliably distinguish between a log—cc()niz;\)/e distribution and one that is e-far using

N < C3ne? 10g77(1 /€) samples. As a distribution from D, is log-concave and one from D,,, is likely
e-far our tester can reliably distinguish the two. However, using the )’ interpretation of our construction,
we have B = O(N/n) so Bz2,,, = O(C?m%¢2N/n) = O(C~'/log(n/eTmaz)). Thus, we can apply Corollary

to see that dpy (DI, DJ) < 1/100 which contradicts our algorithm being able to reliably distinguish
them.

For other n, we can just apply this result to ng, the largest integer that satisfies our conditions. As a
log-concave distribution on [ng] is also a log-concave distribution over [n], this gives a reduction between
the testing problems and completes the proof. O

6 Conclusion

In this paper we have produced a general framework for proving distribution testing lower bounds for
properties defined by local inequalities between the individual bin probabilities. Applying it requires
finding an instantiation of our construction so that many bins satisfy these inequalities tightly and
changing their values slightly will break the property in question. Usually, this technique should give lower
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bounds comparable to the testing-by-learning algorithm of O(n/e?) samples up to logarithmic factors so
long as n is not too big, while for larger values of n it will often fail to find further improvements.

As applications of this new technique we have proved new lower bounds for monotonicity testing, and
nearly optimal lower bounds for log-concavity testing.
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