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QUANTUM DIFFERENCE EQUATION FOR THE AFFINE TYPE A QUIVER
VARIETIES I: GENERAL CONSTRUCTION

TIANQING ZHU

ABSTRACT. In this article we use the philosophy in [OS22] to construct the quantum dif-
ference equation of affine type A quiver varieties in terms of the quantum toroidal alge-
bra Uq,t(ff [). In the construction, we define the set of wall for each quiver varieties by the
action of the universal R-matrix, which is shown to be almost equivalent to that of the
K-theoretic stable envelope on each interval in H?(X, Q). We also give the examples of
the instanton moduli space M(#, ) and the equivariant Hilbert scheme Hilb,, ([C?/Z,]) to
show the explicit form of the quantum difference operator.
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1. INTRODUCTION

1.1. Quantum differential equation for symplectic resolution X. The enumerative ge-
ometry of rational curves in Nakajima quiver varieties is a captivating subject that ele-
gantly connects counting problems in geometry to algebra. The countings involved in
this field exhibit numerous surprising attributes, illustrating the profound connection
that exists between geometry, algebra, and representation theory

In the equivariant cohomology setting, there are two enumerative counting of curves
in Nakajima quiver varieties. One is the Gromov-Witten invariant, which is the count-
ing of the holomorphic map £ — X. Another one is the Donaldson-Thomas invariants,
which is the counting of the subscheme Z C X of dimension 1. For the Calabi-Yau 3-
fold, it is conjectured that there is a correspondence between the
Gromov-Witten invariants and the Donaldson-Thomas invariants for three-folds. The
conjecture has been proved for toric 3-folds[MOO11]. Moreover, these enumerative in-
variants offer further perspectives that warrant exploration.
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From the Gromov-Witten theory, one could also define the quantum cohomology
(H*(X), %) and the corresponding Dubrovin connection, or we shall call it as the quan-
tum differential equation. We make some simple introduction for the quantum differ-
ential equation: Given X a Nakajima quiver varieties (actually, any symplectic varieties
would be suitable for this setting), consider the cone of effective curves in Hy(X,Z) and
the completed (semi)group algebra C[[z]] spanned by z with d € Hy (X, Z)ef fective-
And it is known that the genus 0 GW theory characterise the quantum cup product on
H*(X,C) given as:

(1.1) axB=aUB+0(z)

The quantum cup product is parametrised by C[[z%]], where one counts the rational
curves meeting three given cycles. In the context of topological strings, this quantum
cup product corresponds to the three-point correlation function of the A-model over the
variety X, further details can be found in [CK99]. The associated supercommutative
algebra is known as the quantum cohomology of X. A similar setting is permissible for
the equivariant case (H (X)[[z]], %).

Associated to the quantum cup product, one can construct a flat connection on the
trivial HE (X, C)-bundle over Spec C[[z7]]4¢ Hy(X,Z),s;» Which is known as the quantum
connection, or the Dubrovin connection. It has the form

d 4

(1.2) %W(z):A*W(z), Y(z) € HL(X)[[27]], 37 = (A d)z?

with A € H2(X, C).

In our story, the flat sections of the quantum connection plays a crucial rule. In our
case, the quantum connection exhibits regular singularity , and notably, the monodromy
and the shifting properties impact both GW and PT theory. Surprisingly, it serves as a
bridge connecting the enumerative geometry to the quantum algebra representations.

To provide a concise overview, let us consider the Gromov-Witten theory and the
Donaldson-Thomas theory for P! x C?. These have been described in [BP0S][OP10].
It is found that the genus 0 GW and DT theory can be used to describe the quantum
cohomology of the Hilbert scheme Hilb,;(C?). The quantum cohomology of the Hilbert

scheme Hilb,(C?), with the torus action (C*)? and the equivariant parametres (t1,t,),
has been studied in [OP10B].

Another intriguing aspect in this story is the 1-legged vertex in the DT theory of C? x
P!, which was initially introduced in [OP10]. This element plays a significant role in
the computation of both GW and DT theory for C? x P!, which turned out to be the
shift operators for the quantum connection of the Hilbert scheme Hilb,(C?). Here, shift
operator is an operator intertwining the monodromy of the quantum connection for
different equivariant parametres. Notably, it can be built up in terms of the solutions
for the two quantum connections.
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On the other hand, shift operators also possess representation-theoretic interpreta-
tions. It is known[SVC13][MO12] that the equivariant cohomology @ ;¢ H;(Hilbs(C?))

forms a Fock space of the affine Yangian Y7, 5, ( gl;). This action can be encoded into the
unique map known as stable envelope, introduced by Maulik and Okounkov[MO12].
The stable envelope map is a Steinberg class in H:(X x X) relating the quantum co-
homology or quantum connection for the symplectic variety X to its fixed subvariety
X4 C X. Additionally, it can be used to construct the geometric R-matrix for the geo-
metric modules @ ;¢ H3(Hilb;(C?). Furthermore, it has been shown in [MO12] that the

shift operator can be computed via the geometric R-matrix for the @, H:(Hilb,(C?)).

In fact, not only for the Hilbert scheme Hilb,;(C?), but also for the general Nakajima
quiver varieties, there exist enumerative invariants as the quantum cohomology and the
quantum connection.

The similar result can also be applied to them that we can use the representation-
theoretic viewpoint to construct the quantum connection, which is constructed in [MO12]]
via a certain Yangian Y(g). And in the finite ADE cases, g coincides with the ADE Lie
algebra, while in the other cases, it encompasses a slightly larger scope.

Here we list the corresponding quantum connections for different type of symplectic
varieties.

Symplectic varieties Quantum connections
Quiver Varieties My w Casimir Trigonometric Connection[L11][MO12]

Affine Grassmannian Slices T/AV;\, i | Trigonometric Knizhnik-Zamolodchikov Connection[D22]]
Springer Resolution T*(G/B) Affine Knizhnik-Zamolodchikov Connection[BMO11]

Remark.In the table there is something interesting that we can mention here. For the
affine Grassmannian slices of type A, it is isomorphic to the Slodowy slices of type A
which can be described in terms of the finite type A quiver varietiesf]MV07]. Thus there
is an identification between the trigonometric KZ connection of type A and the Casimir
trigonometric connection of type A. And actually they are related via the cohomological
stable envelope [D22].

Another interesting story is about the monodromy of these quantum connections, and
it turns out that they have the natural quantum Weyl group action on them, for details
see [ATL15][BM15][EVO2][GL11].

1.2. Quantum difference equation and K-theoretic countings. In the K-theory, one
could also carry out the similar story by replacing the quantum differential equation
with the quantum difference equation. The enumerative invariants here are replaced by
the capped operators, capping operatos and vertex functions, which are the trigonomet-
ric countings of P! into the symplectic varieties. And these invariants, especially for the
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capped operators and vertex functions, they are encoded into the solution of the specific
type of difference equations.

The quantum difference equation is a flat g-difference connection
(13) Y(p7z) = Mg (2)¥(2)

on functions of the Picard torus Pic(X) ® C* with values in K5 (X). In the case of X being
the Nakajima quiver varities, with & € Pic(X) a line bundle on X, the regular part of
the solution of the quantum difference equation near the zero point z = 0 (Actually this
"zero" point depends on the choice of the chamber) is the capping operator [O15].

The capping operators has really beautiful symmetry which is really unique in the K-
theoretical enumerative geometry. Notably, for many capping operators, the connection
matrix relating capping operators of two quiver varieties with different stability condi-
tion is characterised by the elliptic stable envelope, which is constructed in [AO21] as
the elliptic cohomology analog of the stable envelope.

The foundational work on quantum difference equations was developed by Etingof
and Varchenko [EV02], who constructed the dynamical Weyl group, subsequently em-
ploying it to construct difference operators for the intertwiners for the U, (§)-modules of
finite ADE type. These difference equations are the difference analog of the trigonomet-
ric Casimir connections, and will be referred to as quantum difference equations.

The quantum difference operator M (z) has been constructed in [OS22] via the tech-
niques of K-theoretic stable envelope. Once the formula for the K-theoretic stable enve-
lope is known, in principle,it becomes possible to compute the explicit form of the mon-
odromy operator. Since one could use K-theoretic stable envelope to construct the geo-
metric R-matrix and use the FRT formalism to construct the geometric quantum group
Uéwo (80) as elucidated in [OS22][MO12], it is anticipated that the monodromy operator
could be expressed in terms of the generators of the geometric quantum group.

In the case of finite ADE types, the geometric quantum group is known to be isomor-
phic to the quantum affine algebra U, (), as shown in [N23]. For the affine ADE types,
the situation remains an open question; however, it is conjectured that the associated
geometric quantum group should be isomorphic to the corresponding quantum toroidal
algebra of ADE type. If this conjecture proves correct, It would be possible to represent
the monodromy operator using the generators of the quantum toroidal algebra.

1.3. Content of the paper. In this paper we employ the approach in [OS22] to con-
struct the quantum difference equation over the equivariant K-theory of the affine type

A quiver varities using the quantum toroidal algebra U, (sl,) action on them. In con-
trast to the employment of K-theoretical stable envelope, we adopt the methods of the
factorization of the quantum toroidal algebra into the slope subalgebra, as developed by
Negut[N15]. Using this factorisation, we systematically construct the monodromy oper-
ator By, (A) for each slope subalgebra %, and the quantum difference opeartor Mg (A).
Our construction is purely algebraic, relying on Nakajima’s formulation of the quantum
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affine algebra action on the equivariant K-theory of quiver varieties. Additionally, we
define the wall set for each quiver varieties in terms of those rational points m € Q’
whose associated reduced universal R-matrix of the corresponding root subalgebra %m
is non-trivial when acting on some quiver varieties. We expect that the description of
the wall set here will encompass the characteristics of the wall set defined in [OS22].

In our construction, we will see that the quantum difference opeartor My with arbi-
trary & € Pic(M(v,w)) produces a holonomic system over Pic(M(v,w)) ® C*. The
following two theorems are the main results of the paper:

Theorem 1.1. (Theorem [3.15) Given an affine type A quiver variety M(v, w) and line bundles
& € Pic(M(v,w)), there exists a holonomic system of operators Mg € End(Kr(M(v,w))[[p?]] »c Pic(M(v,w))
i.e.
~1 -1 -1 ~1
(14:) Tp’gMng,g,Mgl — Tp,g’Mngp,gMg

—

Moreover, Mg can be constructed from Uq,t(sf[r) of total degree 0.

In addition, we give a general formula for the monodromy operators By (A) of affine
type A quiver varieties.

Theorem 1.2. (Theorem On the representation space End(Kp(M(v, w))), the monodromy
operator Bm (A) can be written as:
(1.5)

Bm(A)

_>

g (0]
=[] : (Heisenberg algebra part) [ |
=1 k=0

<

[T (exp(—(q-— q—l)Zk(—vY+(m+1)5h)pkm-(—vy+(m+1)5h)q§(vTcV—wT V(v m+1)8)
YEA(A) !
m>0
q—zk(—w—&-(m+1)6)TC(—Vy+(m+1)5)q0—(k+1)(—vy—s—(m+1)6)f(6_y)+mée/(5_y)_Hms(p_(k+1)(_vy+(m+1)5))
l
Cexp(—(g—q) LB A g S e g m)
meZy i,j=1 ’ st /X
N
x T expoa(—(g — g 1)2Hrmdn phm (vymdy) o (vICv—wiw)(vymdy)
YEA(A) !
m>0
q—zk(vy—&—mé)TC(vy—&-mé) ((P_(k+1)(vy+m6)fy+m6€;/+m5¢_(k+1)(VY+m6))) :

And :: stands for the normal ordering.

As illustrative examples, we calculate the quantum difference operators of the equi-
variant Hilbert scheme Hilb, ([C?/Z,]) of A,_1 type surfaces and M(r,n) the instanton
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moduli space on P2. Upon examination, we observe that the quantum difference equa-
tion for the instanton moduli space M(r, n) corresponds exactly to the one previously
established by [OS22].

Let us make some comments on the proof of the Theorem [L.1], in [OS22], the analog of
the theorem use the K-theoretic stable envelope to go through the key step, i.e. Propo-
sition 2.2 Proposition [3.9, Theorem In our paper, these propositions and theorems
will be solved using the straight computation of the geometric action of the quantum
toroidal algebra on the equivariant K-theory of the Nakajima quiver varieties.

For the Theorem [1.2] it should be noted that only a finite number of terms e, are
nonzero when applied to the space Ky(M(v, w)). This means that the theorem yields a
computable formula upon reduction within this equivariant K-theory framework.

In our next paper, we will use our construction to solve the quantum difference equa-
tion for Hilb, ([C,/Z,]) and study its degeneration to the quantum differential equation.
We shall find that the limit properties of the connection matrix for the difference equa-
tion has a really simple form in terms of the monodromy operator By (A).

The connection between our construction of the quantum difference equation and the
approach in [OS22] can be described as follows: In their method, they utilize the K-
theoretic stable envelope to construct the MO quantum affine algebra Uéwo( do), and

the stable envelope of different slope s to form the root subalgebra Uéwo(gs). The re-

lationship between the MO quantum affine algebra U;(§g) and U,(do) and their root
subalgebras are based on the following conjecture:

Conjecture 1.3. There are isomorphisms of algebras:
(1.6) ;" (80) = Uy(80), Ug(9m) = Fm

The conjecture has been confirmed to be true for the case of finite ADE types. For
the other types of quiver, it is known that U,(gp) is a subalgebra of UZ;AO(@Q) [N23].
As a result, the construction of the quantum difference equation in both situations have
something in common. This might gives representation-theoretic interpretation of the
K-theoretic countings, leading to a deeper understanding of the implications of the con-
jecture and its role in our construction.

For instance, in [AO21], it has been demonstrated that the connection matrix for the
vertex functions and capping operators of quiver varieties can be expressed through the
elliptic stable envelope, or the elliptic geometric R-matrix.

We anticipate using this construction to uncover intriguing and specific structures
within both quantum difference and differential equations of the quiver varieties, such
as monodromy representation. The degeneration from the quantum difference equation
to the quantum differential equation has been demonstrated for Dynkin ADE type in
[BM15], and we expect that the similar relation can be true for the quantum toroidal case
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[BT19]. We give the detailed analysis of this degeneration in the work [Z24], and it will
expand our understanding of these equations in diverse settings.

We also anticipate intriguing prospects in enumerative geometry, particularly under
the auspices of Conjecture [.3] We expect that, under this conjecture, the regular part
of the solution for the quantum difference equation should correspond to the capping
operator in the equivariant K-theory of the quiver varieties.

The structure of the paper goes in the following way. In section 2, we introduce some
basics about the quantum toroidal algebra and the quantum affine algebra. We intro-
duce the shuffle algebra realization of the quantum toroidal algebra and its slope subal-
gebra. Also we give the relation of the coproduct and the universal R-matrix between
the quantum toroidal algebra and the slope subalgebra, which will be used to construct
the quantum difference operator.

The heart of the paper lies in section 3, we introduce the construction of the quantum
difference operator, and prove the theorem [3.15 and the theorem In section 4, we
give the examples of the instanton moduli space and the equivariant Hilbert scheme
Hilb, ([C?/Z,]). And we remark the claim about the relation between the wall set in our
paper and the wall set of the K-theoretic stable envelope.

1.4. Connection with qKZ. In the construction of the quantum difference operators, we
also prove that it commutes with the 2-point gKZ equation:

Theorem 1.4. (See[3.12) For arbitrary line bundles &, &' € Pic(M(v,w)) and a slope s we
have that the gKZ operators commute with the q-difference operators

(1.7) A(B)F = FD(B)

Here qKZ equation is the difference equation over the equivariant parametre u €
TV, while the quantum difference equation is the difference equation over the Kahler
variable z € Pic(X) ® C*. The commutativity of JKZ operator and quantum difference
operator implies that the solution of the gKZ equation #°V(z,u) = ¥(z,u) is also the
solution of the coproduct of the quantum difference equations As(RB%,)¥(z, u) = ¥(z, u).

For general, one may deduce that the quantum difference equation commute with ar-

bitrary n-point gKZ equation of the quantum toroidal algebra Uy ;(sl,) in the sense of
[FR92]. This has been confirmed to be true in the case of trigonometric Casimir con-
nection and the difference Casimir connection in the case of ADE [EVO02][L11]. The
commutativity relation can give us different aspects about the connection matrix and
the solution for the quantum difference equation from the side of gKZ equation. For
example, the solution of the gKZ equation generally stands for the intertwiners of mod-
ules of quantum affine and toroidal algebra (See [AKMMMOZ17]|[AKMMSI18][ER92]) ,
so this might give the interpretation of the solution for the quantum difference equation
as intertwining operators for the integrable modules. For the intertwiners of quantum
toroidal algebras of specific modules, one can see [AKMMSI18||[AFS12].
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We shall not give detailed study of these relations in this paper and leave it for the
further study.

On the side of the enumerative geometry, in the settings of [OS22], gKZ equation
corresponds to the difference equation of equivariant variable of the capping operators

as in B.5l And the R-matrix ‘78)) %) (1) corresponds to the shift operators S(u,z) in

B.5l So we also expect to use these constructions to give some connection between the
K-theoretic countings and the intertwiners for the modules of quantum algebras.

1.5. Further directions. This paper can be seen as the starting point of understanding
the quantum difference equation of Nakajima quiver varieties, or other types of quiver
varieties appearing in the K-theoretic enumerative geometry in the context of shuffle al-
gebras. Many special things happen when we consider the K-theoretic quasi-map theory
and the shuffle algebras in the context of K-theoretic Hall algebras.

In [Z24] we are going to analyze the quantum difference equation for the affine type
A quiver varieties. The key ingredients for the quantum difference equation is the con-
nection matrix for the solution in different asymptotic regions, and we can see that the
connection matrix is strongly related to the ordered product of the monodromy oper-
ators By (z). We can see that we can choose a generic path to represent the quantum
difference operator M #(z) such that the monodromy operators By (z) can be written in
the simplest way, i.e. Uy(sly)-type or U,(gl;)-type. This reveals the fact that the slope
subalgebra %m has the "root decomposition” as in the case of the classical Lie algebra.
Using these results, one can prove that the degenerate limit of the quantum difference
equation is equal to the Dubrovin connection for the quantum cohomology of the affine
type A quiver varieties, and the monodromy representation can be obtained via the
monodromy operators By (z).

The construction of the quantum difference equation can be really general for any
other arbitrary types of quivers and weighted modules. In [£224-02], we will general-
ize the construction to arbitrary types of quiver varieties and modules. Algebraically
speaking, this can be thought of as a generalisation of the gKZ equation for other types
of modules and quantum group, for which the solution to these equations will be really
interested both in representation theory and enumerative geometry.
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tum groups and stable envelopes, as well as their thorough reading of the paper’s draft.
The author also would like to thank Peng Shan and Changjian Su for helpful discussions
and wonderful seminars on geometric representation theory. The author is supported
by the international collaboration grant BMSTC and ACZSP grant.
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2. QUANTUM TOROIDAL ALGEBRA AND GEOMETRIC ACTIONS

2.1. Quantum affine groups U,(sl,). The quantum group U,(sl,) is a Q(q)-Hopf alge-
bra:

(2.1) Uy (stn) = Q(q) (1 !, =)0

modulo the fact that c is central, as well as the following relations:

(2.2) Pty = s

2.3) hox = g = -8y,

(2.4) [t ] =0, ifj¢{i-1i+1}

(2.5) [ [ a7 lglg =0 ifje{i—1,i+1}
]

foralli,j € Z/nZ ands,s" € {1,---,n}. Here [—, —|, is the g-bracket:

(2.7) la,b]; = ab — gba

We further require the following relation:

(2.8) Yspn = g, Vs € Z

The counit is given by €(xi") = 0, €(1s) = 1, and the coproduct given by:

(2.9) A(C) =cRe, A(l.bs) = s ® Pg
(2.10) A(xF) = 1”1:1 ®x +xf ®1
(2.11) Alx; ) =1®x +x & fi
i+1
One can also introduce its "half" subalgebras of U, (sl,):
~ ic7/n7 ~
(2.12) U7 (k) = Q(q) (x5, W, I | C Up(sha)
A _ ic7 /nZ, A
(2.13) U (sh) = QU)W )™ ) C Ug(sta)
Both of them are bialgebras, and there is a bialgebra pairing (Drinfeld pairing):
(2.14) (=, =) - UF (shy) © Uz (shy) — Q(q)
such that:
5 :
(2.15) (xf,x7) = q_1]_ 7 (s, ) = g%
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2.2. The Heisenberg algebra. We consider the g-deformed Heisenberg algebra:

(2.16) Uy(ah) = Q(q) (s ™ kez
where c is central and the generators p. all commute, except for:

) popoid =k S
(217 PkrP—kl =K /%

gk — gk

The counit € is gvien by e€(px) = 0, e(c) = 1. The coproduct given by V(c) = ¢ ® ¢ and:
(2.18) Alpr) = @pe+pe®1
(2.19) Alpk) =1®@p_g+pr@c™

Similar to the previous subsection, the g-deformed Heisenberg algebra Uq(g][l) is the
Drinfeld double of its two halves:

(2.20) Uz (ath) = Q(q){px, ¢ ren € Uyg(gh)
(2.21) U (glh) = Q) (p—k ¢ ken C Uy(gh)
with respect to the bialgebra pairing:
(222) Uz (gh) ® Uz (gh) =~ Q(q)
such that

k
(2.23) <pk/ p—k> = q_k — qk

2.3. Quantum affine group U,(gl,). The quantum affine group U,(gl,) can be defined
by the RTT formalism:

~ se{l, - n
(2:24) Uy (gly) = Q(q) (e, Wi 1'Ci1><i€,f{>ezz/<}%,n>z

where the generators e, ;;;y satisfy the quadratic RTT = TTR relations and their stan-
dard coproduct is given by:

Lo
(2.25) Alegi) = ) €lsii g, © i)
s=i !
J Y
(2.26) Ale_fip) =Y e [is) @ e~ l5i)
The primitive part of A(e. ;) is given by:
11),
(2.27) Aprim (efi;j)) = efi;jy ® 1+ J] ® ei;j)
(2.28) Aprim (e—[i;j>) = €_[i;}) ® E +1® €—[i;j)
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There is an isomorphism of Hopf algebras:

(2.29) Ug(gl,) = Ug(sly) @ Ug(gh)/(c®1—1®c)
which is given by:

(2.30) ey =X (0 —q ")

(2.31) e iy =% (977 —1)

The isomorphism identifies the quantum group Uy (gl,,) with U, (sl,) ® Ug(gly). Here
the Heisenberg generators {p.; }rez € Ug(gly) in Uy(gl,,) satisfy the following relation:
Ck o C—k)(an o q—nk)

(7¢ —q75)?

In this paper we use a smaller subalgebra of U,(gl,), which is almost the same as

Uy, (gl,,) besides that it has smaller set of Cartan elements:

(2.32) [Pk p1] = k51(<)+l(

_ 1I)s+1
s

(233) Uy (dh) = Q) fex sy, 0L, bt 0 e

We still denote it by Ug(gl,). Note that we still have the isomorphism U,(gl,) =
Uy (sly) ® Ug(gly)/(c® 1 —1®c), and here the Cartan elements s of Uy (sl,,) are replaced
by @s.

2.4. Quantum toroidal algebra Uq,t(sf[n). The quantum toroidal algebra Uq,t(sf[n) is de-
fined by:

A deN
(2.34) Uyi(stn) = C{ei 1990 {oiy i,/ 236)

And the relation between the generators can be described as:

(2.35) e (z) =Y ez o (z2) =) ¢fz"
deZ d=0

with (Piid commuting among themselves and:

+1 +1
@0 ()¢ (S ) = o (@) ¢ (27 )
(2.36) e (z)ef (w) - ¢ (Z;Till) = e (w)e; (z) - ¢ (%)

ey o] = o (2) - HE=
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Here i,j € {1,---,n}, and z,w are variables of color i and j. The rational function
¢(x;i/x;) is defined by:

(2.37) ¢ (ﬁ) - [thlrl<l [%]%

. 1 1
x] xj 6]. X 5;‘
Xi q%x;

Also we impose the Serre relation:
(2.38)

e (z1) €f (22) i (@) + (q+977) e (1) ey ()e” (22) + €2y (w)ef (21) € (22) +

et (z2) ef (21) efan () + (q+71) e (22) e ()ef (21) + ey (w)ef (22) € (21) = O

The standard coproduct structure is imposed as:

(2.39) At U (sh) — Uy (st ) Uy (s
v AR =0 EedE) el @01 Alel() = el () Do (2
' Aley (2)) =1@¢ (2) +e ()@ oy (2) Alp, (2) = o) ()@, (2)

Later, we will propose alternative coproduct structures on Uq,t(ff [) that are twisted by
the universal R-matrix for the slope subalgebra.

2.5. Shulffle algebra and slope factorization. Here we review the reconstruction of the
quantum toroidal algebra via the shuffle algebra and the induced slope factorization of
the quantum toroidal algebra. For details see [N15].

Fix a fractional field F = Q(g,t) and consider the space of symmetric rational func-
tions:

T S
(241) Sym(v) = @ ]F( s Zils /Zl'ki/ o )1}§?§n
k=(kq,-- kn)EN?

Here "Sym" means to symmetrize the rational function for each z;q, - - -, zj;,. We endow
the vector space with the shuffle product:

F(-  Zjg, -+ )G(- - zjp, - -+ ) 15isn l<jsn Zis

K!! o

(2.42) F+G = Sym|
1<a<k; kj+1<b<ki+l; Zib

)]

We define the subspace S C Sym(V) by:

(243) <§’+ = {F( e Zigy ) — 7’( rZias " ) }

1<i<n

H1<a7éb<k (9zia — g 'zip)



14 TIANQING ZHU

<i< . . . .
where r(- -+ ,zj1, -+, Zix, -+ )1==4 is any symmetric Laurent polynomial that satis-
—" ="

fies the wheel conditions:
(2.44) (- ,q_l,ti,q,---) —0
for any three variables of colors i,--- ,i £ 1,i.

It is easy to see that the shuffle algebra § is bigraded by the number of the variables
k € N" and the homogeneous degree of the rational functions d € Z, i.e.

(2.45) stT= D
(k,d)EN"XZ
Similarly we can define the negative shuffle algebra &~ := ()% which is the same

as &T with the opposite shuffle product. The grading for &~ now is given by = =

D 1,d0)ennxz Sy 4 Now we slightly enlarge the positive and negative shuffle algebras

4+ 1d>0
i,dJ1<i<n’

(2.46) 2= (ST {(Qf ), $S = (ST {le )2

by the generators {¢

Here (pl?td commute with themselves and have the relation with & as follows:

190 2(w/2)
2.47 T(w)F = Fo AN (3
4 ertF=Fer 11 (e

. oz w)
248 . G = Go; 2ANTer
@45) @ (@) vi (W)1§Ia_£kj C(w/zjqa)

The Drinfeld pairing (—, —) : = ® &= — C(g, t) between the positive and negative
shuffle algebras §='7 is given by:

- + _ C((w/z)
(2.49) (¢; (2), 0] (w)) = /)
1 lal<Upl G-+ zjg, - VF( -+, Zig, -+ ) Y= dzg,
(2.50) G, F)=— ar in_|
( ) k! /Zm|_1 HE{J%{] Zp(zia /Zjb) 1<1;£k,- 27tiz;, P

for F € §T,G € & . Here (, is defined as follows:

. L)
(2.51) Cp(;c—;) = C(;C—;) [pxj’]y
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This defines the shuffle algebra & := §=®8=. Also the coproduct A : & — SRS is
given by:
(2.52)

AleF (w)) = ¢ (w) ® @7 (w)

(2.53)
b>1]‘ +
[ngjgn (P] (Z]b)]P( s Zil, /Zili ® Zi,li+1/ e /Ziki/ Tt ) +
A(F) - Z a<l: b>1; ’ Fed
0<I<k | b ngjjgn ((zjp/zia)
(2.54)
b>l] _
G( A1 VAR 41 ® Zili4+1s" " " s Zikyr T )[ng]gn (P] (Z]b)] _
AG) =Y P ——F , Ges

In human language, the above coproduct formula means the following: For the right
hand side of the formula, in the limit |z;,|<< [zj;| foralla < [;and b > [;, and then place
all monomials in {zj, },<j; to the left of the ® symbol and all monomials in {z, }5~ | to
the right of the ® symbol. Also we have the antipode map S : & — & which is an
anti-homomorphism of both algebras and coalgebras:

1<i<n

(2.55) S(of (2)) = (o (2))Y,  S(E)=[ ] (o (zia)) "] «F
1<a<k;
1<i<n
(2.56) S(p; (z)) = (0; (2))7!,  S(G) =Gx]|

J
A
]
IA
Ko
—~
I
B
~
N
AN
~—
~—
—_

The following theorem has been proved in [N15]:
Theorem 2.1. There is a bigraded isomorphism of bialgebras

(2.57) Y Up(sly) = S
given by:

24
(2.58) Y(oiy) =0y Y(ey) = | qilz]

2.5.1. Slope subalgebra of the shuffle algebra. Here we first review the definition of the slope
subalgebra of the quantum toroidal algebra Uq,t(g [,) in section 5 of [N15].

For the positive half of the shuffle algebra ST, we define the subspace of slope < m
as:

. F(Z'l, C s Ziags ézi,aﬁ—l/ to /EZ', ,‘—‘rb,‘)
(2.59) St ={Fe s lim : : o A

&—00 £m~b——

< oo Va, b}
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Similarly, for the negative half:

G(ézin, - 1 &Ziny Zig41,
(ab)

Zi gtb:
Ziastb) < oo Va, b}

(2.60) Sem={G €5 |lim

é—m-a-l- 5
It can be checked that for the elements F € o5’<m, Gednm
A(F
(2.61) A(F) = Am(F) + (anything) ® (slope < m), Am(F)= ) lim (7).3];@}’
a+b:k£_>OO &m
(2.62)
A(G)a®b

A(G) = Am(G) + (slope < m) ® (anything), Am(G)= Y lim p—
atb=k &7 &

Thus now the slope subalgebra %y is defined as:
m-k=d
+._ + +
(2.63) Bn= D SZaNSihu
(k,d)eNrxZ

It is easy to see that the coproduct Ay, descends to a true coproduct on B~ := B ®
IF[(piil]. Using the Drinfeld double defined for the shuffle algebra. We eventually obtain
the slope subalgebra %, C .

It is known that the slope subalgebra %n, for the quantum toroidal algebra Uq,t(;[n) is
isomorphic to:

8
(2.64) m = ® g[lh

For the proof of the above isomorphism see [N15]. In the subsection 4.3 we will
give a simple rule of determining [, and g . In this section we use the generators of the
slope subalgebra %, as the definition of the slope subalgebra.

Let us define the generators of the slope algebra %m. For m - [i; j) € Z, we denote the
following elements:

j—l ZLm,-+...+muJ—Lmi+...+mﬂ_1j 2
+m _ a=i ~4 -
(265) P:I:[l ) Sym ind d’" gi—i J2Za ] H C <Za)
t Ha 1+1 < za_1> i<a<b<j

Hj—l |mi+...my_q | —|mi+...+mg

Zq
oy (3
1nd1] Ha 1+1 (1 . 6]12571> igal;lb<]' Zyp

Zg

(2.66) Qf[;jj) = Sym
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Here md[l ) is defined as:

j-1
(2.67) ll’ld[l ]) Z(ml —|— PR —|— mﬂ — Lml _|_ e + ma_l L)

a=1

It is proved in [N15] that the positive and negative part of the slope subalgebra %
for the shuffle algebra §* are generated by {P™ i) }l< jand {QT D }ig j- And the slope

subalgebra B, is the similarly the Drinfeld double of %5 w1th the neutral elements
{(Pi[i;j)}-

We can check that the antipode map Sm : Bm — PBm has the following relation:
(2.68) SmPp) = Qi Sm(Q%) = Py

j
(2.69) Am <P[I;;j)) = ;P[I;]‘)(P[i;a) ® P[rir;‘a) Am <Qﬂn])) Z Q[z a)Plasj) & Q[ﬂ]

(2.70)
Am (p —[lﬁ')) = ; Pllap) © Plli)P-(j)  Am (Q—[m‘)) = ;Q—[m) ® Qa;) P~ i)

Here Ay, is defined as (5.27) and (5.28) in [N15]. The isomorphism [2.64]is given by:
(2.71) iy = Pii i) = Qljyy Pk = Pliom(k)

Here we show the explicit formula for the simplest primitive elements of By, for m =
ub. Letk = (j — i)u and we assume that for 0 < n < j—i—1, un ¢ Z, in this case we
have
(2.72)

Am(Piy) = Piijy ® 1+ 003 ® Py, Am(Q) = Q) ® 1+ 043, © Qfiy)

(2.73)
Am(PZ) = PRip @ @pip + 1@ Py, Am(QTy;) = Q) ® ) +1® Q)

Now we take j =i +16. Since @[;.;,19) = @ el =d, Pm[ j) are primitive elements.
Given u = p/q with ged(p,q) = 1, the first condition required for primitivity is that

In < g. In this way we can find some primitive elements in the generators Pi‘[l._].).

It is worth noting that there is no obvious formula for the Heisenberg operators U, (gl;)
in Uy (gl,).

Remark. The original motivation for the definition of the slope subalgebra %, can be
thought as the analog of the root subalgebra U;(gm) defined by the K-theoretic stable
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envelope in [OS22]. And it is conjectured that %y and U,(gm) are isomorphic as Hopf
algebras. In subsection 2. 10 we will show that %y, is a Hopf subalgebra in Uy (gm ).

2.6. Other coproduct structure on Uq,t(;[n). In[N15], Negut proved that there is a fac-
torization of Uq,t(g [,) into the product of the slope subalgebras:

(2.74) u’it 5[” ® 95’S+m0 ® Boog © ® ‘%s—&-mO
meQ meQ

which preserves the Hopf pairing for arbitrary s € Q" and 8 € (Q™)". Each slope
subalgebra %Bm has the following isomorphic of Hopf algebras

(2.75) m & 1(183 Uq(ﬁlllgn))

deNy

And B .9 = <(piid>1<,< is the subalgebra of Cartan elements. This factorization
’ <i<n

leads to the following KT-type factorization formula for the universal R-matrix of Uq,t(glr):

g(m)
— —
o ®
(2.76) R* = I IQ(Rs+m0 00 = I I I I [}( RHglsenberg
me meQ h=1 !

For each Rg, g it can be factorized as IA{SJFmgI% for K the diagonal part, and we call
Rg e the reduced part of the universal R-matrix.

Now we choose arbitrary m € Q", we can twist the coproduct by:

— —
(2.77) Amy@ =1 TI Rmirel-A@-[ I Rmirel™
r€QxoU{o0} reQsoU{oo}

Now we prove the following important proposition:

Proposition 2.2. Ay, (a) = Am(a) when a € Bm.

Proof. This proposition actually comes from a much more general statement for the Drin-
feld double of the quasi-triangular Hopf algebra:

Theorem 2.3. Let A = A= ® A= be the Drinfeld double with respect to the nondegenerate
bilinear pairing (—, —) : AZ ® AS — C. Now suppose that A== = ®;c; B~ and A+ =
Qi 95’1i the Hopf factorization as a vector space with respect to the bilinear pairing of (—, —);
B> @ B> — Cand such that the elements in A== can be written as [ a;, and here B~ =
%’f ® Z(jf with an ordering on I with a maximal element u. ZOi C Z4 are the elements such
that e(a) = 1 for the generators of Zg". Then A(a) = Ay(a) for a € By,
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Proof. For each ;" one can write down the orthogonal basis and dual basis {F(T) I3 {G’gl?) I3

here m € S; and S; is the set of basis for 95’1i And using these basis, one could write
down the universal R-matrix for %; as:

(2.78) R =Y, F) @ G}
meS;
And here we denote m = 0 for the basis 1 ® 1.

Now via the factorization A* =~ ®;2, 93’?, we have the factorization for the universal
R-matrix for A:

(2.79) R=T]R;
iel
And also via the factorization, we have that {[];c; F(’?)i} and {[1;e; GZ;} is a basis for
A*. Since u is the maximal element in I, we will denote the basis by [T;c; FZ)’ F(’Z b)‘ and
m; u
Hiel G(i)G’(Z)-
To prove the statement, we need to use the following formula:

(2.80) (A X 1)R = Ri3R»3, (1 & A)R = R1pRq3

The first formula is used to construct the coproduct for A", and the second is used to
construct the coproduct for A™. For simplicity, we will only show the computation for
AT. The computation for A~ is completely similar.

Now we write down the product Ry3R»3 in the explicit form:

RisRs= ), ([[FijFm@1® HG’”'G’”“ )(1® HF”' Fi ® H GGl

m;n;€S; i€l
zeI
Z Hszqu ® HF”I F”u ® H sz Gmu H an Gnu
m;n,€S; i€l
(2.81) = - - S
— Z HP 1F u®HF1Fu®HG G uHGlGu
min;,l;€S; i€l
zeI
_— 1 m; u n; u li lu
= Y ama[TFFG @ TTRGF © TTGG Gy
min;,lL;€S; iel icl iel
iel
Here

1 _ i ply mj —~my nj —ny
(282) = (LT FG oy 116G LT GG G
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And the coproduct (A ® 1)R can be written as:

_ li lu lj lu
(2.83) (A®1)R = ZZ AT EHEe) @ T1GHGE
,“6%- iel iel
1€

This gives the general coproduct formula:

li ly — 1 m; u nj pny
(284) ATTEGFG) = L amn T1EG RS @ TTEGFG
iel min;€S; iel iel
i€l

Now we compare the coproduct for G (u)y DOte that:
lu m; u n; u
iy 116660 L1666
i€l iel
Iy T u
= L amalF) TG0 G0
rieS;iel i€l

r i lu u
= Z Am,n H<1/ Gzi)><F(u)/ qu)>

ri€S;iel i€l

= Z ain,n‘slu,ru H e(GZ;))

ri€S;iel i€l

(2.85)

And the product is nonzero if and only if GZ; are all 1 orin Z, and the elements in
Z, is still in %;, hence this requires that GZ; = GZi) = 1 and the coproduct formula only
contains the element in %;, and it can be written as:

le —_ lu u u
(2.86) A(Fiy) = Y amu,nuFZZ) ® i
My, Ny €Sy
which coincides with the coproduct A, of %,,. L]

Now back to our case, in this case the corresponding universal R-matrix is
— —

(2.87) R™ = H RI;_HQ H Rm+r0
reQsoU{oo} r€Q<o
Here R, := R2L.
Thus we can see that in this order, the maximal element is m, thus the proof is finished.
]

A useful consequence for the universal R-matrix is the following:

Proposition 2.4. Given End(Kg(M(v1, w1)) ® Kg(M(v2, wp)) C End(Kg(M(w1)) ® Kg(M(ws))),
Fixas € Q" and a compact subset in s + QO with § € (Q1)", there are only finitely many

Rs+me such that their reduced part acting on End(Kg(M(v1, w1) ® Kg(M(va, wy)) which is

nonzero.
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Proof. This follows from the definition of the shuffle algebra representation for each %,
and the fact that End(Kg(M(v1, w1) ® Kg(M(vy, wp)) is a finitely generated module
over Kg(pt). Also the reduced part of the universal R-matrix Ry of Bp, is expressed as:

(2.88) R =1@1+ Y Cfiit1)m @ € [ii41)m T
[24

And e, 1), sends Kg(M(vy,w1)) to Kg(M(v1 — [i;i + 1)m, w1)). So as long as m
is "complicated" enough, (i.e. m = (my,---,m,) is more complicated if it has the
bigger greatest common multiple denominator of the rational numbers (m, - - - ,my)).
[i;i 4+ 1)m can have larger positive integers than v; on each component. i.e. R acts on
Kg(M(vq, w1) ® Kg(M(vy, wp) trivially as m complicated enough.

On each compact subset of s + Q8, we fix a maximal number 7 of the common denom-
inator of the rational point m = (my,---,m,) € s + Q0 and denote the corresponding
set by N;,. Since the compact set is a bounded subset in the 1-dimensional vector space
s +Q0, N, is a finite set. Thus the lemma is proved. L]

This result can be seen as the definition of wall set for each quiver variety M(v, w),
which can be written as follows:

(2.89)
Walls(M (v, w)) = {m € Q"|Reduced part of Ry, acts on Ky(M(v,w)) ® Kr(M(v,w)) trivially }

And from the above proposition, the intersection Walls(M (v, w)) N (s + Q0) is a finite
setfor @ € (Q1)".

For our situation, we choose the following coproduct:

— —
(2.90) A (@) = [T RileBso(@) ] Retro
7’6@20 VGon

And here Ay, := RowA%R5!. And the corresponding universal R-matrix for As) is given

by:

— —
(2.91) R® = H s_—|—r0 "Roo - H Rs+r0

r€Q<o reQxo

Here R, := (Rm)21- Now given two slopes s and s’, choose a vector Q6 such that
s,s' € 6, define T to be the path from s to s’ along Q6. Now for s and s, we denote:

— —
(2.92) =T Ra  Tow=]]Ra

" mer " mer

And comparing the two formula, we have that:
Lemma 2.5. The coproduct Ay and Ay are related by the following formula
(2.93) Ay (a) = T, ;A (a) T}

s,s’ s,s’
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Moreover, if we restrict the element on the action of End (Kt (v, w) ® Kr(v, w)), the number
of the universal R-matrix in Tg , is finite.
A useful result of this lemma would be the following:
Corollary 2.6. Let & € Pic(M(v,w)), then we have:
(2.94) Ao(Z) =Ry - R, As(Z)

1

in Hom(K(v,w) ® K(v,w), K(w) ® K(w)) . Here Ay, is the standard coproduct on Uq,t(ﬁln).
my, - - - ,my,_1 are the slope points between s and s + £ .

Proof. Note that & acts on Ky(M(v, w)) as the Cartan element of Uq,t(sf[n), and thus we
have

(2.95) Ao(L)=ZRZL

And use the formula, we have that:

(2.96) As(Z) = (Rpy) ™+ (RE) T Ao (L) (RE, -+ Ry )

From the proposition 3.9 we have that

(2.97) Ao (L) R Aoo(ZL) 7! = Ry, o = Remy.,

And thus obtain the result. U

Remark. In the context of our study, the wall set is defined as the point m € Pic(X) ®
Q whose corresponding reduced part of the universal R-matrix Ry C Bm&@PBm act triv-
ially on Kr(M(v, w)) ® Kr(M(v, w)). This is different from the one in [OS22] where the
definition of the walls are the real hyperplanes in Pic(X) ® C. Nonetheless, we expect
that this definition will coincide with the set of walls depicted in [OS22] when these are
intersected with any bounded intervals. We will discuss more about these structures
with those in the stable envelope settings in the section 3 for the case of equivariant
Hilbert scheme of A, singularity Hilb, ([C?/Z,1]). We will do further study of the cor-
responding between these two definitions in our next series of papers.

2.7. Geometric action on Kr(M(w)). We first fix the notation for the Nakajima quiver
varieties.

Given a finite quiver Q = (I, E), consider the following quiver representation space

(2.98) Rep(v, w) := @ Hom(Vi(), Vo)) & €0 Hom(V;, W)
heE iel

here v = (dim(V7),--- ,dim(V7})) is the dimension vector for the vector spaces at the
vertex, w = (dim(Wj),---,dim(Wj)) is the dimension vector for the framing vector
spaces.
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Denote Gy := [ljc; GL(V;) and Gw := [I;c; GL(W;). There is a natural action of Gy
and Gy, on Rep(v, w), which induces a natural Hamiltonian action on T*Rep(v, w) with
respect to the standard symplectic form w, now we have the moment map

(2.99) p: T*Rep(v,w) — gy

And thus with suitable stability condition 6, i.e. 8 € (Q)! one can define Nakajima
variety:

(2.100) Moo(v,w) := p=(0)/ /oGy

The Nakajima varieties also has a natural action C; which scales the cotangent fibre
with a character g~ 1.

We will abbreviate M(v, w) as the Nakajima quiver variety defined in2.100l

In this paper, we will mainly focus on the finite quiver Q = (I, E) of affine type A, i.e.
the corresponding space of quiver representation is defined as:

(2.101) Rep(v,w) = P Hom(V;, Vii1) & P Hom(V;, W)
i€Z/nZ iel
The stability condition is chosenas 0 = (1,---,1).
The action of Cj x C; X Gw on M(v, w) is given by:
(2.102) (9,6, U;) - (Xe, Yo, Ai, Bi)ecric1 = (qtXe, gt 'Ye, qA;U;, qU; ' B;)

The fixed points set of the torus action Cj x C; on Mp(v, w) is indexed by the |w/|-

partitions A = (A1,---,Aw). If we choose the cocharacter o : C* — Gy such that
W = U1W1 + - - - + U Wy, we have that:

(2.103) M(v,w)? = || M(vi,wy) x - X M(vg, wy)
Vit ve=v
We denote:
(2.104) Kr(M(W)) := €D Kcx; %Gy (M(V, W) 1oc
W

Thus we can choose the fixed point basis |A) of the corresponding partition A to span
the vector space Kr(M(w)).

Here we briefly review the geometric action of Uq,t(ff[r) on Kr(M(w)). The construc-
tion is based on Nakajima’s simple correspondence.

Consider a pair of vectors (v, v_) such that v; = v_ + e;. There is a simple corre-
spondence

(2.105) Z(vy,v_,W) = M(vy,w) X M(v_,w)
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parametrises pairs of quadruples (X’i, Y*, A%, B¥) that respect a fixed collection of quo-
tients (V* — V™) of codimension &; with only the semistable and zeros part for the mo-

ment map p for each M(v, w). The variety Z(v4, v_, w) is smooth with a tautological
line bundle:

(2.106) Zlv+ - =Ker(VH - V)

There are natural projection maps:

Z(Vvi,v_, W)

(2.107) % x

M(vy,w) M(v_,w)

Using these (714, 77_) we could consturct the operator:
(2.108)
efd : Kr(M(vT,w)) = Kr(M(vE,w)), efd((x) = ni*(Cone(dﬂi)ffdan(oc))

Here Cone(d7y ) is defined in [N15]. Take all v we have the operator ¢;-, : Kp(M(w)) —

Kr(M(w)). Also we have the action of @7, given by the multiplication of the tautological
class, which means that:

(2.109) <p-i(2)=((§) uﬁl [%]

l C(%) 1<j<w [7]
w—Cv)

In particular, the element ¢; ¢ acts on Kp(M(v, w)) as q"‘iT ( .

i
z
]

The above construction gives the following well-known result:

Theorem 2.7. For all w € N', the operator e, and @3-, give rise to an action of Uq,t(ff[r) on
Kr(M(w)).

In terms of the shuffle algebra, we can give the explicit formula of the action of the
quantum toroial algebra Uy ;(sl,) on Kr(M(w)):

Given F € 6’; , we have that

w

(2.110) AIFlu) = Fxa) TT [T1 é(X—')_Hl[

me\p Oep X0 i=

Ui
gXm

J]

Similarly, for G € §_, , we have

@111) WIGIN) = Gl TT [T ¢ TT12m

meA\p Ocx XM 7 qii
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The following theorem might be useful for expressing the quantum algebra operators
in terms of the geometric objects:

Theorem 2.8. There is an algebra injection

2.112) Uy i(sln) — [ End(Kr(M(w)))

Proof. We will give a sketch of the proof, for the detail see [N23].

Choose the following factorisation:

R —
(2.113) Ugi(sly) = R Buo, 0= (1,1,---,1)
neQuoo

Thus elements in Uy ;(sl,) can be written as:

(2.114) H Ay * b x H bu, b€ Buo,au € 95’“9,19 € %;9
pneQ pneQ

such that:

(2.115) Byjap = Ug(aly/e)"8, g :=ged(a,b)

For each %, ,, it has the generator P“ o Q“ 0 and ®J;;j), and the PBW basis for %, ,
is based on the following factor1zat1on

~J + A 0 A —
(2.116) B a0 = By 190D Bp 1069 By 1ag
And thus can be written as:
(2.117)
Pu0 % Pu0 P“ Qu0 Qu Qu
liin+h) ™ liia+1) ¥ ligiig+1a) ™ [j1:j1471) [j2:j2+12) [fnsjn+7n)

with ¢ being the product of ¢;.

Note that the elements of the form Q‘l vija 41
|A). Thus it remains to prove that for the element of the form:

(2.118) I1 H ey

peQ k=

) and ¢ would not annihlate the vector

which has finitely many terms in the product. Fix the element written as above, there
exists a vector |[A) € Kp(M(v,w)) such that v, w is large enough that would not vanish
after the action of the element. This is obvious since the vector |A) is labelled by the
partition, and all we have to do is just to make sure that the partition is large enough.
This finishes the proof. [
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2.8. Khoroshkin-Tolstoy construction of R-matrix. The Khoroshkin-Tolstoy construction[KT92]
of universal R-matrix is, roughly speaking, a direct generalization of the method in

[KT91] via consturcting the Cartan-Weyl basis with respect to the root system of the cor-
responding quantum group. The Cartan-Weyl basis can be constructed via the g-Weyl

group method in [KR90].

We recommend the reference [BGKNV10] as a good reference for an in-depth and com-
prehensive treatment of the universal R-matrix for the quantum affine algebra U, (§).

Here we use the notation in [BGKNV10] in the following subsection.

The formula for the universal R-matrix of U,(§) is given by:

(2.119) R = R.sR=sR~sK
Here:

— +—

(2.120) Res = H H equ en((@—9q~ ) ,ye)/+m5 ® fy+ms)
m=>0yeA(A

(2.121) Res = exp((g —q71) Z Z Um,ij€ms, o ®fm5,aj)

meZ_,_z]*l

— —

(2.122) =11 H equ wn((g—qg~ )m5 Ye(5—y)+ms @ f(5—y)+ms)
m>0yeA(A

And here A(A) are the set of positive roots for g, and 6 = ap + - - - + «, is the imaginary
roots. e, and f, are the Cartan-Weyl basis constructed in [KT92].

2.9. R-matrix presentation in the geometric moudle. In this subsection we prove the
Laurent polynomiality of the R-matrix in each module KTX(CqX (M(w)).

Proposition 2.9. Given Kr(pt) := C[ui"");c;, and we set the equivariant parametre of M(w)
and M(wy) be uy and uy. Then the matrix coefficients of the representation of Ry € Bm®@Bm
in End(KTX(qu (M(W1))10c ® KTX(qu (M(W2)))10c is a Laurent monomial in uq /uy, with coef-

ficients in Q(q, t). Moreover, the natural map:
PBm I_IEnd(KTx(CqX (M(W))loc)[uii]iel
W
is injective

Proof. For the first statement, fix two quiver varieties M(w7) and M(w;) and the equi-
variant parametre torus on M(wj) and M(w3) to be u; and u5, and fix the representa-
tion:

(2.123) (m @ 7m2) : Bm@Bm — End(Kp, oo (M(W1))10c @ Koo (M(W2) ) 10c)
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Now using the KT factorization and the isomorphism of B, in2.64. We can know
that only finitely many terms in the reduced part of are non-vanishing for arbitrary
U1 ® Uy € KTX(CLIX (M(W1))10c ® KTx(C,; (M(W2))10c- Consequently, to show that (m ®
) (Rm ) is a Laurent polynomial in u1 /uj, it suffices to show that (m ® 7) (P[‘;;‘j) ® QE:],))
is a Laurent polynomial in u; /u;. This follows from the fact that P[‘;;‘].) |A) is a polynomial

inup and Qi) |A) is a polynomial in u, ! such that deg,, (P[’l.‘;‘].) [A)) +deg,,( ) IA)) = 0.

Now the second statement comes from the first statement and the injective theorem
and the RTT formalism. O

An easy consequence of the above proposition can be stated in the following:

Corollary 2.10. Fix the representation
(2.124) (m ® 7m) : B ©@PBm — End (K, ¢ (M(W1))10c @ Kp e (M(W2) ) 1oc)

And the condition in the proposition in[2.90 Then the R-matrix (711 @ 7)(Rm) is a polynomial
in uq /up. Similarly, the R-matrix (m @ m)(Ry) is a polynomial in up/uq and satisfy the
trigonometric Yang-Baxter equation.

Using this result, we can prove the rationality of the R-matrix %°(u) valued in End(K(w1) ®
K(wy)) such that u = uy /us:

Proposition 2.11. The matrix coefficients of the R-matrix 2™ (u) := (m ® m) (R™ ) valued in
End(K(w1) ® K(wy)) are rational functions of u. Moreover, R(0) and R(oo) are well-defined

in Q(u).
Proof. We will prove this proposition in the Appendix[5l O

2.10. Relation with the quantum algebra of [OS22]. The connection between the quan-

tum toroidal algebra Uq,t(ff[r) and the RTT stable envelope quantum algebra U,(gp) is
controlled by the following theorem in [IN23]:

Theorem 2.12. There exists a natural algebra injection map:

(2.125) Uy t(shy) = UMO(3g) — [ End(Kz, (M(w)))

Recall that the wall subalgebra U, (gm,¢) is defined via the FRT formalism of the wall
R-matrix Rlim tep = lime o S’cab;&r 6,+% © Stabm,+% with 8 € Z". We can see that
U;(9m,6) depends on the choice of 8, and using these wall subalgebra with fixed m, we
define the root subalgebra U;(gm) as the algebra generated by FRT formalism of all the
wall R-matrix R m+ep With fixed m € Q" and arbitrary 8 € Z", i.e. In the language of
[OS22], Ué”o (gm) is generated by all the wall subalgebra Uéwo (gw) such that the wall w

contains the point m.
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Proposition 2.13. There is a Hopf algebra embedding
(2.126) Ben — U™ (gm)
which is independent of the choice of @ € Q".

Proof. First we prove that the coproduct Ay, on By, intertwine the Staby, i.e.
PBn > [Tw End(Kr,, (M(w)))
(2127) lAm lstabLo(f)oStabm
B & Bm — Tlw;,w, End(Kr,, (M(w1)))&(Kr,, (M(W2)))

For simplicity, we only show the proof for P[‘l.‘_‘].), and this means that we need to prove
the following identity:
(2.128) Piitiy o Stabm (X, ®@sx,) = Stabm(Am(P[‘i‘;‘j))(SK‘1 ®sX,))

For simplicity, using the formula for the coproduct, we can reduce the proof to the

m
case P[l 1),

Recall the formula of P™

(i1, ON the stable basis s} in [IN15]:

1d.(8,)

(2129) Pl = DXL (P, N\ 45

And here:

(2.130) fa= TTITT ™) T2 )

OeX Mex XD =1 QXD quk

(2.131) O, = [I [T 2™ H

WA\ Ocp  XO

Observe that the lowest degree part of P[ BT, (A\p) does not affect the term, so we
only consider the following part:

Ld.(£,,)
l.d.(@A\“)ld €N
G132 L MBS CCm) M) ™) Tmeyn (Mo, CO%) T i)
LTI, ) T ) ) T (30"

The superscripts (+), (0) and (—) refer to that we only retain those factors [x] such
that deg(x) > 0, deg(x) = 0 and deg(x) < 0. We can see that the degree 0 part does not
contribute to the lowest degree.



QUANTUM DIFFERENCE EQUATION FOR THE AFFINE TYPE A QUIVER VARIETIES I: GENERAL CONSTRUCTIC29

We want to analyze the behavior of the formula in terms of the power of 4. For the
first fraction, by calculation we can see that:

LA TIBEN AT, [ mexw

i=1l9xm ] ¢ Xt

Ld.(MAea " TIX, [22) ) Gep

(2.133)

by the following formula:

Bed\p w u; Hc\\p w " | IS\ igw
2134)  Ld T =D =1d JT ( IT =D = [J q ==
Oep i=1 qxm Oep i=wm+1 qxm Oep
He\p w X He)\\p w XY Hc\\p w
(2.135) LA IT TIEE) =1d( [T II %= II I 4
Ocp i=1 % Ocp i—wgt1 T4 Ocp i—wgt1
And for
HcA\p

erae Mo “CGENT g oy

'  13) _

Ld.(MAex # (2 ) menu
Note that
Hc)\p HGD:UI+1 txo HUDZGI—l XO
Ld( JT 2By —1a( [T — GD[Z’S,'_] s [”’*"'])H)
(2.137) Dep XD MEA\p Moe, ™ el
H ql/z(zg[jezo'.+l,,fm>c. +ZEDETLO'.—1,CD>C. —ZZEDEZU.”CD>C.)
e\

Now use the formula for the stable envelope:
(2.138)

P[rir;liﬂ)hStabm(szll ® SITZ) - P[rir;liﬂ)hsl(i:ﬂ,uz)
(2.139)

Stabm (Am (P 1), )sp; ® Sji,) = Stabm (P, 1, s))) ® Pl lism 4 sm P 1), S1)

Now given our chosen ordering the order (u1, p2), P[‘l.';‘l. +1)hs‘f}1 must have some re-

maining power of q left, which coincides with the one given by @l’+1)n. For the

1
L US\W 5(;(*:,)(7)
1 1

2 Hl,l’eAl\ul C(;((_:/)<_)Hl/l’€>\z\#2 C(;((_l.’)

part, this does not affect since =y

Hmwex 5(;((—:,)< )
thus completing the proof of the above commutative diagram.
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For the general P[Iinj)' using the coproduct formula:

j
(2.140) Am(Pf) = aZ—z P ®lia) @ Pl

m

The argument is the same as those of Py,

For the algebra map Bm — U;(gm), we claim the following thing:

Lemma 2.14. If a € By such that Ay (a) C Bn@RBn, m = n. Then similarly for b € Uy(gn)
such that Am(b) € Ug(gn)QUy(gn), n = m.

Proof. Now suppose that a € %y such that Ay (2) C Bn&Bn, now choose a path from n
to m, and now use the formula:

(2.141) Am (1) = TmnAn(a) Tyn

And since Ay (a) C BnQBn, now we write it as:
(2.142) An(a) =Y oM ©a®
And without loss of generality, we could reduce the case to P[‘i‘,].) and thus by the coprod-

uct formula one could further reduce the proof to P[’l.‘.l. 1)y and in this case:

Then the first part of the lemma is true following from the fact that [a, i +1)h] ¢ Bn

if a € By with m # n without @; kind of elements.
For the second part of the lemma, recall that U, (gm) is defined as the matrix coeffi-

cients of the geometric R-matrix Ry mteo 1= lime_so S’cab;&r .o © Stabm with @ € Z'. By

simple calculation, one can show that the matrix elements of Ry m-ep acting on the cor-
responding stable basis s} ® s} depends on the value over the fixed point geometric
R-matrix, i.e.

(2.144) Rm,m—i—ea(sl)l\‘l ® SI}I}Z) = lim Z (Rgn,m—FEO)(/\1,A2)r(lilrliz)sﬁn:1+69 ® SITZ_'—EG

€0 yip,

Thus one could use the result of [D21] to write down the explicit formula of the fixed
point R-matrix.

Also the R-matrix can be factorized as follows:
(2-145) Rm,m+et9 =1+ Z (Rm,m—i—eO)oc/ (Rm,m+et9)_1 =1+ Z (R;’lm_~_€9)oc
(a,0)>0 (a,0)>0
And we have the formula:

(2.146) Am<)‘|((Rm,m+59)tx)|N’> € @ (Rm,m+69)ﬁ ® (Rm,m+60)7/
Bty=a
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Thus:
(2.147)

An</\|(Rm,m+60)cx|H> = @ (Tn,m)ﬁl (Rm,m+60){52 (Rm,m+60){53(Tn_,r1n)fé’4
B1+B2+B3+Bs=a

Here Thm := Stab, 15 Staby,. Then one can show that given an order on the set of
roots {a}, U;(gm) is generated by elements of R, with « of the lowest order, i.e. those
elements corresponding to the simple roots. So we have reduced the proof to the case
for the lowest order elements in (R ). And in this case, the above formula implies that:

(2.148)
An<>‘|(Rm,m+€9)¢X|“> = @ (Tn,m)ﬁl (Tn_,Iln)ﬁz + (Rm,m—i—eO)oc ®1+1® (Rm,m+60)oc
B1t+B2=a

Now by computations the first term does not vanish due to the formula2.144l And thus
this proves the second claim.

O

Now since the coproduct Ay, coincides on both %, and Uy, (gm), we can see that By, C
Uy (gm)-
O

Remark. We expect that the coproduct A ) on Uq,t(sf ) defined in[2.2should coincide
with the coproduct A,y on Uy (§g) defined by the stable envelope Stabm of the slope m.
But here one should note that the R-matrix Rm € Bm®Bm might not be an integral
K-theory class by the definition of the generators P[Iil-‘j)' Q‘f[i.].). This is different from the
wall subalgebra UL]]VIO( gw) since the generators of the wall subalgebra are in the integral
K-theory.

3. QUANTUM DIFFERENCE EQUATION

3.1. Background: Stable quasimaps to Nakajima varieties. A quasimap f : C — M(v, w)
with C the irreducible component isomorphic to P! consists of the following data:

e A collection of vector bundles 7;,i € I on C with ranks v;. (This is the one induced
by those V; on M(v, w)).
e A collection of trivial vector bundles %; of rank w;.

e A section
(3.1) feHNC, & 2q7")
satisfying the moment map condition p = 0, here
(3.2) M = (D Hom (1), Z5(ny) © D Hom (7, 7;))

heE iel
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And the degree of a quasimap is given as d = (deg(%))._; € Pic(M(v,w)) = Z.

Thus we can define the moduli space of stable quasimaps of degree d as QM?(X). And
let QM*(X )nonsing p C QM (X) be the open subset of the moduli space corresponding to
the stable quasimaps nonsingular at a point p. It has a natural evaluation morphism ev,, :

om“ (X )nonsing p — X and also we could define the moduli space of relative quasimaps
QM?(X)rel p is a compactification of the map ev,, i.e.

QMY ,(X)

(3.3) / évp

oM X) » X

onsing p(

And this moduli space can be constructed the natural virtual structure sheaves Opiy-

Consider the moduli space Q X) of quasimaps with relative conditions

d
Mrel p1mnonsing py (
at p; € C and nonsingular at p, € C. Thus we can define the evaluation map:

(3.4) ev = €0y, X evy, : QM (X) = XxX

rel p1,nonsing p»

This moduli space is equipped with an action of G x C; with G = []; GL,, comes from
X and C; comes from C.

Note that this map ev is not proper, but it becomes proper on the subset of fixed points
d GxCy
Q]\/Irel p1,nonsing pp (X) ’
And thus we can define the Capping operator:

(3'5) J(u, Z) = Z zdev* (QMfel p1nonsing pr (X), @Avir) = KGX(C; (X)%CZ ® QHZ”
dez"

With z € C[Pic(X) ® C*] called the Kahler parametre, and u € C[T"] is called the
equivariant parametre.

It is proved in[AO21] that capping operator is the matrix of fundamental solution of a
system of g-difference equations:

(6 Jwzp?)L =Mo(u,2)(u,2),  Jup,2)E(u,z) = S(u,2))(u,2)

In this paper we focus on the operator M« (u, z), which is called the quantum differ-
ence operator.

3.2. Quantum difference equation in the algebraic setting. Here in our settings, we
will construct the quantum difference equation without using the K-theoretical stable
envelope, which is purely algebraic.
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The construction of the quantum differece operator can be described as follows, which
is similar to that in [OS22].

Denote the translation operator with respect to &£ by Ty:
(3.7) Tof(u,z) = f(u,zp”)

And define the difference connection:
(3.8) Ay =T My(u,z)
This operators have the commutativity condition
(3.9) [Ag, Agr] =0

The stable envelope version of the result above has been proved in [OS22]. In this
section, we will prove the algebraic version of the result.

Now introduce a vector A = (ty,-- -, t,) € H*(X,C) with n = #I such that g% = z; is
the Kahler parametre for the corresponding quiver variety M (v, w). And for simplicity,
we shall use both {z;} € Pic(X) ® C* = (C*)* and A as the same meaning, i.e. f(z;) =

f(A).

Now let X = M(v,w) and A C Ty a subtorus of the framing torus corresponding to
a decomposition:

(3.10) XA = UyytoepvpmvM(V1, W1) X -+ X M(Vy,, Wy)

First we define the operator qu)) € End(Kg(F)) with F = M(vy,wq) X -+ X M(vy,, Wy) C

X4 to be diagonal in the basis supported on the set fixed points:
e o) = ¥y = 0ty

Also note that q?k) can be thought of as the Cartan element in Uq,t(sﬁlr)@)” with the
Kahler variable multiplications.

Also we define g € End(Kg(F)) is defined as:
(312) q°%(y) = ¢« (y), codim(F) = dim(M(} v;, " w;)) — ¥ dim(M(v;, w;))
i i i

Similarly the antipode map can be written as:
(3.13) (Sw® - ®Sw)(q?) = q°

Remark. Note that the coproduct A, for q?k) and g% is also group-like. See [N15].

The framework for constructing quantum difference equation can be encoded into the
construction of the solution for the ABRR equation within the root subalgebra[OS22].
In this context, we extend the conceptual parallels to furnish a comparable algebraic
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construction. Specifically, we give an analogous construction for the quantum difference
equation in the algebraic settings for the affine type A quiver varieties.

For each slope subalgebra %m, one could associate the ABRR element ] (A) in the
following:

Proposition 3.1. There exist unique strictly upper triangular J 1 (A) and stirctly lower triangu-
lar [ (A) solutions of the following ABRR equationS'

(3.14) Jm(A)a3)77 R = 434 T (A), m(1) m(A) = Jm ()97 5)

where Ry, := (Rm )21 IS the transposition of Rm. Moreover, [5(A) are elements in a completion
Ben & B satisfying:

(3.15) Sm @ Sm((Jm(A))21) = Jm(A)

Proof. For a detailed derivation of the proof, readers are refered to Proposition 7 in
[OS22]. Within the referenced work, it is important to note that their root subalge-
bra U,(gw) and the quantum algebra U, :(§p) is defined via the wall and geometric
R-matrix, but the core argument presented in their proof maintains can be applied to
our setting.

The reason why this is called the ABRR equation is that it is of the form of the ABRR
equation in [ABRR97].

Remark. Here note that this proposition is also true for arbitrary quantum affine alge-
bra or toroidal algebra for arbitrary quiver type by the construction in [N22]

An easy corollary of this is the following:

Lemma 3.2.
(3.16) lim [ (z%) =1,  limJ}(z%) = R
z—0

Z— 00

here O is the parametre above in the root factorization of the quantum toroidal algebra. Here we
require that 6 € (Q)".

Proof. This is mostly the same as the proof in [OS22]. Here we provide a proof given by
the direct computation.

We do the factorization of [, and R}, with respect to the shuffle degree, i.e. the shuffle
degree of the slope subalgebra:

(3.17) Jm=1+ Z ]m\n/ ( =1+ Z Rm\rl

n>0 n>0

Using the ABRR equation we have the following recursion equations:

1
(3.18) ]m|n(z) - mnl+%_n]mnl( ) m|ny
ni<n
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Now we take (z1,- -+ ,z,) = (2%, -+ ,2%). As z — oo, it is obvious that Jm|n = 0.

If z — 0, we have the following expression for ]m‘n(Oe):

0 kp+ + LU RT
(3.19) ]m\n (0%) Zk:nl—s— ;nk n( 1) len lenz lenk

Thus we have that:
0 1)*R*, R* +
0 =1+ Z Z Rm\anm|n2 . 'Rm|nk
k ny,.
(3.20) : 1 + Z Rﬁ;l
n>0
=R}

O

Remark. It is worth noting that if we take 6 = (01, - - - ,0,,) to be the vector of different
signs for each components. In this case the asymptotic behavior of J;m(0g) and Jm(cog)
could be different. The following lemma gives a description of the asymptotic behavior
in terms of the Hopf subalgebra of the slope subalgebra:

Lemma 3.3. Let s = (s1,- -+ ,sn) be a real vector in R", and define:
(3.21) ]m(s) = lim ]m(le?Sl, T ’ansn)
p—0

Then Jm(s) is an element in Bm Q@B independent of the variables zq,- - -, z, and locally
constant on's = (s1,- -+ ,Sp).

We would not give a refined version of the proof of the lemma here. It will be heavily
used in the next paper when we start to analyze the quantum difference equation.

Let Tm = sZm be such that g° = p, thus we can check that

(3.22) 90 R (0)q " = Ren (uq)
By the previous proposition we have

(3.23) 90 Jm ()4 5™ = T (uq)

Thus we can rewrite the above equation as:

(3.24) Jan (14, A = Tm)q )07 R (1) = 397 Joh (1, A — Tm)
And define

(3.25) Jn(A) = Jm(A=Tm),  Tm =5%m

And the above relation can be concluded as follows:
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Proposition 3.4. There exist unique strictly upper triangular J 1 (A) € BE2 and strictly lower
triangular J o, (A) € BE2 solutions of the following shifted ABRR equation:

(3.26) I Tug "R = 07\ Tug T ()

(3:27) R0 1) Tud T (A) = T (A)97) Tug®
In [OS22], they called these two equations as wall Knizhnik-Zamolodchikov equa-

tions

Now we define the dynamical operator as:
(3.28) Bm(4) = m(1® Sm(Jm(A) ")) a24x

Here k = SY-%. We shall call this dynamical operator the monodromy operator].

Here m is the multiplication map.

Note that if m is not the wall for the corresponding quiver variety M(v, w), Rz, is
trivial. From the ABRR equation in the proposition B.4, % is also trivial, thus we can
restrict our definition of By (A) to the case when m is on the wall set for the quiver
variety M(v, w) such that R, is nontrivial.

Let & € Pic(X) be a line bundle. Now we fix a slope s € H?(X,R) and choose a path
in H2(X,R) from s to s — Z. This path crosses finitely many slope points in some order
{my, my,---,my} by the proposition2.4l And for this choice of a slope, line bundle and
a path we associate the following operator:

(3:29) B () = By (A) - Ban, (A)

We define the g-difference operators:

(3.30) % =T, B, (A)

Remark. It is notable that the term g in the ABRR equation represents the scaling
of the solution. In the context of enumerative geometry background, this corresponds
to an additional scaling grading for the capping operators, so one can also consider the
ABRR equation without the scaling operator g%.

3.3. Monodromy operator for the root subalgebra %y,. In this subsection we compute
the monodromy operator By, € %Bn for the slope subalgebra B, withm € Q"

!The reason for this name is that, by [OS522][S21] that these dynamical operators represents the g-
monodromy for the quantum difference equation. We will further explain this terminology in our next

paper
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By [N15] the slope subalgebra %Bny, for the quantum toroidal algebra Uq,t(;[r) is iso-
morphic to:

8
(3.31) m = ® g[lh

The isomorphism is constructed in the following way. For m € @, it is proved in
[N15] that as the shuffle algebra, it can be written as the Drinfeld double of BL:

(3.32) B = B @ Cloy;,)] @ B/ (relations)

The generators for the the slope subalgebra can be written as the following: Recall the
elements in[2.65]and 2.66], for m - [i; j) € Z:

Hj—l ZLm,-—s—..A—muJ —|mi+..A+my_q] 2

+m __ a=i =4 -

(3.33) Py = Sym | == i e I1 ¢ < )
t Hu 1+1 ( za,1> i<a<b<j

j—1 Lml+ Amg 1] —|mit..Amg |
Hu i

+m ﬁ
(334) Q:F[i;j) T Sym 1nd"f] H +1 ( 5/1%—1) igal;g<]'c (Zb):|

Zqa

And
j—1
(3.35) 1nd[l ) = Z(ml +edmpg— |mi 4+ my_q)|)

a=1
We can check that the antipode map Sm : Bm — PBm has the following relation:
(3:36) Sm(Pj) = Qi Sm(Q%p) = Pl
Now the slope subalgebra % is generated by Qfﬁ‘.j) and Pf[‘l.‘.‘j) and @;. And the
isomorphism is given by:

(3.37) iy =Piny i) = Lpy Pk = Plom(k)
Such that as the morphism:
(3.38) et Ke(M(v, ) = Kr(M(v — [i; ), w))
(3.39) e_ij) + Kr(M(v, w)) — Kr(M(v + [i; j)n, W))
In particular:
(3.40) eliit1) : Kr(M(v,w)) — Kr(M(v — [i;i + 1), w))

(3.41) e_[l-;l-ﬂ) : KT(M(V, W)) — KT(M(V + [i,‘i+ 1)h/ W))
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To solve the monodromy operator By (A), we need to solve the ABRR equation
Now we write down the formal solution for the monodromy operator %Bm:

(3.42) ) = [T Ad o, eAdoRm, Ry = (R
k=0
(3.43) Bm(A) = m(1® Sm(Jn(A —5Zm) 1)) [asasx

By the isomorphism 2.291the universal R-matrix is written as:
g
(3.44) Rm = [] Ray, Ry,
h=1

Using the KT factorisation of Ry, now the computation is reduced to the following
pieces:

(3.45) equ,z((q — 0 ) fytms © eyms)
Iy
(3.46) exp((—=q9 ) Y Y wmiifmse @ emsa)
meZ i,j—1
(3.47) equ—Z((q - q_l)f(é—y)+m6 ® e(é—y)+m5)
(3.48) Ry, = exp( Y mepr ® p_)
k=1

Now we choose specific Uq(ﬁllh), which corresponds to the cycle (i1,iz,--- i, ). And
now 4 = Zi’;l [ix; ir41), the computation shows that:

(3.49)
Ad(qﬂq(—lg)k equ—Z((q - q_l)fwrmé ® ey+ms)

=exp, (g — g 1)2F VM) g2k Emd) vy tmd) (o =K(vytmd) g k(MO £ s @ ey ns)

Iy

o,k exp((q — q_l) Z Z um,ijfmé,oci ®em5,oq)
(g ‘1(1))

meZ i,j—1

Ad
(3.50)

lh
_ _ 25T _
— exp((q —q 1) Z Z kaéq 2km=d C(S((P kmd ® (Pkmé)um,ijfmé,oc,- ® emé,oci)
meZy i,j=1
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Ad(qu(—f))" equfz((q - q_l)f(é—v/)+m5 ® €(5—y)+ms)
(B51)  =exp,a((g—q IRk DTC vy (i 1)9)

((p_k(_v7’+(m+1)6) X @k(_vy+(m+1)6))f(5—y)+m5 & 3(5—7/)+m5)

Adgag exp( L, 1P ® pe)
(3.52) N =
— exp( Z kaé(qo—kmé ® qkaé)nkpk ® P—k)
k=1
Here the operator ¢ € End(Kr(M(v, w)) acts on Kr(M(v, w) as:

(3.53) v = qz"‘T(W_CV)v

And via the shift A — A — 5%y, this corresponds to z — zp~™. And the shift A — A+«

1livTowv_wl
corresponds to z — zq2(V CV—W'W)

(f:F [1,])) basis.

In all, we have the following theorem:

. And the antipode map send the (e. ;) basis to the

Theorem 3.5. On the representation space End(Ky(M(v, w))), the monodromy operator Bm(A)
defined in can be written as:
(3.54)

B (2)

%
g 00
=m( [ | (Heisenberg algebra part) [ |

h=1 k=0
ﬁ (equz(—(q _ q_l)Zk(_VJ/+(m+1)5h)pkm-(—vy—&-(m—kl)éh)q%(VTCv—wT )‘-(—vy—|—(m+1)6h))(
YEA(A)
m>0
q—Zk(—vy-&-(m—i—l)é)TC(—vy-&-(m—|—1)5)q0—(k—|—1)(—Vy+(m+1)5)f(6_y)+m5 Q e/(é_y)+m6q0—(k+1)(—Vy+(m+1)6))
Iy
Cerp(—(q=g ) T B, Sy g BT o )
mez., i,j=1
— k(oT T )
% H equz(—(q _ q—l)Zk(vy—&-méh)pkm~(vy+m6;l)q7(v Cv—w'w) - (vy+mdy))
YEA(A)
m>0

q—Zk(vy—s—mé)TC(vy—&-mé) ((P_(k+1)(vy+m6)fy+m6 ® e;/+m5(p—(k+1)(vy+m6))))
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Here e}, = S(ey), f}, = S(fv) are the image of the antipode map. And ey, fu here stands for
the generators in Bm without using m. The Heisenberg algebra part denotes the formula of
the form[4.25| And it can be constructed iteratively by the following formula:

(355) S(Pim ) Q:I:[z] (Qﬂ: [i;7) ) Pi[rln]>

with Pit[‘l“] and Qim defined in[3.33|and [3.34

Remark. Note that in the formula only for finitely many roots y € A(A), the
corresponding generator e, have nontrivial action on Kg(M(v, w)).

A useful consequence about the convergence of the monodromy operator By (A) can
be stated in the following, it has the potential application of analyzing the convergence
of the solution for the difference equation. We won’t use the result in this paper.

Proposition 3.6. The monodromy operator By, is convergent in each K(M(v, w)) of Bm for
{z;} sufficiently small.

Proof. This is basically the imitation of the proof of the proposition 5 in [ABRR97] with
using the isomorphism [2.64 O

3.4. Some properties of By (A). We revisit essential properties of B (A). Most of these
properties have been established in the K-theoretic stable envelope language, as detailed
in [OS22]. It is noteworthy that we have successfully adapted and replicated similar
formulations within the language of the quantum toroidal algebra by requiring some
modification in the construction.

We present the following theorem without proof in our current framework, for the
proof, see Theorem 5 and theorem 6 in [OS22], where the same principles apply within
the quantum toroidal algebra setting.

Theorem 3.7. The operators J5(A) satisfy the dynamical cocycle conditions on End(Kg(M(vy, w1) x
M(Vz, Wz) X M(V3, W3))).‘

JmnA) 2P I (A + k3" = Ja (AP (A = k(1))*
T+ k3)) 2T (M) 2 = T (A = k1)) T (W)
in BnRBm R PBm. Hefe k(v,w) = (Cv — w) /2 is the dynamical shift operator, which is the
product of @; o in Ug (sl,). Moreover, we set
(3.57)

Bm(2) = m(1@ Sm(Jm(A) N, Bm(A) = mar(Sp' @ 1(Jm(A) ™)) [asa—«
We have the following coproduct formula:

(3.58) AmBm(A) = J;m(A)(Bm(A + K(2)) @ Bm(A = K1) Jm(A)

(3.59) AmBm(A) = J;(A)(Bm(A + K(2)) @ Bm(A = 1)) Jm(A)

(3.56)
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Now with the shift A — A — 7n, we have the coproduct formula for By (A):
(3.60) Am(Bm(A)) = Jm(A) (Bm (A + k(2)) @ Bm(A — k(1)) Jm(A)

Now given a root subalgebra B, C Uq,t(slr) and its corresponding universal R-matrix
R, and Ry, we set the gKZ equation for each slope subalgebra %Bm.:

(3.61) T = Tug )0 R, Fm = R Tu7)

It can be checked that it commutes with the monodromy operator:

Proposition 3.8.
(3.62) RenAm(Bm(A)) = Am(Bm(A)) %

Proof. From the ABRR equation and the above coproduct formula, we have the formula,
for details see proposition 11 in [OS22]. O

Proposition 3.9. For & € Pic(X), where X = M(v, w) is an affine type A quiver variety, we
have the following translation formula:

(3.63) FBn(A—5Z) =Bmiz(AZ

Proof. The stable envelope version of this formula was proved in the proposition 12 of
[OS22] , for which the result holds for all type quiver varieties. Our proof here is to
compare the matrix coefficients on both sides of the equality.

For two wall elements m and m/, it is known that their corresponding slope subalgebra
B and Byy are isomorphic if m’ — m € Z!11.

Let X = M(v,w) and A C T such that X = Uy, 1v,—vM(v1, W1) X M(vy, wy) = L;F,.

Now for # € Pic(X), we compare the action of ZBm (A —sZ)Z ! on K7(X) and that
of Bm+(A), via computation we can see that ZBm(A —s£) %! € Uy(gm+z). Thus

it is reduced to prove that By (A) and ZBm(A —sZ)Z Y corresponding element
U(Z)Jm(MU(Z) ! and ], o (A) solve the same ABRR equation for R ... And here
U(Z) € End(Kr(X?)) is the block diagonal operator such that:

(3.64) U(L)|kxr = Z]F,

We need to show that for Ry, acting on KT(XA), Rm has the following translation for-
mula:

(3.65) U(L)RRU(L) ' =R5, o

Using the expression of the KT factorisation of Ry, it is equivalent to prove the following
identity:

(3.66) gPR g =PI Qe = Qs
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Here we only show the proof for the case of Pm[ i) The proof for the case Qm 1s the

same. We examine this via the matrix element of S’P[‘;_‘])Z in K(w). Recall that the
m

matrix element of P[i‘j) is given by [N15]:

667) e ) = Py ) TT (T €O T

mea\p Oep XO =14

Here P (}\\/J,) is given by:

-} (xat™™™ Xb
ASYT+ a=i Ha i+1 (E — tX > l<ﬂ<b<]
And here:
(3.69) Sa= |mi+...4+mg| —|mi+...+my_q1]| —my

And ASYT™ is the set of bijection ¢ : {A\u} — {i,---,j— 1} such that Y(0) =
color of [

Now since & is the product of the tautological bundle, for simplicity, we assume that
< = 4 is the generator corresponding to the vector space V; in the quiver. In this case
we have that:

CD:l W

@70  (AlePh e 7w = [T xoPmy\w) TT ([T <2 H

OeA\p mea\p Ocp  XO QXI

Since the expreesion after P[m (A\p) only depends on A and p, we only need to com-

pute [Toea, XDP ()\\p,) note that:

T xoP™,(A\w)

OeA\p
(371) C[]Zl j—l I—I]—l ( —a\Sa
. _i (xat™") Xb
=T xo ¥ [l Dbl 000 (%
OeA\p ASYTT a=i q a=it+1 <ﬁ T 71) i<a<b<j a

We can observe that in the expreesion, xo contains all the box in )\\u such that they

are in the color /, while the expression HZ;} X" contains the product Hl <a< ]) 1 X':;“ 1(a)



QUANTUM DIFFERENCE EQUATION FOR THE AFFINE TYPE A QUIVER VARIETIES I: GENERAL CONSTRUCTION

HCDDG ;\ L XD ), thus from this expression we have that:

co=! j—1 j—1 FROK.
M x ¥ []x — H]g__ll (X<1_) . ) 11 C(ﬁ)

e\ ASYTT a=i q a=it1\7 " & 2 i<a<b<j Xa
(372) 1 ]'_1 ) a—1
! Ma+0,i Ha 1 (Xat_a) ’ Xb
Z H Xa ’ X H 4
ASYT" a=i _1 Hu 1+1 (_ N fXga_1) fsa<b<; X

Also note that doing the integral translation m — m + & doesn’t change s, , thus we
have proved that:

m m+Z
(3.73) LPN L = PRES

And similar proof also applied for Qi‘[ )

In conclusion, we can see that U(Z) ], (A)U(Z) ! and ], o, (A) solve the same ABRR
equation. By the uniqueness of the solution of the ABRR equation, we have that:

(3.74) U(L) fnWU(L) ™ = Jn 2 (A)
Thus finish the proof. [

Remark. We will give a more general construction of the proposition 3.9/in our next
paper. The proof actually can be more intrinsic without using the specific basis.

3.5. Main result for the quantum difference operator B%,(A). In this subsection we
prove that the quantum difference operator B?,(A) is independent of the choice of the
slope generically.

Now we fix a universal R-matrix R® for Uy, ¢(sl,,) with respect to the factorization

(3.75) u’it 5[” ® 95’S+m0 ® Boop @ ® ‘%s—&-mO
meQ meQ

And %°(u) be the image of R® acting on Kg(M(w')) ® Kg(M(w")). Define the gKZ
operator with the slope s by

(3.76) R = g T\ ()

and we set B%, = To,'B%,(A).
Proposition 3.10. On Ky(M(vy,w1)) ® Kp(M(vy, wy)) we have that
(3.77) As(By) = Wing(A) Wy (A) -+ Win,, | (A)Aso ()T}
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withmy, - - -, my,_1 the ordered set of slope points from s to s + £ with slope having no nonzero
component. Wi (A) = Am(Bm(A))(R) ™! and An is the original coproduct of U ¢(sly).
Proof. By definition we know that:
(3.78) By =T ' IBm_,,(A) - Bm ,(A)Bm_,(A)

Herem_1,---,m_, is the ordered set of slope points between the s and s — Z. By the
translation symmetry in the proposition[3.9 we know that:
(3.79) B = Bmy(A)Bm, (A) -+ Bm,, ,(A) LT}
And here my,,, = my + Z.

Now use the coproduct formula:

(3.80) As(By) = Ds(Bmg(A)Bm, (A) -+ Bm,, ,(A) L) T}
Note that the coproduct A; and Ap, is differed as follows:
(3.81) AS(Bmk (A)) = (Tsjmk)Amk (Bmk (A))T;mk
And write it explicitly we have that:

(382) AS (Bmk (A)) = (Rl—’;o)_ (Rl—;k 1) 1Amk (Bmk (A))Rr_;k 1 e Rr_;o
Thus we have that:
(3.83)

AS (‘%?Z) :AmO (BmO (A)) (Rl—;o )_1 T Amm—l (Bmm—l ) (Rl—;mfl )_1R1—;m,1 e Rl—;o AS (3)’11;1
(384) :AmO (BmO (A)) (Rl—;o )_1 T Amm—l (Bmm—l ) (Rl—‘;m,1 )_1A00 (g) Tél
Thus finish the proof. L]

Theorem 3.11. On the space Kt(M(v,w)) @ Kt (M(v, w)), for two slopes s and s’ separated
by a single slope points m, we have:

(3.85) Win(A) "B Wn(A) = %5, Wn(A) 1 Ay(BL) Wi (A) = Ay(BL)
Proof. By the computation:
P Wm(A) =q? \ T L (1) A (Bm () (Rey) ™!
—q() AW (B ()% (u) (Ryy) ™!
(3.86) =q( DT (Rm) ™ (Ri) A (Bm (A)) #° () (Ryy) ™
=40 T (Rm) ™ Am(Bm (1)) (R ) %° () (Ry) ™
=Am ( m(A) (R 'y T L& (1) = Win (1) 2™

Now for the second equality, we leave it as an exercise for the readers. [
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Theorem 3.12. For arbitrary line bundles &, &' € Pic(M(v,w)) and a slope s we have that
the gKZ operators commute with the g-difference operators

(3.87) A(B)FE = BEA(B)
Proof.
D5 (By) =R Wang ()W, (A) -+ Wn,, , () Ao (Z) T
(3.88) =W ()W, (A) -+ Wan,, (D) B Moo (£) T3,
=05 (B )

Now we come to the uniqueness of the monodromy operator:

Theorem 3.13. The monodromy operator B%, is independent of the choice of the path from s to
s — Z as long as the real slope of the path contains no zero.

Proof. Given B%,(1,A)" and B%,(u, A) two quantum difference operators with different
paths acting on KTX(CqX (M(v, W))joc with u is the equivariant parametre from the torus.

Now consider

(3.89) D(u) = Bf?(u,/\)_lec[(u,A)' € End(KTX(CqX (M(v, W))1o¢)

Since %%, commute with %°, we have that [As(D(u)), #°] = 0, and this means that:

(3.90) A(D(up)) = 41 () As(D(w)) (q(7) % () ~*

And D(u) is a Laurent polynomials in u by the proposition[2.9and the ABRR equation
in the proposition

We can write down D(u) = ¥,2 , Du"

Now use the KT-type factorization for the slope m R-matrix Ry € Bm®@PBm and the
rationality of the R-matrix %°(u) in the Proposition 2.1T, we have that:
— —
(3.91) % (00) = 42 [[Rm(c0),  #°(0) = [[(Rm)'q"
Note that Ry’s are strictly upper and lower triangular wall R-matrices with diagonal
being 1. Therefore the eigenvalues of the adjoint by q?l)%s(u) are either 1 or z"g", and

here m # 0. And alsoitis regular at u = 0 and # = co. Thus now D(u) = D is a constant
matrix in u and it is block-diagonal with respect to the decomposition:

(3.92) KT><(CqX (M(W))loc = @ KT><(CqX (M(Vr W))loc
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Now we can rewrite the equation3.90 as:

(A

(3.93) AJ(D) = (1) () A(D)(q(})

(1)

If we restrict the operator A;(D) to Kr.cy (M(v1,W1))j0c ® Krwey (M(v2, W3))0c, the
equation can be restricted to the following;:

e (1))~

(3.94) As(D) = qgi\))%s(u)(vl,wl),(V2,wz)As(D)(qgi\))%S(u)(vl,wl),(w,wz))_l

and ‘%S(“)(val),(vZ,Wz) is just the multiplication of the tautological bundles, which is
diagonal for KTX(C; (M(v1,W1))10e ® KTX(C; (M(v3, W2))j0c- And since #°(u) (v1,w1),(va,w2)
has its diagonal element generically different for Vvy, wy, v, wp, thus we can conclude
that As(D) is a diagonal matrix.

Next by the formula in the proposition 4.Tlwe know that only the tautological bundle
term & contribute to the digonal part, thus we have that As(D) is a constant diagonal
matrix.

Finally we know that the monodromy operators By, (A) are normally ordered with
respect to the path. Thus there exists a component of minimal weight y such that
B, (A)y = v, which means Dy = vy, and thus D is the idenitity matrix.

Thus the proof is finished. [

There is digression for this lemma. Despite the fact that the lemma tells us that we can
approach the vertical or the horizontal slope, but one by computation can find that there
might be approximating infinitely many walls. So on the horizontal and the vertical
walls, we need some modified definition of the wall, which will be discussed in the next
paper.

Theorem 3.14. For arbitrary line bundles &, &' € Pic(M(v,w)) and slopes s € Q" the
corresponding g-difference operators commute:

(3.95) B By = By By

Proof. This follows from the fact that B¢, %%, = B2,

= BBy O
Now in conclusion, for a given quiver variety M(v,w) of affine type A,_1, let &,

i=1,---,rbe the generators of Pic(M(v, w)). We have the following main result in this

paper:

Theorem 3.15. Given an affine type A quiver variety M (v, w) and line bundles & € Pic(M(v,w)),

there exists a holonomic system of operators Mgy € End(KT(M(V,W))[[pg”gepic(M(vlw))),

which is defined as Const - By (A) defined in[3.29, i.e.

(3.96) ijl M Tp_g[,M o = TP_I}[,M ngp_,}fM 1%
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Moreover, Mg can be constructed from Uq,t(;[n) of total degree 0.
Proof. This is a direct corollary of theorem [3.14] O

Remark.

Here we make some conclusion about the reason for the construction in this section. In
the [OS22], the root subalgebra U, (g ) is defined via the RTT formalism of the geometric
R-matrix constructed by the K-theoretic stable envelope. Using this construction, one
could have the following consequence for the quantum difference operator My (u, z):

Theorem 3.16. (See [OS22]) Under the settings and notation in [OS22). Let V C H?*(X,R)
be the alcove uniquely defined by the conditions:

(1) 0 € H2(X,R) is one of the vertices of V.
(2) V C _Cample'

Then for s € V we have:

(3.97) Stab 1y A7 Stab, r1jo g = A
In other words,
(3.98) My (u,z) = Const - TgStab%TUz,ST;B‘}(% Z)Stab:p/zls

A good consequence of this result is that the operator B, (A) does not depend on the
choice of arbitrary path, while the diffculty is that it is difficult to compute By, (A).

Another way to define the root subalgebra is given by Negut[N15] via the shuffle
algebra techniques, as is used in this paper. Both the construction admits the following
thing: Suppose that the quantum affine algebra U, ( d) defined via the K-theoretic stable

envelope and the quantum toroidal algebra Uy (gl,) are isomorphic up to a centre. Then
the universal R-matrix for both Hopf algebras admit the following KT factorization:

(3.99) R= ][] Ro
wCh@

And this factorization is unique. Thus once we prove that the two Hopf algebra are iso-
morphic, it is immediate that the root subalgebra are both sides are actually isomorphic.

Thus in this assumption, all the ABBR equation that we are concerned here are the
ABRR equation for the quantum toroidal algebra Uq,t(f: [,) and its root subalgebra %m,.

So here the quantum difference operator we assume is:
(3.100) Mgy (u,z) = Const - B, (1, z)

The constant term is determined by the normalization condition for the solution. Also
note that under this notation, M« (1, z) depends on s actually, but here we still omit
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the slope s in the notation. Generally we assume that My (u, z) starts at s which is
sufficiently close to 0.
In addition, if we want to prove [3.16] algebraically, it is actually equivalent to prove

that the R-matrix R*(u) of the quantum toroidal algebra U, (sl,)should coincide with
the one computed by the K-theoretic stable envelope.

3.6. Stable basis and quantum difference operators. In this subsection we will intro-
duce how to relate the stable basis with the quantum difference operators.

Now we fix an affine type A quiver variety M(v,w) and a slope m € Q". There is a
well known formula for the operator P[‘ln ) acting on the stable basis Stabmy, ¢ () given by
Negut [N15]:

(3.101)
A\p=Cis a type [i;}) N .
Pitj)Stabm,e(p) = )y (1= g%)fc(—q)Ne g (TN Stabyy ¢ (N)
cavalcade of m—ribbons
(3.102)
A\p=Sis a type [i;}) o
Q% Stabme(A) == )} (1= %) (—q)Ns g ET Stabgy ¢ (1)

stampede of m—ribbons

with Stabp, ¢ (p) being normalized.

Now given the quantum difference operator M (z) being written as:

(3.103) Mg (z) = By, (2) - - - By, (z)
Choose the stable basis Staby,, ¢ () of slope wy, we can have that:
(3.104)

PBuy, (2) - - Buyy (z)Stabeyy e (11)
= Z ngm (Z) T Bwl (Z)Bwo (Z)S)\tg,b,;wosjfabw1 (Al)RwLwo(}‘O)Ao,M

)‘0/)‘1
L stab,w; md
=Y ) ) ZStaby,(Aam) [1Buw (@)X, A, [T Reryrwi(R2i)ag 21
A0, A1 A2m—2,A20m—1 Ao i=0 i=0

And here Ry,,w; := Stab;il,c o Staby, ¢ is the geometric R-matrix. And the K-theoretic
stable envelope can be computed via the formula of the elliptic stable envelope as in
[D21]. We expect that such computation would be helpful to write down the quantum
difference operator explicitly with respect to the stable basis.

4. EXAMPLES

4.1. Cotangent bundle of the Grassmannians. Now we consider the case such that we
take the finite type A quiver varieties into the affine type A quiver varieties via taking
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some vector space of the vertices to be zero. For example,
(4.1)

Vl Vz V3 V4 Wl

H H H | H (]

In this case we have that the monodromy operator can be reduced to:

00—
Bm(A) = H equz(—(q _ q_l)zk(v”+m5’1)pkm'(vy)q
4.2) K20 yEA(A)

g 2HITC) (o (DM £ ) ¢! o (D))

(VTCv—wTw)‘ (vy))

N>

For the case of the cotangent bundle of the Grassmannians.

(4.3) T*Gr(k,n) = Ck > C”

It can be easily checked that for m ¢ Z and generic, the monodromy operator By (A)
acts as zero on Kr(T*Gr(k,n)). Then the quantum difference operator is:

(4.4) Mg 1)(z) = 0(1)B_, (2)

And B_,, (z) can be written as:
B (z) = H expa(—(g—q )z p g ¥ fwe):

_ q —q ) (_1)n n n
_ngo (]2t T, (1 _Z_lf’_lqzk)f ‘

(4.5)

And this coincides with the one given by [ABRRY7][EV02][OS22].
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4.2. Instanton moduli space. This example has already been shown in [OS22], and now
we review it for the completeness.

The instanton moduli space can be constructed via the Jordan quiver Rep(n,r) =
Hom(C", C") ® Hom(C", C"), the quiver can be drawn as follows:

(4.6) @C” C—

For the case r = 1, the instanton moduli space is isomorphic to the Hilbert scheme
of points over C? Hilb,,(C?). As a vector space, the equivariant K-theory of Hilbert
schemes can be identified with the space of symmetric polynomials in an infinite number
of variables.

(47) Dpr_oKr (Hilby (C?)) 1o = F(u1) := Q(q1,2)[x1, %2, - -]
The fixed point basis corresponds to the Macdonald polynomial P,, which is the or-
thogonal basis of the vector space of the symmetric polynomial over Q(g, f).

Similarly, for M(n,r) the instanton moduli space of rank r and instanton number 1,
choose the whole framed torus T = (C*)" such that w = uj + - - - + u,, and we have
that:

(4.8) ©nzoKe(M(n,7))10c = F(u1) @ - - @ F(ur)

For convenience, we first introduce the elliptic hall algebra description of the quantum
toroidal Uy ¢(gly ).

4.2.1. Quantum toroidal Uq,t(gll). Set

kj2 _ _=kj2ye k/2 __—k/2\( —k/2 k)2
(4.9) = 0 ) qu ) (7 0

For simplicity, we can use the elliptic hall algebra description for the quantum toroidal
algbera Uy (gl ):

(4.10) Uq(gll) = Q(q1,92)(Ka, ea) /{relation in 1.1 of [SV13] or 7.1 of [OS22]]}

With a = (a1,a,) € Z*\{(0,0)}. For w € QU {oco} we denote by d(w) and n(w) the
denominator and numerator of w. We set d(co) = 0 and n(c0) = 1. And it is easy to
deduce that

(4.11) o = e@winwiky k€ Z\{0}
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generate a Heisenberg subalgebra of %, C U,( 5 [;) with the following relations:

q—kd(w) _ qkd(w)
(4.12) [, ] =
1
And thus we have the slope factorization:
—
(4.13) Up(gh) = Q) B
weQU{oo}

With each %, being isomorphic to U, ( gly) for w € Q. And we can construct the action of
Uy, 4,(1) on @, K (Hilby, (C?))1,[SV13]. The central elements act in this representation
by:

~1/2_-1/2

(414) K(l,O) = ql qZ ’K(O,l) =1
And the vertical generators is commutative with each other:
(4.15) le(o,m)- €0,m)) =0
And 3B, corresponds to the horizontal Heisenberg subalgebra
m
(416) [e(m,O)/e(n,O)] = - 2 _ 2 2 _ 2 5m+n,0
@ 4" ")

The vertical subalgebra {e(,, o)} is commutative, and it acts diagonally in the fixed
point basis, i.e. the basis of Macdonald polynomials:

1 & i —Ii-1
= Y g Mgy Py
41 i=1

(417) 6(011) (p}\) = ul_lsign(l)(

And thus the reduced part of the universal R-matrix of U, ( 5 [1) can be written as

(4.18) R= J] exp(=) nkcxi/k ® ocz/ )
a/beQU{co} k=1

Now we derive the quantum difference operator My (z).

We first derive the solution of the ABRR equation. We choose a subtorus A such that
it splits the framing by r = rqu; + rpuy so that

(4.19) Ke(M(r)M)1oe = F¥"1 (u1) @ F©2(u5)

Let F = M(my,r1) x M(ma,12) be a component of M(m, )4, and as dim(M(m,r)) =
2mr we obtain that the corresponding eigenvalue of Q equals:
codim(F)  myry + mary

(4.20) Q=—7F—= .
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the ABRR equation for a wall w € Q takes the form:
(4.21) IR0 )T (2) = T (2)3°4,5)

And for the deduction one can see the section 7 of [OS22]. In the end one can obtain that:

kd(w) —kd(w)
) n K ® K
(4.22) Ja(e) = exp(= ¥ —— Y at @ af)
k=11—2z K10y ® K )
And we obtain the monodromy operators:
kd(w)
00 nkK(l 0)
4.23 B, (z) = exp(— ’ o o?
( ) ( ) p( ];1 1_ Z_kd(w)pkn(w)K]((f(ou),) k k)

Now let & = O(1) be the generator of the Picard group. Then the interval (s,s — 0(1))
containing all the walls w € Qisin —1 < w < 0. And by the definition of the wall set it
is easy to deduce that the wall set is:

(4.24) Walls(M(n, 1)) = {gm €7, |b| <nyN[-1,0)

This coincides with the one given by the computation of the K-theoretic stable enve-
lope in [S20].

Now we have that the quantum difference operator can be written as:

- 0 krd(w)

g 2 w oW
(4.25) Mg (z) = 06(1) cexp(— a’ o)
o(1) {UI;!@ 0 kgl 1— Z—kd(w)pkn(w)q—krd(w) k= k
—1<w<

Example. For M(2,5), the quantum difference operator can be written as:

(4.26)
Mg)(z) = O0(1)B_1(2)B_4/5(2)B_3/4(2)B_5/3(2)B_3/5(2)B_1/2(2)B_2/5(2)B_1/3(2)B_1/4(2)B_1/5(z

And we write down the expression for the first few terms:

(4.27)
-5
niq 1/5 1/5
B_i5(z) =1- T—z5pg 5 _/1 “1/
(4.28)
—4
ni 1/4 1/4
B_iu(z)=1- FZ?W —/1 “1/
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(4.29)

-3
_ niq 1/3 1/3
B_1/3(Z) =1- W 1 0(1
(4.30)
-5
_ niq 1/5 1/5
B_,;5(z) =1— T-257255 o log
(4.31)
_ —4 2. —4
_ ”111 1/2 1/2 naq 1/2 1/2 niq 1/2 1/2 1/2 1/2
B_1(z) = T 1z 2pg 271 s B ZAp2g-1°-2 N+ 2(1— Zl—zpq—z)z‘x—l 1% M
(4.32) ) X
_. ng " o lo 1 naq 11 nsq 11
B_1(z) = eXP(_l 2 Tpg 1 x_ 1% — 1— 2z 2p2g2 2% = 1—z 3p3g 3 —3%3
_4 _
n4q -1_-1 nsq -1 -1
- W“—z}% - 1 z-5p5g5 T50s )

The formula for the the operator a¥, o’ acting on the Fock space can be written in the
following way:

HDi.c. ofu(1 - q)g(_m.)

X“X*|A) R(V\i)R(A\p)g 2
}D%"Cy .l;[\“ HD o.c. ofu(l - q)g(_D.)

(4.33) Al=|v]
Hl:l o.C. ofv( - %)

X
Wev\u HI:IG i.c. ofv(l T Xm

with XT € 7 and X~ € &~. And in our case, the operator ocz/ ? can be written in
terms of the shuffle algebra element as:

(4.34)

L Ll —1
ap _ (1 = D1 — o)™ I, 2 Sza(k—1)+1 5)+1 &
o = Sym]| — [T¢(=
¢ (qf —1)(1 —g5) et — 2 ) Eb Za(k-1) ° a(k ) i< ]

4.3. Hilbertscheme Hilb, ([C?/Z,,1]). For the equivariant Hilbert scheme Hilb,, ([C?/Z,1]),
it is known that it is of the quiver type A,, and the corresponding quiver is drawn as the
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N

i i
N
@

with r 4 1 vertices and 1 framed vertices. Recall that for the slope subalgebra %, we
have an isomorphism:

following;:

(4.35)

8
(4.36) - ® g[lh

It has the slope decomposition as:

(4.37) uq t 5[r+1 ® Bm-+r0
reQ

Herem = (myq,--- ,m,41) € Q7*land @ = (1,---,1), and for m € Q"*!, we have the
following result.

We simply explain how to construct the natural number g, [y, - - -,/ ¢ Set
(4.38) e,=(0,---,1,---,0)
—_———

i numbers

The set of vectors {e;}1<i<,+1 span the Q-vector space Q" 1.

We define:
(4.39) [i;]) ==ei+e1+-+ejq
with ¢; := €;moq (74-1)- We call this vector as arc vector. We say that an arc vector [i; j) is
m-integral if
(4.40) m-[i;j) €Z

It is easily proved that there exists m-integral arc vector as above, starting at each
vertex i. Therefore there exists a well-defined minimal m-integral arc vector starting at
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each vertex i, and we will denote it by

(4.41) [; om (7))

Now since we have only 7 vertices in the quiver with modulo relations, the uniqueness
of the minimal m-integral arc vector implies that the resulting graph will be a union of
oriented cycles:

(4.42) Ciu---UC
where C, = {i1,- -, iy} such thatio ;1 = om(ie) and C, = {iy,--- , 1, }.

For the solution of B, (A), and now for our case of Hilb, ([C?/Z,]), vo2 = wy = 0,
vi = nf, wi = e, and thus we have that v, — v; = —m6, wo, — w; = —eq. And use the
theorem 3.5 we obtain the following result:

Proposition 4.1. For the monodromy operator Bm(A) € PBm, where By (A) is defined in[3.29
and B, is defined as its representation in End(Kr(Hilb, ([C?/Z,))) is given by:
(4.43)

B (A)
o _kdpl -
ngg 2 mh o mhy T
=m([(exp(= ) B e Yk © % )11
h=1 k=11 —z kl5h\pkm Shg= 2 k=0
X ﬁ (exp2(—(q — 07_1)zk(—Vy+(m+1)5h)pkm'(—vY+(m+1)5h>qk(—vﬁ(mﬂ)éh)T((”25*1)9+e1)—2—251y
e

lh T n2r-1
f(é—)/)—&-nw ® 626—7/)-*-1115) exp(—(q - q_l) Z Z kaéh pkmm.éhq_kméh (% )0+e1)_2”m,ijfm5,oci ® e:né,oci)
meZy i,j=1

— nr—
> H equz(— (q _ q—l)zk(vy—&-méh)pkm-(vy+m5}1)q—k(vy+m6h)T(( 7 1)0+e1)_2_2517f)/+m5 & €;+m5)))

YEA(A)
m>0

and e}, = S(ey), f, = S(fy) are the image of the antipode map. ny. is an element in Q(q, t) such

that [cx‘f]’{h , cx;{“’h] = nik

To determine the quantum difference operator, we choose the slope from 0 to —<,
with & = &£ --- %41, we choose a straight line of the equation Ly := (ts,--- ,ts) to
connect from —6 to 0. And we can see that the quantum difference equation over this
line has the form:

_>
(4.44) My)(z) =0(1) [] Bal2)
weWallsNL;

And for the finite set Walls N L;, we have the following:
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Lemma 4.2. The finite set Walls N Ly has the following elements:

(4.45) Wallsg := Walls N L; = {(g, s ,%)||a|< b],b € [1,n(r+1)]}
which coincides with the one defined by the K-theoretic stable envelope.

Proof. Note that in the root subalgebra %y, with the slope m = (%, --,7), the basic

generator e[;,; 1) sends Kp(M(n0,¢;)) to Kr(M(n6 — [i;i +b) —e;,e;)). And for each

vertices v;, under the operation ej;,;, 1), it can be sent to v; — [b/(r + 1)] — 1, now we take

v; = n, and to make sure that M(n6@ — [i;i + b) — e;, ¢;) is non-empty, we require that:
b—1

(4.46) n— [r 1

]—1>0

And we obtain that b < n(r +1).
O

We give the example of the quantum difference operator at 6(1) = & --- %41 €
Pic(Hilb, ([C?/Z,1]), which means that choose a path from 0 to —6(1).

Let us choose the straight line from 0 to O(1). For —768 € Walls N L;, we know that by
the result the corresponding root subalgebra should be:

(4.47) B_1g = Ug(gle1)?, g =ged(br+1)
8

Thus finally we can write down the monodromy operator for the tautological bundle
as:
_>
(4.48) My)(z) = 0(1) I B_up(z)
—$0cWallsNL¢,a#0

As an exercise, we choose the slope to be Z;0(1), and now we fix Z;0(1) and the
interval [; := (w,--- ,2w,---w) and —1 < w < 0, it is easy to compute that:
e —

i numbers
(4.49)
. 2 a 2a a a
Walls; o(Hilb, ([C*/Zra])) N L = {(5, -+ 3+ )la €21 <b<n(r+1)+1,-1< - <0}
~————
i numbers

Then the quantum difference operator can be written in the following way:

—

(4.50) By (A) = %0(1) ] Bu)
weWalls; o
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For each w € Walls; o, the corresponding root subalgebra %,, can be computed us-
ing the formula above. It is worth noting that the corresponding wall structure of
Hilb, ([C?/Z,,1]) above can be computed from the elliptic stable envelope formula us-
ing the formula in [D21]].

Remark. For those who are familiar with the K-theoretic stable envelope of affine
type A quiver varieties [D21]], via computation you can see that the wall set here just
coincide with the wall set defined by the jump of the K-theoretic stable envelope. And
generally we claim that the wall set in this paper is the same as the wall set of the K-
theoretic stable envelope for the affine typa A quiver varieties for the compact interval
of the form m + s with @ € (Q™)".

—

Examples: The A,_; surfaces C?/Z,. The monodromy operator By(A) can be written
as:

(4.51)
—I’/2 =1y ,—2-24
. nyg 0 0 (-9 )q v /
Bo(1) =1 1z g 021 Veng)1—z_VY+5hq(—Vy+5h)T((rzl)9+91)f(5_7/)e(5_7/)
— — -1 - 1 H 4
(q q )i,]‘z_’l 1 Z5hq_5{((%)9+91)—2ul’l]félaie&m
(g—gq Hg >

/
(Aa)1— ZVVq(Vy)T((%W*-el)fyey

yeA

In our next paper, we will focus on solving the quantum difference equation for the
equivariant Hilbert scheme Hilb, ([C?/Z,]). We would see that the connection matrix
for the difference equation has lots of simplified description in terms of the monodromy
operator, and thus have simple forms in terms of the universal R-matrix.

It is also an interesting problem to generalize these quantum difference equation con-
struction to arbitrary type of quiver varieties and the weight spaces of other types of
representations. These directions would be continued in our future work.

5. APPENDIX: PROOF OF THE PROPOSITION

In this appendix we prove the rationality of the matrix coefficients of the R-matrix
%™ (u) for arbitrary slope m € Q.
Recall first that the universal R-matrix R™ of slope m € Q" can be written as:

— —
(5.1) R™ = [T Rpipo Reos [] Rmipe
peQ<o neQxo

Thus to prove the rationality of #™(u), we need to prove the rationality of (717 ®
) (e Rmipo) (M ® m2)(Reo) and (711 @ ) ([Tcq. o Rm+16)-
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First we fix m € Q" in the region |m| < 1. The rationality of (711 ® m)(Reo)(1) and
the existence of the limit (717 ® ) (R )(0, 00) comes from the definition of the action
given by the Cartan currents (pii (z) in2.109

Now it remains to prove the rationality of (711 ® 72) ([Tj,cq. , Rm+ue) and (m @ ) ([Teq_y Rt p)-
The proof of both are similar, so here we only prove the rationality of (71; ® 7) (IT;cq., Rm+u6)-

Recall that we have the following translation formula[3.65| for the R-matrix:
(5.2) Rnty = (Z@L)Rn(Z ® L) ! =t AdyRn

By the Proposition 2.9 it is known that (7; ® 7m>)(Rm ) is the upper-triangular matrix
written as Id + Um (1) with Um (¢) the strictly-upper triangular matrix with matrix coef-

ficients as the Laurent monomials in u. By the translation formula of R-matrix 3.65, we
have that:

(5.3) Um+z (1) = AdgUm(u)

Thus we choose & corresponding to 8, we can write down (71 ® ) (IT},cq. , Rm-+u6)
in the following way: )

— 00 —
(5.4) (m ® m)( H m+u0 H H (Id + Adgn um—&—u@(”))
neQxo =0 peQ>oN[0,1)

Now if we fix the matrix coefficients as (p1] ® (p2|(m ® m)(I[ycq., Rm+uo)| A1) ®
|A2), itis observed that HZL_GQZO n[0,1) (Id 4 u"18 Uy, o (1)) will only contain finitely many
products. So the proof of the rationality relies on the following lemma:

Lemma 5.1. Suppose that given finitely many strictly-upper triangular matrices U(u) such
that the matrix coefficients of these matrices are Laurent polynomials in u. Then the matrix
coefficients of the infinite product:

o0

(5.5) [1d +u"u)
n=0

are rational functions in u.

Proof. Choose two index i < j, we consider the matrix coeffients ([T;2o(1 + u"U));;. It
can be expanded as:

(5.6)
(I_Io(l"‘“nu))ij: k Zk (T4 Ui, (14 ull )iy - - - (L + 1" Ui, -
n= 1,0 K,

i<ki<ky<---<j

= Z (5ik1 + uik1)(5k1k2 + uuk1kz) T (6kn Kyt +u ukn n+1) T
ki, ke
i<k <k S
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Since U is strictly upper-triangular, there are only finitely many terms like Uy, or
Uighy - Ui fori <k <1 < j,i < kg < kg < -+ <k_1 <k <j. Sofor now
we just need to find out the terms of the form Uy, - - - Uy, i, u™ in (TT;2o(1 + u""U));j.
From the expansion 5.6, the terms of the form Uy, - - - Uk, _,x, can be written as:

11-1) X "
(5.7) ukok1 s Ukl_lk,u 2 Z Ay, u
n=0

Here a,, | is the number of partitions (A1, - -, A;) of n such that (A; > Ay > --- > A))
and Zle A; = n. It is known that

oS T 1 1
©8) ,;0””'1” _11:111—141'_ A—w)d—uw2)---(1—dul)

Since the finite product Uy, - - - Uy, .k, is the Laurent polynomial. We have shown that
(=1 . . . .
Ukoky * - Uk, 4™ T X520, u" is a rational function. Now since ([T;2o(1 +u"U));; has

finitely many these terms, (IT;2o(1 + u"U));; is thus a rational function. O

Using this lemma, we prove the following lemma:

Lemma 5.2. Given a strictly upper-triangular matrix U with matrix coefficients in the Laurent
polynomial of u, with the decomposition U = Y, Uy given by the smaller-diagonal terms away
from the main-diagonal. Then the matrix coefficients of the infinite product:

(0¢]

(5.9) [T+ Y wuy)
k

n=0
are rational functions in u

Proof. Similarly one could do the expansion:

(5.10)
([Ta+w'u))j= Y  Q+WaQ+ul)gg, - (1 +u"Ug,,,
n=0 ki, kn, -

i<ki<k,<---<j

= Z (5ik1 + uikl)((sklkz + ukz—kl uklkz) .. (5knkn+1 + un(kn+1—kn)uknkn+l) A

Ky, o -
i<ki<ky<---<j

Since U is strictly upper-triangular, there are only finitely many terms like Uy, or
Uigky - Ui, fori <k <1 < j,i < kg < kg < -+ <k_1 <k <j. Sofor now
we just need to find out the terms of the form Uy, - - - U, i, u™ in (TT;2o(1 + u""U));j.
From the expansion 5.6} the terms of the form Uy, - - - Uk, _,x, can be written as:

=10 1) e
(5.11) ukokl . ukl_lklu):izol(kzﬂ ki) Z bnw,lun
n=0
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Here w = (wy, -+ ,w;) = (k1 —ko, ko —ki,--- , k; —kj_1). b)Y, stands for the number
of partition of n such that there are columns of length wq + - - - + w;. It is known that the
corresponding generating function can be written as

o0 1 1
W
(5‘12) Z bn, H 1 — ywit-tw;
n=0 i=1
-1
Thus we can see that Uy, - - Uklflkluzizol(ki“_ki) Yoo by,lu” is a rational function.
O
Now back to our case, note that the formula in our case can be written as:
(5.13)
015! L itk —k) 3> pw ) 0151 itk —k) T
Ukgky =+~ Uy yfott 71 =0 000 ZO by = U, - - U _ygou® T /i I—{ 1 (kK)o
n= 1=

It is easy to see that the polynomial degree of Uy, - - - Uk, O LiZ0i(kinr=Ki) ig smaller
orequal to Y'!_; (k; — ko)|8]. Thus we can see that for (7 ® ) ([T

Qs Rm+p6), the limit
u =0, 00 exists and (71; ® m) ([T Qg Rm+u0)(0) =1.

neQo Rimto)
function of u, and the limit u = 0, co exists with (7 ® m)(IT,cq_, R u0)(20) = 1.

Similar proof can be applied to (71 ® 7m)( to see that it is a rational
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