
ar
X

iv
:2

30
8.

00
83

3v
1 

 [
m

at
h.

D
G

] 
 2

9 
Ju

l 2
02

3

Dirac operators with torsion, spectral Einstein functionals

and the noncommutative residue

Jian Wanga, Yong Wangb,∗, Tong Wub

aSchool of Science, Tianjin University of Technology and Education, Tianjin, 300222, P.R.China
bSchool of Mathematics and Statistics, Northeast Normal University, Changchun, 130024, P.R.China

Abstract

Recently Dabrowski etc. [1] obtained the metric and Einstein functionals by two vector fields and Laplace-
type operators over vector bundles, giving an interesting example of the spinor connection and square of
the Dirac operator. Pfäffle and Stephan [2] considered orthogonal connections with arbitrary torsion on
compact Riemannian manifolds and computed the spectral action. Motivated by the spectral functionals
and Dirac operators with torsion, we give some new spectral functionals which is the extension of spectral
functionals to the noncommutative realm with torsion, and we relate them to the noncommutative residue
for manifolds with boundary. Our method of producing these spectral functionals is the noncommutative
residue and Dirac operators with torsion.

Keywords: Dirac operators with torsion; noncommutative residue; orthogonal connection with torsion,
spectral functional.

1. Introduction

An eminent spectral scheme that generates geometric objects on manifolds such as residue, scalar cur-
vature, and other scalar combinations of curvature tensors is the small-time asymptotic expansion of the
(localised) trace of heat kernel[3, 4]. The theory has very rich structures both in physics and mathematics.
In the recent paper[1], Dabrowski etc. defined bilinear functionals of vector fields and differential forms,
the densities of which yield the metric and Einstein spectral functionals on even-dimensional Riemannian
manifolds, and they obtained certain values or residues of the (localised) zeta function of the Laplacian
arising from the Mellin transform and the coefficients of this expansion.

Let E be a finite-dimensional complex vector bundle over a closed compact manifold M of dimension n,
the noncommutative residue of a pseudo-differential operator P ∈ ΨDO(E) can be defined by

res(P ) := (2π)−n

∫

S∗M

Tr(σP
−n(x, ξ))dxdξ, (1.1)

where S∗M ⊂ T ∗M denotes the co-sphere bundle on M and σP
−n is the component of order −n of the

complete symbol

σP :=
∑

i

σP
i (1.2)

of P , cf. [5–8], and the linear functional res : ΨDO(E) → C is in fact the unique trace (up to multi-
plication by constants) on the algebra of pseudo-differential operators ΨDO(E). In [9], Connes computed
a conformal four-dimensional Polyakov action analogy using the noncommutative residue. Connes proved
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that the noncommutative residue on a compact manifold M coincided with Dixmier’s trace on pseudod-
ifferential operators of order -dimM [10]. More precisely, Connes made a challenging observation that the
Wodzicki residue of the inverse square of the Dirac operator yields the Einstein-Hilbert action of general
relativity[10][11]. Kastler[12] gave a brute-force proof of this theorem, and Kalau and Walze[13] proved
this theorem in the normal coordinates system simultaneously, which is called the Kastler-Kalau-Walze
theorem now. Based on the theory of the noncommutative reside introduced by Wodzicki, Fedosov etc.[14]
constructed a noncommutative residue on the algebra of classical elements in Boutet de Monvel’s calculus
on a compact manifold with boundary of dimension n > 2. With elliptic pseudodifferential operators and
noncommutative residue, it is natural way to study the Kastler-Kalau-Walze type theorem and operator-
theoretic explanation of the gravitational action for manifolds with boundary. For Dirac operators and
signature operators, Wang computed the noncommutative residue and proved Kastler-Kalau-Walze type
theorem for manifolds with boundary[15–17].

Earlier Jean-Michel Bismut [18] proved a local index theorem for Dirac operators on a Riemannian
manifold M associated with connections on TM which have non zero torsion. In [19], Ackermann and
Tolksdorf proved a generalized version of the well-known Lichnerowicz formula for the square of the most
general Dirac operator with torsion DT on an even-dimensional spin manifold associated to a metric con-
nection with torsion. In [20], Pfäffle and Stephan considered compact Riemannian spin manifolds without
boundary equipped with orthogonal connections, and investigated the induced Dirac operators. Moreover,
Pfäffle and Stephan considered orthogonal connections with arbitrary torsion on compact Riemannian man-
ifolds, and for the induced Dirac operators, twisted Dirac operators and Dirac operators of Chamseddine-
Connes type they computed the spectral action[2]. In [21], we computed the lower dimensional volume

W̃res[π+(D∗
T )

−p1 ◦ π+D−p2

T ] and got a Kastler-Kalau-Walze type theorems associated with Dirac operators
with torsion on compact manifolds with boundary. The purpose of this paper is to generalize the results in
[1],[16], [20] and get spectral functionals associated with Dirac operators with torsion on compact manifolds
with boundary. For lower dimensional compact Riemannian manifolds with boundary, we compute the lower
dimensional residue of ∇̃X∇̃YD

−4
T and get the Kastler-Kalau-Walze theorems.

2. Spectral functionals for Dirac operator with Torsion

In this section we consider an n-dimensional oriented Riemannian manifold (M, gM ) equipped with some
spin structure. The Levi-Civita connection ∇ : Γ(TM) → Γ(T ∗M ⊗ TM) on M induces a connection
∇S : Γ(S) → Γ(T ∗M ⊗ S). By adding a additional torsion term t ∈ Ω1(M,EndTM) we obtain a new
covariant derivative

∇̃ := ∇+ t (2.1)

on the tangent bundle TM . Since t is really a one-form on M with values in the bundle of skew endomor-
phism Sk(TM) in [22], ∇ is in fact compatible with the Riemannian metric g and therefore also induces a

connection ∇̃S := ∇S + T on the spinor bundle. Here T ∈ Ω1(M,EndS) denotes the ‘lifted’ torsion term
t ∈ Ω1(M,EndTM).

Next, we will briefly discuss the construction of this connection. Again, we write ∇̃XY = ∇XY +A(X,Y )
with the Levi-Civita connection ∇. For any X ∈ TpM the endomorphism A(X, ·) is skew-adjoint and hence
it is an element of so(TpM), we can express it as

A(X, ·) =
∑

i<j

αijEi ∧ Ej . (2.2)

Here Ei ∧Ej is meant as the endomorphism of TpM defined by Ei ∧Ej . For any X ∈ TpM one determines
the coefficients in (2.2) by

αij = 〈A(X,Ei), Ej〉 = AXEiEj
. (2.3)

Each Ei ∧ Ej lifts to 1
2Ei · Ej in spin(n), and the spinor connection induced by ∇̃ is locally given by

∇̃Xψ = ∇Xψ +
1

2

∑

i<j

αijEi · Ejψ = ∇Xψ +
1

2

∑

i<j

AXEiEj
Ei · Ejψ. (2.4)
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The connection given by (2.4) is compatible with the metric on spinors and with Clifford multiplication.
Then, the Dirac operator associated to the spinor connection from (2.4) is defined as

DTψ =

n∑

i=1

Ei∇̃Ei
ψ = Dψ +

1

2

n∑

i=1

∑

j<k

AEiEjEk
Ei ·Ej ·Ekψ

= Dψ +
1

4

n∑

i,j,k=1

AEiEjEk
Ei · Ej · Ekψ (2.5)

where D is the Dirac operator induced by the Levi-Civita connection and “ · ” is the Clifford multiplication.
Let c(e) be the Clifford operators acting on S(TM), satisfying

c(ei)c(ej) + c(ej)c(ei) = −2〈ei, ej〉. (2.6)

For any orthogonal connection ∇̃ on the tangent bundle of M there exist a unique vector field V , we have

DTψ = Dψ +
3

2
T · ψ − n− 1

2
V · ψ, D∗

Tψ = Dψ +
3

2
T · ψ +

n− 1

2
V · ψ, (2.7)

where Clifford multiplication by any 3-form is self-adjoint. As the Clifford multiplication by the vector field
V is skew-adjoint we get that DT is symmetric with respect to the natural L2-scalar product on spinors if
and only if the vectorial component of the torsion vanishes, V ≡ 0. Note that the Cartan type torsion S
does not contribute to the Dirac operator DT . As D∗

TDT is a generalized Laplacian, one has the following
Lichnerowicz formula.

Lemma 2.1. [20] For the Dirac operator DT associated to the orthogonal connection ∇̃, we have

D∗
TDTψ =∆ψ +

1

4
Rgψ +

3

2
dT · ψ − 3

4
‖ T ‖2 ψ

+
n− 1

2
divg(V )ψ + (

n− 1

2
)2(2− n)|V |2ψ

+ 3(n− 1)(T · V · ψ + (V⌋T ) · ψ), (2.8)

for any spinor field ψ, where ∆ is the Laplacian associated to the connection

∇̃Xψ = ∇Xψ +
3

2
(X⌋T ) · ψ − n− 1

2
V ·X · ψ − n− 1

2
〈V,X〉ψ. (2.9)

The following lemma of Dabrowski etc.’s Einstein functional play a key role in our proof of the Einstein
functional with torsion. Let V , W be a pair of vector fields on a compact Riemannian manifold M , of
dimension n = 2m. Using the Laplace operator ∆−1

T = (D∗
TDT )

−1 = ∆ + E acting on sections of a vector
bundle S(TM) of rank 2m which may contain both some nontrivial connections and torsion, the spectral
functionals over vector fields defined by

Lemma 2.2. [1] The Einstein functional equal to

Wres
(
∇̃V ∇̃W∆−m

T

)
=
υn−1

6
2m
∫

M

G(V,W )volg+
υn−1

2

∫

M

F (V,W )volg+
1

2

∫

M

(TrE)g(V,W )volg, (2.10)

where G(V,W ) denotes the Einstein tensor evaluated on the two vector fields, F (V,W ) = Tr(VaWbFab) and
Fab is the curvature tensor of the connection T , TrE denotes the trace of E and υn−1 = 2πm

Γ(m) .

The aim of this section is to prove the following.
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Theorem 2.3. For the Laplace (type) operator with torsion ∆T , the Einstein functional equal to

Wres
(
∇̃V ∇̃W∆−m

T,E

)
=
2m+1πm

6Γ(m)

∫

M

(
Ric(V,W )− 1

2
sg(V,W )

)
volg

+

∫

M

2m−1
(
− 1

4
Rg − 3

2
divg(V ) +

3

2
‖ T ‖2 +

9

2
‖ V ‖2

)
g(V,W )volg, (2.11)

where
∫
M
div(V )dV olM = −

∫
∂M

g(n, V )dV ol∂M
, Rg denotes the curvature tensor and s is the scalar curva-

ture.

Proof. Let T (X, ·, ·) =
∑

1≤i<j≤n T (X, ei, ej)e
∗
i ∧ e∗j and c(T (X, ·, ·)) =

∑
1≤i<j≤n T (X, ei, ej)c(ei)c(ej),

repeated application of (2.11) yields that

∇̃Xψ =∇S(TM)
X ψ +

3

2
T (X, ·, ·)ψ − n− 1

2
c(V )c(X)ψ − n− 1

2
〈V,X〉ψ

=Xψ + σ(X)ψ +
3

2

∑

1≤i<j≤n

T (X, ei, ej)c(ei)c(ej)

− n− 1

2
c(V )c(X)ψ − n− 1

2
〈V,X〉ψ

=Xψ +A(X)ψ, (2.12)

where

σ(X) = −1

4

∑

s,t

ωs,t(X)c(es)c(et). (2.13)

Let V =
∑n

a=1 V
aea,W =

∑n

b=1W
beb, in view of that

F (V,W ) = Tr(VaWbFab) =
n∑

a,b=1

V aW bTrS(TM)(Fea,eb), (2.14)

we obtain

Fea,eb =(ea +A(ea))(eb +A(eb))− (eb +A(eb))(ea +A(ea))− ([ea, ea] +A([ea, eb]))

=ea ◦A(eb) +A(ea) ◦ eb +A(ea)A(eb)− eb ◦A(ea)−A(eb) ◦ ea
− A(eb)A(ea)−A([ea, eb])

=A(eb)ea + ea(A(eb)) +A(ea) ◦ eb +A(ea)A(eb)−A(ea) ◦ eb − eb(A(ea))

− A(eb)ea −A(eb)A(ea)−A([ea, eb])

=ea(A(eb))− eb(A(ea)) +A(ea)A(eb)−A(eb)A(ea)−A([ea, eb]). (2.15)
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Also, straightforward computations yield

TrS(TM)
(
ea(A(eb))

)
=TrS(TM)

[
ea

(
− 1

4

∑

s,t

ωs,t(eb)c(es)c(et) +
3

2

∑

1≤i<j≤n

T (eb, ei, ej)c(ei)c(ej)

− n− 1

2
c(V )c(eb)−

n− 1

2
〈V, eb〉

)]

=TrS(TM)
[
− 1

4

∑

s,t

ea(ωs,t(eb))c(es)c(et) +
3

2

∑

1≤i<j≤n

ea(T (eb, ei, ej))c(ei)c(ej)

− n− 1

2

n∑

k=1

ea(V
k)c(ek)c(eb)−

n− 1

2
ea(V

b)
]

=TrS(TM)
[
− 1

8

∑

s=t

RTM
abstc(es)c(et) +

3

2

∑

1≤i<j≤n

ea(T (eb, ei, ej))c(ei)c(ej)

− n− 1

2

n∑

k=1

ea(c(V
k))c(ek)c(eb)−

n− 1

2
ea(V

b)
]

=− 1

8

∑

s=t

RTM
abst(−δst)TrS(TM)(Id)− n− 1

2
ea(V

b)TrS(TM)(Id)

− n− 1

2

n∑

k=1

ea(c(V
k))(−δkb)TrS(TM)(Id)

=0, (2.16)

where

ea(ωs,t(eb))(x0) =
∂

∂ya
(ωs,t(eb))(x0) =

∂

∂ya
(Hb,s,t)(x0) =

1

2
RTM

abst(x0), (2.17)

where we take the normal coordinate about x0, it follows that

TrS(TM)
(
A(ea)A(eb)−A(eb)A(ea)

)

=TrS(TM)
[(3

2

∑

1≤i<j≤n

T (ea, ei, ej)c(ei)c(ej)−
n− 1

2
c(V )c(ea)−

n− 1

2
〈V, ea〉

)

×
(3
2

∑

1≤i<j≤n

T (eb, ei, ej)c(ei)c(ej)−
n− 1

2
c(V )c(eb)−

n− 1

2
〈V, eb〉

)]

− TrS(TM)
[(3

2

∑

1≤i<j≤n

T (eb, ei, ej)c(ei)c(ej)−
n− 1

2
c(V )c(eb)−

n− 1

2
〈V, eb〉

)

×
(3
2

∑

1≤i<j≤n

T (ea, ei, ej)c(ei)c(ej)−
n− 1

2
c(V )c(ea)−

n− 1

2
〈V, ea〉

)
)
]

=0, (2.18)

and

TrS(TM)
(
A([ea, eb])

)
(x0)

=TrS(TM)
(
σ([ea, eb]) +

3

2

∑

1≤i<j≤n

T ([ea, eb], ei, ej)c(ei)c(ej)−
n− 1

2
c(V )c([ea, eb])

− n− 1

2
〈V, [ea, eb]〉

))
(x0)

=0. (2.19)
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Let ∆T = ∆+ E, by (53) in [2], we have

E =
(
− 1

4
Rg − 3

2
divg(V ) +

3

2
‖ T ‖2 +

9

2
‖ V ‖2

)
IdS(TM) −

3

2
dT − 9T · V − 9V⌋T, (2.20)

Now, what is left is to show that

TrS(TM)(E) =2
n
2

(
− 1

4
Rg − 3

2
divg(V ) +

3

2
‖ T ‖2 +

9

2
‖ V ‖2

)

− TrS(TM)(
3

2
dT )− 9TrS(TM)(T · V )− 9TrS(TM)(V⌋T )

=2
n
2

(
− 1

4
Rg − 3

2
divg(V ) +

3

2
‖ T ‖2 +

9

2
‖ V ‖2

)

− 3

2
TrS(TM)

( ∑

1≤α<j<k<l≤n

dT (eα, ej, ek, el)c(eα)c(ej)c(ek)c(el)
)

− 9TrS(TM)
( ∑

1≤α<j<k≤n

T (eα, ej, ek)c(eα)c(ej)c(ek)c(V )
)

− 9TrS(TM)
( ∑

1≤i<j≤n

T (V, ei, ej)c(ei)c(ej)
)

=2
n
2

(
− 1

4
Rg − 3

2
divg(V ) +

3

2
‖ T ‖2 +

9

2
‖ V ‖2

)

− 9

n∑

l=1

Vl
∑

1≤α<j<k≤n

T (eα, ej, ek)Tr
S(TM)

(
c(eα)c(ej)c(ek)c(el)

)

=2
n
2

(
− 1

4
Rg − 3

2
divg(V ) +

3

2
‖ T ‖2 +

9

2
‖ V ‖2

)
. (2.21)

Summing up (2.18)-(2.21) leads to the desired equality (2.11), and the proof of the Theorem is complete.

3. Noncommutative residue for manifold with boundary

In this section, to define the noncommutative residue for Dirac operator with torsion, some basic facts
and formulae about Boutet de Monvel’s calculus can be find in Sec.2 in [15]. Let M be an n-dimensional
compact oriented manifold with boundary ∂M . Some basic facts and formulae about Boutet de Monvel’s
calculus are recalled as follows.

Let

F : L2(Rt) → L2(Rv); F (u)(v) =

∫
e−ivtu(t)dt

denote the Fourier transformation and ϕ(R+) = r+ϕ(R) (similarly define ϕ(R−)), where ϕ(R) denotes the
Schwartz space and

r+ : C∞(R) → C∞(R+); f → f |R+; R+ = {x ≥ 0;x ∈ R}. (3.1)

We define H+ = F (ϕ(R+)); H−
0 = F (ϕ(R−)) which are orthogonal to each other. We have the following

property: h ∈ H+ (H−
0 ) iff h ∈ C∞(R) which has an analytic extension to the lower (upper) complex

half-plane {Imξ < 0} ({Imξ > 0}) such that for all nonnegative integer l,

d
lh

dξl
(ξ) ∼

∞∑

k=1

d
l

dξl
(
ck
ξk

) (3.2)

as |ξ| → +∞, Imξ ≤ 0 (Imξ ≥ 0).
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Let H ′ be the space of all polynomials and H− = H−
0

⊕
H ′; H = H+

⊕
H−. Denote by π+ (π−)

respectively the projection on H+ (H−). For calculations, we take H = H̃ = {rational functions having no
poles on the real axis} (H̃ is a dense set in the topology of H). Then on H̃ ,

π+h(ξ0) =
1

2πi
lim

u→0−

∫

Γ+

h(ξ)

ξ0 + iu− ξ
dξ, (3.3)

where Γ+ is a Jordan close curve included Imξ > 0 surrounding all the singularities of h in the upper
half-plane and ξ0 ∈ R. Similarly, define π

′

on H̃,

π′h =
1

2π

∫

Γ+

h(ξ)dξ. (3.4)

So, π′(H−) = 0. For h ∈ H
⋂
L1(R), π′h = 1

2π

∫
R
h(v)dv and for h ∈ H+

⋂
L1(R), π′h = 0. Denote by B

Boutet de Monvel’s algebra (for details, see Section 2 of [15]).
An operator of order m ∈ Z and type d is a matrix

A =

(
π+P +G K
T S

)
:

C∞(X,E1)⊕

C∞(∂X, F1)
−→

C∞(X,E2)⊕

C∞(∂X, F2)
.

where X is a manifold with boundary ∂X and E1, E2 (F1, F2) are vector bundles over X (∂X). Here, P :
C∞

0 (Ω, E1) → C∞(Ω, E2) is a classical pseudodifferential operator of order m on Ω, where Ω is an open
neighborhood of X and Ei|X = Ei (i = 1, 2). P has an extension: E ′(Ω, E1) → D′(Ω, E2), where
E ′(Ω, E1) (D′(Ω, E2)) is the dual space of C

∞(Ω, E1) (C
∞
0 (Ω, E2)). Let e

+ : C∞(X,E1) → E ′(Ω, E1) denote
extension by zero from X to Ω and r+ : D′(Ω, E2) → D′(Ω, E2) denote the restriction from Ω to X , then
define

π+P = r+Pe+ : C∞(X,E1) → D′(Ω, E2).

In addition, P is supposed to have the transmission property; this means that, for all j, k, α, the homogeneous
component pj of order j in the asymptotic expansion of the symbol p of P in local coordinates near the
boundary satisfies:

∂kxn
∂αξ′pj(x

′, 0, 0,+1) = (−1)j−|α|∂kxn
∂αξ′pj(x

′, 0, 0,−1),

then π+P : C∞(X,E1) → C∞(X,E2) by Section 2.1 of [15].
LetM be a compact manifold with boundary ∂M . We assume that the metric gM onM has the following

form near the boundary

gM =
1

h(xn)
g∂M + dx2n, (3.5)

where g∂M is the metric on ∂M . Let U ⊂ M be a collar neighborhood of ∂M which is diffeomorphic
∂M × [0, 1). By the definition of h(xn) ∈ C∞([0, 1)) and h(xn) > 0, there exists h̃ ∈ C∞((−ε, 1)) such
that h̃|[0,1) = h and h̃ > 0 for some sufficiently small ε > 0. Then there exists a metric ĝ on M̂ =
M
⋃

∂M ∂M × (−ε, 0] which has the form on U
⋃

∂M ∂M × (−ε, 0]

ĝ =
1

h̃(xn)
g∂M + dx2n, (3.6)

such that ĝ|M = g. We fix a metric ĝ on the M̂ such that ĝ|M = g. Now we recall the main theorem in [14].

Theorem 3.1. (Fedosov-Golse-Leichtnam-Schrohe) Let X and ∂X be connected, dimX = n ≥ 3,

A =

(
π+P +G K
T S

)
∈ B , and denote by p, b and s the local symbols of P,G and S respectively. Define:

W̃res(A) =

∫

X

∫

S

TrE [p−n(x, ξ)] σ(ξ)dx

+ 2π

∫

∂X

∫

S′

{TrE [(Trb−n)(x
′, ξ′)] + TrF [s1−n(x

′, ξ′)]} σ(ξ′)dx′, (3.7)
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Then a) W̃res([A,B]) = 0, for any A,B ∈ B; b) It is a unique continuous trace on B/B−∞.

Let p1, p2 be nonnegative integers and p1 + p2 ≤ n, denote by σl(A) the l-order symbol of an operator
A, an application of (3.5) and (3.6) in [15] shows that

Definition 3.2. Lower-dimensional volumes of spin manifolds with boundary with torsion are defined by

V ol{p1,p2}
n M := W̃ res[π+(∇̃X∇̃Y (D

∗
TDT )

−p1) ◦ π+((D∗
TDT )

−1)p2 ]. (3.8)

where π+(∇̃X∇̃Y (D
∗
TDT )

−p1), π+((D∗
TDT )

−1)p2 are elements in Boutet de Monvel’s algebra[16].

For Dirac operators with torsion ∇̃X∇̃Y (D
∗
TDT )

−1 and (D∗
TDT )

−1, denote by σl(A) the l-order symbol
of an operator A. An application of (2.1.4) in [15] shows that

W̃ res[π+(∇̃X∇̃Y (D
∗
TDT )

−1)p1 ◦ π+(D∗
TDT )

−p2 ]

=

∫

M

∫

|ξ|=1

TrS(TM)[σ−n(∇̃X∇̃Y (D
∗
TDT )

−p1 ◦ (D∗
TDT )

−p2)]σ(ξ)dx+

∫

∂M

Φ, (3.9)

where

Φ =

∫

|ξ′|=1

∫ +∞

−∞

∞∑

j,k=0

∑ (−i)|α|+j+k+ℓ

α!(j + k + 1)!
TrS(TM)[∂

j
xn
∂αξ′∂

k
ξn
σ+
r ((∇̃X∇̃Y (D

∗
TDT )

−p1)(x′, 0, ξ′, ξn)

× ∂αx′∂
j+1
ξn

∂kxn
σl((D

∗
TDT )

−p2)(x′, 0, ξ′, ξn)]dξnσ(ξ
′)dx′, (3.10)

and the sum is taken over r − k + |α|+ ℓ− j − 1 = −n, r ≤ −p1, ℓ ≤ −p2.
For Dirac operators with torsion ∇̃X∇̃YD

−1
T and (D∗

TDTD
∗
T )

−1, similarly we have

W̃ res[π+(∇̃X∇̃Y (DT )
−1)p1 ◦ π+(D∗

TDTD
∗
T )

−p2 ]

=

∫

M

∫

|ξ|=1

TrS(TM)[σ−n(∇̃X∇̃Y (DT )
−p1 ◦ (D∗

TDTD
∗
T )

−p2)]σ(ξ)dx+

∫

∂M

Φ̃, (3.11)

where

Φ̃ =

∫

|ξ′|=1

∫ +∞

−∞

∞∑

j,k=0

∑ (−i)|α|+j+k+ℓ

α!(j + k + 1)!
TrS(TM)[∂

j
xn
∂αξ′∂

k
ξn
σ+
r ((∇̃X∇̃Y (DT )

−p1)(x′, 0, ξ′, ξn)

× ∂αx′∂
j+1
ξn

∂kxn
σl((D

∗
TDTD

∗
T )

−p2)(x′, 0, ξ′, ξn)]dξnσ(ξ
′)dx′, (3.12)

and the sum is taken over r − k + |α|+ ℓ− j − 1 = −n, r ≤ −p1, ℓ ≤ −p2.

4. Residue for Dirac operators with torsion ∇̃X∇̃Y (D∗

T
DT )

−1 and (D∗

T
DT )

−1

In this section, we compute the lower dimensional volume for 4-dimension compact manifolds with
boundary and get a Kastler-Kalau-Walze type formula in this case. We will consider D∗

TDT (since DT

is not self-adjoint in general). Since [σ−4(∇̃X∇̃Y (D
∗
TDT )

−1 ◦ (D∗
TDT )

−1)]|M has the same expression as

[σ−4(∇̃X∇̃Y (D
∗
TDT )

−1 ◦ (D∗
TDT )

−1)]|M in the case of manifolds without boundary, so locally we can use
Theorem 2.4 to compute the first term.

Theorem 4.1. Let M be a 4-dimensional compact manifold without boundary and ∇̃ be an orthogonal
connection with torsion. Then we get the volumes associated to ∇̃X∇̃Y (D

∗
FDF )

−1 and D∗
TDT on compact

manifolds without boundary

Wres[σ−4(∇̃X∇̃Y (D
∗
TDT )

−1 ◦ (D∗
TDT )

−1)]

=
4π2

3

∫

M

(
Ric(X,Y )− 1

2
sg(X,Y )

)
volg

+

∫

M

(
− 1

2
Rg − 3divg(X) + 3 ‖ T ‖2 +9 ‖ X ‖2

)
g(X,Y )volg, (4.1)
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where Rg denotes the curvature tensor and s is the scalar curvature.

So we only need to compute
∫
∂M

Φ. Recall the definition of the Dirac operator D in [24]. Denote by
σl(A) the l-order symbol of an operator A. In the local coordinates {xi; 1 ≤ i ≤ n} and the fixed orthonormal
frame {ẽ1, · · · , ẽn}, the connection matrix (ωs,t) is defined by

∇̃(ẽ1, · · · , ẽn) = (ẽ1, · · · , ẽn)(ωs,t). (4.2)

The Dirac operator

D =

n∑

i=1

c(ẽi)[ẽi −
1

4

∑

s,t

ωs,t(ẽi)c(ẽs)c(ẽt)], (4.3)

where c(ẽi) denotes the Clifford action. Then

DT =

n∑

i=1

c(ẽi)[ẽi −
1

4

∑

s,t

ωs,t(ẽi)c(ẽs)c(ẽt)] +
1

4

∑

i6=s6=t

Aistc(ẽi)c(ẽs)c(ẽt)

+
1

4

∑

i,s,t

[−Aiitc(ẽt) +Aisic(ẽs)−Aissc(ẽi) + 2Aiiic(ẽi)], (4.4)

D∗
T =

n∑

i=1

c(ẽi)[ẽi −
1

4

∑

s,t

ωs,t(ẽi)c(ẽs)c(ẽt)] +
1

4

∑

i6=s6=t

Aistc(ẽi)c(ẽs)c(ẽt)

− 1

4

∑

i,s,t

[−Aiitc(ẽt) +Aisic(ẽs)−Aissc(ẽi) + 2Aiiic(ẽi)], (4.5)

and

σ1(DT ) =σ1(D
∗
T ) =

√
−1c(ξ); (4.6)

σ0(DT ) =− 1

4

∑

i,s,t

ωs,t(ẽi)c(ẽs)c(ẽt) +
1

4

∑

i6=s6=t

Aistc(ẽi)c(ẽs)c(ẽt)

+
1

4

∑

i,s,t

[−Aiitc(ẽt) +Aisic(ẽs)−Aissc(ẽi) + 2Aiiic(ẽi)], (4.7)

σ0(D
∗
T ) =− 1

4

∑

i,s,t

ωs,t(ẽi)c(ẽs)c(ẽt) +
1

4

∑

i6=s6=t

Aistc(ẽi)c(ẽs)c(ẽt)

− 1

4

∑

i,s,t

[−Aiitc(ẽt) +Aisic(ẽs)−Aissc(ẽi) + 2Aiiic(ẽi)]. (4.8)

We define ∇S(TM)
X := X + 1

4

∑
ij〈∇L

Xei, ej〉c(ei)c(ej), which is a spin connection. Set

A(X) =
1

4
Σij〈∇L

Xei, ej〉c(ei)c(ej). (4.9)

Let ∇̃X = X +A(X) + T (X, ·, ·), T (X, ·, ·) = 3
2

∑
1≤i<j≤n T (X, ei, ej)c(ei)c(ej)− 1

2c(V )c(X)− 1
2 〈V,X〉 and

∇̃Y = Y +A(Y ) + T (Y, ·, ·), by (2.11), we obtain

∇̃X∇̃Y = (X +A(X) + T (X, ·, ·))(Y +A(Y ) + T (Y, ·, ·))
= XY +X [A(Y )] +A(Y )X +A(X)Y +A(X)A(Y ) + T (X, ·)Y + T (X, ·, ·)A(Y )

+X [T (Y, ·, ·)] + T (Y, ·, ·)X +A(X)T (X, ·, ·) + T (Y, ·, ·)T (Y, ·, ·), (4.10)

where X = Σn
j=1Xj∂xj

, Y = Σn
l=1Yl∂xl

.
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Let gij = g(dxi, dxj), ξ =
∑

k ξjdxj and ∇L
∂i
∂j =

∑
k Γ

k
ij∂k, we get

σi = −1

4

∑

s,t

ωs,t(ei)c(es)c(et); ξj = gijξi; Γk = gijΓk
ij ; σj = gijσi. (4.11)

Then we have the following lemmas.

Lemma 4.2. The following identities hold:

σ0(∇̃X∇̃Y ) =X [A(Y )] +A(X)A(Y ) + T (X, ·, ·)A(Y )

+X [T (Y, ·, ·)] +A(X)T (X, ·, ·) + T (Y, ·, ·)T (Y, ·, ·); (4.12)

σ1(∇̃X∇̃Y ) =
√
−1

n∑

j,l=1

Xj

∂Yl
∂xj

√
−1ξl +

√
−1
∑

j

A(Y )Xjξj +
√
−1
∑

l

A(Y )Ylξl

+
∑

j

T (X, ·)Yj
√
−1ξj +

∑

j

T (Y, ·)Xj

√
−1ξj ; (4.13)

σ2(∇̃X∇̃Y ) =−
n∑

j,l=1

XjYlξjξl. (4.14)

Hence by Lemma 2.1 in [16], we have

Lemma 4.3. The symbol of the Dirac operator

σ−1(D
−1
T ) = σ−1((D

∗
T )

−1) =

√
−1c(ξ)

|ξ|2 ; (4.15)

σ−2(D
−1
T ) =

c(ξ)σ0(DT )c(ξ)

|ξ|4 +
c(ξ)

|ξ|6
∑

j

c(dxj)
[
∂xj

(c(ξ))|ξ|2 − c(ξ)∂xj
(|ξ|2)

]
; (4.16)

σ−2((D
∗
T )

−1) =
c(ξ)σ0(D

∗
T )c(ξ)

|ξ|4 +
c(ξ)

|ξ|6
∑

j

c(dxj)
[
∂xj

(c(ξ))|ξ|2 − c(ξ)∂xj
(|ξ|2)

]
. (4.17)

Let u = 1
4

∑
i6=s6=t Aistc(ẽi)c(ẽs)c(ẽt), v = 1

4

∑
i,s,t[−Aiitc(ẽt) +Aisic(ẽs)−Aissc(ẽi) + 2Aiiic(ẽi)], we get

Lemma 4.4. The following identities hold:

σ−2((D
∗
TDT )

−1) = |ξ|2 = σ−2(D
−2) = |ξ|−2; (4.18)

σ−3((D
∗
TDT )

−1) = −
√
−1|ξ|−4ξk(Γ

k − 2δk)−
√
−1|ξ|−62ξjξαξβ∂jg

αβ

−
(
(u− v)

√
−1c(ξ) +

√
−1c(ξ)(u + v)

)
|ξ|−4. (4.19)

By Lemma 4.2, Lemma 4.4 and σ(p1 ◦ p2) =
∑

α
1
α!∂

α
ξ [σ(p1)]D

α
x [σ(p2)], then

Lemma 4.5. The following identities hold:

σ0(∇̃X∇̃Y (D
∗
TDT )

−1) =−
n∑

j,l=1

XjYlξjξl|ξ|−2; (4.20)

σ−1(∇̃X∇̃Y (D
∗
TDT )

−1) =σ2(∇̃X∇̃Y )σ−3((D
∗
TDT )

−1) + σ1(∇̃X∇̃Y )σ−2((D
∗
TDT )

−1)

+

n∑

j=1

∂ξj
[
σ2(∇̃X∇̃Y )

]
Dxj

[
σ−2((D

∗
TDT )

−1)
]
. (4.21)
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Since Φ is a global form on ∂M , so for any fixed point x0 ∈ ∂M , we can choose the normal coordinates U
of x0 in ∂M(not inM) and compute Φ(x0) in the coordinates Ũ = U× [0, 1) and the metric 1

h(xn)
g∂M +dx2n.

The dual metric of g∂M on Ũ is 1
h̃(xn)

g∂M + dx2n. Write gMij = gM ( ∂
∂xi

, ∂
∂xj

); gijM = gM (dxi, dxj), then

[gMi,j ] =

[ 1
h(xn)

[g∂Mi,j ] 0

0 1

]
; [gi,jM ] =

[
h(xn)[g

i,j
∂M ] 0

0 1

]
, (4.22)

and
∂xs

g∂Mij (x0) = 0, 1 ≤ i, j ≤ n− 1; gMi,j(x0) = δij . (4.23)

Let {e1, · · · , en−1} be an orthonormal frame field in U about g∂M which is parallel along geodesics and

ei =
∂

∂xi
(x0), then {ẽ1 =

√
h(xn)e1, · · · , ẽn−1 =

√
h(xn)en−1, ẽn = dxn} is the orthonormal frame field in Ũ

about gM . Locally S(TM)|Ũ ∼= Ũ×∧∗
C(

n
2 ). Let {f1, · · · , fn} be the orthonormal basis of ∧∗

C(
n
2 ). Take a spin

frame field σ : Ũ → Spin(M) such that πσ = {ẽ1, · · · , ẽn} where π : Spin(M) → O(M) is a double covering,
then {[σ, fi], 1 ≤ i ≤ 4} is an orthonormal frame of S(TM)|

Ũ
. In the following, since the global form Φ is

independent of the choice of the local frame, so we can compute trS(TM) in the frame {[σ, fi], 1 ≤ i ≤ 4}.
Let {E1, · · · , En} be the canonical basis of Rn and c(Ei) ∈ clC(n) ∼= Hom(∧∗

C(
n
2 ),∧∗

C(
n
2 )) be the Clifford

action. By [24], then

c(ẽi) = [(σ, c(Ei))]; c(ẽi)[(σ, fi)] = [σ, (c(Ei))fi];
∂

∂xi
= [(σ,

∂

∂xi
)], (4.24)

then we have ∂
∂xi

c(ẽi) = 0 in the above frame. By Lemma 2.2 in [16], we have

Lemma 4.6. With the metric 1
h(xn)

g∂M + dx2n on M near the boundary

∂xj(|ξ|2gM )(x0) = 0, if j < n; = h′(0)|ξ′|2g∂M , if j = n.

∂xj(c(ξ))(x0) = 0, if j < n; = ∂xn(c(ξ
′))(x0), if j = n. (4.25)

where ξ = ξ′ + ξndxn

Now we need to compute
∫
∂M

Φ. When n = 4, then trS(TM)[id] = dim(∧∗(R2)) = 4, the sum is taken
over r + l− k − j − |α| = −3, r ≤ 0, l ≤ −2, then we have the following five cases:

case a) I) r = 0, l = −2, k = j = 0, |α| = 1.
By (3.10), we get

Φ1 = −
∫

|ξ′|=1

∫ +∞

−∞

∑

|α|=1

Tr[∂αξ′π
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)×∂αx′∂ξnσ−2((D
∗
TDT )

−1)](x0)dξnσ(ξ
′)dx′. (4.26)

By Lemma 2.2 in [16], for i < n, then

∂xi
σ−2((D

∗
TDT )

−1)(x0) = ∂xi
(|ξ|−2)(x0) = −∂xi

(|ξ|2)(x0)
|ξ|4 = 0, (4.27)

so Φ1 = 0.
case a) II) r = 0, l = −2, k = |α| = 0, j = 1.
By (3.10), we get

Φ2 = −1

2

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂xn
π+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂2ξnσ−2((D
∗
TDT )

−1))](x0)dξnσ(ξ
′)dx′. (4.28)

By Lemma 4.4, we have

∂2ξnσ−2((D
∗
TDT )

−1))(x0) = ∂2ξn(|ξ|
−2)(x0) =

6ξ2n − 2

(1 + ξ2n)
3
. (4.29)
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It follows that

∂xn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)(x0) = ∂xn
(−

n∑

j,l=1

XjYlξjξl|ξ|−2) =

∑n

j,l=1XjYlξjξlh
′(0)|ξ′|2

(1 + ξ2n)
2

. (4.30)

By integrating formula, we obtain

π+
ξn
∂xn

σ0(∇̃X∇̃Y (D
∗
TDT )

−1)(x0) = ∂xn
π+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)

= − iξn
4(ξn − i)2

n−1∑

j,l=1

XjYlξjξlh
′(0) +

2− iξn
4(ξn − i)2

XnYnh
′(0)

− i

4(ξn − i)2

n−1∑

j=1

XjYnξj −
i

4(ξn − i)2
Σn−1

l=1 XnYlξl. (4.31)

We note that i < n,
∫
|ξ′|=1

ξi1ξi2 · · · ξi2d+1
σ(ξ′) = 0, so we omit some items that have no contribution for

computing case a) II). From (4.29) and (4.31), we obtain

Tr[∂xn
π+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂2ξnσ−2((D
∗
TDT )

−1)](x0)

= 2
1 + ξni− 3ξ3ni− i

(ξn − i)5(ξn + i)3
Σn−1

j,l=1XjYlξjξlh
′(0) + 2

1 + ξni− 3ξ3ni− i

(ξn − i)5(ξn + i)3
XnYnh

′(0)

+ 2
(1− 3ξ2n)i

(ξn − i)5(ξn + i)3
Σn−1

j=1XjYnξj + 2
(1− 3ξ2n)i

(ξn − i)5(ξn + i)3
Σn−1

l=1 XnYlξl. (4.32)

Therefore, we get

Φ2 =− 1

2

∫

|ξ′|=1

∫ +∞

−∞

{
2
1 + ξni− 3ξ3ni− i

(ξn − i)5(ξn + i)3

n−1∑

j,l=1

XjYlξjξlh
′(0) + 2

1 + ξni− 3ξ3ni− i

(ξn − i)5(ξn + i)3
XnYnh

′(0)

}
dξnσ(ξ

′)dx′

=−
n−1∑

j,l=1

XjYlh
′(0)

∫

|ξ′|=1

∫

Γ+

1 + ξni− 3ξ3ni− i

(ξn − i)5(ξn + i)3
ξjξldξnσ(ξ

′)dx′

−XnYnh
′(0)Ω3

∫

Γ+

1 + ξni− 3ξ3ni− i

(ξn − i)5(ξn + i)3
dξndx

′

=−
n−1∑

j,l=1

XjYlh
′(0)

4π

3

2πi

4!

[
1 + ξni− 3ξ3ni− i

(ξn + i)3

](4) ∣∣∣∣
ξn=i

dx′

−XnYnh
′(0)Ω3

2πi

4!

[
1 + ξni− 3ξ3ni− i

(ξn + i)3

](4) ∣∣∣∣
ξn=i

dx′

=
13π2

24

n−1∑

j=1

XjYjh
′(0)dx′ +

13

32
XnYnh

′(0)πΩ3dx
′, (4.33)

where Ω3 is the canonical volume of S2.
case a) III) r = 0, l = −2, j = |α| = 0, k = 1.
By (3.10), we get

Φ3 = −1

2

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂ξn∂xn
σ−2(D

∗
TDT )

−1)](x0)dξnσ(ξ
′)dx′

=
1

2

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂2ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂xn
σ−2(D

∗
TDT )

−1)](x0)dξnσ(ξ
′)dx′. (4.34)
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By Lemma 4.4, we have

∂xn
σ−2(D

∗
TDT )

−1)(x0)||ξ′|=1 = − h′(0)

(1 + ξ2n)
2
. (4.35)

An easy calculation gives

π+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)(x0)||ξ′|=1 =
i

2(ξn − i)

n−1∑

j,l=1

XjYlξjξl −
1

2(ξn − i)
XnYn

− 1

2(ξn − i)

n−1∑

j=1

XjYnξj −
1

2(ξn − i)

n−1∑

l=1

XnYlξl. (4.36)

Also, straightforward computations yield

∂2ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)(x0)||ξ′|=1 =
i

(ξn − i)3

n−1∑

j,l=1

XjYlξjξl −
1

(ξn − i)3
XnYn. (4.37)

From (4.35) and (4.37), we obtain

Tr[∂ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂ξn∂xn
σ−2(D

∗
TDT )

−1)](x0)

= −4
h′(0)i

(ξn − i)5(ξn + i)2

n−1∑

j,l=1

XjYlξjξl + 4
h′(0)

(ξn − i)5(ξn + i)2
XnYn. (4.38)

Therefore, we get

Φ3 =
1

2

∫

|ξ′|=1

∫ +∞

−∞

(
− 4

h′(0)i

(ξn − i)5(ξn + i)2

n−1∑

j,l=1

XjYlξjξl + 4
h′(0)

(ξn − i)5(ξn + i)2
XnYn

)
dξnσ(ξ

′)dx′

= −2

n−1∑

j,l=1

XjYlh
′(0)Ω3

∫

Γ+

i

(ξn − i)5(ξn + i)2
ξjξldξndx

′ + 2XnYnh
′(0)Ω3

∫

Γ+

1

(ξn − i)5(ξn + i)2
dξndx

′

= −2

n−1∑

j,l=1

XjYlh
′(0)Ω3

2πi

4!

[
i

(ξn + i)2

](4) ∣∣∣∣
ξn=i

dx′ + 2XnYnh
′(0)Ω3

2πi

4!

[
1

(ξn + i)2

](4) ∣∣∣∣
ξn=i

dx′

=
5π2

12

n−1∑

j=1

XjYjh
′(0)dx′ +

5i

16
XnYnh

′(0)πΩ3dx
′. (4.39)

case b) r = 0, l = −3, k = j = |α| = 0.
By (3.10), we get

Φ4 = −i
∫

|ξ′|=1

∫ +∞

−∞

Tr[π+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂ξnσ−3(D
∗
TDT )

−1)](x0)dξnσ(ξ
′)dx′

= i

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× σ−3(D
∗
TDT )

−1)](x0)dξnσ(ξ
′)dx′. (4.40)

By Lemma 4.4, we have

σ−3(D
∗
TDT )

−1)(x0)||ξ′|=1 =− i

(1 + ξ2n)
2

(
−1

2
h′(0)

∑

k<n

ξnc(ek)c(en) +
5

2
h′(0)ξn

)
− 2ih′(0)ξn

(1 + ξ2n)
3

−
(
(u− v)

√
−1c(ξ) +

√
−1c(ξ)(u + v)

)
|ξ|−4. (4.41)
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∂ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)(x0)||ξ′|=1 = − i

2(ξn − i)2

n−1∑

j,l=1

XjYlξjξl −
1

2(ξn − i)2
XnYn

+
1

2(ξn − i)2

n−1∑

j=1

XjYnξj +
1

2(ξn − i)2

n−1∑

l=1

XnYlξl. (4.42)

We note that i < n,
∫
|ξ′|=1

ξi1ξi2 · · · ξi2d+1
σ(ξ′) = 0, and

∑
i6=s6=t Tr[Aistc(ẽi)c(ẽs)c(ẽt)c(ξ

′)] = 0, so we omit

some items that have no contribution for computing case b). Then, we have

Tr[∂ξnπ
+
ξn
σ0(∇̃X∇̃Y (D

∗
TDT )

−1)× σ−3(D
∗
TDT )

−1)](x0)

= −h
′(0)(5ξ2n − 5 + 4ξn)

(ξn − i)5(ξn + i)3

n−1∑

j,l=1

XjYlξjξl +
h′(0)i(5ξ3n − ξn)

(ξn − i)5(ξn + i)3
XnYn. (4.43)

Therefore, we get

Φ4 = i

∫

|ξ′|=1

∫ +∞

−∞

(
− h′(0)(5ξ2n − 5 + 4ξn)

(ξn − i)5(ξn + i)3
Σn−1

j,l=1XjYlξjξl +
h′(0)i(5ξ3n − ξn)

(ξn − i)5(ξn + i)3
XnYn

)
dξnσ(ξ

′)dx′

= −iΣn−1
j,l=1XjYlh

′(0)Ω3

∫

Γ+

5ξ2n − 5 + 4ξn
(ξn − i)5(ξn + i)2

ξjξldξndx
′ + iXnYnh

′(0)Ω3

∫

Γ+

5ξ3n − ξn
(ξn − i)5(ξn + i)2

dξndx
′

= −iΣn−1
j,l=1XjYlh

′(0)Ω3
2πi

4!

[
5ξ2n − 5 + 4ξn

(ξn + i)2

](4) ∣∣∣∣
ξn=i

dx′ + iXnYnh
′(0)Ω3

2πi

4!

[
5ξ3n − ξn
(ξn + i)2

](4) ∣∣∣∣
ξn=i

dx′

=
(1− 5i)π2

12

n−1∑

j=1

XjYjh
′(0)dx′ +

11i

16
XnYnh

′(0)πΩ3dx
′. (4.44)

case c) r = −1, ℓ = −2, k = j = |α| = 0.
By (3.10), we get

Φ5 = −i
∫

|ξ′|=1

∫ +∞

−∞

Tr[π+
ξn
σ−1(∇̃X∇̃Y (D

∗
TDT )

−1)× ∂ξnσ−2(D
∗
TDT )

−1)](x0)dξnσ(ξ
′)dx′. (4.45)

By Lemma 4.4, we have

∂ξnσ−2(D
∗
TDT )

−1)(x0)||ξ′|=1 = − 2ξn
(ξ2n + 1)2

. (4.46)

Since

σ−1(∇̃X∇̃Y (D
∗
TDT )

−1)(x0)||ξ′|=1 =σ2(∇̃X∇̃Y )σ−3((D
∗
TDT )

−1) + σ1(∇̃X∇̃Y )σ−2((D
∗
TDT )

−1)

+

n∑

j=1

∂ξj
[
σ2(∇̃X∇̃Y )

]
Dxj

[
σ−2((D

∗
TDT )

−1)
]
. (4.47)

Explicit representation the first item of (4.47),

σ2(∇̃X∇̃Y )σ−3((D
∗
TDT )

−1)(x0)||ξ′|=1

=−
n∑

j,l=1

XjYlξjξl ×
(
−
√
−1|ξ|−4ξk(Γ

k − 2δk)−
√
−1|ξ|−62ξjξαξβ∂jg

αβ

−
(
(u− v)

√
−1c(ξ) +

√
−1c(ξ)(u + v)

)
|ξ|−4

)

=−
n∑

j,l=1

XjYlξjξl ×
(
− i

(1 + ξ2n)
2

(
− 1

2
h′(0)

∑

k<n

ξnc(ek)c(en) +
5

2
h′(0)ξn

)
− 2ih′(0)ξn

(1 + ξ2n)
3

−
(
(u− v)

√
−1c(ξ) +

√
−1c(ξ)(u + v)

)
|ξ|−4

)
. (4.48)
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Explicit representation the second item of (4.47),

σ1(∇̃X∇̃Y )σ−2((D
∗
TDT )

−1)(x0)||ξ′|=1

=
(√

−1
n∑

j,l=1

Xj

∂Yl

∂xj

√
−1ξl +

√
−1
∑

j

A(Y )Xjξj +
√
−1
∑

l

A(Y )Ylξl

+
∑

j

T (X, ·)Yj
√
−1ξj +

∑

j

T (Y, ·)Xj

√
−1ξj

)
× |ξ|−2. (4.49)

Explicit representation the third item of (4.47),

n∑

j=1

∑

α

1

α!
∂αξ
[
σ2(∇̃X∇̃Y )

]
Dα

x

[
σ−2((D

∗
TDT )

−1)
]
(x0)||ξ′|=1

=
n∑

j=1

∂ξj
[
σ2(∇̃X∇̃Y )

]
(−

√
−1)∂xj

[
σ−2((D

∗
TDT )

−1)
]

=
n∑

j=1

∂ξj
[
−

n∑

j,l=1

XjYlξjξl
]
(−

√
−1)∂xj

[
|ξ|−2

]

=

n∑

j=1

n∑

l=1

√
−1(xjYl + xlYj)ξl∂xj

(|ξ|−2). (4.50)

We note that i < n,
∫
|ξ′|=1

ξi1ξi2 · · · ξi2d+1
σ(ξ′) = 0, and

∑
i6=s6=t Tr[Aistc(ẽi)c(ẽs)c(ẽt)c(ξ

′)] = 0, so we omit

some items that have no contribution for computing case c). An easy calculation gives

Tr[π+
ξn
σ−1(σ2(∇̃X∇̃Y )σ−3((D

∗
TDT )

−1))× ∂ξnσ−2(D
−2)](x0)||ξ′|=1

=
h′(0)(2ξ2n − ξn − 2ξni)

(ξn − i)4(ξn + i)2

n−1∑

j,l=1

XjYlξjξl
∑

k<n

ξkc(ek)c(en) +
h′(0)(17ξni− ξ2n + 4ξ3ni)

(ξn − i)5(ξn + i)2

n−1∑

j,l=1

XjYlξjξl, (4.51)

and

Tr(T (X, ·, ·)) = Tr(
3

2

∑

1≤i<j≤n

T (X, ei, ej)c(ei)c(ej)−
1

2
c(V )c(X)− 1

2
〈V,X〉) = 0. (4.52)

Also, straightforward computations yield

Tr[π+
ξn
σ−1(σ1(∇̃X∇̃Y )σ−2((D

∗
TDT )

−1))× ∂ξnσ−2(D
−2)](x0)||ξ′|=1

=Xn

∂Yn
∂xn

−2ξn
(ξ2n + 1)2

, (4.53)

and

Tr[π+
ξn
σ−1(

n∑

j=1

∑

α

1

α!
∂αξ
[
σ2(∇̃X∇̃Y )

]
Dα

x

[
σ−2((D

∗
TDT )

−1)
]
)× ∂ξnσ−2(D

−2)](x0)||ξ′|=1

=2iXnYnh
′(0)ξn × −2ξn

(ξ2n + 1)2
. (4.54)

Substituting (4.51),(4.53) and (4.54) into (4.45) yields

Φ5 =
(5i− 13

6

n−1∑

j=1

XjYj +
3− 96i

8
XnYn

)
h′(0)π2dx′

−Xn

∂Yn
∂xn

π

2
Ω3dx

′ (4.55)
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Let X = XT +Xn∂n, Y = Y T + Yn∂n, then we have
∑n−1

j=1 XjYj = g(XT , Y T ). Now Φ is the sum of the
cases (a), (b) and (c). Therefore, we get

Φ =

5∑

i=1

Φi =
15− 362i

32
XnYnh

′(0)πΩ3dx
′ +

(10i− 27)π2

24
g(XT , Y T )h′(0)dx′ −Xn

∂Yn
∂xn

π

2
Ω3dx

′ (4.56)

Then we obtain following theorem

Theorem 4.7. Let M be a 4-dimensional compact manifold without boundary and ∇̃ be an orthogonal
connection with torsion. Then we get the volumes associated to ∇̃X∇̃Y (D

∗
FDF )

−1 and D∗
TDT on compact

manifolds with boundary

W̃res[π+(∇̃X∇̃Y (D
∗
FDF )

−1) ◦ π+(D∗
TDT )]

=
4π2

3

∫

M

(
Ric(X,Y )− 1

2
sg(X,Y )

)
volg

+

∫

M

(
− 1

2
Rg − 3divg(X) + 3 ‖ T ‖2 +9 ‖ X ‖2

)
g(X,Y )volg

+

∫

∂M

[(15− 362i

32
XnYnπh

′(0)−Xn

∂Yn
∂xn

π

2

)
Ω3 +

(10i− 27)π2

24
g(XT , Y T )h′(0)

]
vol∂M , (4.57)

where Rg denotes the curvature tensor and s is the scalar curvature.

5. Residue for Dirac operators with torsion ∇̃X∇̃Y D
−1

T
and (D∗

T
DTD

∗

T
)−1

In this section, we compute the 4-dimension volume for Dirac operators with torsion ∇̃X∇̃YD
−1
T and

(D∗
TDTD

∗
T )

−1 . Since [σ−4(∇̃X∇̃YD
−1
T ◦ (D∗

TDTD
∗
T )

−1)]|M has the same expression as [σ−4(∇̃X∇̃YD
−1
T ◦

(D∗
TDTD

∗
T )

−1)]|M in the case of manifolds without boundary, so locally we can use Theorem 2.4 to compute
the first term.

Theorem 5.1. Let M be a four dimensional compact manifold without boundary and ∇̃ be an orthogonal
connection with torsion. Then we get the volumes associated to ∇̃X∇̃Y (D

∗
FDF )

−1 and D∗
TDT on compact

manifolds without boundary

Wres[σ−4(∇̃X∇̃YD
−1
T ◦ (D∗

TDTD
∗
T )

−1)]

=
4π2

3

∫

M

(
Ric(X,Y )− 1

2
sg(X,Y )

)
volg

+

∫

M

(
− 1

2
Rg − 3divg(X) + 3 ‖ T ‖2 +9 ‖ X ‖2

)
g(X,Y )volg, (5.1)

where Rg denotes the curvature tensor and s is the scalar curvature.

From lemma 4.2 and lemma 4.3, we have

Lemma 5.2. The following identities hold:

σ1(∇̃X∇̃YD
−1
T ) = −

√
−1

n∑

j,l=1

XjYlξjξlc(ξ)|ξ|−2; (5.2)

σ0(∇̃X∇̃YD
−1
T ) =σ2(∇̃X∇̃Y )σ−2(D

−1
T ) + σ1(∇̃X∇̃Y )σ−1(D

−1
T )

+

n∑

j=1

∂ξj
[
σ2(∇̃X∇̃Y )

]
Dxj

[
σ−1(D

−1
T )
]
. (5.3)
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Write

Dα
x = (−i)|α|∂αx ; σ(D3

t ) = p3 + p2 + p1 + p0; (σ(Dt)
−3) =

∑∞
j=3 q−j . (5.4)

By the composition formula of pseudodifferential operators, we have

1 = σ(D3 ◦D−3) =
∑

α

1

α!
∂αξ [σ(D]Dα

x [σ(D
−3)]

= (p3 + p2 + p1 + p0)(q−3 + q−4 + q−5 + · · · )
+
∑

j

(∂ξjp3 + ∂ξjp2 ++∂ξjp1 + ∂ξjp0)(Dxj
q−3 +Dxj

q−4 +Dxj
q−5 + · · · )

= p3q−3 + (p3q−4 + p2q−3 +
∑

j

∂ξjp3Dxj
q−3) + · · · , (5.5)

so
q−3 = p−1

3 ; q−4 = −p−1
3 [p2p

−1
3 +

∑

j

∂ξjp3Dxj
(p−3

−1)]. (5.6)

Then it is easy to check that

Lemma 5.3. The following identities hold:

σ−2((D
∗
TDT )

−1) = |ξ|2; (5.7)

σ−3((D
∗
TDT )

−1) = −
√
−1|ξ|−4ξk(Γ

k − 2δk)−
√
−1|ξ|−62ξjξαξβ∂jg

αβ

−
(
(u− v)

√
−1c(ξ) +

√
−1c(ξ)(u + v)

)
|ξ|−4 (5.8)

σ−3((D
∗
TDTD

∗
T )

−1) =
√
−1c(ξ)|ξ|−4; (5.9)

σ−4((D
∗
TDTD

∗
T )

−1) =
c(ξ)σ2((D

∗
TDTD

∗
T )

−1)c(ξ)

|ξ|8 +

√
−1c(ξ)

|ξ|8
(
|ξ|4c(dxn)∂xn

c(ξ′)

− 2h′(0)c(dxn)c(ξ) + 2ξnc(ξ)∂xnc(ξ
′) + 4ξnh

′(0)

)
, (5.10)

where

σ2((D
∗
TDTD

∗
T )

−1) =c(ξ)(4σk − 2Γk)ξk − 1

4
|ξ|2

∑

s,t

ωs,t(ẽl)c(el)c(ẽs)c(ẽt) + (3u− v)|ξ|2. (5.11)

Now we need to compute
∫
∂M

Φ̃. When n = 4, then trS(TM)[id] = dim(∧∗(R2)) = 4, the sum is taken
over r + l− k − j − |α| = −3, r ≤ 0, l ≤ −2, then we have the following five cases:

case a) I) r = 1, l = −2, k = j = 0, |α| = 1.
By (3.12), we get

Φ̃1 = −
∫

|ξ′|=1

∫ +∞

−∞

∑

|α|=1

Tr[∂αξ′π
+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂αx′∂ξnσ−3((D

∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′. (5.12)

By Lemma 2.2 in [16], for i < n, then

∂xi
σ−3((D

∗
TDTD

∗
T )

−1)(x0) = ∂xi
(
√
−1c(ξ)|ξ|−4)(x0) =

√
−1

∂xi
c(ξ)

|ξ|4 (x0) +
√
−1

c(ξ)∂xi
(|ξ|4)

|ξ|8 (x0) = 0,

(5.13)

so Φ̃1 = 0.

17



case a) II) r = 1, l = −3, k = |α| = 0, j = 1.
By (3.12), we get

Φ̃2 = −1

2

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂xn
π+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂2ξnσ−3((D

∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′. (5.14)

By Lemma 5.3, we have

∂2ξnσ−3((D
∗
TDTD

∗
T )

−1)(x0) = ∂2ξn(c(ξ)|ξ|
−4)(x0) =

√
−1

(20ξ2n − 4)c(ξ′) + 12(ξ3 − ξ)c(dxn)

(1 + ξ2n)
4

, (5.15)

and

∂xn
σ1(∇̃X∇̃YD

−1
T )(x0) = ∂xn

(−
√
−1Σn

j,l=1XjYlξjξlc(ξ)|ξ|−2)

= Σn
j,l=1XjYlξjξl

[
∂xn

c(ξ′)

1 + ξ2n
+
c(ξ)h′(0)|ξ′|2
(1 + ξ2n)

2

]
. (5.16)

Then, we have

π+
ξn
∂xn

σ1(∇̃X∇̃YD
−1
T )(x0) =∂xn

π+
ξn
σ1(∇̃X∇̃YD

−1
T )(x0)

=
√
−1

n−1∑

j,l=1

XjYlξjξlh
′(0)|ξ′|2

[
ic(ξ′)

4(ξn − i)
+
c(ξ′) + ic(dxn)

4(ξn − i)2

]

−
n−1∑

j,l=1

XjYlξjξl
∂xn

c(ξ′)

2(ξn − i)

−
√
−1XnYn

{
∂xn

c(ξ′)

2(ξn − i)
+ h′(0)|ξ′|

[
−2ic(ξ′)− 3c(dxn)

4(ξn − i)

+
[c(ξ′) + ic(dxn)][i(ξn − i) + 1]

4(ξn − i)2

]}

− Σn−1
j=1XjYnξj

[√
−1

∂xn
c(ξ′)

2(ξn − i)
−

√
−1h′(0)|ξ′|[c(ξ′) + 2ic(dxn)]

4(ξn − i)

− [ic(ξ′)− c(dxn)][i(ξn − i) + 1]

(ξn − i)2

]

− Σn−1
l=1 XnYlξl

[√
−1

∂xn
c(ξ′)

2(ξn − i)
−

√
−1h′(0)|ξ′|[c(ξ′) + 2ic(dxn)]

4(ξn − i)

− [ic(ξ′)− c(dxn)][i(ξn − i) + 1]

(ξn − i)2

]
. (5.17)

We note that i < n,
∫
|ξ′|=1 ξi1ξi2 · · · ξi2d+1

σ(ξ′) = 0, so we omit some items that have no contribution

for computing case a) II). Then there is the following formula

Tr[∂xn
π+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂2ξnσ−3((D

∗
TDTD

∗
T )

−1)](x0)

= Σn−1
j,l=1XjYlξjξlh

′(0)

[
8i

5ξ2n − 1

(ξn − i)5(ξn + i)4
+

4(5ξ2n − 1) + 12i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]

+XnYnh
′(0)

[
(4i− 4)(ξ2 − 1) + 48(ξ3n − ξn)

(ξn − i)5(ξn + i)4
− 4(5ξ2n − 1) + 12i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]

+ 8Σn−1
j=1XjYnξj

[
(6− 3ih′(0))(ξ3n − ξn)− 2i(5ξ2n − 1)

(ξn − i)5(ξn + i)4
+

2(5ξ2n − 1) + 6i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]

+ 8Σn−1
l=1 XnYlξl

[
(6− 3ih′(0))(ξ3n − ξn)− 2i(5ξ2n − 1)

(ξn − i)5(ξn + i)4
+

2(5ξ2n − 1) + 6i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]
. (5.18)
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Therefore, we get

Φ̃2 =
1

2

∫

|ξ′|=1

∫ +∞

−∞

{ n−1∑

j,l=1

XjYlξjξlh
′(0)

[
8i

5ξ2n − 1

(ξn − i)5(ξn + i)4
+

4(5ξ2n − 1) + 12i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]

+XnYnh
′(0)

[
(4i− 4)(ξ2 − 1) + 48(ξ3n − ξn)

(ξn − i)5(ξn + i)4
− 4(5ξ2n − 1) + 12i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]}
dξnσ(ξ

′)dx′

=

n−1∑

j,l=1

XjYlh
′(0)Ω3

∫

Γ+

[
8i

5ξ2n − 1

(ξn − i)5(ξn + i)4
+

4(5ξ2n − 1) + 12i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]
ξjξldξndx

′

+XnYnh
′(0)Ω3

∫

Γ+

[
(4i− 4)(ξ2 − 1) + 48(ξ3n − ξn)

(ξn − i)5(ξn + i)4
− 4(5ξ2n − 1) + 12i(ξ3n − ξn)

(ξn − i)6(ξn + i)4

]
dξndx

′

= −592

3
π2

n−1∑

j=1

XjYjh
′(0)dx′ −

(
461

4
+

23

4
i

)
XnYnh

′(0)πΩ3dx
′, (5.19)

where Ω3 is the canonical volume of S2.
case a) III) r = 1, l = −3, j = |α| = 0, k = 1.
By (3.12), we get

Φ̃3 = −1

2

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂ξnπ
+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂ξn∂xn

σ−3((D
∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′

=
1

2

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂2ξnπ
+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂xn

σ−3((D
∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′. (5.20)

By Lemma 5.3, we have

∂xn
σ−3((D

∗
TDTD

∗
T )

−1)(x0)||ξ′|=1 =

√
−1∂xn

[c(ξ′)]

(1 + ξ2n)
4

−
2
√
−1h′(0)c(ξ)|ξ′|2

g∂M

(1 + ξ2n)
6

. (5.21)

By integrating formula we obtain

π+
ξn
σ1(∇̃X∇̃YD

−1
T ) = −c(ξ

′) + ic(dxn)

2(ξn − i)
Σn−1

j,l=1XjYlξjξl −
c(ξ′) + ic(dxn)

2(ξn − i)
XnYn

− ic(ξ′)− c(dxn)

2(ξn − i)
Σn−1

j=1XjYnξj −
ic(ξ′)− c(dxn)

2(ξn − i)
Σn−1

l=1 XnYlξl. (5.22)

Then, we have

∂2ξnπ
+
ξn
σ1(∇̃X∇̃YD

−1
T ) = −c(ξ

′) + ic(dxn)

(ξn − i)3
Σn−1

j,l=1XjYlξjξl −
c(ξ′) + ic(dxn)

(ξn − i)3
XnYn. (5.23)

We note that i < n,
∫
|ξ′|=1 ξi1ξi2 · · · ξi2d+1

σ(ξ′) = 0, so we omit some items that have no contribution

for computing case a) III), then

Tr[∂ξnπ
+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂ξn∂xn

σ−3((D
∗
TDTD

∗
T )

−1)](x0)

= −2
h′(0)

(ξn − i)5(ξn + i)2
Σn−1

j,l=1XjYlξjξl − 2
h′(0)

(ξn − i)5(ξn + i)2
XnYn.

(5.24)
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Therefore, we get

Φ̃3 =
1

2

∫

|ξ′|=1

∫ +∞

−∞

(
− 2

h′(0)

(ξn − i)5(ξn + i)2
Σn−1

j,l=1XjYlξjξl − 2
h′(0)

(ξn − i)5(ξn + i)2
XnYn

)
dξnσ(ξ

′)dx′

= −
n−1∑

j,l=1

XjYlh
′(0)Ω3

∫

Γ+

1

(ξn − i)5(ξn + i)2
ξjξldξndx

′ −XnYnh
′(0)Ω3

∫

Γ+

1

(ξn − i)5(ξn + i)2
dξndx

′

= −
n−1∑

j,l=1

XjYlh
′(0)Ω3

2πi

4!

[
1

(ξn + i)2

](4) ∣∣∣∣
ξn=i

dx′ + 2XnYnh
′(0)Ω3

2πi

4!

[
1

(ξn + i)2

](4) ∣∣∣∣
ξn=i

dx′

=
5iπ2

6

n−1∑

j=1

XjYjh
′(0)dx′ +

5i

8
XnYnh

′(0)πΩ3dx
′. (5.25)

case b) r = 0, l = −3, k = j = |α| = 0.
By (3.12), we get

Φ̃4 = −i
∫

|ξ′|=1

∫ +∞

−∞

Tr[π+
ξn
σ0(∇̃X∇̃YD

−1
T )× ∂ξnσ−3((D

∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′. (5.26)

By Lemma 5.3, we obtain

∂ξnσ−3((D
∗
TDTD

∗
T )

−1)(x0)||ξ′|=1 =
ic(dxn)

(1 + ξ2n)
2
− 4

√
−1ξnc(ξ)

(1 + ξ2n)
3
. (5.27)

By Lemma 5.2, we have

σ0(∇̃X∇̃YD
−1
T ) =σ2(∇̃X∇̃Y )σ−2(D

−1
T ) + σ1(∇̃X∇̃Y )σ−1(D

−1
T )

+

n∑

j=1

∂ξj
[
σ2(∇̃X∇̃Y )

]
Dxj

[
σ−1(D

−1
T )
]
. (5.28)

(1) Explicit representation the first item of (5.28)

σ2(∇̃X∇̃Y )σ−2(D
−1
T )(x0)||ξ′|=1

=−
n∑

j,l=1

XjYlξjξl

[
c(ξ)σ0(DT )c(ξ)

|ξ|4 +
c(ξ)

|ξ|6 Σjc(dxj)(∂xj
[c(ξ)]|ξ|2 − c(ξ)∂xj

(|ξ|2))
]
, (5.29)

By integrating formula, we obtain

π+
ξn

[
c(ξ)σ0(DT )(x0)c(ξ) + c(ξ)c(dxn)∂xn

[c(ξ′)](x0)

(1 + ξ2n)
2

]
= − A1

4(ξn − i)
− A2

4(ξn − i)2
+

A3

4(ξn − i)2
, (5.30)

where

A1 =ic(ξ′)p0c(ξ
′) + ic(dxn)(−

3

4
h′(0)c(dxn))c(dxn) + ic(ξ′)c(dxn)∂xn

[c(ξ′)], (5.31)

A2 =[c(ξ′) + ic(dxn)]p0[c(ξ
′) + ic(dxn)] + c(ξ′)c(dxn)∂xn

c(ξ′)− i∂xn
[c(ξ′)], (5.32)

A3 =

n−1∑

j,l=1

XjYlξjξl

(
(−2− iξn)c(ξ

′)(u + v)c(ξ′)− ic(dxn)(u + v)c(ξ′)− ic(ξ′)(u + v)c(dxn)

− iξnc(dxn)(u+ v)c(dxn)
)
+XnYn

(
− iξnc(ξ

′)(u+ v)c(ξ′)− ic(dxn)(u+ v)c(ξ′)

− ic(ξ′)(u+ v)c(dxn) + c(dxn)(u+ v)c(dxn)
)
. (5.33)
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In the same way we get

π+
ξn

[
c(ξ)c(dxn)c(ξ)

(1 + ξn)3
(x0)||ξ′|=1

]
=

1

2

[
c(dxn)

4i(ξn − i)
+
c(dxn)− ic(ξ′)

8(ξn − i)2
+

3ξn − 7i

8(ξn − i)3
[ic(ξ′)− c(dxn)]

]
. (5.34)

Then adding these identities gives

Tr
(
π+
ξn

( n−1∑

j=1

√
−1T (X, ·, ·)Yjξj +

∑

j=1

√
−1T (Y, ·, ·)Xjξj

)
× ∂ξnσ−3((D

∗
TDTD

∗
T )

−1)
)
(x0)

=

n−1∑

j=1

Yjξj
2iξn

(ξn − i)(1 + ξ2n)
3
trace

(
T (X, ·, ·)c(dxn)c(ξ′)

)

+

n−1∑

j=1

Yjξj
3ξ2n − 1

2(ξn − i)(1 + ξ2n)
3
trace

(
T (X, ·, ·)c(ξ′)c(dxn)

)

+

n−1∑

j=1

Xjξj
2iξn

(ξn − i)(1 + ξ2n)
3
trace

(
T (Y, ·, ·)c(dxn)c(ξ′)

)

+

n−1∑

j=1

Yjξj
3ξ2n − 1

(ξn − i)(1 + ξ2n)
3
trace

(
T (Y, ·, ·)c(dxn)c(ξ′)

)

=

n−1∑

j=1

Yjξj
2iξn

(ξn − i)(1 + ξ2n)
3

n−1∑

i=1

T (X, ei, en)ξi −
n−1∑

j=1

Yjξj
3ξ2n − 1

2(ξn − i)(1 + ξ2n)
3

n−1∑

i=1

T (X, ei, en)ξi

+
n−1∑

j=1

Xjξj
2iξn

(ξn − i)(1 + ξ2n)
3

n−1∑

i=1

T (Y, ei, en)ξi −
n−1∑

j

Yjξj
3ξ2n − 1

(ξn − i)(1 + ξ2n)
3

n−1∑

i=1

T (Y, ei, en)ξi (5.35)

Substituting (5.35) into (5.26) yields

− i

∫

|ξ′|=1

∫ +∞

−∞

Tr[π+
ξn

(
σ2(∇̃X∇̃Y )

c(ξ)(u + v)c(ξ)

(1 + ξn)3

)
× ∂ξnσ−3((D

∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′

=
( n−1∑

j,l=1

XjYl
2π

3
+

3

8
XnYn

) n−1∑

i=1

AiinπΩ3dx
′ +

n−1∑

j=1

(
XjTr

(
T (X, ej, en)

)
Yn + YjTr

(
T (Y, ej, en)

))4iπ2

3
Ω3dx

′

=

n−1∑

j,l=1

XjYl
2π2

3

n−1∑

i=1

Aiindx
′ +

3

8
XnYn

n−1∑

i=1

AiinπΩ3dx
′. (5.36)

(2) Explicit representation the second item of (5.28)

σ1(∇̃X∇̃Y )σ−1(D
−1
T )(x0)||ξ′|=1

=
(√

−1
n∑

j,l=1

Xj

∂Yl

∂xj

∂xl
+
√
−1
∑

j

A(Y )Xjξj +
√
−1
∑

l

A(Y )Ylξl

+
∑

j

√
−1T (X, ·)Yjξj +

∑

j

√
−1T (Y, ·)Xjξj

)√−1c(ξ)

|ξ|2 ; (5.37)
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By integrating formula we get

π+
ξn



( n∑

j

√
−1T (X, ·)Yjξj +

n∑

j

√
−1T (Y, ·)Xjξj

)√−1c(ξ)

|ξ|2




=π+
ξn



( n−1∑

j

√
−1T (X, ·)Yjξj +

n−1∑

j

√
−1T (Y, ·)Xjξj

)√−1c(ξ)

|ξ|2




+ π+
ξn

((√
−1T (X, ·)Ynξn +

√
−1T (Y, ·)Xnξn

)√−1c(ξ)

|ξ|2
)

=
( n−1∑

j

√
−1T (X, ·)Yjξj +

n−1∑

j

√
−1T (Y, ·)Xjξj

) ic(ξ′)− c(dxn)

2(ξn − i)

+
(√

−1T (X, ·)Ynξn +
√
−1T (Y, ·)Xnξn

)−c(ξ′)− ic(dxn)

2(ξn − i)
(5.38)

We note that i < n,
∫
|ξ′|=1

ξi1ξi2 · · · ξi2d+1
σ(ξ′) = 0, and

∑
i6=s6=t Tr[Aistc(ẽi)c(ẽs)c(ẽt)c(ξ

′)] = 0, then

Tr
(
π+
ξn

(
σ1(∇̃X∇̃Y )σ−1(D

−1
T )
)
× ∂ξnσ−3((D

∗
TDTD

∗
T )

−1)
)
(x0) = 0. (5.39)

(3) Explicit representation the third item of (5.28)

n∑

j=1

∑

α

1

α!
∂αξ
[
σ2(∇̃X∇̃Y )

]
Dα

x

[
σ−1(D

−1
T )
]
(x0)||ξ′|=1 =

n∑

j=1

∂ξj
[
σ2(∇̃X∇̃Y )

]
(−

√
−1)∂xj

[
σ−1(D

−1
T )
]

=

n∑

j=1

∂ξj
[
−

n∑

j,l=1

XjYlξjξl
]
(−

√
−1)∂xj

[√−1c(ξ)

|ξ|2
]

=

n∑

j=1

n∑

l=1

√
−1(xjYl + xlYj)ξl∂xj

(

√
−1c(ξ)

|ξ|2 ). (5.40)

By integrating formula we obtain

π+
ξn




n∑

j=1

∑

α

1

α!
∂αξ
[
σ2(∇̃X∇̃Y )

]
Dα

x

[
σ−1(D

−1
T )
]



=π+
ξn

(
n−1∑

l=1

√
−1(xnYl + xlYn)ξl∂xn

(

√
−1c(ξ)

|ξ|2 )

)
+ π+

ξn

(√
−1(xnYn + xnYn)ξn∂xn

(

√
−1c(ξ)

|ξ|2 )

)

=

n−1∑

l=1

(xnYl + xlYn)ξl

( i∂xn
(c(ξ′))

2(ξn − i)
+ h′(0)

(−2− iξn)c(ξ
′)

4(ξn − i)2
− h′(0)

ic(dxn)

4(ξn − i)2

)

+ xnYn

(−∂xn
(c(ξ′))

(ξn − i)
+ h′(0)

(−i)c(ξ′)
2(ξn − i)2

− h′(0)
−iξnc(dxn)
2(ξn − i)2

)
(5.41)

Substituting (5.41) into (5.26) yields

− i

∫

|ξ′|=1

∫ +∞

−∞

Tr
[
π+
ξn

( n∑

j=1

∑

α

1

α!
∂αξ
[
σ2(∇̃X∇̃Y )

]
Dα

x

[
σ−1(D

−1
T )
])

× ∂ξnσ−3((D
∗
TDTD

∗
T )

−1)
]
(x0)dξnσ(ξ

′)dx′

=
7− 15i

8
XnYnπh

′(0)Ω3dx
′. (5.42)
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Summing up (1), (2) and (3) leads to the desired equality

Φ̃4 =
(55π2

3

n−1∑

j=1

XjYj +
4− 15i

8
XnYnπΩ3

)
h′(0)dx′ +

(2π2

3

n−1∑

j,l=1

XjYl +
3

8
XnYnπΩ3

) n−1∑

i=1

Aiindx
′. (5.43)

case c) r = 1, ℓ = −4, k = j = |α| = 0.
By (3.12), we get

Φ̃5 = −
∫

|ξ′|=1

∫ +∞

−∞

Tr[π+
ξn
σ1(∇̃X∇̃YD

−1
T )× ∂ξnσ−4(D

∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′

=

∫

|ξ′|=1

∫ +∞

−∞

Tr[∂ξnπ
+
ξn
σ1(∇̃X∇̃YD

−1
T )× σ−4(D

∗
TDTD

∗
T )

−1)](x0)dξnσ(ξ
′)dx′. (5.44)

By Lemma 5.3, we have

σ−4(D
∗
TDTD

∗
T )

−1)(x0)||ξ′|=1 =
1

(ξ2n + 1)4

[(
11

2
ξn(1 + ξ2n) + 8iξn

)
h′(0)c(ξ′)

+

[
−2i+ 6iξ2n − 7

4
(1 + ξ2n) +

15

4
ξ2n(1 + ξ2n)

]
h′(0)c(dxn)

−3iξn(1 + ξ2n)∂xn
c(ξ′) + i(1 + ξ2n)c(ξ

′)c(dxn)∂xn
c(ξ′)

]

+
c(ξ)(3u− v)|ξ|2c(ξ)

|ξ|8 , (5.45)

and

∂ξnπ
+
ξn
σ1(∇̃X∇̃YD

−1
T )(x0)||ξ′|=1 =

c(ξ′) + ic(dxn)

2(ξn − i)2
Σn−1

j,l=1XjYlξjξl −
c(ξ′) + ic(dxn)

2(ξn − i)2
XnYn

+
ic(ξ′)− c(dxn)

2(ξn − i)2
Σn

j=1XjYnξj +
ic(ξ′)− c(dxn)

2(ξn − i)2
Σn

l=1XnYlξl. (5.46)

We note that i < n,
∫
|ξ′|=1 ξi1ξi2 · · · ξi2d+1

σ(ξ′) = 0, so we omit some items that have no contribution

for computing case c). Here

tr[c(ξ′)c(ξ′)c(dxn)∂xn
c(ξ′)] = 0;

tr[c(dxn)c(ξ
′)c(dxn)∂xn

c(ξ′)] = −2h′(0). (5.47)

Also, straightforward computations yield

tr

[
∂ξnπ

+
ξn
σ−1(∇̃X∇̃YD

−1
T )× 1

(ξ2n + 1)4

((11
2
ξn(1 + ξ2n) + 8iξn

)
h′(0)c(ξ′)

+
(
− 2i+ 6iξ2n − 7

4
(1 + ξ2n) +

15

4
ξ2n(1 + ξ2n)

)
h′(0)c(dxn)

− 3iξn(1 + ξ2n)∂xn
c(ξ′) + i(1 + ξ2n)c(ξ

′)c(dxn)∂xn
c(ξ′)

)]
(x0)||ξ′|=1

=

n−1∑

j,l=1

XjYlξjξl
h′(0)(7 + 6i− (20− 15i)ξn − (7− 6i)ξ2n + 15iξ3n)

(ξn − i)5(ξn + i)4

+XnYn
(3i− 11)ξn(1− ξ2n)− 16iξn + (13 + 7

2 i)(1 + ξ2n)− 16− 15
2 ξ

2
n(1 + ξ2n)

(ξn − i)2(ξn + i)4
, (5.48)
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and

tr
(
∂ξnπ

+
ξn
σ−1(∇̃X∇̃YD

−1
T )× c(ξ)(3u− v)|ξ|2c(ξ)

|ξ|8
)
(x0)||ξ′|=1

=

n−1∑

j,l=1

XjYlξjξl
−3iπ

8

n∑

i=1

Aiin +XnYn
−3iπ

8

n∑

i=1

Aiin. (5.49)

From (5.44),(5.48) and (5.49), we get

Φ̃5 =
((

− 35

3
+

50

3
i
) n−1∑

j=1

XjYjπ
2 +

(
5− 137

32
i
)
XnYnπΩ3

)
h′(0)dx′. (5.50)

Let X = XT +Xn∂n, Y = Y T + Yn∂n, then we have
∑n−1

j=1 XjYj = g(XT , Y T ). Now Φ is the sum of
the cases (a), (b) and (c). Combining with the five cases, this yields

Φ̃ =

5∑

i=1

Φ̃i =

[(
−2801

12
− 33i

32

)
XnYnπΩ3 +

(
−572

3
+

35i

2

)
π2g(XT , Y T )

]
h′(0)dx′

+
(3
8
− 3i

8
)XnYnπΩ3 +

4 + 3i

6
π2g(XT , Y T )

) n∑

i=1

Aiindx
′. (5.51)

So, we are reduced to prove the following.

Theorem 5.4. Let M be a 4-dimensional compact manifold with boundary ∂M and ∇̃ be an orthogonal con-
nection with torsion. Then we get the noncommutative residue associated to ∇̃X∇̃YD

−1
T and (D∗

TDTD
∗
T )

−1

on compact manifolds with boundary

W̃res[π+(∇̃X∇̃YD
−1
T ) ◦ π+((D∗

TDTD
∗
T )

−1)]

=
4π2

3

∫

M

(
Ric(X,Y )− 1

2
sg(X,Y )

)
volg

+

∫

M

(
− 1

2
Rg − 3divg(X) + 3 ‖ T ‖2 +9 ‖ X ‖2

)
g(X,Y )volg

+

∫

∂M

((
(
−2801

24
− 33i

32
)XnYnπΩ3 + (

35i

2
− 572

3
)π2g(XT , Y T )

)
h′(0)

+
(
(
3

8
− 3i

8
)XnYnπΩ3 +

4 + 3i

6
π2g(XT , Y T )

) n∑

i=1

Aiin

)
vol∂M , (5.52)

where Rg denotes the curvature tensor and s is the scalar curvature.
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