arXiv:2308.05191v3 [hep-th] 18 Apr 2024

PREPARED FOR SUBMISSION TO JHEP

Large black hole entropy from the giant brane
expansion

Matteo Beccaria® and Alejandro Cabo-Bizet ¢

@ Universita del Salento, Dipartimento di Matematica e Fisica Ennio De Giorgi, and . N.F.N. -
sezione di Lecce, Via Arnesano, I-73100 Lecce, Italy

E-mail: matteo.beccaria@le.infn.it, acbizet@gmail.com

ABSTRACT: We show that the Bekenstein-Hawking entropy of large supersymmetric black
holes in AdSs x S° emerges from remarkable cancellations in the giant graviton expansions
recently proposed by Imamura, and Gaiotto and Lee, independently. A similar cancellation
mechanism is shown to happen in the exact expansion in terms of free fermions recently
put-forward by Murthy. These two representations can be understood as sums over in-
dependent systems of giant D3-branes and free fermions, respectively. At large charges,
the free energy of each independent system localizes to its asymptotic expansion near the
leading singularity. The sum over the independent systems maps their localized free en-
ergy to the localized free energy of the superconformal index of U(N) N = 4 SYM. This
result constitutes a non-perturbative test of the giant graviton expansion valid at any value

Ent .
—32Y , it recovers

of N. Moreover, in the holographic scaling limit N — oo at fixed ratio
the 1/16 BPS black hole entropy by a saddle-point approximation of the giant graviton

expansion.
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1 Introduction

Recently, the counting of small ---BPS states in 4d U(N) N =4 SYM on R x $? [1, 2| has
been nicely related to the problem of counting gravitons and giant brane BPS excitations
in AdSs x S° [3, 4] [5, 6].

It is known that upon truncation at powers of g of order N or smaller, the %G—BPS index
Z(q) matches the N-independent index Zx(q) counting BPS multigravitons in AdSs x
S® [1]. The coefficients in the g-series of Z(g) that depend on N appear only at powers
of g of order N or larger [7, 8]. This is because the traces of products of more than N BPS
gauge covariant letters can be always written as a linear combination of multiple single trace
gauge invariant states. The dependence on N implied by these constraints is essential to
obtain a growth of states as N grows. Should there be no such dependence, there would be
no chance to match the order N2 growth predicted by the dual black hole entropy (which
we know is not the case).



The g-monomials with N-dependent coefficients can be reorganized in linear combi-
nations of subsums with an overall pre-factor ¢V, ! where n is a positive integer. Such
reorganization is obviously non-unique. 2 As recognized in [3, 4] [5, 6], there is at least
one such reorganization for which the ¢™-weighted subsums count n D3 brane excitations
wrapping supersymmetric and contractible S3-cycles in S® .

Whether this organizational pattern continues to hold for the complete g-series Z(q)
remains an open question. > For example, it is possible that new stringy excitations
in AdSs x S° are required at large enough N and charges of order N2 in order to keep
the correspondence going. This puzzle is important to elucidate because for such charges
the number (counted with signs) of %G—BPS gauge-invariant states in the gauge theory, the
coefficients of the g-monomials, grows with N as the exponential of the dual black hole
entropy [9-11]|. Thus, in a sense, it is a priori unclear whether such an entropy growth can
be understood by working solely within the D3 brane systems prescribed by the proposal
of [3].

Another giant graviton-like reorganization of the index, an exact one by construction,
has been recently put forward in [12]. * This reorganization is not quite the same as the
proposal of [3] — as explained in [13] — but it seems to be closely related to it as argued
in [12] and [14] . Being an exact expansion, it would be useful to understand the physics
behind it and how close it is to the physics of the proposals of [3] and [5]. °

The main goal of this paper is to study the giant graviton representations of [3, 5, 6]
and [12] at large charges and to compare the results with the ones obtained with the canon-
ical matrix integral representation [10, 18-22]. Moreover, we will also aim at understanding
whether at large-N the entropy of dual 1/16 BPS black holes can be recovered from the
perspective of giant-brane expansions. We advance that the answer to both these previous
quests turns out to be positive.

Using the representation of [3] and working in the macrocanonical ensemble, at large
charges and for all N we will show that an exponentially large number of cancellations
occurs when summing over the giant brane number n. Such cancellations can be explained
in terms of an extremization mechanism for the giant graviton number n. At N > 1
this mechanism explains how the dual black-hole entropy is recovered within the giant

graviton expansion, and its derivation provides, in particular, a first-principle explanation

!Sometimes it will be more convenient to work with chemical potentials e.g., t, dual to the rapidities
e.g., q =™,

2For instance, assume N = 8 then a monomial ¢'¢ in the total index can be divided in many ways into
contributions coming from the subsums labelled by n =1 and n = 2.

3For the Schur limit of the %—BPS index the correspondence applies to the complete g-series [5, 6].

4This study covers a family a matrix integrals that include the superconformal index as a particular
case.

5Tt would very interesting to understand whether there is a systematic way to identify holographic
dualities of this kind starting from the partition function of free gauge theories. The approach put forward
in [5, 6] seems natural to start thinking about this problem. The approach of [12] gives a first step in such a
direction as well. The next step though, which would be to understand how to translate the averages over
free-fermion systems to partition functions of brane systems in AdSs x S°, seems more involved. Perhaps
some of the ideas in [15, 16] may be useful, at least to study % [17] and %-BPS indices, and to understand
what stringy/brane excitations the individual free-fermion contributions are counting.



of the large-N extremization mechanism proposed in [23]. More generally, the mechanism
here identified implies that the latter cancellations continue to happen at large charges for
any value of N, not just in the large-N expansion. It will be also shown that a similar
extremization mechanism holds for the exact giant graviton-like representation of [12] and
checked — against numerics — how such mechanism exactly accounts for the exponentially
large cancellations happening after summing over individual giant graviton-like subseries
(in appendix D, see plot 1).

In the representation of [3, 5, 6], this extremization mechanism will tell us that the
black hole entropy [24-26] comes from the superposition of a pair of complex conjugated
saddle points whose semiclassical contributions evaluate the sum over giant graviton brane
number n. The canonical matrix integral representation of the index [1] is known to be
dominated by a pair of complex conjugated eigenvalue configurations too [11, 27-30][8].
The latter and the former pairs are related: they provide two different interpretations of
the very same contributions to the index at large charges of order N2. 6 It remains for the
future to understand the physics of the excitations accounting for subleading corrections in
both, the canonical matrix model and giant graviton(-like) expansions, and for both small
and large black holes. 7 8

The paper is organized as follows. After a summary of results, in section 2 we explain
how the large-charge approximation simplifies the counting of states, and introduce tools
that will be useful later on. In section 3 we introduce conventions, and the two represen-
tations of the superconformal index that we will study. In section 3.3, and as warm-up for
the analysis of the giant graviton indices, we compute the large charge asymptotics of the
superconformal index using a novel approach that turns out to be convenient for our scope.
In section 4 we apply the previously mentioned asymptotic tools to understand how the
large-charge growth of the index is matched by the large-charge counting of giant gravitons
for all N not just at N > 1. In appendix C we explain the role played by the choice of
contour of integration [6][17] in the large charge expansion. In appendix D we move on to
study the exact representation of the superconformal index put-forward in [12] and con-
clude explaining how exponentially large cancellations among individual giant graviton-like
contributions are understood in the macrocanonical ensemble.

1.1 Summary of main results

Let us briefly introduce and summarize our main results. Detailed expositions will be
presented in the main body of the paper.

As mentioned in the introduction, the authors of [3, 5, 6] proposed that the supercon-
formal index Z of four-dimensional U(N) N = 4 SYM on S can be expanded in a sum over

5Tt would be interesting to understand what is the physical meaning in the microcanonical ensemble of
the Zo operation that exchanges the two leading saddles. What are the two groups of 1/16 BPS states that
carry charge +1 under this operation?

“In the context of the canonical matrix integral representation of the index, this problem has been
partially analyzed in [30, 31].

81t would be also interesting to study how the defects recently studied in [32] deform the giant-graviton
expansions.



indices Z,, := Tk Ly, no,ns Of stacks of ny, na, n3 giant graviton D3-branes wrapping three
contractible S3-cycles in S°. 9 The details of this proposal will be given in subsection 3.1.
Schematically, it looks as follows

() = Ty() = > Tult). (L1)

ni,n2,mn3

In this relation t denotes the set of chemical potentials {1, @2, 03,7} 1° dual to the charge
operators

Q = {01,92,93,3}. (1.2)

' The three spin-twisted R-charges Q12,3 and the right spin that we denote here as J,
respectively. ' From now on we call them R-charges and spin, respectively.
Let the lattice of eigenvalues of the operators (1.2) over a basis of eigenstates spanning
the space-of-(BPS)-states in N' =4 SYM be

Sn=4 = {2} (1.3)

13 Let the lattice of eigenvalues of (1.2) over a basis of eigenstates in the space-of-
(BPS)states of the n-brane theory be

Si = 1955} (1.4)
Let us denote the union of all possible BPS lattices of charges of n-brane theories as
Sgg = {Qgg} = g{SéZ)- (1.5)

14 With these definitions in mind, we put forward the following proposal to test giant
graviton identities like (1.1). The indices of N'=4 SYM and of the proposed n-giant brane
theories can be encoded in formal Fourier expansions '° at the domain t = t € R* (to
avoid issues with convergence in the discussion below one can freely replace the index by its
truncation to the finite sum of terms necessary to count states at certain level of charges )

)= a@)e™?, LM =3 a (i) (1.6)
Q2 (n)

99

9The fact the cycles are contractible implies the existence of tachyons: the low energy spectrum of this
D3-branes is rather different from that of ' =4 SYM.

0T ater on we will use the convention A; = —2mipr, I =1,2,3, and w1 = — 27ir, after fixing wy —
iQﬂ'l —|— A1—|—A2—|—A3 — W1 .

" This is the same set of charges defined in (3.24) and that will be denoted as @’ in section 4.

12By R-charges and spin we refer to the charges that have such an interpretatio?from the perspective of
the 4d N = 4 SYM leaving in the boundary of AdSs. From the perspective of the giant branes the meaning
of R-charge and spin is exchanged.

3Purposely denoted with the same letter as the operators. We hope this does not create much confusion
in the reader.

A1l these three charge lattices can be projected in R* (with degeneracies). They are, closely related to
weight lattices of SO(6) x SO(4).

15Their truncations are finite Fourier series.



The Fourier expansion coefficients of Z(t) can be computed by computing the Laurent ex-
pansion of its matrix integral (plethystic) representation around q = €' = 0 and they
are bound to be integer numbers which can be either positive or negative. The Fourier
expansion coefficients of Z,,(t) can be computed from Laurent expansions of their plethystic

representation (and truncations of it) by carefully expanding its plethystic representation
2mrit

around q = e“™ = (. By carefully expanding, we mean that we only take Laurent expan-

sions in q’s around the origin when they appear as second or third arguments in the elliptic

functions I'. and 6y that define the integrand of Z,(t) (and that will be reported in (3.36)
and(3.38)). 1® Then, after integrating over gauge rapidities one obtains the a,’s, which are
also bound to be integer numbers that can be either positive or negative. 17

The total sum of giant brane indices (1.1) can be also written as a Fourier series

Tye(t) = Zagg(ggg)e%imgg ) (1.7)
Dgg
where
agg(Qqg) = ZU’@(QQQ)- (1.8)

n

For later convenience it should be said that the sum over n in (1.9) is not a series
because a,(2y,) vanishes for large enough values n, at a fixed Qg,. 1®

It is clear that Sy is much larger than Syr—4 , and also that a necessary condition for the

equality (1.1) to hold is Syy—4 C Sy . Our discussion above implies that a microcanonical

version of the proposal (1.1) is

{a(Q), if Q4 =9 € Sy L9)

0, otherwise

agg(Qqg) = Zaa(ﬂgg) Z

Our proposal (1.9) to test (1.1) says that the sum over giant graviton numbers n must
project the BPS giant graviton spectrum Sgq to the much smaller gauge-theory spec-
trum Spr—4 of BPS states. In forthcoming work we will study (1.9) at finite values of
charges 9 .

As said before, the proposal (1.1) has been checked for small enough values of Q ~
N [3][6]. Our goal in this paper is to show that at large charges Q — oo (and for all N) a
precise and more general version of the following asymptotic relation holds '*

137 au(Q)] ~ la(Q)] ~ elVZ)3Imea? Nz (1.10)

5These are the elliptic (modular-like) parameters appearing after the semicolons.

"In particular the Fourier series computed in this way will not start with 1 as for the usual index. That
is because of the presence of tachyons. These contributions cancel out after suming over n, provided one
has correctly integrated out gauge rapidities.

8 This is because by definition the generating function of the integer number a, () is a g-series that
starts at a power larger than q™". Thus, schematically speaking, at any £ the integrals (1.11) that define
the microcanonical indices a,(Q) are forced to vanish for every n larger enough than Q/N .

19The precise definition of the symbol ~ will be explained below.



This is, that at large charges and for all N the sum over the giant graviton microcanonical
indices ay,, evaluated at charges Q € Syr—4 matches the exponential growth of %—BPS states
at charges Q.

In this relation the quantity c is an order 1 real contribution that depends on how fast
the spin J grows in relation to the R-charges, we will come back to comment on it below
(e.g. a particularly simple case where ¢ is simply a c-number will be reported in (3.77) but
our results cover more general cases).

To illustrate, let us briefly explain how the particular result (1.10) is obtained. In
subsection 2.3 we will introduce a large-charge localization Lemma that will help us to

loc

compute localized contributions a9, to the giant graviton index. The microcanonical index
of giant gravitons is defined as follows

a,(Q) == /thIn(t) e~ (1.11)

In this equation I' is a period (of the integrand) in the four-dimensional moduli space of
chemical potentials, denoted as t. By saying that I" is a period we mean that it is a cycle of
periodicity of the integrand (following from quantization and periodicity of the dual flavour
charge lattice Sg(g)). It is important to say that I' is independent of the giant graviton
number n. 2° In this equation the gauge-rapidities have been already integrated out using
saddle-point approximation. 2!

The alfgfﬂ are two equally-dominating contributions to (1.11) in its asymptotic expansion

at large R-charges, assuming generic growth for the spin J, and any n

an(Q) ~ a',(Q) + ', () . (1.12)

These two contributions 4+ are complex conjugated to each other
aloe () = / 4t T (£) =212 (1.13)
n b, B

The large-charge localization Lemma of 2.3 will tell us that the contours I'x. can be under-
stood as small subpieces of the contour I', centered at the leading essential singularities of
the integrand Z,(t) in the moduli space of chemical potentials t. These singularities are
located at specific values of the chemical potentials ¢ = {@1, @2, ¢3} dual to R-charges. In
the cases of interest to us, there are two types of such divergences that we label by the two

choices of signs + . The localized form of the integrands, Iéi) (t), are the leading asymptotic

expansions of Z,(t) around the essential singularities +.
After commuting the sum over n with the integrals over 7 in (1.11) one obtains

S (9) = /F dt (ZIj(t)) e~ 2ma (1.14)

20That there is a common cycle for all the charge lattices Sé,") can be seen from the definitions of Zp(t)
(given in (3.33)). Namely, such integral is invariant under changes of rapidities t — t + 1 for all n.

2The contour of integration over gauge rapidities could depend on n, but in the large-charge approxi-
mation it is enough to localize its integral to its leading saddle point u}, = 0 which is independent on n.
Thus, effectively, if there is such dependence it disappears at large charges. The details on our conclusions
regarding the integration over gauge rapidities are presented in appendix C.



As it will be explained in the main body of the paper, the sum over n can be replaced by
an integral over a compact domain whose asymptotic behaviour around the singularities +
(and at large R-charges) can be obtained by the saddle point method

ST ~ 701 (1.15)

The saddle point condition ends up taking a simple linear form that fixes n = n* := n*(t)
as a function of t. The function n*(t) is defined by a linear relation of the schematic form

N
p-nk o= 51, (1.16)

where fi(t) are cubic polynomials in t such that |fi(t)| is finite and non zero as 7 — 0.
The explicit form of this equation will be specified in the main body of the paper. 22

To compute the asymptotic behaviour of fl“j: dtfé? (t)e™2mQ at large 9, not just at
large R-charges as before, but also at large spin J, we use again a saddle point evaluation

*
ny

/ a7 (e 2R ~ T (e <l (1.17)
j - o

This time the saddle-point condition fixes the chemical potentials t, and in particular the
one dual to spin J, 7, to a function of charges £ (led by the spin J)
N2/3
T = T:T:(Q) = CTj: 31/3 9 (118)
with ¢, being order 1 contributions that depend on how fast the spin J grows in relation
to the R-charges. At this point we simply collect results and obtain

D an(Q) ~ a6, +al%. (1.19)

n

which after trivial algebraic manipulations leads to the announced asymptotic relations (1.10).
By composing (1.16) with (1.18) we obtain the scaling properties of the complex saddle
point configuration that dominates the sum over giant gravitons

32/3

24 N3 (1.20)

Gt -0k~ c
In this equation ¢; 4 and ¢z + , again, represent order 1 23 contributions that depend on how
fast the spin J grows in comparison with the R-charges. In particular, we note that co +

are complex quantities. 24

*2¢.¢. the simplest possible example comes from equation (4.29)+(4.42) after constraining Az = —A; —
As — 2wy F 27i, and Az = A1, and then identifying w; — —27iT and Ay — —27ip.

21f one fixes the angular momentum J to be small and instead considers large R-charges then the
conclusions are different (See the discussion in the last paragraph of subsection 3.3). In this paper we will
not study in detail this other domain of the spectrum of charges.

24They are related to the constant ¢ in (1.10).



In summary, the asymptotic relations (1.10) show that the giant graviton proposals
of [3][5, 6] capture the large charge (for all N) asymptotic growth of the microcanonical
superconformal index. Moreover, using the large-charge localization lemma we show that
in the holographic scaling limit

9]
Q — o0, ﬁ = ﬁXed, (121)

the giant-graviton representations exactly recover the entropy of 1—16—BPS black holes in AdSs ,

at generic values of the ratio % , where in our conventions G5 = ¥ . 25 Namely,
lagg(Q)| = dpr(Q) = r1@ (1.22)

upon imposition of the non-linear constraint among charges that in the bulk corresponds
to avoiding CTC’s. More on this, will be said below.

2 State-counting at large charges

The large charge approximation has been a useful tool in varied contexts as, for example,
the computation of anomalous dimensions, correlation functions, partition functions, the
conformal bootstrap, cf. [34-38] [39]. Let us explain briefly how this tool applies to the
counting of operators in quantum statistical system. 26

Consider a 27-periodic complex function f = f(x) = f(x+2m) with a set of singularities

at T = Tgsing € R, a=1,2,..., such that

5 _
f <$a,sing+ 37) AN Anfa ((533) s n > 0, (21)

A ) Asoo

where the definition of the symbol oty which denotes an asymptotic relation, is given in
_)

appendix A.
Let us consider the average

d(Q) = /Fd:c el (@) —izQ Qez, (2.2)

over a cycle I' that can be decomposed in an integral combination of Lefschetz thimbles I«
ending at saddle points = z* of the exponent f(x) + iz@ .

25Note that for the black hole scaling (1.21) the absolute value of the complex saddle points (1.20) becomes
of order N as expected.

26In the context of superconformal and topologically twisted indices a particular case of one such large-
charge approximation known as the Cardy-like approximation has been thoroughly studied in the last few
years [10, 18-21] [22, 40-50][51-54][55]. Perturbative corrections to the leading asymptotic behaviour of
four-dimensional N' = 1 superconformal indices in the large charge expansion have been exactly matched
against higher-derivative corrections to the leading semiclassical onshell action of AdSs black holes in the
relevant dual supergravities [56-58]. It would be very interesting to study the large charge expansion of
the partition function at non-vanishing coupling, of say N' = 4 SYM, at least in near-BPS sectors [59-
61][62][63]. The goal being to try to extract universal lessons that could be compared against recent
holographic expectations e.g. [64, 65].



Under these assumptions, the leading asymptotic behaviour of d(@) in the large charge
approximation
Q = gA\"™ A > 1, ¢ = finite, (2.3)

is determined by the asymptotic form of the saddle points z*, which in the large charge
regime become infinitelly close to the singularities x4 sing,

ox*
= ; — 2.4
X Za,sing T A ( )
with
dz* : fl(6z*) —ig = 0. (2.5)
Then, under the previous assumptions and in the large charge approximation, we have

d(Q) ~exp e (Far (52%2) = i(@ar simgA+0274)q) (2.6)

A—oo

where a*, dx}. label the singularity a = a* and the solution dx* = dz%. of (2.5), respectively,
that maximize the real part of the exponent A™ ( fa(02*)—i(z,, smgA+5x*)q) . The definition

of the symbol ~ey;, , which denotes an asymptotic relation, is given in appendix A.
A—o0

2.1 An illustrative example

As an example, we briefly discuss a simple toy model. Let us assume Q = ¢gA? to be a
positive integer,

f(z) := —micsc? <;) . (2.7)
In this case, we have n = 2, and

4mi

falz) = ——5 . (2.8)

x

Let us fix the integration cycle as follows

(-1+iv3) =
vQ

Obviously d(Q) is convergent, because I' is compact and it does not intersect the set of

I = {yE(C|y:33+ ,:1:6[0,277)}. (2.9)

singularities
Tq,sing = 0 + 2mi(a—1), a=1,2,.... (2.10)

There are three saddle points around each singularity x4 sing. At large charge, they take

S (-1—ivB3) ¥m 2¥m (-14+iV3) ¥m .

o Ve R
Notice that we have engineered the integration cycle I' to intersect the last saddle. This
guarranties |d(Q)| oo for Q@  oo. Indeed, one can check numerically for @ ~ 100
and larger, that the integral d(Q) localizes to the integrals over the infinitesimal vicinity

the form

(2.11)



of the contour I' that becomes infinitely close to the singularities. More precisely, at large
charges, d(Q) localizes to its saddle-point approximation which is, at leading order, 7

+ 3 2/3
d(Q) ~exp €Xp LQQ , for () a positive integer . (2.13)
A—o0 (—i + \/3)

The prediction coming from the saddle point intersected by T' for Q@ < 0 is d(Q) = 0,
which happens to be the correct answer as well, i.e., the answer we computed from the
direct numerical evaluation of the integral d(Q) at @ < 0. This happens because the
cycle I' has zero intersection number with the Lefschetz thimble ending at the saddle point
that produces exponential growth of the quantity e/(*")=1#"@ at Q « 0, which is the first
one in (2.11).

2.2 Application to the superconformal index

In the case of the superconformal index, we are interested in computing integrals over
multidimensional cycles of the form

dQ) = /F dw/F dy ¢ Ser(zn) iz Q" (2.14)
gauge

at large and positive integer charges Q' . Here, x denotes the set of four chemical potentials

dual to four global charges Q’ .2 T and ['jauge are integration cycles that we assume can
be decomposed in integral combinations of Lefschetz thimbles of Seg(z;u). The effective
action —Seg(z;u) is the logarithm of the integrand of the superconformal index Z(z) :=
fl“gauge due=%#@%) - Ag it will be shown below, Seg(z;u) has leading singularities located
at

T4, sing » T5,sing = 2mi(ass —1). (2.15)

The free energy takes the form

04 x5 - 0xy OTs
Seff<56173327334,smg + 5 Fssing t T;u) ol s(x1, z2, o T;y) , (2.16)
where e 8
s(z1, w2, %, %;u) = A’ 5p (21, @2, 624, 655 1) (2.17)
and most importantly, these two functions are asymptotically-equal
gA($1,$2,5$4,(5$5;Q> ~ 1. (218)

§(ac1, x9, 5.%'4, (5.%‘5; @) A—oo

*"Having into consideration the contributions from the two saddles whose thimbles are intersected by the
contour of integration [0, 27], labelled by a = 1,2, and one-loop logarithmic corrections about each one of
them, one obtains an improvement of (2.13). Comparing absolute values for simplicity, as we will eventually
do, one obtains

n2/3 wz/sﬁ%ﬂ%a Q2
|d(Q)| R 7307 X e V3Q2/3 . (2.12)

Now the quotient between the left and right-hand sides is 1 at A — oo.
*8In terms of the usual notation for the chemical potentials of N' = 4 SYM {A1,Aq, As,wi,we},
with Az = —=A1 — Ay +wy + wa , We define —ix17273 = A172,3, and —i$475 = w1,2.

~10 -



Notice that the singularities (2.15) are not points but a 2-cycle I'; o spanned by the vari-
ables x1 2 (times the integration cycle I'gqyge Over the gauge potentials). Then, following
analogous reasoning as before and using (2.18), it follows that at large charges

Qiz = q12A%, Qs = disA, (2.19)
one has

A(Q) ~exp exp(A?(—5(at, a3, 003, 0afs ) — iafq) — iwha) — iowias — idw3ah) ), (2:20)
A—o0

where the x denotes one of the saddle points that maximize the real part of the exponent

in (2.20) among those intersected by the Lefschetz thimbles that compose the original

cycle '®I'.. Asin the simplest toy example before, such saddle points will be asymptotically

close to the singular locus I'1 2 X T'gquge 0f Seg(z;u) in the scaling limit (2.19). Note that

the first perturbative corrections in the %—expansion are also captured by (2.20). They are

encoded in the Laurent expansion of s(z) around x4 = x5 = 0.

2.3 Large-charge limit as a localization mechanism

Let us come back to a generic function f = f(x) with a regular singularity zging

iT4ing@Q = 27in,, n ez, (2.21)
such that 5
l’ ~
f (azsmg + A) A A" fa (6) n >0, (2.22)
with a single dominating saddle x* = x4 + %. Let us further assume that given the
equality
~ ~rx
A" fa(z) = f (K) : (2.23)
the functions fy(z) and f(z) are asymptotically-equal (2.18)
Ial@) oy (2.24)

Then, as we explained before, in the large-charge scaling limit

Q = g™+, (2.25)
it follows that B
/ de! @@ / (5" (Fa(ez)—idza) (2.26)
r A—oco F(Sw*
where I'g,» is the Lefschetz thimble of fA((Sx) — idzq intersecting the dominating saddle
point dz*.
After scaling the variable dx — yA , equations (2.26) and (2.23) imply
f()-i2Q F)-w@ .. 02
dze ~exp dye , y= e (2.27)
r A—oco JT

y*
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where I'y« is a Lefschetz thimble of f(y) —iy@Q that ends up at the dominating saddle
point y*. 29
Thus, to compute the asymptotic behaviour of d(Q) at large values of charges

Q ~ A" (2.28)

we only need to plug the asymptotic expansion of f(z) around z =0

_ fem Fent
foy=t 4!

xn wnfl

+ O(SC2_”) , (2.29)

into the integral

dyel W) —1v@ (2.30)
.

This integral will be called the large-charge-localization or large-charge coarse grain of the
original integral fl‘ e/ @=12Q " and it is much simpler to study. Roughly speaking, this
localization mechanism tells us that at large charges the function f(z), which could be rather
complicated, can be substituted by its asymptotic expansion f(y) around the singularity y =
0, i.e., the singularity that attracts the leading saddle point y = y* at large charges. It
should be also noted that the integration cycle needs also to be modified as indicated
before. The subleading and perturbative terms in the asymptotic expansion of fv(y) give
exact perturbative corrections to the leading prediction for the asymptotic growth of d(Q).
The generalization of this localization mechanism to the case where f(z) depends on
more than one variable (when the singularities can be not only points, but also cycles), is
straightforward. For example, the microcanonical index (2.14), is such that the localized

action s (essentially the series expansion of the complete effective action about the leading

singularity)
= L4 L5, ~ A2T. (-
5($17$2’ A A,y) O Asalzw), (2.31)
is (weakly) equal to sp
3a (2 u)

— ~ 1. 2.32
S(xyu) A—oo ( )

Then as a consequence of (2.20) it follows the large-charge localization formula or lemma:

d(Q) ~exp /F dydu e W -LQ (2.33)

A—oo y* u*

In this equation I'y .+ is a 4 + N-dimensional integration contour. It is also a combination
*

of Lefschetz thimbles of —5(y; u) —iy- @ and it intersects the leading saddle point(s) y*, u

Ous(y; u) =0,  0y8(y;u)

y=y*,u=u* y=y*,u=u*

—iQ =0, (2.34)

with intersection numbers defined by the decomposition of the original integration con-
tour I' xI'yquge in terms of the Lefschetz thimbles associated to the original exponent S (g; u) —

ig-Q.

Note that we have dropped out a factor of A which is subleading with respect to the eAz-growth that

comes from the exponential in the integrand.
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In conclusion, to compute the asymptotic behaviour of d(Q) at large values of charges
we need, first, to compute the asymptotic expansion of s(y1,y2,y4,ys) around y4 = y5 =0

S yoiw) | 5O,y ysiw) 5D (e, 9s 555 0)
YaYs Ya Ys

+ subleading
(2.35)

S(ysu) =

which, by construction, is the same as the asymptotic expansion of the complete effective
action S(y,u) around y4 = y5 = 0. Second, we must compute the leading saddle point
values y* and u* of the desired truncation of (2.35). Then, at last, we obtain the following
asymptotic formula

AQ) ~erp €W )W, (2:36)

T A—oo
In the following sections we will use this recipe, and particularly its integral version,
the large-charge localization formula (2.33), to compute asymptotic behaviours.

3 The 1—16—BPS index at large charges

The superconformal index of 4d N'=4 SYM on R x S? is defined as [1]

T = Try |(—1)FplpJwf w§w§? (3.1)
with the constraint
w1 WoW
1728 1 (3.2)
p1ip2

Substituting it in (3.1) fixes the four-dimensional lattice of charges within the five-dimensional
lattice spanned by {J, J,Q1,Qo, Qg} that commutes with the two super (conformal) charges
that define the index 7.

The commuting charges in (3.1) are defined as follows

J=FE—-J,+ Jg, jZE—JL—JR,

(3.3)
Q1 =-qp—qg, Q=-gq—-q¢g, Q3=—-q—q,

in terms of the dilation operator F, the left and right angular momenta Jr, g in the Cartan
of the SO(4) = SU(2) x SU(2) isometries of S, and q1, g2 and g3 are the Cartan elements
of the SO(6) R-symmetry. *° The following definitions of rapidities and chemical potentials
will be useful later on

wy = e A1 , Wy = e A2 , W3 = e A3 (3.4)
pr=e pp =R '
For gauge group U(N) the index can be written in the form [1]
N N
7= §an T[] Pexp (iwipn.p2) U (3.5)
a=1b=1

30We use the conventions and values of charges of fundamental letters of e.g. [66].
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where U, is the a-th diagonal component of a diagonal unitary matrix, and Uy, = U,/ Us.
The measure in (3.5) is defined as

N
an = i 1 ot T (- U, (3.6)

and

(1 —wq) (1 —we) (1 —ws) .

i(w; p1,p2) =i (w1, w2, we; p1,p2) = 1 — 3.7
( ) =4 ) (1 =p1)(1—p2) (37)
The plethystic exponential is defined as usual
o R(zl ,,,,, zl)
Pexp (R (1, ..., xq)) = eXi=1 R , (3.8)
for any rational function R of d rapidities z1,...,xq. In particular,
1
Pexp (Ugp) = U, a#b. (3.9)

Summarizing different representation for the index that can be found in various refer-
ences [1][2][67] (see also, for instance [68]) we recall that

N 1—wi) (1—wh) (1—wh)
1= N’fH 27r1U H eXp< Z( l(l_pl) (1—p12) )Uab>

a#b=1 =1

(3.10)
_N%H H I, (wIUab,phpQ)’
27T1U i Le (Uab; P1,p2)
where the normalization (or zero modes) factor is defined as
Pex w; P1, N
N = N(N,wy, wa, w3;p1,p2) = (Pexp (i (le91 p2))) : (3.11)
and
3
Pexp (i(w;p1,p2)) = (p1;p1) (p2;p2) [ [ Te (wr; p1,p2) - (3.12)
I=1
Two ways of implementing the constraint among rapidities
The constraint
Tets (3.13)
p1p2
can be implemented in various ways.
Expansion A) The implementation (A)
w3 1= Pip2 , (3.14)
wiw2
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(and analogously for the case obtained by the permutation of the indices 1,2,3 of w’s)
defines the following series expansion

—/ A7) Q/ Q/
I= > d<J’,J,Qi,Q’2>p1’p§w11w22, (3.15)
I T Q4 Qh
in terms of the four charges

J=J+Q3,J =J+Qs3,Q1, = Q12 — Q3. (3.16)

For (3.15) to be a well-defined expansion, i.e. for it to follow from the original repre-
sentation (3.5), requires imposing the following condition (A)

Ip1p2| < [wiwsl, (3.17)

which together with
Pal s w123 <1, (3.18)

guarantees absolute convergence of the series in the exponent of the plethystic exponential
defining the index (3.10).

Scaling limit A) For later purposes, we note that the condition (3.17) implies that in a
scaling limit to the boundary of the convergence region of representation A)

pr2 —1—e =1, (3.19)

necessarily
Re(A7) — 07 (3.20)

where I = 1,2,3. Thus, we are free to assume that in such a scaling limit
A[ — Im(A]> i, (321)

where Im(Ay) is a generic real number (which eventually we will require to be different
from 27n, with n integer).
Expansion B) The implementation (B)
wW1wWwaWs3
b2 = T’ p2 # p1, (3.22)

(and analogously for the case obtained by the permutation of the indices 1,2 of p’s) defines
the following series expansion

7= Z c?(jl, Ci)v'l, QV’Q, @g) p{/wglw§2w§3 , (3.23)
T',Q1,Q5.Q4

that counts degeneracies as a function of the four charges

J =TT, Qlaz:=Qios+J. (3.24)
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These charges relate to (3.16) as follows
T =0 -7,Q=Q,+7,Q =17, (3.25)

Obviously, the two degeneracies d and d are related by the composition conditions (3.25).
For (3.23) to be a well-defined expansion of the index Z, i.e. for it to follow from the
original representation (3.5), requires imposing the following condition (B)

|w1w2w3] < ’p1| . (3.26)

Scaling limit B) For later purposes, we note that the condition (3.26) implies that in a
scaling limit to the boundary of the convergence region of representation B)

w123 — 1—¢€, — 1_, (3.27)
necessarily
Re(w1) — 0. (3.28)
Hence, we are free to assume
w1 — Im(wy)i, (3.29)

where Im(w;) is generic real number (which eventually we will require to be different
from 27n, where n is an arbitrary integer number).

We will use the expansion B) for the study of the giant graviton representation. As
mentioned before, the domain of convergence of the giant graviton Hamiltonian traces is
different from the one of the %—BPS index of N' =4 SYM. In such an analysis, extensive
use of analytic continuation will be required.

3.1 The giant graviton proposal

The giant graviton expansion proposed in [3] is

T = Tk Toc (3.30)

where Tx g is the generating function of BPS multi-graviton excitations at N = oo
(closed strings contributions)

1wl wh wh » ph
ITxx = ex 7< + + — - )
KK P IZZ 1—wl 1—wl 1—wé 1—pl1 1—pl2
- (3.31)
_H 1—w1 (1—IU2)(1—IU13)
e (1= ph) (1-1ph)
and Igg is the giant graviton index
o

Tag = Y, wi ™ wy ™ wy™ Lo, ny s - (3.32)

n3=0
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Here, 7y, s n, is the index of n1, no and ng stacks of D3 branes wrapping three different S 3
cycles within the internal space S® (i = 1,2,3), times the index of open strings ending on
pairs of stacks [3].

Concretely,
Iﬂ(t) = Im,nz,ns - f% dprdpedps Ii? na, nsziil nz,n3’ (3.33)
gauge
with measure | o dU(I) nr U(EI)
dur = |H =zm)- 230

T
=5 2nivs”) atb=1 Ub( :

The closed contour I'yqyge, Which is not the trivial unit-circle, has been proposed and tested
at small values of N and charges in [6] [3]. Another seemingly valid definition has been
given in [6]. 3! For reasons that will be explained in Appendix C the explicit form of the
closed contour I'gqyge plays (almost) no role in the large-charge expansion. To understand
this one must rely on results that will be derived in subsection 4.2. So, from now on we
postpone any discussion on I'ggyge until appendix C.

The objects:

3 3
Lo oms = 1214 T s = H P, I+3~1, (3.35)
I=1 I=1

are the contributions of 4d N' = 4 vector multiplets corresponding to worldvolume massless
excitations of a stack of ny D3-branes wrapping the 3-sphere I, and 2d U(n;) x U(nr41)
bi-adjoint hypermultiplets corresponding to massless open strings excitations stretching
between the stacks of D3 branes I and I + 1, respectively. By definition Zyg 90y = 1.

The 4d adjoint contributions are

ny nr
dpr i = dur [T ] PeXp(i(wfl,pl,pz; Wy, i) Uéi))
a=1b=1
= N} l_I[ W2 l_I[ exp | — <1 - ) on i) 5
a=1 27 Ua aztb=1 =1 l(l—wf]) (l_le) ¢
_ 1”_1[ dv®, ﬁ Le (I,%Ué? wJ:“’K) <p1U(b)7wJ,wK) (sz(b),wLUJK)
a=1 27T1Ua azb=1 Ie (Uéb);WJ,UJK>
(3.36)
for I #J # K =1,2,3, and the zero-mode contributions are defined as
N = N(nr,wit, pr,poswy, wie) . (3.37)

We define the a-th component of the diagonal unitary matrices as U(gl) and their quo-

: 1 ._ v
tient Uab = ﬁ
b

31We have recently reported on this for the Schur index [17].
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The contributions to the index coming from a 2d U(n;) x U(ng) bi-fundamental field

are

ny Ni+1 ([ I ) 1

) +1
II+1 - H H PeXp( p17p2an) (Uab =+ (I’I+1)))
a=1 b=1 Uab
1 . (I,1+1) .
i (b /B ) oo (U5 B ) 339
’LU(] ?

=1 p=1 (I,1+1) .

a 6 <U££p}izl) ,wj> 0o (Uab p7?;2,wj>
where

in(p1, pa; w) =, /pll;? (1 _?1)_(2_ p2) (3.39)

In this expression J # I, I + 1mod3. We define the quotient of diagonal components of

(r1+1) vl 39

= U;I+1) .

different unitary matrices as U,

3.2 The free fermion representation of the index

An exact expansion of the index as an average over an ensemble of free fermion systems
was put-forward in [12]. As we explained in the introduction, it takes again the form of a
giant-graviton expansion, different from the physically motivated D-brane expansion. Still,
it is a mathematical exact rearrangement of the index and it will be interesting to consider
its properties. In particular, we will discuss in Appendix D the detailed way it reproduces
the large black hole entropy. In this representation, the index reads

T =Tk (i jn(N)> : (3.40)

n=0

where

Jn(N) = n% lf[ e (yi/zi)NH-det( 1yﬂ_>

(2miy;) (2miz;) (1 — yi/zi) ij=1
- 1 (3.41)
< jn (P}, Pl w') S0y (2L — o) (zj —; )
o (3 l |
=1

and
(1—=p1) (1 —po)

] 1,P2,W) ‘= 1-— 3.42
Jn(P1, p2;w) A= w) (- wg) (1 —w3) (3.42)
. wi1waw
with ——— = 1, (3.43)
p1p2
32Following the conventions of the original proposal of [3]| here we have assumed aio0p = @12a23a31 = 1.
In that case, without loss of generality we can assume a/'*Y = 1 (See equation (11) in [3]). More

generally, the analysis in section (4.2) can be straightforwardly reproduced for any other choice of LI+ ,

however, the only for aj,op = 1 we obtain consitent results.
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The object J,, (V) is a Hubbard-Stratonovich transformation of a determinant of two-point
functions in an auxiliary theory of free fermions [12].
Using the identity

dot ( 1 ) _ ﬁzi‘ H1§j<i§n (zi — 25) (Y5 — vi) _ H 1 o H1§j<i§n (zi = 2j) (Y5 — ¥i)

1- % - i=1 IT5j=1 (i = ) pricl [Tz (zi — y))
(3.44)
together with the change of variables
(zis yi) — (zé =2i,G = z—) , (3.45)
(2

(and ignoring the / in the z;’s from now on) one reaches the form that we will work with

dGdz ()™M
TIn(N %H (2mi;) (2miz;) (1—4“2) Det(z O

o (b ) S0 3 (0=¢) (1)) B
l 3

exp
I=1

where
H1§j<i§n (zi — 2j) (Y5 — ¥i)

Det = Det(z, () = 12— (2 — v5)
i£j= 1 J

(3.47)

3.3 The index at large charges

Let us fix the constraint (3.14) and study the large charge asymptotic behaviour of the
microcanonical index

27 dmiwy dritw} 1 o,
d(Q) = / d2id2e / F / P [T sa-z@  (3.48)
- o @m)? (4rmi) J, (4mi) Jo N!

*
2

where

. . —/
—iz12 = Ao, —iz45 = w2, Q12=Q' 2, Qis =J,J. (3.49)

The 4mi is because the charges Qﬁm are quantized in units of 1/2. The two saddle point
positions wy , (which are not pure imaginary) will be determined below.
The effective action

—Sefr(z;u) = —
) g:u; (1=pi) (1-pb)
l (3.50)
o -l - (1- (222)')
Ny - —1],
O )
has singularities located at
T4 = T4 5ing = 0, 5 = 5 sing = 0, and periodic images . (3.51)
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Around these singularities:

0x4 0Ts5 u)

A Posing T iu )~ A?3(z1, 2, 64, x5 0) - (3.52)

Seft (xl) T2, T4 sing T
A—o0

Using the formal Taylor expansion [69]

SR WT e

on the denominator in the right-hand side of (3.50) one computes the small-1/A expansion

of the effective action Seg

u) = 5 1)(3/171/2;2) +§(1’0)(y1,y2,y4,y5;y) + :9(0’1)(3%171/272»/4,%;@)
Yays Ya Y5 (3.54)
+ ca Nlogys + c5 Nlogys + c6 Nlog(ys +ys) + ...,

s(y;

where
L0 (y1, ya, ya, ys; w) 10 (y1, ya, 4, s w) (3.55)

are linear functions of y4 and ys, 2 and dots denote contributions that vanish in the

infinitely large scale transformation y45 — y;;\,s at A — 00.

For the moment let us focus on the leading contribution

o (1—wh) (1—wd) (1 (55)
50D (g1 oz ) - iz : QZS< ( >>e2ﬂil"ab. (3.56)

a,b=11=1

Below we will show how to compute the subleading contributions. Recalling the expansion

l

Lin(z) ==Y li , (3.57)

(3.56) can be rewritten as:

47TSi N 3 — A[
5D (g1, oy w) = t—- Z ZBg [Uab + 21} ; (3.58)
ab=1 I=1 T
with
Ag — —Al — AQ . (359)
In this equation
=) ,_ n! o (o 2mA ny: (,—2mA
Bald)i= g <L1n (€272) 4 (=1)"Li, (e )) , (3.60)

33... which can be straightforwardly extracted from (3.50). We do not write in here these expressions

because their explicit form will not be relevant for our goals. For our present goals it will be enough to start
from (3.50) to recover the contribution that these terms give to the effective action, as it will be explained
below.
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is the periodic Bernoulli polynomial of order n. For example, for n = 3 one gets
Bs(x) = Bs(z — |z]) , Bs(z) =2 - =+ 2. (3.61)

The contributions 319 and 5@V, can be computed analogously.
Remarkably the large-charge degeneracy of states up-next-to-leading order in the large-
A expansion (up to order O(A)) is computed as follows

d(Q) ~exp Z e_g(ﬁ*@*)—ig’ﬂg

A—o0

zrur
3. Y7183 {“Zb*‘%}i] _ (3.62)
A T m iyt /e S+ ATQI+A3Q)
Nexp Z e 172 y
A—o0 T* u*
where the variables (z*;u*) = (iw] 9,1A7 5;u*) denote the leading saddle points of:
3 T A
4 - 21=1 B [Uab i TWII] ! 4 / /
- +wiJ +wad + A1Q] + AxQ5, (3.63)

a,b=1 Wiz
i.e. the saddle points of (3.63) with respect to (w12, A12,uq). Those that maximize the
real part of (3.63) but this time with the constraint

A3 — —A1 — Ag+wy +wsy. (364)

instead of (3.59).

It is easy to prove that the complete answer at next-to-leading order O(A) is recovered
by simply substituting the rule (3.59) by (3.64), and only considering the asymptotic expan-
sion of the gauge saddle-point solution at leading order at large-A . From now on we denote
the latter asymptotic value as u* (the saddle point of s('1)). This is because any next-to-
leading correction to the effective action coming from % deformations to u* = O(A?) would
vanish when evaluated at «*. This is because by definition such correction to the effective
action is proportional to the saddle-point condition that w* satisfies by definition. Thus,
to evaluate the contribution at next-to-leading order to the effective action we just need to
evaluate the original form of the latter (3.50) at u* = O(A") and expand the result up to
order O(A!). Following this procedure we obtain

3 = A
4m3i L 2-1 B3 [“Zb + 27]1}
3 Z

a,b=1

5z u*) = + O(AY) (3.65)

wiw2

with the relation Ay — —Aj; — Ags+wy +ws . The terms linear in w; and ws in (3.64) come
from the powers of p; and po in the numerator of the sumands in the first line of (3.50).
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The contribution of zero modes: computing ¢4, c5, and cg

The contribution of zero modes in the second line of (3.50) determines the coefficients of
the logarithmic divergencies logys s and log(ys + y5). The easiest way to compute these
contributions is to write

w0 (- (1 (22))
N;;( (1-p}) (1—ph) 1)
(- (0-sh) — 0w 0-uh) (1- (22) )

<1
= N — 5
By Yy

(3.66)

and Taylor-expand the denominator, keeping as many terms as necessary. Then, we sum
(over 1) the coefficients of each monomial in the Taylor expansion. The result is a linear
combination of polylogarithms. Many of such polylogarithms contribute to the terms (3.55).
The remaining ones take the form

+cy Nlogys + cs Nlogys + ce Nlog(ya +us) + ..., (3.67)
where for 0 < w12 = —iys5 < 1
%:%:1<M+%_9 %:1&“_%_Q (3.68)
12 \ys ’ 6\ ¥y5 a4 ’

the dots in (3.67) denote terms that vanish after rescaling y45 — ya,5/A and taking A — oo.
Logarithmic contributions with similar origins as (3.67) will appear in the study of the giant
graviton expansions. They are subleading contributions (of type-F) that will not affect the
leading asymptotics we are looking for, but for future developments it may be useful to
explain how to compute them.

Evaluating the saddle points

The saddle-point condition
Qus(z;u) =0, (3.69)

has a leading solution (independent of other chemical potentials) |21, 28],
wy, =0. (3.70)
The remaining saddle point conditions

Ops(z;u”) = —iQ, (3.71)

are piecewise polynomial conditions and can be solved straightforwardly. In this subsection

we focus on counting operators with charges

J=T~AN+£0, @, =Q,=0. (3.72)
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The solvability of conditions (3.71) requires
w1 = w2, Al = AQ . (373)

Then solutions of (3.71) at leading order in the large A expansion are

AL 1
— +-mod 1 3.74
o 3ot (3.74)

the extrema of Bj [%] , and

i

* .

Wiy = F1 32/3 ﬁ ~ T . (375)
These two saddle points 7} = {iw},iA% } contribute as follows
e~Slala)—izh-Q — oy <<\/§:F i) 31/3. J/2/3N2/3> 7 (3.76)

to the asymptotic growth of the microcanonical index along the region of charges (3.72)

and at very leading order in the large-A expansion

Q)] ey Je T80 e )i
T Ao

~op exp ((V3) 3100 2 (AN [2c0s (317 AN | g )

A—o0

~exp XD ((\@) 31/3. J/2/3N2/3> _

A—o0
We note that this result is valid at any finite N. It is, however, only valid at leading
order in the large-A expansion (i.e. in the large charge expansion). Namely, this partic-
ular form is only the leading asymptotic expansion of |d(Q)|. Note also that in order to
have order N? growth for N >> 1 we have to demand J' = N?A30(1) which means that
at very leading order in the large charge expansion, the asymptotic expression (3.77) only

captures the growth of states with spin ]‘\]f—; = O(A3) — oo and % = O(A?) - 0.
The complete black hole entropy at any finite ratio % is recovered by using the

localized form s up to next-to-leading order, concretely

3 Tm. A
4m3iN? 211 Bs [#}

3 wiw9

3(z;u*=0) = + O(A?) (3.78)
with the substitution rule
A3 — —A1 — Ag +wy +ws.

The numerator of this localized form of the effective action Z?Zl B3 [QA—KII} is a piece-

Ar

wise cubic polynomial. Its profile along the real locus & € R is reproduced by translation

of two cubic polynomial profiles leaving in two independent fundamental domains % that
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we will denote from now on by appending the symbol + on flavour chemical potentials. In
such domains we find

. N2 AlAgAg

S(zou) + OANY) = Fpyp=— 72200
(225 2) (A7) BT ww (3.79)
Ay 4+ Ag + Ag —wy — wy = £27i,

where Fpp is the effecitve action that reproduces the %—BPS black hole entropy at any
ratio % , as first observed in [33].

From now on when we refer to the d(Q) of the superconformal index we will mean not
just its leading asymptotic form (3.77) in the region of charges (3.72) but more generally the
finite-V degeneracy d(Q) computed by plugging (3.79) into the localization formula (2.36);
and which particularized to the large- N expansion (1.21) is known to match the exponential
of the 1/16 BPS black hole entropy at any region of charges and for entropies such as the
En]t\;gpy ] 34

ratio remains finite and arbitrary [33

Some comments on the more general region of charges Let us assume
J =T ~AN£0, Q =Q),~A#0. (3.80)

Working with the analytic continuation to complex x := Aj 2/(27i) of the function (D.32),
which was originally defined for x € R, the extremization conditions take the form

- 24imN2(x — 1)2(2x — 1)

J =7 3
“i (3.81)
, 12m2N2(x — 1)(3x — 2) '
QLQ = - ) .
wy
Plugging x = % + %a in (3.81) we solve for
2rN+/a*(1 — o*
o = ot £ TNV mah) (3.82)
V@12
where the complex saddle value a = a* is defined by the cubic equation
. J/Q
1+a" =202 +1a® =0, 1:=81N>"r ~ A", (3.83)
1,2

The asymptotic growth of degeneracies comes from the root a* with positive and maximal

imaginary part of
2im (5o + 1)@ 5 27 Im(a*)

3a =3 Jap A 250

31The explicit form for this |d(Q)| upon the imposition of a non-linear constraint among the four
charges @@, can be found in the original reference. An alternative way of deriving it can be found in
Appendix B of [9]. Using this way one obtain the complete answer without imposing the non-linear con-
straint among charges. Here we avoid the reproduction of those results, and instead refer the reader looking
for such level details to those references.
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We note that only if
147
"o ar

equation (3.83) has non-real roots. Consequently, only in the chamber of charges consistent

(3.85)

with (3.85) the present saddle point approximation predicts an exponential growth of states.
For example if |r| is large enough

o~ (-r) 3, (3.86)

ol

and one recovers the asymptotic growth computed in the previous case (3.77). On the
contrary if r ~ 0 (i.e. for small enough J' at fixed Q) none of the saddle points
of —s(z;u*) —ix - @) carries exponential growth: the leading saddle value becomes a highly
oscillating phase times a bounded function. This feature is not surprising because we expect
many more operators at large spin and fixed R-charge, than the other way around.

4 Large charge entropy from giant gravitons
Let us define the following particularization of chemical potentials x and charges Q
—ig = —i{xl, T, I3, {E4} = {Al, AQ, Ag, wl} y

Q = {Q1, Q5 Q5. '}

(4.1)

Then we move on to compute the asymptotic growth of the giant graviton index (3.30)
at large positive integer charges Q

|Q1/N] 1Q4/N] |Q3/N]

(n1,m9,n3), . Lo
@)= o 3 3 3 [ e ed )
nyng:nz.

n1=0 n9=0 mn3=0 Tgauge

or more precisely, in a large-charge expansion (around A — o00) defined by the scaling
properties

Qlas = A2a41,2,37 Q123 = finite. (4.3)

Before re-summation over the giant-graviton numbers n has been taken, nothing will be
assumed about the scaling properties of J” which can be an arbitrary function of A. Even-
tually, we will assume J' to grow as O(A?). However, initially, the scaling properties of J
play no role in localizing the single giant-graviton contributions nor the sum over wrapping
numbers n. This is because there are no essential singularities at wq; — 0 in the effective
action of single-giant brane contributions. The scaling of J" will be essential to recover the
growth of the giant graviton representation only after re-summation over the index n has
been performed. Namely, in the last step when (as it will be shown below) the localization
becomes equivalent to the one previously studied for the superconformal index.
As we summarized before

7S<n1’n2’n3)(x;u) . niN_ noN n;N 4d 2d
e Teft R Wy Inl ,n2,m3 "Nni,na,n3 "’ (44)

where the functions Immm, defined in (3.35), depend on the n; +ng+n3 gauge potentials

<
—
2
=
I~
©
e
©
—

(4.5)
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. . Cqel- o (1)
These potentials exponentiate to the rapidities Uél) = e2mita

. Note that we have trun-
cated the sums over n23. That is because the truncated terms do not contribute to the
counting of degeneracies at charges smaller or equal than @’1, @’2, and @g (the explanation
was given in footnote 18).

The procedure to follow is summarized in the following steps:

1. Commute the integral over z with the sums over n 35

/d.f/ dﬂe—Siglynz’ng)(I;H)—iﬁ'gl X (46)
I r

gauge

2. At large R-charge the integral over u is evaluated at its saddle point u*, while the
integral over x is localized as follows

_gnymamg), N .S _3(n1,m2.13) (o) —iz- O
Jao [ oS ad o, [ ggeteeed )
r 1—‘gauge r

A—o0

ﬁ*

3. Use (4.7) in (4.6) and substitute the result in (4.2). Then commute the integral over z

with the sums over n to obtain 26

|Q1/N] [Q,/N] 1Q3/N)

67GG(Q/) Nexp/F dx Z Z Z €_§n17n2’n3)(£;y*)_@'gl. (4.8)

A—o0 z* ni =0 no =0 ns =0

4. Evaluate the asymptotic behaviour of the sum over n (in the large charge regime (4.3)
we can safely drop the floor’s)

Q}/N Q4/N Q4 /N

e—3ca(z) . Z Z Z o823 (g u) (4.9)

n1=0 n2=0 n3z=0

5. Substitute the entropy function of the gas of giant gravitons Sgg(x) into (4.8), and
localize the remaining integral over x to the leading saddle point * which is the one
attracted by the leading singularity of sgg(x)

JGG(QI) ~exp eich(g) . (410)
T A—>o
6. At last, compare
doc(Q) and d(Q) = d(Q),  (at large Q' = Q and any N). (4.11)

35The integral over z can be commuted with the truncated sum over n, which is finite.

36These integrals can be commuted because the localized integrand does not have poles: the logarith-
mic divergencies in the exponential are either suppressed or can be absorbed in a redefinition of gauge
variables u .
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4.1 A first approximation capturing the entropy of small black holes

Let us start with step 2. Following our large charge localization lemma, we look for the

leading singularities of S, e(gl’nz’ng) which happen to be located at

x172,3 = x1’273’5mg := Omod 1, (4.12)

and in their vicinity (the details behind the derivation of this formula are postponed to the

following subsection)

o o o3
Se(?fhn%ng)(xl’sing + A l’2,sing + A0 x?’ysing + A $47E)
A:OO Agg\nlynz,ns)(&ch5x275$37334;y) (4.13)

N g{m,nz,ng)(&xl dxg Ox3

A5 N A AT

This expansion holds at any value of nq, no, and n3. Moreover, E{Anl’m’n?’) and s(n1n2.ns)
are asymptotically-equal

1,n2,13) .
(5xla 61:27 5.173, CL'4,Q)

g(n
A 1. (4.14)
5(n

102,18) (81, 609, 03, a3 1) A o0
Assuming (for the moment)
v =ONAY as A— oo, (4.15)
we obtain for all n and for all NV
2
gmmana) (o) = T(z) (ﬂz) - iN(ﬂ'l>, (4.16)
with

oy Fole()-Leen
(&) . A1A2A3 + 7’(@) -

7 (1 - 6B (%))

2mi

3A1AxA3

+ (), (4.17)

where, again, these equations will be derived from scratch in the following section. The Ba(x)
in equation (4.17) is the periodic Bernoulli polynomial of order 2

Bow) = Bolw — |2]) , Bolz) = 2® — o + é (4.18)

In this equation, 7 comes from a subleading contribution to %1”17”2’”3)@; w*) which is

a scale-invariant combination of A;, As, and Aj. Naively, one would say that discarding

this contribution would not change the leading asymptotic behaviour of the giant graviton

index (in microcanonical ensemble) at large charges and spin. However, as we will show

below such an assumption turns out to be incorrect. In particular, at large N , discarding 7

does not give a chance to recover the counting of microstates of large BPS black holes.

Instead, it allows, at most, to recover the entropy of small black holes i.e. those with large
values of charges @, such that N2 > |Q| > 1 [23].
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The contribution 7(z) turns out to be such that

AP AP A
~ 0, T4 ¢ 7,
AU R ? )
PR O R ) |
T(ﬁiéiéi )A—Nmol’ 74 € L.
A A

Thus, 7 is subleading if z4 is far enough from Z. On the other hand if z, is at distance O(1)
to the integers Z, r becomes leading in the expansion (4.3). Thus, 7 cannot be ignored
without the risk of missing leading contributions at large-charge saddle points infinitely
attracted to integer values of the chemical potential x,.

Step 4. further clarifies the relevance of ¥. The entropy functional —sgg(z) of the gas
of giant gravitons is defined from

Q\/N Q4y/N Q4 /N

stG . Z Z Z _3(n1,no, n3> (z; u*) ' (4.20)

n1=0 n2=0 n3=0

To compute (4.20) at large @3’273 (as detailed in (4.3)) it is convenient to change variables:
A2

m2s = 7 oni23. (4.21)

In the new variables the sums over n1 2 3 become integrals

,1,2,3/N A2 q1,2,3
Z - - d[5N1 2 3] . (4.22)
A—o0 N 0 =
ni,2,3=1
Precisely,
a0 oy (T122) [T i) [ aona) [ don]e =20 4
e =/ ey -— n1 %) ns| e == .
. N 0 0 0

A—o0 a=1

From (4.16) it follows that this integral is Gaussian. Assuming for the time being that
the z, are real and positive (the general result can be obtained by analytic continuation)
then in the variables

X =dnix1 + dnoxo + dnzxz, Y = dnoxe, Z = dngxs, (4.24)

the integral measure (which acts upon an integrand that depends only on X) becomes

aQ @5 7z
/O doma] /0 dlons] /0 d[sns] — / S Ay, (4.95)

Asyx) ::/ dydz, (4.26)
B(X)

where
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is the area of a two-dimensional region Y(X) spanned by pairs (Y, Z) € R? such that
0<X—-Y ~Z <z, 0<Y < ghae, 0<Z < gyms. (4.27)

As Ayx) is the area of a polygonal surface whose perimeter has length growing linearly
with X and/or ¢, z,, then AE( x) 1s always bounded from above by a polynomial function
of X and ¢z, . This is all we need to know about Asx).

Implementing the change of variables (4.24) and evaluating the one-loop saddle point
approximation at large A one obtains

61 (7’ a/ ni,n9,n I N O 7A1 _72
[ o) [ atsna) [ atonag =)y NVIOED) iy
0 0 0

Ao A2 2 /T(z)

o Az ‘ ; ‘
where O(z,¢) is the value of xlii;;s at the saddle point locus
. iN . i N2
"D = o =g e 29
Collecting results one obtains
_ 4 O a 2
I VO @) -3 (4.30)
A—oo N 2 T(@)
where . Ole.7
A (T,
— VO, &) 1, V. (4.31)

N2 2 /T(z) Ase

At z far enough from the zeroes of T' the left-hand side of (4.31) diverges as the area spanned
by two flat directions that open up in the moduli space of giant gravitons (ni,nsg,ns) in
the expansion (4.3) of the integrand (4.23). This is because at leading order in such an
expansion the integrand of (4.23) depends on a single direction in the three-dimensional
space of (n1,n2,n3)’s: the other two directions become flat, and thus, summing over giant
gravitons configurations along such directions produces an overall factor proportional to ]I\% .

If and only if x is close enough to the zeroes of T'(z), i.e. at distances of order % of
them, then

N2

ASeo 4T (2)

sca(z) (4.32)

grows exponentially fast with A . Indeed, our large-charge localization lemma implies that
the zeroes of T'(x) which are the leading singularities of S, determine the leading large-
charge asymptotic behaviour of the integral

~ 2 ~/

/ dpdy e~Fo0@w)-izQ R )
~exp dGG(Q) = QQQ(Q)~

A—oo0

where z* is the leading saddle of —ﬁz*) —iz* - Q/ attracted by the zeroes of T'(x).
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Control over subleading corrections in Step 2 is essential to recover large spin
growth Step 6: Is the asymptotic growth in the index of giant gravitons dgg(Q') equal
to the asymptotic growth of the superconformal index? i.e.

dac(Q) ~exp d(Q') = d(Q), (at any N) ? (4.34)
A—oo
In the chambers
w
-1 < iRe[%i] <0, (4.35)

the function T'(x) is

wi (F271 — wr)
T =
(z) DNV

If one naively substitutes (4.36) into the saddle point formula (4.33) assuming 7(z) —

+ 7(2). (4.36)

0, then one does not obtain the exponential growth at large spin of the superconformal
index (3.77) (i.e. the degree of the singularity wi; — 0 or F 27i would be 1 < 2).

Indeed, at large N and assuming 7(z) — 0, the localized action (4.32) can lead, at
best, to the asymptotic growth of microstates of small black holes [23][1]. For example, if
we assume 7 = 0 and focus on the particular locus of charges [23] 37

J=j=0, QI=Q =@ =—¢ (4.37)
then extremizing the entropy function

N? Lo~
T iz-Q (4.38)

with respect to the chemical potentials z

71& — 7i{$1,$2,$3,$4} — {Al,AQ,A?),Wl},

& = (@30, ) 9
X T 1)w2y w3, ’
one obtains at the saddle point values
2 2
wy=Fmi, A2=AZ=A2=A2= ;\Tﬂq, (4.40)

and for g > 0 the following prediction for the entropy

2v/92 3/2

f;q . (4.41)

38 In the asymptotic regime N? > ¢ > 1 this is the leading term of the Bekenstein-
Hawking entropy of small and supersymmetric black holes in AdS5 with equal left and
right angular momenta j = 0 [23]. 3°

3"This is only for the moment, to recover the small-black hole entropy contributions, in the following
sections we will comeback to the large-charge regime we are interested at (4.3) with J' = O(A®).

38Note that for finite N and ¢ — 1 the singularity of the localized action %&) that attracts the sad-
dle (4.40) is not wy =0 but A = oco.

3Compare with the leading contribution in the first line of equation (2.26) of [23].
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In order for (4.34) to hold, namely in order to obtain the asymptotic growth of the
most generic index at large charges which are not too small in comparison with N2, it is
necessary that

(wl) (—Al — Ay — Az +wy £ 27Ti)

T(z) = To(z) == — A A . (4.42)

In particular, this also means that if the underlined contribution does not match the mi-
croscopic prediction of 7(z) then the growth of the series of giant graviton indices can not
account for the large charge growth of the complete superconformal index. In the following

subsection we proceed to check whether 7(z) equals

wi (A1 + As + As)

4.4
2A1A0A3 (443)

4.2 Refined calculation and large black hole entropy

In this subsection the localized form 3("72:m3) of the giant graviton effective action Ségl’mm)

is computed. We follow the steps summarized below the equation (4.6).

ni,n2,n. . . .
(m1n2:13) ) ear its leading sin-

The first step is to compute the asymptotic expansion S.g
gularity(ies).
Let us divide the effective action in three pieces (and omit the supra indices nj 23 for

a moment)

3 3 3
n 7n 7n I I
Séﬂl 2 3)@;2) = E Sé&(g) + g Sé,e)ct(g;u + E S ypers (4.44)

=1 I=1 I=1

=1

o0 — — —
(1—ph) (1-pb) (1 wf) o »
I SRT
=1 J K a#b=1
00 (1_p11) (1_p12)w;l/2 —1/2 ny ng

S s(wiw) == ) “E S (UG ) @)

=1 a=1b=1

Vect 1’ u

UCEI) = exp(27r1u(1)) a=1,...,ny. (4.48)

We proceed to compute the expansion A — oo of

S(’“’"?””“)("Z1 “12 “K” o ) (4.49)

or equivalently the expansion of each of the four contributions in (4.44) and extract its
localized form §("1:m2:m3)

To compute this expansion we proceed as follows
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1. Substitute
Wy — e—Be (4.50)
(I

in the denominators of the summands of the zero-modes action S,y and in the numerators

and denominators of the summands of the non-zero modes actions S () and S ()

Vect Hypers
and expand about € = % ~0.
2. Perform the sums ), in the result obtained after step 1.
3. Substitute
W1 W W
P2 — 12 , Wy — e~ e (4.51)
n

in the result obtained after steps 1. and 2. and expand the answer around € = 0 up
to order O(e?) being careful about logarithmic singularities.

4. Lastly, truncate the series at order O(e”), and re-scale back the variables

JA . (4.52)

to obtain an e-independent effective action. Such an answer is the contribution
of S7M, Vect, Hypers, respectively, to the localized action §"1"2"3 (z;u) .

Using these steps allows us to keep control over logarithmic corrections that appear
in the expansion A — oo (coming from the action of vector zero-modes). Proceeding
otherwise these non-analyticities would evidence themselves as infinite coefficients in the
would-be-Laurent expansion around A = co.

The large charge effective action of zero modes: Let us start computing the large
charge effective action of zero modes following steps 1-4. To illustrate the procedure let us
focus on a single zero mode contribution of the vector multiplet 1:

o~ (1= wi)(1 = pi)(1 —ph) — (1 —wh)(1 — wh)
VN U Gl 1)U~ P 2 . (4.53)
mil2) =2 (1= wh) (1 —wh)
After steps 1. and 2. we obtain for all ny, at order O(e~2)

_ Lig(p1)ni  Lig(p2)ni | Lis(pip2)m

€2A2A3 62A2A3 62A2A3
B Lig(1/w1)ny  Lig(p1/wi)ny  Lig(p2/wi)ng

4.54
€2A9A3 €2A9/\3 €e2A9/\3 ( )
B Lig(plpg/wl)nl Li3(w2)n1 Lig(w3)n1 _ Lig(w2w3)n1
62A2A3 €2A2A3 62A2A3 €2A2A3
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and at order O(e™!)

niliz (p1)  niLiz (p2) ~ miLis (pip2) nilia(p1)  niLiz (p2)

2eAg 2eAg 2e/Ag 26A3 2eAg
ot bz (5) mtie (1) ot (52) i (2)
26A3 2€A2 2€A2 2€A2 26A3 ( )
4.55
. : 1
N n1Lia (%) mLis (mz;z) niLis (171) . niLis (w2) = nyLig (ws3)
26A3 2€A3 QEAQ 2€A2 2€A2
: 1
nlLig (wzwg) . nlLl? <w71) n1L12 (wg) nlLiQ (wg) _ nlLiQ (QUQ’LU3)
26A2 26A3 26A3 26A3 2€A3
and at order O(e°)
(A% + 3A2A3 + Ag) ni
12A5A5
1
. <log<1 ~ )+ g (1= pn) — log (1~ ) + 1o (1= )
(4.56)

—log(l—pl>—log<1—>+l ( 171]?2>
w1 w w1
—log (1 —wsy) — log (1 — ws3) + log (1 — w2w3)> .

Then, after adding (4.54), (4.55) and (4.56) and implementing step 3., we obtain at order e

1A (1 - 6By (—%2))

4.57
€ 3A2A3 ’ ( )
and at order ¢
Ainy (A1 + Ag + Az) wy =
= 4.58
2A2A3 =+ log 1(6@)?’11 ) ( )
where (assuming for the moment € > 0, Ay > 0)
lo ( ) (A Ay + A1 A3 — AgAg)
e=1 20,4;
B (A3 — 3A3A; + A3) log (—A2A3)
12A9A3
(A2 + 30342 + A2) log (Ag + Ag) (4.59)
6A2A3
(6A2 46 (Mg + Ag) Ay + A2+ AZ + 3A5A3) log (m)
+ .

12A5A3
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40" At last, implementing step 4 we obtain the contribution of the zero mode 1 to the large
charge action 5("1:72:%3) (z: 1)

_ 7r2A1n1 (1 — 6?2 (—%)) A1n1 (Al + AQ + Ag) w1
3575 2053 (4.60)
+ logZ1(x)nq .

The contribution coming from the zero modes 2 and 3 are computed analogously. The
general result is

_ 7T2A]7”L[ (1—6?2 (—%)) A[’nl (Al—I—Ag—I—Ag)wl
3A A 2N Ak (4.61)
+ log Er(z)nr

where the definition of log Z; can be recovered from (4.59) by the obvious permutation of
subscripts. Assuming (4.35), equation (4.61) can be rewritten as

Alnrwy (F2im+ A+ Ag + Az —wr)
SINYNY

+ logZEr(x)ns . (4.62)

Note that the contributions log Z;(z)n; coming from zero-modes are of the type F' defined
around (A.3) and thus we can ignore them in the following. However, to gain insight into
their meaning, we will keep track of them from now on.

The large charge effective action of vector non-zero modes To start let us focus on the
contribution of the vector multiplet 1:

! I
M (1—wih P1)(1 P3) (1)
st (z E § l = )(1 Cn U (4.63)
a#b=1 [=1

After steps 1.- 3. we obtain for all ny, at order e~

Lo w2 (6B (—al) - ) - S (0))
. Z 3A2A3 7

(4.64)

and at order €°

n o Aq (A1 + Ao+ Ag) (log (1 - p%def)) — log (1 B plUfg)))
2803

(4.65)
a#b=1

40We note that the term in the first line can be absorbed in a redefinition of the argument of the second
out of the three logarithms in the second line and the second and third out of the six logarithms in the
fourth line. This implies that the log Z;(z)n; contribution is of type-F and thus it will not contribute at
the degree of accuracy we are looking for. We will keep track of these contributions though, as we may
learn something for the future.
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Using the relations

(1) e
) = log (—plU(f) ) + log (1 — b(1)>
Ub p1Uq
p1U(1) >
log [ — a4 =log | ——— | —wi, 4.
u® u® (4.66)

ni (1)
Z log (— &

a#b=1

(4.65) simplifies into
N A (AL Ag + As)wy

4,
DTN (4.67)

a#b=1

b
At last, adding (4.64) and (4.67) and implementing step 4 we obtain the contribution of
the vector modes 1 to the coarse grained action 3("1:7273) (g; v)

gt (6B () - ) - 1 (1))

orall 38203 (4.68)
A (A1 + As+ As)w
+ny(ny —1
1= 1) 2M5A5

The contribution coming from the vector modes 2 and 3 are computed analogously. The
general result is

nr o r2Ag (6§2 <_“¢(z? - %) - %Liz (U‘g)))

el 3A/AK (4.69)

Ar (A1 4 A+ Az)wy
A A

The large charge effective action of hypermultiplets To start let us focus on the contri-

+ nI(n[ — 1)

bution of the hypermultiplet 3:

3) e Plz) wfl/zw;m (1,2) (2,1)
SHypers Z Z Z l <Uab + Upg ) (4.70)
a=1b=1 =1 — wj)
After steps 1.- 3. we obtain for all n;, at order ¢!
212 7 ) 0 0 ) 1 047) 1 02
€ As
a=1 b=1

(4.71)
and at order €”

(1,2)

U ? U(271>
(A1 + Ag + Az) <log (1 — (;)b1> — log (1 _plUéi’z)) + log (1 — 7?;1 ) — log (1 _plUb(s,l))>

275
(4.72)
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Using the relations

(1) (1) (1)
log (1 - plU(;) ) = log (—“U(;) ) + log (1 - (1(2)> :
Uy U, nU,

( plU(1)> ( e (4.73)
log ; = log —% — w1,
U U
together with the analogous one for Ub(j’l) and
(1) (2)
Uqg U,
log (—(2)> + log (—%) = log(1) = 0, (4.74)
U, Uqg
(4.72) reduces to
s (A + A+ A
ZZ s 2+ 3w (4.75)

a=1 b=1

At last, adding (4.71) and (4.75) and implementing step 4 we obtain the contribution of
the hypermultiplet 3 to the coarse grained action 31"1’"2’"3)(@ u)

n o 2( 232( (1,2) 1w1) Lis (U( 2)) 4 Symm)

a=1b=1 As (4.76)
(Al + Ag + Ag) wl
Az

+ nineg

The contribution coming from the hypermultiplets 1 and 2 are computed analogously. The
general result is

ny ng 92 (772§2 (ug‘;’K) — 15’—;) — Lis (Ué;)]’K)) + Symm)

2.0

a=1b=1 Ar (4.77)
(Al + Ag + Ag) wl
A

+ njng

The coarse grained action: Collecting (4.62), (4.69), and (4.77) we obtain, at last,

Stmens) (g7 u) = i Sl (F@Z (_ug‘i;f:’? _ b (UC%)))

3 o nx 2 (728 (uly™ - B2 — Lip (UG)) + (J0) & (K1)
A

2 (A1 + Az + Az) w
2A1A5A; !
+nq logZ1(z) + ng logZs(z) + ng log=3(z) .

+ (nlAl + TLQAQ + TL3A5)

(4.78)
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We note that contributions coming from zero modes have been obtained in a certain choice
of branch that has simplified computations for us. Other choices of branch would give us
a different answer. However, as we will show next, these contributions can be absorbed
in a redefinition of the gauge variables which does not affect the leading saddle point
evaluation. This is, at least at large charges the ambiguities coming from zero modes are
indistinguishable from gauge-choice ambiguities and thus they do not affect the indices of
giant graviton branes.

The gauge saddle point u* The next step is to find the leading saddle points u* of

|1v l/ du e @) 1 nglng! / Hdu Hd“ Hd“ T
ninging: w* ni-n9: n3 Faiet

u

4.79
in the small € = % expansion at fixed nq 23, this is, assuming ( )
Ar = OA™Y, A - . (4.80)

After changing integration variables
ul) = w2 (2), (4.81)

equation (4.79) transforms into an integral over a new contour I'Z,

n3
(1) . (3) | —35(1m2.m3) ()
nl'ng'n3 / H du H du }_[1 dul e (4.82)

u* =1

with the new action taking the form

FEnm2ma) (gog) = gn2m8) (g (=) D=, 4G)=y) (483
—ny logZ; — ny logEy — ng IOgig- .
Following our large charge localization rules we scale the chemical potentials
Ay, — €Ag, (4.84)
and plug the ansatz
[e.e]
= u) @) e + h{)(z)tloge + ..., (4.85)
k=0
!into the saddle point equations following from the action
<=(n1,m2,n3) ﬂ .CCQ :Eg 4.86

4111 this equation the u’s and h’s depend on combinations of A1 2,3 and the dots stand for possible higher
order logarithmic terms, vanishing at € = 0. The factor of > is the minimal integer power of € that it does
not produce singularities of the form

1055 in the saddle-point conditions, i.e., it produces a singularity of

the form log e which can be used to cancel other such singular contributions to the saddle-point condition.
Because we have used the change of variables (4.81) it follows from the saddle point conditions that hg{% =0.
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Then, we expand about A = oo and extract recurrence relations among the u’s and the h'’s.

One obvious saddle point solution to this recurrence relations is 42
od1 ()
ulD* = ug())* _ UOH:l . ‘(lJ) =1, (4.87)
=7 Ub

where ug is a zero mode that is integrated out trivially and we can set it to ug = 0 without
loss of generality (the integrand does not depend on this mode and thus, the corresponding
integral gives 1). (4.87) is a saddle point of the coarse grained action (4.86) *3, it is, on the
other hand, a logarithmic singularity of the original effective action S égl’nQ’n3) . The saddle-

point of the original effective action must have a non vanishing e—subleading contribution
which must be non-coincident, i.e., such that

O L S (4.88)

For our purposes knowing the explicit form of the small-e correction to (4.87) is not nec-
essary. All that we need to know is of its existence, which as it was just explained, it has
to be the case. The existence of one such non-coincident solution implies the existence
of other ~ njlnalng! — 1 identical copies obtained by permutations of the gauge indices.
Summing over these solutions cancels the ——— prefactor in (4.79).

n1 !TLQ !’ng!

Thus, in the large R-charge expansion (4.3)

—35(n1,m2,m3) (4. _3=(n1,m2,m3) (g *
/ due™* @) ~exp €7 @), (4.89)
r

w* A—oo

where

FEmm2m) () = T(a) (ﬂg)Q _ iN(ﬂ.z)

T(z) = w1 (=A] — Ag — Az + wy + 27i) (4.90)
= 201 A9 A5 '
At last, in Step 6., i.e. after using (4.90) together with (4.33), we conclude that
ag9(Q) = dga(Q') ~ep d(Q) = d(Q) =: a(Q),  (at any N). (4.91)

A—o0

Namely, that the large charge asymptotic growth of the superconformal index of U(N)
N = 4 SYM on S3, at any N, equals the large charge asymptotic growth of the giant
graviton index. In virtue of the explanation given around equation (3.79), the asymptotic
relation (4.91) implies that, in the large-NV limit (1.21), the giant graviton index reproduces
the asymptotic growth of states accounting for the Bekenstein-Hawking entropy of the
dual 1—16 BPS states.

The large-charge analysis for the representation of [12] is summarized in appendix D.

42There are other saddle points u* of 5"1’"2’"3)@; u) corresponding to m1,2,3 - th roots of unity. Here we
will focus on the leading ones (4.87) (See analogous discussions in [21, 28, 29]).

ni,n2,n3

“3First, because 3=("1°"2"3) is even in u; second, because 5= ) depends only on differences of u’s,

and third, because $=("1"2"3) has continuous first derivatives on u .
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A Conventions

Let us assume two functions Xy = X (p) and Y = Y'(u) of a set of variables pu. Let us
assume the explicit dependence of X on A to be such that its limit function in the A — oo
is well-defined. Let us select a subset of variables o C p and denote its complement as 7.
Let us assume that a = q is a singularity of X and Y . Thus, if we define

Q:70+570¢7 da = A

it follows that X5,Y — oo in the limit A — oo defined by keeping dc,.e, fixed. Based on
the previous definitions we will say that in such A — oo limit

(A1)

Xy ~ Y, (A.2)
A—oo
if and only if 4
X
cA Alog A + (log F' + Cpranch) - (A.3)
Y A-

The A, and F' are functions of the da (they can also depend on the ) such that
A(éﬂ) = A(daren)7 (A4)

i.e. is invariant under homogeneous scaling of the da and C' is a c-number (independent
of the p). Obviously, if da is a single variable then A is a c-number as well. Also, if the
explicit dependence of X on A is trivial, we can safely assume A = 0. The function F does
not need to be scale invariant, but it needs to have only power-like zeroes and singularities
in such a way that log F' has only logarithmic divergences. The function cprenen is fixed in
terms of log F' it is defined as a generic choice of branch cut of log F' and thus choosing the
appropriate branch we can always assume, and we will do so from now on, that cyrqnen = 0.

% or non-perturbative %6 origin. Perturba-

Contributions to F can have perturbative
tively, they could originate from subleading one-loop determinant contributions or sublead-

ing corrections to the effective action. Non-perturbatively, they could originate from the

“1n this paper — means that the limit & — o of the quotient among the left and right-hand sides of
T—IT(

the symbol is 1.
“SExplicit examples of this kind of contributions are given in equations (3.67) and (4.59).
46 An explicit example of this kind of contributions is given in equation (3.77).
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superposition of complex conjugated saddle-points (e.g., see subsection 3.3, second line of
equation (3.76)). 47 In this paper we will not try to fix all these contributions (which are
subleading with respect to the leading asymptotics we are looking after). Analogously, we
will say that in the expansion A — oo, as defined before,

XA ~exp Y, (A.5)
A—o0
if and only if
XA A
Y AT A F. (A.6)

B Elliptic functions

The g-Pochammer symbol (¢;q) = ({; ¢)~ has the following product representation
oo
H 1-4¢9¢). (B.1)
The quasi-elliptic function has the following product representation
oo
00(¢;q) H 1-¢¢Q)0—-¢¢h. (B.2)

The elliptic Gamma functions has the following product representation

10_01 1 — ¢(~lpitlgitl

Le(Cipyq) = o

4, k=0
C On the contour of integration I'j,,4.

In this appendix we explain how the details of the contour of integration I'gquge, cf. (3.33),
are relevant to compute the asymptotic growth of Z,, , n, in the expansion A, — 0 at
fixed ratios among A’s.

Resolving the physical poles

Let us comeback to the definition of giant-graviton indices (3.33)
In17n27n3 = fi_‘ dlj’ld/‘I’QdIuBIﬁ?,ng,ngzglli,ng,ng (C]‘)
gauge

It will be convenient to change integration variables from

Uk, a=1...,ny, (C.2)

4"To properly fit the definitions before, one would need to invert the dependence on charge variable J in
terms of chemical potentials, as determined implicitly by equation (3.75).
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to the affine variables [47]
(I)

) Ya _
Upat1 = o0 a=1,...,n;—1,
a+1

(C.3)

nr 1/n1
D = (H U;D) .
a=1

In terms of the new variables the original fundamental, adjoint, and bi-fundamental vari-

ables can be recovered as follows %8

j=1
(1) Do T oA
U = U@ = Ua,b : Uk,k—i—l
b k=a (C.4)

1/ng
o) ) _
1 J= a,a+j 1
gl .- U _ ( Oy

Note that the adjoint variables U(gi) are equivalent to the adjoint tilded variables ﬁg) =
77)
Uah -

The contour prescription of [6] indicates that all physical poles selected by I'gqyge should
be located at

Uél)zo, a=1,...,ng, Ir=1,2,3. (05)

with generic adjoint and bi-fundamental ratios U(%) and Uéi’J) . In the tilded variables this
means that all physical poles should be located at

oV =0, I1=1,2,3, (C.6)

with generic ratios ﬁéi"]) and U ég"]) . This means that in the new variables the contour of
integration can be divided in two components, a co-dimension 3 loop that we denote below
as I'gauge and a 3-dimensional infinitesimal loop picking up the residue at U(gl) =0

3

nr—1
aud,, au’
% dprdpedus — ?{ H ( +1 ) ?{ H 0 (Vandermonde Det’s).
Fgauge gauge I=1 27T1U (ZCL+1 UO =0 I=1 27T1U0
(C.7)

At this point we can proceed to evaluate the 3-dimensional integral over the diagonal
modes ﬁél). However, this is not the most convenient way to proceed, because the
pole (C.6) is degenerate. In the original variables this degeneracy is reflected in the vanish-
ing of all the positions U,gl) . In the new variables the complication is translated into 0/0’s

“®Here we assume the rules (XY)* = X*Y? and (X/Y)* = X*/Y~.
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indefiniteness in the naive residue evaluation. The latter indefiniteness arises after eval-
uating the bi-fundamental positions U (%J) defined in the third line of equation (C.4), at
the position of the pole ﬁél) = (0. This technical complication makes ill-defined the naive
residue evaluation, due to the contribution coming from the fundamental strings stretching
among different stacks of branes Zyg .

To simplify this residue computation it is convenient to deform the integration measure
by substituting

0@, 3 (1,
dU H dU (C.8)

where p should be thought of as a parameter that will be taken to zero after evaluating
the non-degenerate residues. After this modification the degenerate poles transform into

non-degenerate ones

oD =0 = TP =pu. (C.9)

For p # 0 the physical poles do not condense to the very same position U(g]) =0 and one
can proceed to evaluate 49

rr(I

dU( )0 . I4d IQd I4d IQd
(D) (I) ni,n2,n3 <ni,nz,ng | Tni,n2,ng Tning,ng
Up =0 14 27r1( 0 — ,u)

D=
_ g 72 (C.10)
- Tni,n2,n3 ni,n2,n3
Uél):u
. 74d F2d
- Im,ng,ns n1,Mm2,Mn3 °
For later convenience we note that
F2d _ 2d
Im,m,ng - <In1,n2,n3> . (C.ll)
UP=1

At last, we can write

nr—1 )
+1 jad
”17”27”5 j{ H ( W(aa> I:}Lil,nz,n?) 1—72;1{“2,%3 ) (C'12)

Pgauge I=1 )a,a+1

where we have not written down the limit ; — 0 in the right-hand side because the inte-
grand Z4¢ 72d does not depend on .

ni,ne,n3 -ni,n,n3
In what follows we assume either that there is no other remaining degenerate residue

()

in the affine integration variables U aa+1 Or that, if there is any one such, then it has been
resolved [6, 17]. Anyways, the poles that dominate the expansion A, — 0 at fixed ratios
among A’s, which are the ones we will be concerned with, are non-degenerate in the affine
=)

variables U, ; ., and thus they do not require any further resolution. This will be explained
below.

“*This deformation is an example of the resolutions used in [6] to evaluate residues.
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The residues at A, — 0

The integral (C.12) can be written as

Ty o ZRes[ SO N N (C.13)

ni1,n2,m3="ni,n2,n3’

where o runs over whichever are the poles selected by the choice of contour fgauge .
In these expressions we have removed the indices I and a,a + 1, and the products

over I = 1,2,3 and a = 1,...,n; — 1, to ease presentation. For generic values of ni, ng
and ng
4d F2d 17
ZRes[ T T U =Ta| #0. (C.14)
(6%

The results in subsection 4.2 imply the following asymptotic condition for residues 0 51

4d F2d LT 77 P 771 —3(z,Ua
Res[ T T U—Ua} . Resalz, U] e @0 (C.15)
with r:tios fixed

In this equation the function s(z, U ) equals the localized effective action reported in equa-

tion (4.78),
logU

2mi

Sz, l~]) = ?”1’”2’”3)(:&

), (C.16)

when the latter is expressed as a function of the new affine variables U — U , and restricted
to the (n1 4+ n2 + n3 — 3)-dimensional section

oD =1, (C.17)

This action s(z, U) defines the exponential singularity of the integrand of Ty noms 1 the
expansion A, — 0 at fixed ratios. The asymptotic relation (C.15) and the explicit form
of the function Resq[z, U] to be presented below in (C.18), follow from the fact that the
polynomial H Fany 1( 152 1 Ugga +1) that needs to be multiplied to the integrand in
order to extract its residue at U = ﬁa, does not affect the leading exponential growth of
the integrand in the limit A, — 0 at fixed ratios of A,’s.

The function Res, [z, U] is a subleading contribution defined as

— ~ _ 0 (o 7o+ 7)) +
Resalz, 0] i= ¢ @00+ 101060001000 01 40) (C.18)

where the 07 is an auxﬂlary regulator whose only function is to keep finite the two terms in
the exponent of (C.18) at U =0, (for the combination of the two quantities, this regulator
plays no role because the logarithmic term is cancelled by the first term).

50To derive this relation below it is important not to truncate the infinite products in the residues and
to work with their plethystic exponential representations.
51We recall that the symbol — means that the quotient between the left and right-hand side

Ag —0
with ratios fixed

expressions tends to 1 in the corresponding limit.
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The function

5O @) - ( id 72 ) x S@U) (C.19)

Ag =0 n1,n2,N3°N1,N2,n3

with ratios fixed

log U
27i )

is the subleading contribution that we have discarded in the evaluation of e™*
Namely, the ambiguous contributions of type F' that were defined around (A.3).
As it was explained in the main body of the paper in a certain region of chemical

potentials x the magnitude of the exponential growth of the factor |6_5(n1 m2ns) | is max-
imized by the configuration U,SI) = 1. More generally, we explained how UO(L ) =1lisa

sm28)() | n virtue of this last statement and of (4.78) with the

restriction (C.17), it follows that the configuration U (5[03 41 = 1 maximizes the exponential

stationary point of e~

—5() | in certain regions of chemical potentials z , and more

growth of the leading factor |e
generally, that it is a stationary point of e 5¢+) . This means that in the small-chemical

potential expansion above-quoted, the sum over residues

3" Resalz, Ua] e @0, (C.20)

is dominated by poles {8} C {a} that obey the asymptotic condition

7))
U sa, a+1<x) AG_LO 17 (C.21)
with ratios fixed

if and only if:
o I'jquge encloses some of them and the sum over their residues is non-vanishing.

For the contour prescription proposed in [3]| there are infinitely many such poles. In the
integrand .. Zﬁinz n3I,2L‘117n2 ns these poles always come in pairs 52 (denoted as positive and
negative poles). For example, assuming n; > 1 there are simple poles defined by select-

ing ny — 1 pairs (a,b) for each I = 1,2,3 such that (for I # J # K and generic wy_jx °°)
r7(1) I _ c2(a,b)
Uy H Y ]H = Ua (wJ)Q(a,b) or (wjwg) (C.22)

for any two choices of integers c¢i(a,b) > 0 and c2(a,b) > 0. These poles come from the
elliptic gamma functions [70] in the vector contributions (3.36). The first family comes
from the poles of the first factor in the numerator of (3.36). The second family comes from
the zeroes of the denominator of (3.36). They can be organized in two groups that map
into each other under a Zo operation. One could denote such two subsets as positive and
negatwe This separation in two, which is non unique, comes from the fact that for every
pole U= U there is a pole located at the inverse position U= U L' This bijection implies
the existence of many Zs operations, out of which one can pick up one, and declare that it
maps half of the number of poles coming from vector multiplets (positive) into the other

52At least at large charges, these pairs mutually cancel each other, as it will be shown below.
531t is sufficient, not necessary, to assume w; to be different from any product of rational powers of w.
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half (negative). For the indices studied here there are oo many such poles. 4 As it will be
shown below, in order to have a non-trivial answer at large charges, fgauge must necessarily
pick up an unbalanced number of positive and negative poles in order for the corresponding
integral not to vanish trivially at large charges.

In the concrete example of Zy o 2 it is easy to identify poles in the first family in (C.22)
for the choices ¢y = 0 and 1 as:

=~ w3 w3
U8 = wy, =2 22 C.23
12 35 wy’ wo ( )
Using both, the identifications and the constraint below
~ (3 B
Ul(Q) — Zthtre ) Wq — GUqgthere 5 UlthereU2thereUsthere = 1, (024)

the three positive poles (C.23) map into the three positive poles corresponding to the
tachyonic and zero mode terms f1, fo and f3 depicted in figure 2 of [3].

As recalled in the latter example, the pole-selection prescriptions of [3] and [6], pick
up an unbalanced number of positive and negative poles of type 5 which happen to come
solely from vector multiplets (the positions of the poles coming from the chiral multiplets
reduce to some power of p; in the scaling A, — 0. Please refer to (3.38)) °°.

Let us proceed to explain why the sum over residues of type [ selected by con-
tours fgauge breaking the Zo symmetries among the latter, does not vanish for generic
values of chemical potentials. For the poles of type 8, we can always use the Taylor expan-
sion around A =0

Us(z) = 1+ Y cpAPARAY, (C.25)

i1,19,13 Eer
i#0

where the coefficients ¢; g := ¢;, 4,.4,,8 are c-numbers. In particular for every 3,

crp = {c100p, 01085 0018} # 0 (C.26)

and generically for 8 # ' 96
L # cLp - (C.27)

Moreover, within this family of poles {5} the remainder function

— ~ ~ _~(log)
Resglz,Us] = e d0(@ ey g D) Hogley,s-A _. =303 (@)
with rstios fixed

(C.28)

reduces to the exponential of a function of x, _5401%9) (z), whose dependence on [ can be
constrained in a simple way. We will do so in the following subsection. After substitut-
ing (C.25) in the leading contribution to (C.20) coming from the residues of type 3, and

4If the giant graviton expansion is complete and not asymptotic, then one must expect, and we will
assume so, that the corresponding infinite sum over poles will be convergent in some continuous domain of
rapidities.

®The poles for this bi-fundamental contribution come from the zeroes of the Jacobi theta functions [70]
in the denominator.

56We identify poles 3 and 8’ that are identical after a permutation of their gauge indicesa; = 1,...n7—1.
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keeping in the exponent the terms that do not vanish trivially as A, — 0, one obtains

S Z 50 (@) -Faa) (C.29)

where — after reinstating the indices I and a — it follows that

Be e, XS g ((U))

a,a+1

% (Cgll)g;a,a-i-l_A)

=

with ratios fixed [=1 a=1 [7:1 (C30)
&~ 0,
Ag —0

with ratios fixed

vanishes trivially because U = 1is a saddle point of the action §. Thus, we conclude
that in the limit A, — 0 with ratios fixed, the total — and leading — residue contribution
to Zn, nyns takes the asymptotic form

~ ~log)
—5(z,0) — S0, (@)
e E e — 7z - .
A0 n1,n2,n3 (C.31)
B with ratios fixed

As we will show below, the sum over § can be a series only if fgauge selects an infinite
number of unpaired positive or negative poles. The equation (C.27) implies that for a
generic choice of a contour I'yqyge selecting an unbalanced number of positive or negative

poles of type (3, the exponential factors {e OB(U} whose quotient will be reported in
equation (C.40) below, are linear independent functions of z and thus, for generic values
of x

S e 0@ 2, (C.32)
B
In such a case, in virtue of (C.31), one concludes that, provided the sum over f’s is either
finite or a convergent series,

3(lo) _
ooy ~exp € 00700 @ 5@ 1)+ 5P (@) ~ Fmeed(g ). (C33)

A—00 A—oo

where the ambiguity in the choice of fy is shielded in the ambiguity in the relations ~

Constraining the relative contribution of poles

Let us come back to the function (reduced residue)
Resglz, U] = e~ @0)+1os(U-Tp) (C.34)
The goal is to constrain the dependence on 3 of the quantity
Resglz, Us +01] < oo, (C.35)

in the asymptotic expansion near its singularity U 3 — 1. It is convenient to compute such
asymptotic expansion in two-steps, starting from the function (C.34)

Us—U, U —1. (C.36)
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For example, in a two-step expansion defined by the quadratic differential variations
U=1+46U, Uz =U(1+6Uz), (C.37)
where 5(7/3 < 86U the exponent of (C.34) takes the form
—5O(z,U) +1og(U — Ug) ~ — 5O (2,1 4 6U) + log(6U) + log 6Uj . (C.38)

Using the expansion (C.38) for two different poles f = 1 and § = P2 we conclude, after
exponentiation, that in a limit 6Ug, , — 0 the quotient among the reduced residues of
roots of type B approaches a universal expression,

ReSﬁl [, Up, = 1+ U] 5U,81

. (C.39)
R6552 [z, Uﬂ2 =1+ 6Uﬁ2] 5Uﬂ2
This expression and (C.25) imply the following relation
— ~ nr—1 );a,a+1 s(log) (.
Resg, [z, Up, ()] N ZI 122051 751 A e oh ® (C.40)

e = TN )
Resﬂg [ga UﬂQ (g)] at ﬁAx(;;rOatio Z[ 1 an ! ]_ ﬁ;l ot : é 6_80,592 (@)

This relation is telling us that the relative contribution of poles of type S is defined, unam-
biguously, by their corresponding coefficients c¢; 5. This is very useful, because the latter
coefficients can be computed easily, and consequently using (C.40) one can straightfor-
wardly predict what poles in the integrand would cancel among each other should fgauge
pick them all.

For example, from (C.40) one concludes that if the positions 51 and 9 are inverse to
each other, then

0 @

~(log)
6780 592 (z)

= —1. (C.41)

which means that both contributions would cancel each other in the sum

_ ~(log)
0§ o S0 (@) (C.42)

This implies that, should fgauge not break the Zo symmetries for poles of type 5, then the
contributions of the latter would vanish at large charges. On the contrary for a fgauge that
breaks the Zy symmetries for poles of type 8 the analytic analysis above presented predicts
that the answer will not vanish.

For choices of fgauge that pick up an infinite number of unpaired positive and negative
poles of type 8 it may be possible that the sum

(log)
Y e @, (C.43)
5

could not be resumed into a finite function. Equation (C.40) can be used to understand
this point better. Just to give an idea, assume A; = Ay = Ag and take 8 = B, to denote
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the pole(s) with the minimum value 7, of
3 ’I’L[*l
I);a,a+1 I);a,a+1 I);a,a+1
Inl = n(B) = 13" 3 eigns’ +chons +cions |- (C.4)
I=1 a=1

Then we can write

3 Nmin
o C.45
= e_gél gw)lm(@ 1 deg(n)n, ( )
Timin nez
N>Nymin

where the integer number deg(n) receives contributions from every [ selected by fgauge
with n(f) = n: precisely, +1 contributions from positive poles and —1 contributions from
negative poles. Obviously, only if deg(n) = 0 for n > L where L is a positive integer, then
the sum in the right hand side of (C.45) becomes finite. Assuming fgauge does select an
infinite number of unpaired positive and negative poles of type- 3, we interpret the infinity
above as signature that the infinite sum over residues can not be blindly commuted with
the expansion A, — 0 at fixed ratios. At the level of computing asymptotic expansions
though, it is enough to truncate the convergent sum over poles § to a large sum, say with
only L > 1 elements, those with the minimum values of n(8) out of the infinitely many
selected by the contour. In the presence of this intermediate cut-off L the asymptotic
relation (C.33) follows from the fact that the dependence on L is shielded in the subleading

ambiguity of the relations ~ . °7

D Large charge entropy from averages over free Fermi systems

Brief summary of results in this appendix In [12] the author proposed an exact
giant graviton-like expansion for a large family of matrix integrals that include the %G—BPS
index as a particular example. Schematically, this expansion looks like

() =) / dt Toc(t), (D.1)

where

Toc(t,0) = ant(Q)e’™? (D.2)
Q

¢ = e ! is an auxiliary integration variable, whose string theory interpretation is unclear
to us, and which we find evidence that —at least at large charges — it may be related to the

5TIn other words, in the regions of chemical potentials Ay’s where an infinite sum over poles of type 3
converges, Uié) = 0 happens to be an accumulation point for such type of poles, i.e., in those regions of Al s
the larger |n(8)| the closer 8 is to [76%) = 0. This is the reason why a series over poles of type 5 can not
be commuted with the limit A, — 0 with ratios fixed: for a fast enough limit of poles towards (7‘%) =0 it
is not always true that the posterior limit A, — 0 implies the condition (C.21). That said, for any finite
sum over poles of type 8 the latter issue is not present.

— 48 —



linear combination of giant graviton numbers ¢; + - n in the representation of [3]. On the
other hand, n is a non-negative natural number that reminisces, as well, one of the three
numbers of giant gravitons in the expansions of [3] and [5]. From now on, when referring
to the representation of [12], n will be called the giant graviton-like number.

At large enough charges, the microcanonical index grows slower than the giant graviton-
like contributions [ dt a,(Q) [13]

~le@
[TdCanc Q)] Q5o (D.3)

This means that at large @’s a large number of cancellations happen after evaluating

3 / dtan 1 (0). (D.4)

Indeed, we will check that these cancellations can be understood as a transition in between
two pairs of complex conjugated saddle-point configurations of

log Z,, ¢ (t) + 27itQ (D.5)

at large @ .

The large-charge localization Lemma of subsection (2.3) implies that the integral over ¢
must localize — at large-R charges and fixed J and n — around essential singularities of the
integrand Z,, ¢(t) . Indeed, we find that the two relevant exponential singularities are located
around ( = =1, respectively. If we denote the asymptotic expansion of Z,, ¢(t) around them
as

Toc(t) = Tnsr44(8), (D.6)

then the saddle points obtained after extremizing the answer obtained after the substitution
of the choice “—” in (D.6) on (D.5), are the ones determining a, (Q) at large @ and fixed n .
On the other hand the saddle points obtained after extremizing the substitution of the choice
of sign + in (D.6) on (D.5) dominate the counting after the sum over n is evaluated and
exponentially large cancellations happen. The details of this analysis will be summarized
in section D.

In summary, we will check that at large charges @ — oo (for all N) the following
asymptotic formulae hold

oc oc 1/37 cJ2/3N2/3
Z/dt%,t(Q)Naln,t;(Q)(Q) + a£~b7tj(Q)(Q) ~ a(Q) ~ (VI)IEmePENTE L )

(and a more general version of it as well making contact with the complete moduli space of
dual black hole solutions) where the complex conjugated contributions

l
a'r:)i;: (Q) 3 (DS)
come from the saddle points of the localized effective action —log Z,, ((7) around the singular
region ¢ — 1. In this case the two complex conjugated saddle point values are
~ J2/3

"y = Cx N3 (D.9)
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where again, the ¢1 are order 1 complex contributions that happen to match the above-
quoted ca4 in equation (1.20) —up to a normalization factor—

The asymptotic relations (D.7) tell us how the exponential growth of %—BPS states in
the boundary gauge theory is recovered from the giant graviton-like representation of [12].
The relevant computations are summarized below. Curiously, the similarity among (1.20)
and (D.9) suggests that there may be a relation between the sum of the n auxiliary integra-
tion variables of type t = —log ¢ (in representation (3.40)) and a single linear combination
of giant graviton numbers n in the proposal of [3] (in representation (3.30)).

The cancellation mechanism

Let us explain how the cancellation mechanism among giant-graviton-like contributions
happens in the exact expansion (3.40). In this expansion the microcanonical index of giant
graviton-like contribution, ) 7, , can be written as:

B , LmaXQ123/ J ( )
dv(Q) = / da / / S\ (@z0-i2Q (D.10)
r

where t; = —log((;) € [0, 27i1) and

_SJ(\Z)(I§§,£) = i (1—wl) (1—wh) (1—wh)—(1-p") (1-4")

P l(l—wl) (l—wg) (1—wé)
~ (= Y (1=t = T (g
3 (2) (-6 -6 - Tz
i£j=1
We collect the determinant and the zero-mode contributions in the quantity

~T"(2;2,¢) = i (1= wh) (1 = wa) (1_w3z) (l_z p) (=) i(l—d) (I—C[l)

(D.11)

5 e
+ log(Det[z Zlog( > +N21og ¢) — min.
=1
(D.12)
The identity
— -y Loy _ -G\ . '
£ IZ; I (Ci + ¢ ) zi:log< 2 ) win = 0mod (27i), (D.13)

simplifies 7 as follows
SARCESED DD <z ) (z 7 N (1-¢) (1=¢") + NLog (<)

(1) (1) (1 w))

* 2 T ud) (1 wh) (1wl

(2n) + log(Det[z,(]) .

(D.14)
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To apply our large-charge localization Lemma, we must compute the asymptotic expansion
of the effective action around the relevant power-like singularity(ies). There are many
singularities, but we will show that the two relevant ones (£) are located at A, — 0
and ¢; — +1. % We find and check (in the following section), that the singularity locus
at (; = —1 is the one relevant to compute asymptotic growth of states at fixed giant
graviton-like number n.

As in the cases before, these previous singularities serve as attractors to saddle-points.
The localization of the effective action around {; = +1 determines different saddle-point
contributions to the total integral (D.10). In this subsection, we will focus on the vicinity
of the singularity locus (or equivalently, on the saddle-points obtained after localization)
at (; = 1, which is the one making explicit contact with the index at large charges.

If we substitute

A, — €A, (D.15)

and
G — e z; — e Zmui (D.16)

t59

in the effective action (D.11) and expand i around € = % = 0 then the first term in the

right-hand side of (D.11) reduces to

S 7B (g = 2) + 2B ()~ B (i 2))
AlAgAg

i#j=1
B zn: w1 (Al + AQ + Ag) tit]’
I

(D.17)
+ O(é?).

i#j=1

Evaluating this at the asymptotic form of the n! inequivalent saddle-points for gauge-
*

7 = 0, and expanding the T we obtain

rapidities u;; — u
n n - 1
_5m om _ 3 “T(@)tit; + O(€?),
i1 (D.18)

n

T = 1@ 3 (6)" + € St + Ooge) + 0(€).

i=1 i=1
Adding both results we obtain

—S](\Z) = %T(g) (t)2 + €t N + O(loge) + O(€?), (D.19)

8In particular, from now on we will only pay attention to the leading asymptotic behaviour, thus
will not pay attention to the F-type contributions (See the definitions given around (A.3)) coming from
the log Det|z, (] term.

%9Really, we first make the substitution in the denominator, then expand the result and keep leading
contributions. Then, finally, we re-sum over the variable [ and obtain a sum over polylogarithms at diverse
level. Then we substitute (D.15) and (D.16) and expand the answer around € = 0 up to the desired order.
In this way we are able to avoid finding undesired infinities due to mistreatment of logarithmic divergencies
(See the discussion in pargraph 4.2).
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where we have changed to variables (with unit Jacobian)
n
t:= Zti, t12,.n-1 = t12,..n—1- (D.20)

60Lastly, we apply the large-charge localization lemma to the integral

27i

e ~(n) Iy
/dudte i (@i20) exp/ die=Sir @z" Q) ~exp € °M (@t") | (D.21)
A—oco A—oo
where
~ N
= —— D.22
el (D.22)
is the saddle point of
~ 2\ 2 ~
S @h = ~T@)(F) - NT, (D.23)
with onshell value
~(n) 7% N2A A4y
e SM (z5t%) ~exp € 2w (A +Ag+Ag—wiE2ni) (D.24)
A—o0

This result matches the exponential of the entropy function accounting for the asympotic
growth of states at large charges and spin, and thus one concludes that

~ ~/ ~ o~

du(Q) ~ep d(Q)  (VN). (D.25)

A—oo

This had to be the case because the representation (3.40) is an exact representation of the
index.

The large charge growth at fixed n

We finalize by showing that the contribution coming from the (pair of complex conjugated)
saddle points of the localized action at {; = —1, dominate the counting of states relative to
a single giant graviton-like block n , for any finite n. And second, by understanding from
a macrocanonical perspective how the latter contributions cancel at large charges after
summing over n, letting the complex Conjugated pairs of solutions of the localized action
at ¢(; = 1 to dominate the counting of c-BPS states at large charges.

This time we substitute

A, = €A, (D.26)
and
G (l)e i,z — e (D.27)
in the effective action
—50 (252,¢) . (D.28)

50We assume the change of variables is implemented before taking any expansion that breaks the peri-
od1c1ty ti — ti + 27” . In this way we are safe to consider that the n new variables are such that 2%“? and

%tl 2,3,...,n—1 range over the segment [0,1).
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Then we expand the answer around e = % = 0. Being careful with contributions coming

from zero-modes (as detailed in previous analysis) and picking up the leading gauge saddle
point u;; = 0 we obtain the following leading contribution

4W4§4[%+i§4]_§4[i§4]_% 2 1 2
— T T O D.29
3 A1As e xmmrPlae) (D-29)
where
By(r) := By(x — |z]), By(z) == x* — 223 + 2% — 1/30. (D.30)

In the large charge region
Qi =Q,=0Qy=Q =qAY, J =0. (D.31)

(D.29) predicts an entropy growth-rate of ~ @’ 3/4  To show this we follow the approach
presented in subsection 3.3. To count states in the charge locus (D.31) we must extremize

dnt S Ba[3+¥ ] -Bi[¥] - ~
& G G AL+ Ay +A3) Q. D.32
3 " A1 Ay A (A1t A2+ 45)Q (D-32)

The relevant saddle point values are

iwy 1 (% + %) \ 1;;37T vn (D.33)
2 4 23/4,/3 Y0

and the prediction for entropy growth at fixed n is

~ (1-i) /2~ _~ 3/4 V3 = 3/4
‘J(]\i,t fixed n) ‘ [Q/] ;exp e N AL + c.c :exp P A (D.34)
—00 —00

Notice first that this does not depend on N and second, that at finite IV it grows faster than
the £-BPS microcanonical index |dys| which grows exponentially fast in O(N 2/3Q12/3) .
Let us define
qg=e 2 =e 2 = e 2 = e 37 (D35)

and proceed to compute the g-series J,—1 = Jn=1(¢) by computing residues of the inte-
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gral (3.46) (up to order @ = 80)
Tn=1(g) = > dyi " [Q] %
Q

=—10¢% +12¢" — 9¢® + 21¢'° — 54¢" + 83¢*? — 102¢'3 + 72¢** + 128¢'°
— 585¢"% + 1122¢'7 — 1513¢"® + 1380¢"° + 138¢%° — 3900¢>" + 9996¢>>
— 17376473 + 22568¢%* — 18114¢%*° — 6030¢° + 58474¢*7 — 142020¢8 + 2441164¢%°
—320713¢° + 287250¢%! — 25656¢°% — 592766¢>3 + 1645122¢3* — 3038934¢>°
+ 437049930 — 479283637 4 2942865¢>% + 291538043 — 14343372¢*°

+ 31698240¢* — 52605856¢*% + 70039506¢*> — 70602105¢** + 34228542¢*° + 631541314

— 2421856204 + 506010016¢*% — 819250914¢*° + 1082818902¢°° — 1111506156¢°"

+ 627383301¢°% + 710585424¢° — 3216045014¢°* + 7001989140¢°° — 11715308649¢°°
+16199071728¢°%" — 18156237900¢°% + 139632191464>°

+ 1135248962¢%° — 321452907064¢° 4 82429426092¢5% — 150565817086¢5
+226011251286¢5%* — 284147263932¢%° + 282109482979¢%¢ — 157874585688¢57

— 163795361382¢5% + 754154356216¢°%° — 1647734709546¢™° + 2791649406978¢"*
—3979126322771¢7 4+ 4777631630670¢7> — 4473905312412¢™* + 2073206793162¢"°

+ 3594625665549¢7 — 13599471353058¢"7 + 28405997629926¢7 — 47107802836014¢ ™

+ 66434292154434¢%° + - ..
(D.36)
We note that @ # @’ (see the discussion in section 3), however they are related in the
asymptotic limit (D.31) as follows

Q ~ 6Q. (D.37)

A—oo

Using this relation we can compare

n= at fixed n=1)r 3
’dg\/[ D[Q” ~exp |Cz(]\/[t 1)[Q/]|

A—oo
Y2 0 4/226 (D.38)
Q" 5 " =s3/4
~exp € V3 |2 cos ———Q™7|.
Ason V3

The result is presented in figure 1.

Notice that the giant graviton index at fixed n grows faster than the total giant graviton
index in the limit (D.31). How are these cancellations explained in the present approach?
Let us define the variable én

on = an (D.39)

which ranges over a continuum domain in the limit as A — oco. Then we can trade the
sum over n by an integral over a finite segment of length ¢ = O(1) as A — oo that can be
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00 ':ﬂ:

1.5 2.0 25 3.0 3.5 4.0 4.5

Figure 1: The vertical axis represents log <log ]d%}zl)[QH) and the horizontal axis rep-
resents log ), with @ ranging from 6 to 80. The vertical coordinates of the blue
points come from evaluating the asymptotic formula log(%X + log |2 cos X|) where X =
\/ %W \/E(Q/6)3/4. The vertical positions of the red points come from taking log(log| - |)
of the coefficients in (D.36).

evaluated by saddle-point approximation (as it is Gaussian):

~ = |1, iw = | iw 1 = |1, iw = | iw 1
[Q/N] (4 B4[§+T#}_B4[Twl]_ﬁ ) 7 it B4[§+271]—B4[T#]—ﬁ A8 o
5 3 n = AL AyAscS Nz on
e A1AgAge ~exp d[5n]e 18243
~exp 1.
A—oo

(D.40)

This mechanism explains how these contributions do not compete with the ones coming from
the singularity locus at ¢; = 1 (encoded in (D.24)) in determinining the total microcanonical
giant graviton index (D.10) at large charges.
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