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In this work, we consider a resonant bar detector of gravitational waves in the general-
ized uncertainty principle (GUP) framework with linear and quadratic momentum uncer-
tainties. The phonon modes in these detectors vibrate due to the interaction with the
incoming gravitational wave. In this uncertainty principle framework, we calculate the
resonant frequencies and transition rates induced by the incoming gravitational waves on
these detectors. We observe that the energy eigenstates and the eigenvalues get modified
by the GUP parameters. We also observe non-vanishing transition probabilities between
two adjacent energy levels due to the existence of the linear order momentum correction in
the generalized uncertainty relation which was not present in the quadratic GUP analysis
[Class. Quantum Grav. 37 (2020) 195006]. We finally obtain bounds on the dimensionless

GUP parameters using the form of the transition rates obtained during this analysis.

I. INTRODUCTION

With the advent of quantum mechanics and general relativity at the beginning of the twentieth
century, the primary focus of the scientific community shifted towards the discovery of a combined
description of the behaviour of the physical theories which is effective at a large length scale as well
as in the subatomic domain. Quantum mechanics gives an almost perfect theory at the subatomic
length scale and the general theory of relativity is extremely accurate at the astrophysical length
scale. Now, if one tries to write down a quantum theory of gravity, it is mandatory to probe
general relativity in the subatomic length scale. In quantum mechanics, we consider the geometry

of spacetime as a flat stationary background, while in general relativity energy or matter can create
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deformation in the flat structure of spacetime resulting in a curved spacetime geometry. Therefore,
to explore the universe near the Planck scale, we need a complete quantum theory of gravity that
will give rise to quantum mechanics and general relativity in their respective domains. All the
attempts to quantize gravity, like loop quantum gravity [1, 2|, string theory [3, 4], noncommutative
geometry [5], and some gedanken experiments in quantum gravity phenomenology unanimously
indicates the existence of an observer-independent minimal length scale. All such calculations
suggest that this minimum length scale should be identified with the Planck length which implies
Ly ~ 1073° m.

The ideal way to canonically quantize a theory is to raise the phase space variables to operator
status and then implement a commutation relation among the two canonically conjugate variables.
Such commutation relation among the phase space variables leads eventually to the Heisenberg’s
uncertainty principle. One way to implement an observer-independent minimal length scale in a
theory is to modify Heisenberg’s uncertainty principle which is in general known as the gener-
alized uncertainty principle (GUP) in the literature. Interestingly, among other consequences of
this fundamental hypothesis of this Planck-length, the modification of the Heisenberg uncertainty
principle (HUP) to the generalized uncertainty principle (GUP) has gained a deep interest in a
plethora of investigations in high energy theoretical physics. In this development, Mead first pro-
posed [6] that gravity affects the uncertainty principle and leads to the GUP. Several investigations
into black hole physics, M-theory [7-9], and the nonperturbative formulation of open string field
theory [10, 11] indicate that the modification of HUP is proportional to the quadratic term in
momentum. However, it is important to note that, for such theories with modified uncertainty
relations, the classical and quantum side of the approach results in some inconsistencies. A rig-
orous Hamiltonian and Lagrangian analysis with classical and quantum systems has been done in
[12]. When the commutator between the position and momentum variables gets modified due to
the inclusion of minimal length into the theory, it is no more admissible to call the position and
momentum variables as conjugate variables. To avoid this terminological issue, we have restricted
ourselves from using the term “conjugate” corresponding to the modified phase space variables
of the system in this analysis. In a different study [13], it is observed that the physical content
of a theory resonates via the commutator of the physical observables. In this paper, it is finally
argued that the minimal length scale is physical and cannot be removed by resorting to a different
commutation relation. Recently in a study [14], we have used the noise of gravitons induced on a
freely falling particle (under the effect of Earth’s gravity) to obtain quantum gravity corrections to

the Heisenberg uncertainty principle and obtained quadratic order corrections in momentum with



explicit dependence on the three fundamental constants (h, G, and ¢). In the Planck mass limit, it
reduces to the well-known form of the generalized uncertainty principle (GUP). However, doubly
special relativity theory suggests that this modification should contain a term that should be linear
in momentum. Now, combining both possibilities, one can find a further modification to the GUP,
which is also known as the linear and quadratic generalized uncertainty principle (LQGUP). This
idea has been first introduced in [15].

Hence, one gets the modified GUP between the position @; and the momentum FP; incorporating

both the contributions from the linear and quadratic order terms in momentum as [16],

2QiAR > g[1-a(P+ o) — @ =) [@PP+ (] - o - 29) [(aR) + (RY]).

(1)

- 2 . .
where P2 = |P|” = n;jP'P’; 1,5 = 1,2,3. The parameters o and 3 are positive and independent

of AQ and AP which generate the traces of the GUP. These parameters are defined as a =
ao/(Mpyc) and B = By/(Mpyc)? where Mp; is the Planck mass and c is the speed of light in free
space. The definitions of GUP parameters immediately show that the dimensions of o and [ are
(momentum)~! and (momentum)~2 respectively. Now the modified Heisenberg algebra following
the uncertainty relation (1) is as follows

PP,
P

[Qi, Pj] = il [5”- —a <6,-jP - ) + B (0;5P* 4+ 2P, Pj) — o*(6;;P* + PP;)| . (2)

The existence of GUP has been immensely investigated at the level of black hole thermodynamics
[17—24], various quantum systems like a particle in a box, Landau-level, harmonic oscillator [15, 16],
[25-27] and so on. Theoretical analysis with this GUP framework in the path integral representa-
tion [28-30] has also been thoroughly investigated to gain more insight into the quantum gravity
phenomenology. In a recent study, the noise spectrum of a typical optomechanical setup has been
analyzed in the LQGUP framework [31]. In [32], a quantum harmonic oscillator is studied non-
perturbatively, showing that a linear correction to the commutation relation between position and
momentum cannot admit any ladder operators. Despite all these theoretical investigations in the
GUP framework, this Planck scale phenomenon poses the question of how one goes about experi-
mentally capturing its signature. Before investigating any relics of GUP in any experimental setup,
it is important to note that the upper bound on the dimensionless GUP parameter 5y reported in
recent studies [16, 23, 33-36], corresponds to the intermediate length scale Ly, = /Bolp ~ 10~ m.
Resonant bar detectors [37, 38] of gravitational waves (gravitational wave) have gained potential

interest following the breakthrough observation of the gravitational wave by LIGO [39] and VIRGO



recently, and the subsequent observations of numerous additional gravitational wave sources [40—
42]. These observations open up a new epoch where one can hope to explore the signature of
quantum gravity which is generally of the order of the Planck length scale. Therefore, researchers
are interested in investigating whether any signature of quantum gravity effect lies in the gravita-
tional wave detector scenario [43]. Recently the highly sensitive detectors can detect the variations
AL of the bar length I ~ 1m with a sensitivity of the order of % ~ 10719, Now this scale of
length variation will be more precise as the sensitivity of the detectors increases, which leads to
a better understanding of the universe. The main motivation behind the investigation of reso-
nant bar detectors is that they are technically much more straightforward to construct than the
interferometer-based ‘I’ shaped detectors like LIGO or VIRGO. Again it is also theoretically very
prudent to investigate such detectors as they involve the interaction of gravitational waves with
elastic matter. The interaction of gravitational waves with simple matter systems causes tiny vi-
brations which are many orders smaller than the size of an atomic nucleus. This tiny vibration can
be modeled as a quantum mechanical forced harmonic oscillator. Therefore, it is possible to simply
write down the resonant detectors of gravitational waves as a gravitational wave-harmonic oscilla-
tor interaction model. The possibility of detecting these Planck length relics in the gravitational
wave detection technique motivates us to do a rigorous investigation of the quantum mechanical
responses of the gravitational wave detectors to the gravitational wave fluctuations in noncommu-
tativity and GUP framework [44-51]. Recently, in[36], we have seen that the measurements of
resonant frequencies of a mechanical oscillator bear the signature of GUP. In a different way, an
optomechanical scheme has been introduced in [52], which was further developed in [53, 54], for
realizing the presence of GUP in experimental scenarios.

Motivated by the above discussion, in this paper, we present the quantum mechanical effects
of the gravitational wave detectors in the LQGUP framework. Here, we consider the LQGUP
which contains both the liner and quadratic order contributions in momentum. In our work,
we have mainly investigated the transition probabilities using the Fermi-Golden rule for several
gravitational wave templates. Remarkably, due to the presence of the linear order correction in the
momentum in the modified uncertainty relation, we observed few transitions from the ground state
of the harmonic oscillator which was absent in the case of the modified uncertainty relation with
quadratic order correction in the momentum only. If one can attenuate all other noise contributions
that can lead to such a transition, then these transitions can confirm the existence of LQGUP.
The construction of the paper goes as follows. In section 2, we construct the Hamiltonian of the

gravitational wave-harmonic oscillator system in the LQGUP framework (2). Then we calculate



the formal perturbative solutions of that system in section 3. Next, we apply the time-independent
perturbation theory to get the perturbed eigenstates of the one-dimensional harmonic oscillator
with the new perturbed energy eigenvalues. After that, we use the time-dependent part of the
Hamiltonian to calculate the transition between the states of the harmonic oscillator caused by the
gravitational wave. In section 4, we use the various gravitational wave waveforms to calculate the

corresponding transition probabilities. We finally conclude in section 5.

II. THE HARMONIC OSCILLATOR-GRAVITATIONAL WAVE INTERACTION
MODEL

For the background spacetime of our system we have considered small time-dependent fluctuations

over the flat Minkowski background as

Juv = Nuv + h/u/ (3)

with h,, denoting these fluctuations (specifically gravitational wave fluctuations) over the flat
Minkowski background. Here 7, = diag{—1,1,1,1} in eq.(3).

To investigate the response of the gravitational wave detectors interacting with the incoming
gravitational wave in the LQGUP framework given by eq.(2) which contains both the linear and
quadratic contributions in momentum, we first need to write down the Hamiltonian of the har-
monic oscillator system representing the elastic matter interacting with a gravitational wave. The
representation of the dynamics of the elastic matter by a harmonic oscillator follows from the fact
that the fundamental mode of the elastic bar is described by a harmonic oscillator [59] . In order
to detect such tiny vibrations in the elastic matter due to gravitational wave, one needs to make
use of linear amplifiers to detect an acoustic oscillation of the fundamental mode of the bar. This
acoustic oscillation of the fundamental mode of the bar can be best described by the oscillation of
a single phonon mode [59]. Inspite of the bar being a macroscopic object (weighing of the order of
a ton), the oscillation of the bar is detected which is not explained properly by a classical treat-
ment. Therefore, in this case one considers the collective effect of the number of excited-phonons
to describe the oscillation of the bar.

Now the dynamics of the harmonic oscillator-gravitational wave system can be properly framed by
the geodesic deviation equation for a two-dimensional harmonic oscillator of mass m and intrinsic

frequency w in a proper detector frame as

m@Q = —mR% Q" —mw?Ql; j=1,2. (4)



The Riemann curvature tensor in eq.(4) in terms of the gravitational fluctuations can be represented
as RJ 0,k0 = —% = —ﬁjk /2. Here we consider the plane of the elastic matter in the z — y plane
and the direction of the propagation vector of the gravitational wave to be in the z direction.
The dot denotes the derivative with respect to the coordinate time of the proper detector frame.
It is the same as its proper time to first order in the metric perturbation and @’ is the proper
distance of the pendulum from the origin. In particular, @; is best described by the displacement
of the individual phonon modes from their equilibrium positions. Here the spatial velocities are
nonrelativistic and the coordinate |@7| is much smaller than the reduced wavelength ﬁ of the
gravitational wave. Now using the transverse-traceless (TT) gauge condition one can remove
the unphysical degrees of freedom and get only two relevant components, namely the x and +
polarizations of the gravitational wave arising in the analytical form of the Riemann curvature
tensor Rjo,ko = —ﬁjk /2. Thus, the gravitational wave interaction gives rise to a time-dependent

piece in eq.(4) !. Therefore, hji, containing the polarization information reads
hjk (t) = 2f(t) (EXO'Jl-k + €+O']3-k) (5)

where o' and o3 are the Pauli spin matrices, 2f is the amplitude of the gravitational wave, and
(ex,e4) are the two possible polarization states of the gravitational wave satisfying the condition
g2 + 63_ = 1 for all £. Note that for the linearly polarized gravitational wave, the frequency 2 of
the gravitational wave is contained in the time-dependent amplitude 2f(¢) and the time-dependent
polarization states (ex (t),e4 (t)) contain the frequency € for the circularly polarized gravitational
wave.

In the next step, we find the Lagrangian describing the interaction of the elastic matter system

with the gravitational wave from the geodesic deviation eq.(4) as
L= Ym0 — 00" — Lmw?0.0i 6
B 0k o M e (6)

- 3 - 3
where Q;Q7 =35 @Q; ~ 3 5 Q;Q;.
Hence, computing the momentum PJ = m@Q’ — mF%ka corresponding to ; from the above
Lagrangian, one immediately can write down the Hamiltonian of the gravitational wave-harmonic

oscillator system as

_52‘1‘ i i k j J Nl 1 21 N
H_%<P +mFOkQ><P +mFOlQ>+§mw Q;Q . (7)

! This TT gauge condition makes the spatial part of the gravitational wave to be unity ( RN 1) all over the

detector site in case of the plane-wave expansion of gravitational wave.



Now, we want to explore whether the gravitational wave detectors can testify to any signature
of GUP incorporating both the contributions from the linear and quadratic order corrections in
momentum. To do this, first, we build the quantum mechanical description of the system. At
first, we replace the phase-space variables (Q;, Pj) by the operators (QA],P]) Then we use the
map between the modified operators (Qj, Pj) in terms of the usual canonically conjugate operators
(Gj,p4) up to first order in 3 obeying eq.(2) as

Qi=di, Pi=pi(l—ap+pp°) (8)
where §;, p; satisfy the usual canonical commutation relation [g;,p;] = ihd;; and p? = Z?:l DiDs.-
Here ¢; and p; are canonically conjugate variables as they satisfy the usual commutation relation.
Before proceeding further, note that a typical bar of gravitational wave-detector has a length
L = 3 m and radius R = 30 cm. Therefore, it is straightforward to approximate the gravitational
wave-harmonic oscillator system as a one-dimensional system as a whole. It is quite simple to
understand that because of this one-dimensional treatment, the cross-polarization term does not

survive anymore. The Hamiltonian describing the system up to order (a2, 3) reads 2

H:<p2 1 ) 1 ap’ a a’pt  Bpt B

om T §mw2q2 +§F(1)1 (pq + qp) 5 Ty, (pq + ap®) + o +W+§Fél (p*q + qp®)
9)

where p; = p and ¢; = ¢. It can be seen that the above Hamiltonian is Hermitian. Hence we break

the Hamiltonian (9) as
H:H0+H1+H2 (10)

where the analytical forms of Hy, Hy, and Hs are given by

p2 1 2 2
Ho=2 42 1
0 2m + 2mw 9 ( )
« o?
Hi=—2p 4 Lpt = <—+ﬁ> (12)
m m 2
1 o B
Hy = 5T4; (pa +ap) = 5001 (P + ap) + 5T01 (g + ap?) - (13)

The above expressions show that we can treat H; and Hs as perturbative Hamiltonians which
arise due to the gravitational wave interaction and the underlying GUP framework. The GUP
parameters a and (3 give rise to the time-independent part of the Hamiltonian denoted by Hj.

Therefore with this background in place, to analyze the quantum mechanical behavior of the

2 For notational simplicity, we use p;j = p;j and ¢; = ¢;. For the one dimensional case we have used p; = p and

q1 =4q.



gravitational wave detector under the LQGUP framework, first we calculate the shift in the energy
eigenvalues and the modified energy eigenstates of the harmonic oscillator due to Hy. Up to this
point, no interaction terms arise due to the incoming gravitational wave. Now the time-dependent
Hamiltonian Hs arises due to the interaction of the gravitational wave with the harmonic oscillator
system. The time-dependent part of the Hamiltonian is responsible for the transitions between the
perturbed energy eigenstates. Our aim in this paper is to calculate these transition amplitudes and
the corresponding transition probabilities as in the future if such transition probabilities can be
measured, it will indicate the existence of an observer-independent minimal length scale in nature.
Again we can easily see that Hy also contains terms that are linear in o and 5. Such terms may

be more significant in our theoretical setup.

Now, the Hamiltonians in eq.(s)(11,12,13) can be recast in terms of the operators (af,a) as

1
Hy =hw <aTa + 5) (14)
hmw\ 3
Hy =- ig (%) [a?’ —a’a’ —aata + aa'® — a'a® + afaa’ + a'?a — a®
m
h 2
+ L <$> [a — a*al — aala + a®a™ — aaa® + (aa")? + aa™a — aa®® — ala® + aTa?a’
m
+ (a'a)? — a'aa' + a™?a? — a'?aa’ — aa + aT4] (15)
. 1 h
Ho =ihhq [—5 <a2 — aT2) + ah (%) [a?’ —aata —alaa + aT?’}
I
+% (a4 —a%d'a — aa’a® + aa'?a — a'a?a’ + a'aa' + a'%aa’ — aT4)] . (16)

where ¢ and p in terms of the raising and lowering operators are given as

It is important to note that in the above equation, the operators a and a' act on the eigenstates
of the Hamiltonian Hy?. We shall make use of these relations in the next section to obtain the

perturbative energy levels and then find the transition probabilities between them.

3 A way of working with ladder operators corresponding to the full system (any general system) has been shown in

[55].



III. PERTURBED ENERGY LEVELS AND TRANSITION AMPLITUDES

In this section, we proceed to calculate the perturbed eigenstates due to time-independent Hamil-
tonian Hj in eq.(15). Using time-independent perturbation theory, the perturbed n th energy

eigenstate reads

= i (75 [m(n_l)(n_”\n—w—3nmn—1>—3<n+1>

Y \ 2 3

(2n+3)y/(n+1)(n+2)
4

X

T D+ 1)+ ¢<n+1)(n+2><n+3)‘n+3>

h
3 + yhmw

(2n —1)y/n(n—1)

Vn(n—1)(n—2)(n —3) i — 4)

2) — -2
X |n+2) 1 In —2) + 16
1 2 3 4
VA R R | R (RO TN (19)
16
with energy eigenvalues
1 3(2n? +2n +1)
E, = — 1 I} 2
<n+2>hw[ + mwhy S2n 1) (20)

These are the general forms of the eigenstates and eigenvalues of a one-dimensional harmonic
oscillator in the presence of GUP containing both linear and quadratic contributions in momentum.
In eq.(19), the left-hand side is the corrected eigenstate of the time-independent part of the full
Hamiltonian Hy + H; whereas the |n) states in the right-hand side are the eigenstates of the free
Hamiltonian Hy such that a|n) = \/njn—1) and af|n) = \/n + 1|n+1). Here, a and a' do not lower
or raise |n)? directly as they are not the raising and lowering operators of the full Hamiltonian H.
We now calculate the transitions between the modified states of the harmonic oscillator induced
by the incoming gravitational wave which is mathematically taken care of by the time-dependent
Hamiltonian Ha(t) in eq.(13). To the lowest order approximation in time-dependent perturbation
theory, the probability amplitude of transition from an initial state |i) to a final state |f), (i # f),

due to a perturbation Hs(t) is given by [60]

. t——+o0 ) R
Cisp(t = 00) = —%/ dt'F (¢') e%(Ef_Ei)t/@I/f!Q\‘I/D (21)

where Hy(t) = F(t)Q with F(t) = hyy, and Q being given by (hat has been omitted while writing

the expression)

1 h
Q = ih [—5 (aa — aTaT) + ah <%> {aaa —aata —alaal + aTaTaT]

h
+5 mw

(aaaa —aaa'a — aa'aa + aa’a'a — a'aaa’ + alaa’a’ + a'a’aa’ — aTaTaTaT)} (22)
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Using eq.(22) in eq.(21), we can write down all of the possible transition amplitudes from the

perturbed ground state as

t—+o00 i )

Coss1e = Tn / dt’ hyy e TEmener (23)
toi-i-oo . )

Cos_yos = Too / dt' hyy el GOymenwt! (24)
to—o>+oo . )

Coszo = To3 / dt’ gy ! G (25)
R

Cosge = Tou / dt’ hyy elHHS0ment (26)
—00

where To1, Toe, T3, and Ty, are given by

hw

T01 = mT
1 17 5 9
Toe = — |1+ — h+ - h
02 2\/§[+2amw +4ﬁmw}
Tos = —iaV3mwh
6 29

Toy = —% [Ea2mwh+3ﬁmwh} . (27)

Now looking at the above transition amplitudes, we can make the following observations. In the
limit & — 0 and B — 0, all the transition amplitudes become zero except Cys_,os. Hence for a
one-dimensional harmonic oscillator interacting with gravitational wave under the standard HUP
framework, only 0° — 27 transition will occur. Due to the presence of the GUP containing only
quadratic term in momentum (i.e., & = 0), we get another transition 0% — 48 in addition to the
previous one (07 — 27) with different amplitudes [29]. In this paper, we consider the LQGUP which
contains both the contributions in linear and quadratic terms in momentum. This consideration
reveals that there are transitions between 0° — 17, 0% — 28, 07 — 37 and 0° — 47 with different
amplitudes. Moreover, note that Tj; and Tp3 arises due to presence of only a and Tpo and Ty,
bear the contributions of both a and . Therefore, looking at the possible experimental outcomes
[29, 49, 50] of these detectors in a future generation of resonant bar detectors, one can see that
resonant detector of the gravitational wave is not only a reliable candidate to probe such Planckian
effects but also be able to predict the mathematical structure of such Planckian modifications. This
is one of the most important results in this paper. It is important to note that such transitions can
occur also if certain external noise contribution is there which may lead to such transitions between
adjacent states as well. Hence, one needs to get rid of all the additional noise contributions to truly

detect the existence of LQGUP in nature.
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Now eq.(s)(23,24,25,26) denoting the transition amplitudes indicate that the presence of the

LQGUP can be checked by measuring the corresponding transition probabilities from the relation
Py = |Cisgl. (28)

In the next section, we shall calculate the transition probabilities for different types of incoming

gravitational waves.

IV. TRANSITION PROBABILITIES FOR DIFFERENT TYPES OF GRAVITATIONAL
WAVE TEMPLATES

We now investigate the analytical forms of the transition probabilities for the harmonic oscillator
interacting with different gravitational wave templates. Such different gravitational wave templates
can indeed be generated in nature in complex astronomical events. At first, we start with the

simplest possible gravitational wave template which is a linearly polarized gravitational wave.

A. Periodic linearly polarized gravitational wave

In this subsection, we consider a periodic gravitational wave with linear polarization. The analytical

form of the gravitational perturbation indicating a linearly polarized gravitational wave reads
hik (t) = 2focos Qt (exafy, +e40%,) - (29)

The amplitude hj(t) varies periodically with a single frequency €. In order to obtain the transition
probabilities we shall make use of the form of hj;, from eq.(29) and substitute it back in eq.(s)(23-
26) and obtain the transition amplitudes. Using eq.(28), it is now possible to write down all of the
physically possible transition probabilities from the obtained transition amplitudes (where we got

rid of the transitions for which w is negative as they are not possible physically)

Poo_ys = (2 fo2Thle1)? x [8 (w (1 4 3ymwh) — Q)]
Pyo_yps = (27 fo2Thale1)? x [8 (w (2 + 9ymwh) — Q)] 0
Pys_ygs = (27 fo2| Thsler)? x [0 (w (3 + 18ymwh) — Q)]

Pys 45 = (27 foQU Toules)? x [8 (w (4 + 30ymwh) — Q)] .

When a real experimental observation is done then the observational time is finite, therefore we

T .
can regularize the Dirac delta function as d(w) = [ [ 2 dt e’“t} = T. It is now possible to write
2
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down all of the possible transition rates (after getting rid of the unphysical part in the transition

probabilities)

li !
T1—I>roloT

1
Jim - FPos o8 = (27 o Toale1)? x 8 (w (2 + ymewh) — Q)]

Pos 15 = (210 foQTor|e1)? x [0 (w (1 4 3ymwh) — Q)]

(31)
1
T Py g0 = (27 foToale)? x [6 (w (3 + 18ymuwh) — )]

lim. %Poﬁw (27 foToale )2 % 6 (w (4 + 30ymawh) — Q)] .
From the above expressions we can easily find the resonant frequencies and amplitudes of the
transitions between the different modified states. Note that for an ordinary harmonic oscillator,
there is only one transition Py_,o at resonant frequency €2 = 2w. Now in this paper, we consider the
general form of the LQGUP containing both the linear and quadratic contributions in momentum
and get four transitions namely Fys_ 15, Fys_s08, Pys_3s and Fys_,46. Among them Fys_,;s and
Pys_,3s take place at frequencies © = w(1+ 3ymwh) and Q = w(3+ 18ymwh). Here the amplitudes

of the transitions are proportional to o?

. Therefore, only the linear contributions of momentum
to the GUP are seen in these two transitions. On the other hand the transitions Fys_,9s and
Pys_,4s occur due to both the GUP parameters o and . These show resonances at frequencies
Q2 = w(2+ 9ymwh) and Q = w(4 + 30ymwh) retain the terms linear and quadratic of both the

parameters « and [.

Hence, this theoretical model not only detects signatures of GUP but may also prove to be a

reliable candidate to validate the form of the proposed GUP structure in the future.

B. Circularly polarized gravitational wave

The next template that we will discuss is the periodic gravitational wave signal with circular

polarization which can be expressed as

i (t) = 2fo [ex (t) ajl-k +eq(t) O'?k] (32)

where 4 (t) = cosQt and ex (t) = sinQt with Q denoting the gravitational wave frequency.

Following the same approach as in the linear polarization case, the transition rates corresponding
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to the gravitational wave template in eq.(32) reads
. 1
Jim 2 Pos 1 = (2o Tor])  [6 (@ (1 + 3ymesh) - )

. 1
Hm = Pys 08 = (21 foQUTo2|)? x [0 (w (2 + 9ymwh) — Q)]
T—oo T

(33)
. 1
Th_l)I;O T_Poﬁ_)gﬁ = (27 foQ|Tos])? [0 (w (3 + 18ymwh) — Q)]

. 1
lim = Pys_gs = (27 FoQToa])? x [0 (w (4 4 30ymwh) — Q)] .

T—o0
Eq.(33) have striking similarities with that of the transition rates obtained in the case of the linearly
polarized gravitational wave in eq.(31) indicating that the circularly polarized gravitational waves

can also be good candidates in signatures of LQGUP in future generation of resonant bar detectors.

C. Aperiodic linearly polarized gravitational wave: gravitational wave burst

Next we consider the gravitational wave with aperiodic signals. Such aperiodic signals are generated
from the in-spiral neutron stars or black hole binaries in general. When the two black holes or
neutron stars merge with each other, they emit gravitational wave signals with huge amounts of
energy. The duration of such signals is very small and they lie in the time range of 1072 sec< Ty < 1
sec. Such emission of gravitational waves with high energy are commonly known as bursts. The

analytical way of expressing such bursts is given as

hjk (t) = 2fog (t) (exoj), +e40%) - (34)

As the duration of such signals must be very small, the smooth function g (¢) must go to zero very

rapidly for time [¢t| > 7,1, Let us take a Gaussian form for the function g(t)
g(t) =", (35)

As the gravitational wave burst is very short-lived, it contains a wide range of frequency values
[45]. Tt is now possible to write down the gravitation wave burst in terms of its Fourier transform

as

400 )
hii, (t):%(sxajl-k+€+0§-’k) / g(Q) e *¥qq . (36)

—00

QTg)2

In the above equation, we have defined g () = \/7_TTg€_<T . It is rather straightforward to

see that g(Q2) is the amplitude of the Fourier mode at frequency . Before writing down all of

4 Note that Ty ~ f7n1am . Here fmaz is the maximum value of a broad range of continuum spectrum of frequency.



14

the possible transition amplitudes from the ground state to higher excited energy states, we shall

explicitly calculate one of the transition amplitudes as follows.

C05_>1,3 = —Z'Oé\/ @/ dtG%(El_Eo)tilll(t)
2
4ZOéf0€+ /mhw/ dite L3em(1+3«,hw) (37)
T 2 oo

g

the above integral is a Gaussian integral and it is straightforward to obtain the analytical form of
the transition amplitude in eq.(37) as
T 2
Copsrp = —2ifoes Tor (w + 3ymiliw?)y/rrge (2 (87ime?) -
38
= —2ifoes Tor (w + 3ymhw?)g(w + 3ymhw?) .
Following the above procedure one can compute the transition amplitudes corresponding to other

allowed transitions as

Cos_os = —2ifoe+To2 (2w + 9ymw h) (2w + 9ymwh)
Cosszs = —2ifoe1 Toz (3w + 18ymw?h) §(3w + 18ymw?h) (39)

Copyas = —2ifoe 1 Toa (4w + 30ymw?h) g(dw + 30ymw?h) .

The main difference of the transition amplitudes in eq.(s)(38,39) from the earlier cases with linear
and circularly polarized gravitational wave templates is that the Dirac delta functions no more
appear in the calculation as a result of the time-dependent part being a Gaussian function. Using

the expression of g (€2) we can obtain the form of the transition probabilities given as

2 _2{%'@}2
Pos_y18 = (2f0|T01|6+ﬁTg (w + 37mw2h)) e
2w+9 W\
_ wt9ymw?h
Pos_yps = (2fo|Tozlev/Try (2w + 9yme?h))’ e 2{ 2 g}
3wt18yme?h_ | (40)
Pys_y38 = (2fo|Tosle+v/77g (3w + 187mw2h))2 e_2{ 2 g}

9 _2{4w+30'ymw h g}2
Pys_4 = (2f0|T04|6+ﬁTg (4w + 307mw2h)) e ? .

The above exercises reveal a very beautiful insight into the underlying nature of the linear and
quadratic generalized uncertainty principle. If we start with the basic case with Heisenberg’s
uncertainty relation, we observe that only one transition occurs from the ground state of the

harmonic oscillator which is the |0) — |2) transition due to the interaction with gravitational
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wave. Now if one considers the quadratic GUP as has been analyzed in [44], an extra transition is
also possible from the perturbed ground state to the fourth excited energy state. In the current
work, due to the inclusion of the linear order correction in momentum uncertainty, we obtain the
transition to first and third excited energy eigenstates as well. Therefore, these results indicate
a new window to probe the presence of quantum gravity effects in the resonant detector of the
gravitational wave set up and if experimentally proven the possible transitions will also indicate a

way to identify what kind of uncertainty relation nature obeys in a quantum gravity scenario.

D. Gaussian wave packet

The previous system is a simple case where gravitational wave bursts are considered for a scenario
where gravitational waves are being generated from a binary system or merger phase. We shall
further generalize the initial ansatz in the previous section to consider a general class of astronomical
scenarios. In this subsection, we consider the case when the gravitational wave has the structure

of a Gaussian wave packet. The function g(t) in eq.(35) takes the form [59]

g(t) = <—> i \/LT_ge—mte—ﬁ/Tﬁ . (41)

It is important to note that the above function is no longer dimensionless. Hence, the only way is
to multiply the above function by a /7, factor. With the above Gaussian wave packet in hand, we

can write down the classical gravitational fluctuation term as

hik(t) = 2fo\/Tqg(t)(Ex Ty + x00). (42)
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Following the earlier analysis, we obtain the transition amplitude for going from 0° state to 17

state to be

Cos 18

= —Z'Oé\/ —m;:bw / dt ei(El_Eo)tilll(t)

2

4104](.064_\/—/ @ %gez(w(l-‘r?rymﬁw) Q)t < + Q7—9>

ee] t 7 % 2
e e L Y (L) (£ + gory) (i tomtiamm)

(2m)a —oo \Tg/ \Tg
4104f0€+\/— —é (w(1+3ymhw) —Q)? <\/E1
(2m) 2
2

= _afOE-}-\/WTg(zﬂ')%w(l + 3ymiw)e Tg (w(143ymhw)—Q)2

wTg(1 + ?wmhw))

= —2Z‘foE+T01(27T)%Tg(w + 3’ymﬁw2)e_7(w(1+37mm)_ﬂ)2

(43)
Similarly, the other transition amplitudes are given by
7_2
Copy2s = —2ifoe+ Ton (2m) 7y (2w + Symlis?)e ™+ ((ZH9TmIw) =) (44)
7_2
Cosyzs = —2ifoc+ Tos (2m) 17y (3w + 18ymuw?)e™ 4 (WO +18ymhe)—0)? (45)
7_2
Cop_yyp = —2z'f05+T04(27T)%7'g(4w + 307mﬁw2)6_Tg(w(4+307mh‘“)_9)2 . (46)
The Dirac-delta function in terms of a Gaussian function can be written as
1 _ (z—z )2
lim e 2t =6z — x0) (47)
c—=0 /210

with o denoting the width of the Gaussian distribution. In principle, 7, denotes the duration of
measuring a single mode of the gravitational wave. One should therefore take 7, — oo limit for a

general gravitational wave measurement. Taking this limit, we can recast eq.(43) as

)

. 1 T,
731—H>1 Cos_18 = hm —4Zf0€+T01\/E(27T) 1(w+ 37m7w2) 2%6

5 (w(1+3ymhw)—Q)?
2

—~
>

T ;5 5 (W(1+3ymhw)—Q)? (48)
1 Ve
~ —4ifoe Toy /7 (2m) 4 (w + 3ymhw?) Tjil)moo 2\5%6 2( 79 )
Applying eq.(47) in eq.(48), we obtain
li_l)n Cos_y18 = —4z'f05+]T01](2773)% (w + 3ymhw?)d (w(1 + 3ymhw) — Q) . (49)
Tg o
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The associated transition probability reads in this limit
P(())/?—HB = |Tgh_1>noo 005—>1/3|2
— V213 (4foe | Tor |(w + 3ymhw?))? (5(w(1 + 3ymhw) — Q)2 (50)
2
- 4\/; (27 foSTole+)? (8(w (L + 3ymhw) — 2))?

where in the final line of the above equation we have used the property f(x)d(x—xq) = f(x9)d(z —
x0) of the Dirac delta function. The above result in eq.(50) is the same as that of the first result in
eq.(30) of the linearly polarized gravitational wave case up to a constant factor 4\/2 . Similar results
follow for the other three transition probabilities. This does establish a one-to-one correspondence
among the linearly polarized gravitational wave with that of the Gaussian wave function case in
the 74 — oo limit up to some coefficient factor. This constant factor can be absorbed just by

1
multiplying h;jx(t) with a number 3 (3)7 which recasts eq.(42) as

hnlt) = (5) " Fov/Fag(exoh +v0)

: 2 /.2
= foe et/ (EXO'Jl-k + E+U§’k) .

(51)

We can similarly also calculate all other transition amplitudes and probabilities in this 7, — oo
limit but we are not listing them as they will follow the same structure. The transition probabilities
for the Gaussian wave function read

2
2

Pys_16 = (2foe+Tor)? (2m) 372(w + 3ymw?) e 7 ((HH3mie)=0) (52)
7_2
Pos 99 = (2foes|Toal)? (2m) 272 (2w + 9ymilis?)2e ™ F ((ZH9miw) =) (53)
72
Pos g5 = (2for+|Tos|)? (2m) 2 72(3w + 18ymhw?)?e™ 3 (wBH18ymh)=0)? (54)
72
Posas = (2for+|Toal)® (2m) 272 (4w + 30ymhw?)?e™ 3 (w(1F30mmho) =% (55)

E. Obtaining bounds on the dimensionless GUP parameters

In this subsection, our primary aim is to obtain bounds on the dimensionless GUP parameter o and
Bo. We shall consider only the linear polarization case to obtain the bounds on the dimensionless
GUP parameter. From eq.(31), it is straightforward to observe that the Dirac delta functions
in the transition rates are dependent on the frequency of the harmonics oscillator, gravitational
wave frequency as well as the parameter v which is dependent on the parameters o and 3. It is

quite intuitive to claim that the GUP correction part must be smaller than the leading order w
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correction. Hence, it is possible to write down the following inequality

4w
hw? < — 56
ymhw” < o (56)

where we have used the final transition rate expression as it shall provide us with the tightest
bound on the v parameter. The most sensitive frequencies of resonant bar detectors are of the
order of 1 kHz. Events like collapsing and bouncing cores of supernovas can produce gravitational
waves in the vicinity of 1 — 3 kHz. Hence, for resonance to occur the frequency of the harmonic
oscillator must lie in the range of 1 — 3 kHz. On the other hand, the mass of such a resonant bar
detector is of the order of one ton (1.1 x 10% kg). Instead of using w ~ 1 kHz, we use the maximum
value of w needed to detect gravitational wave with maximum frequency 3 kHz. Hence, w = 3 kHz.
Now it is important to note that the ‘L’ shaped interferometer detectors are more efficient than
the general resonant bar detectors presently in existence. In order to increase the sensitivity of the
detectors, one needs to use more sophisticated technology which will provide us with a higher gain
in the change in the total length while being at the resonance condition. Such a technology may be
useful in the future when bar detectors can be made much longer in length than the ones currently
present. For the lower sensitivity of the bar detectors, the bounds on the GUP parameters become
indeed weaker but if a much more sensitive detector is made it will be possible to predict tighter
bounds on the same. Currently, few attempts are being made to increase the sensitivity of the bar
detectors to 1072! by cooling them down to milli-Kelvin temperature and using the full capability
of the bar detectors [61]. Resonant bar detectors with spherical geometry are also being considered

for substantially increasing the sensitivity of the bar detectors [62].

Now, a = 77?_;)0 and 3 = m%OCZ with m,, ~ 2.176 x 1078 kg denoting the Planck mass. We can now

express v in terms of a dimensionless parameter =y as

B a? B 1 a%
= <7+ﬂ> _mgc2 <7+50>

57
__o (57)
m2c?
where g = %(2) + Bo. In terms of 7o, eq.(56) can be recast in the following form
2m§,c2
Y0 <
15hmw (58)

— 4 < 1.6 x 10% .

We now need to obtain bounds on the dimensionless parameters oy and 5y individually. In order to

do so, we need to use the inequality obtained earlier in [63] while using the path integral formulation
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of a point particle moving in an arbitrary potential. The inequality obtained in [63] reads
B > 402 (59)

which in terms of the dimensionless parameters read 5y > 4@3. using this relation back in eq.(58)
we obtain the bounds on the dimensionless GUP parameters as op < 10 and Sy < 10%. The
bound on the By parameter is at par with the bound obtained in [44] but tighter than the bound
obtained in a graviton-detector interaction case [64] in a quadratic GUP framework. We shall now
make comparisons among the bounds obtained in our paper with some of the bounds currently
in existence among other literature. For example, in [65] using observational bounds from the
Big Bang nucleosynthesis and primordial abundances of some of the light elements, bound on the
quadratic GUP parameter was obtained. In [65], the most stringent bound that was obtained for
Bo was B9 < 108! which is much weaker than the bound obtained for our case (8y was By < 10%).
In [66], a procedure was proposed to connect the [y parameter to coefficients of the gravity sector
in the standard model extension where violation of Lorentz invariance is encoded into specific
parameters. The bound obtained in this process was fy < 10°" which is again way weaker than the
bound obtained in this analysis. In [67], the Baryon asymmetry problem was explained using the
GUP framework which gave the values of the two GUP parameters to be ag ~ 10* and 8y ~ —10°8,
which are way tighter than the bounds obtained in our current analysis.
Another insight into the entire problem comes from the viewpoint that the position and momentum
observables that we work with correspond to the center of mass (COM) motion of the resonant bar
detector. If the GUP modified phase space variables of the COM of the bar detector are Qc and
]5@, then the modified commutation relation in a one-dimensional model has some differences from
that of the commutation relation given in eq.(2). This has been explicitly analyzed in the literature
[68] and later a detailed discussion regarding the relativistic and field theoretical generalization has
been done in [69]. In [69], a critical discussion of the ongoing GUP framework has been done and
its application to composite systems has been thoroughly investigated.
In [68], for a macroscopic body with N constituent particles, the commutator between Qc and P
is given by (in one dimension)
/

Q. o] = ih (1 Xt ]AV—QPC> . (60)

Comparing the parameter appearing in the above equation with our results, we observe that the

quadratic and linear GUP parameters, a and [ scale as

Bo

N2m}2)c2 '

a0

~

B (61)

M
Nmyc
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As a result ~ shall also scale as v ~ Now if we consider one mole of constituents per

70
N2m2c?-
gram of the bar detector, then one gram of the bar detector will consist of Avogadro number of
particles (6.023 x 10%3). Hence for a 10% kg bar detector, there are approximately 10%° number of

2mgc? .
TrC_ ~ 1086, Hence, we obtain 3y < 1086

particles. As a result the bound on 7 becomes vy < =35 —

and o < 10*3. These bounds obtained using COM observables are not very stringent. What is
important to note for a gravitational wave fluctuation, the center of mass is not displaced rather
only the bar is stretched and squeezed and hence, the bounds obtained using the COM degrees of
freedom are redundant. We have included this analysis only for the sake of completeness of our
current calculation. What we have looked at in the discussion earlier can be thought of as variables
not corresponding to the COM variables and which is applicable in our current analysis. For the
response of the detector to the gravitational wave, one needs to look at the collective microscopic
vibration of individual perturbations and hence the bounds obtained are strictly ag < 10 and

Bo < 10%8.

V. CONCLUSION

In this paper, we explore the quantum responses of the resonant bar detectors to the gravitational
waves in the presence of quantum gravity corrections in the Heisenberg uncertainty principle.
Here we have derived the modified quantum states of a bar detector and the transitions between
them induced by the incoming gravitational wave in the extended generalized uncertainty principle
framework, namely the LQGUP framework. This relation contains both the corrections linear
and quadratic terms in momentum. Firstly, the existence of the linear and quadratic generalized
uncertainty principle makes a shift in the non-degenerate states of the one-dimensional harmonic
oscillator. The energy eigenvalues also get modified by the LQGUP parameters o and 3. Then
we derive the observable effects in the transition rates from the ground state to the excited states
to trace out any possible relic effects of the generalized uncertainty principle in the gravitational
wave data from the resonant bar detectors. From the exact forms of the transition rates, we have
made the following observations.

In the presence of the linear and quadratic generalized uncertainty principle, there are four possible
transitions from the modified ground state |0°) to the higher excited states up to |4%). Eq.(26)
together with eq.(27) shows the transition between |0%) — |1%) and |[0%) — |3”) which occur only
due to the linear GUP parameter o.. Therefore, these two transitions ensure the contribution of the

linear order correction in momentum in the modified uncertainty principle which is absent for the
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ordinary HUP and quadratic GUP structures. Again the transitions [0°) — [29) and |0%) — |47)
bear the signature for both o and 3. Note that in the limit a;, 3 — 0, there is only one transition due
to Ths = ﬁ Thus resonant detectors of the gravitational wave are not only a reliable candidate
to probe such GUP effects but also able to predict the mathematical structure of such Planckian
modifications. Now we have the resonant frequencies 2 = w(1 4+ 3ymwh), Q@ = w(2 + 9ymwh),
Q = w(3 + 18ymwh) and Q = w(4 4+ 30ymwh), where v = (%2 + ﬁ). Hence the frequencies at
which the resonant detector responds to the incoming gravitational waves get modified by the
generalized uncertainty principle parameters « and 5. We hope that such effects in the resonant
frequencies will be detectable in the near future if the generalized uncertainty principle exists.
This observation is quite similar to that of the noncommutative structure of space [49], [50]. The
transition rates Fys_,;s and Fys_,3s contain the quadratic term in the dimensionless parameter
« which is of the linear order of 5. Again both the linear and quadratic terms in g appear in
the transition rates. The linear dependence in [ is easier to detect. Our analysis shows that
both linear and circularly polarized gravitational waves are good candidates to probe the presence
of the generalized uncertainty principle in the resonant detectors. This observation is valid for
both the periodic and aperiodic signals as well. Finally, we obtain bounds on the dimensionless
GUP parameters ag and By. We observe that the bound on the [y parameter agrees with the
result obtained earlier in the case of a similar setup with only quadratic GUP framework [44].
The observations made in this paper reveal that resonant detectors may allow in the near future
to detect the existence of an underlying generalized uncertainty principle framework. Moreover,
these gravitational wave data in the resonant detectors can also be helpful in constructing the

mathematical form of the proposed quantum gravity effect in the generalized uncertainty principle.
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