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Using Floquet theory and the hierarchy of correlations, we study the non-equilibrium dynamics of
the Mott insulator state in the Fermi-Hubbard model under the influence of a harmonically oscillat-
ing electric field representing the pump laser. After deriving the associated Floquet exponents, we
consider higher-harmonic generation where the strongest signal is obtained if the driving frequency
equals one third of the Mott gap.

I. INTRODUCTION

Non-equilibrium dynamics of interacting quantum
many-body systems are a rich and complex field display-
ing many fascinating phenomena – especially for strongly
interacting systems. As the drosophila of strongly in-
teracting quantum many-body systems, we consider the
Fermi-Hubbard model. The non-equilibrium dynamics
can be generated by an external stimulus, such as a pump
laser [1–4], which we model as a harmonically oscillating
electric field – facilitating a Floquet analysis [5, 6].
Even for a static electric field, the Fermi-Hubbard

model displays interesting phenomena [13–16], such as
doublon-holon pair creation (dielectric breakdown, see,
e.g., [7–12]) which can also be understood in a Floquet
picture. For harmonically oscillating fields, one can em-
ploy Floquet engineering [17, 18], for example in order to
suppress dissipation [19] or to modify pre-thermalization
dynamics [20, 21]. In the following, we shall study higher-
harmonic generation in the harmonically driven Fermi-
Hubbard model [22–25]. To this end, we combine Floquet
theory with the method of the hierarchy of correlations
[26]. Note that, in contrast to many other approaches,
we do not apply the Floquet expansion directly to the
quantum state [27], but to the time-dependent correla-
tion functions.

II. DRIVEN FERMI-HUBARD MODEL

To analyze the dynamics of a prototypical strongly
interacting quantum many-body system under periodic
driving, we consider the fermionic Hubbard model cou-
pled to an external electric field. The Hamiltonian gov-
erning the system is given by (~ = 1)

Ĥext = − 1

Z

∑

µνs

Tµν ĉ
†
µsĉνs + U

∑

µ

n̂↑
µn̂

↓
µ +

∑

µs

Vµ(t)n̂µs .

(1)

Here, Vµ(t) = qxµ · E(t) represents the time-dependent
potential energy of an electron with charge q at the posi-
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tion xµ of site µ, where E(t) is the external electric field.
Assuming that the wavelength of the pump laser is much
larger than all other relevant length scales, we neglect
its spatial dependence and approximate it by a purely
time-dependent external electric field E(t).

The fermionic creation and annihilation operators at
sites µ and ν, with spin s ∈ ↑, ↓, are denoted as ĉ†µs and
ĉνs, respectively. The hopping matrix Tµν takes the value
of the tunneling rate T for nearest neighbors, and zero
otherwise. The coordination number Z represents the
number of nearest neighbors for a given lattice site.

To account for the potential term, we perform a Peierls
substitution, leading to complex-valued entries for the
hopping matrix. The time-dependent hopping matrix is
then expressed as

Tµν(t) = Tµν exp

{

−i

∫ t

0

dt′[Vµ(t
′)− Vν(t

′)]

}

. (2)

In this way, we obtain the explicitly time-dependent
Hamiltonian

Ĥ(t) = − 1

Z

∑

µνs

Tµν(t)ĉ
†
µs ĉνs + U

∑

µ

n̂↑
µn̂

↓
µ . (3)

Similar to a gauge transformation in electrodynamics,
the scalar potential Vµ(t) is transferred to the hopping
matrix Tµν(t), whose phase is analogous to that given by
the vector potential, while the on-site repulsion term U
remains unchanged.

A. The hierarchy of correlations

To obtain approximate solutions, we utilize a hierarchi-
cal method suitable for systems with large coordination
numbers Z. To do this, we separate the reduced den-
sity matrices into correlations between lattice sites and
on-site density matrices. For example, the correlation
between two sites is given by ρ̂corrµν = ρ̂µν − ρ̂µρ̂ν . Like-
wise, correlations among three sites can be expressed as
ρ̂corrµνλ = ρ̂µνλ − ρ̂µρ̂ν ρ̂λ − ρ̂corrµν ρ̂λ − ρ̂corrµλ ρ̂ν − ρ̂corrνλ ρ̂µ, etc.

The on-site density matrix ρ̂µ and the two-site cor-
relators ρ̂corrµν obey evolution equations, which can be
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schematically represented as follows [26]

i∂tρ̂µ = F1(ρ̂µ, ρ̂
corr
µν ) = O(1) (4)

i∂tρ̂
corr
µν = F2(ρ̂µ, ρ̂

corr
µν , ρ̂corrµνλ) = O(1/Z) . (5)

Similar equations hold for higher-order correlations. The
specific forms of the nonlinear functions Fn are deter-
mined by the exact von Neumann equation for the den-
sity matrix of the Hubbard model. Analyzing the evolu-
tion equations for the correlators reveals [28, 29] that the
scaling hierarchy remains preserved over time when the
initial values satisfy ρ̂µ = O(1), ρ̂corrµν = O(1/Z), etc.
As the two-site correlators are of order 1/Z, we can

approximate Equation (4) as i∂tρ̂µ ≈ F1(ρ̂µ, 0). The
zeroth-order solution ρ̂0µ determines the mean field back-
ground of the system and will be discussed in the sub-
sequent section. Similarly, since the three-point correla-
tors scale with 1/Z2, we can approximate Equation (5)
as i∂tρ̂

corr
µν ≈ F2(ρ̂µ, ρ̂

corr
µν , 0). Introducing the following

operators proves to be advantageous when analyzing the
evolution equation

ĉµsI = ĉµsn̂
I
µs̄ =

{

ĉµs(1 − n̂µs̄) for I = 0
ĉµsn̂µs̄ for I = 1

. (6)

Here s̄ denotes the opposite spin to s. The dynamics of
the two-site correlation functions to first order O(1/Z)
takes then the form

i∂t〈ĉ†µsI ĉνsJ 〉corr =
1

Z

∑

λL

Tµλ(t)〈n̂I
µs̄〉0〈ĉ†λsL ĉνsJ 〉corr

− 1

Z

∑

λL

Tλν(t)〈n̂J
νs̄〉0〈ĉ†µsI ĉλsL〉corr

+U(J − I)〈ĉ†µsI ĉνsJ 〉corr

+
Tµν(t)

Z

(

〈n̂I
µs̄〉0〈n̂1

νsn̂
J
νs̄〉0 − 〈n̂J

νs̄〉0〈n̂1
µsn̂

I
µs̄〉0

)

,

(7)

where the expectation values 〈X̂µ〉0 are taken with the

zeroth-order solution 〈X̂µ〉0 = Tr{X̂µρ̂
0
µ}. For a given

mean-field background ρ̂0µ, these differential equations
describe the free dynamics of the quasi-particle excita-
tions. In the absence of an electric field, Equation (7)
yields the dispersion of the quasi-particle excitations.
While one approach to studying the equations of mo-

tion involves factorizing them [30], leading to an effec-
tive Dirac equation for the quasi-particle operators [31],
in this case, we opt for a direct analysis focusing on the
dynamics of the correlations.

III. FLOQUET ANALYSIS

In order to solve Equation (7), we have so specify the
mean-field background ρ̂0µ. In the strong-coupling regime
U ≫ T , the Mott insulator state has one particle per site
(neglecting virtual hopping corrections with probabilities

of order T 2/U2), which merely leaves the spin structure
to be determined.
In the strong-coupling limit U → ∞, any finite temper-

ature would be below U (i.e., the Mott gap), but above
T 2/U (i.e., the energy scale of spin fluctuations). Thus,
such a temperature is sufficiently low to prevent the gen-
eration of doublon-holon pairs, but it would have the
tendency to disrupt the spin order within the system.
Consequently, we choose the following ansatz for a spin-
disordered background

ρ̂µ ≈ ρ̂0µ =
|↑〉µ〈↑|+ |↓〉µ〈↓|

2
. (8)

By using Equation (4), it can be verified that this state
remains inert to lowest order O(1). Only when consider-
ing the back-reaction of the correlators on the mean field,
an amplitude for the generation of doublon-holon pairs
arises at next order O(1/Z).
Within the leading order of the hierarchical expan-

sion, the modes of the quasi-particle excitations decou-
ple. Specifically, after performing a Fourier transform of
Equation (7), we observe that each mode evolves accord-
ing to

i∂tf
IJ
ks = (J − I)Uf IJ

ks

+
Tk(t)

2

∑

L

(

fLJ
ks − f IL

ks

)

+ (I − J)
Tk(t)

4
. (9)

As explained above, the electrical field is encoded in the
Fourier components of the hopping matrix, which adopts
the usual minimal coupling form Tk(t) = Tk−qA(t) with
∂tA(t) = −E(t). For simplicity, we assume a periodic
driving field of the form E = E0 cos(ωt), i.e., in linear
polarization, where ω is the driving frequency.
As the next step, we Fourier decompose the time de-

pendence of Tk(t)

Tk(t) = T⊥
k

+
∑

n

T
‖
k,ne

−inωt , (10)

where T⊥
k

contains the contribution perpendicular to the
electric field (which is thus independent of time) while the

T
‖
k,n encode the time-dependence induced by the electric

field (i.e., the Floquet channels).
E.g., for a square lattice with the lattice spacing ℓ,

where the electric field E0 is aligned with one of the

principal axes, these expansion coefficients T
‖
k,n can be

expressed in terms of Bessel functions of the first kind.
For even values of n, the coefficients are real, taking the

form T
‖
k,n = (2T/Z) cos(k‖ℓ)Jn(qE0ℓ/ω). On the other

hand, for odd values of n, the coefficients are purely imag-

inary, given by T
‖
k,n = −i(2T/Z) sin(k‖ℓ)Jn(qE0ℓ/ω).

Applying Floquet theory, we solve the set of equa-
tions (9) via an analogous expansion (10) into Floquet
channels. To this end, let us combine the four compo-
nents f IJ

ks into one vector Fks and write (9) as

i∂tFks(t) = Mk(t) · Fks(t) + Sk(t) , (11)
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with 4×4 matricesMk(t). The source terms Sk(t) can be
eliminated by a simple shift of the Fks. Now we may ex-
pand Mk(t) and Fks(t) into Floquet channels as in (10)
and arrive at

i∂tFks(t) = Mk · Fks(t) , (12)

where Fks(t) is now an infinite dimensional vector con-
taining all the Floquet channels n ∈ Z. In analogy, the
matrix Mk is infinite dimensional as it contains the cou-
pling between all the Floquet channels – but it is in-
dependent of time. The eigenvectors of the matrix Mk

correspond to the Floquet states whereas the associated
eigenvalues ωνk yield the Floquet exponents νk.
Translating the above analysis back to our problem

suggests the following ansatz for the correlators

f01
k,s =

∑

n

F 01
k,ne

i(n+νk)ωt , (13)

f00
k,s +

1

4
=
∑

n

Gk,ne
i(n+νk)ωt = −f11

k,s +
1

4
, (14)

f10
k,s =

∑

n

F 10
k,ne

i(n+νk)ωt . (15)

Here, we exploited the particle-hole symmetry f00
k,s =

−f11
k,s which is a direct consequence of equations (9).
For the eigenvalue equation

Mk · Fνk
ks = ωνkF

νk
ks , (16)

it can be shown that the νk values are real, and the solu-
tions always occur in pairs. Specifically, for each solution
with Floquet exponent νk and eigenvector F

νk
ks contain-

ing the expansion coefficients F 01
k,n, F

10
k,n, and Gk,n, there

exists a conjugate solution with the opposite Floquet ex-
ponent ν̃k = −νk. Its eigenvector F̃

ν̃k
ks contains the entries

F̃ 01
k,n =

(

F 10
k,−n

)∗
, F̃ 10

k,n =
(

F 01
k,−n

)∗
, G̃k,n = (Gk,−n)

∗ .

(17)

Furthermore, from [〈c†µsIcνsJ〉corr]∗ = 〈c†νsJcµsI〉corr, we
deduce the property f IJ

k,s = (fJI
k,s)

∗. As a result, the Flo-
quet correlators are linear combinations of the conjugate
solutions

f01
k,s =

∑

n

(

F 01
k,ne

i(n+νk)ωt +
(

F 10
k,n

)∗
e−i(n+νk)ωt

)

=
(

f10
k,s

)∗
(18)

and

f00
k,s +

1

4
=
∑

n

(

Gk,ne
i(n+νk)ωt + (Gk,n)

∗ e−i(n+νk)ωt
)

= −f11
k,s +

1

4
. (19)

A remaining issue concerns the proper normalization of
the correlators. Since we applied the mode expansion
to correlation functions instead of a state vector of the
system, the eigenvectors Fνk

ks are not normalized to unity.
Therefore, an additional condition is required to specify
the appropriate normalization of the correlators.

In the case of the mean-field background (8), we ob-
serve that the evolution equations (9) leave the quantity
f01
k,sf

10
k,s + (f00

k,s + 1/4)2 = 1/16 invariant. From this con-
dition, we deduce that in leading order of the hierarchy,
the quasi-particle modes remain bounded regardless of
the form of the applied electrical field. Furthermore, we
can derive the normalization condition

∑

n

[

|F 01
k,n|2 + |F 10

k,n|2 + 2|G00
k,n|2

]

=
1

16
, (20)

where we have employed the Fourier expansions (18)
and (19). It is important to note that this condition
explicitly differs from the usual vector norm of Fνk

ks.

A. Floquet exponents

The eigenvalue equation (16) has solutions for both
integer and non-integer values of νk. Furthermore, given
any solution νk, one can construct other solutions with
νk ± 1 by a simple transformation of the eigenvectors
F
νk
ks, see Appendix A. If we now focus on the non-integer

Floquet exponents near zero, i.e., 0 < νk ≪ 1, they are
related to the characteristic time scale τk ∼ 1/(νkω) of
the growth of the correlation functions, for example near
a resonant frequency ω = U/n.

For small hopping, specifically T/ω ≪ 1 and T/U ≪ 1,
it is possible to determine these Floquet exponents from
the eigenvalue equation (16). After some algebra (see
Appendix A), we obtain the following expression [32]:

sin2(πνk) = sin2
(

πU

ω

)

+ sin

[

2πU

ω

]

π

2ω

(

(T⊥
k
)2

U
+

2T⊥
k
T

‖
k,0

U
+
∑

n

|T ‖
k,n|2

U

U2 − ω2n2

)

+O(T 4) . (21)

Note that the apparent singularity from the denominator U2 − ω2n2 at resonance ω = U/n is compensated by the
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pre-factor sin(2πU/ω) which also vanishes at ω = U/n.
When the driving frequency approaches the resonance

condition ω = U/n, the above relation yields a simple
scaling law for small electric fields qE0ℓ ≪ U

νk ≈
√
2nT

ZU

1

2nn!

(

qE0ℓn

U

)n
{

cos(k‖ℓ) for n even

sin(k‖ℓ) for n odd ,

(22)

where we have inserted the results for the square lattice
as a specific example.
More generally, near the n-th resonance, the Floquet

exponent scales with En
0 . This is consistent with the

intuitive picture that absorbing n photons is necessary
to overcome the energy gap U of the system. Since
the process of multi-photon absorption (for weak fields
E0) should occur on a timescale that increases with
the number of photons involved, we expect a slower in-
crease around the higher-order resonances. Indeed, the
characteristic timescale in which the correlations build
up scales with powers of the electrical field, specifically
τk ∼ (ω/E0)

n(Z/T ).

IV. HIGHER HARMONICS

After having developed the Floquet analysis of the
doublon-holon correlators in the driven Fermi-Hubbard
mode, we may now turn to specific applications.
For example, one might envision switching on the

pump laser suddenly, which corresponds to a quantum
quench. After preparing the Hubbard system initially
in the ground state (with respect to the doublon-holon
quasi-particle excitations, not the spin structure), the
system is driven into an excited state far from equilib-
rium by this sudden switching. Within our level of ap-
proximation, this initial state is then translated into a
superposition of eigenstates of the Floquet system (16)
for each mode k, s. The various eigenvalues νk occurring
in this superposition would then determine the individual
oscillation or initial growth of these Floquet states.
In the following, we consider a slow switching of the

pump laser instead – which is probably closer to a typi-
cal experimental situation. Again starting in the ground
state, the system is stationary for E0 = 0, and thus the
left-hand side of (9) will vanish. As a result, the system
will be in a state with zero eigenvalue νk = 0. If the
pump laser is now turned on adiabatically – as described
by a matrix Mk(t) with a very slow time-dependence –
the system will remain in the Floquet state corresponding
to νk = 0. This, together with the normalization condi-
tion (20), allows us to evaluate the correlators F 01

k,n, F
10
k,n,

and Gk,n.
To relate our findings to observable quantities, we con-

sider the particle current between neighboring lattice
sites µ and ν (for which Tµν = T )

J = i
∑

s

〈ĉ†µ,sĉν,s〉+ h.c. (23)

In general, this current could also have a component per-
pendicular to the pump field E0, but for our example of
the square lattice, it is purely parallel and reads

J = −4

∫

k

sin(k‖ℓ)(f01
k,s + f10

k,s) . (24)

Due to the anti-symmetry of the integrand in (24) with

respect to k‖ and the symmetry properties of the T
‖
k,n,

only odd multiples of higher harmonics occur, and we
have J(t) =

∑

n Jn sin(nωt), where n = 1, 3, 5, ....
Close to a resonance at ωn = U , the current is domi-

nated by a single correlator

F 10
k,n ≈ −

UT
‖
k,n

2

√

T 4
k
+ 4U2

∣

∣

∣
T

‖
k,n

∣

∣

∣

2
, (25)

while all other correlators are suppressed by at least a
factor of T/U . Evaluating the integration over the Bril-
louin zone for small electrical fields (qE0ℓ/U ≪ 1), we
obtain the resonant current as

J(t) ≈ 1.4

√

U

2T

(

nqE0ℓ

U

)n
1

2nn!
sin(Ut) . (26)

The non-polynomial dependence of the current on the in-
volved quantities U , T and E0 indicates that it should
be non-trivial to obtain this result via some sort of per-
turbation theory. Time-dependent perturbation theory
could be used to derive the initial growth of correlations
after suddenly turning on the pump laser (as described
above), but here we are considering a steady state.
For the fundamental resonance ω = U , the current

scales with
√

qE0ℓ/U . This current would then emit elec-
tromagnetic radiation with the same frequency ω = U as
the incident light. In order to emit higher frequencies,
one could use the third harmonic ω = U/3 where the
current is suppressed by an additional factor of qE0ℓ/U .

V. CONCLUSIONS AND OUTLOOK

By combining Floquet theory with the method of the
hierarchy of correlations, we study the non-equilibrium
dynamics of the driven Fermi-Hubbard model under the
influence of a harmonically oscillating electric field, which
serves as a model for the pump laser. We derive the
associated Floquet exponents, which determine the time
scales of the evolution, such as the initial growth of the
correlations after suddenly switching on the pump laser.
After developing the basic theory, we study higher-

harmonic generation in a steady state, which can be
reached by gradually turning on the pump laser. To
this end, we calculate the time-dependent current which
can be obtained from the correlations (or coherences) be-
tween neighboring sites. The ability to calculate such a
quantity involving operators at two lattice sites highlights
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one of the advantages of the method of the hierarchy of
correlations in comparison to other approaches which ef-
fectively map the system onto a single lattice site (such
as dynamical mean-field theory DMFT [33–39]).
As an outlook, our results can be used as an ingredi-

ent to study the energy balance of the steady Floquet
states, where the energy absorption from the pump laser
is compensated by the emission (including the higher-
harmonics). Going from quasi-stationary Floquet states
to more general non-stationary states (i.e., superpositions
of Floquet states), the formalism developed above can als
be used to investigate pre-thermalization [20, 40–44] and
other phenomena.
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Appendix A: Floquet eigensystem

Utilizing the Floquet expansions (13) - (15) for the
correlators, the system of algebraic equations adopts the
following structure

− ω(n+ νk)Gk,n(νk)−
T⊥
k

2
[F 10

k,n(νk)− F 01
k,n(νk)]

=
1

2

∑

m

T
‖
k,m[F 10

k,n+m(νk)− F 01
k,n+m(νk)] (A1)

[−ω(n+ νk)− U ]F 01
k,n(νk) + T⊥

k Gk,n(νk)

= −
∑

m

T
‖
k,mGk,n+m(νk) (A2)

[−ω(n+ νk) + U ]F 10
k,n(νk)− T⊥

k
G00

k,n(νk)

=
∑

m

T
‖
k,mGk,n+m(νk) (A3)

Here, we have explicitly denoted that the coefficients be-
long to the eigenvector with eigenvalue νk.
If our objective is to derive the eigenvector for the

eigenvalue νk + l, where l is a natural number, we can
achieve this by performing an index shift n → n − l,
resulting in the following correspondences

F 01
k,n(νk + l) = F 01

k,n+l(νk) (A4)

F 10
k,n(νk + l) = F 10

k,n+l(νk) (A5)

Gk,n(νk + l) = Gk,n+l(νk) . (A6)

This naturally signifies that the system’s behavior is en-
tirely defined by its values within the Floquet-Brillouin
zone.

A solution exists for the system of homogeneous equa-
tions (A1)-(A3) if the determinant of M+ωνk1 zero (cf.
equation 12). In instances where the Floquet exponent
is not an integer, it is possible to normalize the rows of
this infinite-dimensional matrix in such a way that the
diagonal elements become unity. After employing the
particle-hole symmetry, we subsequently obtain a matrix
that follows the pattern

N = 1 +











... ... ... ... ...

... Dn−1 0 0 ...

... 0 Dn 0 ...

... 0 0 Dn+1 ...

... ... ... ... ...











+











... ... ... ... ...

... Cn−1,0 Cn−1,+1 Cn−1,+2 ...

... Cn,−1 Cn,0 Cn,+1 ...

... Cn+1,−2 Cn+1,−1 Cn+1,0 ...

... ... ... ... ...











(A7)

with the 3× 3 matrices

Cn,m =











0 − T
‖
k,m

ω(n+νk)+U
0

− T
‖
k,m

2ω(n+νk)
0

T
‖
k,m

2ω(n+νk)

0
T

‖
k,m

ω(n+νk)−U
0











(A8)

and

Dn =









0 − T⊥
k

ω(n+νk)+U
0

− T⊥
k

2ω(n+νk)
0

T⊥
k

2ω(n+νk)

0
T⊥
k

ω(n+νk)−U
0









(A9)

The determinant can be computed perturbatively in the
limit of strong interactions and we find

0
!
=Det(N) = 1− 1

2

[

∑

n

Tr(D2
n) + 2

∑

n

Tr(DnCn,0)

+
∑

n,m

Tr(Cn,mCn+m,−m)

]

+O
(

T 4
)

. (A10)

Upon the evaluation of traces and summations, we ulti-
mately reach equation (21).
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