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Key varieties for prime (Q-Fano threefolds
defined by Freudenthal triple systems

HIROMICHI TAKAGI

ABSTRACT. In this paper, we are concerned with the classification of complex prime
Q-Fano 3-folds of anti-canonical codimension 4 which are produced, as weighted
complete intersections of appropriate weighted projectivizations of certain affine
varieties related with P! x P! x P!-fibrations. Such affine varieties or their appro-
priate weighted projectivizations are called key varieties for prime Q-Fano 3-folds.
We realize that the equations of the key varieties can be described conceptually by
Freudenthal triple systems (FTS, for short). The paper consists of two parts. In
Part 1, we revisit the general theory of FTS; the main purpose of Part 1 is to derive
the conditions of so called strictly regular elements in FTS so as to fit with our de-
scription of key varieties. Then, in Part 2, we define several key varieties for prime
Q-Fano 3-folds from the conditions of strictly regular elements in FTS. Among other
things obtained in Part 2, we show that there exists a 14-dimensional factorial affine
variety {{}* of codimension 4 in an affine 18-space with only Gorenstein terminal
singularities, and we construct examples of prime Q-Fano 3-folds of No.20544 in
as weighted complete intersections of the weighted projectivization of 4(}*
in the weighted projective space P(11%,22,3). We also clarify in Part 2 a relation

between 4(}* and the Ggl)—cluster variety, which is a key variety for prime Q-Fano
3-folds constructed in [[CDI].

CONTENTS

g wwnN N

=
W W= OO U1 Ul

16
16
16
17
17


http://arxiv.org/abs/2309.01057v2

2 Q-Fano 3-fold and FTS

_ | .
% 19

iali 22
4.7. P P P--fibration 23
1 vt s
o i« e el 2
o zon R | :

.2, ((SLo % SL2) (g*fi—agﬁgﬂ 25
53 P P < P fibrafio 26

2020 Mathematics subject classification: 14J45, 14E30, 17A40,17C50
Key words and phrases: Q-Fano 3-fold, key variety, P! x P x P!-fibration, Freuden-
thal triple system, Jordan algebra.

1. INTRODUCTION

1.1. Classification of Q-Fano threefolds. A complex projective variety is called
a Q-Fano variety if it is a normal variety with only terminal singularities, and its
anti-canonical divisor is ample. A Q-Fano variety is called prime if its anti-canonical
divisor generates the group of numerical equivalence classes of Q-Cartier divisors.
This paper concerns with the classification of prime Q-Fano 3-folds and is a compan-
ion paper to [Tak7]], where we construct certain affine varieties
and show that they produce, as weighted complete intersections of their appropri-
ate weighted projectivizations, several examples of prime Q-Fano 3-folds. We call
such affine varieties or its appropriate weighted projectivizations key varieties for
Q-Fano 3-folds. The prime Q-Fano 3-folds constructed in ibid. are of anti-canonical
codimension 4, where, by the anti-canonical codimension of a Q-Fano 3-fold X,
we mean the codimension of X in the weighted projective space of the minimal
dimension determined by the anti-canonical graded ring of X.

The affine varieties constructed in ibid. are related with P? x P2-fibration. In this
paper, we construct several affine varieties related with P! x P! x P!-fibration, and
produce, as appropriate weighted complete intersections of their weighted projec-
tivizations, certain examples of prime Q-Fano 3-folds of anti-canonical codimen-
sion 4. Ahead of our study including ibid., Coughlan and Ducat did similar work
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in [CD] defining the Cs- and G§4)—cluster varieties and using them as key varieties,
where the former is related with P? x P2-fibration, and the latter is related with
P! x P! x P!-fibration.

Actually, further ahead of and ibid., Papadakis [P1] [P2]] constructed via
the theory of unprojection more general affine varieties related with P? x P?- or
Pt x P! x P!-fibration with nicknames Tom and Jerry respectively. They seem,
however, experimentally too large as key varieties for prime Q-Fano 3-folds; in [[CD]
and ibid., to produce prime QQ-Fano 3-fold, we extract appropriate subvarieties from
Papadakis’ affine varieties. It is non-trivial what kind of subvarieties are chosen.
The cluster varieties was discovered in [[CD] via mirror symmetry of log Calabi-
Yau surfaces. One purpose of this paper is to reveal that the theory of Freudenthal
triple system is a natural framework to define our key varieties and to describe their
equations.

1.2. Freudenthal triple system. The first example of a Freudenthal triple system
(FTS, in short) is given by Freudenthal in a series of works [Fr]; the example,
which we denote by Vr, is a real 56-dimensional representation of the exceptional
group of type F; and is constructed from a real 27-dimensional exceptional Jordan
algebra of type Eg. This example Vi of an FTS is endowed with a tri-linear product
and is associated with a symplectic form and a quartic form. The exceptional group
of type E7 is recovered from these two forms as the group of linear transformations
of V leaving these two forms invariant.

In 1960s and 70s, axiomatic definitions of FTS were given in several researches,
which start from a vector space with a symplectic form and a tri-linear product
and a quartic form defined from them. Among such researches, we basically follow
Ferrar’s one in this paper; the definition and the way of investigation of FTS
given by him turn out to be quite suitable to describe our key varieties conceptually.

Ferrar’s idea to investigate the structure of FTS is based upon the concept of
strictly regular element in FTS (see Subsection 2.7 for the precise definition). He
derives the Peirce decomposition of an FTS from a pair of supplementary strictly
regular elements and then give a good coordinatization of the FTS. For us, it is im-
portant to state the conditions of strictly regular elements in a way suitable for our
purpose (Theorem [2.18). Then, specializing to an 8-dimensional FTS, we derive
another coordinatization of the FTS from the Ferrar’s Peirce decomposition (Theo-
rem[2.27).

1.3. Key varieties for prime Q-Fano threefolds. For a general 8-dimensional FTS
over the complex number field C, the locus consisting of strictly regular elements
is isomorphic to the affine cone over P! x P! x P! (Corollary 2:3T)). From our co-
ordinatization of an 8-dimensional FTS mentioned above, we may define an affine
scheme §32 related with P* x P! x P!-fibration (Definition[3.I). It is a subscheme of
Papadakis’ Jerry as mentioned above but is still too large to produce prime Q-Fano
3-folds. We extract several subvarieties of 3 and obtain several results as for key
varieties of prime Q-Fano 3-folds. Among other things, we state the following as
the main result of this paper, which summarizes Propositions [4.4] [£.5] [4.10] and
Theorem [4. 11}

Theorem 1.1. The following assertions hold:

(1) There exists a 14-dimensional factorial affine variety U;* of codimension 4 in
an affine 18-space with only Gorenstein terminal singularities.
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(2) Examples of Q-Fano 3-folds of No.20544 in [GRDB]| are produced as weighted
complete intersections of the weighted projectivization of U}* in the weighted
projective space P(1'°22 3).

We remark that Examples of Q-Fano 3-folds of No.20544 are constructed from
the C5-cluster variety but are not constructed from the Gé‘”-cluster variety ([Table]).

1.4. Structure of the paper. The paper consists of two parts.

In Part 1, we revisit the theory of FTS in detail basically following [Fe] with
emphasis on strictly regular elements (in some places, we also refer to and
[KdD). The main result of Part 1 is Theorem which states the conditions of
strictly regular elements and leads to the equations of key varieties given in Part 2.

In [Fel, it is shown that an FTS with a nondegenerate skew form has a direct
sum decomposition with two copies of a Jordan algebra of a cubic form as direct
summands. For our purpose, however, we prefer not to identify Jordan algebras
in FTS fully though several concepts for FTS are helpfully understood by Jordan
algebraic considerations. For this reason, we decide to revisit the theory of FTS in
detail in this paper.

In Part 2, we first construct an affine scheme §3? from a natural parameterization
of an 8-dimensional FTS. In Sections[4HE] we extract three subvarieties 4}* ,&%, 312
respectively of §3? and show that they produce, as weighted complete intersections
of their weighted projectivizations, certain prime Q-Fano 3-folds. Several properties
of }* &8, 312 are also obtained and they are important to construct prime Q-
Fano 3-folds. We describe u}g‘ in detail in Section [4] (we refer to Theorem [I.1]
for a summary). As is clarified in this paper, the affine variety $41* is also the
cornerstone for studying other key varieties. Moreover, it will produce other prime
Q-Fano 3-folds in our future work. By these reasons, we devote many pages to the
investigation of U}*. As for the variety &%, we describe in detail its equations, an
SLs x SLo-action on it, and its relation with P! x P! x P!-fibration. We revisit &§
in Section[7} As for the variety 3}%, we show in Section [B] that a certain weighted
projectivization of it is the 11-dimensional Q-Fano variety constructed in the paper
[Tak5].

In Section[7], we revisit the Ggl)—cluster variety defined in [[CD], which we denote
by ¢1,°. By the big table of prime Q-Fano 3-folds obtained from ¢[;°, we ob-
serve that such prime Q-Fano 3-folds are weighted complete intersections of some
weighted projectivizations of €¢I}’ itself or its several subvarieties. In Subsections
[7.3H77l we show that C[}&O itself and such subvarieties are actually isomorphic to
subvarieties of 4[}* or 3}? weighted homogeneously with respect to some weights
of coordinates. Hence it turns out that all prime Q-Fano 3-folds obtained from €[}
are also obtained from $(}* or 3}2. Among other things, we also show that the sub-
variety of ¢[}° studied in Subsection [7.4] is weighted homogeneously isomorphic
to &%, and the subvarieties T5 and B¢ of ¢I," studied in Subsections [Z.5] and [7.7]
admit a nontrivial SLy-action.

Finally, in Section [8] we see another aspect of the variety §3°; we show that
an open subset of the 23-dimensional affine variety 3%* constructed by Papadakis
using Type II; unprojection [P4] is transformed to an open subset of the cone
over F32.

This paper contains several assertions which can be proved by straightforward
computations; we often omit such computations. Some computations are difficult
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by hand but are easy within a software package. In our computations, we use
intensively the software systems Mathematica [W] and SINGULAR [DGPS].

1.5. A future plan. As is noted in Subsection [[.4] the affine variety {}* produces
examples of prime Q-Fano 3-folds which are also obtained from the G§4)-cluster
variety ¢[,°. By Theorem[L.T] (2), one more example is already added in this paper.
Actually, we can verify that the affine variety {(}* produce more examples of prime
Q-Fano 3-folds. Since the verification takes more pages (cf. [Tak4]]), we will
publish it elsewhere.

Notation.

e w(x): the weight of coordinate  of a weighted projective space.
e If we put weights for the entries of a matrix A, we denote by w(A) the set
of the weights implemented in the matrix form corresponding to A.

e For a2 x 3 matrix M = ( ool fs ),wedeﬁne
g1 92 93
fi /s
91 93 '
For a 3 x 2 matrix, we have a similar definition.

Acknowledgment. I am grateful to Professor Shigeru Mukai; inspired by his ar-
ticles [Mull, Mu2], I was led to Jordan algebra and FTS to describe key varieties.
Moreover, I was helped to find the key variety {}* by his inference as for dimensions

of key varieties. I would like to dedicate this paper to him on his 70th birthday. This
work is supported in part by Grant-in Aid for Scientific Research (C) 16K05090.
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Part 1. Freudenthal triple systems
2. STRICTLY REGULAR ELEMENTS IN FREUDENTHAL TRIPLE SYSTEMS

In this section, we basically follow the treatment of Freudenthal triple system by
Ferrar [Fe] with modifications in several coefficients of equalities after Brown [B].
Throughout this section, we assume that k is a field of characteristic # 2, 3.

2.1. Basics of Freudenthal triple system.

Definition 2.1 ([[F€, Sec.1]). A Freudenthal triple system (FTS for short) is a k-vector
space V with a tri-linear product

VxV xV >3 (p1,p2,p3) > prepreps €V

and a skew bi-linear form

V XV 3 (p1,p2) = w(p1,p2) €k
such that

(A1) the tri-linear product is symmetric in all arguments,
(A2)

F(p1,p2,p3,pa) := w(p1 ® p2 ® p3, pa)
is a nonzero symmetric 4-linear form, and
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(A3) the equality
G(pepep)epeg=w(qgp)pepep) +w(gpepep)p
holds for any p,q € V.
Remark 2.2. We note the coefficient 6 in the Lh.s. of the equality in (A3). This
formulation is according to Brown and this influences several coefficients in the
equalities below although we will not mention one by one.

Linearizing the equality in (A3) completely, we obtain the following:
2.1

6((prep2ep3)eps+ (prepreps)eps+ (prepseps)epy+ (p2epseps)ep)eq=
w(q,pa)(p1 @ p2 @ p3) +w(q,p3)(p1 ® p2 @ pa) +w(q,p2)(P1 ® p3 @ ps) +w(q,p1)(p2 ® p3 @ ps)
+w (g, pr®p2 ®p3) ps+ w(q, p1 @ p2 ® ps) p3 +w (¢, p1 ® p3 @ ps) P2 + w (g, P2 ® p3 ® Ps) P1.

In this paper, we call this the pentagram product formula.
For p € V, we denote by
Lyy: V=V
the linear map defined by
Vog—pepegelV.
The following concept plays a central role in this paper.
Definition 2.3 ([Fe, Sec.3]). An element p € V is called a strictly regular element

if it holds that
ImageL, , C kp.
Proposition 2.4 ([Fe, p.317, (5) and Lem.3.1]). An element p € V is strictly regular
if and only if it holds that
3Lpp(q) +w(p,q)p =0
forany g € V.

2.2. Jordan algebraic description of FTS. In [Fe], it is shown that an FTS with
nondegenerate w has a direct sum decomposition with two copies of a Jordan al-
gebra of cubic form as direct summands. In this subsection, we proceed slightly in
a different way without identifying Jordan algebra fully, which is suitable for our
purpose.

Proposition 2.5 ([[Fe, Sec.4 (6)]). Let es,e; € V be supplementary, strictly regular
elements (namely, e, e; are strictly regular such that w(es,e;) = 1). The following
equality holds:

Liyetp =1/12w(p,et)es — 1/12w(p, er)e: + 1/36 p.
Hereafter in this section, we assume that
(2.2) the skew bilinear form w is nondegenerate.

Corollary 2.6 ([Fe, Sec.41). Let V,, be the L., .,-eigenspace for the eigenvalue o The
vector space V' has the following decomposition into the L., .,-eigenspaces:
V= V,1/3 ©® ‘/1/3 @ ‘/1/6 @ Vfl/ﬁv

where V_; /3 = kes and Vi /3 = key. This decomposition is called the Peirce decompo-
sition.
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Hereafter we use the following notation:
Vs i=V_oy3, Vii=Viyz, Vo :i=Viyge, Vy = V_146.
Now we begin Jordan algebraic treatments of FTS. We refer to [Mc2| Sec.4.2] for

the subjects in the theory of Jordan algebra corresponding to those in the sequel.
We set

(2.3) B(z,y) == w(z,y) forx € V, and y € V,.

The bi-linear form 3 corresponds to that for a Jordan algebra of a cubic form [Mc2,
p.189]. As noted in p.318, the 3rd line from the bottom],

2.49) B(x,y) is non-degenerate.
Hence dim V, = dim V},, which we will denote by n;

n:=dimV, = dimV,.
Forz € V, and y € V,,, we set

25)  Na@) = 1/20(cn w0z 03), Ny(y) = 1/2ulery oy o),
and
(2.6) 2 =3/2ze0xee,, Yt :=—3/2yeyee,.

By Lem.4.1], we have 2* € V, and y* € V,. The cubic forms N, and N,
correspond to the cubic form for a Jordan algebra of a cubic form.
For x1,22 € V, and y1, y2 € V,,, we also set

2.7) wifry == (21 + 22)* — 2} — 2, yatye == (y1 +2)* — i — vh
Then, by (2.6), we have
(2.8) T1fxe = 3r1 020 @ €5, Y1y = —3Y1 @ Yo @ €4

Proposition 2.7. For x € V, and y € V,, it holds that
2.9 No(2) =1/35 (z,2%) ,Ny(y) = 1/38 (4, y) -

Proof. By (2.9), (A2) in Definition 2.1l and (2.6), we have the first equality as fol-
lows:

No(z) =1/2w(es,z oz 0x) =1/2w(z,z0x0e,) =1/28(x,2/32%) = 1/36(z, 2*).
The second one follows similarly. O

Corollary 2.8. For z,z’ € V, and y,y' € V,,, it holds that

(2.10) 0yt Na(z) = B (¢, 2) , 0y Ny (y) = B (4%, y)
where 0, N, (x) is the directional derivative of N, in the direction 2/, evaluated at =,

and 0,y Ny (y) is similarly defined.

Proof. By (2.5), we have 0,/ N,(x) = 1/2w(es,3x @ x @ 2’), and the r.h.s. is equal
to 3/2w(z’,re v ee,) = 3/2w(2’,2/32%) = B(a’,2*) by (A2) in Definition [ZT] and
(2.6). Therefore the first equality follows. The second one follows similarly. O
Corollary [2.8] corresponds to Trace-Sharp formula in [Mc2, p.189].
By [Fe]], we have



8 Q-Fano 3-fold and FTS

Lemma 2.9. The following equalities hold:
(2.11) (roexocs)o(zoexecs)oc, =4/2Tw(rexrex, es)w
rerxey=—1/3w(x,y)r—3(xerec,)ec, 0y
Proposition 2.10. For z € V,, and y € V,;, it holds that
(¢%)F = No(@)z, (¥°)F = Ny (y)y.
Proof. By (2.6), (2.11) and (2.5), we have the first equality as follows:
(2) = (3/2z 07 0ey) = (3/2)*(—3/2(z ez ees)o(zoTocy) oc;)
=—(3/2)%(4/2Tw(zerer e)r)=—1/2w(rexex,e)r = N,

The second one follows similarly. O

Proposition [2.10] corresponds to Adjoint Identity in [Mc2, p.189].
The following two auxiliary results are needed to show Theorem [2.27]

Corollary 2.11. Assume that n > 3 and N,(z) is not identically zero. Then N, (zx)
has no multiple factors. The similar statement for N,(y) also holds.

Proof. Assume that N, (x) has a multiple factor I(x), which must be a linear form
since N,(z) is a cubic form. We choose coordinates z1,...,z, of V, such that
l(z) = z1 and N,(z) = x3xy (recall that n > 2). Then, for a = Yay,...,a,),
b = Yby,...,b,) € V. (we consider a,b as column vectors), we have 9,N,(b) =
2a1b1by + azb?, which is equal to (a,b*) by Corollary 2.8l Note that the subset
{b* | b € V,} C V, is dense in V, by Proposition and the assumption that
N,.(z) is not identically zero. Therefore, by the assumption that n > 3, the equality
B(a,b*) = 2a1b1by + azb? implies that 3 is degenerate , a contradiction to (2.4).
We can show the claim for N, (y) similarly. O

Corollary 2.12. Assume that n > 3 and N, (x) is not identically zero. The coordinates
of =* have no common factors and the similar statement holds for y*.

Proof. If the coordinates of z* have a common factor F(z), we see that F(z)? di-
vides N,.(x) by Proposition[2.10since the operation # is quadratic. This contradicts
Corollary 2.TT] We can show the claim for y* similarly. O

The following formula is useful for calculations below.

Lemma 2.13. For x,z € V, and y € V,,, it holds that

(2.12) rex’ed =1/6(3(Z,2%)x — N,(2)T),
(2.13) xoxﬂoy: 1/6(—B(ar,y):rﬁ—|—Nz(:zr)y),
and

(2.14) yoy' ez =1/6(8(z,y)y" — Ny(y)z).

Proof. We only give a proof of the formula (2.12)) since we can show the remaining
two similarly. By (2.6), we have v e 2 ¢ 7 = 3/2(z e x @ ¢,) @ 2 ® 7. Applying the
pentagram product formula (Z.I) with (2.6) and (29]), we obtain (2.12). O
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Hereafter we also follow the paper [Kr] with the above treatment in this subsec-
tion.

Cube Formula ([Kr, p.946,(48)]). For p = (s,t,z,y) e V=V, Via V, dV,, it
holds that

(2.15) pepep=
(=82t + sB(x,y) — 2N, )es + (st? — tB(x,y) + 2N, )ey
+ (st = Bz, y)) @ + 2afty — 2t
— (st = Bz, y)) y — 2xty* + 252",
Proof. In [K1l, the proof is given for an FTS which contains two copies of a Jordan

algebra of a cubic form. In any way, we may verify the assertion by a straightfor-
ward calculation using the facts obtained so far. O

2.3. Condition on strict regularity. Via partial linearization of (2.13) (with a mi-
nor correction), we arrive at the following condition on strict regularity by Propo-

sition [2.4k
Proposition 2.14 (Condition on strict regularity ([Kr, p.947,(53)1)).
For p = (s,t,z,y), ¢ = (3,t,%,7) € V, it holds that

3pepeq+w(p,qp=

(—5(3515— B(z,y)) + 2B(sz — o, 7)) es
((3st— B(z, ))t 20(Z,ty — x ))
+ (st —1/38(z,y)) T +2 (sx — ) — 2ty — 2*) + 20, (z,y; 7)
— (st —1/35(z,y) (ty—x)+2:vﬁ (sz — ﬁ)—2Ay(gc,y;§),

where we set

)z
)y
Ag(z,y;7) == —1/3 B(z,y)T — B(T,y)z + (247)Hy,

Ay(z,y39) = —1/3 B(x,y)y — B(x,9)y + (yiy)iz.

Computing (z7)4y by the pentagram product formula (2.1I), we see that

(2.16) Ay(z,y;2) =1/6 B(x,y)T — 1/28(Z,y)x + 3x e X e y.
Similarly, we have
(2.17) Ay(z,y;9) =1/6 B(z,y)y — 1/2B(x,y)y — 3y ey e x.

By Propositions[2.4] and [2.14] we have the following:

Corollary 2.15. An element p = (s,t,x,y) € V is strictly regular if and only if it
holds that

se =y, ty =aF, st =1/3B(x,y),
and

(2.18) Ag(z,y;7) = Ay(z,y;y) =0 forany T € Vo, y € V.
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Now we will see that only the conditions on A, in (2.18) is necessary. This
is inspired by Lem.23]. We give here a proof in a different flavor from the
argument there.

Lemma 2.16. For z,7 € V, and y,y € V), the following two equalities hold:

(2.19) B(As(z,y;7),y) = B(T, Ay (2,95 7)) -

(2.20) B(Au(z,y:7),9) = B (2, 84(T, 73 y)) -
Proof. The equation (2.19) follows from the following chain of the equalities:

B (Au(z,y: ), 7)

= B(1/6 (x,y)T — 1/2 (Z,y)z + 3z o T ,7) (by @I0))
=1/68(z,y)B(F.7) — 1/2 B(F,y)B(x,7) + B3z ¢ T e y,y)

=1/6 B(z,y)B(E,7) — 1/2 B(T,y)(x,§) + w(3z ¢ § o, 7) (by (A2) in Def.2ZT)
=1/6 B(x,y)B(z,y) — 1/2 B(Z,y)B(x,y) — B(T,3x ey ey)

=B3(,1/6 B(z,y)y —1/2B(x,y)y — 3z eyey)

= 3 (@, Ay(z,y:9)) (by (ZID)).

To obtain the equation (2.20), we have only to change the last 4 lines of the above
chain of the equalities as follows:

=1/6 B(x,y)B(Z,7) — 1/2 B(F,y)B8(x,§) + w(3% e j ey, z) (by (A2) in Def.2T))
=1/68(z,y)B(z,y) — 1/28(7,y)B(z,y) — B(z,3T ey o y)

=B (x,1/6 (@, y)y —1/28(Z,y)y — 3T eyey)

=B (2, Ay(7,7;y)) (by @ID)).

Corollary 2.17. The following conditions on x € V,, and y € V,, are equivalent:

(1) Ay(z,y;7) =0 forany & € V,.

(2) Ay(z,y;9) =0 forany y € V.
Proof Assume that A, (z,y;x) = 0 for any x € V,.. Then, by the equality (2.19) as
in Lemma[2.16] it holds that 3 (z, A, (z,y;y)) = 0 for any ¥ € V,, and y € V,,. Since
3 is nondegenerate, A, (x,y;y) = 0 for any y € V,,. Thus (1) implies (2). Similarly
we see that (2) implies (1). O

Now we arrive at the main result of Part[I] by Corollaries 215l and 217

Theorem 2.18. An element p = (s,t,x,y) is strictly regular if and only if it holds
that

(2.21) sz =y, ty = af,
(2.22) st =1/3 B(z,y),
and

(2.23) Ay(z,y,z) =0 for any x€ V.
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Definition 2.19. We denote by R the affine scheme in V' defined by the equations
221D, (2:22), and (2:23) as in Proposition [2.18]

Remark 2.20. Here we mention a few background of Theorem([2.18] Our derivation
of the defining equations of R as in Theorem [2.18]is inspired by [Kr, Lem.23] and
p.253-254], and its origin is traced back to the series of the fundamental
papers [Fr] (see also Prop.6.2] and [[Fal (2.1)]). We refer to Prop.6.2] and
p.515, Section 0] for aspects of this equation of 9} in a graded Lie algebra
of contact type. In [KaYas|], the projectivization of fR is called Freudenthal variety.
In Section 5] and [Mu2], the projectivization of R is studied in relation with
smooth Fano threefolds and is called Legendre projective variety.

2.4. More on A, and A,. In this subsection, we examine the condition (2.:23)
more in detail. It turns out that we need this condition for several z € V, in
general to define fR.

By (2.9), Lemmal[2.13] (2.16), and (2.17), we immediately obtain the following:

Lemma 2.21. For any z,z € V, and any y,y € V,, it holds that

Ax(xvxﬁvg) = OaAI(yﬁvyag) = 07
and

Ay(yuvya@ = O,Ay(x,xﬁ,@ = O

Lemma 2.22. The following two conditions for * € V, with N,() # 0 and gy € V,,
are equivalent:

(1) It holds that
(2.24) B(Az(z,y;7),y) =0

forany x € Vy and y € V.
2) yeck-at

Proof. By (2.20) as in Lemma 2.T6] we have 3 (A, (z,y;7),9) = B (2, Ay (T, ;7).
Therefore, (1) is equivalent to that 3 (z, Ay (7, y;y)) = 0foranyz € V, and y € V,,.
By nondegeneracy of 3, this is also equivalent to

(2.25) Ay(@,53y) =0
for any y € V.

We show (1) implies (2). Assume that (1) holds. We set y = z* in the equality
(2:25). Then we have 3(z,y) = 3(z,2%) = 3N,(z) by @.9). By (2.13), we also
have

Teyel =it ef=1/6(—3(F P + No(D)i).
Therefore the equality with y = ¥ becomes

1/6 B(Z,9)7* — 3/2 No(2)y — 1/2 (=B(Z,9)F* + No(2)7) = 0,

equivalently, we have y = 3[3]\(5(?) 7. Thus (2) follows.
Now we show (2) implies (1). Assume that (2) holds. We write § = az* for

some « € k (actually, computing 5(z, y), we have a = f]\(,f ’(‘?)). Inserting § = aZ* in

the Lh.s. of (2.25), we see that the equality (2.25) holds for any y € V;, by Lemma
221 0




12 Q-Fano 3-fold and FTS

We recall that we set n := dim V,, = dim V},. By non-degeneracy of 3, we imme-
diately obtain the following from Lemma [2.22]

Corollary 2.23. For x € V,, with N,(Z) # 0, the entries of the bi-linear map
Ag(s,%,2): Vp x Vy =V,
generate an (n — 1)-dimensional vector space.

Example 2.24. As mentioned in the beginning of Subsection a basic example
of an FTS is the one containing two copies of a Jordan algebra of a cubic form. For
such an example, V,, = V,, and this has the structure of the Jordan algebra of the
cubic form compatible with the quartic form F' and the skew-symmetric form w. For
the Jordan algebra V' := V, = V|, the cubic form N := N, = N, is the associated
cubic form and the bilinear form S is the associated bi-linear trace (see p-314]
for more details).

(1) Let V be a 3-dimensional vector space with coordinates x1, z2, 3. The cu-
bic form x;z2x3 define a Jordan algebra structure on V, whose §-mapping
is V3 (x1,22,23) — (2223, 2123, 7122) € V, and the bi-linear trace is
Blx,y) = z1y1 + x2y2 + x3ys for x = (x1, 22, 23) and y = (y1,y2, y3). By an
explicit calculation, we see that the condition is reduced to the two
equations: 2w1y; — Tay2 — x3ys = 0, x1y1 — 2x2y2 + w3y3 = 0. Then we can
write down the 9 equations of R as follows:

ST1 = Y2y3, ST2 = Y1Y3, ST3 = Y1Y2,

ty1 = w223, ty2 = X123, lys = T122,

st =1/3(z1y1 + T2y2 + 73Y3),

2z1y1 — 2y2 — x3y3 = 0, v1y1 — 2w2y2 + x3y3 = 0.
Tidying up these equations, we see that these are derived from a 2 x 2 x 2
hypermatrix and then R is the affine cone over the Segre embedded P* x
P! x P,

(2) The space of 3 x 3 matrix M (3, k) is a Jordan algebra of a cubic form. The

Jordan product -; is defined as follows:

XY :=1/2(XY +YX)for X,Y € M(3,k).

The associated cubic form N is the determinant of a matrix, and for X €
M (3,k), X" is the adjoint matrix. The bi-linear trace 3 is defined as follows:

B(X,Y) =tr(XY) for X,Y € M(3,k).
In this setting, it is known that R is the Grassmannian G(3,6) (cf. [LM])
and we can compute the defining equation R as follows:
sX =Y! 1Y = X!, XY =YX, XY = stl,
where I is the 3 x 3 identity matrix.
(3) The space of 3 x 3 symmetric matrix Sym(3, k) is also a Jordan algebra of a
cubic form, and is a Jordan subalgebra of M (3, k). In this setting, R is the
)

6-dimensional symplectic Grassmannian Sp(3, 6) and we can compute the
defining equation of R as follows:

sX =Y' tY = X!, XY = st]
(cf.[L p.32]).
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By Example 2:24] (2) and (3), we observe that, for the defining equations of R,
we need A (x,y;x) for several ¥ in general (hence we realize that the equations
given in [ICl, Prop.6.2] and [[Fal (2.1)] are not sufficient).

2.5. More on FTS and the scheme fR. Finally in this section, we add further prop-
erties of FTS and the scheme /3. B

Explicit descriptions of the quartic form F and the symplectic form w are given as
follows (cf.[CL, (21) in Sec.7, p.118-119],[Fe} p.321], Prop.5.5]). The proof
is same as that given as in p.321] with the above formulation.

Proposition 2.25. For p = (s,t,x,y) and p’ = (s',t',2',y") € V, it holds that
F(p) =8 (8 (4,2%) = sNa(2) = tNy(y)) = 2 (st = B(z.1))"
w(p,p') = Bla,y') — B’ y) + st' = s't.
From this, we see that w is nondegenerate if and only if 3 is so. We use this
proposition to show Proposition below.
We see that R contains an open subset isomorphic to k* x A" as follows (cf.[C],
p.114], [Mu2, (4.3)D:
Corollary 2.26. The following two assertions hold:
(1) An element p = (s,t,x,y) with s # 0 is strictly regular if and only if it holds
that x = s~ 'y*, t = (35) 71 B(z,y).
(2) An element p = (s,t,z,y) with t # 0 is strictly regular if and only if it holds
that y =t~ 't s = (3t) 7' B(z, ).
In particular, RN {s # 0} and R N {t # 0} are isomorphic to k* x A",

Proof Since we can prove these assertions similarly, we only show (1). The only
if part follows immediately by Corollary 2.15l To show the if part, we assume that
r = syt t = (3s)"'B(x,y) for p = (s,t,z,y). By Corollary 2.15} it suffices to
check that

(2.26) ((3s)'B(s"h )y — (s ) =0
and
(2.27) Au(shyfy, ) = Ay (s, y,9) = 0 for any p = (5,1,, 7).

The equality (2.26) follows from Propositions[2.71and[2.10} and the equality m
follows from Lemma [2.27]

2.6. A coordinatization of i with parameters. In this subsection, we further
assume that

n =dimV, =dimV, = 3.
We show that the FTS V' has a coordinatization with parameters as in the following
theorem, which can be seen as a generalization of Example [2.24] (1):

Theorem 2.27. Assume that N, is not identically zero on V,. The equations (2.23)
as in Theorem [2.18lis reduced to the two equations

Py =0,"7Qy =0,

where P, Q) are 3 x 3 k-matrices, and x, y are considered as column vectors {1, x2, z3)
and Yy1,y2,y3). Moreover, there exist nonzero constants y, v € k such that

(2.28) 2t = u("Px x 'Qu), y* = v(Py x Qy),



14 Q-Fano 3-fold and FTS

and, by replacing s, t with us, vt respectively, the equation of R is reduced to
st = Py x Qu, ty = Pz x 'Qu,
1
t = —
s 3uvﬁ (@,9),
tPy =0,"7Qy = 0,
where 'Px x 'Qux is the cross product of the two column vectors ‘Pz and Qx, and

Py x Qy is similarly defined. In particular, the scheme R in this case is defined by 9
quadratic forms.

Proof. Since N, is not identically zero on V,, we may take = € V,, with N,(Z) # 0.
Since dim V,, = dim V,, = 3, the entries of the bi-linear map

Ay(x,%,2): Vi x Vy =V,

generate a 2-dimensional vector space by Corollary[2.23] We denote a basis of this
vector space by ‘x Py and zQy with some 3 x 3 matrices P and () with entries in k.
By Lemma [2.2T] we have

(2.29) Pt =0, th:vu =0foranyz € V,,
(2.30) WiPy =0, %*Qy = Ofor anyy € Vy.
By (2:29), there exists a rational function y(z) such that
(2.31) 2F = p(x)(*Pr x 'Qx).

Since all the entries of both 2% and ‘Px x ‘Qx are quadratic forms, the degree of
u(x) is 0. By Corollary 2.12] x(x) is a nonzero constant, hence we will denote this
by . Similarly, we can show that there exists a nonzero constant v € k such that

y* = v(Py x Qy).
0

Under the situation of Theorem we can write down several data of FTS
using the entries of x, y, P, Q. Here we treat some of them as follows:

Recipe to write down N, (z), N,(y), and §(z,y).
(1) By (2.28), we have
(") = p2v (P("Pz x 'Qz) x Q("Pz x 'Qu))
(y")F = w? ('P(Py x Qy) x 'Q(Py x Qy)) .
From these, we may write down the cubic forms N,(x) and N, (y) by Proposi-
tion[2.10
(2) By (1) and Corollary[2.8] we may write down the bi-linear trace §(z,y) since

N, () # 0 for some = € V,, by the assumption, and then the subset {z* | z €
V2 } C V, is dense in V,, by Proposition [2.10

Suggested by this recipe, we have a converse statement to Theorem [2.27] The
verification of the following lemma and proposition is straightforward.

Lemma 2.28. Let x, y be 3-dimensional column vectors and P, () 3 x 3 matrices. We
consider all the entries of x, y, P, () as variables of a k-polynomial ring. The following
assertions hold:
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(1) The}:e ;xist the uniquely determined cubics forms cubic forms NJ9 (x) and N9 (y)
such that

(P('Pz x 'Qx) x Q('Pz x 'Qx)) = NE@(z)z,

("P(Py x Qy) x 'Q(Py x Qy)) = NS ?(y)y.
(2) Let 2/, 3y be 3-dimensional column vectors. There exists the uniquely determined

bi-linear trace 379 (x, y) such that
(2.32) 9o N[9(x) = 79 (2, 'Pa x 'Qz) ,0, N9 (y) = B (Py x Qy.y).
Proposition 2.29. Let V,, and V,, be 3-dimensional k-vector spaces. We write elements
of V; and V,, as column vectors. Let P, (Q be 3 x 3 k-matrices. We define
2 ="Pr x 'Qux, y* := Py x Qyforz e V,, ye Vi,

and the -product by Z2). Let the cubic forms NJ9(x), NL9(y) and the bi-linear
form BFR(z,y) (x € Vi, y € V,,) be as defined in Lemma[2.28] Let V := kkdV, DV,
We further define a skew bi-linear form w on V as follows: for p = (s,t,z,y) and
p/ — (S/,t/,x/,y/) 6 V’

w(p,p') = B9 x,y") = BT’ y) + st — st
Finally, we define a tri-linear product on V by completely linearizing the formula
&I3) with 2#, y*, NF9(z), NI9(y) and B9 (x,y). The tri-linear product satisfies
the axioms as in Definition 2. Tl with respect to w, and the symmetric 4-linear form as
in (A2) is the complete linearization of the following quartic form FPQ .

FP(p) =8 (879 (y#,2%) = sNI (@) — tN)2y)) =2 (st = B7(w.p))
In particular the vector space V is the FTS with respect to w and this tri-linear product.

Remark 2.30. Let Dg be the determinant of the matrix defining the bi-linear form
BP9 (z,y) as in Proposition[2.29} 379 (z,y) is nondegenerate if and only if Dg # 0.

Corollary 2.31. Under the situation as in Proposition[2.29] assume that the base field

k is algebraically closed and BYQ(z,y) is nondegenerate, namely, Dg # 0. Let RF?
be the affine scheme defined by

(2.33) sr = Py x Qy, ty = 'Px x 'Qu,
(2.34) st =1/3 P9z, y),
(2.35) frPy = 0,"2Qy = 0.

The affine scheme R is isomorphic to the affine cone over the Segre embedded P* x
P! x PL.

Proof. Since 79 (z,y) is nondegenerate, V is simple as an FTS by [Fe, Thm.2.1].
Since (1,0,0,0), (0,1,0,0) € V are supplementary strictly regular elements, V is
reduced. Therefore, by p.314 and Thm.5.1], V is constructed from a Jordan
algebra J as in (i) or (ii) of Thm.5.1].

We show (i) holds. Assume for a contradiction that (ii) holds. Then

(2.36) Pr xt'Qr=0foranyz € V,

by p.314]. If P = 0 or Q = 0, then 7?9 (z,y) is identically zero, a contra-
diction. Therefore, changing the coordinates of V,, and V,, we may assume that
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P = diag(1,1,1),diag(1,1,0), or diag(1,0,0), where diag (a,b,c) is the diago-
nal matrix with a,b,c as the (1,1), (2,2), (3, 3)-entries respectively. Then, from
(2.36), we see that Q = aP for some « € k in the first or the second case, or

* 0 0
Q= | * 0 0 | in the third case. In any case, we see that 37%(x,y) is identi-
* 0 0

cally zero, a contradiction. Therefore (i) must hold.

In this case, nondegeneracy of 37%(x,y) implies that the Jordan algebra .J does
not contain an absolute zero divisor in the sense of p.93] ([Mc2] Def.5.3.2,
Prop.5.3.3, Ex.5.3.6]). Therefore, (i), (ii) or (iii) of Thm.1] holds. The Jordan
algebra J is not a division algebra since N, = 0 for some nonzero z € V,. Thus
(ii) or (iii) holds. Then, by the proof of ibid., the Jordan algebra .J has the Peirce
decomposition J = .J; & .J; /o & Jo with respect to a primitive idempotent. We have
dim J; = 1 and dim .Jy > 1. If (iii) holds, then dim .J; , > 2 by p.98, 5 and 6th
line from the bottom], hence dim V,, = dim J > 4, a contradiction. Therefore (ii)
holds, namely, J = k @ J(q), where J(q) is a Jordan algebra of a quadratic form
q. By p.506, Ex.2], ¢ is nondegenerate since so is 379 (x,y). Therefore, by
ibid. and the assumption that k is algebraically closed, we see that N, is a product
of three linearly independent linear forms. Now, by Example [2.24] (1), RRF° is
isomorphic to the affine cone over P! x P! x P!. O

Part 2. Key varieties for Q-Fano threefolds

Hereafter we work over C, the complex number field, throughout the paper.

3. AFFINE SCHEME F3°

Definition 3.1. In the affine 26-space whose coordinates are s, ¢, and the entries
of z,y, P,Q, we define §3? to be the scheme with the equations (2.33), (2:34) and
([2:35). We say that the entries of P, Q parametric coordinates.

Remark 3.2. The equations of §%? is a specialization of those given in Sub-
sec.5.7]. These are also derived in [NP]. The main advantage here is that the
meaning of the equations is quite clear in view of the theory of FTS; especially, the
equation (2.34) is too complicated to write down fully but we can write it concep-
tually as above.

In the following Sections [4H7] setting some of the parametric coordinates of
3§32 to constants, or impose linear relations on them, we will obtain several affine
varieties whose weighted projectivizations produce examples of prime QQ-Fano 3-
folds of anti-canonical codimension 4. We refer to Section [8 for another aspect of

332
. t'r . tyt
M, = ( tle >,My = ( tthl >

We set
4. A SPECIALIZATION OF §32—AN AFFINE VARIETY 4} WITH AN
SLy x SLo-ACTION—

In this section, we define a closed subscheme &(}* of the affine scheme §2* and
investigate its properties. We show that a weighted projectivization of {(}* give an
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example of a key variety for a prime Q-Fano 3-fold of anticanonical codimension 4
which is not obtained from the G§4)-c1uster variety.

4.1. Definition.

Definition 4.1. We set

=82 N {p13=qo3 = 1,p23 = p33 = q13 = @33 = 0, p11 = —@21, P12 = — 22}

We use the following notation for entries of the matrices P and ), by which an
group action on }* will be more visible (see Subsection A.2):

air b 1 as b1 O
P=| a2 b2 0 |,Q=| —an1 —bnn 1
ci1 ci2 0 Ca1 c2 0

Setting further
A= < a1 @12 > B = ( b1 b12 > C = < C11  C12 )
' as —ain )7 boy —bi1 )7 co1 C22 )7

—~ X1 ~ Y1
‘T: 7: b
(m)y <v2)

we can write

Explicitly,

M. — [ @t +apx2 +ciirs bz + biaxa + ez T
= )
a21%1 — a11%2 + 2103 ba1x1 — b11we + co2w3 X2

We have also
M. — y'P _( anyr + bi1y2 +ys3 ai2y1 + bi2y2 C11Y1 + C12Y2

Y v'Q az1y1 + b21yo —a11y1 —biiy2 +ys caayr +cay2 )
We denote by A[® the affine space whose coordinates are s,¢ and the entries of
A’ B’ C7 x? y'
4.2. SLy x SLp-action. We see that {}* admits the following group action, which
will be helpful to investigate properties of £[}*:

Proposition 4.2. The scheme 4}* is preserved by the following group actions on the
affine space A{® of the two groups (SL2)*, (SL2)Y isomorphic to SLa, and they define
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an action of the group SLy x SLo on £}

(SLy)* : For g€ (SLg)*, A+ gAg™", B+ gBg™ ', 2 — gz, C +— gC,
T3 = T3, Y=Y, S— s, t—t,

b a b
SLo)Y : For h € (SLo)v, [ “1 71 >I—>< e )hl,
(SL2) (SL2) ( asz  boy asz  boy

a2 bi2 . a12 big o
—ai1 —bnn —a11 —bi1

7+ hy, C+— Ch™1,

Ys — Y3, T x, S+ 8, t—t.

b Py

Proof. Note that M,y = {(M,z) = ( Qy

) . By straightforward calculations, we

see the following:

e M, is mapped to gM, by g € (SL2)*, and M, is invariant for the action of
(SLg)v.

e 2! is invariant for the action of (SLy)* and is equivariant to y for the action
of (SLy)¥. yF is equivariant to z for the action of (SLy)* and is invariant
for the action of (SLy)Y.

e [(z,y) is invariant for the actions of (SL3)” and (SL3)Y.

e The actions of (SL2)” and (SL3)Y are commutative.

Therefore we have the group action on 4}* as in the statement. O

4.3. Weights for variables and equations . We assign weights for variables of the
polynomial ring Sy such that all the 9 equations of $(}* are homogeneous. More-
over, we assume that all the variables are not zero allowing some of them are
constants. Then it is easy to derive the following relations between the weights of
variables of Sy:

w(ain) = —w(y1) +w(ys), wlai2) = w(z1ys) — w(w2y1), wlaz) = w(r2ys) — w(z1y1),
w(bi1) = —w(y2) + w(ys), w(bi2) = w(r1ys) — w(r2y2), w(b21) = w(w2ys) — w(w1Y2),
w(ci1) = w(z1ys) — w(@sy), wlciz) = w(z1ys) — w(@sy2),
w(ca1) = w(z2ys) — w(wsyr), wlcee) = w(z2ys) — w(wsy2),

)

= —w(z3) + 2w(ys), w(t) = w(z122y3) — W(Y1Y2)-

Let
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be the weighted projectivization of $(}* by these weights of coordinates. In Subsec-
tion[4.9] we show that $(}? is a key variety of a prime Q-Fano 3-fold of anticanonical
codimension 4 with No.20544. Existence of a positive grading of {}* also plays a
role in the proof of Proposition [4.5]

4.4. Charts and singular locus. For a coordinate x, we call the open subset of {1}*
with % # 0 the *-chart. We describe the *-chart such that x is one of the entries of
x,y, or s, t.

z1-chart: We note that 4}*N{x; # 0} is isomorphic to (U}*N{z; = 1}) x A'* by the
map (z,y,s,t, A, B,C) — ((xl_lx,:vl_ly,:vl_ls,xl_lt,A,B,C),xl). This is because
all the equations of 4[}* are quadratic when we consider the entries of A, B,C are
constants. Therefore it suffices to describe [}* N {z; = 1}. Solving regularly the
9 equations of 4}* setting 1 = 1, we see that the 9 equations are reduced to the
following 4 equations:

Y3 = — a11yY1 — G1272Y1 — C1173Y1 — b11Y2 — b12T2y2 — C1273Ys2,

s =2a11c11Y7 + a12621Y7 + arac1122Y; + 11 23Y; + 2b11cn1yiya+
2a11c12Y1Y2 + b12¢21y1y2 + a12C22y1y2 + b1ac11T2y1y2 + a12c1272y1Y2+
2c11C1273Y1Y2 + 2b11C12Y3 + b12casys + bi2ci2Tays + claT3Y3,

bo1 =2b1172 + b1923 — Coo3 + C12T2w3 — Ly,
as1 =2a11w2 + alﬂ% — C21%3 + 117223 + tY2.

zo-chart: Similarly to the x;-chart, we have only to describe 1111&4 N{xe = 1} as
follows:

Y3 =a11y1 — a2171Y1 — c2123Y1 + b11y2 — ba1T1y2 — c2273Y2,
s =as1c11y] — 2a11¢21Y7 + a210171Y; + €3123Y; + barcriyiye+
azici2y1y2 — 2b11ca1y1y2 — 2a11622y1y2 + ba1ca1T1y1y2 + a21¢22T1y1Y2+
2021C22T3Y1Y2 + ba1c12ys — 2b11C22Y3 + ba1C22T1Y5 + CooT3Y3,
bia = —2by1z1 + b21$§ — C1223 + Coox1T3 + Ty,

2
a12 = — 2a1171 + a21x] — 1103 + C21T13 — LY2.

s-chart: Similarly to the x;-chart, we have only to describe $(}*N{s = 1} as follows:

z =y,
t=1/35(z,y).
t-chart: Similarly to the z;-chart, we have only to describe 41*N{t = 1} as follows:
y=at,
s=1/3B(x,y).

The above descriptions of charts show that the z;-, z2-, s-, and t-charts of {}*
are isomorphic to A3 x A'*. As for s- and t¢-charts, we also refer to Corollary 2.26]

z3-chart: Similarly to the z;-chart, it suffices to describe $}* N {z3 = 1}. When
r3 = 1, we may eliminate the coordinate s by the 3rd entry of the equation sz =
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with z3 = 1. Then we may verify that $(}* N {z3 = 1} is defined by the five 4 x 4
Pfaffians of the following skew-symmetric matrix:

0 t anwi+aexe+cir bz +bizx2 +c12 1
0 a21x1 —anx2+ca1 baizy —buiwe +co2 22

0 Y3 —Y2
0 Y1
0

From this description, we see that
(Sing i) N{xs #0} ={a3 #0, 21 =22 =0,y =0,t =0, C = O}.

We define the following skew-symmetric matrix:

0 s anyr +buiy2 +ys a12y1 + bi2y2 c11y1 + c12y2
0 a21y1 + b21y2 —a11y1 —biiy2 + Y3  ca1y1 + ca2ye
Ay = 0 T3 —XT2
0 T1
0

y1-chart: Similarly to the z3-chart, We may verify that {}* N {y; = 1} is defined
by the five 4 x 4 Pfaffians of the skew-symmetric matrix A, with y; = 1. From this
description, we see that

(Sing ") N {y1 # 0} = {1 #0, x =0, s =0, M, = O}

air bu
a2 bi2 1
= 0,z=0,s=y3=0, =o0
n# ’ s c11 ci12 ( Yo )
c21 €22

yo-chart: Similarly to the z3-chart, We may verify that {}* N {y» = 1} is defined
by the five 4 x 4 Pfaffians of the following skew-symmetric matrix A, with y, = 1.
From this description, we see that

(Sing &) N {y2 # 0} = {y2 # 0, =0, s = 0, M, = O}

a1 bi
a2 b2
= y2#0,$:078:y3:0, a1 b21 <y11>20
c11 C12
c21  C22

ys-chart: We may easily verify that the y3-chart is contained in one of the above
charts.

Let
Se={z1=22=0,y=0,5=0,t=0,C=0}~A",
and S, be the closure of the locus

air b

a2 b2
r=0,s=t=y3 =0, as1  bar <y1>:0 \{z=0,y=0,s=t=0}
c11 C12 Y2

C21 C22
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By a consideration with a little linear algebra, we see that

a1 bun

a2 bi2

a2 b2
Sy=q2x=0,s=t=y3 =0, rank <1ly,,

C11 C12

c21 €22

—Y2 Y1

which is the affine cone over P! x P®> and hence is 7-dimensional.
Investigating the 9 equations of {14, we see that
S N {zz # 0} = (Sing 43") N {3 # 0},
Sy N {y: # 0} = (Sing 4") N {yi # 0} (i = 1,2),

Thus, from the above descriptions of the charts, we can describe the singularities
of {}* as follows:

Proposition 4.4. The open subset {}* \ {x = y = 0,5 = t = 0} is 14-dimensional
and irreducible. Its singular locus is equal to the 7-dimensional locus

A= S, US)\{r=y=0,s=t=0},

and it has ¢(G(2, 5))-singularities along A, where we call a singularity isomorphic to
the vertex of the cone over G(2,5) a ¢(G(2, 5))-singularity.

We will show that u}g itself is 14-dimensional and irreducible in Proposition [4.5]
and determine the singularities of $[}* along {x = 0,y = 0, s = t = 0} in Proposition

4.10

4.5. Gorensteinness and 9 x 16 graded minimal free resolution of the ideal of
£t

Proposition 4.5. Let Sy be the polynomial ring over C whose variables are s,t and
the entries of A, B,C, x,y. Let Iy be the ideal of the polynomial ring S, generated by
the 9 equations of 4%, Set Ry := Sy/Iy. The following assertions hold :

(1) We give nonnegative weights for coordinates of Sy such that all the equations of
U3t are weighted homogeneous, and we denote by w(*) the weight of the mono-
mial x. We denote by P the corresponding weighted projective space, and by
Up C P the weighted projectivization of UL*, where we allow some coordinates
being nongero constants (thus dim Up could be less than 13). We set

6 = 2w(z122) — w(ws) — w(y1y2) + Sw(ys).
(1-1) It holds that
wp = Op(—4w(z122) + dbw(y1y2) + 4w(xs) — 1w (ys)).
(1-2) The ideal I3 has the following graded minimal Sq-free resolution

4.1 0« Py<+ Py < Py < P3 < Py <+ 0, where
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Py =5,
1 =S(—w(z1ys)) & S(—w(22ys3))
OS(—w(sz1)) & S(—w(sw2)) & S(—w(sws))
S (—w(ty:)) ® S(—w(tyz)) & S(—w(tys))
@S (—w(st)),
» =S(—w(sz1y3)) ® S(—w(szays)) & S(—w(tzrys)) & S(—w(tzays))
DS (—w(stzy)) ® S(—w(stzs)) & S(—w(stxs))
OS(—w(sty1)) ® S(—w(styz)) ® S(—w(stys))
BS(—w(srix2)) ® S(—w(sw123)) ® S(—w(swaxs))
©S(—w(ty1y2)) ® S(—w(tyr1ys)) & S(—w(tyzys))
5 =9(—(6 —w(z1ys))) ® S(—(6 — w(w2ys)))
B (—(0 —w(sz1))) & S(—(6 — w(sz2))) & S(—(6 — w(sxs)))
DS(—=(0 —w(ty1))) ® S(—(6 — w(tyz))) ® S(—(6 — w(tys)))
DS (=(0 — w(st))),
P, =8(-9).
(1-3) It holds that
(4.2) wyp = O (—2w(z122) + 4w(y1y2) + 3w(xs) — w(ys)).

(2) Iy is a Gorenstein ideal of codimension 4.
(3) Ut is irreducible and reduced, thus Iy is a prime ideal.
(4) Uit is normal.

Proof. We may compute the Sy-free resolution (4.1) of Iy, by SINGULAR [DGPS].
For the remaining assertions, the proof of Prop.4.8] works verbatim. O

4.6. Factoriality of 4[}*. We denote by 7 the image of z; in Ry.

Lemma 4.6. $(}* N {z; = 0} is irreducible and reduced, and is normal. In particular
the element 1 € Ry is a prime element.

Proof. By Lem.3.6], it suffices to show that Sing (U}* N {z; = 0}) has codi-
mension > 2 in $}* N {z; = 0}. By the descriptions of charts as in Subsection .4}
we see that 4}* N {z; = 0} is smooth on the z>- and the ¢-charts, and is isomorphic
to a hypersurface

{_allclly% - a12021y% —biic11y1y2 — ai1ci2y1y2 — biaca1y1y2
— a12¢22Y1Y2 — bi1c12y3 — b12c22y3 + c11y1ys + cr2y2ys = 0}
on the s-chart, whose singular locus has codimension > 2 in (}* N {z; = 0}. The
locus U}* N {z1 = 22 = 0,5 =t = 0} is the union of the following two loci (i) and
(ii):
(i) {z =0,s =t = 0,y* = 0}, which is a fibration of relative dimension 7 over
the affine cone of P! x P2, hence is 11-dimensional.

(ii) {rank ( ‘i Car Y2 ) < 1,F; = 0}, which is easily to be seen of codi-

Ci12 €22 U1
mension 2 in 4}* N {x; = 0} (F} is defined in the proof of (1)).
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Therefore we have shown that Sing (U}* N {z; = 0}) has codimension > 2 in
Ll}{l n {ZCl = O} O

Proposition 4.7. The affine coordinate ring Ry of t}* is a UFD.

Proof. Using the description of the x;-chart as in Subsection 4.4] and Lemma [4.6]
the proof of Prop.4.9] work verbatim. O

The following corollary can be proved in the same way as the proof of
Cor.4.10]:

Corollary 4.8. Let 413 be the weighted projectivization of {}* with some positive
weights of coordinates. The following assertions hold:

(1) Any prime Weil divisor on 43 is the intersection between 1}* and a weighted
hypersurface. In particular, $4%* is Q-factorial and has Picard number one.

(2) Let X be a quasi-smooth threefold such that X is a codimension 10 weighted
complete intersection in 433, i.e., there exist ten weighted homogeneous poly-
nomials Gy,...,Gyo such that X = 4 N {Gy = 0} Nn---N{G1 = 0}.
Assume moreover that {x1 = 0} N X is a prime divisor. Then any prime Weil
divisor on X is the intersection between X and a weighted hypersurface. In
particular; X is Q-factorial and has Picard number one.

4.7. P! x P! x P!-fibration . We denote by Ap ~ A'? the affine space whose coor-
dinates are the entries of the matrices 4, B, C. Note that any equation of $(}* is of
degree two if we regard the entries of A, B, C as constants. Therefore, considering
the variables of the equations of 4[}* except the entries of A, B, C as projective co-
ordinates, we obtain a 13-dimensional quasi-projective variety with the same equa-
tion as 4}*. We denote this 13-dimensional variety by &, and by py: {0 — Ap the
natural projection. Note that the SLy x SLo-action on $41* defined as in Subsection
A2 induces those on il and those on Ay, and the natural projection py : 8 — Ap s
equivariant with respect to these actions. Using these group actions, detail analysis
of py: [T Ap is possible. We, however, omit details since it is lengthy. Instead, we
will describe the restriction of py to the subvariety &} defined in Section[5l Here
we only state the following, which can be shown immediately by Corollary 2.3Tk

Proposition 4.9. Let A, be the closed subset of Ap defined by Dg as in Remark[2.30)
The py-fiber over a point outside A, is isomorphic to P x P! x P!

4.8. Terminal singularities. By Proposition [4.4] and the result in Subsection [4.7]
we can show the following in the same way as [Takél Prop.4.11]:

Proposition 4.10. The variety ${}* has only terminal singularities with the following
descriptions:
(1) The singularities along the 7-dimensional locus (S, US,) \{z =0,y =0,s =
t =0} are ¢(G(2,5))-singularities.
(2) There exists a primitive K-negative divisorial extraction f: {l — $}* such
that
(a) singularities of Ll are only ¢(G(2, 5))-singularities along the strict trans-
forms of S, US,, and
(b) for the f-exceptional divisor Ey, the morphism f|g, can be identified
with py: U3 — ALY as in Subsection E.7
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4.9. An example of a Q-Fano threefold. We consider the weighted projectiviza-
tion of 4}*

U3 C P(115,223)

by the weights of coordinates as in Example [4.3] In this subsection, we show the
following:

Theorem 4.11. Let Ly,..., Lo be general forms of weight 1 in P(1'%,22,3). The
subscheme

X::uﬂﬁ3ﬁL1ﬁ~-~ﬁL10

is a prime Q-Fano 3-fold of No.20544 and of anticanonical codimension 4.

Proof. In this proof, we denote P(115,22,3) by P for simplicity. Using the equations
of 433, we may easily verify that Bs|Op(1)| N UE? consists of the s-point and the
t-point, where the x-point for a coordinate * of P means the point of PP such that
all the coordinates except * are zero. Note that dim Sing $[}* is less than the codi-
mension of X in 433. Therefore, by the Bertini theorem, we see that X is a smooth
3-fold outside the s-point and the ¢-point. Computing the linear parts of the equa-
tions of X at each of the s-point and the ¢-point (cf. LPC in Subsec. 5.1]), we
see that X has a 1/3(1, 1, 2)-singularity at the s-point and a 1/2(1, 1, 1)-singularity
at the ¢-point. By Proposition [4.5] (1-2), we have the following Sy-free minimal
resolution of Ry which is graded with respect to the weights of variables given in
Example

0+ Ry + Sy + Su(—3)%* @ Sy(—4)%* @ Sy (-5)
— Su(—4) & Su(—5)%" & Su(—6)*7 & Su(-7)
— Sy(—=6) ® Sy (=7)%* @ Sy (—8)®* < Sy(—11) + 0.

From this, we see that —Ky = Ox(1) and (—Kx)? = 31/6. It remains to show that
p(X) = 1. By Corollary 4.8} it suffices to check that X N {x; = 0} is a prime divisor.
This follows by the Bertini theorem since 43 N {z; = 0} is normal by Proposition
4351 (3), and the fact that Bs|Op(1)| N U3* consists of the s-point and the ¢-point.
Hence X is a prime Q-Fano 3-fold of No.20544, and by Proof of Thm.1.2
(1)], X is of anti-canonical codimension 4. O

Remark 4.12. In a future work, we describe via 4(}* the Sarkisov link for a prime
Q-Fano threefold of No.20544 starting from the weighted blow-up at the unique
1/3(1,1,2)-singularity.

5. A SPECIALIZATION OF {[}'~AN AFFINE VARIETY &% WITH AN SLy-ACTION-

In this section, we define a closed subvariety &} of the affine variety 4}* and
investigate its properties. The whole story in this section is very similar to that of
Section 4] hence we will not write down it fully.

As we will see in Subsection [74] &8 is isomorphic to a subvariety of the G§4)-
cluster variety. We will discuss there a prime Q-Fano threefold of anti-canonical
codimension 4 which is obtained as a weighted complete intersection of a weighted
projectivization of &%.
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5.1. Definition.
Definition 5.1. We set

c c 1 0
&3 :—il}fﬁ{bu—aw,bm —_a11’< ci C;z > N ( 0 1 >}

Remark 5.2. We note that the condition on &% is equivalent to that M, and M, as
in Subsection [4.I]have the same form.

Now we introduce different notation for coordinates of &% as follows, with
which we derive another presentation of the equations of &% (Proposition [5.3)
such that an group action on &% will be more visible (Subsection[5.2)):

dy dv 1 —d3 —dz O
P=\|d do 0 |,Q=| —do —-di 1 |,
1 0 0 0 1 0

U::<U1 U2)::<y1 —581>7
uz  Ug Y2 —x2
o V2 V1 Vo _( Y3 T3 t
' —v3 —vz —v1 ) -s —ys —x3 )’

We also set
u% UiU u% . ui —U2U4 u%
U= 2uiug  uiug + usuz  2usuy , Ut .= —2usguy  UiUg + Usuz —2UiU2
u% U3U4 u?l u% —uius3 u%

. dy dy do
D._<_d3 ) )
By a straightforward calculation, we can check the following:

Proposition 5.3. The affine variety G% is defined by the following equations:

(5.1) UV = DU, A’V = (A2D)U".

Remark 5.4. 1f det U # 0, then A2V = (A2D)'UT can be derived from UV = DU by
the Cauchy-Binet formula.

5.2. ((SLg x SLy) x (C*)?)-action. We denote by Sg the polynomial ring over the
field C with the entries of U, V, D as the variables. We consider the affine space A2
with the coordinate ring Sg. We denote by A%, the affine space with the entries of
D as the coordinates.

From the presentation of the equation of &% as in Proposition [5.3] we can im-
mediately read off an ((SLz x SLy) x (C*)?)-action on &% as follows:

Proposition 5.5. The following assertions hold:
(1) (1-1) The variety G% is preserved by the following actions of the two groups
SLL, SLY isomorphic to SLa, and they define an action of the group
SLY x SLY on &8:

For g € SLY, U+ gUg™ ', Vs gVg ', D gDg
For h € SLY,U + Uh, V = h™'Vh, D — D,
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where the definitions of g and h for g and h respectively are similar to

that of U for U.
(1-2) The affine space AZ has the (C*)?-action preserving &% defined by

Uw— aU, Dw— 8D,V — afV,

where «, f € C*.
These induce an ((SLY x SLL) x (C*)?)-action on 5.
(2) The induced (SL} x (C*)?)-action on A%, has the following orbits:

(@ {0}
(b) The complement of {0} in the cone over the twisted cubic vp defined by
A?’D = 0.

(c) The complement of the orbits as described in (a) and (b) in the cone over
the tangential scroll of the twisted cubic vp, where the equation of the
tangential scroll is

(5.2) 3dids — 4d3ds — 4dods + 6dody dads — dads = 0.
(d) The complement of the orbits as described in (a), (b) and (c) in A},.

Proof For (1), we only note that U is mapped to gUg~' by the SL}-action. The
assertion (2) is well-known to be true. O

Remark 5.6. By an explicit calculation, we may easily verify that the rank of the
matrix associated to the bi-linear trace 8 for &% is 0,1,2, or 3 if and only if the
Proposition[5.5] (2) (a), (b), (c), or (d) holds respectively.

5.3. P! x P! x P!-fibration. We denote by P] the projective space whose coordi-
nates are the entries of the matrices U, V. Note that any equation of G§ is of degree
two if we regard the entries of D as constants. Therefore, considering the variables
of the equations of G} except the entries of D as projective coordinates, we obtain

a 7-dimensional variety in AL x PZ. We denote this 7-dimensional variety by &7,
and by ps: &7 — A% the natural projection. Note that the (SLs x (C*)?)-action
on &% defined as in Subsection[5.2]induces those on G” and those on Ap, and the
natural projection pg: &7 — A} is equivarAiant with respect to these actions. Using
these group actions, we will describe pg: &7 — A%,.

Lemma 5.7. The following two assertions hold:
(1) In the projective 7-space with coordinates x;; (i = 0,1, 0 < j < 3), let

S.— {rank ( Too Tor To2 T3 ) < 1} ,
Tio L11 12 L13
which is nothing but the image of the Segre embedding of P! x P3. Let Q C IP3

be a cone over a smooth conic. The 3-fold P! x Q which is embedded in P7 by
the restriction of the Segre embedding of P! x P3 is projectively equivalent to

Too o1 To2 03 2 2
(5.3) {rank ( r10 111 Tis 213 ) <1, 53 = T01%02, T13 = T11T12, TO3T13 = T02T11 ¢ -

The projective variety defined by the equation (5.3) is a sextic del Pezzo 3-fold
with A, singularities along the (o : x10)-line.
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(2) In the projective 7-space with coordinates u; (1 < i < 4),v; (0 < j < 3), the
variety defined by
(5.4)

uz v V2 U1 2 2
rk < 1, u1v2 — u2v3 = U3, U1V1 — U2V2 = UU4, U1VY — U2V = UL
Ug V2 V1 Vo

is a sextic del Pezzo 3-fold with As singularities along the (uj : us)-line. This
variety is isomorphic to the projective 3-fold P*:1:! defined in Def.6.6].

Proof. (1). Let s: P! x P3 — S be the Segre embedding defined by z;; = p;q;,
where p; (i = 0,1) and ¢; (0 < j < 3) are the coordinates of P! and P? respectively.
Then the inverse image of (5.3) is {¢3 = ¢1¢2} C P! x P?, which is the product of
P! and the cone over a smooth conic in P2. Therefore we have shown the former
assertion.

Now we show the latter assertion. By the equation (5.3), we see that the projec-
tive variety defined by the equation has A; singularities along the (oo : z19)-
line. We can compute the minimal free resolution of the structure sheaf of the
variety defined by (5.3) as follows:

O(=2)% + O(=3)%16 «— O(—4)*? <~ O(-6).

From this, we see that the projective variety defined by the equation (5.3) is a sextic
del Pezzo 3-fold.

(2). The former assertion can be shown similarly to the proof of the latter asser-
tion of (1). The latter assertion follows since P™1:! is also a sextic del Pezzo 3-fold
with A, singularities along a line by Rem.6.7] and there is only one such a
sextic del Pezzo 3-fold (see (si31D)]). O

Proposition 5.8. Let p be a point of A}, and F, the pg-fiber over p. We use the
descriptions of the (SL} x (C*)?)-action on A%, as in Proposition[5.5] (a)—(d).
Ifp=0, then F, = {UV = 0,2V = 0}.
If p belongs to the orbit as in (b), then F, ~ PL.11.
If p belongs to the orbit as in (c), then F, ~ P! x Q.
If p belongs to the orbit as in (d), then F, ~ P! x P! x P

Proof. If p = 0, then the description of F}, follows from the equation of &3.

By the (SL} x (C*)?)-action, we may choose the point p as a special point as
follows according to the orbit to which p belongs:

If p belongs to the orbit as in (b), we may assume p is the dy-point. Then the
equation of F}, is
{I‘k ( U3 vs v2 v ) S 1,u11)2 — U2V3 = ug,ulm — U2V2 = U3U4,ULV) — U2V1 = ui} 5

Ua V2 U1 Vo

which is nothing but P1:1:1,

If p belongs to the orbit as in (¢), we may assume p is the d;-point. Then the
equation of F,, coincides with (5.3) by setting

Too Tol To2 o3 \ _ [ w1 v+ 2ug U3 v2 + u3
Tio T11 T12 T13 U2 Vo vy — 2u3 U1 — Uy ’

hence F,, is isomorphic to P! x Q.
Now assume that p belongs to the orbit as in (d). Note that the cone over the
tangential scroll of the twisted cubic yp as in (5.2) is the restriction of Dg = 0
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as in Remark [2.30] which follows by a straightforward calculation. Therefore, by
Corollary 2.37] we see that Fj, ~ P! x P! x P’ O

5.4. Summary of properties of &§. In this subsection, we sum up the properties
of &§ corresponding to those of £41* as in Subsections 4.5} [4.6] and [4.8] as follows:

Proposition 5.9. The following assertions hold:

(1) Let Ss be the polynomial ring over C whose variables are the entries of
U,V,D. Let Ig be the ideal of the polynomial ring S generated by the 9
equations of &%. Set Rg := Se/Is.

(1-1) Ig is a prime, and Gorenstein ideal of codimension four.
(1-2) &% and &% N {uy = 0} are normal.
(1-3) Re is a UFD.

(2) The weighted projectivization &, of &% with some positive weights of coordi-
nates is Q-factorial and has Picard number one (we refer to Example [/.9] for
an example of such a set of weights).

(3) There exists a primitive K-negative divisorial extraction f: & — &% such
that & is smooth, and, for the f-exceptional divisor Es, the morphism f|ge
can be identified with ps: &7 — A} as in Subsection 53] In particular, the
variety &% has only terminal singularities.

We omit the proof since we can prove this in the same (and simpler) way as for
the variety $(}*.

As for examples of prime Q-Fano 3-folds obtained from &%, we see in Subsection
[Z4]that they are actually obtained from the Ggl)-variety.

6. ANOTHER SPECIALIZATION OF J3°—AN AFFINE VARIETY 3}? WITH AN
SL3-ACTION—
In this section, we consider one more specialization of §3* as follows:
Definition 6.1. We set
P=§2n{P=F TrQ=0},
where F is the 3 x 3 identity matrix, and Tr @ is the trace of the matrix Q = (¢;;).

Actually, the equations of 3}? is originally obtained in Ex.6.8]. Indeed,

T4
we note that the equation y1y2 = ( @1 @2 w3 ) AT [ 25 | givenin p.24]
Z6
corresponds to
st = _thTy,
where At and Q' are the adjoint matrices of A and Q, respectively, and A, y1, o,
Z1 T4
z2 |,| @5 | inibid. correspond to Q,—t,s, x,y here, respectively. For, we
3 Z6

can verify that
Blz,y) = —32Q"y
— 2(q12g21 + 13031 + §23032 + @32 + G22G33 + 433)'TY.
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Moreover, we can also verify that all the other equations of 3}? can be identified
with the eight 4 x 4 Pfaffians in p.24, 25].

Lemma 6.2. The following assertions hold:

(1) The scheme 31 is Gorenstein of codimension 4, and is normal.
(2) The affine coordinate ring R3 of 34 is a UFD.

Proof. (1). We can check that the x;-, y;-, s-, and t-charts (i = 1,2, 3) of 312 are
smooth and the union of them is irreducible and is of codimension 4 in the ambient
affine space. Using [DGPS]|, we can show that the ideal of 3}? has the 9 x 16 graded
minimal free resolution of length 4. Therefore, by the proofs of Prop. 4.8],
we obtain (1).
(2). We can check that (R3),, is a localization of a polynomial ring. We can
also check that 3}2 N {z; = 0} is normal. Indeed, on the z3-, x3-, yo- and y3-charts,
12N{x1 = 0} is smooth, and 3}*N{z; = x2 = 3 = y» = y3 = 0} is of codimension
2 in 3}? N {z; = 0}. Therefore The proofs of Prop. 4.9] work verbatim for
(2). O

The main purpose of this section is to interpret 312 in the context of [Tak5] as
follows:

Proposition 6.3. We define 3}' to be the projective variety obtained from 3} by
setting w(s) = w(t) = 2 and all the other weights of coordinates as 1 ( Note that 33!
is contained in P(1'4,2%)). The variety 31! is isomorphic to the Q-Fano variety 3 as
in Thm.1.1] associated to prime Q-Fano 3-folds of No.1.1 in [Tak1]].

Proof Note that the projective variety 3 := {Py = 0,2Qy = 0} C P> with P = F
and Tr @ = 0 can be identified with ¥ as in Subsec.4.1.1] with the obvious
correspondence between the coordinates of them.

By the construction of ¥ from ¥ as in Sec.5], ¥ is isomorphic to X in
codimension 1 except the image I in X of the exceptional divisor for the blow-up
of two 1/2(1'1)-singularities.

We show that a similar fact holds for 33! and 3. We consider the rational map
7: 3p1 --» 3 which is the restriction of the projection from the (s : ¢)-line. Note
that 7 is defined on U := 3}' \ {thes-, t-points}. We set A := {z =0,y* =0} U
{y = 0,2 =0} C 3. From the equation of 3}!, we see that the closure of the in-
verse image of Al () by |y is A := {z=0,1" =0,t =0}U{y =0,2* = 0,5 = 0}.
By the equations of 33! and 3, we see that, if # # 0 and y # 0 on 3, then both
s and ¢ are recovered by the equations of 3}!. Moreover, we see that points of
{x = 0} U {y = 0} outside A are not the 7-images of points of U, and the fiber of
7|y over a point p € A is 1-dimensional if p € {x = y = 0}, and 2-dimensional
if p € {x = y = 0}. Therefore the |y -exceptional locus is A|y. By the equation
of 34! and Prop.4.4], the locus A coincides with Sing 3, which is of codi-
mension 3 in 3. Therefore the exceptional locus of 7|y is of codimension 2 in 3%,1,
which implies 31! is isomorphic to 3 in codimension 1 except {z = 0} U {y = 0}.
Note that {z = 0} U {y = 0} is identified with T. Therefore, we see that ¥ and
311 are isomorphic in codimension 1 identifying 3 and 3. By Thm.1.1], &
is a Q-factorial Q-Fano variety with Picard numbers 1, and, by Lemma[6.2] and the
proof of Cor.4.10], so is 33'. Therefore, ¥ and 3}' are actually isomorphic
by Lem.5.5] as desired. O
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By Proposition[6.3]and [[Tak5, Thm.1.1], we obtain the following result of Gushel ’-
Mukai type:

Corollary 6.4. Any prime Q-Fano 3-fold of No.1.1 in [Tak1] is a weighted complete
intersection of 33! as in Proposition [6.3|with respect to hypersurfaces of weight 1.

Finally, we describe an SL3 on 3}? as follows:

Proposition 6.5. Let AL be the affine subspace {Tr Q = 0} in the affine space whose
coordinates are s, t and the entries of x,y, (). The affine space A%ﬁ has the SL3-action
preserving 3,2 defined by

ze g,y g7y, Qe g7 Qg s o st t
for g € SLs.

7. THE G§4)-CLUSTER VARIETY AS A SPECIALIZATIONS OF §(}%

In this section, we clarify the relationship between the Ggl)—cluster variety con-
structed in [CD], and the affine varieties §,! and 3}*. We review in our context the

prime Q-Fano 3-folds constructed in ibid. from the Ggl)—cluster variety.

7.1. The Ggl)-cluster variety ¢[;°. In [CD], the Gé‘”—cluster variety is defined in
the affine 16-space with coordinates

0; (1 <i<4), 03, 041,
Aj (1 S.] < 4)7Akl ((kal) = (172)3 (233)7 (374)3 (4a 1))7
A13, A2g.

In this paper, however, we call a smaller variety as the Ggl)-cluster variety. By the
big table [Table]]l, we observe that A;> and Asy is always nonzero constant when

a Q-Fano 3-fold is constructed from a weighted projectivization of the G§4)—cluster
variety. Then, replacing A;, Ao, As, Ay, A13, A24 With A;;Al, AleAg, A§41A3,
A3—41A4, Al_21A3_41/\13, Al_g1 143_41 24, We see that it is possible to set A1 = Azy = 1.

Definition 7.1. The Ggl)—cluster variety €I, is defined as a subvariety of the affine
14-space with coordinates
0; (1 <i<4),003, a1,
Aj (1<) <4), A (k1) =(2,3),(4,1)),
A13, A2a
by setting for the equations of §3* as follows:
z="(0s 01 As3 ),y="(An 02 05 ),

—Ay 0 0 0 1 0
p= o o 1).0=| -4 0o o |,
Aoy —Ay 0 Az 0 —A;3

s = —bh3,t = —Ou.

We can immediately check that this definition of the G§4)—cluster variety coin-
cides with that in [CD| Subset. 1.2.2] when A5 = Asz4 = 1.
By an elementary calculation, we have the following:
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Proposition 7.2. All the equations of €I, are weighted homogeneous if and only if
the following conditions on the weights of coordinates hold:

(A1) = —2w(b1) + w(b2) + w(041), w(Az) = w(B1) — 2w(b2) + w(ba3),

(A3) = —2w(03) + w(0s) + w(ba23), w(As) = w(03) — 2w(bs) + w(b41),

(A23) = w(f2) + w(f3) — w(bas), w(Aa) = w(b1) + w(bs) — w(fa),
(
(

g

g

g

A3) = —w(01) — w(03) + w(ba3) + w(ba1),
A2g) = —w(eg) — w(94) + w(923) + w(041).

g

w

In the following subsections, we only consider the weights of coordinates as in
Proposition [Z.2] such that the weighted projectivizations of ¢[}° itself or its subva-
rieties associated to these produce prime QQ-Fano 3-folds. The list of such weights
are presented in [Tablel].

7.2. The maximal case. By the big table [Table]], we observe that all the weights

of the coordinates of the G§4)-cluster variety €[" is positive only in the two cases
No.5530 and No.11455 of [GRDB]]. We may verify the following by a straightfor-
ward calculation.

Proposition 7.3. The equations of the affine variety €[}’ is presented in the format
of the equations of LI}* by setting

w="( 01— AsAs3 04— AsAys As3 ),y="( Au 1/2(05—062) 1/2(63+62) ),

0 1 1 —A; 0 0
P = —A4 0 0 ,Q - 0 -1 1 ’
—Xoy — A3As 245 0 -3 — A1Ay =243 0

S = 923,t = 2941.

By Proposition [7.2] and the weights of coordinates of ¢[;° for No.5530 and
No.11455, we see that all the entries of x, y, P, Q as in Proposition[/.3]are weighted
homogeneous. Therefore we have the following:

Corollary 7.4. The affine variety €1,° is isomorphic to the subvariety of $1}*
(71) LLXL n {a11 = O, b11 = 1, b12 = O, bgl = O}

Moreover, the isomorphism is weighted homogeneous for No.5530 and No.11455 with
the corresponding weights of coordinates of (7.1)).

7.3. The case only one coordinate is a nonzero constant. By [Table], there are
12 classes of prime Q-Fano 3-folds for which only one coordinate of €[}’ (actually
Aj,As or Ay) is a nonzero constant. By symmetry, we may identify the three cases,
so we have only to consider the case that A4 is a nonzero constant; this is the case
for No.1169, 1182, 5860, 5870, 16228. We denote by €I} ,, the subvariety of €[;°
with A4 = —1. By suitable changes of scales of coordinates, we may assume that
Ay =-—1.
We may verify the following by a straightforward calculation.
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Proposition 7.5. The equations of the affine variety Qﬁ[i) A, 1s presented in the format
of the equations of LI}* by setting

e="(An 0y 03 ),y="( A 01 04—1/2X4A03 ),

~1/2x24 0 1 “A\izs —A; 0
pP= —Ay 0 0 |,Q=1{ 1/224 0 1 |,
0 10 —4; 0 0

5= —041,1 = Oa3.

By Proposition [7.2] and the assumption that A; = —1, we see that the entry
04 — 1/2X24As3 of y is weighted homogeneous. Therefore we have the following:

Corollary 7.6. The affine variety C[fi_’ A, Is isomorphic to the subvariety of $;*
(72) 5.111&4 n {bll = b12 = C11 = C22 = O, Clg = 1}

Moreover, the isomorphism is weighted homogeneous with the corresponding weights

of coordinates of (7.2).

In the following subsections, we consider the cases in which exactly two of the
coordinates are nonzero constants. There are 4 cases; the set of the two nonzero
constant coordinates is {As, A4}, {A1, Asa}, {Aa, A3}, or {Ay, A3}. For them, we
may assume that the nonzero constants are —1. We denote by Qﬁ[i) A4, the sub-
variety of €[}” with A; = A; = —1. We will treat the 4 cases separately in the
sequel.

7.4. The case A3 and A, are nonzero constants
-another appearance of G§-. This is the case for 12 classes in [GRDBJ. In this
subsection, we see another appearance of the affine variety &%.

We may verify the following by a straightforward calculation.

Proposition 7.7. The equations of the affine variety Qﬁ[fx’ 444, 18 presented in the for-
mat of the equations of &% by setting

xr = t( A41 92 93 — 2/3)\131441 =+ 1/3)\2492 ) s
y="(01 Az 0s+1/3\301 —2/3X24A403 ),

1/3\s  —1/3x 1 —A; —1/3\3 0
P=| —1/3\a -4y 0 |.Q=| —1/3\s 1/3X 1 |,
1 0 0 0 1 0

§ = —bu1,t = —0a3.

By Proposition [7.2] and the assumption that A3 = Ay = —1, we see that the
entries 93 — 2/3)\131441 + 1/3A2492 and 94 + 1/3)\1391 — 2/3/\24A23 of x and Yy are
weighted homogeneous. Therefore we have the following:

Corollary 7.8. The affine variety Qﬁ[i_’ 4,4, 1s isomorphic to &}. Moreover; the isomor-
phism is weighted homogeneous with the corresponding weights of coordinates of the
equations as in Proposition

Example 7.9. We consider the weighted projectivization &F of &% in P(1%,2%) by
putting the weights of coordinates as follows:

wu) =11<i<4),w(v;)=2(0<j<3),w(d)=1(0<k<3).
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By [ICDI, this produces a prime Q-Fano 3-fold X of N0.20652 as its weighted
complete intersection by one hypersurface of weight 2 and three hypersurfaces of
weight 1. It is easy to verify that the the set of three 1/2 (1, 1, 1)-singularities of X
is the intersection between the twisted cubic curve v := {U = O, D = 0, A’V = o}
and X.

We refine Example In the paper [Takl]], we obtain two different classes
No.4.1 and No.5.4 of prime Q-Fano threefolds of N0.20652. In the following propo-
sition, we determine which class a prime Q-Fano 3-fold X constructed in Example
[7.9]belongs to:

Proposition 7.10. A prime Q-Fano 3-fold X constructed in Example belongs to
the class No.4.1 of [Tak1] for any 1/2 (1,1, 1)-singularity of X.

Proof. We choose a 1/2 (1,1, 1)-singularity p and construct the Sarkisov link starting
from the blow-up at p. By Tables 4 and 5], we can distinguish between
prime Q-Fano threefolds of No.4.1 and No.5.4 by the dimension of forms of weight
2 vanishing at p with weighted multiplicity > 3; the dimension is 3 for No.4.1, and
is 4 for No.5.4, which can be verified by looking at the rational map X --» X’ in
the Sarkisov link (note that this map is defined by the linear system | — 2K x — 3p|).
By the group action on &§ described in Subsection 5.2] we may assume that p
is the vp-point (the point whose coordinates except vy are zero). Then, by the
equation (5.I), we see that 4 forms of weight 2, u?, ujus, u3, vs are all such forms
and they are linearly independent on G§. We have only to show that they are still
linearly independent on X. Assume the contrary. Then we may assume that the
hypersurface @ of weight 2 cutting X from &7 is {avs + bu? + cujug + du3 = 0}
with some a,b,c,d € C. Then Q intersects the twisted cubic curve ~ only at the
vp-point, or contains «. This is a contradiction since () must intersects v at three
distinct points for X to have three 1/2 (1, 1, 1)-singularities. O

Remark 7.11. In [[Tak6]], we will construct a prime Q-Fano threefold of No.5.4 via
another key variety H}°.

7.5. The case A; and A4, or A, and A3 are nonzero constants
—the affine variety T3 with an SL,-action-. This is the case for 16 classes in
[GRDB]. It is easy to see that we may identify Qﬁ[i) 4,4, and Qﬁ[& 4,4, changing the

suffixes of the coordinates. Hence we only consider @[27 4,4, in this subsection. This
is the case for 12 classes.
We may verify the following by a straightforward calculation.

Proposition 7.12. The equations of the affine variety Qﬁ[& A,4, Is presented in the
format of the equations of 41* by the setting as in Proposition[Z5lwith A; = —1.
Now we arrive at a new interpretation of @[Zy A4, We set
wy := 01 — 1/3\13A23, wa 1= —04 + 1/3X24 423,
21 1= Aqr, 22 1= 02, 23 := 03,
for=—A4s, f1 = 1/3N\i3, f2:=1/3), f3 1= — A,
S = —941,t = 923,’[1, = A23.
By Proposition [7.2] and the assumption that A; = A4 = —1, we see that the

entries 01 —1/3\13A23 and —0, +1/3 X4 Ao3 are weighted homogeneous. Moreover,
we set
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w z zZ 2
w:=( 1),2:2( ! 2),z: -2z ,
wsa z3 —Z1
zZ3

::<f2 f1 fo) o ;};1 _J;Ofl
fs fo fi )’ “hB

Proposition 7.13. The affine variety 6[27 A,4, 18 isomorphic to the affine subvariety
T8 in the affine 8-space AY? with the coordinates

’U}l,’LUQ,Zl,ZQ,Z?,,S,t,U,fo,fl,fg,fg}

defined by the following equations:

Zw+ uFz = o,

tw=ZFz,

tu = det Z,
w

sz = —2u* A? ('F) + uF'w + —2w;w2 ;
w3

st =—1/2u(A?F1)z + (w2 —wy )Fz.
Moreover, the isomorphism is weighted homogeneous with the corresponding weights

of coordinates of these equations.

Though the equations of the affine variety T% look complicated, it turn out to be
suitable to see an SLo-action on T} as follows:

Proposition 7.14. The affine space AY? has the SLy-action preserving T8 defined by

1 1

Z— gZg ,wr gw, F — gFg~

where g € SLo, and the definition of g for g € SLs is as in Proposition [5.5]

, S8, t—=t, u— u,

Proof. We only note that z is mapped to gz by the SLy-action. O

7.6. The case A; and A; are nonzero constants— a subvariety of 3}°-. We may
verify the following by a straightforward calculation.

Proposition 7.15. The equations of the affine variety €1} is presented in the format
of the equations of 3}? by setting

z="(0s 61 A3 ),y="(062 Au 05— \izAsy ),

“1/3\s —Aq 0
P=—FE Q= 0 2/3\s 1 ,
—As —Aas —1/3Ai3

5 =t23,t = —041.

By Proposition[7.2]and the assumption that A; = A3 = —1, we see that the entry
03 — A3 A4 of y is weighted homogeneous. Therefore we have the following:
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Corollary 7.16. The affine variety Qﬁ[i) A,4, 1s isomorphic to the subvariety

{@22 = —2q11, 433 = @11, 13 = @21 = 0, q23 = 1}

of 342, Moreover, the isomorphism is weighted homogeneous with the corresponding
weights of coordinates of the equations as in Definition[6.1]

This is the case for 16 classes in [GRDBJ.

7.7. The case with the most number of nonzero constant coordinates
~the affine variety B¢ with an SL,-action— . By [Tablell, the number of nonzero
constant coordinates is at most 3, and, if the number is 3, then the nonzero constant
coordinates are always A;, A3 and A,. This is the case for 35 classes in [GRDB].
In this case, we may assume that A; = A3 = A4 = —1. Then the subvariety of QIKO
with A, = A3 = Ay = —1 is a subvariety of Qﬁ[i)AlAS, Qﬁ[i)AlA4 and Qﬁ[szM.

Here we consider that this is a subvariety of Qﬁ[i) 4,4, and then identifying Qﬁ[& Ashs
with &8, we describe €1} , 4, as the subvariety &% N {d3 = —1} of &}. Moreover,
defining the new coordinates Dy, D1, Uy, Us corresponding to dy, d1, u1, us by

DO = d() + 3d1d2 + 2d§,D1 = dl + d%, Ul = Uuy — d2U3, UQ = Ug — d2U4,

we see by a straightforward calculation that &§ N {d3 = —1} is isomorphic to the
cone over &% N {dy = 0, d3 = —1}. The isomorphism is weighted homogeneous
with the corresponding weights of coordinates since Dy, D1,U;, U, are weighted
homogeneous if A; = A3 = A4 = —1 by Proposition[7.2l

We set

%2 = Gi N {d2 = O, dg = —1}

Let poy : B {d2 = 0,d; = —1} be the base change of ps as in Subsection
by the inclusion map {d> = 0,d; = —1} < A}. By Proposition [5.8] we have
immediately the following noting that the cone over the tangential scroll of
the twisted cubic restricts to the affine cuspidal cubic curve {dy = 0,d3 = —1,d3 =
4d3}:

Proposition 7.17. Let p be a point of {d> = 0,d3 = —1} and F, the px-fiber over p.
We identify {d2 = 0,ds = —1} with the affine 2-space with dy, dy as the coordinates.
If p =0, then F, ~ PLLL
If p belongs to {d3 = 4d3} \ {0}, then F, ~ P! x Q.
If p does not belong to {d3 = 4d3}, then F, ~ P' x P! x P

We can also easily check the following:

Proposition 7.18. The variety BS has an SLs-action which is the restriction of the
SLY-action of &3.

7.8. Summary of the results. In the following table, we summarize the numbers
of classes of prime Q-Fano 3-folds which are obtained from the G§4)-c1uster variety
¢1,” and its subvarieties:
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| Subsection | constant coordinates | § of classes |

[Z.2] None 2

m Al, A3, or A4 12

m Ag and A4 12
Ay and Ay, or

@ Ag and A3 16

7.6 A1 and Ag 16

m Al, A3 and A4 35

TABLE 1. prime Q-Fano 3-fold obtained from ¢I}°

8. AFFINE VARIETY 913?5’ DEFINED BY TYPE II; UNPROJECTION DUE TO
S. PAPADAKIS

In the paper [P3]], Papadakis constructs affine varieties via type II, unprojection
and proves they are Gorenstein (see P3| Thm.2.15]). Moreover, in [P4], he pro-
vides explicit descriptions of parts of their equations, and a full description of the
equation in one particular case (see Sect.4]), for which we denote by %X?’ the
affine variety he constructs. The affine variety 82® is a subvariety of codimension
4 in the affine 27-space with the coordinates implemented in the following format:

A = —al1€2 Ok a5s , B = b]162 b%2 b%3 (k=1,2),
—ajy —azz 0 bis bgg b
=(X1 X» X3),Y=(V1 Y2 Y3),

S0, S1, %
(here we use a slightly different notation from Papadakis’ one; we denote by X,
Y, af; and bf; his z;, y;, Af; and B} respectively). In the followmg proposition,
we clarify that the variety ‘B is closely related with the variety §%2. The assertion
follows by a straightforward calculation.

We set
X1 X2 X3 Y Yo Y3
_ 1 1 1 _ 1 1 1
Dx =det | azs —aj3 aq , Dy =det | azs —aj3 ajs ,
2 2 2 2 2 2
Q33 —ajz Aaia Q33 —ajz Aaia

‘ay = ( —aby ajy; —aiy ),'ay=( —a3; aiy —af, ).

Proposition 8.1. The affine variety B3> is transformed over the locus {z # 0} to the
cone over 32 by the following correspondence between coordinates:

r=V2X+Y, y=—-V2X+Y,

1 1
P=—A+B,Q=-—=A,+B
N + B, Q Neik + Ba,
3 1
5= —+/250 — 51 — 4\/_DX + Dy + 2\/_(alBQY —layB'Y) — 5(falBQX —layB'X),

1 1
Dx + (‘a1 B*Y —'ayB'Y) — 5(‘falB?X —'ayB'X),

3
t= — - Dy — —
Veso—sit 4y/z 4" 2\/2
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where the Lh.s. and the r:h.s. of the equalities correspond to F32 and 33> respectively,
and z is also the free coordinate of the cone over F32.

Remark 8.2. (1) The definition of b in p.2203, (4.2)] is slightly incorrect;

the coefficients of B};adB}; and B};adBj; in the last part of rh.s. of (4.2)
should be 2 when i # j.

(2) In Sec.5], two candidates of prime Q-Fano 3-folds of anti-canonical

codimension 4 with type II; projections are constructed from 333. In her
phd thesis submitted to Warwick University [Tay], Taylor constructs more
such candidates. The remaining problem is to show their examples have
Picard number 1.

(3) By Proposition [8:1] and Corollary 2-37] the suitable partial projectivization

of 323 has a P! x P! x P!-fibration.
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