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Key varieties for prime Q-Fano threefolds
defined by Freudenthal triple systems

HIROMICHI TAKAGI

ABSTRACT. In this paper, we are concerned with the classification of complex prime

Q-Fano 3-folds of anti-canonical codimension 4 which are produced, as weighted

complete intersections of appropriate weighted projectivizations of certain affine

varieties related with P1 × P1 × P1-fibrations. Such affine varieties or their appro-

priate weighted projectivizations are called key varieties for prime Q-Fano 3-folds.

We realize that the equations of the key varieties can be described conceptually by

Freudenthal triple systems (FTS, for short). The paper consists of two parts. In

Part 1, we revisit the general theory of FTS; the main purpose of Part 1 is to derive

the conditions of so called strictly regular elements in FTS so as to fit with our de-

scription of key varieties. Then, in Part 2, we define several key varieties for prime

Q-Fano 3-folds from the conditions of strictly regular elements in FTS. Among other

things obtained in Part 2, we show that there exists a 14-dimensional factorial affine

variety U14
A

of codimension 4 in an affine 18-space with only Gorenstein terminal

singularities, and we construct examples of prime Q-Fano 3-folds of No.20544 in

[GRDB] as weighted complete intersections of the weighted projectivization of U14
A

in the weighted projective space P(115, 22, 3). We also clarify in Part 2 a relation

between U14
A

and the G
(4)
2 -cluster variety, which is a key variety for prime Q-Fano

3-folds constructed in [CD].
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1. INTRODUCTION

1.1. Classification of Q-Fano threefolds. A complex projective variety is called

a Q-Fano variety if it is a normal variety with only terminal singularities, and its
anti-canonical divisor is ample. A Q-Fano variety is called prime if its anti-canonical

divisor generates the group of numerical equivalence classes of Q-Cartier divisors.
This paper concerns with the classification of prime Q-Fano 3-folds and is a compan-

ion paper to [Tak3, Tak4, Tak6, Tak7], where we construct certain affine varieties

and show that they produce, as weighted complete intersections of their appropri-
ate weighted projectivizations, several examples of prime Q-Fano 3-folds. We call

such affine varieties or its appropriate weighted projectivizations key varieties for

Q-Fano 3-folds. The prime Q-Fano 3-folds constructed in ibid. are of anti-canonical
codimension 4, where, by the anti-canonical codimension of a Q-Fano 3-fold X ,

we mean the codimension of X in the weighted projective space of the minimal
dimension determined by the anti-canonical graded ring of X .

The affine varieties constructed in ibid. are related with P2×P2-fibration. In this

paper, we construct several affine varieties related with P1 × P1 × P1-fibration, and
produce, as appropriate weighted complete intersections of their weighted projec-

tivizations, certain examples of prime Q-Fano 3-folds of anti-canonical codimen-

sion 4. Ahead of our study including ibid., Coughlan and Ducat did similar work
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in [CD] defining the C2- and G
(4)
2 -cluster varieties and using them as key varieties,

where the former is related with P2 × P2-fibration, and the latter is related with

P1 × P1 × P1-fibration.

Actually, further ahead of [CD] and ibid., Papadakis [P1, P2] constructed via
the theory of unprojection more general affine varieties related with P2 × P2- or

P1 × P1 × P1-fibration with nicknames Tom and Jerry respectively. They seem,

however, experimentally too large as key varieties for prime Q-Fano 3-folds; in [CD]
and ibid., to produce prime Q-Fano 3-fold, we extract appropriate subvarieties from

Papadakis’ affine varieties. It is non-trivial what kind of subvarieties are chosen.
The cluster varieties was discovered in [CD] via mirror symmetry of log Calabi-

Yau surfaces. One purpose of this paper is to reveal that the theory of Freudenthal

triple system is a natural framework to define our key varieties and to describe their
equations.

1.2. Freudenthal triple system. The first example of a Freudenthal triple system
(FTS, in short) is given by Freudenthal in a series of works [Fr]; the example,

which we denote by VF , is a real 56-dimensional representation of the exceptional
group of type E7 and is constructed from a real 27-dimensional exceptional Jordan

algebra of type E6. This example VF of an FTS is endowed with a tri-linear product

and is associated with a symplectic form and a quartic form. The exceptional group
of type E7 is recovered from these two forms as the group of linear transformations

of VF leaving these two forms invariant.

In 1960s and 70s, axiomatic definitions of FTS were given in several researches,
which start from a vector space with a symplectic form and a tri-linear product

and a quartic form defined from them. Among such researches, we basically follow
Ferrar’s one [Fe] in this paper; the definition and the way of investigation of FTS

given by him turn out to be quite suitable to describe our key varieties conceptually.

Ferrar’s idea to investigate the structure of FTS is based upon the concept of
strictly regular element in FTS (see Subsection 2.1 for the precise definition). He

derives the Peirce decomposition of an FTS from a pair of supplementary strictly

regular elements and then give a good coordinatization of the FTS. For us, it is im-
portant to state the conditions of strictly regular elements in a way suitable for our

purpose (Theorem 2.18). Then, specializing to an 8-dimensional FTS, we derive
another coordinatization of the FTS from the Ferrar’s Peirce decomposition (Theo-

rem 2.27).

1.3. Key varieties for prime Q-Fano threefolds. For a general 8-dimensional FTS

over the complex number field C, the locus consisting of strictly regular elements

is isomorphic to the affine cone over P1 × P1 × P1 (Corollary 2.31). From our co-
ordinatization of an 8-dimensional FTS mentioned above, we may define an affine

scheme F22
A related with P1×P1×P1-fibration (Definition 3.1). It is a subscheme of

Papadakis’ Jerry as mentioned above but is still too large to produce prime Q-Fano

3-folds. We extract several subvarieties of F22
A and obtain several results as for key

varieties of prime Q-Fano 3-folds. Among other things, we state the following as
the main result of this paper, which summarizes Propositions 4.4, 4.5, 4.10, and

Theorem 4.11:

Theorem 1.1. The following assertions hold:

(1) There exists a 14-dimensional factorial affine variety U14
A of codimension 4 in

an affine 18-space with only Gorenstein terminal singularities.
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(2) Examples of Q-Fano 3-folds of No.20544 in [GRDB] are produced as weighted

complete intersections of the weighted projectivization of U14
A in the weighted

projective space P(115, 22, 3).

We remark that Examples of Q-Fano 3-folds of No.20544 are constructed from

the C2-cluster variety but are not constructed from the G
(4)
2 -cluster variety ([Table]).

1.4. Structure of the paper. The paper consists of two parts.
In Part 1, we revisit the theory of FTS in detail basically following [Fe] with

emphasis on strictly regular elements (in some places, we also refer to [B] and

[Kr]). The main result of Part 1 is Theorem 2.18, which states the conditions of
strictly regular elements and leads to the equations of key varieties given in Part 2.

In [Fe], it is shown that an FTS with a nondegenerate skew form has a direct

sum decomposition with two copies of a Jordan algebra of a cubic form as direct
summands. For our purpose, however, we prefer not to identify Jordan algebras

in FTS fully though several concepts for FTS are helpfully understood by Jordan
algebraic considerations. For this reason, we decide to revisit the theory of FTS in

detail in this paper.

In Part 2, we first construct an affine scheme F22
A from a natural parameterization

of an 8-dimensional FTS. In Sections 4–6, we extract three subvarieties U14
A ,S8

A, Z12
A

respectively of F22
A and show that they produce, as weighted complete intersections

of their weighted projectivizations, certain prime Q-Fano 3-folds. Several properties
of U14

A ,S8
A, Z12

A are also obtained and they are important to construct prime Q-

Fano 3-folds. We describe U14
A in detail in Section 4 (we refer to Theorem 1.1

for a summary). As is clarified in this paper, the affine variety U14
A is also the

cornerstone for studying other key varieties. Moreover, it will produce other prime

Q-Fano 3-folds in our future work. By these reasons, we devote many pages to the
investigation of U14

A . As for the variety S8
A, we describe in detail its equations, an

SL2 ⋊ SL2-action on it, and its relation with P1 × P1 × P1-fibration. We revisit S8
A

in Section 7. As for the variety Z12
A , we show in Section 6 that a certain weighted

projectivization of it is the 11-dimensional Q-Fano variety constructed in the paper

[Tak5].

In Section 7, we revisit the G
(4)
2 -cluster variety defined in [CD], which we denote

by Cl10A . By the big table [Table] of prime Q-Fano 3-folds obtained from Cl10A , we ob-

serve that such prime Q-Fano 3-folds are weighted complete intersections of some

weighted projectivizations of Cl10A itself or its several subvarieties. In Subsections

7.3–7.7, we show that Cl10A itself and such subvarieties are actually isomorphic to
subvarieties of U14

A or Z12
A weighted homogeneously with respect to some weights

of coordinates. Hence it turns out that all prime Q-Fano 3-folds obtained from Cl10A
are also obtained from U14

A or Z12
A . Among other things, we also show that the sub-

variety of Cl10A studied in Subsection 7.4 is weighted homogeneously isomorphic

to S8
A, and the subvarieties T8

A and B6
A of Cl10A studied in Subsections 7.5 and 7.7

admit a nontrivial SL2-action.

Finally, in Section 8, we see another aspect of the variety F22
A ; we show that

an open subset of the 23-dimensional affine variety P23
A constructed by Papadakis

using Type II1 unprojection [P3, P4] is transformed to an open subset of the cone

over F22
A .

This paper contains several assertions which can be proved by straightforward

computations; we often omit such computations. Some computations are difficult
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by hand but are easy within a software package. In our computations, we use

intensively the software systems Mathematica [W] and SINGULAR [DGPS].

1.5. A future plan. As is noted in Subsection 1.4, the affine variety U14
A produces

examples of prime Q-Fano 3-folds which are also obtained from the G
(4)
2 -cluster

variety Cl10A . By Theorem 1.1 (2), one more example is already added in this paper.

Actually, we can verify that the affine variety U14
A produce more examples of prime

Q-Fano 3-folds. Since the verification takes more pages (cf. [Tak3, Tak4]), we will

publish it elsewhere.

Notation.

• w(∗): the weight of coordinate ∗ of a weighted projective space.

• If we put weights for the entries of a matrix A, we denote by w(A) the set

of the weights implemented in the matrix form corresponding to A.

• For a 2× 3 matrix M =

(
f1 f2 f3
g1 g2 g3

)
, we define

(∣∣∣∣
f2 f3
g2 g3

∣∣∣∣ −
∣∣∣∣
f1 f3
g1 g3

∣∣∣∣
∣∣∣∣
f1 f2
g1 g2

∣∣∣∣
)
.

For a 3× 2 matrix, we have a similar definition.

Acknowledgment. I am grateful to Professor Shigeru Mukai; inspired by his ar-

ticles [Mu1, Mu2], I was led to Jordan algebra and FTS to describe key varieties.
Moreover, I was helped to find the key variety U14

A by his inference as for dimensions

of key varieties. I would like to dedicate this paper to him on his 70th birthday. This
work is supported in part by Grant-in Aid for Scientific Research (C) 16K05090.

Part 1. Freudenthal triple systems

2. STRICTLY REGULAR ELEMENTS IN FREUDENTHAL TRIPLE SYSTEMS

In this section, we basically follow the treatment of Freudenthal triple system by
Ferrar [Fe] with modifications in several coefficients of equalities after Brown [B].

Throughout this section, we assume that k is a field of characteristic 6= 2, 3.

2.1. Basics of Freudenthal triple system.

Definition 2.1 ([Fe, Sec.1]). A Freudenthal triple system (FTS for short) is a k-vector

space V with a tri-linear product

V × V × V ∋ (p1, p2, p3) 7→ p1 • p2 • p3 ∈ V

and a skew bi-linear form

V × V ∋ (p1, p2) 7→ ω(p1, p2) ∈ k

such that

(A1) the tri-linear product is symmetric in all arguments,

(A2)

F̃ (p1, p2, p3, p4) := ω(p1 • p2 • p3, p4)
is a nonzero symmetric 4-linear form, and
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(A3) the equality

6(p • p • p) • p • q = ω(q, p)(p • p • p) + ω (q, p • p • p) p
holds for any p, q ∈ V .

Remark 2.2. We note the coefficient 6 in the l.h.s. of the equality in (A3). This

formulation is according to Brown [B] and this influences several coefficients in the
equalities below although we will not mention one by one.

Linearizing the equality in (A3) completely, we obtain the following:

(2.1)

6 ((p1 • p2 • p3) • p4 + (p1 • p2 • p4) • p3 + (p1 • p3 • p4) • p2 + (p2 • p3 • p4) • p1) • q =

ω(q, p4)(p1 • p2 • p3) + ω(q, p3)(p1 • p2 • p4) + ω(q, p2)(p1 • p3 • p4) + ω(q, p1)(p2 • p3 • p4)
+ω (q, p1 • p2 • p3) p4 + ω (q, p1 • p2 • p4) p3 + ω (q, p1 • p3 • p4) p2 + ω (q, p2 • p3 • p4) p1.

In this paper, we call this the pentagram product formula.

For p ∈ V, we denote by

Lp,p : V → V

the linear map defined by
V ∋ q 7→ p • p • q ∈ V.

The following concept plays a central role in this paper.

Definition 2.3 ([Fe, Sec.3]). An element p ∈ V is called a strictly regular element

if it holds that

ImageLp,p ⊂ kp.

Proposition 2.4 ([Fe, p.317, (5) and Lem.3.1]). An element p ∈ V is strictly regular
if and only if it holds that

3Lp,p(q) + ω(p, q)p = 0

for any q ∈ V .

2.2. Jordan algebraic description of FTS. In [Fe], it is shown that an FTS with
nondegenerate ω has a direct sum decomposition with two copies of a Jordan al-

gebra of cubic form as direct summands. In this subsection, we proceed slightly in

a different way without identifying Jordan algebra fully, which is suitable for our
purpose.

Proposition 2.5 ([Fe, Sec.4 (6)]). Let es, et ∈ V be supplementary, strictly regular

elements (namely, es, et are strictly regular such that ω(es, et) = 1). The following

equality holds:

L2
es,etp = 1/12ω(p, et)es − 1/12ω(p, et)et + 1/36 p.

Hereafter in this section, we assume that

(2.2) the skew bilinear form ω is nondegenerate.

Corollary 2.6 ([Fe, Sec.4]). Let Vα be the Les,et -eigenspace for the eigenvalue α. The

vector space V has the following decomposition into the Les,et -eigenspaces:

V = V−1/3 ⊕ V1/3 ⊕ V1/6 ⊕ V−1/6,

where V−1/3 = kes and V1/3 = ket. This decomposition is called the Peirce decompo-

sition.
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Hereafter we use the following notation:

Vs := V−1/3, Vt := V1/3, Vx := V1/6, Vy := V−1/6.

Now we begin Jordan algebraic treatments of FTS. We refer to [Mc2, Sec.4.2] for

the subjects in the theory of Jordan algebra corresponding to those in the sequel.
We set

(2.3) β(x, y) := ω(x, y) for x ∈ Vx and y ∈ Vy.

The bi-linear form β corresponds to that for a Jordan algebra of a cubic form [Mc2,

p.189]. As noted in [Fe, p.318, the 3rd line from the bottom],

(2.4) β(x, y) is non-degenerate.

Hence dimVx = dimVy, which we will denote by n;

n := dim Vx = dimVy.

For x ∈ Vx and y ∈ Vy, we set

(2.5) Nx(x) := 1/2ω(es, x • x • x), Ny(y) := 1/2ω(et, y • y • y),
and

(2.6) x♯ := 3/2 x • x • es, y♯ := −3/2 y • y • et.
By [Fe, Lem.4.1], we have x♯ ∈ Vy and y♯ ∈ Vx. The cubic forms Nx and Ny

correspond to the cubic form for a Jordan algebra of a cubic form.
For x1, x2 ∈ Vx and y1, y2 ∈ Vy, we also set

(2.7) x1♯x2 := (x1 + x2)
♯ − x♯

1 − x♯
2, y1♯y2 := (y1 + y2)

♯ − y♯1 − y♯2.

Then, by (2.6), we have

(2.8) x1♯x2 = 3x1 • x2 • es, y1♯y2 = −3y1 • y2 • et.
Proposition 2.7. For x ∈ Vx and y ∈ Vy, it holds that

(2.9) Nx(x) = 1/3 β
(
x, x♯

)
, Ny(y) = 1/3 β

(
y♯, y

)
.

Proof. By (2.5), (A2) in Definition 2.1 and (2.6), we have the first equality as fol-

lows:

Nx(x) = 1/2ω(es, x • x • x) = 1/2ω(x, x • x • es) = 1/2β(x, 2/3x♯) = 1/3β(x, x♯).

The second one follows similarly. �

Corollary 2.8. For x, x′ ∈ Vx and y, y′ ∈ Vy , it holds that

(2.10) ∂x′Nx(x) = β
(
x′, x♯

)
, ∂y′Ny(y) = β

(
y♯, y′

)
,

where ∂x′Nx(x) is the directional derivative of Nx in the direction x′, evaluated at x,

and ∂y′Ny(y) is similarly defined.

Proof. By (2.5), we have ∂x′Nx(x) = 1/2ω(es, 3x • x • x′), and the r.h.s. is equal

to 3/2ω(x′, x • x • es) = 3/2ω(x′, 2/3x♯) = β(x′, x♯) by (A2) in Definition 2.1 and

(2.6). Therefore the first equality follows. The second one follows similarly. �

Corollary 2.8 corresponds to Trace-Sharp formula in [Mc2, p.189].

By [Fe], we have
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Lemma 2.9. The following equalities hold:

(2.11) (x • x • es) • (x • x • es) • et = 4/27ω(x • x • x, es)x

x • x • y = −1/3ω(x, y)x− 3(x • x • es) • et • y

Proposition 2.10. For x ∈ Vx and y ∈ Vy, it holds that

(x♯)♯ = Nx(x)x, (y
♯)♯ = Ny(y)y.

Proof. By (2.6), (2.11) and (2.5), we have the first equality as follows:

(x♯)♯ = (3/2 x • x • es)♯ = (3/2)2 (−3/2 (x • x • es) • (x • x • es) • et)
=− (3/2)3 (4/27ω(x • x • x, es)x) = −1/2ω(x • x • x, es)x = Nxx.

The second one follows similarly. �

Proposition 2.10 corresponds to Adjoint Identity in [Mc2, p.189].

The following two auxiliary results are needed to show Theorem 2.27.

Corollary 2.11. Assume that n ≥ 3 and Nx(x) is not identically zero. Then Nx(x)
has no multiple factors. The similar statement for Ny(y) also holds.

Proof. Assume that Nx(x) has a multiple factor l(x), which must be a linear form
since Nx(x) is a cubic form. We choose coordinates x1, . . . , xn of Vx such that

l(x) = x1 and Nx(x) = x2
1x2 (recall that n ≥ 2). Then, for a = t(a1, . . . , an),

b = t(b1, . . . , bn) ∈ Vx (we consider a, b as column vectors), we have ∂aNx(b) =
2a1b1b2 + a2b

2
1, which is equal to β(a, b♯) by Corollary 2.8. Note that the subset

{b♯ | b ∈ Vx} ⊂ Vy is dense in Vy by Proposition 2.10 and the assumption that

Nx(x) is not identically zero. Therefore, by the assumption that n ≥ 3, the equality
β(a, b♯) = 2a1b1b2 + a2b

2
1 implies that β is degenerate , a contradiction to (2.4).

We can show the claim for Ny(y) similarly. �

Corollary 2.12. Assume that n ≥ 3 and Nx(x) is not identically zero. The coordinates

of x♯ have no common factors and the similar statement holds for y♯.

Proof. If the coordinates of x♯ have a common factor F (x), we see that F (x)2 di-

vides Nx(x) by Proposition 2.10 since the operation ♯ is quadratic. This contradicts
Corollary 2.11. We can show the claim for y♯ similarly. �

The following formula is useful for calculations below.

Lemma 2.13. For x, x̃ ∈ Vx and y ∈ Vy, it holds that

(2.12) x • x♯ • x̃ = 1/6 (β(x̃, x♯)x−Nx(x)x̃),

(2.13) x • x♯ • y = 1/6 (−β(x, y)x♯ +Nx(x)y),

and

(2.14) y • y♯ • x = 1/6 (β(x, y)y♯ −Ny(y)x).

Proof. We only give a proof of the formula (2.12) since we can show the remaining

two similarly. By (2.6), we have x • x♯ • x̃ = 3/2(x • x • es) • x • x̃. Applying the

pentagram product formula (2.1) with (2.6) and (2.9), we obtain (2.12). �
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Hereafter we also follow the paper [Kr] with the above treatment in this subsec-

tion.

Cube Formula ([Kr, p.946,(48)]). For p = (s, t, x, y) ∈ V = Vs ⊕ Vt ⊕ Vx ⊕ Vy, it

holds that

p • p • p =(2.15)

(−s2t+ sβ(x, y)− 2Ny)es + (st2 − tβ(x, y) + 2Nx)et

+ (st− β(x, y)) x+ 2x♯♯y − 2ty♯

− (st− β(x, y)) y − 2x♯y♯ + 2sx♯.

Proof. In [Kr], the proof is given for an FTS which contains two copies of a Jordan
algebra of a cubic form. In any way, we may verify the assertion by a straightfor-

ward calculation using the facts obtained so far. �

2.3. Condition on strict regularity. Via partial linearization of (2.15) (with a mi-

nor correction), we arrive at the following condition on strict regularity by Propo-
sition 2.4:

Proposition 2.14 (Condition on strict regularity ([Kr, p.947,(53)])).

For p = (s, t, x, y), q = (s̃, t̃,x̃, ỹ) ∈ V , it holds that

3p • p • q + ω(p, q)p =
(
−s̃ (3st− β(x, y)) + 2β(sx− y♯, ỹ)

)
es

+
(
(3st− β(x, y)) t̃− 2β(x̃, ty − x♯)

)
et

+ (st− 1/3 β(x, y)) x̃+ 2t̃
(
sx− y♯

)
− 2ỹ♯(ty − x♯) + 2∆x(x, y; x̃)

− (st− 1/3 β(x, y)) ỹ − 2s̃
(
ty − x♯

)
+ 2x̃♯(sx − y♯)− 2∆y(x, y; ỹ),

where we set

∆x(x, y; x̃) := −1/3 β(x, y)x̃− β(x̃, y)x+ (x♯x̃)♯y,

∆y(x, y; ỹ) := −1/3 β(x, y)ỹ − β(x, ỹ)y + (y♯ỹ)♯x.

Computing (x♯x̃)♯y by the pentagram product formula (2.1), we see that

(2.16) ∆x(x, y; x̃) = 1/6 β(x, y)x̃− 1/2 β(x̃, y)x+ 3x • x̃ • y.
Similarly, we have

(2.17) ∆y(x, y; ỹ) = 1/6 β(x, y)ỹ − 1/2 β(x, ỹ)y − 3y • ỹ • x.
By Propositions 2.4 and 2.14, we have the following:

Corollary 2.15. An element p = (s, t, x, y) ∈ V is strictly regular if and only if it

holds that

sx = y♯, ty = x♯, st = 1/3 β(x, y),

and

(2.18) ∆x(x, y; x̃) = ∆y(x, y; ỹ) = 0 for any x̃ ∈ Vx, ỹ ∈ Vy .
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Now we will see that only the conditions on ∆x in (2.18) is necessary. This

is inspired by [Kr, Lem.23]. We give here a proof in a different flavor from the
argument there.

Lemma 2.16. For x, x̃ ∈ Vx and y, ỹ ∈ Vy , the following two equalities hold:

(2.19) β (∆x(x, y; x̃), ỹ) = β (x̃,∆y(x, y; ỹ)) .

(2.20) β (∆x(x, y; x̃), ỹ) = β (x,∆y(x̃, ỹ; y)) .

Proof. The equation (2.19) follows from the following chain of the equalities:

β (∆x(x, y; x̃), ỹ)

= β (1/6 β(x, y)x̃− 1/2 β(x̃, y)x+ 3x • x̃ • y, ỹ) (by (2.16))

= 1/6 β(x, y)β(x̃, ỹ)− 1/2 β(x̃, y)β(x, ỹ) + β(3x • x̃ • y, ỹ)
= 1/6 β(x, y)β(x̃, ỹ)− 1/2 β(x̃, y)β(x, ỹ) + ω(3x • ỹ • y, x̃) (by (A2) in Def. 2.1)

= 1/6 β(x, y)β(x̃, ỹ)− 1/2 β(x̃, y)β(x, ỹ)− β(x̃, 3x • ỹ • y)
= β (x̃, 1/6 β(x, y)ỹ − 1/2 β(x, ỹ)y − 3x • ỹ • y)
= β (x̃,∆y(x, y; ỹ)) (by (2.17)).

To obtain the equation (2.20), we have only to change the last 4 lines of the above

chain of the equalities as follows:

= 1/6 β(x, y)β(x̃, ỹ)− 1/2 β(x̃, y)β(x, ỹ) + ω(3x̃ • ỹ • y, x) (by (A2) in Def. 2.1)

= 1/6 β(x, y)β(x̃, ỹ)− 1/2 β(x̃, y)β(x, ỹ)− β(x, 3x̃ • ỹ • y)
= β (x, 1/6 β(x̃, ỹ)y − 1/2 β(x̃, y)ỹ − 3x̃ • ỹ • y)
= β (x,∆y(x̃, ỹ; y)) (by (2.17)).

�

Corollary 2.17. The following conditions on x ∈ Vx and y ∈ Vy are equivalent:

(1) ∆x(x, y; x̃) = 0 for any x̃ ∈ Vx.

(2) ∆y(x, y; ỹ) = 0 for any ỹ ∈ Vy.

Proof. Assume that ∆x(x, y; x̃) = 0 for any x̃ ∈ Vx. Then, by the equality (2.19) as

in Lemma 2.16, it holds that β (x̃,∆y(x, y; ỹ)) = 0 for any x̃ ∈ Vx and ỹ ∈ Vy . Since
β is nondegenerate, ∆y(x, y; ỹ) = 0 for any ỹ ∈ Vy. Thus (1) implies (2). Similarly

we see that (2) implies (1). �

Now we arrive at the main result of Part 1 by Corollaries 2.15 and 2.17.

Theorem 2.18. An element p = (s, t, x, y) is strictly regular if and only if it holds

that

sx = y♯, ty = x♯,(2.21)

(2.22) st = 1/3 β(x, y),

and

(2.23) ∆x(x, y, x̃) = 0 for any x̃∈ Vx.
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Definition 2.19. We denote by R the affine scheme in V defined by the equations

(2.21), (2.22), and (2.23) as in Proposition 2.18.

Remark 2.20. Here we mention a few background of Theorem 2.18. Our derivation

of the defining equations of R as in Theorem 2.18 is inspired by [Kr, Lem.23] and

[YamA, p.253–254], and its origin is traced back to the series of the fundamental
papers [Fr] (see also [Cl, Prop.6.2] and [Fa, (2.1)]). We refer to [Cl, Prop.6.2] and

[KaYas, p.515, Section 0] for aspects of this equation of R in a graded Lie algebra
of contact type. In [KaYas], the projectivization of R is called Freudenthal variety.

In [Mu1, Section 5] and [Mu2], the projectivization of R is studied in relation with

smooth Fano threefolds and is called Legendre projective variety.

2.4. More on ∆x and ∆y. In this subsection, we examine the condition (2.23)

more in detail. It turns out that we need this condition for several x̃ ∈ Vx in
general to define R.

By (2.9), Lemma 2.13, (2.16), and (2.17), we immediately obtain the following:

Lemma 2.21. For any x, x̃ ∈ Vx and any y, ỹ ∈ Vy, it holds that

∆x(x, x
♯, x̃) = 0,∆x(y

♯, y, x̃) = 0,

and

∆y(y
♯, y, ỹ) = 0,∆y(x, x

♯, ỹ) = 0.

Lemma 2.22. The following two conditions for x̃ ∈ Vx with Nx(x̃) 6= 0 and ỹ ∈ Vy

are equivalent:

(1) It holds that

(2.24) β (∆x(x, y; x̃), ỹ) = 0

for any x ∈ Vx and y ∈ Vy .

(2) ỹ ∈ k · x̃♯.

Proof. By (2.20) as in Lemma 2.16, we have β (∆x(x, y; x̃), ỹ) = β (x,∆y(x̃, y; ỹ)).
Therefore, (1) is equivalent to that β (x,∆y(x̃, y; ỹ)) = 0 for any x ∈ Vx and y ∈ Vy.

By nondegeneracy of β, this is also equivalent to

(2.25) ∆y(x̃, ỹ; y) = 0

for any y ∈ Vy .

We show (1) implies (2). Assume that (1) holds. We set y = x̃♯ in the equality

(2.25). Then we have β(x̃, y) = β(x̃, x̃♯) = 3Nx(x̃) by (2.9). By (2.13), we also

have

x̃ • y • ỹ = x̃ • x̃♯ • ỹ = 1/6(−β(x̃, ỹ)x̃♯ +Nx(x̃)ỹ).

Therefore the equality (2.25) with y = x̃♯ becomes

1/6 β(x̃, ỹ)x̃♯ − 3/2Nx(x̃)ỹ − 1/2 (−β(x̃, ỹ)x̃♯ +Nx(x̃)ỹ) = 0,

equivalently, we have ỹ = β(x̃,ỹ)
3Nx(x̃)

x̃♯. Thus (2) follows.

Now we show (2) implies (1). Assume that (2) holds. We write ỹ = αx̃♯ for

some α ∈ k (actually, computing β(x̃, ỹ), we have α = β(x̃,ỹ)
3Nx(x̃)

). Inserting ỹ = αx̃♯ in

the l.h.s. of (2.25), we see that the equality (2.25) holds for any y ∈ Vy by Lemma

2.21. �
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We recall that we set n := dimVx = dimVy . By non-degeneracy of β, we imme-

diately obtain the following from Lemma 2.22:

Corollary 2.23. For x̃ ∈ Vx with Nx(x̃) 6= 0, the entries of the bi-linear map

∆x(∗, ∗, x̃) : Vx × Vy → Vx

generate an (n− 1)-dimensional vector space.

Example 2.24. As mentioned in the beginning of Subsection 2.2, a basic example

of an FTS is the one containing two copies of a Jordan algebra of a cubic form. For
such an example, Vx = Vy and this has the structure of the Jordan algebra of the

cubic form compatible with the quartic form F and the skew-symmetric form ω. For

the Jordan algebra V := Vx = Vy , the cubic form N := Nx = Ny is the associated
cubic form and the bilinear form β is the associated bi-linear trace (see [Fe, p.314]

for more details).

(1) Let V be a 3-dimensional vector space with coordinates x1, x2, x3. The cu-

bic form x1x2x3 define a Jordan algebra structure on V , whose ♯-mapping
is V ∋ (x1, x2, x3) 7→ (x2x3, x1x3, x1x2) ∈ V, and the bi-linear trace is

β(x, y) = x1y1 + x2y2 + x3y3 for x = (x1, x2, x3) and y = (y1, y2, y3). By an

explicit calculation, we see that the condition (2.23) is reduced to the two
equations: 2x1y1−x2y2−x3y3 = 0, x1y1− 2x2y2+x3y3 = 0. Then we can

write down the 9 equations of R as follows:

sx1 = y2y3, sx2 = y1y3, sx3 = y1y2,

ty1 = x2x3, ty2 = x1x3, ty3 = x1x2,

st = 1/3(x1y1 + x2y2 + x3y3),

2x1y1 − x2y2 − x3y3 = 0, x1y1 − 2x2y2 + x3y3 = 0.

Tidying up these equations, we see that these are derived from a 2× 2× 2
hypermatrix and then R is the affine cone over the Segre embedded P1 ×
P1 × P1.

(2) The space of 3× 3 matrix M(3, k) is a Jordan algebra of a cubic form. The

Jordan product ·J is defined as follows:

X ·J Y := 1/2(XY + Y X) for X,Y ∈M(3, k).

The associated cubic form N is the determinant of a matrix, and for X ∈
M(3, k), X♯ is the adjoint matrix. The bi-linear trace β is defined as follows:

β(X,Y ) = tr(XY ) for X,Y ∈M(3, k).

In this setting, it is known that R is the Grassmannian G(3, 6) (cf. [LM])

and we can compute the defining equation R as follows:

sX = Y ♯, tY = X♯, XY = Y X, XY = stI,

where I is the 3× 3 identity matrix.

(3) The space of 3× 3 symmetric matrix Sym(3, k) is also a Jordan algebra of a
cubic form, and is a Jordan subalgebra of M(3, k). In this setting, R is the

6-dimensional symplectic Grassmannian Sp(3, 6) and we can compute the

defining equation of R as follows:

sX = Y ♯, tY = X♯, XY = stI

(cf.[I, p.32]).
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By Example 2.24 (2) and (3), we observe that, for the defining equations of R,

we need ∆x(x, y; x̃) for several x̃ in general (hence we realize that the equations
given in [Cl, Prop.6.2] and [Fa, (2.1)] are not sufficient).

2.5. More on FTS and the scheme R. Finally in this section, we add further prop-
erties of FTS and the scheme R.

Explicit descriptions of the quartic form F̃ and the symplectic form ω are given as

follows (cf.[Cl, (21) in Sec.7, p.118–119],[Fe, p.321], [LM, Prop.5.5]). The proof
is same as that given as in [Fe, p.321] with the above formulation.

Proposition 2.25. For p = (s, t, x, y) and p′ = (s′, t′, x′, y′) ∈ V , it holds that

F̃ (p) = 8
(
β
(
y♯, x♯

)
− sNx(x)− tNy(y)

)
− 2 (st− β(x, y))

2
,

ω(p, p′) = β(x, y′)− β(x′, y) + st′ − s′t.

From this, we see that ω is nondegenerate if and only if β is so. We use this
proposition to show Proposition 2.29 below.

We see that R contains an open subset isomorphic to k∗ × An as follows (cf.[Cl,
p.114], [Mu2, (4.3)]):

Corollary 2.26. The following two assertions hold:

(1) An element p = (s, t, x, y) with s 6= 0 is strictly regular if and only if it holds

that x = s−1y♯, t = (3s)−1β(x, y).
(2) An element p = (s, t, x, y) with t 6= 0 is strictly regular if and only if it holds

that y = t−1x♯, s = (3t)−1β(x, y).

In particular, R ∩ {s 6= 0} and R ∩ {t 6= 0} are isomorphic to k∗ × An.

Proof. Since we can prove these assertions similarly, we only show (1). The only
if part follows immediately by Corollary 2.15. To show the if part, we assume that

x = s−1y♯, t = (3s)−1β(x, y) for p = (s, t, x, y). By Corollary 2.15, it suffices to

check that

(2.26)
(
(3s)−1β(s−1y♯, y)

)
y − (s−1y♯)♯ = 0

and

(2.27) ∆x(s
−1y♯, y, x̃) = ∆y(s

−1y♯, y, ỹ) = 0 for any p̃ = (s̃, t̃,x̃, ỹ).

The equality (2.26) follows from Propositions 2.7 and 2.10, and the equality (2.27)
follows from Lemma 2.21. �

2.6. A coordinatization of R with parameters. In this subsection, we further
assume that

n = dimVx = dimVy = 3.

We show that the FTS V has a coordinatization with parameters as in the following

theorem, which can be seen as a generalization of Example 2.24 (1):

Theorem 2.27. Assume that Nx is not identically zero on Vx. The equations (2.23)
as in Theorem 2.18 is reduced to the two equations

txPy = 0, txQy = 0,

where P,Q are 3×3 k-matrices, and x, y are considered as column vectors t(x1, x2, x3)
and t(y1, y2, y3). Moreover, there exist nonzero constants µ, ν ∈ k such that

(2.28) x♯ = µ(tPx× tQx), y♯ = ν(Py ×Qy),
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and, by replacing s, t with µs, νt respectively, the equation of R is reduced to

sx = Py ×Qy, ty = tPx× tQx,

st =
1

3µν
β(x, y),

txPy = 0, txQy = 0,

where tPx × tQx is the cross product of the two column vectors tPx and tQx, and

Py ×Qy is similarly defined. In particular, the scheme R in this case is defined by 9
quadratic forms.

Proof. Since Nx is not identically zero on Vx, we may take x̃ ∈ Vx with Nx(x̃) 6= 0.
Since dimVx = dimVy = 3, the entries of the bi-linear map

∆x(∗, ∗, x̃) : Vx × Vy → Vx

generate a 2-dimensional vector space by Corollary 2.23. We denote a basis of this
vector space by txPy and txQy with some 3× 3 matrices P and Q with entries in k.

By Lemma 2.21, we have

txPx♯ = 0, txQx♯ = 0 for anyx ∈ Vx,(2.29)

ty♯Py = 0, ty♯Qy = 0 for any y ∈ Vy.(2.30)

By (2.29), there exists a rational function µ(x) such that

(2.31) x♯ = µ(x)(tPx× tQx).

Since all the entries of both x♯ and tPx × tQx are quadratic forms, the degree of

µ(x) is 0. By Corollary 2.12, µ(x) is a nonzero constant, hence we will denote this

by µ. Similarly, we can show that there exists a nonzero constant ν ∈ k such that

y♯ = ν(Py ×Qy).

�

Under the situation of Theorem 2.27, we can write down several data of FTS
using the entries of x, y, P,Q. Here we treat some of them as follows:

Recipe to write down Nx(x), Ny(y), and β(x, y).

(1) By (2.28), we have

(x♯)♯ = µ2ν
(
P (tPx× tQx)×Q(tPx× tQx)

)
,

(y♯)♯ = µν2
(
tP (Py ×Qy)× tQ(Py ×Qy)

)
.

From these, we may write down the cubic forms Nx(x) and Ny(y) by Proposi-

tion 2.10.

(2) By (1) and Corollary 2.8, we may write down the bi-linear trace β(x, y) since
Nx(x) 6= 0 for some x ∈ Vx by the assumption, and then the subset {x♯ | x ∈
Vx} ⊂ Vy is dense in Vy by Proposition 2.10.

Suggested by this recipe, we have a converse statement to Theorem 2.27. The
verification of the following lemma and proposition is straightforward.

Lemma 2.28. Let x, y be 3-dimensional column vectors and P , Q 3× 3 matrices. We

consider all the entries of x, y, P , Q as variables of a k-polynomial ring. The following

assertions hold:
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(1) There exist the uniquely determined cubics forms cubic forms NPQ
x (x) and NPQ

y (y)
such that

(
P (tPx× tQx)×Q(tPx× tQx)

)
= NPQ

x (x)x,
(
tP (Py ×Qy)× tQ(Py ×Qy)

)
= NPQ

y (y)y.

(2) Let x′, y′ be 3-dimensional column vectors. There exists the uniquely determined

bi-linear trace βPQ(x, y) such that

(2.32) ∂x′NPQ
x (x) = βPQ

(
x′, tPx× tQx

)
, ∂y′NPQ

y (y) = βPQ (Py ×Qy, y′) .

Proposition 2.29. Let Vx and Vy be 3-dimensional k-vector spaces. We write elements

of Vx and Vy as column vectors. Let P,Q be 3× 3 k-matrices. We define

x♯ := tPx× tQx, y♯ := Py ×Qy for x ∈ Vx, y ∈ Vy,

and the ♯-product by (2.7). Let the cubic forms NPQ
x (x), NPQ

y (y) and the bi-linear

form βPQ(x, y) (x ∈ Vx, y ∈ Vy) be as defined in Lemma 2.28. Let V := k⊕k⊕Vx⊕Vy.

We further define a skew bi-linear form ω on V as follows: for p = (s, t, x, y) and
p′ = (s′, t′, x′, y′) ∈ V ,

ω(p, p′) := βPQ(x, y′)− βPQ(x′, y) + st′ − s′t.

Finally, we define a tri-linear product on V by completely linearizing the formula

(2.15) with x♯, y♯, NPQ
x (x), NPQ

y (y) and βPQ(x, y). The tri-linear product satisfies

the axioms as in Definition 2.1 with respect to ω, and the symmetric 4-linear form as

in (A2) is the complete linearization of the following quartic form F̃PQ :

F̃PQ(p) := 8
(
βPQ

(
y♯, x♯

)
− sNPQ

x (x) − tNPQ
y (y)

)
− 2

(
st− βPQ(x, y)

)2
.

In particular the vector space V is the FTS with respect to ω and this tri-linear product.

Remark 2.30. Let Dβ be the determinant of the matrix defining the bi-linear form

βPQ(x, y) as in Proposition 2.29; βPQ(x, y) is nondegenerate if and only if Dβ 6= 0.

Corollary 2.31. Under the situation as in Proposition 2.29, assume that the base field

k is algebraically closed and βPQ(x, y) is nondegenerate, namely, Dβ 6= 0. Let RPQ

be the affine scheme defined by

sx = Py ×Qy, ty = tPx× tQx,(2.33)

st = 1/3 βPQ(x, y),(2.34)

txPy = 0, txQy = 0.(2.35)

The affine scheme RPQ is isomorphic to the affine cone over the Segre embedded P1 ×
P1 × P1.

Proof. Since βPQ(x, y) is nondegenerate, V is simple as an FTS by [Fe, Thm.2.1].

Since (1, 0, 0, 0), (0, 1, 0, 0) ∈ V are supplementary strictly regular elements, V is

reduced. Therefore, by [Fe, p.314 and Thm.5.1], V is constructed from a Jordan
algebra J as in (i) or (ii) of [Fe, Thm.5.1].

We show (i) holds. Assume for a contradiction that (ii) holds. Then

(2.36) tPx× tQx = 0 for any x ∈ Vx

by [Fe, p.314]. If P = 0 or Q = 0, then βPQ(x, y) is identically zero, a contra-

diction. Therefore, changing the coordinates of Vx and Vy, we may assume that
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P = diag (1, 1, 1), diag (1, 1, 0), or diag (1, 0, 0), where diag (a, b, c) is the diago-

nal matrix with a, b, c as the (1, 1), (2, 2), (3, 3)-entries respectively. Then, from
(2.36), we see that Q = αP for some α ∈ k in the first or the second case, or

Q =



∗ 0 0
∗ 0 0
∗ 0 0


 in the third case. In any case, we see that βPQ(x, y) is identi-

cally zero, a contradiction. Therefore (i) must hold.

In this case, nondegeneracy of βPQ(x, y) implies that the Jordan algebra J does

not contain an absolute zero divisor in the sense of [Ra, p.93] ([Mc2, Def.5.3.2,
Prop.5.3.3, Ex.5.3.6]). Therefore, (i), (ii) or (iii) of [Ra, Thm.1] holds. The Jordan

algebra J is not a division algebra since Nx = 0 for some nonzero x ∈ Vx. Thus

(ii) or (iii) holds. Then, by the proof of ibid., the Jordan algebra J has the Peirce
decomposition J = J1 ⊕ J1/2 ⊕ J0 with respect to a primitive idempotent. We have

dim J1 = 1 and dim J0 ≥ 1. If (iii) holds, then dim J1/2 ≥ 2 by [Ra, p.98, 5 and 6th
line from the bottom], hence dimVx = dim J ≥ 4, a contradiction. Therefore (ii)

holds, namely, J = k ⊕ J(q), where J(q) is a Jordan algebra of a quadratic form

q. By [Mc1, p.506, Ex.2], q is nondegenerate since so is βPQ(x, y). Therefore, by
ibid. and the assumption that k is algebraically closed, we see that Nx is a product

of three linearly independent linear forms. Now, by Example 2.24 (1), RPQ is

isomorphic to the affine cone over P1 × P1 × P1. �

Part 2. Key varieties for Q-Fano threefolds

Hereafter we work over C, the complex number field, throughout the paper.

3. AFFINE SCHEME F22
A

Definition 3.1. In the affine 26-space whose coordinates are s, t, and the entries

of x, y, P,Q, we define F22
A to be the scheme with the equations (2.33), (2.34) and

(2.35). We say that the entries of P,Q parametric coordinates.

Remark 3.2. The equations of F22
A is a specialization of those given in [P2, Sub-

sec.5.7]. These are also derived in [NP]. The main advantage here is that the
meaning of the equations is quite clear in view of the theory of FTS; especially, the

equation (2.34) is too complicated to write down fully but we can write it concep-

tually as above.

In the following Sections 4–7, setting some of the parametric coordinates of

F22
A to constants, or impose linear relations on them, we will obtain several affine

varieties whose weighted projectivizations produce examples of prime Q-Fano 3-

folds of anti-canonical codimension 4. We refer to Section 8 for another aspect of

F22
A .

We set

Mx :=

(
txP
txQ

)
,My :=

(
tytP
tytQ

)
.

4. A SPECIALIZATION OF F22
A –AN AFFINE VARIETY U14

A WITH AN

SL2 × SL2-ACTION–

In this section, we define a closed subscheme U14
A of the affine scheme F22

A and

investigate its properties. We show that a weighted projectivization of U14
A give an
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example of a key variety for a prime Q-Fano 3-fold of anticanonical codimension 4

which is not obtained from the G
(4)
2 -cluster variety.

4.1. Definition.

Definition 4.1. We set

U14
A := F22

A ∩ {p13 = q23 = 1, p23 = p33 = q13 = q33 = 0, p11 = −q21, p12 = −q22}.

We use the following notation for entries of the matrices P and Q, by which an

group action on U14
A will be more visible (see Subsection 4.2):

P =




a11 b11 1
a12 b12 0
c11 c12 0


 , Q =




a21 b21 0
−a11 −b11 1
c21 c22 0


 .

Setting further

A :=

(
a11 a12
a21 −a11

)
, B :=

(
b11 b12
b21 −b11

)
, C :=

(
c11 c12
c21 c22

)
,

x̂ =

(
x1

x2

)
, ŷ =

(
y1
y2

)
,

we can write

Mx =

(
txP
txQ

)
=

(
Ax̂ Bx̂ x̂

)
+ x3

(
C 0

)
.

Explicitly,

Mx =

(
a11x1 + a12x2 + c11x3 b11x1 + b12x2 + c12x3 x1

a21x1 − a11x2 + c21x3 b21x1 − b11x2 + c22x3 x2

)
.

We have also

My =

(
tytP
tytQ

)
=

(
a11y1 + b11y2 + y3 a12y1 + b12y2 c11y1 + c12y2

a21y1 + b21y2 −a11y1 − b11y2 + y3 c21y1 + c22y2

)
.

We denote by A18
U the affine space whose coordinates are s, t and the entries of

A,B,C, x, y.

4.2. SL2 × SL2-action. We see that U14
A admits the following group action, which

will be helpful to investigate properties of U14
A :

Proposition 4.2. The scheme U14
A is preserved by the following group actions on the

affine space A18
U of the two groups (SL2)

x, (SL2)
y isomorphic to SL2, and they define
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an action of the group SL2 × SL2 on U14
A :

(SL2)
x : For g∈ (SL2)

x, A 7→ gAg−1, B 7→ gBg−1, x̂ 7→ gx̂, C 7→ gC,

x3 7→ x3, y 7→ y, s 7→ s, t 7→ t,

(SL2)
y : For h ∈ (SL2)

y ,

(
a11 b11
a21 b21

)
7→

(
a11 b11
a21 b21

)
h−1,

(
a12 b12
−a11 −b11

)
7→

(
a12 b12
−a11 −b11

)
h−1,

ŷ 7→ hŷ, C 7→ Ch−1,

y3 7→ y3, x 7→ x, s 7→ s, t 7→ t.

Proof. Note that Mxy = t(Myx) =

(
txPy
txQy

)
. By straightforward calculations, we

see the following:

• Mx is mapped to gMx by g ∈ (SL2)
x, and My is invariant for the action of

(SL2)
y.

• x♯ is invariant for the action of (SL2)
x and is equivariant to y for the action

of (SL2)
y. y♯ is equivariant to x for the action of (SL2)

x and is invariant

for the action of (SL2)
y.

• β(x, y) is invariant for the actions of (SL2)
x and (SL2)

y.

• The actions of (SL2)
x and (SL2)

y are commutative.

Therefore we have the group action on U14
A as in the statement. �

4.3. Weights for variables and equations . We assign weights for variables of the

polynomial ring SU such that all the 9 equations of U14
A are homogeneous. More-

over, we assume that all the variables are not zero allowing some of them are

constants. Then it is easy to derive the following relations between the weights of

variables of SU:

w(a11) = −w(y1) + w(y3), w(a12) = w(x1y3)− w(x2y1), w(a21) = w(x2y3)− w(x1y1),

w(b11) = −w(y2) + w(y3), w(b12) = w(x1y3)− w(x2y2), w(b21) = w(x2y3)− w(x1y2),

w(c11) = w(x1y3)− w(x3y1), w(c12) = w(x1y3)− w(x3y2),

w(c21) = w(x2y3)− w(x3y1), w(c22) = w(x2y3)− w(x3y2),

w(s) = −w(x3) + 2w(y3), w(t) = w(x1x2y3)− w(y1y2).

Example 4.3. In Subsection 4.9, we use the following weights of coordinates:

w(A) = w(B) = w(C) =

(
1 1
1 1

)
,

w(x) =




1
1
1


 , w(y) =




1
1
2


 ,

w(s) = 3, w(t) = 2.

Let

U13
P ⊂ P(115, 22, 3)
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be the weighted projectivization of U14
A by these weights of coordinates. In Subsec-

tion 4.9, we show that U13
P is a key variety of a prime Q-Fano 3-fold of anticanonical

codimension 4 with No.20544. Existence of a positive grading of U14
A also plays a

role in the proof of Proposition 4.5.

4.4. Charts and singular locus. For a coordinate ∗, we call the open subset of U14
A

with ∗ 6= 0 the ∗-chart. We describe the ∗-chart such that ∗ is one of the entries of

x, y, or s, t.

x1-chart: We note that U14
A ∩{x1 6= 0} is isomorphic to (U14

A ∩{x1 = 1})×A1∗ by the

map (x, y, s, t, A,B,C) 7→
(
(x−1

1 x, x−1
1 y, x−1

1 s, x−1
1 t, A,B,C), x1

)
. This is because

all the equations of U14
A are quadratic when we consider the entries of A,B,C are

constants. Therefore it suffices to describe U14
A ∩ {x1 = 1}. Solving regularly the

9 equations of U14
A setting x1 = 1, we see that the 9 equations are reduced to the

following 4 equations:

y3 =− a11y1 − a12x2y1 − c11x3y1 − b11y2 − b12x2y2 − c12x3y2,

s =2a11c11y
2
1 + a12c21y

2
1 + a12c11x2y

2
1 + c211x3y

2
1 + 2b11c11y1y2+

2a11c12y1y2 + b12c21y1y2 + a12c22y1y2 + b12c11x2y1y2 + a12c12x2y1y2+

2c11c12x3y1y2 + 2b11c12y
2
2 + b12c22y

2
2 + b12c12x2y

2
2 + c212x3y

2
2,

b21 =2b11x2 + b12x
2
2 − c22x3 + c12x2x3 − ty1,

a21 =2a11x2 + a12x
2
2 − c21x3 + c11x2x3 + ty2.

x2-chart: Similarly to the x1-chart, we have only to describe U14
A ∩ {x2 = 1} as

follows:

y3 =a11y1 − a21x1y1 − c21x3y1 + b11y2 − b21x1y2 − c22x3y2,

s =a21c11y
2
1 − 2a11c21y

2
1 + a21c21x1y

2
1 + c221x3y

2
1 + b21c11y1y2+

a21c12y1y2 − 2b11c21y1y2 − 2a11c22y1y2 + b21c21x1y1y2 + a21c22x1y1y2+

2c21c22x3y1y2 + b21c12y
2
2 − 2b11c22y

2
2 + b21c22x1y

2
2 + c222x3y

2
2,

b12 =− 2b11x1 + b21x
2
1 − c12x3 + c22x1x3 + ty1,

a12 =− 2a11x1 + a21x
2
1 − c11x3 + c21x1x3 − ty2.

s-chart: Similarly to the x1-chart, we have only to describe U14
A ∩{s = 1} as follows:

x = y♯,

t = 1/3 β(x, y).

t-chart: Similarly to the x1-chart, we have only to describe U14
A ∩{t = 1} as follows:

y = x♯,

s = 1/3 β(x, y).

The above descriptions of charts show that the x1-, x2-, s-, and t-charts of U14
A

are isomorphic to A13 ×A1∗. As for s- and t-charts, we also refer to Corollary 2.26.

x3-chart: Similarly to the x1-chart, it suffices to describe U14
A ∩ {x3 = 1}. When

x3 = 1, we may eliminate the coordinate s by the 3rd entry of the equation sx = y♯
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with x3 = 1. Then we may verify that U14
A ∩ {x3 = 1} is defined by the five 4 × 4

Pfaffians of the following skew-symmetric matrix:












0 t a11x1 + a12x2 + c11 b11x1 + b12x2 + c12 x1

0 a21x1 − a11x2 + c21 b21x1 − b11x2 + c22 x2

0 y3 −y2
0 y1

0













.

From this description, we see that

(SingU14
A ) ∩ {x3 6= 0} = {x3 6= 0, x1 = x2 = 0, y = 0, t = 0, C = O}.

We define the following skew-symmetric matrix:

Ay =













0 s a11y1 + b11y2 + y3 a12y1 + b12y2 c11y1 + c12y2
0 a21y1 + b21y2 −a11y1 − b11y2 + y3 c21y1 + c22y2

0 x3 −x2

0 x1

0













.

y1-chart: Similarly to the x3-chart, We may verify that U14
A ∩ {y1 = 1} is defined

by the five 4 × 4 Pfaffians of the skew-symmetric matrix Ay with y1 = 1. From this
description, we see that

(SingU14
A ) ∩ {y1 6= 0} = {y1 6= 0, x = 0, s = 0, My = O}

=















y1 6= 0, x = 0, s = y3 = 0,









a11 b11
a12 b12
c11 c12
c21 c22









(

1
y2

)

= o















.

y2-chart: Similarly to the x3-chart, We may verify that U14
A ∩ {y2 = 1} is defined

by the five 4 × 4 Pfaffians of the following skew-symmetric matrix Ay with y2 = 1.

From this description, we see that

(SingU14
A ) ∩ {y2 6= 0} = {y2 6= 0, x = 0, s = 0, My = O}

=























y2 6= 0, x = 0, s = y3 = 0,













a11 b11
a12 b12
a21 b21
c11 c12
c21 c22













(

y1
1

)

= o























.

y3-chart: We may easily verify that the y3-chart is contained in one of the above

charts.

Let

Sx := {x1 = x2 = 0, y = 0, s = 0, t = 0, C = O} ≃ A
7
,

and Sy be the closure of the locus






















x = 0, s = t = y3 = 0,













a11 b11
a12 b12
a21 b21
c11 c12
c21 c22













(

y1
y2

)

= o























\ {x = 0, y = 0, s = t = 0}.
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By a consideration with a little linear algebra, we see that

Sy =































x = 0, s = t = y3 = 0, rank

















a11 b11
a12 b12
a21 b21
c11 c12
c21 c22
−y2 y1

















≤ 1































,

which is the affine cone over P1 × P5 and hence is 7-dimensional.

Investigating the 9 equations of U14
A , we see that

Sx ∩ {x3 6= 0} = (SingU14
A ) ∩ {x3 6= 0},

Sy ∩ {yi 6= 0} = (SingU14
A ) ∩ {yi 6= 0} (i = 1, 2),

Thus, from the above descriptions of the charts, we can describe the singularities
of U14

A as follows:

Proposition 4.4. The open subset U14
A \ {x = y = 0, s = t = 0} is 14-dimensional

and irreducible. Its singular locus is equal to the 7-dimensional locus

∆ := (Sx ∪ Sy) \ {x = y = 0, s = t = 0},

and it has c(G(2, 5))-singularities along ∆, where we call a singularity isomorphic to

the vertex of the cone over G(2, 5) a c(G(2, 5))-singularity.

We will show that U14
A itself is 14-dimensional and irreducible in Proposition 4.5,

and determine the singularities of U14
A along {x = 0, y = 0, s = t = 0} in Proposition

4.10.

4.5. Gorensteinness and 9× 16 graded minimal free resolution of the ideal of
U14
A .

Proposition 4.5. Let SU be the polynomial ring over C whose variables are s, t and

the entries of A,B,C, x, y. Let IU be the ideal of the polynomial ring SU generated by

the 9 equations of U14
A . Set RU := SU/IU. The following assertions hold :

(1) We give nonnegative weights for coordinates of SU such that all the equations of

U14
A are weighted homogeneous, and we denote by w(∗) the weight of the mono-

mial ∗. We denote by P the corresponding weighted projective space, and by

UP ⊂ P the weighted projectivization of U14
A , where we allow some coordinates

being nonzero constants (thus dimUP could be less than 13). We set

δ = 2w(x1x2)− w(x3)− w(y1y2) + 5w(y3).

(1-1) It holds that

ωP = OP(−4w(x1x2) + 5w(y1y2) + 4w(x3)− 14w(y3)).

(1-2) The ideal IH has the following graded minimal SH-free resolution

(4.1) 0← P0 ← P1 ← P2 ← P3 ← P4 ← 0, where
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P0 =S,

P1 =S(−w(x1y3))⊕ S(−w(x2y3))

⊕S(−w(sx1))⊕ S(−w(sx2))⊕ S(−w(sx3))

⊕S(−w(ty1))⊕ S(−w(ty2))⊕ S(−w(ty3))
⊕S(−w(st)),

P2 =S(−w(sx1y3))⊕ S(−w(sx2y3))⊕ S(−w(tx1y3))⊕ S(−w(tx2y3))

⊕S(−w(stx1))⊕ S(−w(stx2))⊕ S(−w(stx3))

⊕S(−w(sty1))⊕ S(−w(sty2))⊕ S(−w(sty3))
⊕S(−w(sx1x2))⊕ S(−w(sx1x3))⊕ S(−w(sx2x3))

⊕S(−w(ty1y2))⊕ S(−w(ty1y3))⊕ S(−w(ty2y3))
P3 =S(−(δ − w(x1y3))) ⊕ S(−(δ − w(x2y3)))

⊕S(−(δ − w(sx1))) ⊕ S(−(δ − w(sx2)))⊕ S(−(δ − w(sx3)))

⊕S(−(δ − w(ty1)))⊕ S(−(δ − w(ty2))) ⊕ S(−(δ − w(ty3)))

⊕S(−(δ − w(st))),

P4 =S(−δ).
(1-3) It holds that

(4.2) ωUP
= OUP

(−2w(x1x2) + 4w(y1y2) + 3w(x3)− 9w(y3)).

(2) IU is a Gorenstein ideal of codimension 4.

(3) U14
A is irreducible and reduced, thus IU is a prime ideal.

(4) U14
A is normal.

Proof. We may compute the SU-free resolution (4.1) of IU by SINGULAR [DGPS].
For the remaining assertions, the proof of [Tak6, Prop.4.8] works verbatim. �

4.6. Factoriality of U14
A . We denote by x̄1 the image of x1 in RU.

Lemma 4.6. U14
A ∩ {x1 = 0} is irreducible and reduced, and is normal. In particular,

the element x̄1 ∈ RU is a prime element.

Proof. By [Tak7, Lem.3.6], it suffices to show that Sing (U14
A ∩ {x1 = 0}) has codi-

mension ≥ 2 in U14
A ∩ {x1 = 0}. By the descriptions of charts as in Subsection 4.4,

we see that U14
A ∩ {x1 = 0} is smooth on the x2- and the t-charts, and is isomorphic

to a hypersurface

{−a11c11y21 − a12c21y
2
1 − b11c11y1y2 − a11c12y1y2 − b12c21y1y2

− a12c22y1y2 − b11c12y
2
2 − b12c22y

2
2 + c11y1y3 + c12y2y3 = 0}

on the s-chart, whose singular locus has codimension ≥ 2 in U14
A ∩ {x1 = 0}. The

locus U14
A ∩ {x1 = x2 = 0, s = t = 0} is the union of the following two loci (i) and

(ii):

(i) {x = 0, s = t = 0, y♯ = 0}, which is a fibration of relative dimension 7 over

the affine cone of P1 × P2, hence is 11-dimensional.

(ii) {rank
(

c11 c21 −y2
c12 c22 y1

)
≤ 1, F3 = 0}, which is easily to be seen of codi-

mension 2 in U14
A ∩ {x1 = 0} (F3 is defined in the proof of (1)).
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Therefore we have shown that Sing (U14
A ∩ {x1 = 0}) has codimension ≥ 2 in

U14
A ∩ {x1 = 0}. �

Proposition 4.7. The affine coordinate ring RU of U14
A is a UFD.

Proof. Using the description of the x1-chart as in Subsection 4.4 and Lemma 4.6,
the proof of [Tak6, Prop.4.9] work verbatim. �

The following corollary can be proved in the same way as the proof of [Tak6,

Cor.4.10]:

Corollary 4.8. Let U13
P be the weighted projectivization of U14

A with some positive
weights of coordinates. The following assertions hold:

(1) Any prime Weil divisor on U13
P is the intersection between U13

P and a weighted

hypersurface. In particular, U13
P is Q-factorial and has Picard number one.

(2) Let X be a quasi-smooth threefold such that X is a codimension 10 weighted

complete intersection in U13
P , i.e., there exist ten weighted homogeneous poly-

nomials G1, . . . , G10 such that X = U13
P ∩ {G1 = 0} ∩ · · · ∩ {G10 = 0}.

Assume moreover that {x1 = 0} ∩X is a prime divisor. Then any prime Weil

divisor on X is the intersection between X and a weighted hypersurface. In

particular, X is Q-factorial and has Picard number one.

4.7. P1 × P1 × P1-fibration . We denote by AP ≃ A10 the affine space whose coor-

dinates are the entries of the matrices A,B,C. Note that any equation of U14
A is of

degree two if we regard the entries of A,B,C as constants. Therefore, considering

the variables of the equations of U14
A except the entries of A,B,C as projective co-

ordinates, we obtain a 13-dimensional quasi-projective variety with the same equa-

tion as U14
A . We denote this 13-dimensional variety by Û, and by ρU : Û → AP the

natural projection. Note that the SL2 × SL2-action on U14
A defined as in Subsection

4.2 induces those on Û and those on AP, and the natural projection ρU : Û → AP is
equivariant with respect to these actions. Using these group actions, detail analysis

of ρU : Û→ AP is possible. We, however, omit details since it is lengthy. Instead, we

will describe the restriction of ρU to the subvariety S8
A defined in Section 5. Here

we only state the following, which can be shown immediately by Corollary 2.31:

Proposition 4.9. Let ∆ρU
be the closed subset of AP defined by Dβ as in Remark 2.30.

The ρU-fiber over a point outside ∆ρU
is isomorphic to P× P1 × P1.

4.8. Terminal singularities. By Proposition 4.4 and the result in Subsection 4.7,
we can show the following in the same way as [Tak6, Prop.4.11]:

Proposition 4.10. The variety U14
A has only terminal singularities with the following

descriptions:

(1) The singularities along the 7-dimensional locus (Sx ∪Sy) \ {x = 0, y = 0, s =
t = 0} are c(G(2, 5))-singularities.

(2) There exists a primitive K-negative divisorial extraction f : Ũ → U14
A such

that

(a) singularities of Ũ are only c(G(2, 5))-singularities along the strict trans-

forms of Sx ∪ Sy, and

(b) for the f -exceptional divisor EU, the morphism f |EU
can be identified

with ρU : Û
13 → A10

B as in Subsection 4.7.



24 Q-Fano 3-fold and FTS

4.9. An example of a Q-Fano threefold. We consider the weighted projectiviza-

tion of U14
A

U13
P ⊂ P(115, 22, 3)

by the weights of coordinates as in Example 4.3. In this subsection, we show the
following:

Theorem 4.11. Let L1, . . . , L10 be general forms of weight 1 in P(115, 22, 3). The

subscheme

X := U13
P ∩ L1 ∩ · · · ∩ L10

is a prime Q-Fano 3-fold of No.20544 and of anticanonical codimension 4.

Proof. In this proof, we denote P(115, 22, 3) by P for simplicity. Using the equations

of U13
P , we may easily verify that Bs|OP(1)| ∩ U13

P consists of the s-point and the
t-point, where the ∗-point for a coordinate ∗ of P means the point of P such that

all the coordinates except ∗ are zero. Note that dimSingU14
A is less than the codi-

mension of X in U13
P . Therefore, by the Bertini theorem, we see that X is a smooth

3-fold outside the s-point and the t-point. Computing the linear parts of the equa-

tions of X at each of the s-point and the t-point (cf. LPC in [Tak3, Subsec. 5.1]), we
see that X has a 1/3(1, 1, 2)-singularity at the s-point and a 1/2(1, 1, 1)-singularity

at the t-point. By Proposition 4.5 (1-2), we have the following SU-free minimal

resolution of RU which is graded with respect to the weights of variables given in
Example 4.3:

0← RU ← SU ← SU(−3)⊕4 ⊕ SU(−4)⊕4 ⊕ SU(−5)
← SU(−4)⊕ SU(−5)⊕7 ⊕ SU(−6)⊕7 ⊕ SU(−7)
← SU(−6)⊕ SU(−7)⊕4 ⊕ SU(−8)⊕4 ← SU(−11)← 0.

From this, we see that−KX = OX(1) and (−KX)3 = 31/6. It remains to show that
ρ(X) = 1. By Corollary 4.8, it suffices to check that X ∩{x1 = 0} is a prime divisor.

This follows by the Bertini theorem since U13
P ∩ {x1 = 0} is normal by Proposition

4.5 (3), and the fact that Bs|OP(1)| ∩ U13
P consists of the s-point and the t-point.

Hence X is a prime Q-Fano 3-fold of No.20544, and by [Tak6, Proof of Thm.1.2

(1)], X is of anti-canonical codimension 4. �

Remark 4.12. In a future work, we describe via U13
P the Sarkisov link for a prime

Q-Fano threefold of No.20544 starting from the weighted blow-up at the unique

1/3(1,1,2)-singularity.

5. A SPECIALIZATION OF U14
A –AN AFFINE VARIETY S8

A WITH AN SL2-ACTION–

In this section, we define a closed subvariety S8
A of the affine variety U14

A and

investigate its properties. The whole story in this section is very similar to that of

Section 4, hence we will not write down it fully.

As we will see in Subsection 7.4, S8
A is isomorphic to a subvariety of the G

(4)
2 -

cluster variety. We will discuss there a prime Q-Fano threefold of anti-canonical

codimension 4 which is obtained as a weighted complete intersection of a weighted

projectivization of S8
A.
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5.1. Definition.

Definition 5.1. We set

S8
A := U14

A ∩
{
b11 = a12, b21 = −a11,

(
c11 c12
c21 c22

)
=

(
1 0
0 1

)}
.

Remark 5.2. We note that the condition on S8
A is equivalent to that Mx and My as

in Subsection 4.1 have the same form.

Now we introduce different notation for coordinates of S8
A as follows, with

which we derive another presentation of the equations of S8
A (Proposition 5.3)

such that an group action on S8
A will be more visible (Subsection 5.2):

P =




d2 d1 1
d1 d0 0
1 0 0


 , Q =



−d3 −d2 0
−d2 −d1 1
0 1 0


 ,

U :=

(
u1 u2

u3 u4

)
:=

(
y1 −x1

y2 −x2

)
,

V :=

(
v2 v1 v0
−v3 −v2 −v1

)
:=

(
y3 x3 t
−s −y3 −x3

)
,

We also set

Û :=




u2
1 u1u2 u2

2

2u1u3 u1u4 + u2u3 2u2u4

u2
3 u3u4 u2

4


 , Û † :=




u2
4 −u2u4 u2

2

−2u3u4 u1u4 + u2u3 −2u1u2

u2
3 −u1u3 u2

1


 ,

D :=

(
d2 d1 d0
−d3 −d2 −d1

)
.

By a straightforward calculation, we can check the following:

Proposition 5.3. The affine variety S8
A is defined by the following equations:

(5.1) UV = DÛ, ∧2V = (∧2D)tÛ †.

Remark 5.4. If detU 6= 0, then ∧2V = (∧2D)tÛ † can be derived from UV = DÛ by

the Cauchy-Binet formula.

5.2. ((SL2 ⋊ SL2)× (C∗)2)-action. We denote by SS the polynomial ring over the
field C with the entries of U, V,D as the variables. We consider the affine space A12

S

with the coordinate ring SS. We denote by A4
D the affine space with the entries of

D as the coordinates.
From the presentation of the equation of S8

A as in Proposition 5.3, we can im-

mediately read off an
(
(SL2 ⋊ SL2)× (C∗)2

)
-action on S8

A as follows:

Proposition 5.5. The following assertions hold:

(1) (1-1) The variety S8
A is preserved by the following actions of the two groups

SLI
2, SLII

2 isomorphic to SL2, and they define an action of the group
SLII

2 ⋊ SLI
2 on S8

A:

For g ∈ SLI
2, U 7→ gUg−1, V 7→ gV ĝ−1, D 7→ gDĝ−1,

For h ∈ SLII
2 , U 7→ Uh, V 7→ h−1V ĥ, D 7→ D,
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where the definitions of ĝ and ĥ for g and h respectively are similar to

that of Û for U .
(1-2) The affine space A12

S has the (C∗)2-action preserving S8
A defined by

U 7→ αU, D 7→ βD, V 7→ αβV,

where α, β ∈ C∗.

These induce an
(
(SLII

2 ⋊ SLI
2)× (C∗)2

)
-action on S8

A.

(2) The induced (SLI
2 × (C∗)2)-action on A4

D has the following orbits:

(a) {0}.
(b) The complement of {0} in the cone over the twisted cubic γD defined by

∧2D = 0.

(c) The complement of the orbits as described in (a) and (b) in the cone over

the tangential scroll of the twisted cubic γD, where the equation of the

tangential scroll is

(5.2) 3d21d
2
2 − 4d31d3 − 4d0d

3
2 + 6d0d1d2d3 − d20d

2
3 = 0.

(d) The complement of the orbits as described in (a), (b) and (c) in A4
D.

Proof. For (1), we only note that Û is mapped to ĝÛ ĝ−1 by the SLI
2-action. The

assertion (2) is well-known to be true. �

Remark 5.6. By an explicit calculation, we may easily verify that the rank of the

matrix associated to the bi-linear trace β for S8
A is 0, 1, 2, or 3 if and only if the

Proposition 5.5 (2) (a), (b), (c), or (d) holds respectively.

5.3. P1 × P1 × P1-fibration. We denote by P7
F the projective space whose coordi-

nates are the entries of the matrices U, V . Note that any equation of S8
A is of degree

two if we regard the entries of D as constants. Therefore, considering the variables
of the equations of S8

A except the entries of D as projective coordinates, we obtain

a 7-dimensional variety in A4
D × P7

F. We denote this 7-dimensional variety by Ŝ7,

and by ρS : Ŝ7 → A4
D the natural projection. Note that the (SL2 × (C∗)2)-action

on S8
A defined as in Subsection 5.2 induces those on Ŝ7 and those on AD, and the

natural projection ρS : Ŝ7 → A4
D is equivariant with respect to these actions. Using

these group actions, we will describe ρS : Ŝ7 → A4
D.

Lemma 5.7. The following two assertions hold:

(1) In the projective 7-space with coordinates xij (i = 0, 1, 0 ≤ j ≤ 3), let

S :=

{
rank

(
x00 x01 x02 x03

x10 x11 x12 x13

)
≤ 1

}
,

which is nothing but the image of the Segre embedding of P1×P3. Let Q ⊂ P3

be a cone over a smooth conic. The 3-fold P1 ×Q which is embedded in P7 by
the restriction of the Segre embedding of P1 × P3 is projectively equivalent to

(5.3)

{

rank

(

x00 x01 x02 x03

x10 x11 x12 x13

)

≤ 1, x2
03 = x01x02, x

2
13 = x11x12, x03x13 = x02x11

}

.

The projective variety defined by the equation (5.3) is a sextic del Pezzo 3-fold

with A1 singularities along the (x00 : x10)-line.
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(2) In the projective 7-space with coordinates ui (1 ≤ i ≤ 4), vj (0 ≤ j ≤ 3), the
variety defined by

(5.4)
{

rk

(

u3 v3 v2 v1
u4 v2 v1 v0

)

≤ 1, u1v2 − u2v3 = u
2
3, u1v1 − u2v2 = u3u4, u1v0 − u2v1 = u

2
4

}

is a sextic del Pezzo 3-fold with A2 singularities along the (u1 : u2)-line. This

variety is isomorphic to the projective 3-fold P1,1,1 defined in [Fuk, Def.6.6].

Proof. (1). Let s : P1 × P3 → S be the Segre embedding defined by xij = piqj ,
where pi (i = 0, 1) and qj (0 ≤ j ≤ 3) are the coordinates of P1 and P3 respectively.

Then the inverse image of (5.3) is {q23 = q1q2} ⊂ P1 × P3, which is the product of
P1 and the cone over a smooth conic in P3. Therefore we have shown the former

assertion.
Now we show the latter assertion. By the equation (5.3), we see that the projec-

tive variety defined by the equation (5.3) has A1 singularities along the (x00 : x10)-
line. We can compute the minimal free resolution of the structure sheaf of the
variety defined by (5.3) as follows:

O(−2)⊕9 ← O(−3)⊕16 ← O(−4)⊕9 ← O(−6).
From this, we see that the projective variety defined by the equation (5.3) is a sextic

del Pezzo 3-fold.

(2). The former assertion can be shown similarly to the proof of the latter asser-
tion of (1). The latter assertion follows since P1,1,1 is also a sextic del Pezzo 3-fold

with A2 singularities along a line by [Fuk, Rem.6.7] and there is only one such a

sextic del Pezzo 3-fold (see [Fuj, (si31i)]). �

Proposition 5.8. Let p be a point of A4
D and Fp the ρS-fiber over p. We use the

descriptions of the (SLI
2 × (C∗)2)-action on A4

D as in Proposition 5.5 (a)–(d).
If p = 0, then Fp = {UV = 0,∧2V = 0}.
If p belongs to the orbit as in (b), then Fp ≃ P1,1,1.
If p belongs to the orbit as in (c), then Fp ≃ P1 × Q.

If p belongs to the orbit as in (d), then Fp ≃ P1 × P1 × P1.

Proof. If p = 0, then the description of Fp follows from the equation of S8
A.

By the (SLI
2 × (C∗)2)-action, we may choose the point p as a special point as

follows according to the orbit to which p belongs:
If p belongs to the orbit as in (b), we may assume p is the d0-point. Then the

equation of Fp is
{

rk

(

u3 v3 v2 v1
u4 v2 v1 v0

)

≤ 1, u1v2 − u2v3 = u
2
3, u1v1 − u2v2 = u3u4, u1v0 − u2v1 = u

2
4

}

,

which is nothing but P1,1,1.
If p belongs to the orbit as in (c), we may assume p is the d1-point. Then the

equation of Fp coincides with (5.3) by setting

(
x00 x01 x02 x03

x10 x11 x12 x13

)
=

(
u1 v1 + 2u4 v3 v2 + u3

u2 v0 v2 − 2u3 v1 − u4

)
,

hence Fp is isomorphic to P1 × Q.

Now assume that p belongs to the orbit as in (d). Note that the cone over the

tangential scroll of the twisted cubic γD as in (5.2) is the restriction of Dβ = 0
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as in Remark 2.30, which follows by a straightforward calculation. Therefore, by

Corollary 2.31, we see that Fp ≃ P1 × P1 × P1. �

5.4. Summary of properties of S8
A. In this subsection, we sum up the properties

of S8
A corresponding to those of U14

A as in Subsections 4.5, 4.6 and 4.8 as follows:

Proposition 5.9. The following assertions hold:

(1) Let SS be the polynomial ring over C whose variables are the entries of

U, V,D. Let IS be the ideal of the polynomial ring SS generated by the 9
equations of S8

A. Set RS := SS/IS.

(1-1) IS is a prime, and Gorenstein ideal of codimension four.

(1-2) S8
A and S8

A ∩ {u2 = 0} are normal.

(1-3) RS is a UFD.

(2) The weighted projectivization S7
P of S8

A with some positive weights of coordi-

nates is Q-factorial and has Picard number one (we refer to Example 7.9 for

an example of such a set of weights).

(3) There exists a primitive K-negative divisorial extraction f : S̃ → S8
A such

that S̃ is smooth, and, for the f -exceptional divisor ES, the morphism f |ES

can be identified with ρS : Ŝ7 → A4
D as in Subsection 5.3. In particular, the

variety S8
A has only terminal singularities.

We omit the proof since we can prove this in the same (and simpler) way as for

the variety U14
A .

As for examples of prime Q-Fano 3-folds obtained from S8
A, we see in Subsection

7.4 that they are actually obtained from the G
(4)
2 -variety.

6. ANOTHER SPECIALIZATION OF F22
A –AN AFFINE VARIETY Z12

A WITH AN

SL3-ACTION–

In this section, we consider one more specialization of F22
A as follows:

Definition 6.1. We set

Z12
A := F22

A ∩ {P = E, TrQ = 0} ,
where E is the 3× 3 identity matrix, and TrQ is the trace of the matrix Q = (qij).

Actually, the equations of Z12
A is originally obtained in [Re, Ex.6.8]. Indeed,

we note that the equation y1y2 =
(
x1 x2 x3

)
A†




x4

x5

x6


 given in [Re, p.24]

corresponds to

st = −txQ†y,

where A† and Q† are the adjoint matrices of A and Q, respectively, and A, y1, y2,


x1

x2

x3


 ,




x4

x5

x6


 in ibid. correspond to Q,−t, s, x, y here, respectively. For, we

can verify that

β(x, y) =− 3txQ†y

− 2(q12q21 + q13q31 + q23q32 + q222 + q22q33 + q233)
txy.
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Moreover, we can also verify that all the other equations of Z12
A can be identified

with the eight 4× 4 Pfaffians in [Re, p.24, 25].

Lemma 6.2. The following assertions hold:

(1) The scheme Z12
A is Gorenstein of codimension 4, and is normal.

(2) The affine coordinate ring RZ of Z12
A is a UFD.

Proof. (1). We can check that the xi-, yi-, s-, and t-charts (i = 1, 2, 3) of Z12
A are

smooth and the union of them is irreducible and is of codimension 4 in the ambient
affine space. Using [DGPS], we can show that the ideal of Z12

A has the 9×16 graded

minimal free resolution of length 4. Therefore, by the proofs of [Tak6, Prop. 4.8],

we obtain (1).
(2). We can check that (RZ)x1

is a localization of a polynomial ring. We can

also check that Z12
A ∩ {x1 = 0} is normal. Indeed, on the x2-, x3-, y2- and y3-charts,

Z12
A ∩{x1 = 0} is smooth, and Z12

A ∩{x1 = x2 = x3 = y2 = y3 = 0} is of codimension

2 in Z12
A ∩ {x1 = 0}. Therefore The proofs of [Tak6, Prop. 4.9] work verbatim for

(2). �

The main purpose of this section is to interpret Z12
A in the context of [Tak5] as

follows:

Proposition 6.3. We define Z11
P to be the projective variety obtained from Z12

A by

setting w(s) = w(t) = 2 and all the other weights of coordinates as 1 ( Note that Z11
P

is contained in P(114, 22)). The variety Z11
P is isomorphic to the Q-Fano variety Σ as

in [Tak5, Thm.1.1] associated to prime Q-Fano 3-folds of No.1.1 in [Tak1].

Proof. Note that the projective variety Z := {txPy = 0, txQy = 0} ⊂ P13 with P = E
and TrQ = 0 can be identified with Σ as in [Tak5, Subsec.4.1.1] with the obvious

correspondence between the coordinates of them.

By the construction of Σ from Σ as in [Tak5, Sec.5], Σ is isomorphic to Σ in
codimension 1 except the image Γ in Σ of the exceptional divisor for the blow-up

of two 1/2(111)-singularities.

We show that a similar fact holds for Z11
P and Z. We consider the rational map

π : Z11
P 99K Z which is the restriction of the projection from the (s : t)-line. Note

that π is defined on U := Z11
P \ {the s-, t-points}. We set ∆ :=

{
x = 0, y♯ = 0

}
∪{

y = 0, x♯ = 0
}
⊂ Z. From the equation of Z11

P , we see that the closure of the in-

verse image of ∆|π(U) by π|U is ∆ :=
{
x = 0, y♯ = 0, t = 0

}
∪
{
y = 0, x♯ = 0, s = 0

}
.

By the equations of Z11
P and Z, we see that, if x 6= 0 and y 6= 0 on Z, then both

s and t are recovered by the equations of Z11
P . Moreover, we see that points of

{x = 0} ∪ {y = 0} outside ∆ are not the π-images of points of U , and the fiber of

π|U over a point p ∈ ∆ is 1-dimensional if p 6∈ {x = y = 0}, and 2-dimensional

if p ∈ {x = y = 0}. Therefore the π|U -exceptional locus is ∆|U . By the equation

of Z11
P and [Tak5, Prop.4.4], the locus ∆ coincides with Sing Z, which is of codi-

mension 3 in Z. Therefore the exceptional locus of π|U is of codimension 2 in Z11
P ,

which implies Z11
P is isomorphic to Z in codimension 1 except {x = 0} ∪ {y = 0}.

Note that {x = 0} ∪ {y = 0} is identified with Γ. Therefore, we see that Σ and

Z11
P are isomorphic in codimension 1 identifying Σ and Z. By [Tak5, Thm.1.1], Σ

is a Q-factorial Q-Fano variety with Picard numbers 1, and, by Lemma 6.2 and the

proof of [Tak6, Cor.4.10], so is Z11
P . Therefore, Σ and Z11

P are actually isomorphic

by [Tak2, Lem.5.5] as desired. �
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By Proposition 6.3 and [Tak5, Thm.1.1], we obtain the following result of Gushel´-

Mukai type:

Corollary 6.4. Any prime Q-Fano 3-fold of No.1.1 in [Tak1] is a weighted complete

intersection of Z11
P as in Proposition 6.3 with respect to hypersurfaces of weight 1.

Finally, we describe an SL3 on Z12
A as follows:

Proposition 6.5. Let A16
Z be the affine subspace {TrQ = 0} in the affine space whose

coordinates are s, t and the entries of x, y,Q. The affine space A16
Z has the SL3-action

preserving Z12
A defined by

x 7→ tgx, y 7→ g−1y, Q 7→ g−1Qg, s 7→ s, t 7→ t

for g ∈ SL3.

7. THE G
(4)
2 -CLUSTER VARIETY AS A SPECIALIZATIONS OF U14

A

In this section, we clarify the relationship between the G
(4)
2 -cluster variety con-

structed in [CD], and the affine varieties F14
A and Z12

A . We review in our context the

prime Q-Fano 3-folds constructed in ibid. from the G
(4)
2 -cluster variety.

7.1. The G
(4)
2 -cluster variety Cl10A . In [CD], the G

(4)
2 -cluster variety is defined in

the affine 16-space with coordinates

θi (1 ≤ i ≤ 4), θ23, θ41,

Aj (1 ≤ j ≤ 4), Akl ((k, l) = (1, 2), (2, 3), (3, 4), (4, 1)),

λ13, λ24.

In this paper, however, we call a smaller variety as the G
(4)
2 -cluster variety. By the

big table [Table], we observe that A12 and A34 is always nonzero constant when

a Q-Fano 3-fold is constructed from a weighted projectivization of the G
(4)
2 -cluster

variety. Then, replacing A1, A2, A3, A4, λ13, λ24 with A−1
12 A1, A−1

12 A2, A−1
34 A3,

A−1
34 A4, A−1

12 A
−1
34 λ13, A−1

12 A
−1
34 λ24, we see that it is possible to set A12 = A34 = 1.

Definition 7.1. The G
(4)
2 -cluster variety Cl10A is defined as a subvariety of the affine

14-space with coordinates

θi (1 ≤ i ≤ 4), θ23, θ41,

Aj (1 ≤ j ≤ 4), Akl ((k, l) = (2, 3), (4, 1)),

λ13, λ24

by setting for the equations of F22
A as follows:

x = t
(
θ4 θ1 A23

)
, y = t

(
A41 θ2 θ3

)
,

P =



−A4 0 0
0 0 1
−λ24 −A2 0


 , Q =




0 1 0
−A1 0 0
−λ13 0 −A3


 ,

s = −θ23, t = −θ41.

We can immediately check that this definition of the G
(4)
2 -cluster variety coin-

cides with that in [CD, Subset. 1.2.2] when A12 = A34 = 1.

By an elementary calculation, we have the following:
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Proposition 7.2. All the equations of Cl10A are weighted homogeneous if and only if

the following conditions on the weights of coordinates hold:

w(A1) = −2w(θ1) + w(θ2) + w(θ41), w(A2) = w(θ1)− 2w(θ2) + w(θ23),

w(A3) = −2w(θ3) + w(θ4) + w(θ23), w(A4) = w(θ3)− 2w(θ4) + w(θ41),

w(A23) = w(θ2) + w(θ3)− w(θ23), w(A41) = w(θ1) + w(θ4)− w(θ41),

w(λ13) = −w(θ1)− w(θ3) + w(θ23) + w(θ41),

w(λ24) = −w(θ2)− w(θ4) + w(θ23) + w(θ41).

In the following subsections, we only consider the weights of coordinates as in

Proposition 7.2 such that the weighted projectivizations of Cl10A itself or its subva-
rieties associated to these produce prime Q-Fano 3-folds. The list of such weights

are presented in [Table].

7.2. The maximal case. By the big table [Table], we observe that all the weights

of the coordinates of the G
(4)
2 -cluster variety Cl10A is positive only in the two cases

No.5530 and No.11455 of [GRDB]. We may verify the following by a straightfor-
ward calculation.

Proposition 7.3. The equations of the affine variety Cl10A is presented in the format

of the equations of U14
A by setting

x = t
(
θ1 −A2A23 θ4 −A3A23 A23

)
, y = t

(
A41 1/2(θ3 − θ2) 1/2(θ3 + θ2)

)
,

P =




0 1 1
−A4 0 0

−λ24 −A3A4 2A2 0


 , Q =




−A1 0 0
0 −1 1

−λ13 −A1A2 −2A3 0


 ,

s = θ23, t = 2θ41.

By Proposition 7.2 and the weights of coordinates of Cl10A for No.5530 and

No.11455, we see that all the entries of x, y, P,Q as in Proposition 7.3 are weighted
homogeneous. Therefore we have the following:

Corollary 7.4. The affine variety Cl10A is isomorphic to the subvariety of U14
A

(7.1) U14
A ∩ {a11 = 0, b11 = 1, b12 = 0, b21 = 0}.

Moreover, the isomorphism is weighted homogeneous for No.5530 and No.11455 with

the corresponding weights of coordinates of (7.1).

7.3. The case only one coordinate is a nonzero constant. By [Table], there are

12 classes of prime Q-Fano 3-folds for which only one coordinate of Cl10A (actually

A1,A3 or A4) is a nonzero constant. By symmetry, we may identify the three cases,
so we have only to consider the case that A4 is a nonzero constant; this is the case

for No.1169, 1182, 5860, 5870, 16228. We denote by Cl9A,A4
the subvariety of Cl10A

with A4 = −1. By suitable changes of scales of coordinates, we may assume that
A4 = −1.

We may verify the following by a straightforward calculation.



32 Q-Fano 3-fold and FTS

Proposition 7.5. The equations of the affine variety Cl9A,A4
is presented in the format

of the equations of U14
A by setting

x = t
(
A41 θ2 θ3

)
, y = t

(
A23 θ1 θ4 − 1/2λ24A23

)
,

P =



−1/2λ24 0 1
−A2 0 0
0 1 0


 , Q =



−λ13 −A1 0
1/2λ24 0 1
−A3 0 0


 ,

s = −θ41, t = θ23.

By Proposition 7.2 and the assumption that A4 = −1, we see that the entry
θ4 − 1/2λ24A23 of y is weighted homogeneous. Therefore we have the following:

Corollary 7.6. The affine variety Cl9A,A4
is isomorphic to the subvariety of U14

A

(7.2) U14
A ∩ {b11 = b12 = c11 = c22 = 0, c12 = 1}.

Moreover, the isomorphism is weighted homogeneous with the corresponding weights

of coordinates of (7.2).

In the following subsections, we consider the cases in which exactly two of the
coordinates are nonzero constants. There are 4 cases; the set of the two nonzero

constant coordinates is {A3, A4} , {A1, A4}, {A2, A3}, or {A1, A3}. For them, we

may assume that the nonzero constants are −1. We denote by Cl8A,AiAj
the sub-

variety of Cl10A with Ai = Aj = −1. We will treat the 4 cases separately in the

sequel.

7.4. The case A3 and A4 are nonzero constants
–another appearance of S8

A–. This is the case for 12 classes in [GRDB]. In this
subsection, we see another appearance of the affine variety S8

A.

We may verify the following by a straightforward calculation.

Proposition 7.7. The equations of the affine variety Cl8A,A3A4
is presented in the for-

mat of the equations of S8
A by setting

x = t
(
A41 θ2 θ3 − 2/3λ13A41 + 1/3λ24θ2

)
,

y = t
(
θ1 A23 θ4 + 1/3λ13θ1 − 2/3λ24A23

)
,

P =




1/3λ13 −1/3λ24 1
−1/3λ24 −A2 0

1 0 0


 , Q =




−A1 −1/3λ13 0
−1/3λ13 1/3λ24 1

0 1 0


 ,

s = −θ41, t = −θ23.
By Proposition 7.2 and the assumption that A3 = A4 = −1, we see that the

entries θ3 − 2/3λ13A41 + 1/3λ24θ2 and θ4 + 1/3λ13θ1 − 2/3λ24A23 of x and y are

weighted homogeneous. Therefore we have the following:

Corollary 7.8. The affine variety Cl8A,A3A4
is isomorphic to S8

A. Moreover, the isomor-

phism is weighted homogeneous with the corresponding weights of coordinates of the

equations as in Proposition 5.3.

Example 7.9. We consider the weighted projectivization S7
P of S8

A in P(18, 24) by

putting the weights of coordinates as follows:

w(ui) = 1 (1 ≤ i ≤ 4), w(vj) = 2 (0 ≤ j ≤ 3), w(dk) = 1 (0 ≤ k ≤ 3).
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By [CD], this produces a prime Q-Fano 3-fold X of No.20652 as its weighted

complete intersection by one hypersurface of weight 2 and three hypersurfaces of
weight 1. It is easy to verify that the the set of three 1/2 (1, 1, 1)-singularities of X
is the intersection between the twisted cubic curve γ := {U = O,D = 0,∧2V = o}
and X .

We refine Example 7.9. In the paper [Tak1], we obtain two different classes
No.4.1 and No.5.4 of prime Q-Fano threefolds of No.20652. In the following propo-

sition, we determine which class a prime Q-Fano 3-fold X constructed in Example
7.9 belongs to:

Proposition 7.10. A prime Q-Fano 3-fold X constructed in Example 7.9 belongs to

the class No.4.1 of [Tak1] for any 1/2 (1, 1, 1)-singularity of X .

Proof. We choose a 1/2 (1, 1, 1)-singularity p and construct the Sarkisov link starting

from the blow-up at p. By [Tak1, Tables 4 and 5], we can distinguish between
prime Q-Fano threefolds of No.4.1 and No.5.4 by the dimension of forms of weight

2 vanishing at p with weighted multiplicity ≥ 3; the dimension is 3 for No.4.1, and

is 4 for No.5.4, which can be verified by looking at the rational map X 99K X ′ in
the Sarkisov link (note that this map is defined by the linear system |− 2KX − 3p|).
By the group action on S8

A described in Subsection 5.2, we may assume that p

is the v0-point (the point whose coordinates except v0 are zero). Then, by the

equation (5.1), we see that 4 forms of weight 2, u2
1, u1u3, u

2
3, v3 are all such forms

and they are linearly independent on S8
A. We have only to show that they are still

linearly independent on X . Assume the contrary. Then we may assume that the

hypersurface Q of weight 2 cutting X from S7
P is {av3 + bu2

1 + cu1u3 + du2
3 = 0}

with some a, b, c, d ∈ C. Then Q intersects the twisted cubic curve γ only at the
v0-point, or contains γ. This is a contradiction since Q must intersects γ at three

distinct points for X to have three 1/2 (1, 1, 1)-singularities. �

Remark 7.11. In [Tak6], we will construct a prime Q-Fano threefold of No.5.4 via

another key variety H
13
A .

7.5. The case A1 and A4, or A2 and A3 are nonzero constants
–the affine variety T8

A with an SL2-action–. This is the case for 16 classes in

[GRDB]. It is easy to see that we may identify Cl8A,A1A4
and Cl8A,A2A3

changing the

suffixes of the coordinates. Hence we only consider Cl8A,A1A4
in this subsection. This

is the case for 12 classes.

We may verify the following by a straightforward calculation.

Proposition 7.12. The equations of the affine variety Cl8A,A1A4
is presented in the

format of the equations of U14
A by the setting as in Proposition 7.5 with A1 = −1.

Now we arrive at a new interpretation of Cl8A,A1A4
; we set

w1 := θ1 − 1/3λ13A23, w2 := −θ4 + 1/3λ24A23,

z1 := A41, z2 := θ2, z3 := θ3,

f0 := −A3, f1 := 1/3λ13, f2 := 1/3λ24, f3 := −A2,

s := −θ41, t := θ23, u := A23.

By Proposition 7.2 and the assumption that A1 = A4 = −1, we see that the

entries θ1−1/3λ13A23 and −θ4+1/3λ24A23 are weighted homogeneous. Moreover,

we set
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w :=

(
w1

w2

)
, Z :=

(
z1 −z2
z3 −z1

)
, z :=




z2
−2z1
z3


 ,

F :=

(
f2 f1 f0
f3 f2 f1

)
, F † :=



−f1 f0
2f2 −2f1
−f3 f2


 .

Proposition 7.13. The affine variety Cl8A,A1A4
is isomorphic to the affine subvariety

T8
A in the affine 8-space A12

T with the coordinates

w1, w2, z1, z2, z3, s, t, u, f0, f1, f2, f3

defined by the following equations:

Zw + uFz = o,

tw = ZFz,

tu = detZ,

sz = −2u2 ∧2 (tF ) + uF †w +




w2
1

−2w1w2

w2
2


 ,

st = −1/2 u(∧2F †)z +
(
w2 −w1

)
Fz.

Moreover, the isomorphism is weighted homogeneous with the corresponding weights

of coordinates of these equations.

Though the equations of the affine variety T8
A look complicated, it turn out to be

suitable to see an SL2-action on T8
A as follows:

Proposition 7.14. The affine space A12
T has the SL2-action preserving T8

A defined by

Z 7→ gZg−1, w 7→ gw, F 7→ gF ĝ−1, s 7→ s, t 7→ t, u 7→ u,

where g ∈ SL2, and the definition of ĝ for g ∈ SL2 is as in Proposition 5.5.

Proof. We only note that z is mapped to ĝz by the SL2-action. �

7.6. The case A1 and A3 are nonzero constants– a subvariety of Z12
A –. We may

verify the following by a straightforward calculation.

Proposition 7.15. The equations of the affine variety Cl10A is presented in the format

of the equations of Z12
A by setting

x = t
(
θ4 θ1 A23

)
, y = t

(
θ2 A41 θ3 − λ13A41

)
,

P = E, Q =



−1/3λ13 −A4 0

0 2/3λ13 1
−A2 −λ24 −1/3λ13


 ,

s = θ23, t = −θ41.

By Proposition 7.2 and the assumption that A1 = A3 = −1, we see that the entry

θ3 − λ13A41 of y is weighted homogeneous. Therefore we have the following:
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Corollary 7.16. The affine variety Cl8A,A1A3
is isomorphic to the subvariety

{q22 = −2q11, q33 = q11, q13 = q21 = 0, q23 = 1}

of Z12
A . Moreover, the isomorphism is weighted homogeneous with the corresponding

weights of coordinates of the equations as in Definition 6.1.

This is the case for 16 classes in [GRDB].

7.7. The case with the most number of nonzero constant coordinates
–the affine variety B6

A with an SL2-action– . By [Table], the number of nonzero
constant coordinates is at most 3, and, if the number is 3, then the nonzero constant

coordinates are always A1, A3 and A4. This is the case for 35 classes in [GRDB].

In this case, we may assume that A1 = A3 = A4 = −1. Then the subvariety of Cl10A
with A1 = A3 = A4 = −1 is a subvariety of Cl8A,A1A3

, Cl8A,A1A4
and Cl8A,A3A4

.

Here we consider that this is a subvariety of Cl8A,A3A4
and then identifying Cl8A,A3A4

with S8
A, we describe Cl8A,A3A4

as the subvariety S8
A ∩ {d3 = −1} of S8

A. Moreover,

defining the new coordinates D0, D1, U1, U2 corresponding to d0, d1, u1, u2 by

D0 = d0 + 3d1d2 + 2d32, D1 = d1 + d22, U1 = u1 − d2u3, U2 = u2 − d2u4,

we see by a straightforward calculation that S8
A ∩ {d3 = −1} is isomorphic to the

cone over S8
A ∩ {d2 = 0, d3 = −1}. The isomorphism is weighted homogeneous

with the corresponding weights of coordinates since D0, D1, U1, U2 are weighted

homogeneous if A1 = A3 = A4 = −1 by Proposition 7.2.
We set

B6
A := S8

A ∩ {d2 = 0, d3 = −1}.

Let ρB : B̂ → {d2 = 0, d3 = −1} be the base change of ρS as in Subsection

5.3 by the inclusion map {d2 = 0, d3 = −1} →֒ A4
D. By Proposition 5.8, we have

immediately the following noting that the cone over the tangential scroll (5.2) of

the twisted cubic restricts to the affine cuspidal cubic curve {d2 = 0, d3 = −1, d20 =
4d31}:

Proposition 7.17. Let p be a point of {d2 = 0, d3 = −1} and Fp the ρB-fiber over p.
We identify {d2 = 0, d3 = −1} with the affine 2-space with d0, d1 as the coordinates.

If p = 0, then Fp ≃ P1,1,1.
If p belongs to {d20 = 4d31} \ {0} , then Fp ≃ P1 × Q.

If p does not belong to {d20 = 4d31}, then Fp ≃ P1 × P1 × P1.

We can also easily check the following:

Proposition 7.18. The variety B6
A has an SL2-action which is the restriction of the

SLII
2 -action of S8

A.

7.8. Summary of the results. In the following table, we summarize the numbers

of classes of prime Q-Fano 3-folds which are obtained from the G
(4)
2 -cluster variety

Cl10A and its subvarieties:
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Subsection constant coordinates ♯ of classes

7.2 None 2
7.3 A1, A3, or A4 12
7.4 A3 and A4 12

7.5
A1 and A4, or

16
A2 and A3

7.6 A1 and A3 16
7.7 A1, A3 and A4 35

TABLE 1. prime Q-Fano 3-fold obtained from Cl10A

8. AFFINE VARIETY P23
A DEFINED BY TYPE II2 UNPROJECTION DUE TO

S. PAPADAKIS

In the paper [P3], Papadakis constructs affine varieties via type II2 unprojection

and proves they are Gorenstein (see [P3, Thm.2.15]). Moreover, in [P4], he pro-

vides explicit descriptions of parts of their equations, and a full description of the
equation in one particular case (see [P4, Sect.4]), for which we denote by P23

A the

affine variety he constructs. The affine variety P23
A is a subvariety of codimension

4 in the affine 27-space with the coordinates implemented in the following format:

Ak =




0 ak12 ak13
−ak12 0 ak23
−ak13 −ak23 0


 , Bk =




bk11 bk12 bk13
bk12 bk22 bk23
bk13 bk23 bk33


 (k = 1, 2),

tX =
(
X1 X2 X3

)
, tY =

(
Y1 Y2 Y3

)
,

s0, s1, z

(here we use a slightly different notation from Papadakis’ one; we denote by Xi,

Yi, a
k
ij and bkij his xi, yi, A

k
ij and Bk

ij respectively). In the following proposition,

we clarify that the variety P23
A is closely related with the variety F22

A . The assertion
follows by a straightforward calculation.

We set

DX = det




X1 X2 X3

a123 −a113 a112
a223 −a213 a212


 , DY = det




Y1 Y2 Y3

a123 −a113 a112
a223 −a213 a212


 ,

t
a1 =

(
−a123 a113 −a112

)
, ta2 =

(
−a223 a213 −a212

)
.

Proposition 8.1. The affine variety P23
A is transformed over the locus {z 6= 0} to the

cone over F22
A by the following correspondence between coordinates:

x =
√
zX + Y, y = −

√
zX + Y,

P =
1

2
√
z
A1 +B1, Q =

1

2
√
z
A2 +B2,

s = −
√
zs0 − s1 −

3

4
√
z
DX +

1

4z
DY +

1

2
√
z
(ta1B

2Y − t
a2B

1Y )− 1

2
(ta1B

2X − t
a2B

1X),

t =
√
zs0 − s1 +

3

4
√
z
DX +

1

4z
DY −

1

2
√
z
(ta1B

2Y − t
a2B

1Y )− 1

2
(ta1B

2X − t
a2B

1X),
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where the l.h.s. and the r.h.s. of the equalities correspond to F22
A and P23

A respectively,

and z is also the free coordinate of the cone over F22
A .

Remark 8.2. (1) The definition of b in [P4, p.2203, (4.2)] is slightly incorrect;

the coefficients of B1
ijadB

2
ij and B2

ijadB
1
ij in the last part of r.h.s. of (4.2)

should be 2 when i 6= j.
(2) In [P4, Sec.5], two candidates of prime Q-Fano 3-folds of anti-canonical

codimension 4 with type II1 projections are constructed from P23
A . In her

phd thesis submitted to Warwick University [Tay], Taylor constructs more

such candidates. The remaining problem is to show their examples have
Picard number 1.

(3) By Proposition 8.1 and Corollary 2.31, the suitable partial projectivization

of P23
A has a P1 × P1 × P1-fibration.
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