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REAL BOTT TOWER

ADMI NAZRA

Abstract. In this paper we proved that there exists four dis-
tinct diffeomorphism classes of three dimensional real Bott tower
M(A) = (S1)3/(Z2)

3, and 12 distinct diffeomorphism classes of
four dimensional real Bott tower M(A) = (S1)4/(Z2)

4, where ma-
trix A corresponds to the action of (Z2)

n on (S1)n for n=3,4.
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1. Introduction

In this paper we study free actions of the product of cyclic groups
of order 2, (Z2)

n on the n-dimensional Torus T n = (S1)n for n=3,4.
The action of (Z2)

n can be expressed by an upper triangular matrix A
where the diagonal entries are one and the other entries are either one
or zero. We call such a matrix n-th Bott matrix and the n-dimensional
orbit space M(A) = T n/(Z2)

n is said to be a real Bott tower. By
the definition, Bott matrices consist of 8 for n = 3 and 64 for n = 4.
The main purpose of this paper is to determine the diffeomorphism

classes of real Bott towers for dimension n = 3 and 4. The original con-
jecture is whether A is conjugate to A′ if and only ifM(A) and M(A′)
are diffeomorphic. However we found that there are non-diffeomorphic

Key words and phrases. Crystallographic group, Bieberbach group, Flat Rie-
mannian Manifold.
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2 ADMI NAZRA

Bott towers M(A),M(A′) with representative matrices A,A′ are con-
jugate. So the necessary condition of the conjecture is not true. But
the sufficient condition of the conjecture is not known so far. On the
other hand the real Bott tower M(A) turns out to be an n-dimensional
compact euclidean space form (Riemannian flat manifold). Then we
can apply the Bieberbach theorems to classify Bott towers.
If M is a compact flat Riemannian manifold of dimension n, then M

is affinely diffeomorphic to Rn/Γ, where Γ, the fundamental group of
M , is a torsion-free discrete uniform subgroup of the Euclidean group
E(n) = Rn ⋊ O(n). Such groups Γ are called Bieberbach groups.

2. Preliminaries

Let us start with some definitions and theorems used throughout this
paper.

2.1. Groups Acting on Spaces.

Definition 2.1. Suppose that X is a topological space and G is a group.
Then we say that X is a G−space if G acts on X such that the corre-
spondence G×X −→ X, (g, x) −→ gx, is continuous.

Theorem 2.2. If G is a finite group acting freely on a Hausdorff space
X then p : X → X/G is a covering.

Proof. Let G = {1 = g0, g1, g2, ..., gn}. Since X is Hausdorff there are
open neighborhoods U0, U1, ..., Un of g0x, g1x, g2x, ..., gnx respectively
with U0∩Uj = ∅ for j = 1, 2, ..., n. Let U be the intersection ∩n

j=0 g
−1
j Uj,

which is clearly an open neighborhood of x (X is topological space).
Now giU = ∩n

j=0 gi(g
−1
j Uj) ⊆ Ui and

giU ∩ gjU = gj((g
−1
j giU) ∩ U)

= gj(gkU ∩ U) (for some k)

= ∅

since gkU ⊆ Uk and U ⊆ U0.
Next note that p : X −→ X/G is a continuous surjective open map.

Since p is an open map, p(U) is an open neighborhood of Gx = p(x)
and p−1(p(U)) = ∪g∈G gU with {gU ; g ∈ G} being disjoint open subsets
of X . Furthermore p|gU : gU → p(U) is a continuous open bijective
mapping and hence a homeomorphism. �
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We say G is discontinuous at x ∈ X if, given sequence {γi} ⊂ G of
distinct elements, the sequence {γix} ⊂ X has no accumulation point.
G is discontinuous on X if it is discontinuous at every point of X .
The action of G is properly discontinuous on X if for every compact
subset K of X the set of γ ∈ G such that γK ∩ K 6= ∅ is finite. If
{γ ∈ G|γK ∩K 6= ∅} is compact, then the action of G is called proper
action.

Lemma 2.3. If G acts properly discontinuously on X then G is dis-
continuous on X.

Proof. Suppose G is not discontinuous on X . That is, given a sequence
{γi} of distinct elements of G such that {γix : x ∈ X} convergence
to y ∈ X . Then K = {x, y, γ1x, γ2x, ....} is compact subset of X . As
γix ∈ K ∩ γiK for each i, we have a contradiction. �

Let G be a Hausdorff topological group. A discrete subgroup is a
group with a countable number of elements and the discrete topology
(every point is an open set).

Lemma 2.4. Let Γ and K be subgroups of G with K compact and G
locally compact. These conditions are equivalent:

(i) Γ is discontinuous at some point of G/K,
(ii) Γ is discontinuous on G/K,
(iii) Γ is properly discontinuous on G/K,
(iv) Γ is discrete in G.

Proof. ((i) ⇒ (iv)). Let Γ be discontinuous at y = gK ∈ G/K, for
some g ∈ G. Then y has a neighborhood UK, U open in G such that
{γ ∈ Γ|γ(y) ∈ UK} is finite. Now Ug−1 is a neighborhood of 1 in G
which has finite intersection with Γ. For this, let Ug−1 ∩ Γ = {γi =
uig

−1|ui ∈ U, γi ∈ Γ}. Then γig = uig
−1g = ui, γigK = uiK ∈ UK,

so γiy = uiK ∈ UK. Thus Ug−1 ∩ Γ is finite. As G is Hausdorff, a
smaller neighborhood of 1 meets Γ only in 1. Let Ug−1 = U ′. Then
for any γ ∈ Γ, V = γU ′ contains only the element γ of Γ. Thus Γ is
discrete in G.
((iv) ⇒ (iii)). Let Γ be discrete. Since G locally compact, we choose
a neighborhood U of 1 in G with compact closure (Ū is compact). If
g ∈ G, put Vg = gUKU−1g−1 has compact closure (i.e. V̄g is compact).
For if γ ∈ Vg, γg = g ⇒ γgU = gUK, so ∀γ ∈ Vg, γ ∈ gUKU−1g−1.
Now γ(p(gU)) ∩ p(gU) 6= ∅ ⇔ γ ∈ Vg. Note that Γ ∩ V̄g ⊂ V̄g. Since
Γ is discrete, then Γ ∩ V̄g should be closed. We know that a closed
subset of compact set is compact. Therefore Γ∩ V̄g is compact. Hence
Γ ∩ V̄g is finite. So, for any compact subset C = p(gŪ) ⊂ G/K,
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{γ ∈ Γ|γC ∩ C 6= ∅} is finite. Thus Γ is properly discontinuous.
((iii) ⇒ (ii)) by Lemma 2.3, and ((ii) ⇒ (i)) trivially. �

2.2. Group Extension and 2-cocycle. A group extension is a short
exact sequence

1 −−−→ ∆ −−−→ π
p

−−−→ Q −−−→ 1

where ∆ is a normal subgroup of π. There is a homomorphism

µ : π−→Aut(∆) by g 7→ µg; µg(n) = gng−1 (g ∈ π, n ∈ ∆).

It is easily checked that

(2.1) µgh(n) = µgµh(n).

Choose a section s : Q−→π such that p◦s = id and s(1) = 1. Consider
the map φ : Q−→Aut(∆) given by φ(α) = µs(α) (α ∈ Q). Then suppose

1 −−−→ Inn(∆) −−−→ Aut(∆)
ν

−−−→ Out(∆) −−−→ 1

is the natural exact sequence. Then φ induces a homomorphism

(2.2) ϕ : Q−→Out(∆) α 7→ ν ◦ µs(α).

Since s(αβ), s(α)s(β) are mapped to αβ ∈ Q, i.e

ps(αβ) = αβ = ps(α)ps(β)

= p(s(α)s(β)),

so there exist an element f : Q×Q→∆, f(α, β) ∈ ∆ such that

f(α, β)s(αβ) = s(α)s(β).

The function f satisfies the following conditions.

(i) φ(α)(φ(β)(n)) = f(α, β)φ(αβ)(n)f(α, β)−1

(ii) f(α, 1) = f(1, α) = 1
(iii) φ(α)(f(β, γ))f(α, βγ) = f(α, β)f(αβ, γ).

Conversely, given a function φ : Q→Aut(∆) and a function f : Q×
Q→∆ satisfying (i)-(iii), we define a group law in the product ∆×Q :

(2.3) (n, α)(m, β) = (nφ(α)(m)f(α, β), αβ).

By this product (2.3), we have a group π = ∆×Q. Setting p((n, α)) =

α, we obtain a group extension 1→∆→π
p
→ Q→1.

Next let us consider

f(α, β)s(αβ)ns(αβ)−1f(α, β)−1 = s(α)s(β)ns(αβ)−1f(α, β)−1

µf(α,β)s(αβ)(n) = s(α)s(β)ns(β)−1s(α)−1

µf(α,β)µs(αβ)(n) = µs(α)s(β)(n) by (2.1)

= µs(α)µs(β)(n).
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Since ν(Inn(∆)) = 1, and let a′ = f(α, β) ∈ ∆, µf(α,β)(n) = µa′(n) =
a′na′−1 ∈ Inn(∆), then for any n ∈ ∆, ν(µf(α,β)) = 1. So

ν(µf(α,β)µs(αβ)) = ν(µs(α)µs(β))

ν(µf(α,β))ν(µs(αβ)) = ν(µs(α))ν(µs(β))

ν(µs(αβ)) = ν(µs(α))ν(µs(β))

ϕ(αβ) = ϕ(α)ϕ(β).

Hence ϕ is homomorphism. We call ϕ an abstract kernel.
Next, let us consider the case where ∆ = A is abelian. In other

words, we try to classify all group extensions of an abelian group A by
Q with abstract kernel ϕ : Q−→Out(A). Since A is abelian, Aut(A) =
Out(A), so ϕ = φ : Q−→Aut(A). Moreover the condition function f
above, (i) holds automatically. A map f : Q × Q−→A satisfying the
two equalities (ii) and (iii) above is called a 2-cocycle for the abstract
kernel φ. The set of all 2-cocycles is denoted by Z2

φ(Q;A) or simply,

by Z2(Q;A).
Let λ : Q→A be any map such that λ(1) = 1. Define δ′λ : Q×Q→A

by

(2.4) δ′λ(α, β) = φ(α)(λ(β))λ(α)λ(αβ)−1.

It turns out that such a δ′λ is a 2-cocycle and is called a 2-coboundary.
The set of all 2-coboundaries is denoted by B2

φ(Q;A). Clearly, B2
φ(Q;A)

is a subgroup of Z2
φ(Q;A). Let f1, f2 : Q×Q→A be 2-cocyles. We say

f1 is cohomologous to f2 if there is a map λ such that f1(α, β) =
δ′λ(α, β)f2(α, β) (∀α, β ∈ Q).
We define the second cohomology group as the quotient group

H2
φ(Q;A) = Z2

φ(Q;A)/B2
φ(Q;A).

From hypothesis 1 below, when N = Rn, H2
φ̄
(Q;N ) = 0 for any

finite group Q. Then there is a function χ : Q→N (1-chain) such that
f = δ′χ;

(2.5) f(α, β) = φ̄(α)(χ(β))χ(α)χ(αβ)−1 (α, β ∈ Q).

Now let’s check the property of φ̄. As φ(α)(n) = s(α)ns(α)−1, we see
that

φ(α)(φ(β)(n)) = s(α)(s(β)ns(β)−1)s(α)−1

= f(α, β)s(αβ)ns(αβ)−1f(α, β)−1

= f(α, β)φ(αβ)(n)f(α, β)−1

By the uniqueness of φ̄, the following holds.
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(2.6) φ̄(α)(φ̄(β)(x)) = f(α, β)φ̄(αβ)(x)f(αβ)−1 (x ∈ N ).

Now, we give three hypotheses as follows:

1. Let N be connected Lie group contains ∆ as a discrete uni-
form subgroup. (∆,N ) has the unique extension property; If
φ(α) : ∆−→∆ is an automorphism, then φ extends to a unique
automorphism φ̄(α) : N−→N .

2. N acts properly and freely on X such that there is a principal
bundle

N−→X−→W with W = X/N is manifold.

3. Let (π,X) be a properly discontinuous action.

By hypothesis 1, we can consider the pushout πN = {(n, γ)|n ∈
N , γ ∈ Q};

(2.7)

1 −−−→ ∆ −−−→ π −−−→ Q −−−→ 1




y





y
||

1 −−−→ N −−−→ πN −−−→ Q −−−→ 1,

particularly, note that

(2.8) π ∩ N = ∆,

and

(2.9) π normalizes N ,

since for any (x, γ) ∈ π and (n, 1) ∈ N , (x, γ)(n, 1)(x, γ)−1 =
(xφ̄(γ)(n)x−1, 1) ∈ N .

Theorem 2.5. There is a proper action (πN , X) such that the follow-
ing is equivariant fibration;

(N ,N )−→(πN , X)
p

−→ (Q,W ).

Proof. We note that N acts properly and π acts properly discontinuous
on X (hypothesis 2,3). Consider the natural projection N−→πN /π
which induces a quotient diffeomorphism N /N ∩ π = πN /π. Since
N ∩π = ∆ by (2.8) and N /∆ is compact (∆ is an uniform subgroup of
N ), we can choose a compact subset K ⊂ N such that πN = πK(⊂
πN ).
Now we prove πN acts properly. Let (ni, γi) ∈ πN acts on xi ∈ X

where lim xi = x ∈ X (i→∞). Suppose (ni, γi)xi→y ∈ X(i→∞). As
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above, (ni, γi) = siki (si ∈ π, ki ∈ K). Then (ni, γi)xi = sikixi =
si(kixi). As K is compact, we may assume ki→k ∈ K (i→∞) so that
kixi→kx (i→∞) and as si(kixi)→y (i→∞), by properness of π, {si}
consist of finitely many elements, in fact si→s ∈ π for sufficiently larger
i. Hence (ni, γi) = siki→sk ∈ πN . �

2.3. Rigid Motions.

Definition 2.6. A rigid motion is an ordered pair (s,M) with M ∈
O(n) and s ∈ Rn. A rigid motion acts on Rn by

(2.10) (s,M)x = Mx+ s for x ∈ Rn.

We multiply rigid motions by composing them, so

(2.11) (s,M)(t, N) = (Mt + s,MN).

We denote the group of rigid motions (of Rn) by E(n).

Definition 2.7. An affine motion is an ordered pair (s,M) with M ∈
GL(n,R) and s ∈ Rn.

Affine motions act on Rn via (2.10) and form a group, A(n), under
(2.11).

Definition 2.8. Define a homomorphism L : E(n) → O(n) by

L(s,M) = M.

If α ∈ E(n), L(α) is called the rotational part of α. We can also define
the translational part of α by

T (s,M) = s,

but the map T : E(n) → Rn is not a homomorphism.

We say (s,M) is a pure translation if M = I, the identity matrix. If
Γ is a subgroup of E(n), Γ ∩ Rn will denote the subgroup of Γ of pure
translations.
Recall that such a group Γ is torsionfree if Γ has no elements of finite

order.

Definition 2.9. We say that a subgroup Γ of E(n) is uniform if Rn/Γ
is compact where the orbit space, Rn/Γ, is the set of orbits with the
quotient (or identification) topology. We say Γ is reducible if we can
find α ∈ A(n), so that T (αΓα−1) does not span Rn. In other words,
Γ is reducible if after an affine change of coordinates, all the elements
of Γ have translational parts in a proper subspace of Rn. If Γ is not
reducible, we say Γ is irreducible.
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Proposition 2.10. Let Γ be a subgroup of E(n). Then if Γ acts freely,
Γ is torsionfree. Furthermore, if Γ is discontinuous and torsionfree, Γ
acts freely.

Proof. Suppose α ∈ Γ, α 6= (0, I), and αk = (0, I). Let x be arbitrary
in Rn, and set

y =

k−1
∑

i=0

αix.

Then αy = y, so Γ does not act freely.
If Γ is discontinuous on Rn, then Γ acts properly discontinuously on

Rn. Then stabilizer Γx is finite ∀x ∈ Rn. Hence if Γ is torsionfree, then
Γx = {1} ∀x ∈ Rn. So Γ acts freely on Rn. �

In this paper we will be concerned with discrete subgroups Γ of E(n)
which act freely on Rn.

Definition 2.11. We say that Γ is crystallographic if Γ is uniform and
discrete. If Γ is crystallographic and torsionfree in E(n), we say Γ is a
Bieberbach subgroup of E(n).

Theorem 2.12. Let Γ be a subgroup of the Euclidean group E(n) =
Rn ⋊O(n). Then Γ is a torsionfree discrete uniform subgroup of E(n)
if and only if Γ acts properly discontinuously and freely on Rn with
compact quotient.

Proof. Let X = E(n) = Rn⋊O(n). Let K = O(n), compact subgroup.
Then p : X −→ X/K = Rn by p(a, A) = a.
(⇒). Let Γ is a torsionfree discrete uniform subgroup of E(n). Then Γ
is discontinuous by Lemma 2.4. Therefore Γ acts freely by Proposition
2.10. Also Γ acts properly discontinuously by Lemma 2.4. Finally,
since Γ is uniform then Rn/Γ is compact.
(⇐). Let Γ acts properly discontinuously and freely on Rn with com-
pact quotient. By Proposition 2.10, Γ is torsionfree. Since Γ acts
properly discontinuously then Γ is discrete in E(n) by Lemma 2.4. Γ
is uniform, because Rn/Γ is compact. �

We have defined the group of rigid motion E(n) which acts on Rn.
Suppose torsionfree crystallographic subgroup Γ ⊂ E(n) ⊂ A(n) acts
on Rn, and by first Bieberbach theorem there is an exact sequence

1−→Zn−→Γ−→F−→1,

where F is a finite group.
Suppose C(Γ) the center of Γ is non trivial. If α = (s,M) ∈ C(Γ),

αnα−1 = n ∀n ∈ Zn(Zn ⊳ Γ). Then (n, I) = (s,M)(n, I)(s,M)−1 =
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(Mn, I) ⇒ M = I. Therefore L(C(Γ)) = I, C(Γ) $ Zn. Since Γ is
torsionfree, then C(Γ) ∼= Zk ⊂ Zn, 1 ≤ k < n. Hence we get

1−→Zk−→Γ−→Γ/Zk = Q−→1.

What is the form of Q which acts on R(n−k) (k < n)?. Let

γ =
(

(

a
b

)(

Ak×k Bk×(n−k)

C(n−k)×k D(n−k)×(n−k)

)

)

∈ Γ and

(

x
y

)

∈ Rn =

(

Rk

Rn−k

)

where x ∈ Rk, y ∈ Rn−k.

Now consider φ : Q−→Aut(Zk) by φ(α)(x) = γxγ−1 which is rep-
resented by matrix A ∈ GL(k,Z) such that φ(α)(x) = Ax for α ∈ Q.
Therefore φ(α) naturally extends to φ̄(α) : Rk−→Rk (Γ normalizes Rk

also, γRkγ−1 = ARk).
Then we have for any x ∈ Rk,

(

(

x
0

)

, I
)

=γ
(

(

x
0

)

, I
)

γ−1 =
(

(

A B
C D

)(

x
0

)

, I
)

=
(

(

Ax
Cx

)

, I
)

⇒ A = I, C = 0.

By Theorem 2.5 there is an equivariant fibration

(Zk,Rk)−→(Γ,Rn)
(ν,p)
−→ (Q,W ).

For α ∈ Q, y ∈ W = Rn−k

αy = αp

(

x
y

)

= ν(γ)p

(

x
y

)

= p
(

γ

(

x
y

)

)

= p
(

(

a+ x+By
b+Dy

)

)

= b+Dy

= (b,D)y

we get α = (b,D). If

(

I B
0 D

)

∈ O(n) then D ∈ O(n − k). Thus

Q = {(b,D) ⊂ E(n− k)}.

2.4. Bieberbach Theorems. Bieberbach theorems are about discrete,
uniform subgroups of E(n), but for geometric applications of his theo-
rems (to flat manifolds), we require the subgroups to have an additional
property.

Theorem 2.13. (First Bieberbach) Let Γ be a crystallographic sub-
group of E(n). Then
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(i) L(Γ) is finite, L : E(n) → O(n).
(ii) Γ ∩ Rn is a lattice (finitely generated free abelian group) which

spans Rn. (cf. [1] for proof)

This means that for an n-dimensional crystallographic group Γ, the
translation part Γ∗ = Γ∩Rn of Γ is a free abelian group isomorphic with
Zn, such that the vector space spanned by Γ∗ is the whole space Rn. If
Γ∗ = Γ then Γ is torsionfree and the manifold Rn/Γ is an n-dimensional
torus.
Recall that a sequence of groups and homomorphisms is exact if

the image of any of the homomorphisms is equal to the kernel of the
next one. By the first Bieberbach theorem, if Γ is any crystallographic
group, then Γ satisfies an exact sequence

(2.12) 0 −→ Γ∗ −→ Γ −→ Φ −→ 1

where Γ∗ = Γ ∩ Rn is a lattice of rank n, and Φ = L(Γ) is a finite
group. We call Φ, the holonomy group of Γ. We use the ”0” at the left
of (2.12) to indicate that we usually write Γ∗ additively, while the ”1”
at the right indicates that we usually write Φ multiplicatively.

Proposition 2.14. Let Γ be a crystallographic subgroup of E(n). Then
Γ ∩ Rn is the unique normal, maximal abelian subgroup of Γ.

Proof. Let ρ ⊂ Γ be a normal abelian subgroup. It suffices to show
ρ ⊂ Rn, i.e. L(ρ) = I. Let (s,M) ∈ ρ. We can assume Ms=s, because
(s, I)(s,M)(−s, I) = (s+ s−Ms,M) = (s,M) ⇔ Ms = s. Let (v, I)
be any element of Γ∗. Then ρ normal implies

(v, I)(s,M)(−v, I) = (v −Mv + s,M) ∈ ρ.

But ρ abelian ⇒ [(s,M), (v −Mv + s,M)] = (0, I) which yields

Mv −M2v − v +Mv = 0,

or (M − I)2v = 0.
Let X = {x ∈ Rn : Mx = x} and write Rn = X ⊕ Y orthogonally.
Write v = vx + vy with vx ∈ X and vy ∈ Y , then

0 = (M − I)2v = (M − I)2(vx + vy) = (M − I)2vy.

Now on Y , (M − I) is non-singular, so (M − I)2vy = 0 ⇒ vy = 0.
⇒ v = vx. Hence Mv = v ∀v ∈ Γ∗. Since Γ∗ spans Rn, Mx = x
∀x ∈ Rn, so M = I. Hence (s,M) = (s, I) ∈ Rn ⇒ ρ ⊂ Rn. �

Theorem 2.15. (Second Bieberbach). Suppose that f : Γ1 −→ Γ2

is an isomorphism between crystallographic group. Then there exist a
diffeomorphism h : Rn −→ Rn such that h(γx) = f(γ)h(x). Moreover,
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such a diffeomorphism can be taken as an affine transformation, i.e.,
h = (a, A) ∈ A(n) and so f(γ) = hγh−1 (γ ∈ Γ1).

Proof. (⇒). Let Zn be a maximal abelian subgroup of Γ1 such that

1 −→ Zn −→ Γ1 −→ Q1 −→ 1

is a group extension. Since Zn is characteristics, f maps isomorphism
onto Zn of Γ2 so that we have a commutative diagram

(2.13)

1 −−−→ Zn Z1−−−→ Γ1
p1

−−−→ Q1 −−−→ 1




y

g





y

f





y
Φ

1 −−−→ Zn Z2−−−→ Γ2
p2

−−−→ Q2 −−−→ 1

where g = f |Zn , Φ is an induced isomorphism. We write Γi as the set
Zn ×Qi with group law

(2.14) (n, α)(m, β) = (nφi(α)(m)fi(α, β), αβ) (i = 1, 2).

Here we write Zn multiplicatively, and homomorphism

φi : Qi−→Aut(Zn) = GL(n,Z)

is defined as follows; choose a section si : Qi−→Γi so that pi ◦ si = id.
Γi normalizes Zn, so

φi(α) : Zn−→Zn

is defined by

φi(α)(n) = si(α)nsi(α)
−1.

Then defined fi : Qi ×Qi −→ Zn by

fi(α, β)si(αβ) = si(α)si(β).

As p2f(1, α) = Φp1(1, α) = Φ(α) and p2f(n, 1) = Φp1(n, 1) = Φ(1) =
1, we write

(2.15) f(1, α) = (λ(α),Φ(α)) , f(n, 1) = (g(n), 1)

for some function λ : Q1−→Zn. Then

f(n, α) = f((n, 1)(1, α)) = f(n, 1)f(1, α)

= (g(n), 1)(λ(α),Φ(α)).

Note we choose a normalized 2-cocycle fi, that is

fi(1, α) = fi(β, 1) = 1 (∀α, β ∈ Qi).

Therefore
(2.16)

f(n, α) = (g(n)φi(1)(λ(α))fi(1,Φ(α)),Φ(α)) = (g(n)λ(α),Φ(α)).
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Next consider the equalities

f(1, α)f(g−1(n), 1) = f(φ1(α)(g
−1(n)), α)

(λ(α),Φ(α))(n, 1) = (g(φ1(α)(g
−1(n)))λ(α),Φ(α))

(λ(α)φ2(Φ(α))(n),Φ(α)) = (g(φ1(α)(g
−1(n)))λ(α),Φ(α))

imply that

(2.17) gφ1(α)g
−1(n) = λ(α)φ2(Φ(α))(n)λ(α)

−1.

The equalities

f(1, α)f(1, β) = f((1, α)(1, β))

= f(φi(α)(1)f1(α, β), αβ)

= f(f1(α, β), αβ)

(λ(α),Φ(α))(λ(β),Φ(β)) = (g(f1(α, β))λ(αβ),Φ(αβ)) by (2.15), (2.16)

and

(λ(α),Φ(α))(λ(β),Φ(β))

= (λ(α)φ2(Φ(α))(λ(β))f2(Φ(α),Φ(β)),Φ(α)Φ(β))

= (λ(α)φ2(Φ(α))(λ(β))λ(α)
−1λ(α)f2(Φ(α),Φ(β)),Φ(α)Φ(β))

= (gφ1(α)g
−1(λ(β))λ(α)f2(Φ(α),Φ(β)),Φ(α)Φ(β)) by (2.17),

then we have

(2.18) g(f1(α, β)) = gφ1(α)g
−1(λ(β))λ(α)f2(Φ(α),Φ(β))λ(αβ)

−1.

Let us consider a group cohomology H2
φ(Q;Zn), where cocycle [fi] ∈

H2
φi
(Q;Zn) (i = 1, 2). The exact sequence

1 −−−→ Zn i
−−−→ Rn j

−−−→ T n −−−→ 1

gives a cohomology exact sequence

... −−−→ H1
φ(Q;Rn)

j∗
−−−→ H1

φ(Q;T n)
δ

−−−→ H2
φ(Q;Zn)

i∗−−−→ H2
φ(Q;Rn)

j∗
−−−→ H2

φ(Q;T n) −−−→ ...

If Q is finite group, and Rn is the Q−module, then H i
φ(Q;Rn) = 0

(i ≥ 1). Using this, we have

H1
φi
(Qi;T

n)
δ

−−−→ H2
φi
(Qi;Zn)
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which follows that δ[χ̂i] = [fi], [χ̂i] ∈ H1
φi
(Qi;T

n). The meaning of
δ[χ̂i] = [fi] is explained as follows;

0 −−−→ C1
φ(Q,Zn)

i
−−−→ C1

φ(Q,Rn)
j

−−−→ C1
φ(Q, T n) −−−→ 0





yδ′





yδ′





yδ′

0 −−−→ C2
φ(Q,Zn)

i
−−−→ C2

φ(Q,Rn)
j

−−−→ C2
φ(Q, T n) −−−→ 0

χi
j

−−−→ χ̂i −−−→ 0




yδ′





yδ′

fi
i

−−−→ δ′χi
j

−−−→ 0

fi = ifi = δ′χi (i = 1, 2). Thus

(2.19) f1(α, β) = δ′φ̄1(α)
χ1(α, β) = φ̄1(α)(χ1(β))χ1(α)χ1(αβ)

−1

where χi : Qi−→Rn are functions, and δ′
φ̄i(α)

χi : Qi × Qi−→Rn the

coboundary of 1-cochains.
We note that φi(α) : Zn−→Zn is represented by (an integral) ma-

trix so that φi(α) extends to Rn onto itself. We write it as φ̄i(α)
(= the same matrix). So φi : Qi−→Aut(Zn) extends uniquely to
φ̄i : Qi−→Aut(Rn) = GL(n,R).
Put g(f1(α, β)) = g∗f1(α, β) and (ḡ∗χ1)(α) = ḡ(χ1(α)). Here the

isomorphism g : Zn−→Zn extends uniquely to an isomorphism ḡ :
Rn−→Rn by the same reason as before. Also we put Φ∗f2(α, β) =
f2(Φ(α),Φ(β)) and Φ∗χ2(α) = χ2(Φ(α)). Then (2.19) implies

gf1(α, β) = ḡ(φ̄1(α)(χ1(β))χ1(α)χ1(αβ)
−1)

= ḡφ̄1(α)ḡ
−1(ḡχ1(β))ḡχ1(α)ḡχ1(αβ)

−1

= ḡφ̄1(α)ḡ
−1(ḡ∗χ1(β))ḡ∗χ1(α)ḡ∗χ1(αβ)

−1

= δ′ḡφ̄1ḡ−1 ḡ∗χ1(α, β),

hence

(2.20) g∗f1 = δ′
ḡφ̄1ḡ−1 ḡ∗χ1.

Here we can write gφ1g−1 = ḡφ̄1(α)ḡ
−1. Also, f2 = δ′χ2 shows

(2.21) Φ∗f2 = δ′Φ∗χ2.
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Next we calculate

δ′ḡφ̄1ḡ−1(λ.Φ
∗χ2)(α, β)

= ḡφ̄1(α)ḡ
−1(λ.Φ∗χ2(β)).(λ.Φ

∗χ2(α)).(λ.Φ
∗χ2(αβ))

−1 by (2.19)

= ḡφ̄1(α)ḡ
−1(λ(β).χ2(Φ(β))).λ(α)χ2(Φ(α)).χ2(Φ(αβ))

−1λ(αβ)−1

= ḡφ̄1(α)(ḡ
−1(λ(β))) ḡφ̄1(α)ḡ

−1(χ2(Φ(β)))λ(α)

χ2(Φ(α))χ2(Φ(αβ))
−1λ(αβ)−1

= ḡφ̄1(α)(ḡ
−1(λ(β))) λ(α)φ̄2(Φ(α))(χ2(Φ(β)))

χ2(Φ(α))χ2(Φ(α)Φ(β))
−1λ(αβ)−1 by (2.17)

= ḡφ̄1(α)(ḡ
−1(λ(β))) λ(α) δ′χ2(Φ(α),Φ(β))λ(αβ)

−1 by (2.19)

= ḡφ̄1(α)(ḡ
−1(λ(β))) λ(α) f2(Φ(α),Φ(β))λ(αβ)

−1 by (2.19)

= g(f1(α, β)) by (2.18).

Hence

(2.22) δ′ḡφ̄1ḡ−1(λ.Φ
∗χ2) = g∗f1.

Since g∗f1 = δ′
ḡφ̄1ḡ−1 ḡ∗χ1 by (2.20),

δ′ḡφ̄1ḡ−1(λ.Φ
∗χ2) = g∗f1

= δ′ḡφ̄1ḡ−1(ḡ∗χ1)

[ḡ∗χ1(λΦ
∗χ2)

−1] ∈ H1
ḡφ̄1ḡ−1(Q;Rn)

On the other hand, using the fact that H1
ḡφ̄1ḡ−1(Q;Rn) = 0, so there

exist µ ∈ Rn such that

δ′ḡφ̄1ḡ−1µ = ḡ∗χ1.(λΦ
∗χ2)

−1

δ′
ḡφ̄1ḡ−1µ.(λΦ

∗χ2) = ḡ∗χ1

(δ′
ḡφ̄1ḡ−1µ.λΦ

∗χ2)(α) = ḡ∗χ1(α)

(δ′ḡφ̄1ḡ−1µ(α)).(λΦ
∗χ2)(α) = ḡχ1(α)

ḡφ̄1(α)ḡ
−1(µ)µ−1 ((λ.Φ∗χ2)(α)) =

ḡφ̄1(α)ḡ
−1(µ) ((λ.Φ∗χ2)(α))µ

−1 =

ḡφ̄1(α)ḡ
−1(µ) (λ(α).χ2(Φ(α)))µ

−1 =

ḡφ̄1(α)ḡ
−1(µ)λ(α)χ2(Φ(α))µ

−1 =

Hence by (2.17)

(2.23) ḡ(χ1(α)) = λ(α)φ̄2(Φ(α))(µ)χ2(Φ(α))µ
−1.
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Next we consider a map

(2.24) h : Rn−→Rn by h(x) = ḡ(x)µ.

Since ḡ is an isomorphism, so is h, then h is a diffeomorphism. Now
we show that h is (Γ1,Γ2)−equivariant.

We first assume the rigid motion of Γi on Rn is the Seifert action.
Note that Γ1 acts on Rn as follows.

(2.25) (n, α)x = nφ̄1(α)(x)χ1(α), (n, α)x = nφ̄2(α)(x)χ2(α).

Then

h((n, α)x)

= h(nφ̄1(α)(x)χ1(α))

= ḡ(nφ̄1(α)(x)χ1(α))µ by (2.24)

= g(n)ḡφ̄1(α)(x) ḡχ1(α) µ (ḡ is an isomorphism)

= g(n)ḡφ̄1(α)ḡ
−1(ḡ(x))λ(α)φ̄2(Φ(α))(µ)χ2(Φ(α))µ

−1µ by (2.23)

= g(n)λ(α)φ̄2(Φ(α))(ḡ(x))φ̄2(Φ(α))(µ)χ2(Φ(α)) by (2.17)

= g(n)λ(α). φ̄2(Φ(α))(ḡ(x).µ) χ2(Φ(α))

= (g(n)λ(α),Φ(α))ḡ(x)µ (by (2.25) and note g(n)λ(α) ∈ Zn)

= f(n, α)ḡ(x)µ by (2.16).

= f(n, α)h(x).

Thus

(2.26) h((n, α)x) = f(n, α)h(x).

Now, we shall see that the Seifert action coincides with the rigid
motions.
Given a crystallographic group, we have the following extension:

1→Zn→Γ→Q→1.

As usual an element γ of Γ is described as (n, α). We wrote the Seifert
action on Rn additively as follows.

(2.27) (n, α)x = n+ φ̄(α)(x) + χ(α) ((n, α) ∈ Γ).

We may check it is a group action, namely it satisfies that

(n, α)((m, β)x) = ((n, α) · (m, β))x.

Suppose that Γ is a crystallographic group of E(n). Note that
(n, 1)x = n + x, that is, Zn acts as translations. So its span Rn,
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viewed as a group, acts on Rn as translations;

(y, 1)x = y + x (∀ (y, 1) ∈ Rn).

Since Γ normalizes Zn, it normalizes its span, Rn. Noting that (1, α)
(n, 1)(1, α)−1 = (φ(α)(n), 1), we can write

(1, α)(x, 1)(1, α)−1 = (φ̄(α)(x), 1).

For the origin 0 ∈ Rn, we put

(1, α)0 = χ(α) ∈ Rn.

Noting (x, 1)0 = x as above, we can interpret the above Seifert action
(2.27),

(n, α)x = ((n, 1)(1, α))x = (n, 1)((1, α)x)

= (n, 1)((1, α)(x, 1)0)

= (n, 1)(((1, α) · (x, 1) · (1, α)−1) · (1, α)0)

= (n, 1)((φ̄(α)(x), 1)(1, α)0)

= (n, 1)((φ̄(α)(x), 1)χ(α))

= (n, 1)(φ̄(α)(x) + χ(α))

= n + φ̄(α)(x) + χ(α).

On the other hand, when Γ ⊂ E(n), let

(n, α) = γ = (a, A) ∈ E(n).

As γx = a + Ax (∀ x ∈ Rn), taking x = 0, compare the above
equation so that

n + χ(α) = a.

Since (n, α)x = γx = a+Ax, it follows that φ̄(α)(x) = Ax. This holds
for all x ∈ Rn, it implies that φ̄(α) = A.
Hence identifying (n + χ(α), φ̄(α)) = (a, A), the Seifert action of Γ

coincides with the rigid motions.

(n, α) = (n+ χ(α), φ̄(α)) ∈ E(n) (∀(n, α) ∈ Γ).

�

Theorem 2.16. (Third Bieberbach). For any given n, there are only
a finite number of n-dimensional crystallographic groups, up to affine
equivalence.

This implies that there are only finitely many n-dimensional flat Rie-
mannian manifolds.
To prove the third Bieberbach theorem, first of all, we assume the

theorem in [5] that
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Theorem 2.17. The number of non-isomorphic finite groups in
GL(n,Z) up to conjugation is finite.

Proof. of Theorem 2.16. Given a finite group F and a faithful represen-
tation φ : F→GL(n,Z), Zn is viewed as a F -module through φ. Then
each equivalence class of cocycle of the second cohomology H2

φ(F,Z
n)

defines a group extension

(2.28) 1→Zn→Γ
L

−→ F→1.

Then we have proved (see the proof of Theorem 2.15) that Γ acts on
Rn by

(n, α)x = n+ φ(α)(x) + χ(α).

Then note that Zn is a maximal abelian group of Γ. For this, let
Zn ⊂ ∆ be an abelian subgroup of Γ. Choose (n, α) ∈ ∆ so that

(n, α)(m, 1)(n, α)−1 = (φ(α)(m), 1).

Note

(n, α)−1 = (φ(α−1)(n−1 · f(α, α−1)−1), α−1).

Since ∆ is abelian, (n, α)(m, 1)(n, α)−1 = (m, 1), φ(α)(m) = m (∀ m ∈
Zn). It follows that φ(α) = id. As our assumption is that φ : F→
GL(n,Z) is a faithful representation, this implies that α = 1 which
shows that ∆ ∋ (n, α) = (n, 1) so that ∆ ⊂ Zn.
Identify (n, α) = (n + χ(α), φ(α)) ∈ A(n). Moreover since φ(F ) is a

finite group in GL(n,Z) ⊂ GL(n,R), there is an element B ∈ GL(n,R)
such that B · φ(F ) ·B−1 ⊂ O(n). Then the correspondence

(n, α)→(B(n + χ(α)), B · φ(α) ·B−1)

is the injective homomorphism from Γ to E(n). Now Γ ⊂ E(n) where Zn

is a maximal abelian subgroup, by the definition Γ is a crystallographic
group.
So, each equivalence class ((F, φ), [f ]) of {(F, φ), H2

φ(F,Z
n)} corre-

sponds to the equivalence class of crystallographic groups.
Conversely, given a crystallographic group Γ of E(n), then there

is a group extension as in (2.28) such that Zn is the maximal free
abelian group and F is a finite group. A group extension Γ defines
a unique homomorphism φ : F→Aut(Zn) = GL(n,Z) induced by the
conjugation of Γ. Note that this is a faithful homomorphism, that is,
if φ(α) = id, letting γ = (a, A) such that L(γ) = α = A,

An = φ(α)(n) = id(n) = n.

Since n ∈ Zn is the (integral) basis of Rn, this implies that A = I. So
α = 1. In particular, we have a pair (F, φ). Since Zn is viewed as a
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F -module through φ, Γ defines a 2-cocycle [f ] ∈ H2
φ(F,Z

n). An equiv-
alence class of crystallographic group Γ defines an element ((F, φ), [f ])
which implies that {(F, φ), H2

φ(F,Z
n)} is in one-to-one correspondence

with the equivalence classes of crystallographic groups.
As H2

φ(F,Z
n) is of finite order (since F is finite), the finiteness of

group extensions comes from that of (F, φ) where φ : F→GL(n,Z) is
a faithful representation. For each n fixed, this is the number of non-
isomorphic conjugacy classes of a finite group φ(F ) in GL(n,Z). By
Theorem 2.17, such (F, φ) is finite. This proves the theorem. �

Bieberbach theorems imply many results in the theory of compact
flat manifolds some of which we state below.

Theorem 2.18. Let X and Y be compact flat manifolds. Then π1(X)
is isomorphic to π1(Y ) if and only if X and Y are diffeomorphic.

Proof. (⇒) We consider π1(X) and π1(Y ) as Bieberbach subgroup of
E(n). By Theorem 2.15, there is α ∈ Rn s.t if F : π1(X) −→ π1(Y ) is
an isomorphism, F (β) = αβα−1 ∀β ∈ π1(X). Let

px : Rn −→ X = Rn/π1(X) and py : Rn −→ Y = Rn/π1(Y )

be the projection (or covering maps). Define f : X −→ Y by

f(x) = py ◦ α ◦ p−1
x (x), for x ∈ X.

To see that this is well-defined, let x̄ ∈ p−1
x (x) and β ∈ π1(X). We must

show py ◦α(βx̄) = py ◦α(x̄). But αβα−1 = γ ∈ π1(Y ), so αβ = γα and

py ◦ α(βx̄) = py(αβx̄) = py(γαx̄)

= py(αx̄)

= py ◦ α(x̄),

so f is well-defined.
To show that f is diffeomorphism, we need merely to show f is

bijective. Define g : Y −→ X by

g(y) = px ◦ α
−1 ◦ p−1

y (y), for y ∈ Y.

Similarly, g is also well-defined. For ȳ ∈ p−1
y (y) and γ ∈ π1(Y ). We

show px ◦ α−1(γȳ) = px ◦ α−1(ȳ). But αβα−1 = γ ∈ π1(Y ), so βα−1 =
α−1γ and

px ◦ α
−1(γȳ) = px(α

−1γȳ) = px(βα
−1ȳ)

= px(α
−1ȳ)

= px ◦ α
−1(ȳ).
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Now,

f ◦ g(y) = f(px ◦ α
−1 ◦ p−1

y (y))

= py ◦ α ◦ p−1
x (px ◦ α

−1 ◦ p−1
y (y))

= y.

Similarly, g ◦ f(x) = x. So, g = f−1, f is bijective.
(⇐). Let f : X −→ Y is a diffeomorphism. So f is a homeomor-

phism. We show that F : π1(X) −→ π1(Y ) is an isomorphism.
Since f is a homeomorphism, there exists the inverse map f−1 :

Y −→ X has the property that

f−1 ◦ f = IX , f ◦ f−1 = IY .

Let us consider the induced homomorphisms

f∗ : π1(X) −→ π1(Y ), f−1
∗

: π1(Y ) −→ π1(X)

in the fundamental groups. Since (f−1 ◦ f)∗ = f−1
∗

◦ f∗, and (IX)∗ :
π1(X) −→ π1(X), then f−1

∗
◦f∗ is the identity map on π1(X). Similarly,

we can see that f∗ ◦ f−1
∗

is the identity map on π1(Y ). Therefore, f∗
and f−1

∗
are inverses of each other, i.e., F = f∗ : π1(X) −→ π1(Y ) is

an isomorphism. �

Theorem 2.19. Let Γ be a subgroup of E(n). Then the orbit space
Rn/Γ is a compact flat n-dimensional manifold if and only if Γ is tor-
sionfree, discrete and irreducible.

Proof. (⇒) If M = Rn/Γ is a compact flat n-manifold, then π1(M) = Γ
and hence Γ acts freely on Rn, so Γ must be torsionfree (by Proposition
2.10). Since M is an n-manifold, Γ must be discrete. Since Rn/Γ is
compact, by Lemma 7 [3], Γ is irreducible
(⇐) Since Γ is a torsionfree discrete subgroup of E(n), then by Proposi-
tion 2.10 Γ acts freely on Rn and discrete subgroup of E(n) acts properly
discontinuously on Rn, so Rn/Γ is an n-manifold. By first Bieberbach
theorem, Rn/Γ is covered by Rn/(Γ ∩ Rn) which is the n-torus. Hence
Rn/Γ is compact. �

According to some theorems above, Bieberbach proved that, Γ and
Γ′ are two isomorphic discrete compact subgroups (crystallographic
subgroups) of E(n) if and only if ∃ γ ∈ A(n) such that γΓγ−1 = Γ′.
This implies that, if M and M ′ are compact flat Riemannian manifolds
with isomorphic fundamental groups Γ and Γ′ respectively then, M is
diffeomorphic to M ′ if and only if ∃ γ ∈ A(n) such that γΓγ−1 = Γ′.
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To show that M(A) = (S1)n/(Z2)
n is aspherical, by Theorems 2.2

then p : (S1)n → (S1)n/(Z2)
n is covering. Since q : Rn → (S1)n is

a covering with Rn its universal covering space, then p ◦ q : Rn →
(S1)n/(Z2)

n is covering. Hence (S1)n/(Z2)
n is aspherical.

3. Three Dimensional Real Bott Tower

We begin this section with defining the action of cyclic group (Z2)
3

on (S1)3.
Let

(3.1) A =





1 a12 a13
0 1 a23
0 0 1





be one of the 3rd Bott matrices. Then each aij represents either 0 or
1. We use the following notation for a ∈ {0, 1}

z̄a =

{

z̄ if a = 1
z if a = 0

where z̄ is the conjugate of the complex number z. If (g1, g2, g3) ∈ (Z2)
3

are generators, then (Z2)
3 acts on T 3 as

g1(z1, z2, z3) = (−z1, z̄
a12
2 , z̄a133 )

g2(z1, z2, z3) = (z1,−z2, z̄
a23
3 )

g3(z1, z2, z3) = (z1, z2,−z3).

It is easy to see that (Z2)
3 acts freely on T 3 such that the orbit space

M(A) = T 3/(Z2)
3 is a smooth compact manifold. In this way, taking

an n-th Bott matrix A, we obtain a free action of (Z2)
n on T n.

Let Pr(x, y, z) = (e2πix, e2πiy, e2πiz) = (z1, z2, z3) be the canonical
covering map of R3 onto T 3. Given A as before, each generator gi of
(Z2)

3 acting on T 3 lifts to a map g̃i : R3 → R3 so that this diagram is
commutative

R3 g̃i−−−→ R3

Pr





y





y
Pr

T 3 gi−−−→ T 3.

Then the fundamental group of M(A) is isomorphic to the group Γ(A)
generated by {g̃1, g̃2, g̃3}. Moreover, it forms a torsion-free discrete
uniform subgroup of the Euclidean group E(n) = Rn ⋊ O(n). Γ(A) is
called Bieberbach group (torsion free crystallographic group). We call
Γ(A) a Bott group associated to the Bott matrix A, for brevity.



REAL BOTT TOWER 21

For example, let

(3.2) A =





1 0 1
0 1 1
0 0 1



 ,

and by definition we have

g1(z1, z2, z3) = (−z1, z2, z̄3)

g2(z1, z2, z3) = (z1,−z2, z̄3)

g3(z1, z2, z3) = (z1, z2,−z3).

Thus we get g̃1

(

x
y
z

)

=

(

1 0 0
0 1 0
0 0 −1

)(

x
y
z

)

+

(

1
2
0
0

)

. Therefore we

may write the generator g̃1 =
(

(

1
2
0
0

)

,

(

1 0 0
0 1 0
0 0 −1

)

)

= (s1,M1) ∈

Γ(A) where s1 ∈ R3, M1 ∈ O(3). Similarly, we have

g̃2 =
(

(

0
1
2
0

)

,

(

1 0 0
0 1 0
0 0 −1

)

)

= (s2,M2), g̃3 =
(

(

0
0
1
2

)

,

(

1 0 0
0 1 0
0 0 1

)

)

= (s3, I3), where s2, s3 ∈ R3 andM2 ∈ O(3). Hence Γ(A) =< g̃1, g̃2, g̃3 >.

By this explanation we see that action (Z2)
3 on (S1)3 coincides with

action Γ on R3.
Given a Bott matrix A as (3.1), M(A) admits a maximal T k-action

(k = 1, 2, 3) which is obtained as follows.
Let ti ∈ T 3, and define T 3-action on (S1)3 by

t1(z1, z2, z3) = (e2πiθz1, z2, z3)

t2(z1, z2, z3) = (z1, e
2πiθz2, z3)

t3(z1, z2, z3) = (z1, z2, e
2πiθz3)

where 0 ≤ θ ≤ 1.
If tig(z1, z2, z3) = gti(z1, z2, z3) for ti ∈ T k and g ∈ (Z2)

3 then M(A)
admits a T k-action (k = 1, 2, 3) which is maximal..
The above example, it is easy to check that t1gi = git1, t2gi = git2

for i = 1, 2, 3, but t3g1 6= g1t3. Therefore M(A) with representative
matrix (3.2) admits T 2-action which is maximal.
According to Bieberbach theorem, fundamental group π1(M(A)) =

Γ = 〈g̃1, g̃2, g̃3〉 is isomorphic to π1(M(A′)) = Γ′ = 〈h̃1, h̃2, h̃3〉 if and
only if ∃ γ ∈ A(3) = R3⋊GL(3,R) such that γΓγ−1 = Γ′. So, if we can
find ϕ̃ = γ ∈ A(3) such that γΓγ−1 = Γ′, then M(A) is diffeomorphic
to M(A′). This means, we have to define map ϕ̃ or ϕ such that the
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diagrams below are commutative

R3 ϕ̃
−−−→ R3

g̃i





y





y
h̃j

R3 ϕ̃
−−−→ R3

T 3 ϕ
−−−→ T 3

gi





y





y

hj

T 3 ϕ
−−−→ T 3

for i = j = 1, 2, 3. This is a tool that we will use later to determine the
diffeomorphism classes of M(A).

If M(A) is a 3-dimensional real Bott tower, then it is classified as
follows.

Theorem 3.1. Let M(A) be a 3-dimensional real Bott tower. Then
M(A) admits a maximal T k-action (k = 1, 2, 3). There exist exactly 4
distinct diffeomorphism classes of M(A) in which all 8 Bott matrices
fall into the following classes:

(i) (orientable)(T 3-action.) The Identity matrix I3.
(ii) (nonorientable)(T 2-action.)

A1 =





1 1 0
0 1 0
0 0 1



, A2 =





1 0 1
0 1 1
0 0 1



, A3 =





1 0 0
0 1 1
0 0 1



,

A4 =





1 0 1
0 1 0
0 0 1



.

(iii) (nonorientable)(S1-action.)

A5 =





1 1 0
0 1 1
0 0 1



, A6 =





1 1 1
0 1 1
0 0 1



.

(iv) (orientable)(S1-action.) A7 =





1 1 1
0 1 0
0 0 1



.

Moreover, Bott matrices in each class are conjugate.

Proof. For simplicity, notation ”≈” indicates diffeomorphic. The proof
is organized by the following steps.

(1) Determine conjugacy classes of 8 Bott matrices (we used Maple
to determine this).

(2) For each conjugacy class, we check whether M(A),M(A′) with
representative matrices A,A′ are diffeomorphic or not by using
Bieberbach theorems.

A detailed proof is as follows:

a) M(I3) is not diffeomorphic to anyM(Ai) for i = 1, 2, 3, 4, 5, 6, 7.
b) M(A1) ≈ M(A2) ≈ M(A3) ≈ M(A4)
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c) M(A5) ≈ M(A6)
d) M(A1) is not diffeomorphic to M(A5)
e) M(A1) is not diffeomorphic to M(A7)
f) M(A5) is not diffeomorphic to M(A7)

a). This is clear, because holonomy group of I3 is trivial.

b).
• M(A1) ≈ M(A2).
For

A1 =





1 1 0
0 1 0
0 0 1



 A2 =





1 0 1
0 1 1
0 0 1





g1(z1, z2, z3) = (−z1, z̄2, z3) h1h2(z1, z2, z3) = (−z1,−z2, z3)

g2(z1, z2, z3) = (z1,−z2, z3) h2(z1, z2, z3) = (z1,−z2, z̄3)

g3(z1, z2, z3) = (z1, z2,−z3) h3(z1, z2, z3) = (z1, z2,−z3)

then

Γ1 =
〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

Γ2 =
〈





1
2
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 −1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

.

Let ϕ(z1, z2, z3) = (z3, z1z3, z2), we get these commutative diagrams

(z1, z2, z3)
ϕ

−−−−→ (z3, z1z3, z2)

g1





y
h2





y

(−z1, z̄2, z3)
ϕ

−−−−→ (z3,−z1z3, z̄2)

(z1, z2, z3)
ϕ

−−−−→ (z3, z1z3, z2)

g3





y
h1h2





y

(z1, z2,−z3)
ϕ

−−−−→ (−z3,−z1z3, z2)

(z1, z2, z3)
ϕ

−−−−→ (z3, z1z3, z2)

g2





y
h3





y

(z1,−z2, z3)
ϕ

−−−−→ (z3, z1z3,−z2).

Therefore ∃ γ =
(

(

0
0
0

)(

0 0 1
1 0 1
0 1 0

)

)

∈ A(n) s.t. γΓ1γ
−1 = Γ2.
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•M(A1) ≈ M(A3).
For

A1 =





1 1 0
0 1 0
0 0 1



 A3 =





1 0 0
0 1 1
0 0 1





g1(z1, z2, z3) = (−z1, z̄2, z3) h1(z1, z2, z3) = (−z1, z2, z3)

g2(z1, z2, z3) = (z1,−z2, z3) h2(z1, z2, z3) = (z1,−z2, z̄3)

g3(z1, z2, z3) = (z1, z2,−z3) h3(z1, z2, z3) = (z1, z2,−z3)

then

Γ1 =
〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

Γ3 =
〈





1
2
0
0









1 0 0
0 1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 −1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

.

Let ϕ(z1, z2, z3) = (z3, z1, z2), we get these commutative diagrams

(z1, z2, z3)
ϕ

−−−−→ (z3, z1, z2)

g1





y
h2





y

(−z1, z̄2, z3)
ϕ

−−−−→ (z3,−z1, z̄2)

(z1, z2, z3)
ϕ

−−−−→ (z3, z1, z2)

g3





y
h1





y

(z1, z2,−z3)
ϕ

−−−−→ (−z3, z1, z2)

(z1, z2, z3)
ϕ

−−−−→ (z3, z1, z2)

g2





y
h3





y

(z1,−z2, z3)
ϕ

−−−−→ (z3, z1,−z2).

Therefore ∃ γ =
(

(

0
0
0

)(

0 0 1
1 0 0
0 1 0

)

)

∈ A(n) s.t. γΓ1γ
−1 = Γ3.

•M(A1) ≈ M(A4).
For

A1 =





1 1 0
0 1 0
0 0 1



 A4 =





1 0 1
0 1 0
0 0 1





g1(z1, z2, z3) = (−z1, z̄2, z3) h1(z1, z2, z3) = (−z1, z2, z̄3)

g2(z1, z2, z3) = (z1,−z2, z3) h2(z1, z2, z3) = (z1,−z2, z3)

g3(z1, z2, z3) = (z1, z2,−z3) h3(z1, z2, z3) = (z1, z2,−z3)

then

Γ1 =
〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉
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Γ4 =
〈





1
2
0
0









1 0 0
0 1 0
0 0 −1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

.

Let ϕ(z1, z2, z3) = (z1, z3, z2), we get these commutative diagrams

(z1, z2, z3)
ϕ

−−−−→ (z1, z3, z2)

g1





y
h1





y

(−z1, z̄2, z3)
ϕ

−−−−→ (−z1, z3, z̄2)

(z1, z2, z3)
ϕ

−−−−→ (z1, z3, z2)

g3





y
h2





y

(z1, z2,−z3)
ϕ

−−−−→ (z1,−z3, z2)

(z1, z2, z3)
ϕ

−−−−→ (z1, z3, z2)

g2





y
h3





y

(z1,−z2, z3)
ϕ

−−−−→ (z1, z3,−z2).

Therefore ∃ γ =
(

(

0
0
0

)(

1 0 0
0 0 1
0 1 0

)

)

∈ A(n) s.t. γΓ1γ
−1 = Γ4.

c).
•M(A5) ≈ M(A6).
For

A5 =





1 1 0
0 1 1
0 0 1



 A6 =





1 1 1
0 1 1
0 0 1





g1(z1, z2, z3) = (−z1, z̄2, z3) h1h2(z1, z2, z3) = (−z1,−z̄2, z3)

g2(z1, z2, z3) = (z1,−z2, z̄3) h2(z1, z2, z3) = (z1,−z2, z̄3)

g3(z1, z2, z3) = (z1, z2,−z3) h3(z1, z2, z3) = (z1, z2,−z3)

then

Γ5 =
〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 −1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

Γ6 =
〈





1
2
1
2
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 −1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

.

Let ϕ(z1, z2, z3) = (z1, iz2, z3), we get these commutative diagrams

(z1, z2, z3)
ϕ

−−−−→ (z1, iz2, z3)

g1





y
h1h2





y

(−z1, z̄2, z3)
ϕ

−−−−→ (−z1,−īz2, z3)

(z1, z2, z3)
ϕ

−−−−→ (z1, iz2, z3)

g3





y
h3





y

(z1, z2,−z3)
ϕ

−−−−→ (z1, iz2,−z3)

(z1, z2, z3)
ϕ

−−−−→ (z1, iz2, z3)

g2





y
h2





y

(z1,−z2, z̄3)
ϕ

−−−−→ (z1,−iz2, z̄3).
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Therefore ∃ γ =
(

(

0
1
4
0

)(

1 0 0
0 1 0
0 0 1

)

)

∈ A(n) s.t. γΓ5γ
−1 = Γ6.

d). First, we determine the holonomy groups of Γ1 and Γ5. If L :
E(3) −→ O(3) is the projection, then L(Γ) = Φ is called the holonomy
group of Γ. Hence

Φ1 =
〈

I,





1 0 0
0 −1 0
0 0 1





〉

= Z2

Φ5 =
〈

I,





1 0 0
0 −1 0
0 0 1



 ,





1 0 0
0 1 0
0 0 −1





〉

= Z2 × Z2.

If M(A1) is diffeomorphic to M(A5), by Bieberbach’s theorem, then
∃ B ∈ GL(3,R) with (b, B) = γ ∈ A(3) such that L(γΓ1γ

−1) =
BL(Γ1)B

−1 = L(Γ5). This is impossible because L(Γ1) = Z2 and
L(Γ5) = Z2 × Z2.

e). Let Φ1 =
〈

I,





1 0 0
0 −1 0
0 0 1



 = P
〉

Φ7 =
〈

I,





1 0 0
0 −1 0
0 0 −1



 = Q
〉

. If

M(A1) is difffeomorphic to M(A7) then ∃ B such that BPB−1 = Q.
Consider |BPB−1| = |Q| or |B||P −λI||B−1| = |Q−λI|. It means the
eigenvalues of P and Q are the same. This is a contradiction, because
the eigenvalues of P are 1,1 and -1, but the eigenvalues of Q are -1,-1
and 1.

f). The argument is similar with d), because the holonomy of Γ7 is Z2.

We observed that the sufficient condition of conjecture is true for
n = 3. �

4. Four Dimensional Real Bott Tower

In this case there are 64 Bott matrices A that correspond to ac-
tion of (Z2)

4 on (S1)4. Definition of the action is similar to the three
dimensional real Bott tower.

Theorem 4.1. Let M(A) be a 4-dimensional real Bott tower. Then
M(A) admits a maximal T k-action (k = 1, 2, 3, 4). There exists exactly
12-diffeomorphism classes of M(A). The Bott matrices among 64 fall
into the following classes

(a) (orientable) (T 4-action.) The Identity matrix I4.
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(b) (orientable) (T 2-action.)

A11 =









1 0 0 0

0 1 1 1

0 0 1 0

0 0 0 1









, A21 =









1 0 1 1

0 1 0 0

0 0 1 0

0 0 0 1









, A31 =









1 0 1 1

0 1 1 1

0 0 1 0

0 0 0 1









Aa5 =









1 1 0 1

0 1 0 0

0 0 1 0

0 0 0 1









, Aa17 =









1 1 1 0

0 1 0 0

0 0 1 0

0 0 0 1









.

(c) (orientable) (S1-action.)

Aa15 =









1 1 0 1

0 1 1 1

0 0 1 0

0 0 0 1









, Aa27 =









1 1 1 0

0 1 1 1

0 0 1 0

0 0 0 1









.

(d) (nonorientable) (T 3-action.)

A2 =









1 0 0 0

0 1 0 0

0 0 1 1

0 0 0 1









, A3 =









1 0 0 0

0 1 0 1

0 0 1 0

0 0 0 1









, A4 =









1 0 0 0

0 1 0 1

0 0 1 1

0 0 0 1









A5 =









1 0 0 1

0 1 0 0

0 0 1 0

0 0 0 1









, A6 =









1 0 0 1

0 1 0 0

0 0 1 1

0 0 0 1









, A7 =









1 0 0 1

0 1 0 1

0 0 1 0

0 0 0 1









A8 =









1 0 0 1

0 1 0 1

0 0 1 1

0 0 0 1









, A9 =









1 0 0 0

0 1 1 0

0 0 1 0

0 0 0 1









, A17 =









1 0 1 0

0 1 0 0

0 0 1 0

0 0 0 1









A25 =









1 0 1 0

0 1 1 0

0 0 1 0

0 0 0 1









, Aa1 =









1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1









.

(e) (nonorientable) (S1-action.) Aa21 =









1 1 1 1

0 1 0 0

0 0 1 0

0 0 0 1









.
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(f) (nonorientable) (T 2-action.)

Aa3 =









1 1 0 0

0 1 0 1

0 0 1 0

0 0 0 1









, Aa7 =









1 1 0 1

0 1 0 1

0 0 1 0

0 0 0 1









, A10 =









1 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1









A12 =









1 0 0 0

0 1 1 1

0 0 1 1

0 0 0 1









, A18 =









1 0 1 0

0 1 0 0

0 0 1 1

0 0 0 1









, A22 =









1 0 1 1

0 1 0 0

0 0 1 1

0 0 0 1









A26 =









1 0 1 0

0 1 1 0

0 0 1 1

0 0 0 1









, A32 =









1 0 1 1

0 1 1 1

0 0 1 1

0 0 0 1









, Aa9 =









1 1 0 0

0 1 1 0

0 0 1 0

0 0 0 1









Aa25 =









1 1 1 0

0 1 1 0

0 0 1 0

0 0 0 1









.

(g) (nonorientable)(T 2-action.)

Aa4 =









1 1 0 0

0 1 0 1

0 0 1 1

0 0 0 1









, Aa8 =









1 1 0 1

0 1 0 1

0 0 1 1

0 0 0 1









, A14 =









1 0 0 1

0 1 1 0

0 0 1 1

0 0 0 1









A16 =









1 0 0 1

0 1 1 1

0 0 1 1

0 0 0 1









, A20 =









1 0 1 0

0 1 0 1

0 0 1 1

0 0 0 1









, A24 =









1 0 1 1

0 1 0 1

0 0 1 1

0 0 0 1









A28 =









1 0 1 0

0 1 1 1

0 0 1 1

0 0 0 1









, A30 =









1 0 1 1

0 1 1 0

0 0 1 1

0 0 0 1









.

(h) (nonorientable) (S1-action.)

Aa13 =









1 1 0 1

0 1 1 0

0 0 1 0

0 0 0 1









, Aa29 =









1 1 1 1

0 1 1 0

0 0 1 0

0 0 0 1









, Aa18 =









1 1 1 0

0 1 0 0

0 0 1 1

0 0 0 1









Aa19 =









1 1 1 0

0 1 0 1

0 0 1 0

0 0 0 1









, Aa20 =









1 1 1 0

0 1 0 1

0 0 1 1

0 0 0 1









, Aa22 =









1 1 1 1

0 1 0 0

0 0 1 1

0 0 0 1









Aa23 =









1 1 1 1

0 1 0 1

0 0 1 0

0 0 0 1









, Aa24 =









1 1 1 1

0 1 0 1

0 0 1 1

0 0 0 1









.
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(i) (nonorientable)(S1-action.)

Aa11 =









1 1 0 0

0 1 1 1

0 0 1 0

0 0 0 1









, Aa31 =









1 1 1 1

0 1 1 1

0 0 1 0

0 0 0 1









.

(j) (nonorientable) (T 2-action.)

A13 =









1 0 0 1

0 1 1 0

0 0 1 0

0 0 0 1









, A15 =









1 0 0 1

0 1 1 1

0 0 1 0

0 0 0 1









, A19 =









1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1









A23 =









1 0 1 1

0 1 0 1

0 0 1 0

0 0 0 1









, A27 =









1 0 1 0

0 1 1 1

0 0 1 0

0 0 0 1









, A29 =









1 0 1 1

0 1 1 0

0 0 1 0

0 0 0 1









Aa2 =









1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1









, Aa6 =









1 1 0 1

0 1 0 0

0 0 1 1

0 0 0 1









.

(k) (nonorientable) (S1-action.)

Aa10 =









1 1 0 0

0 1 1 0

0 0 1 1

0 0 0 1









, Aa12 =









1 1 0 0

0 1 1 1

0 0 1 1

0 0 0 1









, Aa26 =









1 1 1 0

0 1 1 0

0 0 1 1

0 0 0 1









Aa32 =









1 1 1 1

0 1 1 1

0 0 1 1

0 0 0 1









.

(l) (nonorientable)(S1-action.)

Aa14 =









1 1 0 1

0 1 1 0

0 0 1 1

0 0 0 1









, Aa16 =









1 1 0 1

0 1 1 1

0 0 1 1

0 0 0 1









, Aa28 =









1 1 1 0

0 1 1 1

0 0 1 1

0 0 0 1









Aa30 =









1 1 1 1

0 1 1 0

0 0 1 1

0 0 0 1









.

Moreover, Bott matrices in each class are conjugate.

Proof. Similar with 3 dimensional real Bott tower, the proof is orga-
nized by the following steps.

(1) Determine conjugacy classes of 64 Bott matrices (we used Maple
to determine this).

(2) For each conjugacy class, we check whether M(A),M(A′) with
representative matrices A,A′ are diffeomorphic or not by using
Bieberbach theorems.
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A detailed proof is as follows:

(1). I4 is not diffeomorphic to any M(A).
(2). M(A11) ≈ M(A21) ≈ M(A31) ≈ M(Aa5) ≈ M(Aa17).
(3). M(Aa15) ≈ M(Aa27).
(4). M(A11) is not diffeomorphic to M(Aa15).
(5). M(A2) ≈ M(A3) ≈ M(A4) ≈ M(A5) ≈ M(A6) ≈ M(A7) ≈

M(A8) ≈ M(A9) ≈ M(A17) ≈ M(A25) ≈ M(Aa1).
(6). M(A11) is not diffeomorphic to M(A2) and M(Aa21).
(7). M(Aa15) is not diffeomorphic to M(A2) and M(Aa21).
(8). M(A2) is not diffeomorphic to M(Aa21).
(9). M(Aa3) ≈ M(Aa7) ≈ M(A10) ≈ M(A12) ≈ M(A18) ≈ M(A22) ≈

M(A26) ≈ M(A32) ≈ M(Aa9) ≈ M(Aa25).
(10). M(Aa3) is not diffeomorphic to M(A11), M(A2) and M(Aa21).
(11). M(Aa3) is not diffeomorphic to M(Aa15).
(12). M(Aa4) ≈ M(Aa8) ≈ M(A14) ≈ M(A16) ≈ M(A20) ≈ M(A24) ≈

M(A28) ≈ M(A30).
(13). M(Aa4) is not diffeomorphic to M(A11), M(A2) and M(Aa21).
(14). M(Aa4) is not diffeomorphic to M(Aa15).
(15). M(A14) is not diffeomorphic to M(Aa3).
(16). M(Aa13) ≈ M(Aa29) ≈ M(Aa18) ≈ M(Aa19) ≈ M(Aa20) ≈

M(Aa22) ≈ M(Aa23) ≈ M(Aa24).
(17). M(Aa13) is not diffeomorphic to M(A11), M(A2) and M(Aa21).
(18). M(Aa13) is not diffeomorphic toM(Aa15), M(Aa3) andM(Aa4).
(19). M(Aa11) ≈ M(Aa31).
(20). M(Aa11) is not diffeomorphic to M(A11), M(A2) and M(Aa21).
(21). M(Aa11) is not diffeomorphic to M(Aa15), M(Aa3) and M(Aa4)

.
(22). M(Aa11) is not diffeomorphic to M(Aa13).
(23). M(A13) ≈ M(A15) ≈ M(A19) ≈ M(A23) ≈ M(A27) ≈ M(A29) ≈

M(Aa2) ≈ M(Aa6).
(24). M(A13) is not diffeomorphic to M(A11), M(A2) and M(Aa21).
(25). M(A13) is not diffeomorphic toM(Aa15),M(Aa13) andM(Aa11).
(26). M(A13) is not diffeomorphic to M(Aa3).
(27). M(A13) is not diffeomorphic to M(Aa4).
(28). M(Aa10) ≈ M(Aa12) ≈ M(Aa26) ≈ M(Aa32). and

M(Aa14) ≈ M(Aa16) ≈ M(Aa28) ≈ M(Aa30).
(29). M(Aa10) and M(Aa14) are not diffeomorphic to any M(A) in

classes a)-j) as written in theorem.
(30). M(Aa10) is not diffeomorphic to M(Aa14).

(1). This is clear because the holonomy of I4 is trivial.
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(2).
• M(A11) ≈ M(A21).
For

A11 =









1 0 0 0
0 1 1 1
0 0 1 0
0 0 0 1









A21 =









1 0 1 1
0 1 0 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ11 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ21 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z1, z3, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g1





y
h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2,−z1, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z2, z1,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g2





y
h1





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (−z2, z1, z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z1, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ11γ
−1 = Γ21.
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•M(A11) ≈ M(A31).
For

A11 =









1 0 0 0
0 1 1 1
0 0 1 0
0 0 0 1









A31 =









1 0 1 1
0 1 1 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2h1(z1, z2, z3, z4) = (−z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ11 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ31 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1z2, z1, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z1, z3, z4)

g1





y
h2h1





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1z2,−z1, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z1, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1z2, z1,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z1, z3, z4)

g2





y
h1





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (−z1z2, z1, z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z1, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1z2, z1, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ11γ
−1 = Γ31.
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•M(A11) ≈ M(Aa5).
For

A11 =









1 0 0 0
0 1 1 1
0 0 1 0
0 0 0 1









Aa5 =









1 1 0 1
0 1 0 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ11 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa5 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z3, z1, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g1





y
h3





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3,−z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g3





y
h2





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z2,−z3, z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g2





y
h1





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (−z2, z̄3, z1, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z3, z1,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1







)

∈ A(n) s.t. γΓ11γ
−1 = Γa5.
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•M(A11) ≈ M(Aa17).
For

A11 =









1 0 0 0
0 1 1 1
0 0 1 0
0 0 0 1









Aa17 =









1 1 1 0
0 1 0 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ11 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa17 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z3, z4, z1), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z4, z1)

g1





y
h4





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z4,−z1)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z4, z1)

g3





y
h2





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z2,−z3, z4, z1)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z4, z1)

g2





y
h1





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (−z2, z̄3, z̄4, z1)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z4, z1)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z3,−z4, z1).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0







)

∈ A(n) s.t. γΓ11γ
−1 = Γa17.
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(3).
•M(Aa15) ≈ M(Aa27).
For

Aa15 =









1 1 0 1
0 1 1 1
0 0 1 0
0 0 0 1









Aa27 =









1 1 1 0
0 1 1 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa15 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa27 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z4, z3), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g1





y
h1





y

(−z1, z̄2, z3, z̄4)
ϕ

−−−−→ (−z1, z̄2, z̄4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g2





y
h2





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (z1,−z2, z̄4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2,−z4, z3).
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Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓa15γ
−1 =

Γa27.

(4). They are not diffeomorphic, because the holonomy of Γ11 and Γa15

are Z2 and Z2 × Z2 respectively.

(5).
• M(A3) ≈ M(A2).
For

A3 =









1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1









A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ3 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z3, z2, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g1





y
h1





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1, z3, z2, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g3





y
h2





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1,−z3, z2, z4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g2





y
h3





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1, z3,−z2, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z3, z2,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1







)

∈ A(n) s.t. γΓ3γ
−1 = Γ2.

• M(A2) ≈ M(A4).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A4 =









1 0 0 0
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ4 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z2z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g1





y
h1





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1, z2, z2z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−z2z3, z̄4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g2





y
h2h3





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1,−z2,−z2z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, z2z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
0 1 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ2γ
−1 = Γ4.

• M(A2) ≈ M(A5).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A5 =









1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ5 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z3, z2, z1, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z2, z1, z4)

g1





y
h3





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z3, z2,−z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z2, z1, z4)

g3





y
h1





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (−z3, z2, z1, z̄4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z2, z1, z4)

g2





y
h2





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z3,−z2, z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z2, z1, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z3, z2, z1,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1







)

∈ A(n) s.t. γΓ2γ
−1 = Γ5.

• M(A2) ≈ M(A6).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A6 =









1 0 0 1
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h3(z1, z2, z3, z4) = (−z1, z2,−z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ6 =
〈









1
2
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z1z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g1





y
h1h3





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1, z2,−z1z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z̄4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−z1z3, z̄4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g2





y
h2





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1,−z2, z1z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, z1z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
1 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ2γ
−1 = Γ6.

• M(A3) ≈ M(A7).
For

A3 =









1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1









A7 =









1 0 0 1
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ3 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ7 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g1





y
h1h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1,−z1z2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z1z2,−z3, z4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g2





y
h2





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1,−z1z2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z1z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ3γ
−1 = Γ7.

• M(A2) ≈ M(A8).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A8 =









1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ8 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z2z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z2z3, z4)

g1





y
h1h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1,−z1z2, z2z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z2z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z1z2,−z2z3, z̄4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z2z3, z4)

g2





y
h2h3





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1,−z1z2,−z2z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z2z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z1z2, z2z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 1 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ2γ
−1 = Γ8.

• M(A2) ≈ M(A9).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A9 =









1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ9 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z3, z4, z2), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z4, z2)

g1





y
h1





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1, z3, z4, z2)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z4, z2)

g3





y
h2





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1,−z3, z̄4, z2)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z4, z2)

g2





y
h4





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1, z3, z4,−z2)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z4, z2)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z3,−z4, z2).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0







)

∈ A(n) s.t. γΓ2γ
−1 = Γ9.

• M(A2) ≈ M(A17).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A17 =









1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ17 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z3, z1, z4, z2), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z4, z2)

g1





y
h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z3,−z1, z4, z2)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z4, z2)

g3





y
h1





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (−z3, z1, z̄4, z2)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z4, z2)

g2





y
h4





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z3, z1, z4,−z2)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z4, z2)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z3, z1,−z4, z2).

Therefore ∃ γ =
(







0
0
0
0













0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0







)

∈ A(n) s.t. γΓ2γ
−1 = Γ17.

• M(A2) ≈ M(A25).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









A25 =









1 0 1 0
0 1 1 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ25 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z2z3, z4, z1), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z2z3, z4, z1)

g1





y
h4





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2, z2z3, z4,−z1)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z2z3, z4, z1)

g3





y
h2





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z2,−z2z3, z̄4, z1)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z2z3, z4, z1)

g2





y
h1h2





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (−z2,−z2z3, z4, z1)

(z1, z2, z3, z4)
ϕ

−−−−→ (−z2,−z2z3, z4, z1)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z2z3,−z4, z1).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
0 1 1 0
0 0 0 1
1 0 0 0







)

∈ A(n) s.t. γΓ2γ
−1 = Γ25.

• M(A2) ≈ M(Aa1).
For

A2 =









1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1









Aa1 =









1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ2 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa1 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z3, z4, z1, z2), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z4, z1, z2)

g1





y
h3





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z3, z4,−z1, z2)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z4, z1, z2)

g3





y
h1





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (−z3, z̄4, z1, z2)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z4, z1, z2)

g2





y
h4





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z3, z4, z1,−z2)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z4, z1, z2)

g4





y
h2





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z3,−z4, z1, z2).

Therefore ∃ γ =
(







0
0
0
0













0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0







)

∈ A(n) s.t. γΓ2γ
−1 = Γa1.

(6). If M(A11) is diffeomorphic to M(A2) and M(Aa21) respectively,
then by Bieberbach’s theorem ∃B ∈ GL(4,R) such that BPB−1 = Q

andBPB−1 = R respectively, where Φ11 =
〈

I, P =







1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1







〉

,

Φ2 =
〈

I, Q =







1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1







〉

, Φa21 =
〈

I, R =







1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1







〉

.

Similar to the proof of Theorem 3.1(e), by argument of eigenvalue, there
is a contradiction, where the eigenvalues of P are 1,1,-1 and -1, but the
eigenvalues of Q are 1,1,1 and -1, and the eigenvalues of R are 1,-1,-1
and -1.

(7). Similar to the proof of (4) above.

(8). Similar to the proof of (6) above.

(9).
• M(Aa3) ≈ M(Aa7).
For

Aa3 =









1 1 0 0
0 1 0 1
0 0 1 0
0 0 0 1









Aa7 =









1 1 0 1
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa3 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa7 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, iz2,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1,−iz2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa3γ
−1 = Γa7.

• M(A10) ≈ M(Aa3).
For

A10 =









1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1









Aa3 =









1 1 0 0
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)



48 ADMI NAZRA

then

Γ10 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa3 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z3, z1, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g1





y
h3





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3,−z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g3





y
h2





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z2,−z3, z1, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g2





y
h1





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z2, z̄3, z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z3, z1,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1







)

∈ A(n) s.t. γΓ10γ
−1 = Γa3.

• M(Aa9) ≈ M(Aa7).
For

Aa9 =









1 1 0 0
0 1 1 0
0 0 1 0
0 0 0 1









Aa7 =









1 1 0 1
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa9 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa7 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z4, z3), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z4, z3)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, iz2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z4, z3)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−iz2, z4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2,−z4, z3).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓa9γ
−1 = Γa7.

• M(Aa9) ≈ M(Aa25).
For

Aa9 =









1 1 0 0
0 1 1 0
0 0 1 0
0 0 0 1









Aa25 =









1 1 1 0
0 1 1 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa9 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa25 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, iz2,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−iz2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa9γ
−1 =

Γa25.
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• M(A10) ≈ M(A12).
For

A10 =









1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1









A12 =









1 0 0 0
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ10 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ12 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g1





y
h1





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1, z2, iz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g2





y
h2h3





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z2,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, iz3,−z4).

Therefore ∃ γ =
(







0
0
1
4
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ10γ
−1 = Γ12.
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• M(A10) ≈ M(A18).
For

A10 =









1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1









A18 =









1 0 1 0
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ10 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ18 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z1, z3, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g1





y
h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2,−z1, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z2, z1,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g2





y
h1





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z2, z1, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z1, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ10γ
−1 = Γ18.
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• M(A10) ≈ M(A22).
For

A10 =









1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1









A22 =









1 0 1 1
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h3(z1, z2, z3, z4) = (−z1, z2,−z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ10 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ22 =
〈









1
2
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z1, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, iz3, z4)

g1





y
h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (z2,−z1, iz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z2, z1,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, iz3, z4)

g2





y
h1h3





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z2, z1,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z1, iz3,−z4).

Therefore ∃ γ =
(







0
0
1
4
0













0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ10γ
−1 = Γ22.
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• M(A10) ≈ M(A26).
For

A10 =









1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1









A26 =









1 0 1 0
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ10 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ26 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z3, z4), we get these commtative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g1





y
h1h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1,−z1z2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z1z2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z1z2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z1z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ10γ
−1 = Γ26.
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• M(A12) ≈ M(A32).
For

A12 =









1 0 0 0
0 1 1 1
0 0 1 1
0 0 0 1









A32 =









1 0 1 1
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γ12 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ32 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g1





y
h1h2





y

(−z1, z2, z3, z4)
ϕ

−−−−→ (−z1,−z1z2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z1z2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (z1,−z1z2, z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z1z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ12γ
−1 = Γ32.
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(10). Similar to (4).

(11). We know that

Φa15 =

〈

I,





1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 −1



 = P,





1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1



 = Q

〉

and Φa3 =

〈

I,









1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1









= R,









1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1









= S

〉

. If M(Aa15) is diffeomor-

phic to M(Aa3) then ∃ B ∈ GL(4,R) such that

BPB−1 =











R (i)

S (ii)

RS (iii)

and

BQB−1 =











R (iv)

S (v)

RS (vi).

By calculating the eigenvalues of cases (i), (ii),(iv) and (v), then we get
a contradiction, and from the cases (iii) and (vi) we get P = Q which
is also a contradiction.

(12).
• M(Aa4) ≈ M(Aa8).
For

Aa4 =









1 1 0 0
0 1 0 1
0 0 1 1
0 0 0 1









Aa8 =









1 1 0 1
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa4 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa8 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, iz2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1,−iz2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa4γ
−1 = Γa8.

• M(Aa4) ≈ M(A14).
For

Aa4 =









1 1 0 0
0 1 0 1
0 0 1 1
0 0 0 1









A14 =









1 0 0 1
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa4 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ14 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z3, z1, z2, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z2, z4)

g1





y
h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (z3,−z1, z̄2, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z2, z4)

g3





y
h1





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (−z3, z1, z2, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z2, z4)

g2





y
h3





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z3, z1,−z2, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z3, z1, z2, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z3, z1, z2,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1







)

∈ A(n) s.t. γΓa4γ
−1 = Γ14.

• M(A14) ≈ M(A16).
For

A14 =









1 0 0 1
0 1 1 0
0 0 1 1
0 0 0 1









A16 =









1 0 0 1
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ14 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ16 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g1





y
h1





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1, z2, iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g2





y
h2h3





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z2,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, iz3,−z4).

Therefore ∃ γ =
(







0
0
1
4
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ14γ
−1 = Γ16.

• M(A14) ≈ M(A24).
For

A14 =









1 0 0 1
0 1 1 0
0 0 1 1
0 0 0 1









A24 =









1 0 1 1
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ14 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ24 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z1z2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1z2, z3, z4)

g1





y
h2





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (z2,−z1z2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z2, z1z2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1z2, z3, z4)

g2





y
h1h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z2,−z1z2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z1z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
1 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ14γ
−1 = Γ24.

• M(A20) ≈ M(A24).
For

A20 =









1 0 1 0
0 1 0 1
0 0 1 1
0 0 0 1









A24 =









1 0 1 1
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z̄3, z4). h1h3(z1, z2, z3, z4) = (−z1, z2,−z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ20 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ24 =
〈









1
2
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g1





y
h1h3





y

(−z1, z2, z̄3, z4)
ϕ

−−−−→ (−z1, z2,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g2





y
h2





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1,−z2, iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, iz3,−z4).

Therefore ∃ γ =
(







0
0
1
4
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ20γ
−1 = Γ24.

• M(A14) ≈ M(A30).
For

A14 =









1 0 0 1
0 1 1 0
0 0 1 1
0 0 0 1









A30 =









1 0 1 1
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ14 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ30 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g1





y
h1h2





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1,−z1z2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z1z2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z1z2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z1z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ14γ
−1 = Γ30.

• M(A30) ≈ M(A28).
For

A30 =









1 0 1 1
0 1 1 0
0 0 1 1
0 0 0 1









A28 =









1 0 1 0
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z̄3, z̄4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ30 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ28 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z1, z3, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g1





y
h2





y

(−z1, z2, z̄3, z̄4)
ϕ

−−−−→ (z2,−z1, z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z2, z1,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g2





y
h1





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z2, z1, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z1, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z1, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ30γ
−1 = Γ28.

(13). Similar to (4)

(14). Similar to (11)

(15). M(A14) is not diffeomorphic to M(Aa3) .
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Let

Γa3 =<g̃1, g̃2, t3, t4 >

=
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ14 =<h̃1, h̃2, h̃3, t4 >

=
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Since g̃1g̃2g̃
−1
1 = g̃−1

2 , g̃1t4g̃
−1
1 = t4, t3g̃2t

−1
3 = g̃2, and t3t4t

−1
3 = t4,

then Γa3 = 〈g̃2, t4〉 ⋊ 〈g̃1, t3〉. Then the center C(Γa3) = 〈t1, t3〉 where

t1 = g̃21 =







1
0
0
0






, t3 = g̃3 =







0
0
1
2
0






. There is an central group

extension:

1 → 〈t1, t3〉 → Γa3 → ∆a3 → 1,

where

∆a3 =
〈

γ1 =

(

1
2
0

)(

1 0
0 −1

)

, γ2 =

(

0
1
2

)(

1 0
0 1

)

〉

⋊ 〈β〉

with β =
(

(

0
0

)(

−1 0
0 1

)

)

.

For Γ14 = 〈h̃1, h̃2, h̃3, t4〉, since h̃1h̃3h̃
−1
1 = h̃3, h̃1t4h̃

−1
1 = t−1

4 , h̃2h̃3h̃
−1
2 =

h̃−1
3 , and h̃2t4h̃

−1
2 = t4 then Γ14 = 〈h̃3, t4〉 ⋊ 〈h̃1, h̃2〉. The center

C(Γ14) = 〈t1, t2〉 where t1 = h̃2
1, t2 = h̃2

2 =







0
1
0
0






. It induces an

extension

1 → 〈t1, t2〉 → Γ14 → ∆14 → 1,
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where

∆14 =
〈

s1 =

(

1
2
0

)(

1 0
0 −1

)

, s2 =

(

0
1
2

)(

1 0
0 1

)

〉

⋊ 〈α, β〉

with α =

(

0
0

)(

1 0
0 −1

)

, β =

(

0
0

)(

−1 0
0 1

)

.

Suppose that Γa3 is isomorphic to Γ14 with isomorphism ϕ : Γa3 →
Γ14. Then it induces an isomorphism ϕ̂ : ∆a3 → ∆14

1 −−−→ 〈t1, t3〉 −−−→ Γa3 −−−→ ∆a3 −−−→ 1

ϕ





y

ϕ̂





y

1 −−−→ 〈t1, t2〉 −−−→ Γ14 −−−→ ∆14 −−−→ 1.

Consider ϕ̂(γa1
1 γa2

2 β) = α and ϕ̂(γb1
1 γb2

2 β) = β where a1, a2, b1, b2 ∈ Z.
Then

αβ =ϕ̂(γa1
1 γa2

2 βγb1
1 γb2

2 β)

=ϕ̂(γa1
1 γa2

2 γ−b1
1 βγb2

2 β) (βγ1β
−1 = γ−1

1 )

=ϕ̂(γa1
1 γa2

2 γ−b1
1 γb2

2 ) (βγ2β
−1 = γ2).

Since αβ is a torsion element and ϕ̂ is an isomorphism, then γa1
1 γa2

2 γ−b1
1 γb2

2

is also a torsion element. Let

g =γa1
1 γa2

2 γ−b1
1 γb2

2

=
(

(

1
2
a1

(−1)a1 1
2
a2

)(

1 0
0 (−1)a1

)

)(

(

−1
2
b1

(−1)−b1 1
2
b2

)(

1 0
0 (−1)−b1

)

)

=
(

(

1
2
(a1 − b1)

1
2
((−1)a1a2 + (−1)(a1−b1)b2)

)(

1 0
0 (−1)a1−b1

)

)

.

We have

g2 =
(

(

a1 − b1
(1 + (−1)(a1−b1))1

2
((−1)a1a2 + (−1)(a1−b1)b2

)(

1 0
0 1

)

)

=
(

(

0
0

)(

1 0
0 1

)

)

.

Therefore we get a1 = b1 and (−1)a1a2 + b2 = 0. Hence ϕ̂(g) =

ϕ̂
(

(

0
0

)(

1 0
0 1

)

)

=
(

(

0
0

)(

−1 0
0 −1

)

)

. This yields a contra-

diction.
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(16).
• M(Aa13) ≈ M(Aa29).
For

Aa13 =









1 1 0 1
0 1 1 0
0 0 1 0
0 0 0 1









Aa29 =









1 1 1 1
0 1 1 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa13 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa29 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z̄4)
ϕ

−−−−→ (−z1,−īz2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, iz2,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−iz2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).
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Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa13γ
−1 =

Γa29.

• M(Aa13) ≈ M(Aa18).
For

Aa13 =









1 1 0 1
0 1 1 0
0 0 1 0
0 0 0 1









Aa18 =









1 1 1 0
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa13 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa18 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z4, z2, z3), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z4, z2, z3)

g1





y
h1





y

(−z1, z̄2, z3, z̄4)
ϕ

−−−−→ (−z1, z̄4, z̄2, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z4, z2, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z4, z2,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z4, z2, z3)

g2





y
h3





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1, z4,−z2, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z4, z2, z3)

g4





y
h2





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1,−z4, z2, z3).
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Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0







)

∈ A(n) s.t. γΓa13γ
−1 =

Γa18.

• M(Aa13) ≈ M(Aa19).
For

Aa13 =









1 1 0 1
0 1 1 0
0 0 1 0
0 0 0 1









Aa19 =









1 1 1 0
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa13 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa19 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z4, z3), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g1





y
h1





y

(−z1, z̄2, z3, z̄4)
ϕ

−−−−→ (−z1, z̄2, z̄4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z2, z4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2,−z4, z3).
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Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓa13γ
−1 =

Γa19.

• M(Aa18) ≈ M(Aa20).
For

Aa18 =









1 1 1 0
0 1 0 0
0 0 1 1
0 0 0 1









Aa20 =









1 1 1 0
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4) h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4) h2h3(z1, z2, z3, z4) = (z1,−z2,−z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4) h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4) h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa18 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa20 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z2z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g1





y
h1





y

(−z1, z̄2, z̄3, z4)
ϕ

−−−−→ (−z1, z̄2, z̄2z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−z2z3, z̄4)



70 ADMI NAZRA

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g2





y
h2h3





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1,−z2,−z2z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z2z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, z2z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
0 1 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa18γ
−1 =

Γa20.

• M(Aa22) ≈ M(Aa23).
For

Aa22 =









1 1 1 1
0 1 0 0
0 0 1 1
0 0 0 1









Aa23 =









1 1 1 1
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z̄4) h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4) h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4) h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4) h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa22 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa23 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z3, z2, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g1





y
h1





y

(−z1, z̄2, z̄3, z̄4)
ϕ

−−−−→ (−z1, z̄3, z̄2, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g3





y
h2





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1,−z3, z2, z̄4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g2





y
h3





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1, z3,−z2, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z3, z2,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1







)

∈ A(n) s.t. γΓa22γ
−1 =

Γa23.

• M(Aa23) ≈ M(Aa24).
For

Aa23 =









1 1 1 1
0 1 0 1
0 0 1 0
0 0 0 1









Aa24 =









1 1 1 1
0 1 0 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z̄4) h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4) h2h3(z1, z2, z3, z4) = (z1,−z2,−z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4) h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4) h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa23 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa24 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z3, z2z3, z4), we get these commutative dia-
grams
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2z3, z4)

g1





y
h1





y

(−z1, z̄2, z̄3, z̄4)
ϕ

−−−−→ (−z1, z̄3, z̄2z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2z3, z4)

g3





y
h2h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1,−z3,−z2z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2z3, z4)

g2





y
h3





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1, z3,−z2z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z3, z2z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z3, z2,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 0 1 0
0 1 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa23γ
−1 =

Γa24.

• M(Aa23) ≈ M(Aa29).
For

Aa23 =









1 1 1 1
0 1 0 1
0 0 1 0
0 0 0 1









Aa29 =









1 1 1 1
0 1 1 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z̄4) h1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4) h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4) h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4) h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa23 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa29 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.
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Let ϕ(z1, z2, z3, z4) = (z1, z2, z4, z3), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g1





y
h1





y

(−z1, z̄2, z̄3, z̄4)
ϕ

−−−−→ (−z1, z̄2, z̄4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g2





y
h2





y

(z1,−z2, z3, z̄4)
ϕ

−−−−→ (z1,−z2, z̄4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2,−z4, z3).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓa23γ
−1 =

Γa29.

(17). Similar to (4).

(18). Similar to (11).

(19).
• M(Aa11) ≈ M(Aa31).
For

Aa11 =









1 1 0 0
0 1 1 1
0 0 1 0
0 0 0 1









Aa31 =









1 1 1 1
0 1 1 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa11 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉
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Γa31 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, iz2,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (z1,−iz2, z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa11γ
−1 =

Γa31.

(20). Similar to (4).

(21). Similar to (11).

(22). M(Aa11) is not diffeomorphic to M(Aa13).
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Let

Γa13 = 〈g̃1, g̃2, t3, t4〉

=
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa11 = 〈h̃1, h̃2, t3, t4〉

=
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Since g̃1g̃2g̃
−1
1 = g̃−1

2 , g̃1t3g̃
−1
1 = t3, and g̃1t4g̃

−1
1 = t4 then Γa13 =

〈g̃2, t3, t4〉⋊〈g̃1〉 and the center C(Γa13) = 〈g̃21〉 = 〈t1〉, where t1=









1
0
0
0









.

It induces an extension

1 → 〈t1〉 → Γa13 −→ ∆a13 → 1,

where ∆a13 is isomorphic to

〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

⋊
〈





0
0
0









−1 0 0
0 1 0
0 0 −1





〉

.

Put

∆f
a13 =〈p, q, r〉

=
〈

(

1
2
0
0

)(

1 0 0
0 −1 0
0 0 1

)

,

(

0
1
2
0

)(

1 0 0
0 1 0
0 0 1

)

,

(

0
0
1
2

)(

1 0 0
0 1 0
0 0 1

)

〉
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and

β =
〈

(

0
0
0

)(

−1 0 0
0 1 0
0 0 −1

)

〉

so that ∆a13 = ∆f
a13 ⋊ β.

Next, since h̃1h̃2h̃
−1
1 = h̃−1

2 , h̃1t3h̃
−1
1 = t3, and h̃1t4h̃

−1
1 = t4 then

Γa11 = 〈h̃2, t3, t4〉 ⋊ 〈h̃1〉 and the center C(Γa11) = 〈h̃2
1〉 = 〈t1〉. It

induces an extension

1 → 〈t1〉 → Γa11 −→ ∆a11 → 1,

where ∆a11 is isomorphic to

〈





1
2
0
0









1 0 0
0 −1 0
0 0 −1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

⋊ 〈





0
0
0









−1 0 0
0 1 0
0 0 1



〉.

Put

∆f
a11 =

〈

(

1
2
0
0

)(

1 0 0
0 −1 0
0 0 −1

)

,

(

0
1
2
0

)(

1 0 0
0 1 0
0 0 1

)

,

(

0
0
1
2

)(

1 0 0
0 1 0
0 0 1

)

〉

and

α = 〈

(

0
0
0

)(

−1 0 0
0 1 0
0 0 1

)

〉

so that ∆a11 = ∆f
a11 ⋊ α.

Suppose there is an isomorphism ϕ : Γa13 → Γa11 which induces an
isomorphism ϕ̂ : ∆a13 → ∆a11

1 −−−→ 〈t1〉 −−−→ Γa13 −−−→ ∆a13 −−−→ 1

ϕ





y

ϕ̂





y

1 −−−→ 〈t1〉 −−−→ Γa11 −−−→ ∆a11 −−−→ 1.

Consider α = ϕ̂(pa1qa2ra3β) = ϕ̂
(

(

1
2a1

(−1)a1 1
2a2

1
2a3

)(

−1 0 0
0 (−1)a1 0
0 0 −1

)

)

.

Since α is a torsion element and ϕ̂ is an isomorphism then pa1qa2ra3β
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is also a torsion element. Therefore

(pa1qa2ra3β)2 =
(

(

0
(1 + (−1)a1)(−1)a1 1

2a2
0

)(

1 0 0
0 1 0
0 0 1

)

)

=

(





0
0
0









1 0 0
0 1 0
0 0 1





)

.

Hence a1 = odd or a2 = 0. If a1 = odd then

pa1qa2ra3β =
(

(

1
2 (2n+ 1)
− 1

2a2
1
2a3

)(

−1 0 0
0 −1 0
0 0 −1

)

)

.

By Bieberbach theorem, ∃γ = (b, B) ∈ A(4) such thatBL(pa1qa2ra3β)B−1 =
L(ϕ̂(pa1qa2ra3β)) or

B

(

−1 0 0
0 −1 0
0 0 −1

)

B−1 =

(

−1 0 0
0 1 0
0 0 1

)

,

which is impossible. Also if a2 = 0 then

pa1qa2ra3β =
(

(

1
2a1
0

1
2a3

)(

−1 0 0
0 (−1)a1 0
0 0 −1

)

)

.

By Bieberbach theorem, ∃γ = (b, B) ∈ A(4) such thatBL(pa1qa2ra3β)B−1 =
L(ϕ̂(pa1qa2ra3β)) or

B

(

−1 0 0
0 (−1)a1 0
0 0 −1

)

B−1 =

(

−1 0 0
0 1 0
0 0 1

)

,

which is also impossible. Therefore Γa11 is not isomorphic to Γa13.

(23).
• M(A13) ≈ M(A15).
For

A13 =









1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1









A15 =









1 0 0 1
0 1 1 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2h1(z1, z2, z3, z4) = (−z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ13 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ15 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1z2, z2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z3, z4)

g1





y
h1





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1z2, z2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1z2, z2,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z3, z4)

g2





y
h2h1





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z1z2,−z2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1z2, z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ13γ
−1 = Γ15.

• M(A13) ≈ M(A19).
For

A13 =









1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1









A19 =









1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ13 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ19 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z4, z3), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g1





y
h1





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1, z2, z̄4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z2, z4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2,−z4, z3).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓ13γ
−1 = Γ19.

• M(A13) ≈ M(A23).
For

A13 =









1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1









A23 =









1 0 1 1
0 1 0 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ13 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ23 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z4, z3), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z4, z3)

g1





y
h1h2





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1,−z1z2, z̄4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z1z2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z4, z3)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z1z2, z4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2,−z4, z3).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓ13γ
−1 = Γ23.

• M(A13) ≈ M(A27).
For

A13 =









1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1









A27 =









1 0 1 0
0 1 1 1
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z2, z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2h1(z1, z2, z3, z4) = (−z1,−z2, z3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ13 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ27 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1z2, z2, z4, z3), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z4, z3)

g1





y
h1





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1z2, z2, z̄4, z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z4, z3)

g3





y
h4





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1z2, z2, z4,−z3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z4, z3)

g2





y
h2h1





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z1z2,−z2, z4, z̄3)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1z2, z2, z4, z3)

g4





y
h3





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1z2, z2,−z4, z3).

Therefore ∃ γ =
(







0
0
0
0













1 1 0 0
0 1 0 0
0 0 0 1
0 0 1 0







)

∈ A(n) s.t. γΓ13γ
−1 = Γ27.

• M(A13) ≈ M(A29).
For

A13 =









1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1









A29 =









1 0 1 1
0 1 1 0
0 0 1 0
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1h2(z1, z2, z3, z4) = (−z1,−z2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)



82 ADMI NAZRA

then

Γ13 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ29 =
〈









1
2
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z1z2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g1





y
h1h2





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (−z1,−z1z2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z1, z1z2,−z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z1z2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z1z2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z1z2, z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓ13γ
−1 = Γ29.

• M(A13) ≈ M(Aa2).
For

A13 =









1 0 0 1
0 1 1 0
0 0 1 0
0 0 0 1









Aa2 =









1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γ13 =
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa2 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z2, z3, z1, z4), we get these commutative diagrams

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g1





y
h3





y

(−z1, z2, z3, z̄4)
ϕ

−−−−→ (z2, z3,−z1, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g3





y
h2





y

(z1, z2,−z3, z4)
ϕ

−−−−→ (z2,−z3, z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g2





y
h1





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (−z2, z̄3, z1, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z2, z3, z1, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z2, z3, z1,−z4).

Therefore ∃ γ =
(







0
0
0
0













0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1







)

∈ A(n) s.t. γΓ13γ
−1 = Γa2.

• M(Aa2) ≈ M(Aa6).
For

Aa2 =









1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1









Aa6 =









1 1 0 1
0 1 0 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h3(z1, z2, z3, z4) = (−z1, z̄2,−z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa2 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa6 =
〈









1
2
0
1
2
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, z1z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g1





y
h1h3





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1, z̄2,−z1z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−z1z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g2





y
h2





y

(z1,−z2, z3, z4)
ϕ

−−−−→ (z1,−z2, z1z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, z1z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, z1z3,−z4).

Therefore ∃ γ =
(







0
0
0
0













1 0 0 0
0 1 0 0
1 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa2γ
−1 = Γa6.

(24). Similar to (4).

(25). Similar to (11).

(26). M(A13) is not diffeomorphic to M(Aa3).
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Let

Γa3 =<g̃1, g̃2, t3, t4 >

=
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ13 =<h̃1, h̃2, t3, t4 >

=
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

We know from (15) above, that the center C(Γa3) = 〈t1, t3〉 where
t1 = g̃21. There is an extension

1 → 〈t1, t3〉 → Γa3 → ∆a3 → 1,

where ∆a3 is isomorphic to

〈

γ1 =

(

1
2
0

)(

1 0
0 −1

)

, γ2 =

(

0
1
2

)(

1 0
0 1

)

〉

⋊ 〈β〉

where β =
(

(

0
0

)(

−1 0
0 1

)

)

.

For Γ13, since h̃1t3h̃
−1
1 = t3, h̃1t4h̃

−1
1 = t−1

4 , h2t3h
−1
2 = t−1

3 and

h2t4h
−1
2 = t4, then Γ13 = 〈t3, t4〉 ⋊ 〈h̃1, h̃2〉. Then center C(Γ13) =

〈t1, t2〉. It induces an extension

1 → 〈t1, t2〉 → Γ13 → ∆13 → 1,

where ∆13 is isomorphic to

〈

s1 =

(

1
2
0

)(

1 0
0 1

)

, s2 =

(

0
1
2

)(

1 0
0 1

)

〉

⋊ 〈α, β〉

with α =
(

(

0
0

)(

1 0
0 −1

)

)

, β =
(

(

0
0

)(

−1 0
0 1

)

)

.
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Suppose that Γa3 is isomorphic to Γ13 with isomorphism ϕ : Γa3 →
Γ13 which induces an isomorphism ϕ̂ : ∆a3 → ∆13

1 −−−→ 〈t1, t3〉 −−−→ Γa3 −−−→ ∆a3 −−−→ 1

ϕ





y

ϕ̂





y

1 −−−→ 〈t1, t2〉 −−−→ Γ13 −−−→ ∆13 −−−→ 1.

By the same argument as (15) above, consider ϕ̂(γa1
1 γa2

2 β) = α and
ϕ̂(γb1

1 γb2
2 β) = β where a1, a2, b1, b2 ∈ Z. Then

αβ =ϕ̂(γa1
1 γa2

2 βγb1
1 γb2

2 β)

=ϕ̂(γa1
1 γa2

2 γ−b1
1 βγb2

2 β) (βγ1β
−1 = γ−1

1 )

=ϕ̂(γa1
1 γa2

2 γ−b1
1 γb2

2 ) (βγ2β
−1 = γ2).

Since αβ is a torsion element and ϕ̂ is an isomorphism, then γa1
1 γa2

2 γ−b1
1 γb2

2

is also a torsion element. Let

g =γa1
1 γa2

2 γ−b1
1 γb2

2

=
(

(

1
2
a1

(−1)a1 1
2
a2

)(

1 0
0 (−1)a1

)

)(

(

−1
2
b1

(−1)−b1 1
2
b2

)(

1 0
0 (−1)−b1

)

)

=
(

(

1
2
(a1 − b1)

1
2
((−1)a1a2 + (−1)(a1−b1)b2)

)(

1 0
0 (−1)a1−b1

)

)

.

We have

g2 =
(

(

a1 − b1
(1 + (−1)(a1−b1))1

2
((−1)a1a2 + (−1)(a1−b1)b2

)(

1 0
0 1

)

)

=
(

(

0
0

)(

1 0
0 1

)

)

.

Therefore we get a1 = b1 and (−1)a1a2 + b2 = 0. Hence ϕ̂(g) =

ϕ̂
(

(

0
0

)(

1 0
0 1

)

)

=
(

(

0
0

)(

−1 0
0 −1

)

)

. This yields a contra-

diction.

(27). M(A13) is not diffeomorphic to M(Aa4).
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Let

Γa4 =<g̃1, g̃2, g̃3, t4 >

=
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γ13 =<h̃1, h̃2, t3, t4 >

=
〈









1
2
0
0
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Since g̃1g̃2g̃
−1
1 = g̃−1

2 , g̃1t4g̃
−1
1 = t4, g̃3g̃2g̃

−1
3 = g̃2, g̃3t4g̃

−1
3 = t−1

4 , then
Γa4 = 〈g̃2, t4〉⋊ 〈g̃1, g̃3〉. Then the center C(Γa4) = 〈t1, t3〉 where t1 = g̃21
and t3 = g̃23. There is an extension

1 → 〈t1, t3〉 → Γa4 → ∆a4 → 1,

where ∆a4 is isomorphic to

〈

γ1 =

(

1
2
0

)(

1 0
0 −1

)

, γ2 =

(

0
1
2

)(

1 0
0 1

)

〉

⋊ 〈α1, α2〉

with α1 =
(

(

0
0

)(

−1 0
0 1

)

)

and α2 =
(

(

0
0

)(

1 0
0 −1

)

)

.

For Γ13, the center C(Γ13) = 〈t1, t2〉. It induces an extension

1 → 〈t1, t2〉 → Γ13 → ∆13 → 1,

where ∆13 is isomorphic to

〈

s1 =

(

1
2
0

)(

1 0
0 1

)

, s2 =

(

0
1
2

)(

1 0
0 1

)

〉

⋊ 〈α, β〉

with α = α1 and β = α2.
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Suppose that Γ13 is isomorphic to Γa4 with isomorphism ϕ : Γ13 →
Γa4 which induces an isomorphism ϕ̂ : ∆13 → ∆a4

1 −−−→ 〈t1, t3〉 −−−→ Γa4 −−−→ ∆a4 −−−→ 1

ϕ

x





ϕ̂

x





1 −−−→ 〈t1, t2〉 −−−→ Γ13 −−−→ ∆13 −−−→ 1.

Since g̃2g̃3 = g̃3g̃2 then

g̃−1
2 g̃3 = g̃−1

3 g̃3g̃
−1
2 g̃3

= g̃−1
3 g̃−1

2 g̃23

= (g̃2g̃3)
−1g̃23

g̃−1
2 g̃1g̃3g̃

−1
1 = (g̃2g̃3)

−1g̃23.

We get

(4.1) g̃1(g̃2g̃3)g̃1
−1 = (g̃2g̃3)

−1g̃23.

Now we want to find the elements h, h′ ∈ Γ13 such that ϕ(h) = g̃1
and ϕ(h′) = g̃2g̃3. According to the above diagram, let us consider the
following diagram

(







0
1
2
1
2
0






, I
)

= g̃2g̃3 −−−→ γ1α2 =

((

1
2
0

)

, I

)

ϕ

x





ϕ̂

x





(









c
d
1
2
a

1
2
b









, I

)

= t3
at4

bt1
ct2

d −−−→ s1
as2

b =

((

1
2
a

1
2
b

)

, I

)

so,

(4.2) g̃2g̃3 = ϕ(t3
at4

bt1
ct2

d),
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and from the diagrams

(







1
2
0
0
0






,







1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1







)

= g̃1 −−−→ α1 =

((

0
0

)

,

(

−1 0
0 1

))

ϕ

x





ϕ̂

x





h̃1t3
a′t4

b′t1
c′t2

d′ = −−−→ βs1
a′s2

b′ =

(









c′ + 1
2

d′
1
2
a′

−1
2
b′









,









1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









) ((

1
2
a′

−1
2
b′

)

,

(

1 0
0 −1

))

or

(







1
2
0
0
0






,







1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1







)

= g̃1 −−−→ α1 =

((

0
0

)

,

(

−1 0
0 1

))

ϕ

x





ϕ̂

x





h̃2t3
a′t4

b′t1
c′t2

d′ = −−−→ αs1
a′s2

b′ =

(









c′

d′ + 1
2

−1
2
a′

1
2
b′









,









1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









) ((

−1
2
a′

1
2
b′

)

,

(

−1 0
0 1

))

we get

(4.3) g̃1 = ϕ(h̃1t3
a′t4

b′t1
c′t2

d′) = ϕ(h̃1t),

or

(4.4) g̃1 = ϕ(h̃2t3
a′t4

b′t1
c′t2

d′) = ϕ(h̃2t),

where t = t3
a′t4

b′t1
c′t2

d′ .



90 ADMI NAZRA

Next we get

g̃1(g̃2g̃3)g̃1
−1 =ϕ(h̃1t)ϕ(t3

at4
bt1

ct2
d)ϕ(h̃1t)

−1 (by (4.2), (4.3))

(g̃2g̃3)
−1t3 =ϕ(h̃1t(t3

at4
bt1

ct2
d)t−1h̃−1

1 ) (by (4.1))

=ϕ(h̃1(t3
at4

bt1
ct2

d)h̃−1
1 )

=ϕ(h̃1t3
at4

bh̃−1
1 t1

ct2
d)

=ϕ((t3
at4

b)−1t2a3 t1
ct2

d) (h1t3
at4

bh−1
1 = t3

at4
−b)

=ϕ((t3
at4

b)−1(t1
ct2

d)t2a3 )

=ϕ((t3
at4

b)−1(t1
ct2

d)−1((t1
ct2

d)ta3)
2)

=ϕ((t3
at4

bt1
ct2

d)−1(t1
ct2

dta3)
2)

=(g̃2g̃3)
−1ϕ((t1

ct2
dta3)

2),

or

g̃1(g̃2g̃3)g̃1
−1 =ϕ(h̃2t)ϕ(t3

at4
bt1

ct2
d)ϕ(h̃2t)

−1 (by (4.2), (4.4))

(g̃2g̃3)
−1t3 =ϕ(h̃2t(t3

at4
bt1

ct2
d)t−1h̃−1

2 ) (by (4.1))

=ϕ(h̃2(t3
at4

bt1
ct2

d)h̃−1
2 )

=ϕ(h̃2t3
at4

bh̃−1
1 t1

ct2
d)

=ϕ((t3
at4

b)−1t2b4 t1
ct2

d) (h2t3
at4

bh−1
2 = t3

−at4
b)

=ϕ((t3
at4

b)−1(t1
ct2

d)t2b4 )

=ϕ((t3
at4

b)−1(t1
ct2

d)−1((t1
ct2

d)tb4)
2)

=ϕ((t3
at4

bt1
ct2

d)−1(t1
ct2

dtb4)
2)

=(g̃2g̃3)
−1ϕ((t1

ct2
dtb4)

2).

Hence

(4.5) t3 = ϕ((t1
ct2

dta3)
2),

or

(4.6) t3 = ϕ((t1
ct2

dtb4)
2).
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Let us consider the diagrams below

(







p
1
2m

1
2m+ l

1
2q






, I
)

= tl3(g̃2g̃3)
m(tp1t

q
4) −−−→ (γ1α2)

mγq
2 =

((

1
2
m
1
2
q

)

, I

)

ϕ

x





ϕ̂

x





(









c
d
1
2
a
0









, I

)

= t1
ct2

dta3 −−−→ s1
a =

((

1
2
a
0

)

, I

)

or

(







p
1
2m

1
2m+ l

1
2q






, I
)

= tl3(g̃2g̃3)
m(tp1t

q
4) −−−→ (γ1α2)

mγq
2 =

((

1
2
m
1
2
q

)

, I

)

ϕ

x





ϕ̂

x





(









c
d
0
1
2
b









, I

)

= t1
ct2

dtb4 −−−→ s2
b =

((

0
1
2
b

)

, I

)

,

we have

ϕ(t1
ct2

dta3) =tl3(g̃2g̃3)
m(tp1t

q
4)

ϕ((t1
ct2

dta3)
2) =t2l3 (g̃2g̃3)

2m(t2p1 t2q4 )

=t2l3 (t2t3)
m(t2p1 t2q4 ) ((g̃2g̃3)

2 = t2t3)

=t2p1 tm2 t
m+2l
3 t2q4 ,

or

ϕ(t1
ct2

dtb4) =tl3(g̃2g̃3)
m(tp1t

q
4)

ϕ((t1
ct2

dtb4)
2) =t2l3 (g̃2g̃3)

2m(t2p1 t2q4 )

=t2l3 (t2t3)
m(t2p1 t2q4 ) ((g̃2g̃3)

2 = t2t3)

=t2p1 tm2 t
m+2l
3 t2q4 .

Therefore from (4.5) or (4.6) t3 = t2p1 tm2 t
m+2l
3 t2q4 . Hence p = m = q = 0

and m+ 2l = 1 or 2l = 1. This yields a contradiction.

(28).
• M(Aa10) ≈ M(Aa12).
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For

Aa10 =









1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1









Aa12 =









1 1 0 0
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa10 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa12 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g1





y
h1





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1, z̄2, iz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g2





y
h2h3





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z2,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, iz3,−z4).
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Therefore ∃ γ =
(







0
0
1
4
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa10γ
−1 =

Γa12.

• M(Aa10) ≈ M(Aa26).
For

Aa10 =









1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1









Aa26 =









1 1 1 0
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa10 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa26 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, iz2,−z3, z̄4)
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−iz2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa10γ
−1 =

Γa26.

• M(Aa12) ≈ M(Aa32).
For

Aa12 =









1 1 0 0
0 1 1 1
0 0 1 1
0 0 0 1









Aa32 =









1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa12 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa32 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams
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(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z4)
ϕ

−−−−→ (−z1,−īz2, z3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, iz2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (z1,−iz2, z̄3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa12γ
−1 =

Γa32.

• M(Aa14) ≈ M(Aa16).
For

Aa14 =









1 1 0 1
0 1 1 0
0 0 1 1
0 0 0 1









Aa16 =









1 1 0 1
0 1 1 1
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa14 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa16 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.
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Let ϕ(z1, z2, z3, z4) = (z1, z2, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g1





y
h1





y

(−z1, z̄2, z3, z̄4)
ϕ

−−−−→ (−z1, z̄2, iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g2





y
h2h3





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−z2,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, iz3,−z4).

Therefore ∃ γ =
(







0
0
1
4
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa14γ
−1 =

Γa16.

• M(Aa14) ≈ M(Aa30).
For

Aa14 =









1 1 0 1
0 1 1 0
0 0 1 1
0 0 0 1









Aa30 =









1 1 1 1
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4). h1h2(z1, z2, z3, z4) = (−z1,−z̄2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa14 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉
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Γa30 =
〈









1
2
1
2
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, iz2, z3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g1





y
h1h2





y

(−z1, z̄2, z3, z̄4)
ϕ

−−−−→ (−z1,−īz2, z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, iz2,−z3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g2





y
h2





y

(z1,−z2, z̄3, z4)
ϕ

−−−−→ (z1,−iz2, z̄3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, iz2, z3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, iz2, z3,−z4).

Therefore ∃ γ =
(







0
1
4
0
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa14γ
−1 =

Γa30.

• M(Aa28) ≈ M(Aa30).
For

Aa28 =









1 1 1 0
0 1 1 1
0 0 1 1
0 0 0 1









Aa30 =









1 1 1 1
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z̄3, z4). h1h3(z1, z2, z3, z4) = (−z1, z̄2,−z̄3, z4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z̄4). h2h3(z1, z2, z3, z4) = (z1,−z2,−z̄3, z̄4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)
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then

Γa28 =
〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa30 =
〈









1
2
0
1
2
0

















1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1









,









0
1
2
1
2
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Let ϕ(z1, z2, z3, z4) = (z1, z2, iz3, z4), we get these commutative dia-
grams

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g1





y
h1h3





y

(−z1, z̄2, z̄3, z4)
ϕ

−−−−→ (−z1, z̄2,−īz3, z4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g3





y
h3





y

(z1, z2,−z3, z̄4)
ϕ

−−−−→ (z1, z2,−iz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g2





y
h2h3





y

(z1,−z2, z̄3, z̄4)
ϕ

−−−−→ (z1,−z2,−īz3, z̄4)

(z1, z2, z3, z4)
ϕ

−−−−→ (z1, z2, iz3, z4)

g4





y
h4





y

(z1, z2, z3,−z4)
ϕ

−−−−→ (z1, z2, iz3,−z4).

Therefore ∃ γ =
(







0
0
1
4
0













1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1







)

∈ A(n) s.t. γΓa28γ
−1 =

Γa30.

(29). Similar to (4), because Φa10 = Φa14 = Z2 × Z2 × Z2.
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(30). M(Aa10) is not diffeomorphic to M(Aa14).
For

Aa10 =









1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1









Aa14 =









1 1 0 1
0 1 1 0
0 0 1 1
0 0 0 1









g1(z1, z2, z3, z4) = (−z1, z̄2, z3, z4). h1(z1, z2, z3, z4) = (−z1, z̄2, z3, z̄4)

g2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4). h2(z1, z2, z3, z4) = (z1,−z2, z̄3, z4)

g3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4). h3(z1, z2, z3, z4) = (z1, z2,−z3, z̄4)

g4(z1, z2, z3, z4) = (z1, z2, z3,−z4). h4(z1, z2, z3, z4) = (z1, z2, z3,−z4)

then

Γa10 =〈g̃1, g̃2, g̃3, t4〉

〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

Γa14 =〈h̃1, h̃2, h̃3, t4〉

〈









1
2
0
0
0

















1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1









,









0
1
2
0
0

















1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1









,









0
0
1
2
0

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1









,









0
0
0
1
2

















1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









〉

.

Since g̃1g̃2g̃
−1
1 = g̃−1

2 , g̃1g̃3g̃
−1
1 = g̃3, and g̃1t4g̃

−1
1 = t4, then Γa10 =

〈g̃2, g̃3, t4〉⋊ 〈g̃1〉. Then the center C(Γa10) = 〈t1〉 where t1 = g̃21. There
is an extension

1 → 〈t1〉 → Γa10 → ∆a10 → 1,

where ∆a10 = ∆f
a10 ⋊ 〈α〉 = 〈p, q, r〉⋊ 〈α〉 is isomorphic to

〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 −1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

⋊

〈





0
0
0









−1 0 0
0 1 0
0 0 1





〉

.
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Then, since h̃1h̃2h̃
−1
1 = h̃−1

2 , h̃1h̃3h̃
−1
1 = h̃3, and h̃1t4h̃

−1
1 = t−1

4 , then

Γa14 = 〈h̃2, h̃3, t4〉⋊〈h̃1〉. Then the center C(Γa14) = 〈t1〉 where t1 = h̃2
1.

There is an extension

1 → 〈t1〉 → Γa14 → ∆a14 → 1,

where ∆a14 = ∆f
a14 ⋊ 〈β〉 = 〈s, t, u〉⋊ 〈β〉 is isomorphic to

〈





1
2
0
0









1 0 0
0 −1 0
0 0 1



 ,





0
1
2
0









1 0 0
0 1 0
0 0 −1



 ,





0
0
1
2









1 0 0
0 1 0
0 0 1





〉

⋊

〈





0
0
0









−1 0 0
0 1 0
0 0 −1





〉

.

Suppose that Γa10 is isomorphic to Γa14 with isomorphism ϕ : Γa10 →
Γa14. Then it induces an isomorphism ϕ̂ : ∆a10 → ∆a14

1 −−−→ 〈t1〉 −−−→ Γa10 −−−→ ∆a10 −−−→ 1

ϕ





y

ϕ̂





y

1 −−−→ 〈t1〉 −−−→ Γa14 −−−→ ∆a14 −−−→ 1.

Claim 1:
Given an isomorphism ϕ̂ : ∆a10 → ∆a14, then ϕ̂(∆f

a10) = ∆f
a14, that is,

ϕ̂ maps isomorphically.

Since ϕ̂(α) is a torsion element, we may write ϕ̂(α) = hβ for some

h ∈ ∆f
a14. Since ϕ̂ is an isomorphism, there exist g ∈ ∆f

a10 such that
ϕ̂(gα) = β. Hence β = ϕ̂(g)ϕ̂(α) = ϕ̂(g)hβ. So ϕ̂(g)h = 1 or h =
ϕ̂(g)−1 = ϕ̂(g−1). Hence

(4.7) ϕ̂(α) = ϕ̂(g−1)β.

By using (4.7),

ϕ̂(∆a10) =ϕ̂(∆f
a10)⋊ ϕ̂(α)

=ϕ̂(∆f
a10)⋊ ϕ̂(g−1)β

=ϕ̂(∆f
a10)⋊ β (ϕ̂(g−1) ∈ ϕ̂(∆f

a10))

while ϕ̂(∆a10) = ∆a14. Therefore

(4.8) ϕ̂(∆f
a10)⋊ β = ∆f

a14 ⋊ β.
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Let s ∈ ∆f
a14, then sβ =

(

(

1
2
0
0

)(

−1 0 0
0 −1 0
0 0 −1

)

)

which is a tor-

sion element. By using (4.8) ϕ̂(g′2)β = sβ for some g′2 ∈ ∆f
a10. Hence

(4.9) ϕ̂(g′2) = s.

Let t ∈ ∆f
a14, then stβ =

(

(

1
2

− 1
2
0

)(

−1 0 0
0 −1 0
0 0 1

)

)

which is a torsion

element. By using (4.8) there exist g′3 ∈ ∆f
a10 such that ϕ̂(g′3)β = stβ.

So, ϕ̂(g′3) = st or s−1ϕ̂(g′3) = t, and by (4.9)

(4.10) ϕ̂((g′2)
−1g′3) = t

where (g′2)
−1g′3 ∈ ∆f

a10.

As uβ =
(

(

0
0
1
2

)(

−1 0 0
0 1 0
0 0 −1

)

)

is a torsion element. By using

(4.8) there exist g′′ ∈ ∆f
a10 such that ϕ̂(g′′)β = uβ. Hence

(4.11) ϕ̂(g′′) = u.

If g ∈ ∆f
a10, we have ϕ̂(g) = h ∈ ∆f

a14. If this is not true, then

ϕ̂(g) = hβ. But h = ϕ̂(g′) for some g′ ∈ ∆f
a10. So, the above implies

h−1ϕ̂(g) = β or ϕ̂(g′−1g) = β where g′−1g ∈ ∆f
a10. Since ∆

f
a10 is torsion

free, it is impossible. Therefore, since for any g ∈ ∆f
a10 ϕ̂(g) = h ∈ ∆f

a14

then ϕ̂(∆f
a10) ⊂ ∆f

a14, and as (4.9) (4.10) and (4.11) imply surjectivity,

then ϕ̂(∆f
a10) = ∆f

a14.

Claim 2:
Suppose ∆a10 and ∆a14 are isomorphic by ϕ̂. Since ∆a10 and ∆a14 are
crystallographics groups (rigid motion of R3), there are affinely conju-
gate, i.e. there exist an equivariant diffeomorphism (=affine transfor-
mation)

(4.12) (ϕ̂, S) : (∆a10,R3) −→ (∆a14,R3)

such that S(γv) = ϕ̂(γ)S(v) or equivalently Sγ = ϕ̂(γ)S, SγS−1 =
ϕ̂(γ).

First we note that ϕ̂ induces an isomorphism

ϕ̄ : ∆a10/∆
f
a10 = 〈ᾱ〉 −→ ∆a14/∆

f
a14 = 〈β̄〉

by ϕ̄(γ̄) = ϕ̂(γ). For γ̄ = γ̄′ (γ, γ′ ∈ ∆a10), then γ = rγ′ (r ∈ ∆f
a10).

Then ϕ̂(γ) = ϕ̂(r)ϕ̂(γ′) = r′ϕ̂(γ′) for some r′ ∈ ∆f
a14(∵ ϕ̂(∆f

a10) =

∆f
a14). Hence ϕ̂(γ) = ϕ̂(γ′) which show that it is well defined.
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Note that, if γ = g̃α, g̃ ∈ ∆f
a10, then γ̄ = g̃α = ᾱ and

ϕ̂(γ) =ϕ̂(g̃)ϕ̂(α)

=ϕ̂(g̃)ϕ̂(g−1)β by (4.7)

=ϕ̂(g̃g−1)β.

Since g, g̃ ∈ ∆f
a10 then ϕ̂(g̃g−1) ∈ ∆f

a14 and ϕ̂(γ) ∈ ∆a14 by assumption.

Hence ϕ̂(γ) = β̄, and by definition

(4.13) ϕ̄(ᾱ) = β̄.

Note also, S induces a diffeomorphism

S̄ : M(∆f
a10) = R3/∆f

a10 −→ M(∆f
a14) = R3/∆f

a14

by S̄(v̄) = S(v). For this, if v̄ = v̄′ then v′ = rv (r ∈ ∆f
a10). S(v′) =

S(rv) = ϕ̂(r)S(v) by (4.12) where ϕ̂(r) ∈ ∆f
a14 (because of Claim 1).

Thus S(v′) = S(v).
Moreover S̄ is an equivariant diffeomorphism

(ϕ̄, S̄) : (〈ᾱ〉,M(∆f
a10)) −→ (〈β̄〉,M(∆f

a14)).

For this,

S̄(ᾱv̄) =S̄(αv) = S(αv)

=ϕ̂(α)S(v) (by (4.12))

=ϕ̂(α) S(v) (by (∗) below)

=β̄S̄(v̄)

(∗)
The action of ∆a10/∆

f
a10 = 〈ᾱ〉 on M(∆f

a10) is obtained: γ̄v̄ = γv

where γ̄ ∈ ∆a10/∆
f
a10 and v̄ ∈ R3/∆f

a10. If γ̄ = γ̄′ then γ′ = gγ,

where γ′, γ ∈ ∆a10 and g ∈ ∆f
a10. Therefore γ′v = gγv = g(γv) = γv.

If v̄ = v̄′ then v′ = g′v where g′ ∈ ∆f
a10. Therefore γ′v′ = γ′g′v =

(γ′g′γ′−1)γ′v = g′′γ′v = γ′v, where g′′ ∈ ∆f
a10 normal subgroup. So,

when γ̄ = γ̄′, v̄ = v̄′ then γ̄′v̄′ = γ′v′ = γ′v = γv = γ̄v̄.
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We have this diagram:

∆f
a10

ϕ
−−−→ ∆f

a14




y





y

(∆a10,R3)
(ϕ,S)
−−−→ (∆a14,R3)





y





y

(∆a10/∆
f
a10,R

3/∆f
a10)

(ϕ̄,S̄)
−−−→ (∆a14/∆

f
a14,R

3/∆f
a14)

where S̄(ᾱv̄) = β̄S̄(v̄) as S̄ is an equivariant diffeomorphism.

We note that, the fixed point set of ᾱ, Fix(ᾱ) = {v̄ ∈ M(∆f
a10)|ᾱv̄ =

v̄} mapped diffeomorphically onto Fix(β̄).

Now, to get Fix(ᾱ) and Fix(β̄), the argument is as follows; By
considering the exact sequence

Z3−→∆f
a10−→Z2 × Z2,

the action of Z2 × Z2 =< τ, µ > on T 3 by τ

(

x1

x2

x3

)

=

(

1
2 + x1

−x2

x3

)

=

(

−z1
z2
z3

)

, µ

(

x1

x2

x3

)

=

(

x1
1
2 + x2

−x3

)

=

(

z1
−z2
z3

)

, and the action of <

ᾱ > on R3/∆f
a10 by ᾱ

(

x1

x2

x3

)

=

(

−x1

x2

x3

)

, we have the commutative

diagram

Z2 × Z2 Z2 × Z2




y





y

T 3 = R3/Z3 α̃
−−−→ R3/Z3

p





y

p





y

R3/∆f
a10

ᾱ
−−−→ R3/∆f

a10

where α̃ is a lift of ᾱ and p is defined by p(

(

z1
z2
z3

)

) =

(

x1

x2

x3

)

such

that p ◦ α̃ = ᾱ ◦ p.
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Note that α̃

(

z1
z2
z3

)

=

(

z̄1
z2
z3

)

∈ T 3, since α̃

(

x1

x2

x3

)

=

(

−x1

x2

x3

)

=

(

z̄1
z2
z3

)

∈ T 3.

Let x =

(

x1

x2

x3

)

and z =

(

z1
z2
z3

)

. If z ∈ Fix(α̃), α̃z = z, then

p(α̃z) = p(z). This implies





z̄1
z2
z3



 = α̃





z1
z2
z3



 = τmµn





z1
z2
z3



 m,n ∈ {0, 1}.

So, the possibilities of Fix(α̃) is obtained from

(4.14)

(

z̄1
z2
z3

)

=



















z

τz

µz

τµz.

Before determining Fix(α̃), note that α̃(τz) = τ(α̃z) and α̃(µz) =
µ(α̃z), since −z̄i = −zi. Hence if z ∈ Fix(α̃), τz ∈ Fix(α̃) and
µz ∈ Fix(α̃).
Now we calculate Fix(α̃) for any case in (4.14).

If





z̄1
z2
z3



 =





z1
z2
z3



,





z1
z2
z3



 =





±1
z2
z3



. Since τ

(

1
z2
z3

)

=

(

−1
z̄2
z3

)

, so

Fix(α̃) =
{

(

1
z2
z3

)

}

.

If





z̄1
z2
z3



 = τ





z1
z2
z3



 =





−z1
z̄2
z3



,





z1
z2
z3



 =





±i
±1
z3



. Since τ

(

i
±1
z3

)

=

(

−i
±1
z3

)

, and µ

(

i
1
z3

)

=

(

i
−1
z̄3

)

so Fix(α̃) =
{

(

i
1
z3

)

}

.

If





z̄1
z2
z3



 = µ





z1
z2
z3



 =





z1
−z2
z̄3



, there is no z2 = −z2. So Fix(α̃) = ∅.
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If





z̄1
z2
z3



 = τµ





z1
z2
z3



 =





−z1
−z̄2
z̄3



,





z1
z2
z3



 =





±i
±i
±1



. Since

µ

(

i
i
1

)

=





i
−i
1



 , µ

(

i
i
−1

)

=

(

i
−i
−1

)

µ

(

−i
i
1

)

=





−i
−i
1



 , µ

(

−i
i
−1

)

=

(

−i
−i
−1

)

τµ

(

i
−i
1

)

=





−i
−i
1



 , τµ

(

i
−i
−1

)

=

(

−i
−i
−1

)

so Fix(α̃) =
{

(

i
−i
1

)

,

(

i
−i
−1

)

}

.

To determine Fix(ᾱ), the argument is as follows. If z ∈ Fix(α̃),

ᾱx̄ = ᾱp(z) = p(α̃z) = p(z)

= x̄,

hence p(Fix(α̃)) = Fix(ᾱ). Now we get

Fix(ᾱ) =



























































{

p





1

z2

z3





}

=
{





1

x2

x3





}

= T 2

{

p





i

1

z3





}

=
{





1
4

1

x3





}

= S1

{

p





i

i

1



 , p





i

i

−1





}

=
{





1
4
1
4

1



,





1
4
1
4

−1





}

.

Similarly, we can find Fix(β̄) as follows. If z ∈ Fix(β̃), β̃z = z, then

p(β̃z) = p(z). This implies





z̄1
z2
z̄3



 = β̃





z1
z2
z3



 = τmµn





z1
z2
z3



 m,n ∈ {0, 1}.
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So, the possibilities of Fix(β̃) is obtained from

(4.15)

(

z̄1
z2
z̄3

)

=



















z

τz

µz

τµz.

Note that β̃(τz) = τ(β̃z) and β̃(µz) = µ(β̃z). Hence if z ∈ Fix(β̃),

τz ∈ Fix(β̃) and µz ∈ Fix(β̃).

Now we calculate Fix(β̃) for any case in (4.15).

If





z̄1
z2
z̄3



 =





z1
z2
z3



,





z1
z2
z3



 =





±1
z2
±1



. Since τ

(

1
z2
1

)

=

(

−1
z̄2
1

)

,

τ

(

1
z2
−1

)

=

(

−1
z̄2
−1

)

so Fix(β̃) =
{

(

1
z2
1

)

,

(

1
z2
−1

)

}

.

If





z̄1
z2
z̄3



 = τ





z1
z2
z3



 =





−z1
z̄2
z3



,





z1
z2
z3



 =





±i
±1
±1



. Since

µ

(

i
1
1

)

=





i
−1
1



 , µ

(

i
1
−1

)

=

(

i
−1
−1

)

µ

(

−i
1
1

)

=





−i
−1
1



 , µ

(

−i
1
−1

)

=

(

−i
−1
−1

)

τµ

(

i
−1
1

)

=





−i
1
1



 , τµ

(

i
−1
−1

)

=

(

−i
1
−1

)

so Fix(β̃) =
{

(

i
1
1

)

,

(

i
1
−1

)

}

.

If





z̄1
z2
z̄3



 = µ





z1
z2
z3



 =





z1
−z2
z̄3



, there is no z2 = −z2. So Fix(β̃) = ∅.
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If





z̄1
z2
z̄3



 = τµ





z1
z2
z3



 =





−z1
−z̄2
z̄3



,





z1
z2
z3



 =





±i
±i
z3



. Since

µ

(

i
i
z3

)

=





i
−i
z3



 , µ

(

−i
i
z3

)

=

(

−i
−i
z3

)

τ

(

i
i
z3

)

=





−i
−i
z3





so Fix(β̃) =
{

(

i
i
z3

)

}

.

To determine Fix(β̄), the argument is as follows. If z ∈ Fix(β̃),

β̄x̄ = β̄p(z) = p(β̃z) = p(z)

= x̄,

hence p(Fix(β̃)) = Fix(β̄). Now we get

Fix(β̄) =



























































{

p





1

z2

−1



 , p





1

z2

1





}

=
{





1

x2

−1



,





1

x2

1





}

= 2S1

{

p





i

1

1



 , p





i

1

−1





}

=
{





1
4

1

1



,





1
4

1

−1





}

{

p





i

i

z3





}

=
{





1
4
1
4

x3





}

= S1.

This yields a contradiction.

We observed that the sufficient condition of conjecture is true for
n = 4.

�
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