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The Ekedahl-Oort Stratification and the
Semi-Module Stratification

Ryosuke Shimada

Abstract

In this paper we compare the J-stratification (or the semi-module strat-
ification) and the Ekedahl-Oort stratification of affine Deligne-Lusztig vari-
eties in the superbasic case. In particular, we classify the cases where the
J-stratification gives a refinement of the Ekedahl-Oort stratification, which
include many interesting cases such that the affine Deligne-Lusztig variety
admits a simple geometric structure.

1 Introduction

The affine Deligne-Lusztig variety was introduced by Rapoport in [30], which plays
an important role in understanding geometric and arithmetic properties of Shimura
varieties. The uniformization theorem by Rapoport and Zink [29] allows us to de-
scribe the Newton strata of Shimura varieties in terms of Rapoport-Zink spaces,
whose underlying spaces are special cases of affine Deligne-Lusztig varieties.

Let F' be a non-archimedean local field with finite field IF; of prime characteristic
p, and let L be the completion of the maximal unramified extension of F. Let o
denote the Frobenius automorphism of L/F. Further, we write O (resp. O) for the
valuation ring L (resp. F). Finally, we denote by w a uniformizer of F' (and L) and
by vy, the valuation of L such that vy (w) = 1.

Let G be an unramified connected reductive group over Op. Let B C G be
a Borel subgroup and T' C B a maximal torus in B, both defined over Op. For
py 1 € Xo(T) (resp. Xu(T)g), we write p/ < p if u — ¢/ is a non-negative integral
(resp. rational) linear combination of positive coroots. For a cocharacter u € X, (7T),
let " be the image of w € G,,(F) under the homomorphism p: G, — T

Set K = G(O). We fix a dominant cocharacter y € X,(7T"); and b € G(L). Then
the affine Deligne-Lusztig variety X, (b) is the locally closed reduced F,-subscheme
of the affine Grassmannian Gr = G(L)/K defined as

X,(b) ={zK € Gr | 27 "bo(z) € Kow"K}.
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The closed affine Deligne-Lusztig variety is the closed reduced F,-subscheme of Gr
defined as
X<u(b) = U X (D).
T

Both X, (b) and X<, (b) are locally of finite type in the equal characteristic case and
locally perfectly of finite type in the mixed characteristic case (cf. [I5, Corollary 6.5],
[14, Lemma 1.1]). Finally, the affine Deligne-Lusztig varieties X, (b) and X<, (b)
carry a natural action (by left multiplication) by the o-centralizer of b

Jy(F) ={g € G(L)| g~"bo(g) = b}.

The geometric properties of affine Deligne-Lusztig varieties have been studied by
many people. For example, the non-emptiness criterion and the dimension formula
are already known for the affine Deligne-Lusztig varieties in the affine Grassmannian
(see [5], [35] and [13]). Let B(G) denote the set of o-conjugacy classes of G(L).
Thanks to Kottwitz [24], a o-conjugacy class [b] € B(G) is uniquely determined by
two invariants: the Kottwitz point k(b) € m(G)/((1 — o)1 (G)) and the Newton
point v, € X, (T)g+. Set B(G,n) = {[b] € B(G) | k(b) = s(w"), v, < p°}, where
p° denotes the o-average of . Then X, (b) # 0 if and only if [b] € B(G, u). If this
is the case, then we have

. 1
dim X, (b) = (p, 0 — ) — 3 def(b),

where p is the half sum of positive roots and def(b) is the defect of b. Moreover,
the parametrization problem of the set of irreducible components Irr X, (b) is also
known. Let G be the Langlands dual of G defined over Q, with [ # p. Surprisingly,
there exists a natural bijection between J,(F')\ Irr X,(b) and a certain weight space
of the crystal basis B,, of the irreducible G-module V,, of highest weight p. This is
conjectured by Chen and Zhu, and proved in general by Nie [2§].

Besides them, it is known that in certain cases, the closed affine Deligne-Lusztig
variety admits a simple description. In [§], [L0] and [I1], a notion of “Coxeter type”
was introduced by Gortz, He and Nie. They proved that if (G, i) is of Coxeter type
and if b is the unique basic element in B(G, i), then X<, (b) is naturally a union
of classical Deligne-Lusztig varieties (in fact, they studied the cases with arbitrary
parahoric level). This stratification is the so-called Bruhat-Tits stratification, a
stratification indexed in terms of the Bruhat-Tits building of J,(F'), see [11], §2.4].
These simple descriptions of closed affine Deligne-Lusztig varieties have been applied
to number theory especially when (G, ) corresponds to a Shimura datum (cf. [11],
§1]). For example, the cases of Coxeter type include the case for certain unitary
groups of signature (1,n — 1) studied in [37] by Vollaard and Wedhorn, which has
been used in the Kudla-Rapoport program [25].



To give a conceptual way to explain the relationship between the geometry of
affine Deligne-Lusztig varieties and the Bruhat-Tits building of J,(F') indicated by
above examples, Chen and Viehmann [I] introduced the J-stratification, where J
stands for J,(F). The J-strata are locally closed subsets of Gr. By intersecting
each J-stratum with X<,(b), we obtain the J-stratification of X<,(b) (see §2.4] for
details). In [6], Gortz showed that the Bruhat-Tits stratification coincides with the
J-stratification. In fact the Bruhat-Tits stratification is a refinement of the Ekedahl-
Oort stratification (see §2.2for the latter). So the J-stratification is also a refinement
of the Ekedahl-Oort stratification when (G, ) is of Coxeter type. This does not hold
in general even if p is minuscule. See [I, Example 4.1] for a counterexample in the
case G = GLg. Therefore the cases when J-stratification is a refinement of the
Ekedahl-Oort stratification should be special cases, which are of particular interest.

Usually it seems very difficult to study the J-stratification. However, in the case
that G = GL,, and b is superbasic (i.e., k(b) € Z is coprime to n), the J-stratification
coincides with a stratification by semi-modules ([I, Proposition 3.4]). The notion of
semi-modules was first considered by de Jong and Oort [2] (see §3.1) for minuscule
cocharacters. Later Viehmann [35] introduced a notion of extended semi-modules
for arbitrary cocharacters, which generalizes the notion of semi-modules. It played
a crucial role to prove the dimension formula (for split groups) and the Chen-Zhu
conjecture mentioned above. This is because for these problems, we can reduce the
general case to the case that G = GL,, and b is superbasic.

The aim of this paper is to compare the Ekedahl-Oort stratification and the
semi-module stratification (for G = GL,,). To state the main results, we need some
notation. Let Wy be the (finite) Weyl group of T'in G and let W be the Iwahori-
Weyl group of T'in G. Then W = X,(T) x Wy. We denote the projection W — W,
by p. For p € X, (T), we denote by Adm(z) the admissible subset of W. Let
SAdm(u) be a certain subset of Adm(y), which is the index set of the Ekedahl-Oort
stratification of X<,(7,) (see §2.2). We fix (a representative in G(L) of a) length
0 element 7, € W whose o-conjugacy class in G(L) is the unique basic element in
B(G, p). Finally, let LP(w) C W, be the length positive elements for w (see §2.5]).

Theorem A (See Theorem [2)). Let G = GL,, and let u € X, (7),. Assume that
7, is superbasic. Then the following assertions are equivalent.

(i) The J-stratification (or the semi-module stratification) of X<, (7,)(# 0) gives
a refinement of the Ekedahl-Oort stratification.

(ii) For any w € “Adm(u) whose corresponding Ekedahl-Oort stratum is non-
empty, there exists v € LP(w) such that v~'p(w)v is a Coxeter element.



(iii) The cocharacter p has one of the following forms modulo Zw,,:

Wi, Wn_1, (n>1),
wa, 21, Wp—o, 2Wn_1, (odd n > 3),
Wy + Wn_1, 2w+ Wno1 W1+ Whoo, w1+ 2wWn_1, (n>3),
W3, Wp_3, (n="1,8),
3wy, 3Bwp_1, (n=4,5),
Wi +wa, W3+ wy, (n=15),
dwi, wy + 3we, 4wa, 3wy + wo, (n=3),
mw; with m odd, (n=2).
Here wy denotes the cocharacter of the form (1,...,1,0,...,0) in which 1 is repeated

k times.

See §2.4lfor the reason why we choose 7,,. In fact, this choice is the reasonable one
suggested in [I, Remark 2.1], which is unique in this case. Also we can deduce the
geometric structure of each J-stratum. In many cases, it is universally homeomorphic
to (the perfection of) an affine space (see Theorem [[.2] and Remark [7.3)).

Although the cocharacters w; and w,_; are of Coxeter type for any n, the cochar-
acters 2wy and wy are of Coxeter type only when n = 2 and n = 4 respectively (cf.
[11, Theorem 1.4]). In Theorem [A] these two cocharacters are no longer exceptional
cases. Note also that the condition (ii) works for general G. It would be interesting
to study this condition in general.

Cyclic semi-modules are certain simple elements in the set of extended semi-
modules. It is easy to see that if there exists a non-cyclic semi-module for y, then
the semi-module stratification of X,(7,) never gives a refinement of the Ekedahl-
Oort stratification (Corollary BI0). Along the way of proving Theorem [A] we also
prove the following classification theorem, which ensures that there exists a non-
cyclic semi-module in many cases.

Theorem B (See Theorem HIT). Every top extended semi-module (the semi-
module whose corresponding stratum is top-dimensional) for p is cyclic if and only
if u has one of the following forms modulo Zw,:

(i) w; with 1 <7 <n — 1 such that ¢ is coprime to n.
(i) wy 4 w; or w1 + wy—; with 1 <4 < n — 1 such that i 4+ 1 is coprime to n.

(iii) (nr—+i)w; or (nr+1i)w,—1 with 7 > 0 and 1 <i < n — 1 such that 7 is coprime
to n.



(iv) (nr+41i—j)w +w;or (nr+1i—j)wp—1 +wp—; withr >1,2<j<n—1and
1 <4 <n—1 such that ¢ is coprime to n.

The paper is organized as follows. In §2] we introduce the affine Deligne-Lusztig
variety and stratifications of it. We also recall the length positive elements and the
non-emptiness criterion of the affine Deligne-Lusztig variety in the affine flag variety.
In §3] and §4l we recollect known results on semi-modules and crystal bases respec-
tively. Also in §4] we prove Theorem [Blusing combinatorics on Young tableaux. The
key ingredient here is the explicit construction of top extended semi-modules from
crystal bases via the natural map in the Chen-Zhu conjecture. This is established in
[33] by the author. In §5land §6, we examine the semi-module stratification and the
Ekedahl-Oort stratification respectively by an explicit calculation of semi-modules
and elements in Adm(y). In particular, using the non-emptiness criterion men-
tioned above, we show that Theorem [A] (ii) does not hold for many u. Finally in §7
we prove the main theorem, combining Theorem [B] and the results in §5 and §6l
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2 Preliminaries

Keep the notations in §Il

2.1 Notation

Let & = ®(G, T') denote the set of roots of T"in G. We denote by ®, (resp. ®_) the
set of positive (resp. negative) roots distinguished by B. Let A be the set of simple
roots and AY be the corresponding set of simple coroots. Let X,(T') be the set of
cocharacters, and let X,(T"); be the set of dominant cocharacters.

The Iwahori-Weyl group W is defined as the quotient NewyT(L)/T(O). This
can be identified with the semi-direct product Wy x X, (T"), where W, is the finite
Weyl group of G. We denote the projection W — Wy by p. Let S C W, denote
the subset of simple reflections, and let S C W denote the subset of simple affine
reflections. We often identify A and S. The affine Weyl group W, is the subgroup
of W generated by S. Then we can write the Iwahori-Weyl group as a semi-direct
product W = W,xQ, where Q C W is the subgroup of length 0 elements. Moreover,
(W,,8) is a Coxeter system. We denote by < the Bruhat order on W. For any
J C S, let 7T be the set of minimal length elements for the cosets in WJ\W, where



W, denotes the subgroup of W generated by J. We also have a length function
C: W — Z> given as

lwow) = > KN +1+ Y [

acd , woaced_ acd , woacd

where wy € Wy and A € X, (7).

For w € W,, we denote by supp(w) C S the set of simple affine reflections
occurring in every (equivalently, some) reduced expression of w. Note that 7 €
acts on S by conjugation. We define the o-support supp, (wt) of wr as the smallest
To-stable subset of S. We call an element wr € W, a o-Coxeter element if exactly
one simple reflection from each To-orbit on supp, (w) occurs in every (equivalently,
any) reduced expression of w.

For w,w’ € W and s € S, we write w =, w' if w’ = swo(s) and £(w') < {(w).
We write w —, w’ if there is a sequence w = wy, wy, ..., w, = w’ of elements in W
such that for any 7, w;_; 2>, w; for some s; € S. If w —, w’ and W’ —, w, we write
w R, w.

For a € ®, let U, C G denote the corresponding root subgroup. We set

I1=T(0) [] Ua(wO) ] Us(0) € G(L),

a€<I>+ BECP,

which is called the standard Iwahori subgroup associated to the triple T'C B C G.

In the case G = GL,, we will use the following description. Let x;; be the
character T — G, defined by diag(ty, ta, ..., t,) — t;t;7*. Then we have ® = {y,; |
i #5h O ={xy [t <jh oo ={xy|i>jtand A= {xg |1 <i<
n}. Through the isomorphism X, (T') = Z", X.(T'), can be identified with the set
{(my, -+ ,my) €Z"my > -+ >my,}. Let uswrite s = (1 2),80 =(23),...,8,.1 =
(n —1n). Set sg = wXin(1 n), where x1, is the unique highest root. Then
S ={s1,52,...,5n_1} and S = SU{so}. The Iwahori subgroup I C K is the inverse
image of the lower triangular matrices under the projection G(0) — G(F,), @ ~ 0.
Set 7 = (1 0 X ? . We often regard 7 as an element of W, which is a generator
of Q = 7Z. Note that b € GL, (L) is superbasic if and only if [b] = [7™] in B(GL,)
for some m coprime to n.

2.2 Affine Deligne-Lusztig Varieties

For w € W and b € G(L), the affine Deligne-Lusztig variety X,,(b) in the affine flag
variety G(L)/I is defined as

Xo(b) = {zI € G(L)/I | v~ bo(x) € Twl}.



For p € X,(T)4 and b € G(L), the affine Deligne-Lusztig variety X, (b) in the affine
Grassmannian Gr = G(L)/K is defined as

X, (b) ={zK € Gr | 27 bo(z) € Kw"K}.
The closed affine Deligne-Lusztig variety is the closed reduced F,-subscheme of Gr

defined as
X<u(b) = U X (D).
T
Left multiplication by ¢~' € G(L) induces an isomorphism between X, (b) and
X, (g7'ba(g)). Thus the isomorphism class of the affine Deligne-Lusztig variety
only depends on the o-conjugacy class of b. Moreover, we have X, (b) = X, (wwb)
for each central A\ € X, (T).
The admissible subset of W associated to ju is defined as

Adm(p) = {w e W | w < @™ for some wy € Wo}.

Set SAdm(p) = Adm(u) N SW. Then, by [8, Theorem 3.2.1] (see also [12, §2.5]), we

have
Xa) = | #(Xu®),
weS Adm ()
where 7: G(L)/I — G(L)/K is the projection. This is the so-called Ekedahl-Oort
stratification. )
For any w € W, set

Z(w) = {wy € Wy | wow = wwy}.

Lemma 2.1. Let why € W with p dominant and y € W,. Assume that Z(wy) =
{1}. Then the projection map m: Xou,(b) — X, (b) is injective.

Proof. The proof is similar to [I9, Lemma 5.4]. We may assume that X u,(b) # 0.
Let gI,g'T € Xuy(b) such that w(gl) = 7(¢'I). Then ¢'"'g € K and hence ¢'"'g €
IzI for some z € Wy. Since (¢ 'g)(g7'00(g)) = (¢'"'bo(g'))(c(g' " g)), we have
(IxI)(Iw*yl) N (Tewtyl)(IzI) # 0. Note that (IxI)(Iwtyl) = Izw*yl because
why € SW. This implies that zwhy = whyz. By our assumption, we must have
x =1 and hence ¢'"'g € I as desired. O

Example 2.2. Let G = GL,, and b = 7 with m coprime to n, and let why € SW
with ;1 dominant and y € W. If p is minuscule, then it is easy to check that why =
7™y’ for some y' € Wy. Since m is coprime to n, we conclude that Z(wty) = {1}. If
y is n-cycle and {s1, s,—1} € Z(w"), then we also have Z(w*y) = {1}. Indeed, for
any x € Wy, xwhy = whyx implies that xyz~! = y and € Z(w*). Thus z = y*
for some 0 < k < n—1 and y*u = p. Since {s1,5,-1} € Z(w@"), we must have
k=0.



2.3 Deligne-Lusztig Reduction Method

The following Deligne-Lusztig reduction method was established in [7, Corollary
2.5.3].

Proposition 2.3. Let w € W and let s € S be a simple affine reflection. If
ch(F) > 0, then the following two statements hold for any b € G(L).

(i) If {(swo(s))

= ((w), then there exists a J,(F)-equivariant universal homeo-
morphism X, (b)

— Xswcr(s (b>

(ii) If ¢(swo(s)) = £(w) — 2, then there exists a decomposition X, (b) = X; L X5
such that

e X is open and there exists a J,(F')-equivariant morphism X; — X, (b),
which is the composition of a Zariski-locally trivial G,,-bundle and a
universal homeomorphism.

e X, is closed and there exists a J,(F')-equivariant morphism Xy — X0 (s) (D),
which is the composition of a Zariski-locally trivial A'-bundle and a uni-
versal homeomorphism.

If ch(F) = 0, then the above statements still hold by replacing A! and G,,, by
ALPI and GPM respectively.

The following result is proved in [I8, Theorem 2.10], which allows us to reduce
the study of X, (b) for any w, via the Deligne-Lusztig reduction method, to the
study of X, (b) for w of minimal length in its o-conjugacy class.

Theorem 2.4. For each w € W, there exists an element w’ which is of minimal
length inside its o-conjugacy class such that w —, w’.

Following [19, §3.4], we construct the reduction trees for w by induction on ¢(w).

The vertices of the trees are the elements of W. We write z — y if z,y € W
and there exists 2/ € W and s € S such that = ~, 2/, {(sz'0(s)) = {(z') — 2 and
y € {sa’,sx’c(s)}. These are (oriented) edges of the trees.

If w is of minimal length in its o-conjugacy class of W, then the reduction tree
for w consists of a single vertex w and no edges. Assume that w is not of minimal
length and that a reduction tree is given for any z € W with ¢(z) < {(w). By
Theorem 24, there exist w’ and s € S with w ~, w' and {(sw'o(s)) = L(w') —
Then a reduction tree of w consists of the given reduction trees of sw’ and sw’c(s)
and the edges w — sw’ and w — sw'o(s).

Let T be a reduction tree of w. An end point of T is a vertex in T of minimal
length. A reduction path in 7 is a path p: w — w; — -++ — w,, where w, is an



end point of 7. Set end(p) = w,. We say that x — y is of type I (resp. II) if
0(z) — l(y) = 1 (vesp. £(z) — L(y) = 2). For any reduction path p, we denote by
01(p) (vesp. £17(p)) the number of type I (resp. IT) edges in p. We write X, a locally
closed subscheme of X,,(b) which is J,( F)-equivariant universally homeomorphic to
an iterated fibration of type (¢7(p), £11(p)) over Xenaep)(b).

Let B(W, ) be the set of o-conjugacy classes in W. Let ¥ : B(W,0) — B(G)
be the map sending [w] € B(W,0) to [w] € B(G). It is known that this map is
well-defined and surjective, see [I7, Theorem 3.7]. By [19, Proposition 3.9], we have
the following description of X,,(b).

Proposition 2.5. Let w € W and T be a reduction tree of w. For any b € G(L),
there exists a decomposition

X, (b) = | ] X,.

p is a reduction path in T; -
W (end(p))=I[b]

In the case that G = GL,, and b = 7™ with m coprime to n, we can count
the number of top irreducible components and rational points of X, (b)° = {gI €
Xw(b) | k(g) = vr(det(g)) = 0} using the reduction tree for w. By [I8, Proposition
3.5], the o-conjugacy class of 7 in W is the unique element in B(W, o) which maps
to [7"] € B(G) under ¥. Note also that 7 is the unique minimal length element
in its o-conjugacy class. We define a polynomial as

Fuopi=) (a—1)"Pq® e Njq - 1],

P

where p runs over all the reduction paths in 7" with end(p) = 7.

Proposition 2.6. Assume that G = GL, and b = 7™ with m coprime to n. Let
w € W and let T be a reduction tree of w. Then the number of top irreducible
components of X,,(b)° is equal to the leading coefficient of F,, ;. Moreover, we have

|Xw(b)070| = Fubla=q-

Proof. Note that each J,(F')-orbit of an irreducible component of X, (b) can be
represented by an irreducible component of X, (b)°. Moreover, it is known that
the stabilizer in J,(F) is a parahoric subgroup (cf. [39, Proposition 3.1.4)), i.e.,
J(F)YNIT ={g € Jo(F) | k(g) =0}. Then the statement follows from [I9, Theorem
3.4 & Proposition 3.5] and [20, Corollary 4.4]. O

Remark 2.7. The polynomials F,; are called class polynomials. However, the
definition above is an ad hoc one. See [19, §3] for the definition in general and the
connection to reduction trees.



2.4 The J-stratification

For any ¢g,h € G(L), let inv(g,h) denote the relative position, i.e., the unique
dominant cocharacter such that g~'h € K™ 9" K. By definition, two elements
gK,hK € G(L)/K lie in the same J-stratum if and only if for all j € J,(F),
inv(j,g) = inv(j,h). Clearly, this does not depend on the choice of g, h. By [
Proposition 2.11], the J-strata are locally closed in Gr. By intersecting each J-
stratum with X,,(b) (resp. X<,(b)), we obtain the J-stratification of X, (b) (resp.
Xo(D)).

As explained in [I, Remark 2.1], the J-stratification heavily depends on the choice
of b in its o-conjugacy class. So we need to fix a specific representative to compare
the J-stratification on X, (b) (or X<, (b)) to other stratification. In loc. cit., it
is pointed out that if b is basic, then a reasonable choice is the unique length 0
element in B(G, y). Also, for any w € W, the J,(F)-stratification is independent
of the choice of lift in G(L). See [6, Lemma 2.5].

In the case where G = GL,, and b = 7™ with m coprime to n, there is a group-
theoretic way to describe the J-stratification, which we will call the semi-module
stratification. Indeed, by [Il Remark 3.1 & Proposition 3.4], the J-stratification on
gr coincides with the stratification

GIL)/K = || I=*K/K.

AeX(T)

So in this case, each J-stratum of X, (b) (resp. X<,(b)) coincides with X)‘(b) (resp.
X2%,(b)) for some A € X,(T), where X}(b) = X,(b) N [@*K/K (resp. X L(b) =
Xon(h) N I K/K). Set Jo(F)® = Jy(F) N K = Jy(F) N I. Note that TXA(b) -
X7A(b) and Jy(F)/Jy(F)° = {7*J,(F)° | k € Z}. Thus

M0) = | X M0) and  J(F)X2,0) = | | XZ;
keZ keZ

See §3.11for the precise definition of (extended) semi-modules. As we will explain
in §3.2 the set {A € X.(T) | X;}(b) # 0} can be regarded as semi-modules for .
Let wpax be the longest element in Wy. Then we have

{A e XuT) | X200 (071) # 0} = {—wmaxX | A € Ay}

Indeed it is easy to check that the image of X ;L\(b) under the automorphism of Gr

by gK — Wma'g K is X “’m‘”‘)‘(b D). This gives the description of “dual” semi-
modules for p.
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2.5 Length Positive Elements

We denote by 0" the indicator function of the set of positive roots, i.e.,

1 (aedy)

0t ® —{0,1}, aw {O (acd).

Note that any element w € W can be written in a unique way as w = rwhy
with g dominant, x,y € W,y such that w’y € SW. We have p(w) = zy and
l(w) = L(x) + (i, 2p) — L(y). We define the set of length positive elements by

LP(w) = {v € Wy | (va, y ') + 6 (va) — 6" (zyva) > 0 for all a € &, }.

Then we always have y~' € LP(w). Indeed, y is uniquely determined by the con-
dition that (o, pu) > 7 (—y~la) for alla € ®,. Since T (a) + 6 (—a) = 1, we
have

(v~ oy~ ) + 0%y ) — 07 (za) = (o, 1) — 67 (=y ') + 6F(—za) > 0.
Lemma 2.8. For any w = xwhy € W as above, we define
D, ={aecd, | {(a,p)—6 (y'a)+ i (za) =0}
Here 6~ denotes the indicator function of the set of negative roots. Then we have
yLP(w) = {r~ ' € Wy | r(®, \ ®,) C @, or equivalently, r &, C &, U -, }.

Proof. Let r € Wy such that r(®, \ ®,) C ®,. Let « € ;. If r'a € &, then

we can check that y~!'r=! € LP(w) similarly as the case r = 1 above. If r o € ®_,

then we must have r o € —®,,. Since §~(—a) = 6+ (), it follows that

("t tay ) + 6Ty a) — 6T (arta)
=—({—rtoa,p) =6 (—y trta)+ 6 (—ar~ta)) = 0.

Thus y~'r~! € LP(w). This shows {r~* € Wy | (P, \ ®,) C ¢4} C yLP(w).
Let v € LP(w) and let a € . If yvar € $_, then

(—yva, ) — 6~ (—va) + 6~ (—ayva) = —({va,y~ i) + 67 (va) — 67 (zyva)) < 0.
On the other hand, by the characterization of y above, we have
(—yva, u) — 6~ (—va) + 6~ (—zyva) = (—yva, u) — 6 (va) + 6 (zyva) > 0.

Thus (—yva, p) — 6~ (—va) + 0~ (—zyva) = 0 and hence yva € —P,,. This shows
yLP(w) C {r~t e Wy | r(®, \ ®,) C P, }. The proof is finished. O
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The notion of length positive elements is defined by Schremmer in [3I]. The
description of LP(w) in Lemma 2.8 is due to Lim [26].

We say that the Dynkin diagram of G is o-connected if it cannot be written as
a union of two proper o-stable subdiagrams that are not connected to each other.
The following theorem is a refinement of the non-emptiness criterion in [9], which is
conjectured by Lim in [26] and proved by Schremmer in [32, Proposition 5].

Theorem 2.9. Assume that the Dynkin diagram of G is o-connected. Let b € G(L)
be a basic element with x(b) = k(w). Then X, (b) = 0 if and only if the following
two conditions are satisfied:

(i) [Wsupp, (w)| is not finite.
(ii) There exists v € LP(w) such that supp, (o~ (v) " 'p(w)v) C S.
Remark 2.10. If x(b) # r(w), then X, (b) = 0.

Remark 2.11. Let w € W,w, € Wy and let J C A such that J = o(.J). Then we
say that w is a (J, wy, 0)-alcove element if the following conditions are both satisfied:

1. wy 'wo(wy) € Wy = X,(T) x Wy, and

2. For any a € wy (P, \Py), U,N*I C U, NI, where ®; denotes the root system
generated by J.

In [32, Proposition 5], the condition (ii) in Theorem is written as
(ii)" There exist J C A and wy € Wy such that w is a (J, wy, 0)-alcove element.
The equivalence of (ii) and (ii)’ follows from [26, Lemma 3.7 & Lemma 3.9].

In the case G = GL,, there exists a length-preserving automorphism ¢ of W
defined as

WoTT™ = Winax WoW oy @@ N wg € Wy, A € Xo(T).

Note that ¢(7™) = 7™, ¢(s0) = s¢ and ¢(s;) = s,_; for 1 <i < n—1. Let w = zw’y
be as above. For any aw € &, and v € LP(w), we have

(6(0) (=) () (=) + 8 (6(0) (—tmax)) — 5 (<) () (—ttmax))
= (va,y ') + 6 (va) — 0T (wyva) > 0.

Thus LP(s(w)) = ¢(LP(w)) = wWmax LP(w)w; ! . In particular, there exists v €

LP(w) such that v~!'p(w)v is a Coxeter element if and only if the same is true for
¢(w) and LP(¢(w)).

12



3 Semi-Modules

From now and until the end of this paper, we set G = GL, and b = 7. For
p € Xi(T)4, let p(i) denotes the i-th entry of p. Then [7™] € B(G, p) if and only if
m = u(l)+---+ pu(n). We assume this from now. Also, without loss of generality,
we may and will assume that p(n) = 0. Recall that wp,.x is the longest element in
Wo.

3.1 Extended Semi-Modules

Here we recall the definition of extended semi-modules in a combinatorial way from
[35]. Note that although we choose the subgroup of upper triangular matrices B as
Borel subgroup in this paper, the fixed Borel subgroup in [35] is the subgroup of
lower triangular matrices.

Definition 3.1. A semi-module for m,n is a subset A C 7Z that is bounded below

and satisfies m + A C Aandn+ A C A. Set A= A\ (n+ A). The semi-module A
n(n—1) .

is called normalized if ) _;a = =5

For a semi-module A, there exists a unique y/ € N" satisfying the following
condition: Let ag = min A and let inductively a; = a;— +m—p'(i)nfori=1,... n.
Then ag = a, and {ag,ay,...,a,_1} = A. We call i/ the type of A.

Lemma 3.2. There is a bijection between the set of normalized semi-modules for
m,n and the set of possible types ' € N™ with v, < wpaxpt'

Proof. This is [35, Lemma 3.3]. O

Definition 3.3. An extended semi-module (A, ) for p € X.(T'); is a normalized
semi-module A for m, n together with a function ¢: Z — NU {—oc0} satisfying the
following properties:

(1) p(a) = —oc if and only if a ¢ A.
(2) pla+n) > p(a)+1 for all a € Z.

(3) pla) <max{k|a+m —kne A} foralla € A. If b € A for all b > a, then the
two sides are equal.

1

(4) There is a decomposition of A into disjoint union of sequences a;, .

J € N and the following properties:

0o
.., a; with

(a) p(ay) = p(d) +1.
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(b) If gp(ag +n) = @(ag) + 1, then a§-+1 = aé- + n. Otherwise aé-H > aé- +n.

(c) The n-tuple (p(al)) is a permutation of .

An extended semi-module such that the equality holds in (3) for all a € A is called
cyclic.

For any A € X,(T), we denote by Agom the dominant conjugate of A\. Let p’
be the type of a semi-module for m,n. Let ¢ be a function such that (1) and the
equation in (3) hold. Then it is easy to check that (A, ) is a cyclic semi-module
for p,..- In general, the following lemma holds.

Lemma 3.4. Let (A, ) be an extended semi-module for p and let i/ be the type
of A. Then pl.,,, < p and (A, ) is cyclic if and only if p/ € Wyu. Moreover, if u is
minuscule, then all extended semi-modules for u are cyclic.

Proof. See [35, Lemma 3.6 & Corollary 3.7]. See also [13, Lemma 5.9]. O

Let eq,...,e,_1 be the standard basis of L™. Then the lattice O" is generated
by eg,...,e,_1. Fori € Z, we define e; by e;y,, = we;. Note that we have 7e; = e;,1
for any 7. In the sequel, we identify Gr and {M C L™ lattice} by gK — gO".

Let X,(b)° be a F,-subscheme of X,(b) defined as X,(0)° = {gK € X, (b) |
k(g) = 0}. We associate to M € X,(b)° an extended semi-module for p. Let
v € L™ Then we can write v = ZieZ ae; with o € Fq and a; = 0 for sufficiently
small 7. Let

Z:L"\{0} = Z, v~ min{i|a; #0}.

For M € Gr, we define the set
A(M) =A{Z(v) | v e M\ {0}}.

It is easy to check that if M € X, (b)°, then A(M) is a normalized semi-module for
m,n. We also define p(M): Z — NU {—o0} by

o {max{k | 3v € M with Z(v) = a, @ *bo(v) € M} (a € A(M))
—00 (a ¢ A(M)).

Lemma 3.5. Let M € X,(b)°. Then (A(M),p(M)) is an extended semi-module
for p.

Proof. See [35, Lemma 4.1]. O

For an extended semi-module (A, ¢) for pu, let

Sap={M|AM)=A,p(M)=p} CGr.
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Lemma 3.6. The set Sy, is a locally closed subscheme of X, (b)°.
Proof. See [35, Lemma 4.2]. O

Let A, be the set of extended semi-modules for p. Set ALO,bp ={(A,p) € A,y |
dim Sy, = dim X, (b)}. By Proposition B.7 below, J,(F)\ Irr X,,(b) is parametrized
by ALO,bp. In the sequel, we also use the symbol A to denote the affine space as usual.
We hope our notation will not cause confusions.

For an extended semi-module (A, ¢) for pu, let

V(A o) ={(a,c) e Ax A|c>a,pla) >¢(c) >qpla—n)}.

Proposition 3.7. Let (A4, ¢) be an extended semi-module for pu. There exists a
non-empty open subscheme Uy, C AVAL and a morphism U A — S, which
is bijective on F,-valued points. In particular, S 4, 1s irreducible and of dimension
[V(A, p)|. Moreover if (A, ¢) is a cyclic extended semi-module, then Uy, = AVAL),

Proof. See [35, Theorem 4.3]. O

Here we briefly describe Uy, and the map Uy, — Sa,,. For any x € FLV(A’“D” _

AVAR) we denote the coordinates of z by Zq.c. We associate to every z a set of
elements {v(a) € L" | a € A} which satisfies the following equations.
If a = max A, then

v(a) =e, + Z [Zq,c]v(c).

(a,0)€V(A,p)

For any other element a € A, we want

v(a)=v'+ Y [zacv(o),

(a,0)eV(Ap)

where v/ = w?@)bo(v(a')) for a’ being minimal satisfying o’ +m — ¢(a’)n = a. For
a €n+ A, we want

v(e) =wvla—n)+ Y [racv(c).

(a,0)€V(Ap)

Here [z,,| denotes the Teichmiiller lift of z, . if ch ' = 0 and [z,] = %, if ch F* > 0.
The set {v(a) € L™ | a € A} is uniquely determined by the equations above. Hence
the map AV = Gr 2+ (v(a))qea is well-defined. By applying ¢ on the above
equations for x, we can easily check that this map is compatible with the action of
o, ie., o(r) = (zl.) maps to o(v(a))aca. Let Us, be the preimage of Sy, under
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this map. Then S, and hence Uy, are stable under o (because o(b) = b). In
particular, we have |Sq | = |U7 |. So if (A4,¢) is cyclic, then |S7 | = gVl
Although not needed in this paper, it is also worth mentioning that if (A, ) is
non-cyclic, then Sy, is never universally homeomorphic to an affine space.

Proposition 3.8. If (4, ¢) is non-cyclic, then [S7 | < qVAPI In particular, Sa,
is never universally homeomorphic to an affine space.

Proof. Let x € AIVA4#)l Note that if 2, . = 0 for all (a,c) € V(A, p), then v(a) = e,
for all a € A. Set M = (eq)aeca. Then it is easy to check that (A(M),p(M)) is a
cyclic semi-module for the dominant conjugate of the type of A(M). So if (4, ¢) is
not cyclic, then M ¢ Sy, and hence [Sq | = [U] .| < ¢V The last statement
follows from [3], Proposition 4.1.12 & Proposition 8.1.11 (ii)]. O

3.2 The Stratification by Extended Semi-Modules

For any A € X,(T), set A = {(i — 1) + A(i)n +Nn | 1 < i < n}. It is easy to
check that for a lattice M € Iw*K/K, we have A(M) = A* Thus we have the
following lemma, which relates the semi-module stratification to the stratification
by extended semi-modules.

Lemma 3.9. Let A € X,(T) with A(1) 4+ ---+ A(n) = 0. Then X(b) # 0 if and
only if there exists an extended semi-module (A%, ) for p. If this is the case, we

have
Xp(0) = | S
o]

where ¢ runs over all the functions Z — N U {—oo} such that the pair of A* and
the function is an extended semi-module for p.

For A € X,(T) with X(b) # 0, let 1 < iy < n such that (io — 1) + A(ig)n =
min A*. Then
(io — 1) + A(io)n +m — (A(do) + Ap.dom(c™(40)) — A(c(40)))n
:Cm(i0> -1+ )\(Cm(lo))n S A,
where ¢ = s1---5,_1. Repeating the same argument, we can check that the type

of A* is a conjugate of bA — A = ¢™\ 4+ Apdom — A. By Lemma B4, an extended
semi-module (A*, ) for u is cyclic if and only if bA — X € Wypu.

Corollary 3.10. Let p € X, (7). If there exists a non-cyclic semi-module for p,
then the semi-module stratification of X<, (b) is not a refinement of the Ekedahl-Oort
stratification.
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Proof. Let (A%, ) be a non-cyclic semi-module for . Then we have (bA—\)gom <
by Lemma B4l On the other hand, there always exists a cyclic semi-module (A*, ')
for (bA — A)dom. By Lemma B9, X2, (b) intersects both X, (b) and Xpa—x),... (b)-
This implies that X2 (b) is not contained in any set of the form (X, (b)) with
w € W, which finishes the proof. O

For pp = (pu(1),..., u(n—1),0) € Xo(T)+, set p* = (u(1), p(1)—p(n—=1),..., u(1)—
1(2),0) and b* = 7#(M=m T (A* ) is an extended semi-module for z, then there
exists ¢': Z — N U {—oo} such that (A=“m=* ') is an extended semi-module for
p* (see §2.4)). Clearly, bA — A € Wyu if and only if b*(—wpmaxA) + Wmax A € —Wou™.
Thus we have the following lemma.

Lemma 3.11. There exists a non-cyclic extended semi-module for y if and only if
the same is true for u*.

3.3 The Minuscule Case

In this subsection, we treat the minuscule case. Consider G with a Frobenius
automorphism given by

(91792, oo 7gd> = (927 cee 7gd70(g1))'

For pe = (p1,. .., pta) € X (T)% and by = (1,...,1,b) € GYL) with b € G(L), we
define X, (bs) C Gr® = G4(L)/K? as

X, (be) = {zK? € Gr? | 2. oo (7a) € K" K7},

Let us denote by Irr X, (bs) the set of irreducible components of X, (b,). Through
the identification J,(F') = J,, (F') given by g — (g, ..., g), this set is equipped with
an action of Jy(F).

For minuscule po € X, (T)% and by = (1,...,1,b) € G4(L), we define

AP = {A € X (T)? | dim X2 (bs) = dim X, (bs)}.

Mo7bo

Here X)*(b,) denotes X, (bs) N It*K/K. For A\, A, € AP e write Ao ~ N,

/J«o,bo’
if \g = 7F\, = (7FN[,...,7F)\)) for some k € Z. Let Afffb. denote the set of

equivalence classes with respect to ~, and let [A\,] € ALO.%. denote the equivalence

class represented by A\, € ALO.%.. Then Jy(F)\ Irr X, (b,) is parametrized by Aff}?b.
as follows.

Proposition 3.12. Assume that pe € X,(7)% is minuscule. Then the map A, —

X2 (bs) induces a bijection

AP T )\ Trr X, (be).

M.,b. -
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Proof. See [14, Proposition 1.6]. Note that we have Stab ,(m) (X2 (bs)) = Jo(F)°. O
We also define

Al L= € X (1) | dim X2 (b) = 5}

for 1 < j < dimX,,(b,). We can 81m11arly consider the equivalence relation ~
as above. If d = 1, then A ' = A,/ ~ can be identified with (extended) semi-
modules for p Whose correspondmg stratum has dimension 4, see Lemma [3.4] and
Lemma 3.9

Proposition 3.13. Set ¢ = w;. Then we always have |AZ°£ |AD ] = If
i =2mn—2 then [A7,| = 1 forall 0 < j < dimX,(b). If i = — 3n-3, then

dim X,,(b)—1
A RO g

Proof. We can easily check the equalities in the proposition using [14, Theorem 4.16]
(cf. 2 Remark 6.16]), which gives a combinatorial way of computing |Ai’b|. In fact,
all of the assertions except the last assertion follow from [36, Proposition 5.5]. I

Example 3.14. We always have A}, , = {[0]}.

4 Crystal Bases

Keep the notations and assumptions in §3l

4.1 Crystals and Young Tableaux

In this subsection, we first recall the definition of @-crystals from [38, Definition
3.3.1).

Definition 4.1. A (normal) @-cryszfal is a finite set B, equipped with a weight map
wt: B — X, (T), and operators é,, fo: B — B U {0} for each o € A, such that

(i) for every b € B, either é,b = 0 or wt(é,b) = wt(b) + a”, and either fab=0
or wt(f,b) = wt(b) — ",

(ii) for all b,b’ € B one has b’ = é,b if and only if b = f.b’, and
(iii) if €4, Po: B — Z, o € A are the maps defined by
ca(b) = max{k | &b # 0} and ¢q(b) = max{k | f*b # 0},

then we require ¢,(b) —e,(b) = (a, wt(b)).
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For a G-crystal B, let B* = {b* | b € B} be the dual G-crystal. Setting 0* = 0, the
maps are given by

wt(b*) = —wt(b), é.(b*) = (fu,b)*, and f.(b*) = (é,b)*.

For A € X.(T), we denote by B(\) the set of elements with weight A for G,
called the weight space with weight \ for G. Let B, and By be the two @—crystals.
A morphism B; — B, is a map of underlying sets compatible with wt, €, and fa.

In the sequel, we write & and f; (resp. &; and ¢;) instead of €y, and fx -
(resp. €y, ,,, and ¢, .., ) for simplicity.

Example 4.2. Let B, be the crystal basis of the irreducible G-module of highest
weight € X, (T)4. Then B, is a crystal. We call B, a highest weight crystal
of highest weight u (cf. [38, Definition 3.3.1 (3)]). There exists a unique element
b, € B, satisfying é,b, = 0 for all a, wt(b,) = u, and B, is generated from b,
by operators f,. S0 Wmaxb, has the lowest weight wpacp. It is well-known that the
dual of B, is isomorphic to B_,, .., (see for example [21, Lemma 3.5.2]).

We give a realization of B, by Young tableaux. This allows us to treat it in a
combinatorial way.

Definition 4.3. A Young diagram is a collection of boxes arranged in left-justified
rows with a weakly decreasing number of boxes in each row. For a dominant cochar-
acter u € X, (T)+, we denote by Y, the Young diagram having (i) boxes in the ith
row. A skew Young diagram is a diagram obtained by removing a smaller Young di-
agram from a larger one that contains it. For dominant cocharacters p, v € X, (T)+
with v(i) < u(i), we denote by Y/, the skew Young diagram obtained by removing
Y, from Y.

Definition 4.4. A tableau is a (skew) Young diagram filled with numbers, one
for each box. A semi-standard tableau is a tableau obtained from a (skew) Young
diagram by filling the boxes with the numbers 1,2, ..., n subject to the conditions

(i) the entries in each row are weakly increasing from left to right,

(ii) the entries in each column are strictly increasing from top to bottom.

111124 214
21313 3|3
4 4
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Let K,/ (\) be the number of all semi-standard tableaux b of shape Y}/, such
that the number of | ; | appearing in b is A(7) for 1 < i < n. This is sometimes called
the Kostka number. In §4.3] we need the following well-known result.

Proposition 4.5. Let A\, N € X, (T);. If A = X, then K,/,,(\) < K,/,(A). In
particular, K, (\') # 0 implies K,,/,(\) # 0.

Proof. See [4, Proposition 1.2] and the remark right after the proposition. O
We denote by B(Y') the set of all semi-standard tableaux of shape Y.

Theorem 4.6. Let = (u(1),...,u(n)) € Xo(T)£\{0} with (n) = 0. Then B(Y),)
has a crystal structure. Moreover, the crystal B(Y),) is isomorphic to B,,.

Proof. This is [21, Theorem 7.3.6 & Theorem 7.4.1]. O

In the sequel, we identify B, and B(Y") by Theorem For a semi-standard
tableau b € B, let k; denote the number of i’s appearing in b. Then the weight
map wt on B, is given by wt(b) = (k1,...,k,). The following result is an explicit
description of the actions of ¢; and f; on B,,.

Theorem 4.7. The actions of & and f; on b € B,, can be computed by following
the steps below:

(i) In the Far-Eastern reading b; ® - - - ®@ by of b, we identify | i | (resp. ) by
+ (resp. —) and neglect other boxes.

(ii) Let u;(b) = u'u?---u! (v € {£}) be the sequence obtained by (i). If there is
“+—"in u(b), then we neglect such a pair. We continue this procedure as far
as we can.

(iii) Let uj(b)req = —---—+-- -+ be the sequence obtained by (ii). Then €; changes
the rightmost — in u(b).cq to +, and f; changes the leftmost + in u(b)eq to
—. If there is no such — (resp. +), then é;b = 0 (resp. fib = 0).

Moreover, €;(b) (resp. ¢;(b)) is equal to the number of — (resp. +) in u(b);eq-

Proof. The first statement is |23, Theorem 3.4.2]. The second statement follows
immediately from this. O

Next we recall the Weyl group action on crystals. Let B be a @—crystal. For any
1<i<n-—1andbeB, we set

A S R )
éf<Xi,i+17wt(b)>b if <Xi,i+1aWt(b)>

7

0
Sib =
0.

IN IV
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Then we have the obvious relation
wt(s;b) = s;(wt(b)).

By [22, Theorem 7.2.2], this extends to the action of the Weyl group Wy on B, which
is compatible with the action on X, (7).

Lemma 4.8. Let w,w’ € Wy and b € B. If w(wt(b)) = w'(wt(b)), then wb = w'b.
Proof. This is [33, Lemma 3.10]. O

Let b € B(A). If X is a conjugate of A, i.e., there exists w € Wy such that
N = w, then we call wb the conjugate of b with weight \'. By Lemma (A8 this
does not depend on the choice of w.

Finally we consider the minuscule case. If p € X,(7), is minuscule, then
wt: B, — X,(T) gives an identification between B, and the set of cocharacters
which are conjugate to p. Suppose fte = (1, .., pq) € X.(T)% is minuscule. We

can also identify BS' := B, x - - - x B,,, with the set of cocharacters in X, (7)? which
are conjugate to fie.

For 1 < k < n, let wy be the cocharacter of the form (1,...,1,0,...,0) in which
1 is repeated k times. Assume that each p; is equal to wy, for some 1 < k; < n and
i < 7 if and only if k; < k;. In the rest of paper, we call such p, Far-Eastern. If jiq
is Far-Eastern, then |pe| := pi1 + -+ + p1q is dominant and its last entry is 0. Let
FE: B, — ij be a map defined by decomposing b € B, into its columns from
right to left. We call FE the Far-Eastern reading.

4.2 Construction of Extended Semi-Modules

In this subsection, we recall from [33, §4.2] the way of constructing extended semi-
modules. See [33], §4.3] for some examples of computation. Let pe € X.(T)L be a
Far-Eastern cocharacter. Set = |p].

Let X, denote the cocharacter whose i-th entry is [**] — L@J Set A\ =
WmaxAp. For any b € B, (),), we denote by b°? the conjugate of b with weight A;”.
Let 1 < mg < n be the residue of m modulo n. Note that each entry of A, is [
or [] +1and A\(i) = M(n+1—i) forany 2 <i<n—1 Letig=1<1i; <ip <
-+ < lim, = n be the integers such that \y(iy) = Mp(i2) = -+ = Np(imy) = [ 2] + 1.
Then

AyY = Wigax Ao, Where Wy, = (Si,0 40 Sn1) o+ (Siy o+ Sip—1) (8177 - 53, 21).

Here A\y(i) = [%] (vesp. (i + 1) = [=]) if and only if s;_18; < wy,, (resp.

max

$iSiv1 < wl .. ). By Lemma [L§ it follows that b°? can be computed by the action

max
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of the Coxeter element w! . . In this computation, each s; acts as the action of €é;
because || — (|=] 4 1) = —1. Therefore, if we write

FE(b) = (by,...,by)
then there exists (wy,...,wy) € W such that
FE(b?) = (w1 by, ..., wsby)
and each simple reflection appears exactly once in some supp(w;).

Lemma 4.9. The tuple (wy,...,wg) € W as above is uniquely determined by b.

In particular, w(b) == w; -+ w;" is a Coxeter element uniquely determined by b.

Proof. This is [33, Lemma 4.3]. O

Set w(b) = wi'---w;' and Y(b) = {v € Wy | v i¢™v = w(b)}, where ¢ =
$182 -+ Sp—1. Clearly |Y(b)| = n.
For any b’ € B,,, set

EM) =(e1(B)+ -+ 1(b),ea(d) + -+ e,1(D), ..., e,1(b),0).

Let X\, be the anti-dominant conjugate of \;, and let b~ be the conjugate of b with
weight ), . For any b € B,(\;) and v € T(b), we define &(b,v) € X, (T)? by

&(b,v) =vE( b))+ > wvwitwpt wi(by) (1< <d),

1<5'<y

Let C' € Trr X, (b)°. By Proposition B7, C' = S4, for some (4,¢) € AL‘?IE’.
On the other hand, by Proposition and [28, Proposition 3.13], there exists a
unique A\, € Awpb with A;(1) + -+ Ai(n) = 0 such that C' = pr(X}s(b,)). Here
pr: Gr¢ — Gr denotes the projection to the first factor. The following theorem is
established in [33, Theorem 4.4] by the author.

Theorem 4.10. We have v,y = vw; ' ---wily and &(b,v) € .AtOp I s

an element in Y(b) different from v, then § (b,v) ~ &(b,v"). Let § ( ) be the

unique cocharacter in [& (b, v)] such that Eb)(1) + -+ &(b)(n) = 0. Then for
ul

any (A, p) € Afﬁg, there exists a unique b € B,,()\;) such that Sy, = pr(Xﬁ:(b (b)).

Proof. This is [33, Theorem 4.4]. O

This correspondence between AFEE and B,,(\,) above is compatible with the nat-
ural bijection in Chen-Zhu conjecture constructed by Nie in [2§].
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Corollary 4.11. Let (4, ) € A'}. Let b € B, () such that Sy, = pr(Xi™ (b)).
Then (A, ) is cyclic if and only if

Z wi - wil wi(by) € Wop.

1<j<d

Proof. By Lemma B9, we have A = AS®)_ Recall that (A, ¢) is cyclic if and only
if b&9(b) — &%(b) € Wou. Since bEY(b) — £)(b) is a conjugate of b&; (b, v) — & (b, v),
this is also equivalent to v=10&; (b, v) — v1¢ (b, v) € Wyu. By Theorem ET0,

v (b, v) — v (b, V) Z wit - wil wi(by).

1<5<d
This finishes the proof. O

We call an element b € B, (\,) cyclic if

Zw ws 1 wt(b;) € Wop.

1<5<d

Now we give another interpretation of Lemma B.IIl By Exmaple B2, B} is iso-
morphic to B,-. We denote by b* € B,- the dual of b € B,. Note that we have
(wb)* = wb* for any w € Wy. So if b € B, (), then b°P* = wy,ab* € B- (Ap+).

Lemma 4.12. We have A\(b°?*) = —w(b)~'A(b) + (d,...,d). In particular, b €
B, (\p) is cyclic if and only if b°P* € B« (\;+) is cyclic.

Proof. Note that if (uy,. .., ua) is Far-Eastern, then (p, ..., u}) is Far-Eastern. So
it we write

FE(b)=b;® ---®b; and FE(b?)=wb;®: - ®wsby
inB, ®---®B,,, then we have

FE(b*)=b;®---®b] and FE(b®")=wb;® - -® wb]
inB,: ®---@B,:. Thus w(b®") =wy---w; = w(b)™, T(b®*) = T(b) and

A(bP*) = wt(wgb}) + wg wt(wg_1bj_1) + - - - 4+ wgq - - - we wt(w1b])
= —w(b)"'A\(b) + (d,...,d),

as desired. 0
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4.3 Non-Cyclic Semi-standard Tableaux

The goal of this section is to specify the dominant cocharacters p such that every
b € B, (\) is cyclic. Set d = p(1).

Lemma 4.13. Assume that n > 3. We have d > 2|2 |+ 222 | + 1 or d > 2|22 |
|-2(n mO)J +1.

Proof. 1t suffices to show that d < 2|Z] + [220] is equivalent to d > 2[2=m | 4
2570 1. Note that | 1] = mome, | ndom | = memnzimmel So d < 2[ %] + | 20
is equivalent to (n—2)d < 2(m—d—mg)+n|222 | and d > 2|22 | 4 L2(";m°)J +1
is equivalent to (n — 2)d < 2(m —d — mgp) +n(1 — LMJ) Then the assertion
follows from the fact that |22¢| = 0 (resp. 1) if and only if LMJ = 1 (resp.
0). O

Lemma 4.14. Assume that n > 3. Let p € X,(T)4 such that d > 2| 2] + | 220 | 4
1,u(2) > 2 and ]| > 2. Then B, ()\;) contains at least one non-cyclic element.

m

Proof. First we consider the case n = 3. In this case, we have 2 < pu(2) < [7].
Moreover, it is easy to check that w(b) = sys1 and s; € supp(wg-|m)) for any
b € B,(\;). Let b be the unique element in B,()\;) whose second row contains
exactly one .

o213
Since 2 < p(2) <[], we have

Thus A(b) ¢ Wyu because pi(n) = 0. This proves the case n = 3.

In the rest of the proof, we assume that n > 4. Let A be a conjugate of )\, such
that (A(1),A(2),A(3)) = (%), %] + [#22]. [ 2] + 1) and A(4) = -+~ > A(n). Set

n n

m 2m m m

po = GBI + 1220 + 1 = minfu(2), |21}, minfu(2), |2 1},0,....,0) € X.(T)s

and A\g = (A(1),A(2),A(3),0,...,0) € X.(T). Note that we have pu(1) + u(2) >
32) + [220] + 1. Indeed if p(1) + p(2) < 3[2] + [220], then by p(1) > 2[2] +
[ 220 | +1, we have u(2) < [2]—1. This implies p¢(3)+- - +p(n—1) < (n—3)(| 2 J 1)
or equivalently 3[™ | +n +mo —3 < pu(1) + p(2), which is a contradiction. Thus Y,
contains Y,

Let by be the unique element in B, (A\g) whose second row contains exactly one
[3] We will show that there exists b’ € B,(\) that contains by. It is easy to check

Y
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that pu(n —1) <[] and p(n —2) < po(1). So each column in Y),/,, has at most
n —3 boxes. By filling each column with the numbers 1,...,n—3 so that the entries
are starting with 1 and increasing by one from top to bottom, we obtain a skew
Young tableau of shape Y),/,,. Let k; be the number of || in this tableau. Clearly
we have k; > -+ > k,_3.

21313 1

2

By (A(4),...,A(n)) < (ki,...,k,—3) and Proposition LT there exists at least one
skew Young tableau of shape Y}/, such that the number of |i]is A(i 4 3) for each
1 <1 <mn-—3. Byreplacing 1,...,n — 3 by 4,...,n respectively, we obtain a skew
Young tableau of shape Y),/,, such that the number of |¢|is A(¢) for each 4 <i < n.
Let b’ be the tableau obtained by joining by and this skew tableau. Clearly we have
b’ € B, (\), which shows our claim.

Let b’ € B, () containing by, and let b € B,,(\;) be the conjugate of b’. Then
sgs1 < w(b) and s; € supp(wg—|m ). Let k(b’) be the number of [4]in the second
row of b’. If k(b’) <[], then we have

-1

(W 0 g 121y W Paomingua) 12141)) (2) = 1

and
(wi' -+ wyly wt(bg))(2) = 0.

Thus A(b) ¢ Wy and hence b is non-cyclic. If k(b") # 0, then A(b)(1) = [™]| — 1.
Assume that p(3) < [%|—1. Then b is always non-cyclic by the above argument.
Assume that p(3) > 2. Let b} : be the leftmost box in the third row of b/,

and let b, : be the box right to b). Clearly 4 < j < j'.

2131...|3
21.../21314]--.14

Then in b/, all are in the first or second row. Since the number of | j | in the

first or second row is less than wt(b’)(j — 1), there exists at least one such
that there is no box beneath it or the number in the box beneath it is greater than
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j. So the tableau obtained by replacing b} by the rightmost one among such
is semi-standard. Repeating the same argument, we may assume j = 4. Similarly,
if [™] > 3, we may also assume j' = 4. Indeed if j* > 6 and the leftmost column in

b’ contains | j/ — 1| but does not contain @, we replace b}, by this |j’ — 1|. In other

cases, by |™] > 3, there exists at least one| j' — 1|such that there is no box beneath

it or the number in the box beneath it is greater than j’, and we replace b}, by the

rightmost | 7/ — 1| among such | ;' — 1| Then the obtained tableau is semi-standard.
Thus if [Z] > 3, there exists b’ containing by such that k(b’) < |[™|, which is
non-cyclic by the above argument. If [™| = 2 and n = 4, then b is non-cyclic
because k(b’) < 2. If [™] = 2 and n > 5, we may also assume j' = 4 and hence b
is non-cyclic unless the third row of b’ contains three [5]. If ] =2,n > 5 and the
third row of b’ contains three , then

(wit - wil,wt(bg1))(4) =1 and  (w;'---w;!, wt(bg))(4) = 0.
Thus A(b) ¢ Wyu and hence b is non-cyclic.

2133
4
519

Assume that [7| = 2 and u(3) = 1. By the same argument as above, we may
assume that the leftmost column of b’ contains [4]. So b is non-cyclic when A(4) = 2.
If p1(1) > 5+ |22¢], we may assume that the first row of b’ also contains (4] This
can be checked easily as above using p(3) = 1. Thus if (1) > 5+ [22¢], we obtain
a non-cyclic b.

213|134

If (1) =5+ Lz%J, then we have n = 4 or 5. More precisely, we have
w=(6,4,1,0),(5,5,1,1,0),(6,5,1,1,0),(6,6,1,0,0), or (6,6,1,1,0),

and b’ contains one of the following smaller Young tableaux when A(4) = 3.

11112133 11121233
2131414 213144
4
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We can easily check that b is non-cyclic in every case.
Putting things together, we have proved the lemma. O
>

Lemma 4.15. Assume that n > 4. Let p € X,(T); such that d > 3+ 222, (2)
2 and || = 1. Then B,()\;) contains at least one non-cyclic element.

Proof. Let A be a conjugate of A, such that (A(1), A\(2), A(3)) = (As(1), Ao(2), Ap(3))
and A\(4) > -+ > A(n). Assume that (\y(1), Ap(2), Ap(3)) = (1,2,2) and u(2) > 3.
Similarly as the proof of Lemmal[4.14] we can easily show that there exists b’ € B, ()
containing the following smaller Young tableau.

112134
2

Let b € B, () be the conjugate of b’. If 1(3) < 2, then b is non-cyclic because
A(b)(2) = 2. If u(3) > 2, then similarly as the proof of Lemmal. T4 we may assume
that the second row of b’ does not contain [5]. In this case, the conjugate b € B,,(\;)
of b’ is non-cyclic because

(it wy wi(ba-2))(3) = 1 and (- wy, wi(bg))(3) = 0.

Assume that (Ap(1), \p(2), \(3)) = (1,2,2) and u(2) = 2. Then there exists
b’ € B, (\) containing one of the following smaller Young tableaux.

213134 1121314

It is easy to check that the conjugate b € B,,(\;) of b’ is non-cyclic.
Assume that (Ay(1), Ap(2), Ao(3)) # (1,2,2). Then there exists b’ € B,,(\) con-
taining one of the following smaller Young tableaux.

112134 1131314 11314
214 214 2

Let b € B, () be the conjugate of b’. Since A(b)(1) = 1, b is non-cyclic if x(3) = 0.
If 4(3) > 2, then similarly as the proof of Lemma 14l we may assume that the
second row of b’ does not contain . In this case, b is non-cyclic because

(wit- gty wiba))(3) = 1 and (wy"---wy, wi(bg))(3) = 0.
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If 4(3) = 1 and p(1) > 34 [22¢], then we may also assume that the second row of
b’ does not contain |5 | and hence b is non-cyclic. If 44(3) =1 and p(1) = 3+ | 222 ],

then we may assume that the leftmost column of b’ contains . We can easily
check that b is non-cyclic by an easy calculation.

2134 11334 113

This finishes the proof. O

Lemma 4.16. Assume that n > 5. Let u € X,(T)4 such that [] = 0. If
(1) w(2) > 2 0r (2) d > 3,u(2) = 1, then B,(\y) contains at least one non-cyclic
element.

Proof. Let 1 < iy < iy < -+ < iy, = n be the integers such that \,(i1) = A\p(iz) =
-+ + = Mp(im,) = 1. Let b be the Young tableau in B,,(\;) obtained by filling Y}, with

11, .., 0m, from top to bottom, starting from the leftmost column.
1 flkt1] | U
I [lg+2
Ik

If (1) holds, then b is non-cyclic because
wt(by)(im) =1 and (wy'---w;', wt(by))(in) = 0.

Let k = max{7 | u(¢) # 0}. If (2) holds, then the Young tableau ¢ € B, ();) obtained
by replacing by in b is non-cyclic because A(c)(ix) = 2.

1| Uk [tha2| | tm

lh—1

Ut1

This finishes the proof. O
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Theorem 4.17. Every b € B,,()\;) is cyclic if and only if x has one of the following
forms:

(i) w; with 1 <4 <n — 1 such that ¢ is coprime to n.
(i) wy 4+ w; or w1 + wy—; with 1 <4 < n — 1 such that i 4+ 1 is coprime to n.

(iii) (nr+i)wy or (nr+i)w,—; with r > 0 and 1 < i <n—1 such that i is coprime
to n.

(iv) (nr+1i—jwi +wjor (nr+i— jlwy—1 +wy—j withr>1,2<757<n—-1and
1 <4 <n —1 such that ¢ is coprime to n.

Proof. It is easy to check that every b € B,,(\) is cyclic if 2 is one of the cocharacters

in (i), (ii), (iii) and (iv). It remains to show that if u does not belong to the list

above, then B, (\;) contains at least one non-cyclic element. By Lemma 12 and

Lemma 13, we may assume that d > 2|2] 4+ [22¢| + 1. Then this follows from
Lemma 4.14] Lemma and Lemma [4.16l O

Remark 4.18. Even if every top extended semi-module for p is cyclic, there might
be a non-cyclic extended semi-module for p. In fact, such cases exist, see §5.4]

5 The Semi-Module Stratification

Keep the notations and assumptions in §3.

5.1 The Semi-Module Stratification for w;

Recall that if p is minuscule, then every extended semi-module is cyclic.

Lemma 5.1. For any 1 < j < “23(= dim X,,(7?)), we have

i DG T XA s X il (J even)
wo, 72 T .
> {[X\l/,n + Xg,n—2 +oot X}/,n—j—l—l]} (j Odd)

Proof. By (the proof of) [36, Proposition 5.5], each normalized semi-module for 2, n
is of the form A; = (2N — j) U (N + j +1) for some 1 < j < 253 Tt is easy to check
that
AXE X st X (j even)
Aj -

AXT XS 2 X g (j odd).

Let (Aj, ;) be the cyclic semi-module for wy. Then n —2 — j,n — 1+ j € A; and
pi(n—2—7) =p;(n—147) = 1. It is also easy to check that [V(A;, p;)| = j. This
finishes the proof. O
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Lemma 5.2. Assume that n = 7. Then dim X, (7%) = 3 and

A =D AL ={Ddel DAt Al = {Daslt
Assume that n = 8. Then dim X, (%) = 4 and

Ai)s,TS = {[X\ll,S]}’ A?g}gﬂ'?’ = {[X?l/j]? [X\2/,8]}>
AL s ={Dxel Daaql), AL s = {Dds + xisl)

Proof. Using Lemma [3.2] we can easily check the lemma by an easy calculation. [

5.2 The Semi-Module Stratification for w; + w,_»

Throughout this subsection, we set © = w; + w,_2. Also we assume that n > 4.

Lemma 5.3. Every extended semi-module for y is cyclic. For any 0 < j <n—2(=
dim X, (b)), we define A/, , similarly asin §3.31 Then we have A} , = () and A7 | = j.
More precisely, if j is odd, then Ai,b is equal to

{[X\l/m—j—i-l]a[x\l/,n—j—i-?) + X;/,n—j+2]’ )

[X\l/,n + X;/,n—l +eet X\J%W_EL SRR [X;'/—2,n + X;'/—l,n—lL [X;/,n]}7

2

and if 7 is even, then Ai,b is equal to

{[X\l/,n—j+l]’[XY,n—j+3 + X;/,n—j+2]> R

[XY,n—l + X\2/,n—2 +t X\é,n—%]’ SRR [X;'/—2,n + X;'/—l,n—l]v [X;/,n]}

Proof. Let (A, ) be an extended semi-module for p. Let u' be the type of A. If
(A, p) is non-cyclic, then by Lemma B4 p) . < p, ie., pho, = wn—1. By Lemma
B2, we have A = {0,1,...,n — 1,...}. By Definition (3), v(a) = max{k |
a+n—1—kne A} for all @ € A. This contradicts to the assumption that (A, ¢)
is non-cyclic. Thus (A, ¢) is cyclic.

Since p’ satisfies v, < wpaxpt', it is easy to check that

/
Wmaxt = Si41 " " Sn—-3Sn—2Sk—1 """ S251}4

for some 1_ <k<n-—-2andk <l<n-—2 Let A= {ag,ay ...,a,_1} with
ap = min A. Then we have p(ag) = 0, p(an—1—1) = 0, ¢(a,—x) = 2 and ¢(a;) =1 for
1#0,n—1—1,n—k. Thus

V(A> SO) :{(a'n—ka Ap—1—1 + n)> (an—ka a'n—l)> (an—ka a'n—l+1)> ey (an—ka a'n—k—l)}

U{(@n—kt15 @ni-1), (An-rt2, @ni-1), -, (@p-1,Gn1-1)}
and [V(A, )| = 1. Then by Proposition B, the description of A!,, for each [ in the
lemma follows from direct computation. O
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5.3 The Semi-Module Stratification for w; + w,_3

Throughout this subsection, we set yu = w; + w,—3. Also we assume that n > 7.

Lemma 5.4. Every extended semi-module for pu is cyclic. For any 1 < j < 3"2_ 9

. 3n—9 3n—11
dim X,(b)), we define A7 , similarly as in §3.31 Then |A 7 |=n—3and A, ;7 |<
2(n—4).

Proof. Using Lemma 5.1 we can show the first assertion similarly as the proof of
Lemma 5.3 Indeed, for any semi-module A* in Lemma [5.1] there exists a unique ¢
such that (A%, ¢) is an extended semi-module for some pu € X,(T),. The equality

3n=9
|A, 7 [ =n—3 follows from the Chen-Zhu conjecture.

Let (4, ) be an extended semi-module for p with type p/(€ Wou). Let 0 <
k1 < ko be integers such that p/(1) = p/(ky + 1) = p/(ke +1) = 0, and let [ be an
integer such that p/(I + 1) = 2. Assume that v, < WpaxSk,+1’. Let (B,1) be an
extended semi-module for p with type sp,414/. Let ap = min A (resp. by = min B)
and let inductively a; = a;—1 +n—2—p/(i)n (resp. b; = bi_1+n —2— (Sg,4114')(i)n)
for i = 1,...,n. Then ay = a, (resp. by = b,) and {ag,a1,...,a,_1} = A (resp.
{bo,b1,...,by_1} = B). We will show that if | > ky + 1 (resp. | = ko + 1), then
V(B,¥)| < |V(A, )| (resp. [V(B,¢)| < |[V(A, ¢)| —1). Moreover, the equality does
not hold if ky — k1 < 3.

Note that we have p(ag) = p(ag,) = @(ar,) = 0,0(a;) = 2,9(by) = ¥(by,) =
Y (bry+1) = 0,9 (b)) = 2. Note also that

V(Au (P) :{(aua/) ‘ ac A with (p(@) = 17 a = ag, O akz}
L (ag,ad) | a; < d',o(d") <2}

and

V(B,¢) ={(b,') | b€ B with 1)(b) =1, 1/ = by, or by, 1}
U{ (b, ) | by <V, 0 (V) < 2},

Let V(A, @)1 (resp. V(B,1)1) be the first subset in V(A, ) (resp. V(B, 1)) above,
and let V(A, ¢)s (resp. V(B,1)s) be its complement.
If I > ko + 1, then it follows that

"Tlatlon (k=ko+1)’ TN = o(an) (k= ke, ks +1).

In particular, bg,+1—1 = ag,—2. So |[V(B,)1| > |V(A, ¢)1| implies that |[V(B, )| =
V(A,¢)1] +1 and b, < bg,. By the fact (a;, ar,+1) € V(A, )2, we always have
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V(B,vY)s| < |V(A, )| Thus [V(B,v)| < |V(A,¢)|. Moreover, if ky — k; < 3, then
the equality does not hold because by, > by,.
If | = ko + 1, then it follows that

"Tla+2-2n (k=ket+ 1) 2= olar) (k:k2,k2+1).

In particular, by,41 —2 = ag, —2 —n. By 1y X WaxSk, 414/, We have ky < 752 3. Using
this, we can easily check that |V(B,v)| < |[V(A, ¢)i| and V(A, @), = {(ak2+1,ak2 +
n)}. Thus [V(B,¢)| < [V(4,¢)| - 1.

Assume that v, < WpaxSk, 414 Let (C)x) be an extended semi-module for u
with type sk, 11p/. Similarly as above, we can show that if | > k141, then |V(C, x)| <
V(A o). Therefore V(A p)| > 21 holds only if ky = 2 or | > ky = 3. From

this and \A \ =n — 3, we obtain |A \ < 2(n—4). O

5.4 The Semi-Module Stratification for w; + woy, w,—3 + w,_1

Lemma 5.5. Assume that n = 5. Set y = w; + wo. Then every extended semi-
module for y is cyclic. For any 1 < j < 3(= dim X,()), we define A/, , similarly as
in §3.3] Then

ub =0, A ®’Ai,b = {X\1/,4’ X\2/,5}>Ai,b = {X\z/,g’ X;,/,4}-

Proof. The first assertion follows similarly as the proof of Lemma [5.3l The second
assertion follows from direct computation. O

Lemma 5.6. Assume that n =7 or 8. Let u be w; + wy or wy + w,_1. Then there
exists a non-cyclic extended semi-module for .

Proof. As described in Lemma [5.2] there exists a unique top cyclic extended semi-
module (A, ) for ws. We define ¢': Z — NU {—occ} by setting

oy Jela) (a#1)
ela) = {O (a=1).

Then it is straightforward to check that (A%, ¢’) is a non-cyclic extended semi-
module for w; + ws. The proof for wy + w,,_1 is similar. O

6 The Ekedahl-Oort Stratification

Keep the notations and assumptions in §3. For p € X, (7)., set
SAdM(pt)eye = {w € Adm(p) | p(w) is n-cycle}.
By Theorem 2.9, X,,(b) # 0 if w € SAdm(u)cye.
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6.1 The Ekedahl-Oort Stratification for y = w;

Throughout this subsection, we set y = w; and ¢ = $;8;41 - Sp_18;_1 - S281. By
[19, Theorem 2.7}, we have dim X u(b) = dim X,,(b) = (i, p) — 25+

Let w € W. There exists a positive integer k& such that w* = w* for some
A € X.(T). Then we set v, = Nk € X.(T)q. This is independent of the choice of
k. Clearly supp,(w) # S implies that v, is central (cf. [26, Lemma 1.1]).

Lemma 6.1. Assume that n > 9 and 4 < i < n —4. Set y = ¢8;8;41S5i-1 =
(li+1i+3i+4 - nii—2---32)(i—1i+2). Then we have why € SAdm(y)
and Xu, (b) # 0.

Proof. Under the assumption in the lemma, we have ¢(wty) = (u,2p) — £(y) and
hence wty € SAdm(u) (cf. [27, (2.4.5)]). Note that supp, (why) = S because Vg,
is not central. So, by Lemma and Theorem [Z9, X, (b) # 0 is equivalent to
saying supp(ryr~') C S for any r € W such that r(®, \ $pu,) C . It is easy to
check that

In particular, we have x1 42, Xi—1,n € P4+ \ Py Note that we can decompose ryr—1

into disjoint cycles as
(r()r@+ 1) r@+3) r(i+4) - r(n)r@) r@e—2) - r(3) r(2))(r(i—1) r(i+2))

for any r € Wy. So if ryr=t € J,cq Wy, then (r(i —1) r(i+2)) = (1 2) or (n—1 n).
This implies that rx1 12 or 7x;—1, is negative and hence that r does not satisfy
(P4 \ Pony) C P4. Thus we have X, (b) # 0. O

Lemma 6.2. Assume that n > 10 and i = 3 (resp. i = n — 3). Set y = ¢$354555652
(Tesp. Y = ¢Sy_351—4Sn—55n—65n—2). Then we have why € SAdm(u) and X 4, (b) # 0.

Proof. We only treat the case : = 3. The proof for the case 1 = n — 3 is similar.

The first assertion is easy. To show the second assertion, by Lemma and
Theorem 2.9} it suffices to check that ryr~! ¢ |J,c¢ W, for any r € W such that
(P4 \ ®pny) C @y By an explicit calculation, it follows that x17, X290 € P4\ Peony
and

ryr~t = (r(1) r(4) 7(6) 7(8) r(9) -+ r(n) r(3))(r(2) r(5) r(7)).

If ryr= € J,;cq Wy, then (r(2) r(5) 7(7)) is equal to (1 2 3) or (n—2 n—1n). This
implies that 7 does not satisfy r(®, \ ®u,) C @, Thus we have X, (b) # 0. O

Lemma 6.3. Assume that n > 10 and i = 3 (resp. i = n — 3). Let y be ¢s;s;_1 or
¢s;8i11. Then we have wry € “Adm(u) and Xgu,(b) # 0.
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Proof. The proof is similar to the proof of Lemma and Lemma [6.2l Note that y
is m-cycle in this case. 0

Proposition 6.4. Assume that n > 9 and 3 < i < n — 3. Then the semi-module
stratification of X, (b) is not a refinement of the Ekedahl-Oort stratification.

Proof. First assume that n > 9 and 4 <i <n —4. Let wty € SW be as in Lemma
6.1l Let T be a reduction tree of w*y. By Proposition 2.6, we have

Xy (0)°] = D (g = )10 1),

P

where p runs over all the reduction paths in 7 with end(p) = 7. Set d =

dim X,,(b) = (i, p) — %52 Suppose that the semi-module stratification of X, (b)
is a refinement of the Ekedahl-Oort stratification. By Lemma 2.1 Proposition 2.3]
and dim Xou.(b) = d, we have (;(p) + ¢;7(p) < dim Xpuy(b) < d — 1 for any p.
On the other hand, we have ¢;(p) + 2(;(p) = ((w"y) = 2d — 3. Thus we have

(r(p) + £rr(p) = d — 1 and £;(p) = 1 for any p. It follows that
| Xy (0)7] = k(g — 1)g" ™,

where & > 1 is the number of irreducible components of Xz, (0)°. Again by Lemma
21 and the fact that each Sy, is locally closed, we have [{(4,¢) | dimSs, =
d—1,544 C 7(Xeuy(b)?)} = k. By Lemma 3.4 it follows that

Kg—-1q" =ke"' + Y k!, k>0,

0<j<d—2

which is a contradiction. This implies the proposition in this case.

Next assume that n > 10 and ¢ = 3,n — 3. Let wty € SW be as in Lemma
6.2l Suppose that the semi-module stratification of X, (b) is a refinement of the
Ekedahl-Oort stratification. Similarly as above, we can check that

dim X, ,(b) = X

€8iSit1

(b)) =d—1.

By Lemma [2.1] and Proposition B.13] we have dim X u,(b) < d — 2. Similarly as
above, it follows that

Kag-1)¢" =kq'+ Y ki, k>0,

0<j<d—3

where k is the number of irreducible components of X, (b)°. This is a contradiction,
which finishes the proof. O
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The following proposition is the complement of Proposition [6.4l

Proposition 6.5. We have

2 2 2 2
cyc = {7' y 805n—1T ; S0Sn—15n—25n—3T ;.- ., 50Sn—1 """ S554T } (n > 5),

_ (.3 3 3 3 3 _
W3 )eye = {7' 1y 80867 5 505651507, S0S65551T *, S05655515056T } (n = 7)7

5057565150577, S057565551505756T°+  (n = 8).

Let wty € SW be one of the elements above. Then there exists v € LP(w"y) such
that v~ lyv is a Coxeter element. Moreover, X, (b) = ) for any w € “Adm(u) \
SAdm(pt)eye, and the semi-module stratification of X, (b) is a refinement of the
Ekedahl-Oort stratification.

Proof. The equalities in the proposition follow from easy calculations. For other
statements, we only prove the case for wy. Other cases can be checked similarly.
Set d = ”T_?’ For 0 < j < d, we set w; = $0Sy—1"**Sp—2j+172. Then {(w;) = 2j
and
plwj))=(135---n—-2jn—-2j+1---n24.--- n—-25—1).

Also it is easy to check that

D\ (I)wj = {X1n-2j+15 s X1n—15 X1n -

Clearly there exists r € Wy with r(®,\ ®,,,) C ® such that rp(w;)r~" is a Coxeter
element (cf. [33] Lemma 5.1]).

For an integer j, let 0 < [j] < n denote its residue modulo n. For a,b € N with
a—b € 27, we define o5, = Sjp_g) - * - S[a42)5[q]- Set

Wj,0 = Wy, W1 = ton—2j+1W5l0o 5941, Wj2 = tn—1n—2j+2t0n—2j+1Wjito n_oj 11t "1 n—2j+2;
P — . s e e . . . . _1 _1 CECE) _1
< Wy = tn—]+17n—y tn—1,n—2j+2t07n—2]+1wjt0,n—2j+1tn—17n—2j+2 tn—j—i—l,n—j‘

It is easy to check that the simple reflections in to,—9j41, tn—1n-2j42; - - - tnjtin—j
define

_ _ 2 _ 2
Wi = Wj0 —7¢ Wj1 = Sp—15n—2" " Sp—2j42T —7¢ Wj2 = Sp—2Sp-3 " * " Sp—2j+4+3T

_ 2
o e Wi =T

Let P, be the reduction path (in a suitable reduction tree) defined by this reduction.
By Lemma 2.1}, Proposition 2.5 Proposition 2.6l and Proposition B.13] it follows that
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X (77) = X, and Xuw(7?) = 0 for any w € “Adm(ws) \ “Adm(ws)eye. Note that

J

X,2(72)° = {I}. It is easy to check that

C(tn—jsin—j - tnoin—2j42tom—2j41) = Ltn_jrim—j) - - AH(tn_1,n—2j42) H(ton—24+1)-

Thus by Proposition (cf. [34, §3.3]), each element gI in X, (7*)° is contained
in a Schubert cell associated to t,,_j11n—j - - th_1n—2j+2t0n—2j+1. By Lemma B.1] it
follows that 7(X,,(b)") is equal to the unique semi-module stratum of dimension
j. This shows that the semi-module stratification of X, (b) is a refinement of the
Ekedahl-Oort stratification. O

6.2 The Ekedahl-Oort Stratification for w; + w,,_»

Throughout this subsection, we set y = w; + w,_2. Also we assume that n > 4.
Note that the unique dominant cocharacter p' with p' < p is w, ;. Clearly we
have “Adm(wy,—1)eye = {77!} and the semi-module stratification of X, ,(7"7') is
a refinement of the Ekedahl-Oort stratification.

Proposition 6.6. For any 1 < j < n — 2(= dim X,(b)), there exist exactly j
elements of length 2j in SAdm(u)%, = SAdm(p)ey \ {7°7'}. Let @ty € SW be
one of such elements. Then there exists v € LP(w"y) such that v~'yv is a Coxeter
element. Moreover, X,,(b) = 0 for any w € “Adm(p) \ “Adm(p)eye, and the semi-

module stratification of X, (b) is a refinement of the Ekedahl-Oort stratification.

Proof. We first prove by induction on n that there exist at least j elements of length
2j in ° Adm( 1) &y €ach of which has finite part y such that ryr~'is a Coxeter element
for some r € Wy, s, ) satisfying r(®4 \ ®ony) C @4 (cf. Lemma 2.8). Note that

if y € W, satisfies

.....

y M2 <y @) <<y M n—2)and y Hn — 1) <y (n), (%)

then by [34, Lemma 4.4], we have wty € Adm(u). In particular, since £(w") = 3n—
5, wty is an element of length 2j in SAdm(u)gyC for any n-cycle y of length 3n—25—5.
If n = 4, then s15953, $25351 and $152835152 are 4-cycles satisfying (). Moreover,
S9(8182835182)S2 = S18283 is a Coxeter element and $o(P \ Porsyspsssysy) C Py SO
the claim is true for n = 4.

Suppose that n > 5 and the claim is true for n — 1. Let y be a (n — 1)-cycle
in Wis, s5,.05m_03 Such that y=1(2) < y™*(3) <--- <y 'n—-3)and y'(n—2) <
y'(n—1). Theny' :=5;(12 --- n)y(12 --- n)~! satisfies (*) and £(y") = {(y) + 1.
So by the induction hypothesis, there exist at least j —1 elements in W, which are n-
cycles of length 3n—2j —5 satisfying (). Note that for any r € Wy, . .3, we have
ryr’ =512 n)ryr 412 --- n)7H wherer’ = (12 --- n)r(12 --- n)~t e
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Wies,....sn_0}- S0 again by the induction hypothesis, it is easy to verify that there
exists r € Wy, s, ) such that r'y/r'~! is a Coxeter element and 7/(®4 \ Puy) C
O,. Set ¢ = S, 95,-15p—3 - S251. It is easy to check that if n is odd (resp. even),
then

Cy, CS5n—25n-3, --. , CSp25p-3" ' S52, CSp_25p—3 525354, ... ,
CSn—28p—3 " " S525354 " Sp—25n—1
(resp. C, CSp—25,-3, ... , CSp_928Sp_3°"*S3, CSp,_2S5p—3 535253, ... ,

CSp—28p—3 535283+ 'Sn—28n—1)

are n-cycles satisfying (*). If ' is one of the elements above, then ®¢,, . o, 3N
¢, C Pyuy and there exists ' € Wy, ., such that r'y'r’~! is a Coxeter element.
Thus the claim is also true for n. By induction, our claim is true for any n > 4.
Clearly v,, = v}, for any w € © Adm(p)g,,. Since b = 77~ is superbasic, the unique
minimal length element in the o-cojugacy class of w is 7"~ (cf. [I8, Proposition
3.5]). By Theorem 2.4 there exist a reduction tree 7 for w and a reduction path
in 7 such that end(p) = 7"~!. Thus by Lemma 2] Proposition 2.6, Lemma 5.3
and the claim we have shown above, there exist exactly j elements of length 2j in
SAdm(p)g,.. Moreover, it follows that (X, (b)°) is irreducible of dimension @ for

any w € Adm(pu)g,. and that X, (b) = 0 for any w € *Adm(p) \ *Adm(p)eye.

It remains to show that the semi-module stratification of X, (b) is a refinement
of the Ekedahl-Oort stratification. We prove that for any w € “Adm(u)e,., there
exists an extended semi-module (A%, @) for  such that m(X,,(0)°) = S ,(= X (b)
by Lemma [B.9] and Lemma [5.3]). We argue by induction on ¢(w). If {(w) = 2, i.e.,
W = wHCSp_95n_3 525354 * * * Sp—25n—1 = SoSn_1T" ', then w —, sqwsy = 7™ 1. It
casily follows from Theorem 2.9 that X n-14,(b) = (. So by Proposition [2.3] we have
Xou(b)0 = IsoI /I and hence 7(Xy (b)) = X1 (b).

Suppose that £(w) > 4 and the claim is true for any w' € “Adm(p)g, with
((w") < €(w). Since 7(X,(b)°) is irreducible of dimension 6(2—1”), there exists a unique
extended semi-module (A*, ¢) for p such that dim(7(X,(0)°) N Sar,) = @ Also,
T(Xw(b)?)NS4r , is open in both (X, (0)?) and Sax ,. So the closure of 7(X,,(b)?)N
Sar, in X,(b) is equal to both the closure of m(X,,(b)?) and Sy, in X,,(b). By [16]
Proposition 2.6] (see also [8, §3.3]), the closure of m(X,,(b)?) is contained in

L] #(Xu ).

w' €9 Adm ()2, w' < sw

Here we write w’ <g w if there exists x € W, such that zw'z~! < w. By the above
description of the finite part of each element in “Adm(su),., it is easily checked
that if w' € Adm(p)S, and f(w) = ¢(w'), then there is no x € Wy such that

cyc
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zwr™! = w'. So if w' € “Adm(p)g,, w <g w and L(w') = {(w), then w = w'.
Thus by the induction hypothesis, we have Sax, € (X, (0)°). By [I, Proposition
2.11 (5) & Proposition 3.4], the closure of Sy, is contained in a union of semi-
module strata Ty such that dim(7) \ Sax,) < dim Sys,. Thus by the induction
hypothesis and Lemma 5.3, we have m(X,,(b)?) € Sax . Therefore it follows that

T(Xw(b)?) = Sar,, which completes the proof. O

6.3 The Ekedahl-Oort Stratification for w; + w,,_3

Throughout this subsection, we set © = w; + w,—3. Also we assume that n > 7.
Note that the unique dominant cocharacter ' with p/' < p is wy,_s.

Proposition 6.7. There exist at least 2(n — 4) elements of length 3n — 11 in
SAdm(p)2y. = SAdm(p)eye \ “Adm(wn_s)cye. There also exists an element w of
length 3n — 14 in SAdm(u) such that its finite part is not n-cycle and X,,(b) # 0.
Moreover, the semi-module stratification of X, (b) is not a refinement of the Ekedahl-

Oort stratification.

Proof. For any 1 < j < n —4, set ¢; = 5,-35,-25,-15n—4 " 5j4125;4151 " Sj_15;.
For j = n — 3, set ¢,_3 = s152---S,—1. Then we have whc; € SAdm(u)zyC and
lwhcj)) =3n—9forany 1 < j<n-3. Ifl1<j<n-—5, then ¢;s,_3s,_2 and
CjSn—35n—a are n-cycles of length 3n — 11 satisfying w*c;s,_35,—2, @"C;Spn—_35n—1 €
SAdm(u)gyc. Further ¢,_48,-35,—2 and ¢,_38,_45,_3 are also n-cycles of length
3n — 11 satisfying "¢, 45n_38n_2, @"Cn_35n_45n_3 € SAdm(u) Thus we have
found 2(n — 4) distinct elements of length 3n — 11 in ®Adm(4)g..

Set y = ¢p_580-3Sn—2Sn—4Sn—6Sn—5 = (12 -+ n—6n—2nn—3)(n—4n—5n—1).
Then wty € “Adm(p) and X141, Xn—5.n € P4 \ Peuy. By Theorem 29, Xpu, (b) #
(). This shows the second assertion. We can easily check the last assertion using

Lemma [5.4], similarly as the proof of Proposition [6.4] O

o
cyc*

6.4 The Ekedahl-Oort Stratification for w; + wo, ws + w1

Note that the unique dominant cocharacter p’ with ' < wy+ws is w3. By an explicit
calculation, it is easy to verify the following statements (cf. Proposition [6.5]).

Proposition 6.8. Assume that n = 5. Set u = w; + we. For any 1 < j < 3(=
dim X, (b)), set “Adm(p)2,, = “Adm(p)eye \ YAdm(ws)eye. Then we have

cyc

s o 3 3 3 3
Adm(p)dy. = {5054535251507", 5051545350547, 505483527, 505154837T" }.

Let w'y € “Adm(y)g,.. Then there exists v € LP(w"y) such that v™'yv is a Coxeter

element. Moreover, X,,(b) = 0 for any w € “Adm(p) \ “Adm(u)eye, and the semi-
module stratification of X, (b) is a refinement of the Ekedahl-Oort stratification.
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Lemma 6.9. Assume that n = 7 or 8. Let p be w; + ws (resp. wy + wp_1).
Set ¢ = s189-++5,_1. Then whcs ses3 € “Adm(p) and X ucssyss(b) # O (resp.
e Ls58483 € SAdm (1) and Xpe-146,54(0) # 0). Further cs;ses3 (resp. ¢ 1s58453)
is not n-cycle.

6.5 The Ekedahl-Oort Stratification for ws + w,,_3
We set 1 = ws + w,,_3. Also we assume that n > 5.

Lemma 6.10. If n is odd (resp. even), set y = s983- - S,_351S2 "+ Sp_3 (resp. y =
$953 "+ Sp_35152 * Sp_a). Then why € “Adm(u), Xpuy(b) # 0 and y is not n-cycle.

Proof. 1If n is odd (resp. even), then y = (13 --- n—2)(24 --- n—1n) (resp.
(13 ---n—1)(24 --- n)) and w'y € “Adm(u). Note that X1, Xon-1 € Pt \ Py
So by Lemma 2.9 X, (b) # 0. The proof is finished. O

7 Comparison of Two Stratifications

Keep the notations and assumptions in §3.

7.1 Known Cases
The following results are known in (the proof of) [34, Corollary 5.5 & Theorem 5.9].
Proposition 7.1. Let = denote a universal homeomorphism.

i) Assume that n > 3. Set u = 2wy, w = w"8189 -+ $,—1 and
H )

[y

Y Vv Vv n—
Xon—1 T Xip—3 T -+ XnT—l,nTﬁ ( even)

Xip + Xgpa t o Xia s (%5 0dd),

[

n—1

Then we have X,(0)° = X (b) = 7(X,,(b)°) = A" .

(i) Assume thatn > 3. Set pt = 2wi+wy_1,W; = W*Sp_1Sp—2° - Sp—j+15152 - * Sn—j
and

~—

J
J

IV IA

IS IS

~—

A — X\1/,2j + X\2/,2j—1 Tt X}/,j+1 (
;=
X\2/j+1—n7n + X\Q/j+2—n7n—1 oot X}/vj"'l (

for j =1,2,...,n — 1. Then we have X, (b)° = | },<;<,_, Xﬁ‘j(b) and Xﬁ‘j(b) =
7(Xuw,(0)°) = A" for each j.
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(iii) Assume that n = 5. Set u = 3wy, w = w"s15253584 and A = X1V72 + ng. Then
we have X,,(8)° = X(b) = (X, (b)) = A,

(iv) Assume that n = 4. Set p = 3w, w = @w"s15283 and A = x3,. Then we have
Xu(0)” = X, (b) = (X (b)) = A%

(v) Assume that n = 3. Set u = 4wy, w = whs153 and A = xy,. Then we have
X, (0)° = X (b) = m(Xy(D)") = A®.

vi) Assume that n = 3. Set y = 3w +ws, w1 = @"S189, Wy = W"S951, \| = X4 and
W X2,3

A2 = x¥,. Then we have X, (b)° = Xﬁ‘l(b)l_lXﬁ‘z(b) and Xﬁj(b) = (X, (b)) =
A3 for each j.

(vii) Assume that n = 2. Set p = mw; with m > 1, w = w's; and

7.2 Proof of the Main Theorem

Theorem 7.2. Let u € X,(T'),. The following assertions are equivalent.

(i) The semi-module stratification of X<,(b) gives a refinement of the Ekedahl-
Oort stratification.

(ii) For any w € “Adm(pu) with X, (b) # ), there exists v € LP(w) such that
v Ip(w)v is a Coxeter element.

(iii) The cocharacter u has one of the following forms:

Wi, Wn_1, (n>1),
Wy, 21, Wp_o, 2Wn_1, (odd n > 3),
Wy + Wn_1, 2w+ Wno1 W1+ Whoo, w1+ 2wWn_1, (n>3),
W3, Wp_3, (n="1,8),
3wy, 3Bwp_1, (n=4,5),
Wi + Wy, w3+ Wy, (n=5),
4wy, w1+ 3w, 4wy, 3Bwi+ wo, (n =3),
mw; with m odd, (n=2).
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If one of the above conditions holds, then for any w € “Adm(u)cye, there exist
p € X, (T), with ¢/ < p and a cyclic extended semi-module (A*, ) for u’ such that
m(Xyu(0)°) = X2,(b) = Sar,. Moreover m(X,,(b)°) is universally homeomorphic to
an iterated fibration over a point whose fibers are (the perfection of) Al

§25 and §3.2). Then w* € W and p(w*) = wpaywyl, (cf. §3 and §32). Note
that the arguments and results in §5 and §6 for (u,w,b) also hold for (u*,w*,b*).
Thus in this proof, it suffices to treat the case for either p or u*.

First assume that n > 6. Let 1 < my < n be the residue of m modulo n.
If 4 < mg < n—4, then wy, + [%|w, < . So by Lemma and Proposition
6.4 p satisfies neither (i) nor (ii). If n > 10 and my = 3, then by Lemma [6.2]
p satisfies neither (i) nor (ii). If n = 7,8 and my = 3, then by Proposition [6.5,
p = ws satisfies (i) and (ii). If moreover, p # w3, then wy +wy + [=]w, = p or
Wy + w1 + (2] = 1)w, = p. So by Lemma [5.6] and Lemma [6.9], j« satisfies neither
(i) nor (ii). If mg = n —2, then w; +w,_3+ [ |w, = punless p = wy 5 or 2wy, 1. If
mo =mn— 1, then wy +w,,_3 + L%jwn < punless g = wy,_1, w1 +Wy_2 Or Wy + 2w, _1.
Thus the equivalence of (i), (ii) and (iii) for mg = n —2,n — 1 follows from Theorem
.17, Proposition [6.5], Proposition [6.7, Proposition and Proposition [7.1]

Assume that n = 5. If mg = 3, then w; + w3 + wy + L%an < p unless p =
w3, 2wy, w1 + wy or 3wy. If me = 4, then 2wy + [ Jw, =X p unless p = wy, w1 + ws
or wy + 2wy. Set ys = (1 5 3)(2 4). Then it is easy to check that co¥rt«stwiy. ¢
SAdm(w; + w3 + wyq) and X e +wgres,, (T°) # 0. Assume that n = 4. If mg = 3, then
2wy +ws + [ |w, = pounless = w3, w1 + Wy, w1 + 2ws or 3wy, Set yy = (1 3)(2 4).
Then it is easy to check that @*>*y, € “Adm(2ws + w;) and X jzustws,, (T7) #
0. Assume that n = 3. If my = 2, then 2w; + 3wy + [2]w, =< p unless p =
W, 2w, w1 + 2wa, 3wy + wy or dwy. Set y3 = (1 3). Then it is easy to check that
w2ty € SAdm (2w + 3ws) and X 2w 130, (7°) # 0. Thus the equivalence of
(i), (ii) and (iii) for n = 2,3,4,5 also follows from Theorem I7, Proposition [6.5]
Proposition and Proposition [[.Il The case for n = 1 is trivially true.

Assume that p satisfies one of the conditions in the theorem, which is equiva-
lent to each other as we have just proved. Then the last assertion follows from the
proof of the results in §5 and §6 except the “moreover” part. Let w € SAdm(p)eyec.
By Lemma 1] the map X, (0)° — m(X,(b)°) induced by 7 is universally bijec-
tive. Using [8, Proposition 3.1.1] and Proposition 23] we can easily check that
T H 7 (Xw(0)) N (U< X (b)) = X (0) (cf. the proof of [34, Lemma 5.8]). Since
7 is proper, the map X, (b)? — 7(X,(b)°) is also proper. This implies that this
map is a universally homeomorphism. Again by the results in §5 and §6, X, (b)°
and hence 7(X,,(0)°) are universally homeomorphic to an iterated fibration over a
point whose fibers are (the perfection of) A!l. This finishes the proof. O
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Remark 7.3. Except the cases where p or p* is wy 4w, o (n > 3) or wy +wsy (n = 5),
it follows from [36, Theorem 5.3] and Theorem [[I] that if one of the conditions in
Theorem [7.2 holds, then each X)(b)(# 0) is universally homeomorphic to an affine
space. We do not know this is true in general.
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