arXiv:2309.07691v3 [math.GR] 26 Apr 2024

INFINITELY MANY COMMENSURABILITY CLASSES OF
COMPACT COXETER POLYHEDRA IN H* AND H°

NIKOLAY BOGACHEV, SAMI DOUBA, AND JEAN RAIMBAULT

ABSTRACT. We prove that certain families of compact Coxeter polyhedra in 4-
and 5-dimensional hyperbolic space constructed by Makarov give rise to infin-
itely many commensurability classes of reflection groups in these dimensions.

1. INTRODUCTION

Among the most attractive and concrete examples of discrete groups of isome-
tries of hyperbolic space H? are the hyperbolic reflection groups, i.e., those gener-
ated by reflections. That being said, the existence of cocompact such groups—in
other words, the existence of compact hyperbolic Coxeter polyhedra—is ultimately
a low-dimensional phenomenon. Indeed, Vinberg [37] showed that there are no
such polyhedra in dimensions d > 30, and the highest dimension in which such a
polyhedron has been exhibited is 8; see Bugaenko [12, 13].

We may nevertheless ask whether these polyhedra abound in the dimensions
where they do exist. It is clear, for example, that a compact right-angled polyhedron
in H? gives rise to infinitely many such polyhedra by successively doubling along
walls. While compact right-angled polyhedra cease to exist in H? as soon as d > 4
as follows from the Nikulin inequality [27] (see [29]), this doubling method can be
applied to a more general family of polyhedra than those that are right-angled, an
observation that was exploited by Allcock [3] to construct infinitely many compact
Coxeter polyhedra in H? for each d < 6. However, this method falls short of
addressing the following question (see [14]).

Question 1.1. Given d < 30, are there infinitely many commensurability classes
of compact Coxeter polyhedra in HY?

Here, we say two compact Coxeter polyhedra in H? are commensurable if the cor-
responding reflection groups I'y, 'y < Isom(H?) =2 PO(d, 1) are commensurable (in
the wide sense), that is, if there is some g € PO(d, 1) such that 'y N gl'ag~! has
finite index in both I'y and glag~'. We will routinely conflate hyperbolic Coxeter
polyhedra with their associated reflection groups.

The dimensions d for which Question 1.1 is known to have a positive answer
include those in which one can find a sequence of compact hyperbolic Coxeter
polyhedra with arbitrarily small dihedral angles, since the (adjoint) trace fields of
such polyhedra (which are commensurability invariants) have unbounded degree.
Such sequences are known to exist for d = 2 by the Gauss—Bonnet theorem, and
for d = 3 by Andreev’s theorem [4, 32], but their existence in higher dimensions
is open. Note that there can even be uncountably many commensurability classes
of compact hyperbolic Coxeter polygons of a fixed combinatorial type, whereas the
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combinatorics of a compact Coxeter polyhedron in H? determine its geometry for
d > 3 by Mostow rigidity.

A natural way (which may be viewed as a generalization of the doubling method)
to try to build new polyhedra is to glue copies of smaller polyhedra along isometric
facets, forming so-called garlands. For d = 4,5, Makarov [24] discovered compact
Coxeter polyhedra P C H¢, i = 1,2, whose garlands yield infinitely many com-
pact Coxeter polyhedra in H¢. Felikson and Tumarkin [19] have suggested that
Makarov’s garlands in dimensions 4 and 5 constitute infinite families even up to
commensurability. We prove that this is indeed the case, and hence settle Ques-
tion 1.1 in the affirmative for d = 4, 5.

Theorem 1.2. There are infinitely many commensurability classes of compact Cox-
eter polyhedra in H? for d = 4, 5.

Indeed, by applying techniques of the last author [30] to Makarov’s garlands in
dimension 4, we obtain the following quantitative result (compare with [3, Thm. 1.2]
and [30, Cor. 1.2]).

Theorem 1.3. There is some ¢ > 1 such that, for V sufficiently large, the number
of pairwise incommensurable compact Coxeter polyhedra in H* of volume <V is at
least ¢V .

In view of Theorem 1.2, the only dimension d in which infinitely many com-
pact hyperbolic Coxeter polyhedra have been exhibited but for which Question 1.1
remains open is d = 6. We remark that, while in any infinite family of pairwise
incommensurable compact hyperbolic Coxeter polyhedra only finitely many mem-
bers are arithmetic [2, 28, 20, 31], not a single nonarithmetic compact Coxeter
polyhedron in H® is known, as pointed out by Vinberg [40].

When we set out to prove Theorem 1.2, our initial hope was that the polyhedra
P and Py were arithmetic and incommensurable, so that we could directly apply
arguments of the last author [30], which in turn build on techniques used by Gro-
mov and Piatetski-Shapiro [21] to verify nonarithmeticity of their “hybrid” lattices.
While this is indeed the case for d = 5, it turns out that neither of the P{ are arith-
metic. The P? are nevertheless all quasi-arithmetic (see Section 2 for the definition,
as well as [11] for a broader discussion on quasi-arithmetic reflection groups). Argu-
ments as in [30] then go through once we have verified that P{ and Pg are not only
incommensurable, but that their ambient groups are distinct; for d = 4, the latter,
as well as proper quasi-arithmeticity of the P, were in fact already established by
Dotti [16, Example 3.16]. (Note that to say two lattices I'1,I's < PO(d,1) have
distinct ambient groups is the same as saying that the I'; are incommensurable in
the case that the lattices are arithmetic.) By distinguishing the ambient groups of
the P¢, we can also conclude the following (compare with Thomson [34, Thm. 1.6],
cf. also [10, Thm. 1.1]).

Theorem 1.4. A Makarov garland in H?, d = 4,5, containing both a P{ piece
and a P§ piece is not quasi-arithmetic, so that we may take all the polyhedra in
Theorem 1.2 (and Theorem 1.3) to be non-quasi-arithmetic.

We remark that it is not known for any 3 < d < 30 whether there are infinitely
many commensurability classes of quasi-arithmetic Coxeter polyhedra in H?. On
the other hand, and in contrast to the arithmetic setting, Dotti and Kolpakov [17]
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exhibited infinitely many commensurability classes of quasi-arithmetic compact hy-
perbolic Coxeter polygons, and indeed, a family of such polygons the degrees of
whose trace fields are unbounded. It follows from work of Mila [26] that there are
only finitely many possibilities for the trace fields of Makarov’s garlands, so that
we do not address the following variant of Question 1.1.

Question 1.5. Given 4 < d < 30, are there infinitely many options for the trace
fields of compact Coxeter polyhedra in H??

As observed in [17], it follows from work of Vinberg [38] that there are only finitely
many options for the trace fields of compact quasi-arithmetic Coxeter polyhedra (if
any) in HY for d > 14.

Structure of the paper. In Section 2 we review trace fields and ambient groups
for discrete groups of isometries and prove some facts about quasi-arithmetic lat-
tices. We describe Makarov’s polyhedra in Section 3 and compute their trace fields
and ambient groups there. In Section 4 we deduce Theorems 1.2, 1.3, and 1.4.

Acknowledgments. We thank Pavel Tumarkin for pointing out to us Dotti’s ex-
ample [16, Example 3.16]. We are grateful to Daniel Allcock and Pierre Py for
pointing out misprints in a previous draft of this article. We also thank the ref-
eree for their reading of this article and for their comments. S. D. was supported
by the Huawei Young Talents Program. J. R. was supported by grant AGDE -
ANR-20-CE40-0010-01.

2. QUASI-ARITHMETIC LATTICES

2.1. Definitions. We very briefly review the definitions and facts we will need
about quasi-arithmetic lattices. See [7, Section 2] for a more in-depth introduction
to the topic.

Let G be a noncompact semisimple real Lie group and & C R a totally real
number field. A k-group G is said to be admissible for G if G(R) is isogenous to G
and G(k ®, R) is compact for any non-identity embedding o : k& — R.

A lattice T' in G is said to be quasi-arithmetic if there exist k and G with G
admissible for G and I'NG(k) a lattice in G. If one can find such k and G such that
moreover I' NG(O) is a lattice in G, i.e., T' is commensurable to G(Oy), where Oy,
is the ring of integers of k, then I' is arithmetic. If I" is quasi-arithmetic but not
arithmetic, one says I' is properly quasi-arithmetic.

Another characterization of quasi-arithmeticity is as follows. Let I' be a lat-
tice in G, and k(T) the subfield of R generated by the traces tr(Adg) for g € T
There is (up to k(I")-isogeny) a unique k(I")-group Gr such that Gr(R) is isogenous
to G and T is virtually contained in Gr(k(T')) via this isogeny. The field k(T") and
the group Gr are the adjoint trace field and the ambient group of T', respectively.
(See [36] for the existence and unicity of these invariants, the so-called Vinberg in-
variants of T.) Then T is quasi-arithmetic if and only if £(T") is a totally real number
field and Gr is admissible for G. If I' is quasi-arithmetic, then I' is arithmetic if
and only if tr(Ad g) is an algebraic integer for each g € T.

We remark, although this will not be used in the sequel, that it follows from
well-known results that the semisimple Lie groups containing irreducible properly
quasi-arithmetic lattices are (up to isogeny) exactly the groups PO(d, 1). Indeed,
for higher-rank groups and PSp(d, 1), F;° all irreducible lattices are arithmetic by
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Margulis [25, Ch. IX] and Corlette and Gromov-Schoen [15, 22], and for lattices
in PU(d,1) (d > 2) traces are always integral (as proven in [6, Theorem 1.3.1] or
[5, Theorem 1.5] using work of Esnault—Groechenig [18, Thm. 1.1]). On the other
hand, as observed by Thomson [34], it follows from work of Belolipetsky—Thomson
[8], or a result of Bergeron—Haglund—Wise [9], that a construction of Agol [1] yields
properly quasi-arithmetic lattices in PO(d, 1) for each d > 2.

2.2. Algebraic rigidity of quasi-arithmetic lattices. The following result is
similar to [34, Proposition 3.2].

Proposition 2.1. Let G be a semisimple Lie group and suppose for some subfield
k C R one has k-groups Gi1,Go and Lie group isomorphisms p; : G;(R) — G,
i = 1,2, such that p1(G1(k)) N p2(Gz(k)) is Zariski-dense in G. Then the G; are

k-isogenous.

Proof. Let A = p1(G1(k)) N p2(Ga(k)) and Ad : G — GL(g) be the adjoint repre-
sentation of G, where g denotes the Lie algebra of G. The adjoint trace field of A
is contained in k since p; '(A) € G(k). By [36, Thm. 1], it follows that there is
a basis for g with respect to which Ad(A) has entries in k. Identify GL(g) with
GL,(R) via this basis, where n = dim(g).

Since A is assumed to be Zariski-dense in G, we have that Ad(G) C G(R),
where G is the k-closure of Ad(A). Now each Ado p; : G; = G is an R-isogeny
mapping the Zariski-dense subgroup p; '(A) of G;(k) into G(k). Tt follows that
Ad o p; is moreover a k-isogeny for i = 1,2; see, for instance, [41, Prop. 3.1.10]. O

This implies the following generalisation of [21, 1.6] to quasi-arithmetic lattices.

Corollary 2.1.1. IfT'; and I's are two quasi-arithmetic lattices in G and 'y NTa
is Zariski-dense in G then the ambient groups of I'1 and T’y coincide.

Proof. To prove Corollary 2.1.1 we need only prove that the adjoint trace fields of
Iy and I's are equal to some fixed field k; indeed, the ambient groups G; of the
I'; would then be k-groups satisfying the assumptions of Proposition 2.1. To that
end, let A =T'1 N2 and £ be the adjoint trace field of A; we prove that the adjoint
trace field k of ' is equal to 4.

We have £ C k. If £ is a proper subfield of k then by the Galois correspondence
(applied to some Galois number field containing k) there is an embedding o # Id
of k into R such that o|, = Id. It follows that Ad(A) = o(Ad(A)) C o(Ad(G1(k)),
and the latter is contained in the compact group Ad(Gi(k ®, R)); we recall that
here G; denotes the ambient group of I';. We conclude that Ad(A) is precompact
in Ad(G), but this contradicts Zariski-density of A in G. O

3. MAKAROV’S POLYHEDRA

3.1. Vinberg invariants for hyperbolic reflection groups. Let P be a Coxeter
polyhedron in H? and let Hi,..., Hy be the hyperplanes in H? supporting the
facets, i.e., codimension-1 faces, of P. In the hyperboloid model for H? each H;
is associated with a subspace of signature (d — 1,1) in the Lorentz space R%!; the
orthogonal to this subspace is a positive line, so we can choose a unit vector e;
orthogonal to this hyperplane.

1The sign of e; is not important for us.



COMMENSURABILITY CLASSES OF COXETER POLYHEDRA IN H* AND HP° 5

The Gram matrix G(P) for P is then the Gram matrix of the vectors e;, that is,
G(P) = ((eivej)Rd’l)lgiJ'gN'

Let k(P) be the field generated by all cyclic products of the matrix G(P) (a
cyclic product of a matrix (ai;)1<i j<n 1S a product a;,i,@iyis - - - Giyiy ). In general
k(P) is a (possibly proper) subfield of the field generated by the entries of G(P).

If P is a Coxeter polyhedron in H? we denote by I'p the associated reflection

group. The following statement follows from work of Vinberg, see [36, Section 4,
Theorem 5].

Theorem 3.1 (Vinberg). Let P be a Cozeter polyhedron in HY and suppose I'p is
Zariski-dense in PO(d,1). Then the adjoint trace field of T'p is k(P).

The following criterion is useful for determining when two orthogonal groups are
isomorphic (see [21, 2.6]), and we will use it to check the conditions in Proposi-
tion 4.1.

Lemma 3.2. Let k be a field of characteristic 0, m > 2, and Q, Q" be two non-
degenerate quadratic forms on k™. Then PO(Q) is k-isogenous to PO(Q') if and
only if Q,Q’ are similar over k, that is, if and only if there is some \ € k* such
that the forms Q and A\Q' are isometric over k.

3.2. In four dimensions.

3.2.1. Description. We follow Vinberg [39, p.62]. Consider the abstract Coxeter
simplex given by the following diagram:

a T O

The Gram matrix has signature (4, 1) so that this abstract simplex can be realized
as a projective simplex Sf C P(R*!). Three of its vertices have spherical link
so they lie within H*. The remaining two, whose opposite facets correspond to
the right- and leftmost vertices in the diagram, have links corresponding to the
diagrams

a C D O O

which represent compact simplices 1,75 in H3, respectively; it follows that these
vertices are hyperideal and that there are two hyperplanes Hi, Hy truncating S
into a compact polyhedron S_jl C H*, two facets of which are orthogonal to all facets
meeting them and are isometric respectively to T; and Tp. We let P! be the double
of S_jl along the T facet.

The polyhedron Py is constructed in a similar manner: consider the Coxeter
diagram

C O

which likewise represents a simplex S5 in P(R*!). As before, three of the vertices
have spherical link, and the remaining two have links with diagrams

C D O O

representing compact simplices T3, T5 in H?, respectively. Using the same cut-
ting/doubling (this time along T3), we obtain Py.

To summarize, we have described compact polyhedra P, Py in H* such that each
has two nonadjacent facets isometric to the hyperbolic 3-simplex T and orthogonal
to all adjacent facets. The Coxeter diagrams of P; and Py are depicted in Figure 1.
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FIGURE 1. The Coxeter diagrams of the Coxeter polyhedra P}

(left) and Py (right). Here, a; = ,/T\f_g, by = \/%—5\[55, =

VB = V2VVBHT o 34VE a0 e, = 2V VB9
V5—1’ 2 Vil s U2 /72(71729\/5)7 2 /38

These values can be found as follows. The condition that the Gram
matrix of P has signature (4,1) implies that the principal corner
minors of order 6 and the determinant of the Gram matrix itself are
equal to 0. Therefore we obtain a system of equations with respect
to a;, b;, ¢;. Our computations coincide with those presented in
[16, Example 3.16]. One can also check that with these values a;,
bi, ci, the Gram matrix of P indeed has signature (4, 1), and thus
by [39, Theorem 2.1] the acute-angled polyhedron P indeed exists
and is uniquely determined up to an isometry of H*.

3.2.2. Arithmetic invariants. Computing Gram matrices, we see that S} and P
(and S%) all share the same Vinberg field k = Q(v/5). Since I'gs is Zariski-dense in
PO(4,1), the ambient group of I'gs is the same as that of I'ps.

The Gram matrix of S} is given by

1 —V2/2 0 0 0
—V2/2 1 -1 0 0
G(S}) = 0 -3 1 —ia 0 |,
0 0 —ia 1 -1
0 0 0o -3 1

where a = 2 cos(mw/5) = @ The subgroup of GL5(R) generated by the reflections
vi v = v —2wTG(SH)e;)e; for i = 1,...,5 preserves G(S}), where the latter is
viewed as a quadratic form on R®, and the image of this group in PGLs(R) is
conjugate to 1"5%. In the new basis for R® obtained by multiplying e; by v/2, the
matrix for the form G(S}) is given by

2 -1 0 0 0
1
Q1= 0 —3 1 —3a 0
0 0 —ia 1 -3
0 0 0 -3 1
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and the entries of the ~; lie in k, so that the ambient group of I' 54 18 isomorphic
to PO(Q%). The latter group is admissible for PO(4,1) and so Ipa is quasi-
arithmetic (in fact, we have checked that T’ pa is properly quasi-arithmetic; this was
indeed already observed by Dotti [16, Example 3.16]).

Similarly, the Vinberg fields of S and Pj are both equal to k, and the ambient
group of I'ps is the same as that of I'gs. The Gram matrix of S3 is

1 —3a 0 0 0
-3a 1 -1 0 0
4 1 1
sz 0 -3 1 —§G/ 0 N
0 0 —ia 1 —1
0 0 0 -3 1

so the ambient group for I'gs is PO(Q3). It follows that T’ pp 18 quasi-arithmetic
(and again, one can check, properly quasi-arithmetic).

Now we prove that the ambient groups PO(Q71) and PO(Q3) are not k-isogenous
using Lemma 3.2. This was already established by Dotti [16, Example 3.16], but
we include the argument here for the convenience of the reader. A straightforward
computation in SAGE [33] shows that the Hasse invariants of Q] and Q3 differ at
the prime ps = (1 — 2a), i.e., the ideal generated by a square root of 5 in k. Recall
that the Hasse invariant of a quadratic form @ over a field K is defined to be

(3.1) hie(Q) = [ (@i a5)x

i<j
where @ is isometric to a diagonal form with coefficients a;, and (z,y)x is the
Hilbert symbol over K (which equals 1 if the corresponding quaternion algebra is

K-split and —1 otherwise, see e.g. [23] for the definition).

4
Assume that Q7 is isometric over k to AQ3 for some A € k*. Since gztggi) 620
2

and the factorisation of (6 — 2a) into prime ideals is (2) - p5, we see that 2\ = 2ups
modulo squares, where u is a unit in the integer ring Z[a].

Let k5 be the localisation of k at p5. By Theorem 2.6.6(3) in [23], we have that
(A, A)gs = 1if and only if —1 is a square modulo ps. This is indeed the case since
Z[a]/ps = Fs5. So the Hasse invariant of \Q3 over ks is equal to that of Q3 and
hence distinct from that of @}, so that the forms Q} and Q3 cannot be isometric
over ks, a fortiori not over k.

3.3. In five dimensions.

3.3.1. Description. Each of the Coxeter diagrams

C O

C J O

gives a simplex in P(R>!) with a single hyperideal vertex with link corresponding
to the diagram

C O

which represents a compact simplex in H*. Truncating these vertices yields com-
pact Coxeter polyhedra PP, P C H® (see Figure 2 for their Coxeter diagrams),
respectively, each possessing a facet orthogonal to all adjacent facets and which is
isometric to the polyhedron with the latter Coxeter diagram. Moreover, there is a
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C )} O----0

FIGURE 2. The Coxeter diagrams of the Coxeter polyhedra P}

and P. Here, z = £,/2(7+/5) and y = —”3;‘/5 These values

were obtained in precisely the same way as the values in Figure 1.

us

nonadjacent facet ' of P forming even angles (of 5 or §) with all remaining facets.
Let PJ be the double of P along F.

3.3.2. Arithmetic invariants. As in the 4-dimensional case, the Vinberg field of S?
(which coincides with the Vinberg field of P?) is k = Q(+/5) for i = 1,2. The Gram
matrix of S is

1 —%2a 0 0 0 0
—4a 1 -3 0 0 0
o -4+ 1 -1 0 o0
5 _ 2 2
Q=1 0 -3 1 —3 0 [’
0 o o -1 1 -1
1
0 o o0 0 -3 1

so the ambient group for I'gs is PO(Q3). Since this group is admissible for PO(5, 1),
we have that I'ps is quasi-arithmetic.
The Gram matrix of S is

1 —%ia 0 0 0 0
—2a 1 -1 0 0 0

o -3 1 -1 0 0

0 0o -1 1 -1 0

0 o o -1 1 —V2/2

0 0 0 0 —v2/2 1

By multiplying the last basis vector by v/2 we obtain the equivalent matrix

1 —3a 0 0 0 0
—3a 1 -1 0 0 0
1 1
a=lo ¢ 40 o
3 ~3
0 0o 0 -1 1 -1
0 o 0 0 -1 2

so the ambient group of ', is PO(Q3). This group is admissible for PO(5,1), and
so T pp is also quasi-arithmetic. Though we will not need this, it is easy to verify
using Vinberg’s arithmeticity criterion [35, Thm. 2] that the polyhedra P} and P
(hence also PJ) are moreover arithmetic.

By Lemma 3.2, the k-groups PO(Q3) and PO(Q3) are k-isogenous only if
det(QY) _ 8—2a
det(Q3) — 4
square in k, hence in its integer ring Z[a]. We have 8 — 2a = 2(4 — a), and the norm

is a square in k. The latter is true if and only if 8 — 2a is a
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of (4 —a) is 11. So the norm of (8 — 2a) is 44, which is not a square in Z, so that
8 — 2a is not a square in Z[a].

4. COXETER POLYHEDRA AND COMMENSURABILITY

4.1. Garlands. Let P;, P, be two compact Coxeter polyhedra in H? satisfying the
following hypothesis:

Assumption 1. FEach of the P; contains two nonadjacent facets isometric to the
same Coxeter polyhedron R in HY™! and orthogonal to all adjacent facets.

Given any sequence a € {1,2}" we can form a compact polyhedron P, by gluing
copies of Pp, Py according to a (what Vinberg [39] calls a garland). Formally, we
choose an indexing of the two R-facets of P; which we denote by 0% P; respectively,
and then we obtain P, by identifying each 0" P,, with 9~ P,,,, for 1 <i<n —1.
As a consequence of Assumption 1, the resulting polyhedron remains a Coxeter
polyhedron.

We can also perform a more restricted construction under a weaker hypothesis.

Assumption 2. The polyhedron Py contains a facet isometric to a Cozxeter poly-
hedron R in H™' and orthogonal to all adjacent facets, while Py contains two
nonadjacent facets isometric to R and orthogonal to all adjacent facets.

Under this assumption we can form for each n > 1 a Coxeter polyhedron L,, by
gluing n copies of P and then capping one end with a copy of P;.

4.2. Infinitely many commensurability classes.

Proposition 4.1. Suppose Py, P, are two compact quasi-arithmetic Cozeter poly-
hedra in H?, d > 3, such that the T'p, have distinct ambient groups. Suppose that
Py, P, satisfy Assumption 2. Then the L,, n > 1, are pairwise incommensurable.

Proof. Suppose there is a closed hyperbolic orbifold M with covers 7 : M — L,,
n': M — Ly. Let L} (resp., L.,) be the copy of P in L,, (resp., L,), thought
of as a compact hyperbolic orbifold with connected totally geodesic boundary. By
Proposition 2.1.1 and Lemma 3.2 in [30]%, we have 7=(L.) = «/~1(L},). Since L}
and L}L, share the same volume, namely, that of Py, it follows that = and 7’ share
the same degree. But then L,, and L, share the same volume, and son =n’. [

4.3. Quantitative estimate for the number of commensurability classes.
If o € {1,2}™ we denote by & its mirror sequence (that is, &; = ap+1-;). The
following proposition is similar to [30, Proposition 2.1], and we will deduce it from
this result.

Proposition 4.2. If P, P, C H? d > 3, satisfying Assumption 1 are quasi-
arithmetic with distinct ambient groups, then for any n > 1 and any sequences
a, B € {1,2}"™ such that T'p, is commensurable with I'p,, we have that 3 or B isa
subsequence of (a, @).

An immediate consequence is the following more precise version of Proposi-
tion 4.1.

2The latter is stated only for manifolds in this reference, but the proof works as written for
orbifolds.
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Corollary 4.2.1. There are at least % distinct commensurability classes among
those of the P, for a € {1,2}".

Proof of Proposition 4.2. Let n > 1 and « € {1,2}". Let 01,0, be the reflections
in the facets 9~ P,, and 0T P,, . Since these facets are nonadjacent and orthogonal
to all adjacent facets, there is a surjective morphism ¢ from I'p_ to the infinite
dihedral group {(o1,0,). Let & be the morphism (o1,0,) — Z/2Z sending both
o1 and o, to the generator. We define M, be the double orbifold cover of P,
corresponding to the morphism € o .

Topologically, the orbifold M, is obtained by first viewing P, as an orbifold
with totally geodesic boundary 8~ P,, Ud1P,, (so that the orbifold fundamental
group of P, is generated by the reflections in all facets of P, apart from 0~ F,,
and 91 P, ), and then doubling along = P,, Ud* P, . This is the setting of [30],
so if some Pg is commensurable with P, (so that M,, Mz are commensurable to
each other as well) we can apply Proposition 2.1 in loc. cit. to conclude that the
sequences (o, @) and (3, B) are cyclic permutations of one another (these sequences
are both palindromic so we need not apply a symmetry). In particular 3 or 3 is a
subsequence of («, @). O

Remark 4.3. Under the conditions of Proposition 4.2, we may in fact conclude
that 8 on the nose is a subsequence of (o, @), so that it is even true that the P,
represent at least 27” distinct commensurability classes as « varies within {1,2}".
Indeed, if (o, @) and (83, 3) are cyclic permutations of one another and 3 is neither a
nor @, then (a, @) is invariant under some nontrivial dihedral group of permutations,
and in particular, under some (possibly trivial) cyclic permutation shifting 5 into
(o, @).

4.4. Proof of the main results. In the notation of Section 3.2, the polyhedra
Py = P} and P, = P4 each have two nonadjacent facets isometric to R = Tb
and orthogonal to all adjacent facets, and hence satisfy Assumption 1. Since I'pa
1
and I’ pi are both quasi-arithmetic with distinct ambient groups, the conditions of
Proposition 4.2 are satisfied, and Theorem 1.3 follows from Corollary 4.2.1.
In the notation of Section 3.3, we can take P, = P{ and P, = Py. Then P;, P,
satisfy Assumption 2, and the other assumptions of Proposition 4.1. This proves
the case d = 5 of Theorem 1.2.

4.5. Proof of Theorem 1.4. The proof is similar to that of Corollary 2.1.1. Let
i = 4,5 and let P be a garland containing copies of both P and Pj. Assume that I'p
is quasi-arithmetic; then there exists a totally real k-group G which is admissible
for PO(d, 1) and such that I'p C G(k). Since I'p contains Zariski-dense subgroups
of both I‘pj, the field k contains Q(v/5) and there are k-isogenies G; — G for

j = 1,2. Since G is admissible, we have that & = Q(v/5), and it follows that
G, G, Gy are all k-isogenous, which is not the case.
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