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Abstract

Upper bounds are obtained for the Newtonian capacity of compact sets in R?, d > 3 in terms
of the perimeter of the r-parallel neighbourhood of K. For compact, convex sets in R?, d > 3
with a C? boundary the Newtonian capacity is bounded from above by (d — 2)M (K), where
M(K) > 0 is the integral of the mean curvature over the boundary of K with equality if K is
a ball. For compact, convex sets in R?, d > 3 with non-empty interior the Newtonian capacity

2
% with equality if K is a ball. Here P(K) is the perimeter
of K and |K]| is its measure. A quantitative refinement of the latter inequality in terms of the
Fraenkel asymmetry is also obtained. An upper bound is obtained for expected Newtonian

capacity of the Wiener sausage in R?, d > 5 with radius € and time length ¢.

is bounded from above by
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1 Introduction

In this paper we consider maximisation problems involving Newtonian capacity (or logarithmic
capacity if d = 2). For a compact set K C R? d > 3 we recall a definition of its Newtonian

capacity cap (K) [16], p.293]:
cap (K) = inf {/ |Dul? : u > 1x,u € D'(RY) N OO(Rd)}, (1)
]Rd

where D(R?) is the collection of functions f : R — R with f € LL _(RY), Df € L*(R?), and
which vanish at infinity. Here f vanishes at infinity if for all ¢ > 0, |{|f| > }| < oo, where |A]
denotes the Lebesgue measure of a measurable set A C R?. The indicator function is denoted by
1.

We introduce the following notation. The boundary of A is denoted by A, the perimeter by
P(A), the closure by A, the convex hull by co(A), and the a-dimensional Hausdorff measure by
H*(A) [T, p.61]. For a non-empty compact set K we denote for r > 0 its closed r-neighbourhood
by

K, ={z R dyg(z) <r},
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where
dg(z) =min{|z —y|: y € K}, x € RY,

is the distance to K function. We denote by C(K) the set of critical points of dx. The parallel
sets K, r > 0 have been studied extensively in the literature. See for example [22] 8, [I8] [19], and
the references therein. It is known ([8, Theorem 4.1]) that C(K) is a compact, countable subset of
[0,00). That theorem also implies that K., r € (0,00) \ C(K) is a Lipschitz manifold, and hence

P(K,) = H"'(0K,), r € [0,00) \ C(K).
Furthermore in [I8, Theorem 3.3] it was shown that

d| K|

e HYY(0K,), r € [0,00) \ C(K).

Finally in [22] Lemma 2, Lemma 5] it was shown that d‘;irl is continuous wherever it exists.

If K is compact then R%\ K is open and consists of a countable union of open components. Since
K is bounded there is precisely one unbounded component of its complement, which is denoted by
Uk. Let Ag be the union of all bounded components of the complement of K. Then Ak is open,
and K = R?\ (Ax UUg) C R\ Uk := K. It is straightforward to show that K = K UAg, and
that cap (K) = cap (K).

If K is compact and 0K is C?, oriented by an outward unit normal vector field, then we denote
the mean curvature map by H : 0K — R, and define its integral by

M(K)= [ HdH" (2)

Our main results are the following.
Theorem 1. Let K be a non-empty compact set in R?, d > 3.
(i) If f(o,oo)(P(Kt))_l dt < o0, then
-1

ap(K) < ([ Pk )

with equality if K is a closed ball.
(i) If

lim (P(K3)) " dt = +oo,
540 (s,00)

then cap (K) = 0.
(i)
cap (K) < inf |, | (4)
(iv) If K is convez, and if OK is C?, then
cap (K) < (d - 2)M(K), (5)
with equality if K is a closed ball.
It f(;llows from (B) and the Aleksandrov-Fenchel inequalities (B8), (35) below (for k = 2,5 =
1,i = 0), that

(d—2) P(K)?
d |K|

cap (K) < (6)

with equality if K is any closed ball.



Theorem 2] below weakens the hypotheses under (iv), and quantifies (@) in terms of the Fraenkel
asymmetry. The latter is a measure of how close K is to a ball of the same measure as K. For a
measurable set Q C R? with 0 < || < co the Fraenkel asymmetry of €2 is the number

IQAB]
|B|

AQ) = mf{ : Bis a ball with |B| = |Q|}. (7)
Note that 0 < A(2) < 2 and that A(Q) = 0 if and only if © is a ball modulo a set of measure 0.

It was shown in [9] and [I0] that for d = 2,3, ... there exist constants ¢q > 0 such that for any
compact, convex set K C R? with |K| > 0,

P(K)|K|~ 7174

dwcll/ d

—1> g AY(K). (8)

Theorem 2. If K is compact and conver in RY, d > 3 with |K| > 0 then

dcap (K)|K| 2
1- m > 74 A*(K),
where T(d+1)T'(d — 1) ca

AY(K

7T T(2d—2) + D()D(d—1) 1+ 4deq

In [2] and [3] the authors obtain inequalities involving the Newtonian capacity and the torsional
rigidity. Recall that the torsion function for a non-empty open set Q@ C R, d > 1 with finite
Lebesgue measure is the solution of

~Av=1, veH;Q), (9)

and is denoted by vq. It is convenient to extend v to all of R? by putting v = 0 on R¢ \ Q. The
torsion function is non-negative and bounded. Moreover if 01, are open sets in R?, then

Q1 CQy=0< v, <vg,. (10)

The torsional rigidity of © (or torsion for short) is denoted by T'(Q) = [, vo. Hence ([I0) implies
that
Q1 C Q= 0<T(2) <T(Q). (11)

By ([@) and the definition of T'(£2),
T(tQ) = t*217(Q), t > 0, (12)

where t) is a homothety of 2 by a factor t. The de Saint-Venant’s inequality [12, p.206] asserts
that
T(Q) < T(), (13)

where Q* is any ball in R? with |Q| = |*|. By ([3) and scaling of Lebesgue measure,

T() T(B1)

_ 2/d\—1
|Q|(d+2)/d = |By|(d+2)/d (d(d+2)wd ) ) (14)

where Bj is the open ball with radius 1 and measure wy.
If K, Ky, Ko are compact sets then

K, C K3 = cap (K1) < cap (K2), (15)

and
cap (tK) = t%%cap (K), t > 0. (16)

The classical isocapacitary lower bound

cap (K) > cap (K™),



where K* is a closed ball with |K| = |K*|, goes back to [I7]. It follows that

cap (K) cap(B1) _ 2/d
|K|(d—=2)/d 2 |By|(@-2)/d = (d = 2)dw,"", (17)
where By is the closed ball with radius 1.
Let _
T(Q Q

€22
The functional in (8] is, by ([I6) and ([I2)), scaling invariant. Fixing |[2| = 1 we see that the capacity
and torsion are competing: the torsion is, by ([I3]), maximised by a ball with measure 1, whereas the
Newtonian capacity is, by (7)), minimised for a ball with measure 1. Furthermore both torsion and
Newtonian capacity are by (1)) and (I3]) increasing set functions under inclusion. While the torsion
is defined by a variational problem on 2, the Newtonian capacity of  is defined by a variational
problem on its complement. These facts make the study of the variational problems involving G(f2)
very different from the ones leading to the Faber-Krahn inequality or the Kohler-Jobin inequality
for example.

In [2 Theorem 2(i)] it was shown that G(2) is not bounded from above on the class of non-
empty open sets with finite measure, and in [2, Theorem 3(i), ¢ = 1] it was shown that there exists
a sequence of convex sets (£2;) with lim;_,, G(€2;) = 0. So the only remaining case of interest is
the maximisation of G(2) over the collection of convex sets.

In [2, Theorem 2(iii)] it was shown that the variational problem

sup{G () : Q non-empty, open, bounded and convex in R%} (19)

has a maximiser for d = 3. The existence of a maximiser of the variational problem in (I9) for

d > 3 remains an open problem. It was shown in [3, Theorem 2(i)] that for any ellipsoid E C RY,

G(F) < G(By). This suggests that for any non-empty, open bounded convex set Q, G(2) < G(By).
Recall that

P(tQ) = t71P(Q), t > 0. (20)
For d > 3 and 0 < a < 2 we define the functional
T(Q Q
G (Q)cap (9) o

= Qe P(Q)d2—a)/@-1)

By ([I0), (I2) and (20), we see that G, is scaling invariant. The functional interpolates between a
perimeter and a measure constraint. The following was shown in [3} Theorem 6]:

(i) Let &, denote the collection of open ellipsoids in R%. If d > 3 and 0 < « < 2, then
sup{G,(Q) : Q € €4} = G4 (B1), (22)
and the supremum in the left-hand side of ([22)) is achieved if and only if Q is a ball.
(ii) If d > 3 and 0 < a < 2, then
sup{Ga () : Q non-empty, open, bounded, convex in R?} < @G, (By). (23)

(iii) If 0 < & < 2, then the variational problem in the left-hand side of (23] has a maximiser.

The presence of a perimeter term in the denominator of GG, guarantees the existence of a maximiser.
Theorem [3] below shows that Bj is a maximiser for G, among the collection of open bounded

convex sets provided the exponent of the perimeter is not too small. Theorem [ together with (i)
and (iii) above suggest that B; is a maximiser of (ZI]) for 0 < o < 2.

Theorem 3. Ifd>3 and 0 < a < %, then
sup{ Gy (Q) : Q non-empty, open, bounded, convex inR%} = G (B1),
and any ball is a mazximiser of G .

This paper is organised as follows. In Section [2] below we prove Theorems[I], 2land Bl Section [3]
concerns the analysis of some variational problems involving collections of open sets Q C R? with

torsion T'(€2), and logarithmic capacity cap (2). In Section [ we give various examples and discuss
the optimality for the bounds in Theorems [I] and B



2 Proofs of Theorems [, 2] and

Proof of Theorem [l The starting point of the proof of Theorem [I] goes back to Theorem 11 in [6]
where the authors obtain, for convex bodies K, an upper bound for cap (K) by restricting the test
functions in () to those depending on di only. The proof of Theorem [I{i) is organised as follows.
In step (a) we restrict the class of test functions in (I]) and derive, formally, a candidate for a test
function. In step (b) we show that this function is well defined. In steps (c)—(e) we show that this
function satisfies the constraints in (II), and is admissible. We then complete the proof of (i).

(a) Let s > 0 be arbitrary, and let ¢ = f(dj_ ), where K =R%\ Ug. Then

|Del? = (f'(dg,))*Ddg, |* < (f'(dg,)*.

By the coarea formula

=

[ pet s [ ) = [ (P i (24)

Minimising, formally, over all smooth f with f(0) = 1, f(oc0) = 0 gives (f/(r)P(Ks4+r))" = 0. Hence

f'(r)P(Ks4r) = c for some ¢ € R. Tt follows that
fr) = c/ (P(Kqpy)) tdt = c/ (P(Ky)) ™t dt. (25)
(r,00) (r+s,00)

Since f(0) = 1 we find that

f(r,oo)(P(f(ert))_l dt
f(o,oo)(P(f(ert))_l dt’

(b) Since K # ) it contains a point say 0. Then B(0;t) C K;. Since B(0;t) is a convex subset of
Kta

fr) = (26)

P(K,) > P(B)t% 1, (27)

and
P(K:) > P(B))(r+ ) t >r+s. (28)

Since C(K) is compact, (4 s,00) \ C(K) is open, and hence is a countable union of disjoint open
intervals. By the properties of parallel sets mentioned in Section [} ¢ + P(/;) is continuous on
(r+s,00)\ C(K). By @8), P(K;) is uniformly bounded away from 0. Hence t — (P(K;))™! is

continuous on (r + s,00) \ C(K). Since C(K) is countable it has measure 0. This shows that the
integral in the right-hand side of (25) is well-defined. To show that the integral in (25) converges
we have, by ([21), that

/( (P(Rsc) ™t < (@ = 2PB) s 477 < (= 2)PBY 7 < o

(¢) To prove continuity we have by (26) and 27]).

lp(x) = e(y)l < |fdg, (2)) = fldg, ()]
<sup|f'(r)|ldg, () = dg, (y)]

>0
< SuPrzo(P(Kerr))il

a f(o,oo)(P(f(sH))_ldt
d-1)-1

|z —yl

(dwds~
- f(o,oo)(P(Kert))*ldt

|z — yl.

Hence ¢ is uniformly continuous. This in turn implies that f € LL (R?).



(d) To prove that ¢ vanishes at infinity in the sense of D*(R?), we have by 27)) and (28

((d — 2)dwgri=2) !

fir) < f(oyoo)(P(ffert))*l dt’ (29)
By @9)
{o>e}={reR?: fldg (x)) > ¢}
. L\ 1/2)
c {x eR?:dy (z) < (e(df 2)dwq /(0 )(P(KSH)) dt) } (30)

Since K, is contained in a ball with radius diam(K,), we have by (B0) that the level set { > ¢}
is contained in a ball with radius

diamn(K,) + ((d = 2)dcae /(0 (PO ) e

Hence this level set has finite measure.
(e) To see that Dy € L?(R?) we compute by (24) and (20) that

/Rd |Dy|? < (/(0100)(13(}%8“))1 dt)il < o0. (31)

We conclude by (c)-(e) above that ¢ € D'(RY) N C(R?), and hence is a test function. By () and
B,

cap (K) = cap (K) < cap (K,) < (/ (P(Kqoypq)) ™ dt)71 < 0. (32)

(0,00)

Since s > 0 was arbitrary we arrive at [B)). A direct computation gives equality for a ball. This
completes the proof of Theorem [ (i).

(ii) The assertion follows immediately from (32]).
(iii) Let a > 0 be arbitrary. Since P(K;) < P(K;), we have by (&),

Cap(K)S(/(O

(P dr) (33)

,00)

By Cauchy-Schwarz and (B3]

T /(o,a) = (/(o,a) (P(Kt))ildt)lm( (0.0) P(Ky) dt)1/2
< (/(o,oo)(P(Kt))1dt)1/2|K"|1/2

< cap (K) /2| Kq|'/2.

This implies {@]) since a > 0 was arbitrary.

(iv) Steiner’s formula for non-empty, compact and convex K reads

K=Y (&) watzr, (34)

n
n=0

where the W, (K) are the Quermass integrals for K. See [20, Sections (4.1), (4.2) Chapter 4]. These
Quermass integrals can be expressed in terms of integrals over the surface 0K of polynomials in
the d — 1 principal curvatures. In particular

Wo(K) = |K], Wi(K) = d""P(K), Wa(K) =d™" [ HaH"™", Wa(K) =ws.  (35)
oK



The right-hand side of ([34) is differentiable. Hence

P(K,) d|K| i <7‘j> Ky, (36)

By the change of variable
W1 (K)

Wa(K)

0,

r =

we obtain by [B]) and (B6)

/(o,oo)(P( A)dr 2 W2 /0 ,00) (i ( ) )(Zv(l)gf—(l)n2 9n71)_1d9' (37)

The Aleksandrov-Fenchel inequalities [20] (7.66)] read

Wi (K" > Wi(K)F W, (K™ 0<i<j<k<d. (38)

Let j=2,i=1,k=nin (3]). This gives

Wi (K)W1 (K)"™2 < Wo(K)" L. (39)
By (31) and (39),
-1 1 d d\ pno1\*
1
T d(d—2)WL(K)
1
~ ([d—2)M(K)

where we have used ([2)) and ([B3]). A direct computation gives equality for a ball. This proves (iv)
by @), and completes the proof of Theorem [Tl O

Proof of Theorem[d Let r > 0. By Steiner’s formula ([34) applied to the compact, convex set K.,

d

d
|Kr+s| = Z (n) Wn(Kr)Sn, s> 0,

n=0

where the Quermass integrals W, (K,.) satisfy the Aleksandrov-Fenchel inequalities. By the change

of variable
Wo(K)

T (Kr)e’
we obtain
L P = TEF Sy (Z”( Rl I

We put j =1,i =0,k =n in (B8] to get that
Wi (K)™ > Wo(K)" "W, (K), 1 <n<d.

This together with @]), (B3) and @0) gives

= d/m,oo) <(1 +0)tt — i <1 - Wd(KVTV)lv(ngl)’gr)“)>ld9_ (41)



Since the integrand in the first line of [{Il) is positive, we have that

pi-1 (1 _ Wd(KI;/)l‘E‘;giir)dl) < (1+0)7L (42)

By 42)
% > d/ (1+0)! ( q +9 (1 B Wd(szlggfﬁr)d1>)1d9

zd/( (1+6)" ( 1+9 <1Wd(KV2V([;3£§§T)d1>)d0

a2 ( ) Wl(K )d ’
where we have used [11] 3.194.3].
By @3) and (8)
Wa(K, )Wo(K, )41 1/d| 1 ((d—1)/d 1)
AT G
< 71 ’
- (1 + Cd.A2(KT))
1
— 1+ dCdAQ(KT)
dCdAQ(KT)
=7 144deg (44)

where we have used that the Fraenkel asymmetry is bounded from above by 2. By @3] and (@4,

P(K)? _ d T+ 1)I(d=2) deg

cap (Kr)|Kr| T d-2 F(Qd — 2) 1+ 4dcd AQ(KT)' (45)
Rewriting (45)) as
dcap (K,)|K,| C
ECER VA e (46)
gives
— F(d)l—‘(d B 1) dcd 2
¢= [(2d —2) 1+ 4deg (K+)
D(d)T'(d—-1)
= Td—2) (47)
By (6) and (7))
- deap (KK, |, DT DI 1) 9 g2 (K,), (18)

(d—2)P(K.)2 = T(2d—2) +T(d)[(d— 1) 1+ 4dcg
By monotonicity cap (K;) > cap (K), and |K,| > |K|. So ([@8) implies

dcap (K)|K]| S Nd+1)I'(d-1) o 5

1= (d—2)P(K,)? = T'(2d —2) + T(d)T(d — 1) 1+ 4deq

By [, 2.4.1-2.4.3] we have that lim, o P(K,) = P(K). It therefore suffices to show the following.

Lemma 4. If K is a compact, convex set with non-empty interior, then

lim A(K,) = A(K). (49)

r]0



The straightforward proof is included for completeness.

Proof. If A(K) = 0 then K is a ball, and so is K. Then A(K,) = 0, and there is nothing to prove.
Suppose A(K) > 0. To prove the lemma we let B, be the ball which minimises the right-hand
side of () with Q = K., and let 0 be its centre. We denote by By the ball with that same centre
0, and measure |K|. We have by (),

[KABy| _ |K,ABo| | |K,\ K|

AK) <
N ]
|KTABT| |KT\K| |BT\B0|
= |Bol | Bo| | Bo|
|Br| |KT\K| |BT\BO|
= A(K,) + AK, 1)+
(1) + AU (5 = 1) + i Bo]
< A(K,) + 4K\ K] (50)

K|

where we have used that |K,| = |B;|,|K| = |Bo|, and that A(K,) < 2 in the last line of (B0).
We now let B, be the ball which minimises the right-hand side of () with Q = K, and let 0 be
its centre. We denote by B. the ball with that same centre 0 and measure |K,|. We have by (7))

K, ABy| _ |KAB|

A(K;) < <
| By | Byl
KABY| |K,\ K
~ Byl K|
[KABy| | [Kr\K| | |B,\ By
~ 1Bl K| | Byl
2|K, \ K|
=AK)+ ———. (51)
K|
By (B0) and (&) we find that
4K, \ K|
JAK,) — AK)| € —— (52)
K|
By [, 2.4.1-2.4.3] we have that lim, o |K,| = |K|. This, together with (52), gives ([@3J).
This completes the proof of Theorem O
Proof of Theorem[3 By Theorem [2 and definition (21
d—2 T(Q Q|(2-ad)/d
Ga(Q) < () €2
d |Q|(d+2)/d P(Q)(2fad)/(d71)
d—2 T(B) | B, |2—ad)/d
= d |B|(d+2/d p(B)(2-ad)/(d-1)
= Ga(By). (53)

We have used the de Saint-Venant’s inequality (I4)) for the first fraction in the right-hand side of
(B3)), the isoperimetric inequality for the second fraction, and definition (2I)) for the last equality.
O

3 Logarithmic capacity

In this section we denote by cap () the logarithmic capacity, defined on the class of compact sets
in R?, and recall its definition below. Let u be a probability measure supported on K, and let

I(p) = //KxK log (|z i y|)u(dw)u(dy)-




Furthermore let
V(K) =inf {I(p) : 1 a probability measure on K }.

The logarithmic capacity of K is denoted by cap (K ), and is the non-negative real number cap (K ) =
e~ V(K.

The logarithmic capacity is an increasing set function, and satisfies (IH]) for compact sets K3
and K5 in R2. For an ellipsoid with semi-axes a; and as,

cap (E(a)) = %(al + ag).

See [14].

Let d=2,0<a <3, and let

_ T(Q)2cap (@)
" RP@

Ho(92)
Then H, is scaling invariant. The following results were obtained in [3] Theorem 7]:
(i) Let €3 denote the collection of open ellipses in R?. If 0 < o < %, then
sup{H, () : Q € &} = H,(B1), (54)
and the supremum in the left-hand side of (54) is achieved if and only if Q is a ball.
(i) If 0 < a < 3, then
sup{ H,(Q) : Qnon-empty, open, bounded, convex} < 22*732 [ (By). (55)

(iii) If 0 < @ < 3, then the variational problem in the left-hand side of (5H) has a maximiser. If
), is any such maximiser, then

damn(@a) _ g (3420)/(3-200 2 (56)
p(Qa)

where p(-) denotes the inradius.
(iv) If & = 0, then the variational problem
sup {HO(Q) : © open, bounded, connected, 0 < || < oo},

has a maximiser. Any such maximiser is also a maximiser of (B8] for « = 0, and henceforth

satisfies (G0]).

The main result of this section is the following.

Theorem 5. If d =2, then

aup { T ©)

P : Qnon-empty, open, bounded, connected} =

and B1 is a maximiser of the left-hand side of (&1)).
Proof. We have

T(B B T(Q Q
( lé)((;lp)é ) < sup {% : Q non-empty, open, bounded, connected}
Q) Q2 T(Q
= sup { C?DIE(())) P|((|2)4 |((2|2) : 2 non-empty, open, bounded, connected}
cap () |Bi]> T(B1)
<su { : @ non-empty, open, bounded, connected}, 58
PUP©) P B 0P %)

10



where we have used in the final inequality in (G8)) the isoperimetric inequality, and the de Saint-
Venant’s inequality respectively. It is clear that ) is contained in the closure of its convex hull

co(€2). Hence cap (2) < cap (co(Q2)). Furthermore since Q is connected P(2) > P(co(f2)). By
inequality [17, Table 1.21, Formula 12] we have for any bounded convex set A C R2,

cap () _ cap (B)
P(A) = P(B)

(59)

Applying (B9) to the convex set co(2), and using (B8] we arrive at (B7]). O

4 Examples and Optimality

The example below shows that there exist compact sets K C R3 with cap (K) = 0 for which the
right-hand side of ([B)) is strictly positive. It is straightforward to find such examples for d > 3.

Proposition 6. Let a > 0, let n € N, and let K(a) C R3 be given by
K(o) = ({0 u{0,0)}) x [0,1].
neN
(i) K(«) is a compact subset of [0,1]® with cap (K(a)) = 0.

(ii) If a > 0 then
dman

(/(0100)(P(K(06)T))1dr)1 = 2042 4 Ba(a+ 1) (60)

Proof. (i) Since K (a) is a countable union of line segments in R3, cap (K (a)) = 0.
(ii) Let

«
- 2a+2 :

*

r (61)
We wish to obtain a lower bound for P(K («),). For r > r* we use that P(K(«),) > 4mr?, and
find by (6I)) that
1 2¢
/ (P(K(),) tdr < == (62)
(r*,00)

~ Adrr* wa

To obtain a lower bound for P(K(a),) for 0 < r < r* we consider all pairs of line segments
which are at least distance 2r apart. The distance between line segments with z; = n™* and
1 = (n+ 1)~ is bounded from below by

n*—(n+1)"*>amn+ 1)L

So if 2r < a(n + 1)7%7! then all line segments with 1 > n~% contribute at least 277 to the
perimeter. There are at least n, of such line segments, where

o= ()]

and where [-] denotes the integer part. Hence

P(K(a),) > 2m~([(%)1/(a+1)} -1).

For all x > 2 we have [z] — 1 > 5. The choice in (GI]) implies that

a1/ (a+1) 1/ a1/ (at1)
(5) " J-1z5(g) osrsr
2r 3\2r

73 sy

Hence

PK(@)) 2 5 (5

reti, O<r < r’,

11



and by (61)

- %(1 +a). (63)

By (62)) and (G3)

yiye; 7

20 3
/ (P(K(a),)) tdr < =+ =1+ a).
(0,00) 4
This implies (60). O

Below we show that the maximisation of |K|*cap (K) over all compact, convex sets in R%, d > 3
with given perimeter leads either to a restatement of (B]) for o« > 1, or an infinite supremum for
0 < o < 1. So the exponent 1 of | K| in the variational problem

aup {KlE20 1)

PIK)? : K non-empty, compact, convex in Rd}

is optimal. The statement under (@) asserts that B; is a maximiser.
Define for oo > 0 the scaling invariant functional

| K] *cap ()

Jo(K) = P(K)(da+d=2)/(d=1)" (64)
Proposition 7. (i) Ifd >3 and a > 1, then
sup{Jo(K) : K non-empty, compact, convex inR%} = J,(B;),
s0 that By is a mazimiser of the left-hand side of (64).
(ii) Ifd >3 and 0 < a < 1, then
sup{.J,(K) : K non-empty, compact, convex in R?} = 4o0.
Proof. To prove (i) we rewrite J, as follows:
| K|cap (K) K| ot
) = ( )
TalB) = = \ pmyara—n (65)

The first term in the right-hand side of (65]) is, by Theorem 2] bounded for compact, convex sets

in R? by %. The second term in the right-hand side of (65) is bounded from above by the

| B
P(B,)%/ @1

To prove (ii) we consider the open ellipsoid F. with d — 2 semi-axes of length 1 and 2 semi-axes
of length ¢, where 0 < € < 1 is arbitrary. We have that

a—1
isoperimetric inequality, ( ) . This proves the assertion under (i).

|B.| = wqe. (66)
Since E. is contained in the cuboid (—¢,¢) x (—¢,€) x (—1,1)472 we have that
P(E.) < P((—¢,e) x (—¢,e) x (—=1,1)47?) < d2%e. (67)

Let E(a), with a = (a1,as,...,aqs) € R%, be the ellipsoid
d_ 2
d . Z i

12



It was reported in [I3| p.260] that the Newtonian capacity of an ellipsoid was computed in [5]
Volume 8, p.30]. The formula there is for a three-dimensional ellipsoid, and is given in terms of an
elliptic integral. It extends to all d > 3, and reads

cap (E(a)) = 2dwge(a) ™", (68)
where N ., s
¢(a) = /0 dt <H (a? + t)> . (69)

In [3], (68) and (E9) were used to obtain upper bounds on the capacity of an ellipsoid. Below we

bound ¢(a) from above to obtain a lower bound for cap (E.).

R o =
cap (Eg) = 2dwd(/ (1 _|_t)—(d—2)/2(€2 +t)_1dt)
0

-1

> 2dwd(/ooo(1 P22 t)—ldt)

st (s (P =557))

Zdwd(1—52)1/2(1og (g))il, (70)

where we have used that d > 3 in the second line of (0). By (@4), (66), ([@0) and (70) we conclude

14+ o 1/2
Ja(Ee) 2 dg (@-2(a-v/@-n L =)

€ ,0<e< 1.
(d2d)(da+d-2)/(d—1) log (%)

Hence J,(FE.) is not bounded from above since 0 < o < 1, and € € (0,1) was arbitrary. This
proves the assertion under (ii). O

In Proposition [ we obtain some elementary information on the Newtonian capacity of the
Wiener sausage for a compact set K in R%. The notation and construction is as follows. Let
(B(s),s > 0; Py, x € R?) be Brownian motion, that is the Markov process with generator A. Here
P, is the law of §(-) starting at x with corresponding expectation E,. The Wiener sausage of
(time) length ¢ associated to the compact set K is the random set ([I5} [I])

wi= ] (B(s) + K).

0<s<t

Since the Brownian path is continuous a.s. we have that the Wiener sausage up to ¢ is a compact
set a.s.

Proposition 8. Ifd > 5, and if K is a compact set, then
(i) , ,
limsup ~Eg(cap (W[)) < 16 inf —|Ke|. (71)
>0 ¢

t—o00 t
(i) Ifd >5, and if K = B. = By, € > 0, then

lims —1E (cap (W) < (d —2)?-2 iz
11m su Rd—~—————~—— .
. p ¢ 0 P t > Rq (l )d 1

In fact the lim sup,_, . in the left-hand side of (7)) could be replaced by lim; . See [T}, (1.8)].

Proof. To prove the inequality we use classical results going back to [2I] and to [I5, Theorems
1,2,3]. These imply that for d > 2,

o1
Jim SEo (W) = cap (K). (72)
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Since

WY, =Wk a>0,

we have

W)l = W] a > 0, (73)
and by (@), (72) and (73),

1
Eo(cap (W) < Eo (=5 |W/])
1
= —Eo(IW/))

a2

= a—12cap (Ka)t(l + 0(1)), t — 00. (74)

Using (@) once more, for the compact set K, we obtain,

11
Eo(cap (W) < ;ﬁ|Ka+b|t(1 +0(1)), t = 0.
Choosing a = b = § yields the assertion under (i).

To prove (ii) we use that

cap ((B:)a) = rala +€)72% (75)
This gives by (74)) and (73],
B. 1 d—2
Eo(cap (W, 7¢)) < e ka(a+¢e)*7%t(1 + o(1)). (76)
Minimising the right-hand side of (76]) with respect to a gives for d > 5 with a = ﬁ,
Eof (WE)) < M =41 4+ 0(1)), t —
olcap (Wy —Hd4(d_4)d—4€ 0] , 00.
This implies the assertion under (ii). O
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