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Spontaneous symmetry breaking of a U(1) symmetry leads to superfluidity of a corresponding
conserved charge. We generalize the superfluidity to systems with U(1) symmetries acting on both
matter fields and two-dimensional spatial coordinates. Such systems can be effectively realized in
easy-plane ferromagnetic systems with spin-orbit coupling where the conserved charge is a total
angular momentum. We clarify that under a steady injection of spin angular momentum, the super-
fluid of the total angular momentum shows spacetime oscillations of the spin density and geometry-
dependent spin hydrodynamics. We also demonstrate that the steady spin injection destabilizes the
superfluid of total angular momentum, causing a dissipation effect in its spin hydrodynamic prop-
erties. Our study broadens the comprehension of superfluidity and sheds new light on the interplay

between symmetries and phases of matter.

Introduction.—The discovery of superfluidity [1-3] is a
milestone in the history of physics. Exotic macroscopic
quantum phenomena in superfluids are explained by the
condensation of bosonic atoms [4, 5] or neutral Cooper
pairs [6]. Spontaneous symmetry breaking (SSB) of a
U(1) global gauge symmetry leads to Goldstone modes
with gapless and linear dispersions [7-9], which enables
dissipationless mass currents. By alternative U(1) sym-
metries, the superfluidity can be generalized to spin [10-
17] and excitonic [18-23] currents.

General relations between Goldstone modes and SSB
of continuous symmetries are derived in the literature
[24-27], while they mostly considered continuous inter-
nal symmetries that transform only field operators lo-
cally. Spacetime symmetries act on both field opera-
tors and spacetime coordinates [28], and the symmetries
bring about fundamental physical consequences such as
the relativistic spin-orbit coupling (SOC). The contin-
uous spacetime symmetries can be spontaneously bro-
ken in spinful superfluids in cold-atom systems [29-34].
Nonetheless, it remains largely unexplored how the SSB
of the continuous spacetime symmetries affects the hy-
drodynamic transport of “charges” associated with the
broken spacetime symmetries.

In this Letter, we generalize the concept of superfluid-
ity to the SSB of continuous spacetime symmetries. As
a physical system, we consider the superfluidity of total
angular momentum, where a joint U(1) rotational sym-
metry of the in-plane spin vector and two-dimensional
(2D) spatial coordinates is spontaneously broken. The
superfluid of total angular momentum is nothing but a
spin superfluid [10-17] in the presence of the SOC. It
can be effectively realized in a ferromagnet or a spin-
triplet exciton condensate [35-37] with easy-plane spin
anisotropy.

We derive an effective field theory of a Goldstone
mode in the total-angular-momentum superfluid and
solve its classical equation of motion in the presence
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of a steady injection of spin. We find that the total-
angular-momentum superfluid shows spacetime oscilla-
tions of spin density and current under the spin injection,
which contrasts with conventional spin superfluid with-
out SOC [10-17]. We also uncover unique geometry de-
pendence and non-reciprocity in its hydrodynamic spin
transport. When the system is in a circular geometry
with finite curvature, the spin hydrodynamics depends
on the direction of the spin flow as well as the curvature
of the system.

We also show that unlike in the conventional spin su-
perfluid, the steady spin injection destabilizes the total-
angular-momentum superfluid. Landau argued that uni-
form superfluids moving slower than a critical velocity re-
alize states at local minima of energy, so the superfluidity
is protected from any dissipative perturbation [13, 38—
40]. Based on the same spirit as Landau’s argument,
we demonstrate that the total-angular-momentum super-
fluid is not an energy-local-minimum state in the pres-
ence of the spin injection, and decay processes to lower
energy states bring about a dissipation effect in the spin
hydrodynamic properties of the superfluid.

Model.—Consider a 2D complex bosonic field ¢ = ¢, +
1¢y, where the 2D real and time-reversally-odd vector
field (¢, ¢,) and 2D spatial coordinate (z,y) transform
under a joint U(1) rotation around z-direction,

¢ — e,

The vector field here stands for a spin vector in physical
systems. In the presence of the time-reversal symmetry,
¢ — —¢f, t = —t, i — —i, the SSB of the joint U(1)
symmetry is characterized by a real-time field theory of
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where 04 = 0, £ 10y, j = z,y. A global phase of ¢ is
properly chosen so that « is real and positive. a € R
and o > 0. We assume 0 < « < 1 for the stability of
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the theory. Ground states for py > 0 break the U(1)
symmetry by uniform field configurations ¢ = \//Toew".
In this Letter, we study a classical equation of motion
(EOM) of 6 around the ground states.

The joint nature of the rotational symmetry results
from spin-orbit locking in solid-state materials with SOC.
An example of the joint rotational symmetry breaking is
the XY ferromagnet phase in a three-dimensional (3D)
trigonal or hexagonal lattice. A localized spin model for
spin-orbit coupled magnets generally comprises symmet-
ric and antisymmetric exchange interactions,

Hspin = % Z Z (sjij,py + Dij,py)si,usj,l/a (3)

$,J HV=T,Y,2

with lattice sites ¢ = (¢1,4.), J = (j1, j=), spin operators
Si,,u (N =,Y, 2)7 \Zﬁj,,ul/ = \7ij,l/u7 and Dij,,uz/ = *Dij,u;v
i, and i, are zy and z coordinates of the lattice site 2
on the lattices, respectively. Suppose that Hgpi, has an
easy-plane spin anisotropy in the XY spin plane, and
undergoes a quantum phase transition of ferromagnetic
ordering of the XY spins, S:;L = (Sig,Siy). When
Hgpin belongs to a point group of Cs;, Dag, Csy, Cp, Cen,
Cév, D3p or Dgp, spin hydrodynamics of the XY spin
near the ferromagnetic transition point is described by
Eq. (2), where ¢(r;) = S; »+15;,, and a 2 by 2 symmetric
matrix comprised of J;j . (i, v = x,y) determines the
strength of the a term. Specifically, for each bond (, 5),
the 2 by 2 matrix J;; ,, has real eigenvalues A;j ., and
eigenvectors tij ., (m = 1,2). Defining AX;; = A\gj1 —
Xij2, @ij 1 = |t — Ji|, Q as the total volume of the
material, and €35 1 as an angle between ¢;; 1 in the XY
spin plane and 2; — j, in the xy coordinate plane, o in
Eq. (2) is given by a sum of A);; with a phase e?%€i.+
over all the bonds [41],

1 _
el = 80 D ag; iy A et (4)
ij

Note that the joint rotational symmetry in solid-state
materials with periodic lattices must be discrete due to
the lattices. In fact, £, for the XY ferromaget on the
hexagonal lattices generally acquires additional hexago-
nal easy spin axes within the XY spin plane in the form
of ég¢® + h.c.. Near the ferromagnetic transition point,
however, the additional term becomes effectively negligi-
ble compared to the a term in a hydrodynamic regime
with an intermediate crossover length scale [41].

Another example of Eq. (2) can be found in the triplet
exciton condensate phase in semiconductors with Rashba
spin-orbit interaction. Suppose that electron energy
bands near the conduction-band bottom and valence-
band top in the semiconductors can be approximated by

a model with continuous rotational symmetry,
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with i = z,y,2, a = (a4,ay) and b = (by, b)) for spin—%
electrons in conduction and valence bands, respectively.
In the presence of the Rashba interactions ({r,0, {5 )
and spinless inter-band coupling (A, A}), an attrac-
tive interaction between conduction electrons and valence
holes induces a condensation of the XY components of
exciton pairing, O, = (b'oja) (j = z,y). The spin
hydrodynamics of the XY-components can be well de-
scribed by Eq. (2) with ¢ o< ReO, + iReO,, where « is
determined by the Rashba interactions [41].

Motivated by these physical realizations, we study clas-
sical motion around the ground states. Taking ¢ =
Vpo F 0pe’? | integrating a gapped amplitude mode dp,
and neglecting fluctuations along z, we obtain a two-
dimensional (2D) effective field theory for a Goldstone
mode 6 in the SSB phase,

L= %(&9)2 - %(&59)2[1 — acos(26)]

- %(5‘y0)2[1 + acos(20)] + a(0,0)(0,0)sin(26).  (6)
We set 71 = ¢; = pp = 1 without loss of generality. For a
given ground state ¢ = \/pT)ewO, the dispersion of a phase
fluctuation 66 = 0 — 6 is gapless with a linear dispersion,
where velocities are anisotropic and depend on #y. Note
that the joint U(1) symmetry generally allows higher-
order terms in derivatives or fields in the effective theory,
while they do not affect the hydrodynamic transport of
low-energy excitations near the ground states.
According to Noether’s theorem [28, 42], the U(1) con-
tinuous spacetime symmetry endows the classical motion
with a conserved current of total angular momentum,
which can be divided into a spin part (j;;) and an orbital

part (j!,),

oL
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ju - [6MD£ a(aue) (8V0)]Axy’ (7)

with p,v € {t,z,y}, Az, € {At, Az, Ay}, A =1, and
(At, Az, Ay) = (0,—y,z). The two parts are not con-
served by themselves, d,,j;, = —0, j! = G, where a spin
torque G can be defined by the divergence of the spin cur-
rent. The spin torque (G), spin currents (jz, j;), and a
spin angular momentum along z-direction (j;) are given



by the following equations [41],

G = —al(9,0)* — (0,0)%]sin(20) + 2a(9,.0)(9,0)cos(26),
Ja = —(0.0)[1 — acos(20)] + a(0,0)sin(20),
Jy = —(9y0)[1 + acos(20)] + a(0.0)sin(20),
s=j; = 0:0. (8)

Though the orbital part jL is non-local, the spin torque
G as well as the spin part j; are local. The locality
of the spin torque results from a continuous spacetime
translational symmetry of L.

Spin injection and transport—To illustrate observ-
ables of a total-angular-momentum superfluid, consider
a uniform spin current jo (jo > 0) injected into one end
(x = 0) of the superfluid (0 < z < L). The spin current
passes through the superfluid and flows into a spin non-
superfluid at the other end = L (see Fig. 1(a)) [11, 13].
The non-superfluid “lead” has diffusive spin transport.
Hydrodynamic spin transport in the superfluid is deter-
mined by a one-dimensional (1D) EOM of the Goldstone
mode 6(z,t) in Eq. (6) with 0,6 = 0,

0260 — (9%0)[1 — acos(20)] — a(9,0)3sin(20) = 0. (9)

The EOM Egq. (9) will be solved together with proper
boundary conditions. To determine the boundary con-
ditions, note that spin transport in the non-superfluid
(x > L) is described by diffusion equations [11, 13],

ds  0j2 s ds
T _ 2 s —Dsf,
T I O

8t+ ox

(10)

with relaxation time T and a diffusion coefficient D;.
The diffusive spin current is caused by the gradient of
the spin density. Due to the relaxation time, the density
and current decay exponentially in space for L > 0,

s(x,t)EZscxt Zae ~VDtwer
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(11)

Here w. = ic + T%, a. are complex coefficients, and the

square roots of D} w, take positive real parts. The spin
current is assumed to be continuous at the junction be-
tween the superfluid and non-superfluid, and it is pro-
portional to the gradient of an effective local magnetic
field felt by the spin density [11],

Ja(x = L—,t) = ji(x = L+,1)
1 1
= —Bl=s@ =L+ ) — —s(z=L—1)]. (1)
X X
Here x, X’ are magnetic susceptibilities at x = L— and

x = L+ respectively, §; is a response coefficient of the
junction, and they are all positive. Eq. (12) imposes a

boundary condition (BC) on the spin density and current
at x = L— for each frequency c,

se(r = L—,t) = kejy (v = L—,t), (13)
with ke = %[D(F + z‘c)]*% + X, ke = ki, and
Re(k.) > 0. The steady injection of spin imposes another
boundary condition at x = 0+, ji(z = 0+,t) = jo [11].
In the following, the EOM Eq. (9) is solved for 6(z,t)
such that s(z,t) and j3(z,t) satisfy the BCs.

An analytical solution of 6(z,t) can be obtained per-

turbatively in the SOC. The solution at the first order
consists of three parts,

O(x,t) = O (,t) + 01 (z,t) + Oa2(z,t) + O(a?).  (14)

0o is the zeroth order solution satisfying the EOM and
BCs [11, 13],

Oo(x,t) = kojot — joz, (15)
with kg = % g—{ + % An oscillation is absent at the

zeroth order due to the BCs with Re(k.) > 0. 6; and 6
are at the first order in «. 6 is a special solution of an
inhomogeneous linear differential equation,

8?91 - 8391 = — a(@i@o)cos(%o) + a(6w90)2sin(200).

(16)

65 is a solution of a homogeneous linear differential equa-
tion such that 6 satisfies the BCs at the first order in «,

D260y — 076, = 0. (17)

The solution at the first order oscillates with two spatial
wavenumbers, 2jo and 2kgjg, and one temporal frequency
2k:OjO [41]5

0(z,t) = jo(kot — x) — sin[2jo (kot — )]

a
4(k2 - 1)
a2k — 1)
A4k -1)
+ alm(n)cos(2kgjot)cos
+ aRe(n)sin(2kojot)cos

cos(2kgjot)sin(2kojox)

(2kojox)

(2kojox) + O(a?). (18)
7 is a constant depending on kg, kc—2x,5,, and 2joL. Note
that the perturbative solution is divergent and fails near
a “resonant” point ko = 1 [41, 43].

Higher-order solutions can be systematically obtained
by the perturbative iteration, where the spin density and
current have the same periodicity in time as the first-
order solution, 7(kojo)~!. The time periodicity can be
detected by a time-resolved measurement of the spin den-
sity in the non-superfluid “lead”, which depends on the
injected spin current (jo) and properties of the junction
(ko). The higher-order solution has no spatial periodicity
in general, while its Fourier-transform in space has two
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FIG. 1. A spin-injection model. A steady spin current jo is injected from a spin injector (red) to the total-angular-momentum
superfluid (blue). The spin current passes through the superfluid (blue) and flows into a spin non-superfluid (yellow). The
direction of the dc component of the current is indicated by black arrows. (a) A straight geometry. (b) A contour plot of s(¢,t)
in a circular geometry with a positive current jo = 4. (¢) A contour plot of |s(¢,t)| in a circular geometry with a negative
current jo=—4. x=x' =Ds=1,T{ =4, 8, =2,7=1, L =4, a = 0.1 are used in the contour plots.

major peaks at 2jy and 2kgjo as in the first-order solu-
tion. The two major wavenumbers can be observed by a
local measurement of the spin density in the superfluid.

The spin hydrodynamics under the spin current has a
unique geometric effect in a geometry with a finite curva-
ture (Figs. 1(b),1(c)). To see this, suppose that the width
of the junction in the circular geometry is small enough
that the radius of the junction is taken as a constant r
and the field depends only on time and a 1D angular co-
ordinate ¥. With (z,y) = r(cosd, sind), Eq. (6) leads to
a 1D Lagrangian [41],

L= %(@9)2 — —(0¢0)*[1 + acos(20 — %E)], (19)

1
2
where ¢ = ri¢. The corresponding EOM under the in-
jected spin current jy together with the junction param-
eter ko has a zeroth-order solution, 8y(4,t) = kojot — jol,
and a first-order solution, 0o (¢,t)+61(¢,t)+062(¢,t). Here
0, is a special solution of an inhomogeneous differential
equation,

0260, — 076,
20, . o1
=— ajo(jo + ;)Sln[ngJot —2(jo + ;)6] (20)

#, and 65 introduce two wavenumbers, 275, —|—% and 2kgjo,
in the observables respectively, where the wavenumber of
0, acquires a linear curvature (%) dependence. Due to the
curvature dependence, two injected spin currents with
opposite signs (jo = jo from Fig. 1(b) and jo = —jo from
Fig. 1(c)) lead to different spatial distributions of the
observables (non-reciprocal spin hydrodynamics) [41].
Dissipation effect.—In the presence of the Galilean co-
variance, a uniform superfluid moving slower than the ve-
locity of its Goldstone mode achieves a local energy mini-
mum, so that it is stable against dissipation by local per-
turbations (e.g. elastic scattering by disorder) [13, 41].
To see the stability of a supercurrent state with the bro-
ken U(1) spacetime symmetry, we compare classical en-
ergies of the 1D solution (z,t) and its local deformation

O(x,t) + d0(x,t). The deformation 60(x,t) is induced
by local perturbations, so the spacetime derivatives of
06 do not contain any uniform component in spacetime.
O(x,t)+00(x,t) as well as 0(z,t) is a classical solution of
Eq. (9), while they do not necessarily share the same
boundary conditions. The classical energy in the 1D
model can be evaluated from a Hamiltonian,

HIA) = /d:c{%(&g@)2 + %(8959)2[1 - acos(%?)]}. (21)

As the classical energies are independent of time, for sim-
plicity, we compare time averages of the energies (with
ko # 1) over a large period of time T' [41],

—

. 1 T T
AJ:Thr%OT(/O dtH[9+59]—/0 (o))

1"
~ lim & /0 dt / d{(,0)(9130) + (9.6)(D,50)

T—oo T
x [1 — acos(20)] + a(9,0)sin(260)(66)} + O((50)?)

=2 lim
T— o0

T
dt / d2(0,62)(8,600) + O(a?56, (50)?),
’ (22)

with 8+ 36 = 0y + 609 + O(a). Terms oscillating in space
or time vanish after the spacetime integrals. 36, as well
as 0s, is a solution of Eq. (17), and both are given by lin-
ear superpositions of €4(t=%) and €=+t over ¢. Thus,
for a given 65 # 0, one can always choose d6y such that
the spacetime integral of the right-hand side of Eq. (22)
remains non-zero and negative, i.e. §.J < 0. This means
that the supercurrent state is classically unstable toward
other states, and energy always dissipates by the local
perturbations. The instability results from the absence
of the Galilean covariance. The superflow state is dis-
tinct from the ground state by the spacetime oscillation
feature, and the energy of the superflow state can be
lowered by excitations 06y which match the oscillation
periodicity.



The dissipation effect on the spin hydrodynamics
can be studied through an addition of the simplest
time-reversal breaking term, —T77 19,6, into the classi-
cal EOM [41]. With finite 77 ', the zeroth-order solu-
tion of spin current acquires linear spatial decay [11, 13],
which contrasts with the exponential decay in the non-
superfluid [13]. Thereby, the hydrodynamic feature of
spin transport survives against dissipation.

Summoary.— In this Letter, we generalize the U(1) in-
ternal symmetry in conventional superfluid theories into
the U(1) spacetime symmetry. Due to the joint sym-
metry, the supercurrent state shows geometry-dependent
spacetime oscillations, and it is unstable against the dissi-

pation effect. Our study paves the way for further explo-
ration of multiple spacetime symmetries and their cou-
pling with internal symmetries.
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SUPPLEMENTAL MATERIAL FOR “SUPERFLUIDITY OF TOTAL ANGULAR MOMENTUM?”

In this Supplemental Material, we provide detailed derivations and discussions that support the results in the main
text. In Sec. I, we discuss how the theory with the U(1) spacetime symmetry can be a good approximation for a certain
quantum spin model on a lattice. We also derive the U(1) theory from a microscopic model of exciton condensations
in semiconductors. In Sec. II, we derive the spin and orbital parts of Noether’s current and verify their conservation
relations. In Sec. ITI, we solve the spacetime distribution of the Goldstone mode in the spin-injection model with
the different geometries. In Sec. IV, we demonstrate the possibility of energy dissipation by using a stability analysis
against local perturbations. In Sec. V, we study the effects of dissipation on the classical motion. In Sec. VI, we
discuss some special parameter points in the spin-injection model. In Appendix A, we use the same stability analysis
as in Sec. III and derive the Landau criterion in a conventional superfluid. We use this classic and simple example,
to demonstrate the validity of our stability analysis. In Appendix B, we present how to construct a local deformation
of classical solutions of the equation of motion (EOM).

I. MICROSCOPIC MODELS

In this section, we discuss physical realizations of the U(1) spacetime symmetry in two physical models; (i) an XY
spin model for spin-orbit coupled magnets near a critical point, and (ii) a triplet excitonic model for semiconductors.
The U(1) spacetime symmetry is a joint continuous rotational symmetry that acts on both internal matter field and
two-dimensional spatial coordinates. The joint nature of the symmetry results from a locking between the rotation of
the matter field and that of the spatial coordinate. Such locking is ubiquitous in solid-state materials with relativistic
spin-orbit interaction, where spin or an interband component of spin forms the matter field. In solid-state materials
with periodic lattices, the spatial rotation must be discrete due to the lattices, so the joint rotation symmetry is also
discrete; the U(1) spacetime symmetry can not be an exact symmetry and it is valid only approximately. Nonetheless,
for some solid-state systems, the approximation becomes effective where the difference between discrete and continuous
joint rotations becomes irrelevant.

A. Easy-plane ferromagnetic spin model

To see the effectiveness of the U(1) theory in magnetic systems, let us consider a XY ferromagnetic spin system
in three-dimensional (3D) lattices that is symmetric under C,, rotation around a z axis (n = 3,4,6,---) and time
reversal. We will first impose a spatial inversion symmetry; at the end of this subsection, we will show that the
inversion symmetry is not necessary to derive the U(1) theory for some cases. We suppose that the spin system is a
spin-orbit coupled magnet with an easy-plane spin anisotropy (an XY plane being the easy plane), and it undergoes a
continuous phase transition from a disordered phase to a ferromagnetic ordered phase of XY components of spins, S;
and S; 4. In this subsection, we will discuss the effective symmetry of spin hydrodynamics near the phase transition
point.

The second-order phase transition in the XY ferromagnet with the C, rotation can be described by a partition
function Z,, (n = 3,4,6,---) with a Ginzburg-Landau (GL) action for a two-dimensional complex variable ¢(x)
(h=1),

1/ksT
z, = / DEDS expl—Sn ), Sup = / Pr /0 dr snlé(r. 7). (L1)

Here the internal field ¢(r) is a spatial average of S; , + 45, with respect to a lattice site ¢ over some hydrodynamic
volume element. ¢ is the complex unit. r is a spatial coordinate of the hydrodynamic volume element. The transition
can happen either at the zero-temperature 7' = 0 critical point (quantum critical point) or at finite-temperature T" # 0
critical point (classical critical point). In this section, we consider the spin hydrodynamics near the T'= 0 quantum
critical point. The time-reversal symmetry means the absence of an external magnetic (Zeeman) field in the spin
model, and the ferromagnetic order breaks the symmetry spontaneously. The time-reversal symmetry in the model
requires the dynamical exponent z at the quantum critical point to be one, z = 1 (see below).

For n = 4, the spin system is defined on a 3D tetragonal lattice with a C4 rotational symmetry around the z axis,
such as a layered square lattice. For n = 3 or n = 6, the system is defined on a 3D trigonal or hexagonal lattice with a
C5 or Cg rotation, e.g. layered honeycomb or triangle lattices. In the following, we first employ a symmetry argument
to determine the form of the GL action s,[¢] for n =4, n = 3, and n = 6 and show that for the n = 3 or n = 6 case,
the U(1) joint rotational symmetry is an effective symmetry of the GL action for the zy spins near the critical point,



while for the n = 4 case, the effective symmetry remains discrete (a Z4 joint rotational symmetry). To this end, note
that under the C,, rotation around the z axis, the complex field ¢(7) of the xy spins, and the 3D spatial coordinate,
r = (z,y, z), are rotated together due to the spin-orbit locking,

ror =t ()= (ta] ) ) (1), e = s s - o) = etne . @2)

The spatial inversion changes the sign of the coordinate vector, while the time-reversal changes the sign of ¢,, ¢,,
and ¢. These symmetries constrain forms of the actions for the ¢ field.

1. GL action for XY ferromagnets with Cs rotation

The symmetries of the joint Cy rotation around z and time reversal allow the following terms and their complex
conjugates in the GL action,

6> =0T, i[p10.0 — (0.0")8], (9:0")(0id) (i=w,y,2), ¢0>h, @70, (9°)? o' -, (13)

with 04 = 0, £ i0,. Higher-order terms in ¢, higher-order spatial gradient terms, and total-derivative terms are
omitted as ‘---’. The higher-order ¢ terms are irrelevant near the critical point where the amplitude of ¢ becomes
smaller. The higher-order spatial gradient terms are irrelevant in the hydrodynamic regime where the volume element
over which the spin operator is averaged becomes larger. Here the time reversal forbids odd-order terms of ¢. The
spatial inversion further forbids i[¢70,¢ — (0.¢")¢] from the action. Accordingly, the GL functional form allowed by
the symmetries is given by

Zpy = / D¢Dé' exp[—Sn=a.4],
h/ksT 2
Sn:4,¢> = /d3TA dT{1,}21(87¢T)(87-¢) +

+ B0 + 57 (O-0 ]+ S0 w4 pleaot @) b (1)

2.2 2.2 2.2
ML (0,61 (0;0) + L= (0.01)(0:0) + "L L [0(0-9)% + a* (9:.61)?

with j = z,y, imaginary time 7, real numbers pg, 11, ¢, U, and complex numbers «, 3, ¢4. Here the first-order time-
derivative of ¢, such as ¢'0,¢, is forbidden by the time reversal symmetry. The second-order time-derivative term
is induced from the spin Berry phase by an integration of the z-component spin. Note that due to the time-reversal
symmetry, the dynamical exponent z around the T'= 0 quantum critical point becomes one, namely z = 1.

A partition function Z,,—4 describes the phase transition from the disordered phase (pp < 0) to the ordered phase of
the xy spins (pp > 0). In the ordered phase, a phase of ¢ is locked into four minima determined by the ¢4 term. At the
quantum critical point, the terms with higher-order gradient and/or ¢ terms become irrelevant in the long-wavelength
limit, and the effective symmetry of the GL action at the critical point is determined by a gapless free theory part,

B h/ksT 2 2.2 2.2
Sicso=[dr [ d7{7;1<af¢*><af¢>+7“2”<aj¢*><aj¢>+"1;z (0:61)(9-9)

2.2

+ L [a(0-9)? + 0" (9:01)? + B(0:0)° + ﬂ*(a_w)?]}. (L5)

Importantly, though the a term in the second line is symmetric under the U(1) spacetime symmetry, 0y — 9\ =
et 0., ¢ — ¢ = e for Ve, the  term is symmetric only under the joint Z, rotational symmetry,

Or » 0, =eF20y, ¢ ¢ =e'tg, ¢ o (¢) =e'Eol (L6)

Due to the g term, the effective symmetry at the critical point remains discrete for the n = 4 case.

2. GL action for XY ferromagnets with C3 or Cgs rotation

For the hexagonal crystal family, on the contrary, the joint C3 or Cg rotational symmetry forbids the £ term, so the
corresponding gapless free theory does have the U(1) spacetime symmetry. To this end, we analyze the terms allowed



in the action. The symmetries of the Cg rotation around z, spatial inversion, and time reversal allow the following
terms and their complex conjugates in the action,

|¢‘2a (81¢T)(az¢) (Z =,V, Z)a ¢a%¢7 (|¢|2)27 ¢3a<2k¢v ¢67 Tt (17)

When the Cg rotation is substituted by the C5 rotation, Eq. (I.7) also exhausts all symmetry-allowed terms apart
from higher-order ¢ terms, higher-order spatial-gradient terms, and total derivative terms. In fact, the C5 rotational
symmetry alone allows ¢ and ¢0, ¢, while the ¢ term is prohibited by the time-reversal symmetry and ¢d, ¢ is a
total derivative term. Thus, the partition function Z,,—3 ¢ near the critical point is given by

Zp=36 = /DCbD(bT exp[—Sn=3,6,4]

h/ksT 2 2.2 2.2 2.2
Sisos= [ d'r dT{”;(aTw)(aqu) + 2L (0,01)(0;0) + T2(0:67)(9.0) + L [a(0-9)* +a” (91617

W%C2¢~32 <%0 1 1\3/92 4t UT 2, Lo 6 =/ 16
+T[046¢ (010) + ag(0")(0Z9")] +5(¢ ® — po) +§[66¢ + C5(8") H’"'}a (1.8)

where pg > 0 and pg < 0 correspond to ordered and disordered phases, respectively. Importantly, a gapless free theory
part Sp—3,,4 of the action,

h/ksT 2 2 .2 2 2 2.2
Siano= [ [ dr{”;wm(w) + 2L (0,01)(;0) + T52(0:01)(0.0) + T [a(0-0) + a*<a+¢*>2]},
(1.9)

is symmetric under the U(1) spacetime symmetry,
Or = 0, =T 0L, ¢— ¢ =y, ¢ = (¢ =e ¢!, for Ve (1.10)

This contrasts with the free theory for the n = 4 case which is symmetric only under the joint discrete rotational
symietry.

In the ordered phase (py > 0) for the Cg case, a phase of ¢ is locked into six minima by the ¢ term. The ¢ and
ag terms reduce the symmetry of the whole action into a joint discrete (Zg) rotational symmetry,

Or = 0, =eT50L, ¢ ¢ =59, o = (¢ =e 5ol (L11)

In the ordered phase for the C5 case, the phase of ¢ is locked into three minima by the ég term and other higher-ordered
terms omitted as ‘- - -7 in Eq. (I.8). Nonetheless, unlike the S-term in Z,—4, g and ¢ terms as well as the higher-order
terms are irrelevant in the long-wavelength limit at the quantum critical point, since their scaling dimensions at the
critical point are all negative.

The scaling dimensions of &g and ¢ terms at the critical point, y,, and y.,, can be evaluated from a dimensional
analysis of the gapless free theory part at T'=0; yo, =2 — D = —2 and y., =6 — 2D = —2 with D = 3 4 1. Scaling
dimensions of the higher-order ¢ terms and higher-order spatial gradient terms are also negative and smaller than
Yae and ye,. When the hydrodynamic volume element becomes larger, the terms with negative scaling dimensions get
smaller at the critical point. Thanks to their irrelevance at the critical point, the GL action respects effectively the U(1)
spacetime symmetry in the long-wavelength limit. In other words, the spin hydrodynamics at the critical point becomes
U(1) spacetime symmetric more effectively for larger hydrodynamic volume element. The hydrodynamic regime with
the effective U(1) symmetry has a lower crossover boundary in its length scale; in order that the hydrodynamics has
the effective U(1) spacetime symmetry, the length scale A of the volume element should be greater than a certain
crossover length Ac 1,

A> A (1.12)
The crossover length scale is dependent on ¢g, ag, and other higher-order terms that manifest the joint discrete

rotational symmetries. In the Cg case, for example, A, ; is primarily dependent on &g, &g and their scaling dimensions
with the following scalings,

Ay o |G|l or ||l (L13)
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When the system is in the ordered phase but close to the critical point (pg 2 0), the hydrodynamics regime with
the effective U(1) symmetry has also an upper bound in its length scale,

Ac,2 >A> Ac,1~ (114)

The upper bound is because the ground state for pg > 0 breaks the joint rotational symmetry spontaneously, and in
this sense, g, dg, and the other higher-order terms manifesting the discrete symmetry are dangerously irrelevant. In
typical renormalization group (RG) flow trajectory, they get smaller around a saddle-point fixed point for the critical
point upon the increase of the length scale, while in the very long wavelength limit, they become larger again around
another fixed point that describes an ordered phase with broken joint U(1) symmetry (a Nambu-Goldstone fixed
point). The upper bound Ao defines a length scale for this upturn behavior of the dangerously irrelevant scaling
variables. Generally, A. 2 has a complicated scaling form of p, as it also depends on scaling of the coupling constants
around the Nambu-Goldstone fixed point. Nonetheless, A, 5 is always greater than the lower bound, A2 > A, 1, for
smaller po. In the Cg case, for example, A;2 > A is sastified when py, ¢, and &g are in the following regimes,

\Z:CQ\ 1 |yjaﬁ\ 1
L L .15
p() < |66|’ pO < |O~[6| ( )

Here y,, is the scaling dimension of pg around the critical point; y,, = 2.

3. Continuum limit of generic XY ferromagnetic spin models in the 3D hexagonal crystal family

The above argument is solely based on the symmetry and scaling arguments, suggesting that any XY ferromagnetic
spin models with the C3 or Cg rotational, spatial inversion, and time reversal symmetries has the effective U(1)
spacetime symmetry near the quantum critical point, if the models undergo the continuous phase transition of the
ferromagnetic ordering. In the following, we will argue this by deriving explicitly a continuum limit of generic XY
ferromagnetic spin models with the symmetries.

Exchange interactions in spin-orbit coupled magnets generally comprise of symmetric part Jij v = Jijvu and
antisymmetric part Dij 0 = —Dij vu,

H= % YD Siw (»ﬁj,uu + Diij) S50 (L.16)

1,3 YV

with spin vector S; = (5.4, 55y, 5:,2). We first consider that the spins live on the 3D hexagonal lattice with Cg
rotational and spatial inversion symmetries, namely the lattice belongs to either Cg, or Dgp point group. Further
discussion of other possibilities of point groups will be provided below. Here, the exchange interactions are not only
limited to those between the nearest neighboring sites on the lattice, but they can also be between further neighboring
sites.

Near the transition point of the ferromagnetic ordering of the XY spins, the Z component of the spins fluctuates
rapidly in space and time, so that one can legitimately integrate out the Z component, yielding effective spin models
for the XY spins,

HT = % Y D> Siw (Jij,w + Dijw) Siw

1, HWV=TY
1 Jij Jij S;
-1 z]:{ (Siw Siy) ( e e ) ( o ) + Dijooy [0Sy — s@ysm]}, (117)
with 2 by 2 symmetric and antisymmetric interactions, Jij v = Jijuu and Dij 0 = —Djj ., for p,v = x,y. The

effective exchange interactions in Eq. (I.17) as well as the exchange interactions in Eq. (I.16) respect the joint Cg
rotational symmetry and inversion symmetry. In the following, we show that due to the Cg rotational symmetry, the
continuum limit of the symmetric exchange interactions in the effective spin models always take the same form as in
Eq. (1.8),

1 3) 72 nic + U%Ci + U%Ci 2 * 12
32 O SiwliuwSiv = [ At |6+ F20.010:0 + Tk Y 0i010i6 + T [a(0-9) +a" (04017 4 p
1,J WV=T,Y i=z,y

(1.18)
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To see this, note first that any bond of two spin sites, (¢,7), in a sum of Eq. (I.17) has 5 other bonds in the sum
that are derived from the first bond (4, j) by the Cg rotation, i.e. (CF(¢),Cg(j)) (n =1,2,---,5). Due to the joint
Cs rotation symmetry, Joniycp(j),.- and Jyj,... are related by the Cg spin rotation around z;

< JCe(1)Cs(3),ze JC6(3)Co(4),2y ) — ( cos %ﬂ Sin% ) ( Jijwx Jijay ) (Cf’s; _Sinﬁ ) _ (1.19)
Jes(i)Co () e JCs()Cs(5).y —sing cos 3 Jijyz Jijyy sing  cos g

Then, by using a gradient expansion, S;,, = S; , + (F —€)A0\ S, + %(] —)A(J —%)e0r0eS; , + - - -, one can explicitly
show that a sum of the symmetric exchange interactions over the six bonds reduce to the same form of the continuum
limit as Eq. (I.18) up to the second order in the gradient expansion;

. Jepcp@res Jopwcyy)e Scp(i)e
o SC"imSC”i ( ¢ ()Cg (3), 6 6 (J),2Y (7)),
2 n:(g 5 ( (1), ON ) ch(i)cg(j)vyz ch(i)cg(j),yy SC(?(J')JJ

3 3a2. n
o~ 5(&7’,1 + Xij )0 b+ 1%’{2()\1'3',1 + Nij2) ¢1(92 + 3§)¢
+ D Nigme P Vi) g9, —iay)2¢+c.c.}
m=1,2
Safj . ‘o
+ 1 . ()\ij,l + )\ij72) Qo7+ ... (1.20)
Here ¢ on the right-hand side is from ¢(r;) = S;, + iS5, in Eq. (I.17), and the higher-order derivative and total
derivative terms are omitted. We also regard that ¢ and C§(¢) (n = 1,---,5) are the same for the argument of ¢,
because their differences (if exist) can be controlled by the microscopic length. a;; | and a;; . are the spatial length of
the bond (¢, ) within the 2y plane and along z axis, respectively; a;; | = [t1 —j 1|, asj,» = |i. —J.|, with ¢ = (21, 1,)
and 7 = (J1,J.). wij, 1 is the angle between j; — i, and the x axis. Ajj ., and ;5 ,,, are real-valued eigenvalues and
eigenvectors of the 2 by 2 symmetric matrix J;; (m = 1,2). 9;5 1 m is the angle between ¢;; ,,, and the z-axis in the
xy plane. As t;;, and t;;2 are orthogonal to each other, 952 = ;51 +7/2 and > 5 Aij7m62i(Wij,L*¢ij,L,m,) =
(Nij1 — Nij2)e (@it =¥ 00) - A sum of Eq. (1.20) over different types of bonds leads to Eq. (1.18), where « is simply
given by the sum of af; | >°, _, , Nijme?!(¥ia. L =¥ii.L.m)  Note that in the absence of the spin-orbit interaction, J;;

are always proportional to the unit matrix, where Aij 1 = Aij.2, (Aij1 — Aij.2)e?(#i.+~¥ii.1.1) = 0 for any bond (3, 5),
and « vanishes.
The continuum limit of the antisymmetric exchange interaction yields the first-order spatial gradient terms,

Dijay(SixSiy — SiySia) = iDijey(i — §)u (670,06 — (9,0")0) + O(5°). (I.21)
In the presence of the spatial inversion, they are cancelled by its inversion symmetric counterpart;

Dr(iy1(3).ey(S1(3).2S1G) .y — S16)5S1G)a) = —iDij wy (8 — 3)u (07009 — (807)9) + O(8°).

with Dr)1(5),ey = Dij,ey- Thus, the antisymmetric interaction gives only higher-order gradient terms in the contin-
uum limit for the GL action; they are all irrelevant in the sense that their scaling dimensions around the critical point
are negative.

Near the quantum critical point of the ferromagnetic order of the xy spin, the systems effectively have the U(1)
spacetime symmetry. Note that apart from the Cgj, and Dgp, point groups, the hexagonal crystal family (including
the trigonal crystal system and the hexagonal crystal system) has 10 other point groups: C3, Cs;, D3, Cs,, D3gq from
the trigonal crystal system and Cg, Csp, Dg, Cey, Dsp from the hexagonal crystal system. The GL action for Cs, Ds,
Cs, and Dg has an additional term, iy[¢70.¢ — (0.4)#], that comes from the antisymmetric exchange interaction
in Eq. (I.21). Such a term is prohibited for Cs;, D34, Cep, and Dgp because there is the inversion symmetry. The
term is also prohibited for Cs,,, Csp, Cg,, and D3p,. Although there is no inversion symmetry, for Cs,,, Cg,, and Dsy,
there is a vertical mirror symmetry that reflects only one component of the in-plane spin vector; for C3;, and Dsp,
there is a horizontal mirror symmetry which makes the term opposite. In conclusion, a continuum limit of generic
XY spin models in the hexagonal crystal family with a spatial inversion or rotoinversion symmetry as well as the
time-reversal symmetry is described by Eq. (I.8). For the C3, D3, Cg, and Dg cases, the first order z-derivative term
can be eliminated by re-definitions of ¢ and po; Gnew = €~ >4 po1a and —U(po)new = —U(po)ola — (n3c2A?)/2 with
v =n3c2A,/2. If A, is commensurate to the phase locking by the ¢s term, 34,a, = Zn with an integer Z (aij,» = az),
the partition function has no magnetic frustration and it describes the continuous phase transition from a disordered
phase (pg < 0) to the XY ferromagnetic order phase with a spin-helix along z (py > 0). As the first order z-derivative
term also respects the U(1) spacetime symmetry, the systems near the transition point have also the effective U(1)
spacetime symmetry for these cases.
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4. Hydrodynamics in an intermediate length scale near the quantum critical point

An analytic continuation of Eq. (I.8) at T =0 (7 — it) leads to the following real-time complex field theory £~¢,

R 2 2 9 2.2
Lo ="0(0:8")(010) = T (0161 (919) = L= [0(9-6) + 0" (9:.61)7)
2.2
_ ’77146 [66(04.0)262 + a5(0_ o) 2(o)?) — %(ﬂb% —po)? — %[Ewﬁ +&5(eh)°, (1.22)

where we take classical solutions of ¢ independent of z, so the term of (9,¢")(0.¢) is negligible. Here, without loss
of generality, let us take a, &g and ¢g to be real, and assume that a coupling between the phase mode 6 and the
amplitude mode p = ¢T¢ can be neglected. Then, we obtain an effective theory of the phase mode 6,

2 2.2
£ =20 g,9)2 — TIELEO (5 )21 — acos(26) — éugpReos(46)]

2 2
2 2
- %(@,9)2[1 + acos(26) + agpocos(46)]
+nict po(9:0)(9,0)[asin(20) — deposin(40)] — & picos(66). (1.23)

As in Eq. (I.8), terms with higher-order derivatives or higher order in py are neglected in Eq. (1.23). Eq. (I.23) is
symmetric under the joint Zg rotation,

9—>9+m,

=)~ (i N G, 120

while in the absence of &g and Cg, it is symmetric under the joint U(1) rotation;
x cose —sine T
oo (2) (0 (5) i
for Ve.

The U(1) theory becomes a good approximation theory for Eq. (I.23), when py approaches zero before 9,0 (1 =
t,x,y) approach zero. This is the case for the 3D spin model Eq. (I.14) in the intermediate length scale near the
quantum critical point. Thereby, the internal field ¢ is introduced as a spatial average of S; , + ©5;, over some
hydrodynamic volume element. When the length scale of the volume element increases within the intermediate length
scale, Ac1 < A < A. o, a scaling of pg and 0,0 is controlled by the quantum critical point; po gets small faster than
0,0, and the approximation becomes better. On the other hand, when the length scale of the element becomes larger
than the upper bound A. 2, another scaling law from the Nambu-Goldstone fixed point kicks in, and the ¢ and as
terms become relevant again [44, 45]. Besides, for a two-dimensional (2D) quantum spin model, although the ¢ term
is dangerously marginal instead of dangerously irrelevant from simple dimensional counting, as long as a bare value
of & is small enough, there is still an intermediate length scale where the U(1) theory is applicable. To summarize,
the U(1) theory is effective near the quantum critical point only when 6 fluctuates over a length in the intermediate
length scale. When 6 fluctuates more slowly than A, s, 0,0 becomes smaller than a small but finite pg, and the &
and ag terms dominate over the others, giving a large contribution to the equation of motion.

B. Spin-triplet exciton model

As another example of solid-state materials where the U(1) theory of spin dynamics is applicable, we consider
semiconductors with electron excitations near a conduction-band bottom and hole excitations near a valence-band
top around a high-symmetric k point, e.g. the I'" point. Near the band top and bottom, suppose the kinetic-energy
bands can be approximately described by a rotational-symmetric continuous theory. The theory with relativistic
spin-orbit interaction is expected to have joint continuous rotational symmetry.

To be specific, we consider a condensate of spin-triplet excitons in a two-dimensional semiconductor model with
Rashba-type spin-orbit interactions. We consider a 2D model for simplicity. It may be regarded as an effective model
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for 3D. The semiconductor model is given by

92
Heo = /dQTaT[(—ﬁ + €40)00 + Ero(—i0y 0, +i0,0y)]a
0

2

92
+ /d2rbT[(2WlL, — €40)T0 + Epg (10,0, — i0,0,)]b + /dzr(AtaTaob—&— Arbloga)
0
+ 9s0 Z /d%(aial,aa/aa + bj,bl,b(,/ba + 2§1ctf7b(_z/l)ala(,)7 (1.26)
=14

with ¢ = x,y. Here a and b are spin—% electron annihilation operators near the I' point in the conduction band
and valence band, respectively. We suppose inter-band interaction is smaller than intra-band interaction, namely
0 < & < 1. Due to the attraction between electrons and holes (£1¢50), the quasiparticles form bound states inside
a band gap (eg0). The bound states have spin-singlet component and spin-triplet components. In the presence of
Rashba interaction (£ro, £5,) and inter-band “spinless” hopping (A;), the in-plane component of the spin-triplet states
undergoes Bose-Einstein condensation at ¢ = 0. In the following, we will show that this condensation is described by
Eq. (2) in the main text (without the ¢, term). we will derive Eq. (2) in the main text from Eq. (I.26). For simplicity,
we take the electron band and the hole band in a symmetric form, mo = my, £ro = £y, While the derivation can be
generalized into the case with mozire = my&R,. The derivation can be also applicable to a three-dimensional model
with a finite effective mass along z. Due to the Rashba interaction ({rg) and interband tunneling (A;), the system
has only a U(1) rotational symmetry and a time-reversal symmetry,

e e, () () (), .
Yy sine  cose y
a —ioya, b—ioyb, t——t, i— —i (1.28)

The quadratic part of the Hamiltonian Eq. (1.26) is diagonalized,

2 2
_ i (k= kr) ¢ (k| —kg)
Hex = Xk:{ak,% [72,,10 + Egolak,o. — by g, [W + Eg0lbk,0, }
+ Z[Ata—‘-’c,ﬂkbkaak + A:blt,o'kak7o'k]
k
+ g; Z /dQT(QLaL,aUraU + bj,bllb,,/bg + 2ai_bl,b(,,ao_)7 (1.29)
o,0'="1,
where
K
k'R = mOgROa EgO = €40 — 2’)”)’],0’ (130)
a, and by, are Fourier transforms of a(r) and b(r), o denotes up spin along the direction of Z x E, k= ﬁ Here we

discard the down-spin bands of the conduction and valence bands, because they are higher in energy and they do not
constitute low-energy exciton levels. Since excitons are formed by electrons and holes around the I" point, we neglect
|k|-dependence of the hybridization coefficients of the conduction and valence bands,

o = 0ycosO — ,e%sin®, b, = aye Psin® + B,cos0, (1.31)

where

Egp = E;O + |A¢2c0s20, A= E;O + |A¢[2e"sin20, (1.32)

cos20  ¢'®sin20 _ cos® —e®sin® 1 0 cos©® e'®sin® (1.33)
e ®sin20 —cos20 / ~ \ e"®sin® cos©® 0 —1 —e"®5in®  cos® ’ ’

and we used
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Taking Eq. (1.33) into the interaction term and taking ® = 0 for simplicity, we get

gso(abal,agra, + L0, byib, + E1alb byra, + €105l a0b,)

:gso[(a B Byrog + ﬂa U,ag 1B5)(cos?>Osin?O + cos?Osin®O 4+ £1cos*O + £1sinO)

+ (a:r, Bl a0 By + Bla U,Bg/aa)((3052681n2@+605265111 O — £1c08?Osin?0 — & cos’Osin’O)

+ (aT oy, Bor Bs + B ﬁa,aa/aa)(cos2@sm2@ + cos%Osin?O — &1cos?Osin?O — & cos?Osin? 0)+..]
=gs(a} B} 5gfao + BLalap Be) +wgs (@l Bl w8y + Bial Brray)

+wgs(afal, B Bs + BLAL oras) + ... (1.34)

Here we only keep terms in exciton-pairing channels in the basis of o and 3, « ﬂ Borai, al a 0,50 Bo, and 51 /35/040'C¥a

Neglected terms contain also hybridization between excitons and intraband collective modes, « aT,ozU Bs, which in
the absence of the time-reversal symmetry leads to an additional cubic term (94 ¢)(¢)? in Eq ( ) in the main text.
The hybridization and other neglected terms can be safely omitted as the intraband collective modes are gapped
excitations in the semiconductor. The Hamiltonian can be rewritten by the new basis,

k| — kr)? k| — kg)?
Hex :Z{a;rc,ok[('giR) + E ]a k.o ﬁk ak[(‘|27mR) + EQ]Bka}

m

1\3\8

+ 9 Z / d*r(al Bl By +wal Bl 008, + Sabal, BBy + 58181 a0as), (1.35)

o,0'=

where

Eq0 (|k| — kr)?
E25 + A2 2mo

(k| — kr)?
\/[2mo + Egol? + | A2 = ) EZ + | A +

k| — kp)?
_ g, + (kl—hn) |2m R (1.36)

_ 950 2 2 _ (1 - &)sin®(20)
9s =75 [sin”(20) + &1 + &icos(20)], w = 2(20) T 6L T o (20)] (L.37)

with 0 < w < 1. Exciton operators are defined by O, = bTU#a where p = 0,2,y, 2. In terms of a completeness
relation

1
5 Z(J#)aﬁ(gu)vé = 00508y, (1.38)
I

the interaction terms are decomposed as follows,

Y abBlByas == alBspla, = —% 3010, (1.39)
o,0’ o,0’ n
> alBlag B, =" alB.Blam = 0f0,, (1.40)
Zaa b Bor By ~ — Za* Boral, By + Za* Boal, By = — ZOT o}, +ojo. (L41)

In Eq. (I.41), we decompose the interaction in two different channels, so we do not divide the result by two. Adding
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Eqgs. (1.39-1.41) together, we get

9s Z Tﬁ Ba’aa+wa ﬂT/aU BU

o0’

1 - w
=g.l~5 » " 0},0, +wOj0, — — § (01,0, + 0,0,) + 5(0305 +0000)]
w

w

w
B) o al.lﬁo'/ﬁo' + Eﬁlﬁj;/ao”aa)

- %[Z(ZOIOT +wOl0f + w0,0,) + (2 — 4w)0{ 0y — wOLOf — WOLO,]

= 925 [Z(l + wcos2¢, ) P2 + (1 — 2w — weos2qg) PY], (I.42)

r

where r = z,y, 2, O, = P,e'%. Note that due to w, the U(1) symmetry of the four-component exciton field reduces
to a Zy symmetry. Since 0 < w < 1, gqo = £5 and g, = 0,7 are preferred by the interaction. Fluctuations of g,
around the minima are gapped excitations, so they can be safely neglected. This leads to

9s > (4Bl Bora + wal Bl 008 ——a al B B ——/3 Bla0as)

t
—_ & )P = 0r =01\ | (1 _ Qo+ Oy
- Q[E(I—HU)P +(1—w)Pg] = Q[er(w w) () + (- w) (0 (1.43)
By the Hubbard-Stratonovich transformation, we can introduce real exciton fields ¢,

exp{/ degr%[Z(l +w)P? + (1 —w)P?]} = /D@Lexp{—/dﬂlgr[— Zm,,(o,t -0,)

T

2
— ¢0(Of + Oo) + Z 2+ 5= w)¢3]}a (1.44)

where ¢, and ¢y have the physical meanings of MU&) and M(Rﬁ, respectively. Since 0 < w < 1, the
interaction term (Eq. (I.43)) favors the triplet excitons (¢,) over the singlet excitons (¢g). The quadratic part of
Eq. (I.35) also lifts the four-fold degeneracy of ¢,,, while mass terms for ¢, and ¢, remain degenerate.

Due to the adjustment of the conduction band and valence band, mo&ro = my&k,, one can expect that momentum-
energy dispersions of the exciton bands have minima at ¢ = 0, so condensation of the exciton fields happen at the
zero momentum. In the following, we keep track of all the four components, ¢, (x = 0,2,y, z), in the derivation of
Eq. (2) in the main text, to see whether and when ¢, and ¢, achieve the lowest energy (smallest mass at ¢ = 0)
among others. Fermion fields can be integrated out,

/ Dla’,b",a,blexp[ - (a' b7 )G~} ( b ) ] = det(G™1) = M(ET), (L.45)
where

G '=G;'+Gy, (1.46)

_{ 96.1Fo 0
Go= ( 0 gg,k:PUk )

_ [7an + (|k‘;7:R)2 + Eg]71 UOJ'_;EXE 0 (I 47)
B ; (Ik|=kr)? E 190954k ’ :
0 [_u‘u” - 2m (J] 2
_ 0 —1 Z ¢r‘7r - ¢OUO
G = ( id 2, bror — ¢oo "o ) ' (148)

Gy ! and G, are block-diagonal in the momentum-frequency space and the coordinate space, respectively. Gy is
diagonal in spin along z x k and its diagonal element is zero for the down spin,

1 1
P, = 5 sloo+o..3)= 5(0'0 — o,sinfg + o, costy). (1.49)
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The integration leads to an effective theory of the exciton fields,

1

2
] (L50)

o2+

2
S¢[¢u] = —Trln(l + GQG¢) + ; /de%“(Z 1+ w

1 1
—Trln(l + G0G¢) = §’IT(G0G¢,G0G¢) + ETT(G0G¢G0G¢G0G¢G0G¢) + ... (I.51)

Note that “Tr” stands for traces over both spacetime and spin indices, while “tr” is trace over only spin indices (see
below). To determine the form of the effective theory, we use the following relations,

P, o.P, =0, (L52)
P,,0.P,, = P, (ogcosl; — o gsindg) P, = —sindz P, 0. 7 = —sinfzo_, ¢ Py, , (1.53)
tr( Py, 00P,,00) = tr(P2 ) = tr(P,,) = 1, (L.54)

1 1
tr(Pyy 00 Py, ,02) = 4tr(0'x0'x) + —tr(o,, ;0

1 2 iiq )

1
=- + —tr[(—sinfgo, + cosﬁgay)a'x(fsinﬁmo}c + cos@may)a'x]

2 4
1 . : 1
:5(1 + sinfgsinbp— — cos%cosﬁm) = 2[ — cos(0g + 0k+q)] (I.55)
1
tr(Py, 0y Py, ., 0y) = 5 =[1+ cos(fg + 9k+q)] (1.56)
1
tr(Py, 0. Py, ,0y) = Ztr(agxzaggagxkﬂl oy)
1
:Ztr[(—sin%am + COSQEO'y)O'I(—SiDQk oy + costp o v)Oy]
1 1
= 2(51119 jC0sOz + cosfgsinfr— ) bln(@ —|—9k+q) (I.57)
1
tr( Py, 0y Py, ,02) = 758111(9 + 0k+q) (1.58)
tr(Py, 04 Py, 0, Py, 0, Py, 0,) = tr[(Py, 0. Py, )]
=tr[(Py, 05,502 Por) ?Jsin0; = tr(Py, )sin’0; = sin?6;. (I.59)

As the exciton field ¢,,(q) (Fourier transform of ¢, (7)) at the zero momentum (g = 0) is expected to have the smallest
energy, we expand the effective theory in terms of small g. The zeroth order in g gives the mass (M,,) and the quartic
term (U) from the first and the second terms in Eq. (I.51), respectively. Let us first calculate the masses for the four
exciton components (=0, z,y, 2),

1
5Tr(GoGyGoGy) O Z/deZTﬁ[W > 96490417 (Po 0, Poy )]
I3 k

1 1 1
= / de%Q%(W Zgg,kgg,k) + 3 /d7d27"(¢i + ¢Z)(m Zg(ol,kgg,k)a (1.60)
% %

where we used Eqgs. (1.52,1.54-1.56) and ), cos(QGE) =>4 sin(QGE) = 0. Taking Egs. (1.50,1.60) together, we get

D
Z - Z1+1 ¢2+1_1w¢3>*7°(¢i+¢§+2¢3), (L61)
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where

1 1 L
Do = — a b _ -
0 BI? ;go,kgo,k BL2 nz; iwn, — & fwn + &k

1 —np(— 2k tanh(3
_ 1 () —ne(=G) :/ @’k tanh(30%) (1.62)
L2 < 28k 2m)? 2%
_ (k[ = kr)? _ 1
[ is the inverse of temperature. So we have
4 4 4
M,=——>0, My=————-2Dy, M;=————— Dy, 1.64
R Ty N e RN e R (o4
where i = x,y. M; < 0 < Mj is realized by
1 1 1
~—g.D I.
Ttw 277 30w (1.65)

Given that w > %, the condition can be realized by proper gs, 5, and E,. Given that the condition is satisfied, we
henceforth consider the effective theory only of ¢ = ¢, + i¢, and neglect the other exciton components as they are
gapped modes.

Eq. (2) in the main text takes the following form in the imaginary-time representation,

2.2

B fa(@6)? +a (06 + 5 (60— po),  (L66)

Ui nic
Lop =5 (0:07)(0-0) + = L< 0:0")(i0) + =

where the mass term was already obtained,

4

2Upy = M; = Dy — ————.
Po 0 gs(l—l-w)

(L.67)

To determine U, we calculate the quartic term in ¢, from the second term of Eq. (I.51), using Eq. (I.59) and

>k sin? 0z = %Zk,

iTr[(G0G¢)4] Z G2 (q1)92(q2)92(q3) b (—q1 — g2 — g3){ QBLQ Z 96.£90,6) 01 [(Poro2) ']}

B q1,492,93
:/ deQT(bi{wL? Zk:(gg’kgg”“)Qtr[(P”k%)ﬂ} ~8 / drd’re 26L2 Z 96,£96,1)°] (1.68)
Thus, U is given by
_ 3 e b2 3 [ &k d 1 1 d 1 1
_&BLQ ;(90,1@90,1@) - g/ (2W)2{£[6ﬁz +1 (Z _ gk)z]IZ:*ék + @[eﬂz 1 (Z Jrgk)QHz:fk]
3 [ dk 1 tanh(38&) 3
8 / (2m)? (26k)? : £k 1+ cosh(ﬁfk)] > 0. (1.69)

To determine the coefficients of the lowest-order gradient terms, we define o4 = %(O‘m tioy), ¢ = ¢z +igy, of =
¢z — iy, and set ¢g = ¢, = 0 in Gy in Eq. (1.48). Note also that

_ 0 —i(¢po_ +¢loy)
I P ;). (L.70)
tr( Py, 04 Py, 0 ) = ;[1 — cos(0g + 9k+q) + 14 cos(0g + 9k+q)] i, (1.71)
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1
tr( Py, 04 Py, ,01) = §[1 — cos(f + s ) — 1 —cos(0g + 9k+q)
1
— isin(0g —|—9k+ ) — isin(0g +9k/+\q)] = e ¢! Ort0i73), (L.72)
—i(05+0—
(P o_ P0k+q 7) = _Z i(05+ k:+q) (173)

In terms of Eq. (I.70), the first term of Eq. (I.51) is given by

1 1 a a
§TY(G0G¢G0G¢) =9512 Z(go,kgg,k+q + 90 196 ktg) [Pl Gqtr(Poy o Py o)
k.q

+ ¢_qogtr(Ps 0P,  o_)]+ H.c. (I.74)
By an expansion of small ¢ = (g, iwy,), we get
1 a a 1 a
= —mafwm l4=0 Z(go,kgg,k+q + 6 +q90,) = T 2812 o la=0 Zgo,k*%g&k%’ (L.75)
k k
29 1 1
me T 452 qz|q OZ (90, lch g T 90 k+ng k) = 2312 qz|q Ozgo k——go 2o (1.76)
1 —i(054+0—=)
nicta = 48L2 qx|q 0 Z 96, kgo Jotq T 90 k+qgo K)e kta
—i(0—g +6—)
2 b _g q
zwaqwh:o ;g&k_gqu-_,’_%e =gkt (L.77)
where we used
Zgg,kgg,k+q = Zgg,qugg,k = Zgg,k—ggg,k+g~ (L.78)
k k k
Equivalently, we can also use
Zl(a)//b Zla(b//i lal/b la b”,la’b’ 1.79
59 9ok = 590,k Jor) = Z[S(QO,k) 9ok t 890,k(90,k) 4(go,k) (90.1)']5 (L.79)
k k k
or
> (961" 905 =D a6 xlgb ) == (g6.4) (g64) (1.80)
k k k

Here primes and double primes denote first-order and second-order derivatives with respect to one of the spacetime
components of k. Note that Egs. (I1.78,1.80) are valid given that associated integrals vanish or are sufficiently small
in the ultraviolet regime (large k region). Using them, we can determine 1, and 71¢, as follows,

1
2 b
m :25112 Ek (Qico q:093,k+q>(aiwm qzogo,kJrq)
1 1 1 Wb e AU
= - - = =— >0, 1.81
2312 ; (iwn — €x)2 (iom + ER)2  20L2 Ek (96.190.1) 3 (1.81)
e

2 = 3BI2 > (B4 l4=098 k44) (Do, la=096 x-+q)
k

o L (k= R
"I L T — G (o TG R

1/ d’k 1 [tanh(%ﬁfk) B B (k| — kg)?
(2m)2 (26k)? £k 1+ cosh(B&k)’  2m?

=3 > 0. (1.82)
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To determine the coefficient of the spin-coordinate coupling term (nic?a), We can use a similar trick as
Egs. (I1.78,1.80) to simplify Eq. (I1.77),

nicta = —zﬂ% ; Da.la=0l96 44~ "F410q, la=0196 1y g6~ FF], (1.83)
where
Oy, |q—oe” "UFFa = —ie="% 9, |,—oarctan kxlfi o iei%kgk—f—/kg =ie " ST;H'E (1.84)
Then we have
2o = _2ﬁL2 Z o (|| — /::)Coseg i STZEH(QS,QQ (|| — /::)Coseg n Z'g&k si|r;9|g}e_2i9;
- Mz St +gsk2|1k|n< DR g
=~ 57 LA (58asba) ("“‘%R) 8 b+ b0 — (68000 TR, (.89

where

S 1081 (68.)% = (68)28 ) =3 [ ()P — (2

- —iwn + &k —iwn — §k —iwn + &k —iwn — &k

_ (iwn + &) — (iwn —

 (iwn + &k)2 (iwy, _gk Z%k 96.£90.1)° (1.86)
|k:7\n TkITR g, — (KL= En)lK], \len ‘k’r o5, — UK —T:R)kR}_ .

In terms of Egs. (1.62,1.69,1.86,1.87), we finally determine nfc?« as follows

1 [ d®k tanh(3B&) 1
2 2 /(27[—)2{ 2

mele =g T T
L_tanh(z56) YL B 7T SN 1 oy
i (25k)2[ 13" 1 +cosh(ﬂ§k)“ m 2B Am|k| ) (1.88)

To evaluate e and ¢ , note first that the omission of the down-spin bands in Eq. (I.29) is justified when
k}2%
1 E =t 1.89
BBy < BQm ( )

The condition also implies that when the temperature is low enough, electrons and holes are excited only around kg.
This naturally lets us introduce an “ultraviolet” cutoff k, in the integral over |k| in Egs. (1.82,1.88),

2t — / @’k 1 (|k|~kn)® _ /’”‘*’fﬂdk k (k= kn)® (1.90)
L (2m)2 165 m?2 kn—k, 27166 m? ’
d’k 1 kglk|([k| —kr)?  Eglk|(kl —kr) (k| —kr)?
2 2 R R g R R 2
— E
meio= /(27r)2 16§i‘k|2{ 2m2 m +1 2m B
:/kR+kg di 1 {(k;— kr)*(k* + k%)  Egkr(k — kg) B2 (L91)
kn—k, 2T 16&3k 4m? m 9 '
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The cutoff k4 satifies that ky = O(\/2mE,) < kr. Note also that without the cutoff the integral in Eq. (I.88) has
the logarithmic divergence at k£ = 0. With the cutoff, We finally obtain

k 2 2 k 2 2

9 dk (kr+ k)E, , k . k 9 dk krFE, k .k kr

2.2 @ / g E )3 / g g )3 1.92
meLfy k. 2T 16 (Zm g) m o ™ 16 (2m g) m 0% ) (1.92)

k -1 2 2 2
v dk (krp+k)'E,; k _s kl(kr+k)* + k%]  Egkrk
2 2E :/ v g E 3 Rl _ g E2
A 16 (5 T Ea) Am? m P
1 1 k
=3 Ey +0(1) < gt By +|0(7)). (1.93)
g

A comparison between Eq. (1.92) and Eq. (1.93) suggests that |o| = 3 < 1 in the limit of Eq. (1.89). a = O(1)
is due to the large spin-orbit-coupling limit, while o« <« O(1) for smaller spin-orbit coupling. Nonetheless, the
competition between different components of excitons will be more complicated in the smaller spin-orbit coupling
case. n%ciEQ > 1 is consistent with the physical picture of Eq. (I.89). In the large spin-orbit coupling limit, We can
also simplify Eqgs. (I1.62,1.81) and all the coefficients in Eq. (2) in the main text,

2k 1 Yo dk 1 k2
d = / dk 1k +E,)™, (1.94)
0

D= iyt 20m = [pa = f, a

4U k1 ko dk 1 k2
22 _ [ 2% - — —(=—+E,)3. L
=3 /(27r)2 83 /0 = 8 T F) (1.95)

II. OBSERVABLES AND CONSERVATION RELATIONS

2m

In this section, we derive the spin (j5) and orbital (j.,) parts of Noether’s current in Eqs. (7,8) in the main text
and verify that the total angular momentum is conserved. We start with the classical effective theory Eq. (6) in the
main text,

1 1 1
L= 5(5,50)2 - 5(8:,30)2[1 — acos(20)] — 5(83,9)2[1 + acos(26)] + a(0,0)(0,0)sin(26). (I1.1)
The theory has a U(1) spacetime symmetry,
0 —>0+eA0=0+¢, v—oax+eAx=x—¢y, y—yt+teAy=y+ex, t—t+eAt=t. (I1.2)

With the continuous symmetry Eq. (I1.2), Noether’s theorem gives a conserved current,

oL oL
= A - Az, =
]H 8(8#9) 9 + [5HV£ a(aﬂa) (81/9)} Ty

A T, A II.
8(0,0) 20 T T A, (IL3)

where p,v € {t,z,y}, Az, € {At, Az, Ay}. T = 0 L— ﬁf@(&ﬂ) is a stress-energy tensor. The conserved current
obeys 0,,j,, = 0 as long as an equation of motion is satisfied,

oc  oc_
2(0,0) 90

0. (I1.4)

The equation of motion is given by

9760 — (020)[1 — acos(20)] — 2a(9,0)*sin(260) — (9;6)[1 + acos(26)] + 2010, 0)sin(26)
+ 2a(0,0,0)sin(20) + 4a(9,.0)(0,0)cos(20) + a[(0,0)* — (9,0)?]sin(20) — 2c(0,.0)(9,0)cos(20)
=070 — (920)[1 — acos(20)] — (859)[1 + acos(26)] + 2a(0,0,0)sin(20)
— a[(0,0)* — (9,0)?]sin(20) + 2(0,.0)(9,0)cos(26) = 0. (I11.5)
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The theory has spatial and temporal translational symmetries, which imposes a conservation rule on the stress-energy
tensor,

Yo
9(9,0)

The total angular momentum current of Eq. (I1.3) can be divided into spin angular momentum current j; that does
not depend on T}, and orbital angular momentum current j; that depends on 7},

0Ty = Ou[0, L — (8,0)] = (IL.6)

oL oL

s _ AO, Gt =1[5,,L— 0,0)|Ax,,. I1.7
jH a(aug) ’ ]p, [ I a(auo)( )] Z ( )

Let us focus on the spin part. Spin angular momentum density is
s=j; = 00, (I1.8)

and corresponding spin currents are

Ja = —(0,0)[1 — acos(20)] + «(0,0)sin(26), (11.9)
Jy = —(9,0)[1 + acos(20)] + a(0.0)sin(20). (I1.10)

The spin density and current are zero at equilibrium, j; = 0. The spin angular momentum is not conserved,
Oujy =G = —0,j.,. (IL.11)

Local sources of the spin angular momentum are given by spin torque G. The torque represents the mutual conversion
between orbital and spin angular momenta. Taking the equation of motion Eq. (IL.5) into Eqs. (IL.8-I1.10), we get
the spin torque as follows,

G =03, = 0260 — (020)[1 — acos(26)] — (859)[1 + acos(20)] — 2(0,0)*asin(20) + 2(0,0)* asin(26)
+ 20(0,0,0)sin(20) + 40(0,0) (9, 0)cos(26)

— a[(0,0)* — (9,0)?]sin(20) + 2(0,0)(9,0)cos(26). (I1.12)
The orbital-angular-momentum density and current are given by
1= ji = y(0:0)(0.8) — x(8:6)(9,0), (I1.13)
__ y{ 0)2 % 8,6)°[1 + acos(26)] + %@9)2[1 ~ acos(20)]}
+ 2{(020)(9,0)[1 — acos(20)] — (9, 0)sin(26) }, (I11.14)
—x{ - = 8 0)%[1 — acos(26)] + %(81,9)2[1 + acos(20)]}
- y{ (0:0)( 8y9)[1 + acos(26)] — a(0,0)sin(26) }. (I1.15)

The orbital angular momentum density and current depends explicitly on spatial coordinates, and they depend on a
choice of the origin for the spatial coordinates. Besides, the equation of motion Eq. (I1.5) gives 020 instead of 9,0,
while j7 as well as 0;j; contains 9;0. Nonetheless, we can verify the continuity equation Eq. (II.11) directly, using
Egs. (I1.5,I1.13-11.15). 8Mj/ﬁ is formally given by a term that has no explicit dependence on x and y, and terms that
depend explicitly and linearly on the spatial coordinates. The latter terms vanish thanks to Eq. (I1.5);

8(3,JL) (0260)(0,0) + (0:0)(0,0:0)

dy ‘x 0,0,0
— (0¢0)(0:0:0) + (0,,0)(0,,0,0)[1 + acos(20)] — (0, 0)*(0,0)sin(20)

— (0:0)(970)[1 — acos(20)] — a(9:0)*(9,0)sin(26)
(&ﬂ)(@g@)[l + acos(20)] — (9,0,0)(9,0)[1 + acos(20)] + 2a(0,0)(9,0)*sin(26)
20(0,0) (0,0, 0)sin(20) + 2a(9,0)? (9, 0)cos(26)

—(020)(0,0) — (0,0)(626 + 620)

a(0,0)sin(20)[(9,0)* — (0:0)* + 2(9,0,0)]

a(0,0)cos(20)[(0:0)* — (0,0)* + 2(0.0)(9,0)] = 0, (IL.16)

+

+
+
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1
WO 0 = ~(0F0)(0,0) — 100,010
+ (010)(0y040) — (0.0)(00,0)[1 — acos(20)] — a(9,0)*(0,0)sin(260)
+ (0y0)(970)[1 + acos(26)] — a(,0)*(8,0)sin(260)
+ (0,0)(920)[1 — acos(20)] + (0:0,0)(0.0)[1 — acos(20)] + 2c(,0)(9,0)sin(26)
— 20(0,,0)(0,0,0)sin(20) — 2a.(9,0)?(0,.0)cos(26)
— — (@20)(0,0) + (9,0)(026 + 020)
+ a(0,0)sin(20)[(0,0)* — (9,0)* — 2(0,0,0)]
+ a(9,0)cos(20)[(0,0)* — (0.0)* — 2(0..0)(9,0)] = 0. (I1.17)

The former term is nothing but —G,

o 00 00

[ m o }%975#9 dy |x,0,6uo

=(0,0)(0,0)[1 — acos(20)] — (0, 0)?sin(20) — (0,0)(0,0)[1 + acos(26)] + a(0,0)*sin(26)

=a[(0,0)* — (9,0)?]sin(20) — 2c(0,.0) (0, 0)cos(26). (I1.18)

Thus, the total angular momentum is indeed conserved,

8#jfl = a[(0:0)* — (0,0)*]sin(20) — 2a.(9..0)(9,0)cos(20) = —G. (I1.19)

III. SOLUTIONS FOR THE SPIN-INJECTION MODEL

In this section, we solve 8(x,t) in the spin-injection model, Eq. (9) in the main text, together with the boundary
condition, Eq. (13) in the main text and j3(x = 0,¢) = jo. We consider a general junction parameter ko except kg = 1
(straight geometry), k3 = (1 + JO%)Q (circular geometry), and ko = 0, while leaving discussions about solutions at
these special parameter points for Sec. VI.

A. Straight geometry without curvature

For the straight geometry without the curvature (Fig. 1(a) in the main text), let us consider the equation of motion
in the one-dimensional system,

070 = (020)[1 — acos(20)] + a(9,0)*sin(26). (ITL.1)
The boundary conditions are given by

J2(0,2) = jo, (IIL.2)

se(Lyt) = kej o(Ly 1), (I11.3)

. . N1—1/2
with ke = % [Dy (2 +ic)] "
Eq. (IIL.3) is imposed for each frequency component of the density and current. The density and current are given
by 6 (Eq. (8) in the main text),

+ % Here “¢” stands for the frequency of spin density and current at x = L, and

s =040, j;=—(0:0)[1 —acos(20)], j, = ad.0sin(20), G = —a(0,0)sin(26). (I11.4)

We solve the equation of motion by a perturbative expansion of a. With 6(x,t) = 0g(x,t) + O(«), the zeroth order
is

0200 = 020,. (IT1.5)
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The general solution of Eq. (ITL.5) is
Oo(x,t) = At + Br + Fy+  »  [Fe=") 4 Fle'lto)], (I1L.6)
ceR,c#0
where A, B, F,., F! are constants. Eq. (II1.2) leads to
Oo(x,t) = At — jox + Fo + Z 2F,cos(cx)e. (I11.7)
ce€R,c#0
Since Re(k.) > 0, Eq. (ITL.3) requires F, = 0 for ¢ # 0, and the zeroth order takes the following form,
Oo(z,t) = s(x, t)t — jo(z,t)x + F(0) = kojot — jox + Fo. (I11.8)

Here Fy can be absorbed by a time translation so we take Fy = 0. Note that without the spin-orbit coupling (a = 0),
the spin density and current are static,

Ji0<z < L)=jo+0(a), s(0<z<L)=kojo+ Oa). (I11.9)

Upon a substitution of Eq. (IT1.9) into Eq. (ITI.1) and an expansion of Eq. (ITI.1) in «, the first-order correction to
the solution is given by an inhomogeneous linear differential equation. Thereby, the first-order solution has two parts,
91 and 92,

0(z,t) = Op(x,t) + 01 (2, 1) + Oz(2,t) + O(a?), (II1.10)
and 6, is a special solution of the inhomogenous equation,
020, — 0261 = —a(0200)cos(20p) + a(9.00)sin(200) = ajsin(2kojot — 2jo). (IT1.11)
02(x,t) is a solution of the homogeneous differential equation,
0705 — 9205 = 0. (I11.12)

With 6;(z,t) and 03(x,t), the spin density and current should satisfy the BCs up to the first order in «.
Thanks to the linear  and t-dependence of 0y(x,t) and kg # 1, we can find a special solution,

01 ({E, t) = —4 SiH(Qk()jot - 2]0%) (III].?))

(kg — 1)

O2(x,t) takes the same form as Eq. (IT1.6). With these solutions, the spin density and current are given by the
following up to the first order in «,

. kojoc
SszJO_ 2( 0.J0

ﬁcos@ko Jot — 2j0x) 4 002 + O(a?), (II1.14)
P

s . . ) Joox . .
J» =Jo — ajocos(2kojot — 2jox) — 5 . cos(2kojot — 2jox) — 0202 + O(a?)

k2 —1)
o joa(2k% — 1)

=Jo - cos(2kojot — 2jox) — 0.0z + O(a?). (I1.15)
2(kg — 1)

In order that Eqgs. (III1.14,I11.15) satisfy the BCs, 05(z,¢) must have the same frequency as 61 (z,t),

O (x,t) = age?hoio(t=2) 4 oy e2ikojo(tHe) | ¢ ¢ (I11.16)
Here g and ¢’ are complex constants. By the same reasoning as in the text below Eq. (IIL.7), other frequency
components in 6, (z,t) vanish. This leads to
o—2ijox
=)
+ 2iakgjog’ €200+ L O(a?) + c.c., (IIL.17)

1 o o
s :§k0j0 + ak‘ojoemk““t[21'9672““”0@ -



o 1. i (2k3 — 1)e 240w
= — « e _—

— 2iakgjog'e**0o () 1 O(a?) + c.c..

2ikojot [2ikoge—2ik0jox _

The boundary conditions Eqgs. (I11.2,111.3) require

jo[2ik 2k3_1] 2iakojog' = 0
@Jol=tRog Ak 1) 1akojog =0,
ajo[2ikoge 2 Hodol — ﬂ] + 2iajokog e2kodo L
(kg — 1)
. 2k2 — 1)e= 2ol o
:k . 2k —21]@0]0[/_(0— —2k k . 2ZkOJOL7
ijo[ thoge 4(k5_ 1) ] 1RQRpjog €
with
X D, _1 X
ko= =(=)"2 + 5,
X/(Tll ) Bt
X

1 N R
k = k2k‘0j0 - l:DS(i + 22]{:0]0)} 2 + &7

Ty et
and k_. = (k.)* for a real number ¢. Eqgs. (II1.19,I11.20) can be simplified,

X

2k% — 1

. o/ e I

Qiko(gefmkojOL +gle2ikojoL) _ Qikko(g(QikojoL _ g/e2ik0joL) _

4(k3 - 1)
The two equations Egs. (I11.23,111.24) determine the two coefficients, g and ¢’,
1 -1 g
(1 — k)e~™RoBr (1 + k)etkoBr g
_ 1 2kg =1
T Biko(k2 — 1) \ (1 — (2k§ — Dk)e= " )>
where 81, = 2joL. The solution of the equations is
(2K - 1)(1 + k)eRoPr 4 [1 — (2k3 — 1)k]e~*Pr 1
N (14 k)ethoBr 4 (1 — k)e—ikobL Siko(k — 1)’
g = [1— (2k2 — 1)kle=Pr — (2kZ — 1)(1 — k)e~thobr 1
(1 + k)etkoBr + (1 — k)e—tkofr 8iko(k3 — 1)

From Egs. (IT1.8,111.10,IT1.13,111.16), we get

0, t) =jolkot = 2) = gz
+ 2aRe(g)cos[2kojo(t — x)] + 2aRe(g")cos[2kojo (t + )]
— 2adm(g)sin[2kgjo(t — x)] — 2adm(g’)sin[2kojo (t + )] + O(a?).

Sin[2j0(k‘()t — (E)]

The solution has one frequency (2kjo) in time and two wavenumbers (2jg, 2kojo) in space. The solution Eq.

can be also rewritten as

0(x,t) = jo(kot — ) — ﬁ

+ 2aRe(g + g')cos(2kgjot)cos(2kojox) + 2aRe(g — g')sin(2kojot )sin(2kojox)

sin[2jo (kot — )]

— 2alm(g + ¢')sin(2kgjot)cos(2kojox) 4+ 2alm(g — g')cos(2kojot)sin(2kojor) + O(a?).

1 — (2§ — 1)kef2ij0L'
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(I11.18)

(I11.19)

(IT1.20)

(IT1.21)

(IT1.22)

(IT1.23)

(IT1.24)

(I11.25)

(I11.26)

(IT1.27)

(I11.28)
(I11.28)

(I11.29)
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According to Eqgs. (I11.23,111.26,111.27), Eq. (IT1.29) is nothing but Eq. (18) in the main text,

2 _
0(a, ) =jo(kot — ) — 7 sinf2jo(kot — )] — R0 =1 ok jot)sin (ko jor)

> aleip = 1)
(k§ — 1) (kg = 1)
+ aIm(n)cos(2kojot)cos(2kojox) + aRe(n)sin(2kgjot)cos(2kojox) + O(a?), (I11.30)

where

2 _ tkoBrL _ (1 _ —ikoBL . 2 —iBL
n=2ig+g) = (2k — DI + k)g (1= ke ] +2[1 _‘(2l<:0 Dkle= 7t s
4ko(k3 — 1)[(1 + k)etkoBr 4 (1 — k)e—thoBL]

Higher-order solutions can be obtained by the same perturbative iteration method. In the solution, the spin density
and current have the same periodicity in time as the first-order solution, m(kojo)~*. This is because the inhomogeneous
terms at every order keep the same discrete time translational symmetry as that for the first order. For irrational
ko, the solution is not periodic in the space coordinate x because of the superpositions of the two wavenumbers.
Nonetheless, the Fourier-transform in the space has two major peaks at 2j, and 2kg7jo.

B. Circular geometry with curvature

For the one-dimensional circular geometry with a finite radius r of the curvature (Figs. 1(b,c) in the main text),
the Lagrangian is generalized as follows

1
L :5(8159)2 (090)* + %(8@9)2[COS(29)(Sin2’0 — cos?)) — 2sin(26)sinfcosl)]

b
2r2
:%(atef - %(049)2[1 + acos(26 — %z)], (IT1.32)
with a one-dimensional coordinate ¢ = rJ, and
0r0(x,y) = Or(rcost, rsind) =0, 0Oy = —%(sinﬁ)aﬁ, Oy = %(00519)8,9. (II1.33)
The Lagrangian gives the classical equation of motion in the one-dimensional system,
020 — (920)[1 + acos(20 — %e)} + 20(9,0)sin(20 — %@[(aga) _ %} — a(040)%sin(20 — %e)
— 020 — (920)[1 + awcos(20 — %e)} + a(00)[(048) — ;]Sin(% _ %e) ~0, (I11.34)
and the spin density and current,
s= 0,0, ji = —(9:0)[1 + acos(26 — ge)}. (IT1.35)
The boundary conditions are imposed on the spin density and current,
§e(0,t) = jo,  se(Lyt) = keji (L t). (T11.36)

The boundary condition at £ = L is imposed on every frequency (¢) component of the density and current, and
o 1 . —-1/2

kc—%[DS(T—l,—i—zc)] + %
The zeroth-order solution of the EOM that satisfies the BCs is given by

0o(€,) = kojot — jol.- (I11.37)

In the perturbative iteration method, the first-order solution comprises of 61 (¢,t) and 02(¢,¢t). 61(¢,t) is a special
solution of the inhomogeneous linear differential equation, Eq. (20) in the main text, while 65(¢,t) is a solution of the
homogeneous linear differential equation. For k3 # (1 + jo%)z, we find the special solution,

a(l+ %)

Jor

= 1+ 57

Jor

01 (ga t) =

1
sin[2kojot — 2(jo + )0, (I11.38)
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together with

O2((,t) = At + Bl+ Fo+  »  [Foe™™™0) 4 Fleie(H0], (I11.39)
ceR,c#0

A substitution of 8 = 0y + 01 + 02 + O(a?) into Eq. (I11.35) leads to

o= koo 4 I0OAE ) kot — 200 + 18] 4 846 + O(0?) (TI1.40)
= koJo 0J00 — 0 - tV2 ) .
2kg — (1+ 57)% r

02k —2(1+ )2+ (1+ )1+ -2) 1
s @Jo <70 Jor Jor Jor sy . - _ 2
Ji =jo+ =~ R—(+ L) cos[2kojot = 2(jo + )¢ = 8xb + O(a”)
joa[2k§ — (1 + 55)] 1
=j o 2kojot — 2(jo + =)0] — 0,0 + O(a?). I11.41
Jo + S cos[2kojot — 2(jo + )] 2+ O(a”) ( )

Jor
In order that Eqs.(IT1.40,111.41) satisfy the BCs, 65(¢,t) must have the same frequency as 60 (¢, t);
05(0, 1) = age?odot=0 4 o gl e2ikojot+0) 4 ¢ ¢ (I11.42)

The complex constants, g and ¢’, are determined by

(oo it ) (2)

1 2k — (1+ 1)
= 0 JoT (1 .
Sikolk3 — (1+ 12 \ {1+ 2 — [2k — (1 + L)k o) |

Jor

(I11.43)

where k is given by Eq. (II1.22).

01(¢,t) vanishes when jo = —2. Even when 6;((,t) = 0, 62(¢,t) # 0 in general. The non-zero 63(¢,t) comes from
an O(a) contribution of j; in Eq. (IIL35). For jo = —2 and ko = 3, both 6;(¢,t) and 65(¢,t) reduce to zero, and
00(¢,t) becomes an “exact” solution satisfying the BCs. However, the exactness is not protected by the symmetry of
the theory, and there will be a finite 0; (¢, ¢) when higher-order expansion terms are considered in Eq. (6) in the main
text.

Besides, Egs. (I11.25,I11.43) always have unique solutions for g and ¢’, because
(14 k)etrofr 4 (1 — k)e b = ¢ (I11.44)

or

e~ tkoBL + etkoBL i
e~tkoBL — eikoBL — tan(2kofBL)

k= (IT1.45)

contradicts with Re(k) > 0. The solutions of Eq. (II1.25) and Eq. (II1.43) are divergent at ko = 1 (straight) and
k3 =(1+ ]0%)2 (circular), respectively. Physically, the divergence could be avoided by finite dissipation time Tj. A
more detailed discussion on the divergence is given in Sec. VI.

The radius (r) dependence of 6(¢,t) leads to the non-reciprocity of the hydrodynamic spin transport. We show
the non-reciprocity in Figs. 1(b,c) in the main text. The non-reciprocity is essentially from 6;(¢,t), as the spatial
wavelength of 01 (¢, t) depends on the radius r; it also comes from 65(¢,t) as 02(¢, t) is different for two opposite currents
to satisfy the boundary conditions. From the figures, we can see that (¢, t) is periodic along ¢ because 6, (¢,t) and
02(¢,t) share the same temporal frequency; the structure of (¢, t) along ¢ is more complicated because 60;(¢,t) and
02(¢,t) give two different spatial wavenumbers. To show the spatial structure of 6(¢,¢) more clearly, we plot them in
a larger range of ¢ (see Fig. 2 in this Supplemental Material), although physically ¢ should not be greater than L, and
L should not be greater than 27r.
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FIG. 2. Contour plots of 6(¢,t) in a larger spatial range of £ with the same parameters in Figs. 1(b,c) in the main text. Fig. (a)
and Fig. (b) above correspond to Fig. 1(b) and Fig. 1(c) in the main text, respectively.

IV. POSSIBILITY OF DISSIPATION

In this section, we study the stability of the superfluid state with a finite supercurrent in the U(1) spacetime theory.
The Lagrangian Eq. (6) in the main text leads to a classical equation of motion, Eq. (I1.5). A solution of the EOM
was obtained under boundary conditions of a finite current (Sec. III). The solution characterizes the supercurrent
state. To study the stability of the supercurrent state, we compare a classical energy of the solution 6(z,y,t) with
an energy of other solutions of the EOM with different BCs, say 0(x,y,t) + 00(x,y,t). Here, we consider that 46 is
a deformation induced by spatially local perturbations. Thus, the spacetime derivatives of d6(z,y,t) do not contain
any uniform component in spacetime. The classical energy is evaluated by a Hamiltonian that corresponds to the
Lagrangian Eq. (I1.1),

Hf) = / d%{%(ate)z + %(@9)2 [1— acos(20)] + %(ayef [1+ acos(20)] — a(0:0)(8,0) sin(20)}. (IV.1)

The solution for the supercurrent state with broken U(1) spacetime symmetry depends on time, e.g. Eq. (18) in the
main text, while the Hamiltonian of 8 and 6+ 66 are conserved, i.e. time-independent. Thus, for clarity of calculation,
we compare the “time averages” of the classical energies over a large period of time T,

AJ:TIEI;O%</OTH[9+69]dt—/OTH[H]dt). (IV.2)

When the classical energy of 6 is lower than 6 + 66 for arbitrary small 66, the supercurrent state of 6(z,t) is stable
against the local perturbation. If it is not for some §6, the supercurrent state is no longer stable, and it must experience
energy dissipation. Effects of the energy dissipation can be included as finite relaxation time into the classical EOM
(see Sec. V). To demonstrate the validity of our method used in this section, we also apply the same method to a
conventional superfluid moving at a finite velocity and derive its Landau criterion (see Appendix A).

As explained above, §0 is a deformation induced by the local perturbations, and the spacetime derivatives of 66
are considered to be always zero on average. The locality of 66 is crucial in the following argument. For example, a
finite average of the space derivative of §6 changes a uniform current, and such §6 should be excluded from the local
deformation. This is because even for the conventional superfluid, the classical energy with a smaller velocity of the
supercurrent will always decrease. In the derivation of the Landau criterion in Appendix A, only single excitations
with (k,w) are considered; perturbation that lowers the average velocity is excluded implicitly.

In this section, we apply the stability analysis to the total-angular-momentum superfluid in the spin-injection model.
We consider a general value of the junction parameter ko, except for kg = 1 (straight geometry), k2 = (1 + JOLT)2
(circular geometry) and ko = 0, while leaving discussions about some of these points for Sec. VI. In the following, let
us study the straight geometry case.

In the one-dimensional spin injection model, § depends only on x and t; 6(z,t) and 6(z,t) + 00(x,t). The energy
difference between 6 and 6 + §6 will be evaluated order by order in powers of the SOC («). To this end, we expand 6
and 66 in powers of «,

0 = 0o(x,t) + 01 (x,t) + O(a?), (IvV.3)

50(z,t) = 80o(z,t) + 661 (x,t) + O(a?), (IV.4)
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where
01(z,t) = 01(z,t) + O2(x, 1), (IV.5)

661 (z,t) = O(a). 66o(x,t), Oo(z,t), and O2(x,t) are solutions of Eq. (IIL.5). Since the spacetime derivatives of 60(z,t)
is not uniform, 66y (z,t), as well as 5(z, t), is given by linear superpositions of €=t and e*(*+%) over ¢, e.g.

1 . )
800 (x,t) = Nis D [0dge™ " 4 §d et (IV.6)
q

with the system length L. In Appendix B, we give a perturbation theory in the SOC («) that determines the higher
order corrections (e.g. d61) for a given 66y in the form of Eq. (IV.6).

Given the a-expansions of 6 and 6 + §6, we now evaluate their energy difference order by order in the power of a.
We expand AJ in Eq. (IV.2),

AT =6J + %5‘%] + 0O((60)2). (IV.7)

Here §J and 02J are at the first and second order in &6, respectively. The first-order variation is (Eq. (22) in the
main text)

1 T
57 =7 /O dt / dz{(0,0)(9450) + (2,0)(0x30)[1 — acos(26)] + a(D,0)sin(20)(560)}

1

T
-7 /0 dt / dz[(D:00)(D:860) + (9:01)(D:000) + (9400)(9;661)

+ (0200)(0:000) + (0,61)(02660) + (9:60)(0661)
— a(0200)(0,600)cos(20p) + a(d,00)*sin(200)(660)] + O(a?)

T
:%/0 dt/dw{(@ﬂi)(@t(wo) + (0:07)(0,600) + a[(9%65) cos(20) — (000)? sin(200)]600} + O(a?)

1 T
:T/ dt/dx[(ate’l)(ataao) + (0207)(8,600) + (=020, + 0261)660] + O(a?)
0

9 T
-2 / it / d(9,02)(D2080) + O(a?), (IV.8)
0
where we neglect boundary contributions in the right-hand side, e.g.

1 [T kojo [T
7/ (0:60)(9,061) = “2° [ (8,86:) = O(TY),
T Jo T Jo
/dz(@mﬂo)(ﬁxwl) = —jo/dx(aréﬁl) =0(1) < O(L). (IV.9)

From the 3rd line to the 4th line, we use Eq. (ITII.11). From the 4th line to the last line, we neglect terms that contain
61 and 06y, because for kg # 1, 61 and §6y have different velocities (ratios between the frequency and wavenumber),
and their product must vanish under the spacetime integral. The second-order variation is

%52J = / dtdx{%(atéﬁ)Z + %(83559)2[1 — acos(20)] — a(50)?[(9.0)%cos(26) + (920)sin(26)]}
_ / dtdw{%(@téé)g + %(awaef — 2 (0256)2cos(200)
— a(590)2[(8x00)2cos(200) + (859())8111(200)]} + (9(042)
1 2 1 2
- / At {5 (D460)” + 5 (0.0)
- %(690690)2605(290) — a(6600)2(9u0)%c0s(200)} + O(a?). (IV.10)

Note that 16%J > 0 at O(a). This is because the leading order term (O(1)-term) is positive semi-definite, and
negative contributions come from O(«) terms. Besides, under the spacetime integral, the O(«) terms can be nonzero
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only if 66y in Eq. (IV.6) comprises of (more than) two Fourier components, ¢qi, g2, - -+, and an oscillation function
from (§600)? and that from cos(26y) = cos(2jokot — 2jox) cancel each other, e.g.

a1 — q2 = £joko, @1 +q2 = £jo. (IV.11)

In the presence of such components in 6y, however, the leading order term is positive definite.

00y, as well as s, is a solution of Eq. (IT1.5); both are given by linear superpositions of e'1(t+2) and e'1t=2) gyer q.
Thus, for given 05 # 0, one can always choose 66y such that the spacetime integral of (9,.02)(9,06) remains non-zero
and negative, 6J < 0. This suggests that the superflow state is stable only when 65(x,t) = 0, while it is not stable
when 62(x,t) # 0.

The same conclusion holds true in the spin-injection model with the circular geometry. In the one-dimensional
spin-injection model with finite curvature, the Hamiltonian is given by

"= / df{;(&e)Q + %(@9)2[1 + acos(20 — i@]}, (IV.12)

where 0 and 6 4 §6 depend only on ¢ and t. Their energy difference AJ can be expanded in the powers of small local
deformation d6. The first- and second-order variations of the energy in §6 are

57 = % /0 " / cw{(ate)(at(se) + (946)(9,50)[1 + awcos(26 — %g)} — a(040)sin(20 — ie)(ae)}, (IV.13)

T
S0 :%/0 dt/dé{;(8t69)2 + 5 (@u0)?
+ (0450)%cos(20 — %z) + a(30)°{[(000) — %(8@9)]005(29 - %z) + (920)sin(20 — 3@}}, (IV.14)

respectively. Egs. (IV.13,IV.14) have a similar structure as Egs. (IV.8,IV.10), respectively. For k # (1 + JO%)Q
(resonance point), one can use the a-expansion of § and 66, and the expressions support the same conclusion in the
circular geometry case; 0J < 0 for some 66y and %52J > 0.

In summary, contrary to the conventional superfluid with #; = 63 = 0, the supercurrent state with the broken
U(1) spacetime symmetry is classically unstable toward other states, and it must experience the energy dissipation
by local perturbation. Physically speaking, the difference in the stabilities between these two types of superfluids
comes from the fact that the spin-injection boundary condition does not break the U(1) symmetry of the conventional
superfluid, but it breaks the U(1) spacetime symmetry of the total-angular-momentum superfluid; under the U(1)
spacetime rotation, the whole junction should also be rotated. Effects of the energy dissipation can be included as
finite relaxation time 7~!, while the motion of § with vanishing or small T} ! can be realized only in a superclean
limit.

A conventional superfluid described by a non-relativistic complex field has a critical velocity given by the Landau
criterion. Below the critical velocity, a supercurrent is stable. The Landau criterion should be derived from a theory
of the complex field instead of an effective theory of a Goldstone mode. This is because when the velocity approaches
the critical value, a low-energy condition is already violated. Our analyses only study the stability in the low-energy
limit where a non-relativistic complex field and a relativistic complex field both lead to a Goldstone mode with linear
dispersion.

V. EFFECTS OF DISSIPATION IN THE CLASSICAL EOM

Note first that the classical equation, Eq. (I1.5), as well as its 1D descendants, Egs. (II1.1,I11.34), are all invariant
under the time-reversal operation; t — —t, and 8 — 6 + w. In the previous section, we demonstrate that the classical
energy of the spin supercurrent state is higher than other states due to the finite . This suggests that the supercurrent
state decays into other states with lower energy. Such an energy-non-conserving decay process generally breaks the
time-reversal symmetry of the classical equation. To study the effect of the decay process into the spin hydrodynamics
predicted in Sec. III, we include the simplest time-reversal-breaking term, 9,6, into the classical equation;

970 — (92)0[1 — acos(26)] — (9;60)[1 + o cos(20)] + 2a (9,0, 0) sin(26)
— a[(0,0)? — (8,0)?] sin(20) + 2a(0,.0)(9,0) cos(20) = fTiate. (V.1)
1
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From the symmetry point of view, one could also add other time-reversal breaking terms that respect the U(1)
spacetime symmetry but breaks the time-reversal symmetry, e.g.
1

s = ——0,0 — i&ﬁ x (020 + 02%0) — i(‘)t@ x {(8260 — 920) cos(20) + 20,0,0 sin(20) } + - - - (V.2)
T P vy v

Nonetheless, the first term on the right-hand side always dominates the others in the hydrodynamic regime, since the
physical variable 8 changes much more slowly than any microscopic length scales in the hydrodynamic regime, and in
this sense, the other terms in Eq. (V.2) are higher-order spatial gradient terms than the first term in Eq. (V.2). In
this section, we will solve Eq. (V.1) or its 1D descendant in the spin-injection model with the straight geometry,

1
0260 — (0%0)[1 — ccos(26)] — «(0,0)* sin(26) = —?8,59. (V.3)
1
Oo(x,t) with the dissipation term was previously solved by Ref. [11, 13]. Tt satisfies
1
0200 + — 0,00 = 020,. (V.4)
T
The general solution (up to a constant Fy) of Eq. (V.4) is

A 2 ict—iKeT ! _ict+ikex
Oo(z,t) = At + ﬁx + Bz + eﬂg:#o[Fce + Fle 1, (V.5)

c
Ke=4/c? + zi. (V.6)

The boundary conditions Egs. (II1.2,I11.3) are satisfied by

where A, B, F,., F! are constants and

B=—jo A=—k(AL+B), F.=F =0 V.7)
1
which leads to
koL _
A= (1+;—)‘1k030. (V.8)
1

This gives the zeroth order solution of the EOM with the BCs,

T1kojo kox

0 )= —20 ¢ Gl — ——— 2 = kojot — joh .
o(z,t) Ty + koL Jol 2(T1+k:0L)]x 0J0 Joh(z)z, (V.9)
. T1+kQ(L—1') . T1kojo
s Ly=——+7+-+—-*~ L)=—"— . 1
Ja(0 <z < L) T+ koL Jjo+O(a), s(0<z<L) T1+koL+O(a) (V.10)

In the conventional spin superfluid with Tfl # 0, the spin density and the spin current are static. Different from the
dissipationless case (T~ = 0), the spin current decreases linearly in the one-dimensional coordinate z, while the spin
density is uniform in x.

Due to nonlinear z-dependence of 0y(x,t), the perturbative analyses in the SOC (a) becomes harder. To obtain
the solution of the EOM analytically, we consider a limit that a phase accumulation v is small when the spatial
dependence of the current is small,

dh(x)
dx

_ kojoL?
~ 2(Ty + ko)

v=[- LjoL < 1 (V.11)

The small v limit can be achieved by a small dissipation term or a short propagation distance. The zeroth order
solution in the small v and « limit is

5o koL ) 7o .
B0 () = kojo(1 = =)t = Joh(2)z = ojot = jow + O(). (V.12)



We will solve (z,t) up to the first order in « or in 7, namely O(«,~y). Thereby, we keep the zeroth order of 6y(z,t)

when solving 61 (x,t) and 6a(z,t). Eq. (IIL.11) is slightly modified and becomes

1 - 2 o
8?91 + ?6,591 — 3391 = ajgsin(2k0j0t — 2jox) = %emk‘““t#”” + c.c..
1

i
Eq. (V.13) has a special solution,
o -2621'120]'0:&721‘3‘0:,:
01(z,t) =— ~]20.2 T oo tcec
2i(—4kgjg — 7 kojo + 475)

=agoe?okot=2) 4 ¢ ¢

ajoTh 62il~coj0t72ijoz

= — +
8ijoT1 (k3 — 1) + 4k

where

- JoTh
8ijoTy (k2 — 1) + 4ko
Eq. (II1.16) holds true, while Eqs. (I11.17,I11.18) are modified,

go =

1 2 ikoj T i T e—2ijox

S :7]{}0‘7‘0 + akojoe%kojot[2i96721k030;p - — ]0~216 _ ]
’ 4joTy (kG — 1) — 2iko
+ 2ial;70jog/62i’50j0(t+z) + (9(042, 727 ay) + cc.,

. . . 9k .z o s jOTle_Qijﬂx e~ 2ijox
S =—jo + ajoe?Foiot[2ifge2Rodor . _
e mglo o kg T ok 2
- Qialgojog/62i%°j°(t+””) + o(a,v,vjoL) + c.c.

1 Fei oo T 0Ty (2k2 — 1) — ikg)e™2idox
:730 “Fajoe2lk0]ot{27;k0g8_22k0]01 _ [-]O 1( 0 = ) ¢ 0]e~

2 4]0T1 (kO — 1) — 22](3()
- 2ia/%ojog’621%°j°(t+x) +0(a?, 4%, ay) + c.c..

The boundary conditions Egs. (ITI.2,IT1.3) leads to the following secular equation (cf. Eq. (II1.25)),

< (- kgt (1 s > (5’ >

_ 1 ] ( JoTy (2k3 — 1) — ikg | )
SikojoTy (k2 — 1) + 4k2 \ (oT1 — joT1(2k§ — 1k + ikok)e™"Fr
The solution of Eq. (V.18) is

o LioTi (22 — 1) — iko)(1 + k)e 0P 4 [joTy — joT1(2k2 — 1)k + ikokle L
[(1 4 k)eikoBr 4 (1 — k)e~ikoBL][8ikojoTy (k2 — 1) 4 4k2] ’

/

g = [j()Tl — jOTl (2];3 — ].)k + iifok]eiiﬂl‘ — []()Tl(Zzig — 1) — Z];()](]. — k)eiiico'gl/

[(1 + k)ethoBr + (1 — k)e~ikoBr](8ikgjoT1 (k3 — 1) + 4k3]
Similar to Eq. (II1.28), the solution of 8(z,t) is

> ‘ kox
0(x,t) =kojot — jo[l — ——08

+ 2aRe(go)cos|2j0(kot — )] — 2aTm(go )sin[2jo (kot — )]
+ 2aRe(g)cos[2kojo(t — x)] 4+ 2aRe(g")cos[2kojo(t + )]

lx

— 2alm(g)sin[2kojo(t — )] + 2alm(g’)sin[2kojo(t + )] + O(a?, 42, o),

C.C.
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(V.13)

(V.14)

(V.15)

(V.16)

(V.17)

(V.18)

(V.19)

(V.20)

(V.21)
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where go, g,¢" are given by Eqs. (V.15,V.19,V.20). ko, k, and ko are given by Egs. (I11.21,111.22,V.9). Compared
to Egs. (I11.25,111.43), Eqs. (V.19,V.20,V.21) have no divergence due to finite 73. The situation is analogous to
periodically driven harmonic oscillators, where the dissipation removes divergence due to resonance [43]. Note also
that the solution Eq. (V.21) has a periodicity in time, 7(kojo) %, and two characteristc wavelengths, 2o, and 2kqjo.
A solution at higher order in 7 has all spatial Fourier components, while it is still periodic in time with the same
periodicity.

VI. SPECIAL PARAMETER POINTS IN THE SPIN-INJECTION MODEL

In this section, we study some special parameter points in the spin-injection model without the spin relaxation
term, where solutions in Sec. III do not apply directly and need careful investigations.

A. ko =1 (straight geometry) and kj = (1 + jo%)g (circular geometry)

Consider ko = 1 in the straight geometry and k3 = (1+ jo%)Q in the circular geometry. Naive substitutions of kg = 1
into Egs. (ITIL.13,I11.25) and of k3 = (1 + ]0%)2 into Egs. (I11.38,I11.43) lead to divergences in 6; and 65, respectively.
It seems that the divergences in 6 and 65 cancel each other. For example, Eqs. (I11.30,II1.31) at ko = 1 become

[(1+k)ePr — (1 — k)e L] 4 2(1 — k)ePr 1

Mlko=1 = AR = D[(1+k)ePr + (1—k)e #r]  4k2—1)’ (VL)

O o=t =ilt =) = g2t =] = g —pycos(it)sin(2ioz)
+ ﬁsin@jot)cos@jox) + 0(0[2)
=jo(t —2) +O(a’), (V1.2)

where the final result of 6(z,t) is apparently finite. However, Eq. (VI.2) is not a solution to the equation of motion
Eq. (ITL.1). In fact, with light-cone coordinates

E=t—xz, (=t+uz, (VL3)
Eq. (II1.11) at kg = 1 becomes
[(9¢ + 8¢)? — (9 — 0¢)*10r = 40¢0c01 = avjgisin(2jof). (V14)

Eq. (VI.4) has a special solution which is not consistent to Eq. (V1.2),

0, = —a—ccos(Qjog) = —Mcos[%o(t —z)]. (VL5)
16 16

Note that |0;| in Eq. (VL5) is not bounded for large ¢ = ¢ + . This indicates that the perturbation with respect to «
becomes invalid at kg = 1, leading to the discrepancy. The divergences at kg = 1 can be regarded as the resonance of
the inhomogeneous linearized differential equation [43], and one can expect that the SOC has non-perturbative effects
around ko = 1.

To understand the origin of the non-perturbative effect of «, let us consider a set of solutions of Eq. (III.1) that
depends on z and t only through = — vt. For the later comparison to a special solution developed in Sec. III,
0o + 01 + O(a?), let v to be ko,

1
0e,t) = 0z — kot), 0= 0.0 =—7-0,0. (VL6)

Here, the prime denotes an z-derivative. Eq. (IT1.1) effectively becomes an ordinary differential equation,

k2 —1)0" = —ab"cos(20) + af'%sin(20). V1.7
0
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To solve this equation, use its analogy to one-dimensional classical mechanics, where the phase 6(x) as a function of
x corresponds to a one-dimensional coordinate as a function of time. The classical mechanics for the one-dimensional
coordinate has a Lagrangian whose variation gives Eq. (VI.7) as a classical EOM,

1
Lip = 5(k§ — 1)9” 4 50cos(20). (VL8)

The classical mechanics has a canonical momentum conjugate to the coordinate,

L
= 5891}3 = (k2 = 1)0' + af'cos(26), (VL9)
as well as a conserved Hamiltonian,
1
Hip =6 = Lip = S(k} — )9 + %9’%05(29). (VL.10)

Utilizing the z-independence (“time”-independence) of Hip, we can solve the EOM from Eq. (VI.10),

a9 _ i\/ 2o (VL11)

dx k3 — 1+ acos(20)

Its formal solution is given by

0@ [z _
+(z — @) = / \/ Ko 1220“708(29) do. (VL12)
6(x0) 1D

With Eq. (VI.6), we get a set of (141)-dimensional solutions,

oty g2 1 20
4z — kot — Co) = / \/ 0 ;IQCOS( ) a0, (VL13)
0(:130,150) 1D

where C() =Ty — koto.
Eq. (VI.13) is inclusive of those perturbative solutions in Sec. III that depend on x and t only through x — kot, i.e.
0o + 01 given by Egs. (IIL.8,I11.13). Namely, when o < |k3 — 1|, we can apply an expansion in «,

0(x.t) k3 —1 e a
2Hp & 20k — 1)

+(x — kot — Cp) = /9 cos(20)]d0 + O(a?). (V1.14)

(zo,t0)

From this, we obtain

2Hp
k2 —1

O(z,t) ==+ (x — kot — Cf) — 1 sin(26) + O(a?)

(kg —1)

—f, — ﬁsin@@o) +0(a?), (VL15)

| 2H
bo =%/ “31 (z — kot — C), (VI.16)
7

k2 —1
2Hip

where

Cl=CoF {B(xo.to) + 1 sin[260/(zo, to)]}- (VL.17)

(k§ —1)

Note that due to the absence of 02(x,t) in its a-expansion, Eq. (VI.15) does not satisfy the boundary conditions in
the spin-injection model in general.
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Nonetheless, Eq. (VI.13) is still useful to see that the expansion in « is invalid when |k3 — 1| < O(«a). Take ko = 1
in Eq. (VI.13) as an example. Thereby, the sign of cos(26) is conserved from Eq. (VI.10). Then, the integral of
Eq. (VI.13) gives

(Z‘ — k‘ot — Co) = E(G(x,t), 2) — E(G(J?o,to), 2), (VIlS)

where E(6,m) is the second-kind elliptic integral. This special solution can be made independent from « because «
can be absorbed into another parameter Hip. The a-independence as well as the conserved sign of cos(26) are not
consistent with 0g(z,t) + 61 (x,t) in Egs. (II1.8,IT1.13). This suggests that the expansion in « is invalid, particularly
at ko =1.

B. ko =0 (straight geometry)

Another special parameter point is kg = 0. kg = 0 is a limit where y in Eq. (II1.21) is much smaller than x’,/ ?1,

and G, and k. goes to zero for any c;

1
+X 50 (VL19)

=X -
T Ds(%{+ic) B

We first consider ko = 0 in the straight geometry (r~! = 0). 6y at ko = 0 has no time dependence in Eq. (II1.8), so
that the phase Fy in Eq. (IIL.8) cannot be absorbed into the time. Meanwhile, s(z = L—) = 0 because k. = 0 for any
¢, and s(z) = 9:0 = 0 can be always satisfied by a time-independent 6. Thus, we have only to make Eqs. (II1.8,IT1.10)
with an additional Fy to satisfy the other boundary condition, j3(z = 0+) = jo. Firstly, let us choose 6y = —joz + Fy
that satisfies the boundary condition. The substitution into Eq. (III.11) gives ¢y = § sin(—2jox + Fp). To satisfy the
boundary condition up to the 1st order in « (see also Eq. (I111.4)),

Joo

Jo(x=0+) =jo — 7cos(2FO) — 0,05 + O(a?) = jo, (V1.20)
we have
Os(x) = —%cos@Fo)x. (VI.21)
Here, |02(x)| for large x is not bounded, where the perturbation in o breaks down. An alternative way to get a
consistent perturbative solution is to require f2(x) = 0 and take 0y(z) = —jox + Fo where jo # jo. Then we have
.5 ~ 3004 2 .
Jalx =04) =jo — TCOS(ZF()) — 0502 + O(a®) = jo. (VI.22)

From this, we get

Jo = joll — %005(2170)]_1 = jo[l + %COS(QFO)] +0(a?). (V1.23)

At O(w), this solution is equivalent to absorbing 03(x) in Eq. (VI.21) into y(z). Note also that from Eq. (IV.8),
02(x) = 0 implies that the steady (but not uniform) current without spin accumulation has no energy dissipation.
However, a higher-order calculation in a suggests that §J can be non-zero and negative. This is because §6; and 6,
can share identical Fourier components (see Eq. (B.35) in Appendix B).

C. ko =0 (circular geometry)

Let us next consider the circular geometry with kg = 0. In a similar way as in the previous section, take 65(¢) = 0
and 0y(¢) = —jol + Fy with jo # jo. Then, similar to Eq. (20) in the main text, we obtain

s 2 )
—0760, = —ajo(jo + ;)sin(—2j0€ ——l+ 2[p). (V1.24)
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When jo # —%, Eq. (VI.24) leads to

ajoo+2) . - 2
01(0) = ————TLsin(25f + — 4 — 2F}). VI.25
1(4) 4Gjo + %)2 (2Jo , 0) ( )

Note that when jo = —%, 61(¢) =0, and 0(¢) = 274 + Fy (Fy € R) becomes an “exact” solution of Eq. (IT1.34). The
solution is not exact in the presence of higher-order derivatives in the model Eq. (6) in the main text.
From Eq. (VI.25) and 6; = 0, the boundary condition at ¢ = 0+ reads

y 3 i (G + 2
2= 04) = jo =jo + ajocos(2Fy) — Mcos(gpo) +0(a?)
2(jo + 5)
=jo + L%COS(QF()) + O0(a?) (VI.26)
2(jo + 1)

So we have

Jo = Jjo — aingOS(QFO) +0(a?) (VI1.27)
2(jo + 1)

As in the previous case, the steady current without spin accumulation has an energy dissipation.

1. ko=0,j= —1 (circular geometry)
When jo = —1, Eq. (VL1.24) leads to
2oL L2 2
01 =~ ajolo + -)sin(2Fp) = Q—Tf;sin(QFo). (VI1.28)

When Fy # &, the perturbation of a becomes invalid for larger ¢, where |0 (¢)| is not bounded. When Fy = &',
01(¢) = 0, and the boundary condition requires

o= Joll+ (-1 = —1[1 + a(-1)"] (V1.29)

This solution (6(¢,t) = £ + &) can exist only at kg = 0, while it is not continuously connected to a solution at finite
small ko (see below).

2. ko —0, jo=—21+0(a) (circular geometry)

To see that the solution Eq. (VI.29) is not continuously connected to a perturbative solution at finite small kg, let
us keep a finite ko and choose jo = —1 + O(a) in Sec. I1I; 6o (¢) = L(kot — £) + O(a). In the perturbation theory, we
should neglect O(a?) contributions to 6, so 6; is not affected by the O(a) component in jo. Then Eq. (20) in the
main text becomes

« 2k‘o

2 20 -
070, — 0,01 = — sin(— " t), (VI.30)
which leads to a solution,
[ 2]€0
= ———5sin(—1). 1.31
0, e sin( . t) (VL.31)

When ky — 0, the solution has the divergence. Physically speaking, when ky — 0, Fy changes slowly with respect to
time, so we cannot fix the phase Fy in Eq. (VI.28).
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A. APPENDIX: DERIVATION OF THE LANDAU CRITERION

In this section, we use the same framework as in Sec. IV and derive the Landau criterion. A similar argument
can be found in Ref. [13], while the derivation here is more formal than Ref. [13]. We begin with a one-dimensional
superfluid model,

5 ) h? U
Lo = ih! 006 — 5 (0.01)(0:0) — 5 (66 + 610, (A1)
with its classical equation of motion,
h2
ihdip = (—%85 +U o — 1)o. (A.2)

Thanks to the Galilean covariance of the Lagrangian Eq. (A.1), our discussion will be easier than Sec. IV, and we do
not need to expand the variation of the motion as in Sec. IV. Namely, using the Galilean covariance, we can directly
obtain two motions that are close to each other, and compare their energies from the corresponding Hamiltonian,

Hol6) = [ dolge (0.9)@20) + 36107 — 6. (a3
Consider a steady flow ¢o(z, t),
bo(x, ) = \/pjexp[;(mvx - mft)} (A.4)
Let us assume that the following motion ¢(z, t), as well as ¢o(z, ¢), satisfies the EOM, Eq. (A.2),
b(z,t) = & (' ') exp [;(mvx - m;Qt)} — §(z — vt,t) exp [;(mvx - ”Z’Zt)} , (A.5)

with ' = z — ot and ¢/ = t. Here |¢'(2/,t") — /po| < /po and ¢(z,t) is close to ¢o(x,t). Using a Galilean
transformation,

¥ =x—vt, t'=t, (A.6)
(% = 893/, 815 = 815/ — ’an, (A7)
we can see that ¢'(z/,t') must satisfy a similar equation as Eq. (A.2),
_ 1 1, /
(ihdy + 5me?)¢! (2! 1) = [~ (=ihy +mv)® + U’ — ¢ (2!, 1), (A.8)
n
ihop ¢ (', t') = (-5 -0+ Up'te' — p)o' (', t). (A.9)
Now we compare the energies of ¢(z,t) and ¢o(x,t). The energy of ¢g(x,t) is,
3 n? i U sty T L 2
Hg|o] = dz[%(am%)(@zébo) + 5(%@50) — pddo] = Eo + 5V Qo, (A.10)
where
U, K
Ey = dl’(ipo - NPO) = *5 dCCpo, Qo = dl’po. (All)

The energy of ¢(x,t) is,
h? U
1ol = [ daly(0.0)(@:0) + (610 ~ o'
= / da¢'t (x — vt, t)[%(fihﬁx +mv)? + qu/Td)/ — pl¢' (x — vt t)
:/deS’T(x,t)[%(—ihaz +mwv)? + %(ﬁﬁqﬁl — pl¢' (z,t)
’ hz 2 . 1 2 U LGP !
:/dm ‘L(x,t)[f%ﬁac —vh0y + 5 + 5¢ T — uld' (2,1

=[]+ uPold) + 5 Qul), (A12)
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where

/ ded't (2, )(=ihd) ¢ (@, ), Quld / ot/ (@, 1) (2, 1), (A.13)

Thus, the energy difference between ¢(z,t) and ¢o(z,t) is

AEy|¢, do] = Hylo] — Hyldo] = (Hy[¢] — Eo) + vPs[¢'] + %mvz(%W] — Qo). (A.14)

For ¢ that satisfies the equation of motion Eq. (A.9), energy Hy[¢'], momentum Py[¢’], and U(1) charge Qg4[¢’] must
be all conserved. This is because from Eq. (A.9), ¢/(z,t) is a solution of Eq. (A.2).

The average velocity of ¢(x,t) is not small, while ¢'(x,t) can be assumed at the near-equilibrium limit [40]. In this
limit, the EOM of ¢/ = \/po + 0p’¢®" can be described by a wave equation of 6o’ and ¢,

POU

020 (x,t) — =—0920(x,t) = 0, (A.15)

h
5p (z,t) = —E&ﬁ’(x,t). (A.16)
Thereby, 6'(z,t) is given by a superposition of oscillations,

U
0 (x,1) = \FZ elalemvet) 4 frofilatved) gy, = [P0 (A.17)

m

In the near-equilibirum limit of ¢’, we evaluate the energy difference in the leading order in small f, and f,

2
~Bo= [anl 0+ G607 = [l 0,002 4 2oy
2
L (AT} (A18)
q
Poldf) = [ dotin 0,6 / 4(00)@:0) = 2SR5 P (A19)
q
Qulo) ~ Qo = [ oty =0, (A.20)

Taking Egs. (A.18-A.20) into Eq. (A.14), we have

2
BB, =S 1+ DR+ (1= DI (A21)

q

To make AEy > 0 for any (small) f, and f;, we obtain the Landau criterion,

poU

<w = , A.22
ol < ve = /22 (A.22)

B. APPENDIX: LOCAL DEFORMATIONS OF A CLASSICAL SOLUTION OF THE EOM

The superfluid state with a finite supercurrent is characterized by the solution 6(z,t) of the classical EOM in the
one-dimensional spin-injection model (e.g. with the straight geometry). In Sec. IV, we introduced its local deformation
O(z,t) + 06(zx,t) as another solution of the EOM with different boundary conditions. We regarded that 66(z,t), as
well as 6(x,t), can be determined perturbatively in the SOC («). At the zeroth order in SOC, 6 + 66, as well as 0, is
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a solution of 926 — 920 = 0, and so is §0. Since §0(x,t) is a local deformation and its spacetime derivatives should
not contain any uniform components in space, the zeroth order of 66(z,t) must be given by Eq. (IV.6);

800 (x,t) = IZ [6d,e" =1 + 6] e'a(= 1] (B.1)

In this appendix, for a given form of Eq. (IV.6) as the zeroth order, we will show how to determine the first order of

00(z,t);
60(z,t) = 660 (x,t) + 60y (x,t) + O(a?). (B.2)

We first give a general framework to determine §6. 6 + 6, as well as 6, is a local minimum of the action,
S = [d*L = [dtd*rL, and 6 is infinitesimally small. Thus, we take a §6-variation of S;

S10] = Sza[0] + Syyl0] + Szyl0] + %/d3r(8t0)2, (B.3)

Sz = —% /d3r(8x9)2[1 —accos(20)], Sy, = %/d?’r(ByH)Q[l + acos(20)], Sgy = (0,0)(0,0) sin(26). (B.4)

The first-order variation just gives the equation of motion Eq. (I1.5),

55 = 65,0 + 65,y + 65ay — / dPr(56)(220), (B.5)

58y, = / dr(50){(926)[1 — acos(20)] + a(0,6)’sin(26)}, (B.6)
5S,, = / 01 (50){(926)[1 + acos(20)] — a(,)*sin(20) ), (B.7)
5S,, = —2a / 0 r(50)[(0.0,0)sin(26) + (9,0)(D,6)cos(20))- (B.8)

S vanishes since 6 is an extremum or a saddle point of S. The second-order variation 425 determines small defor-
mation 66 in such a way that 6 + §6 is an extremum or a saddle point of S. S, gives

628y = / 7(60){(9260)[1 — acos(26)] + 2c(026)sin(26)(560)}
+ 20(0,0)(8,,60)sin(20) + 20(D,.0)>cos(26)(56) }
/ r[(8260)% + acos(20)(50)92(66) — 2asin(20)(520)(66)>
— 20(0,0)(60)(8,,60)sin(260) — 2a(9,.0)>cos(260)(60)?], (B.9)
where
/ P racos(20)(50)02(50) = — / Prad,[cos(20)(50)](9,50)
= / dPr[2asin(20)(9,0)(50)(8,60) — acos(20)(0,00)2). (B.10)

Taking Eq. (B.10) into Eq. (B.9), we get

628y = —/d3r{(89650)2[1 — acos(20)] — 2a(66)?[cos(26)(9,0)* + sin(260)(026)]}. (B.11)
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Similarly, we get from Sy,

628, = — / d*r{(0,00)*[1 + acos(20)] + 2c(30)°[cos(26) (9, 0)* + sin(26)(020)]}. (B.12)
Sey gives
628, = — 2a / d*r(66)[(9,,0,00)sin(20) + 2(56)cos(260)(9,.0,0)
+ (8:60)(9,0)cos(20) + (8,060)(0,0)cos(20) — 2(50)sin(260)(9..6)(8,0)], (B.13)
where

a / 1 (56)(0,9,56)sin(20) —a / dr(9,50)[(0,50)sin(20) + 2(50)cos(20)(9,0)]

—a / r(9,58)[(9,50)sin(26) + 2(50)cos(20)(,0)]. (B.14)

Taking Eq. (B.14) into Eq. (B.13), we get from S,
628,y = 2a/d3r{(8$69)(8y59)sin(29) + 2(80)?[sin(20)(0.0)(0,0) — cos(260)(0,0,0)]}. (B.15)

Besides, we have
—(5/d3 (60)(026) /d r(00:0)°. (B.16)
Combining Egs. (B.11,B.12,B.15,B.16) together, we obtain the second-order variation of S with respect to small §6,
Ssp = %525 :/d?’r{%(atéG)Q - %(3159)2[1 — acos(26)]

%(@,50)2[1 + acos(20)] + a(0,06)(9,06)sin(20)

+ a(00)2{2sin(26)(9,.0)(9,0) + cos(260)[(0:0)* — (9,0)?]
+ sin(20)(970 — 9;6) — 2cos(20)(0:0,0)} }. (B.17)
Here 6 is a solution of the classical EOM. Given such 6, we have only to find those d6 that makes §S59[060] = 0.
In the following, we focus on the one-dimensional solution (9,6 = 0,06 = 0) for simplicity, and neglect the integral
over y, while the following derivation can be generalized to 0,060 # 0. The action becomes in the one-dimensional

model

K =5s9|0,0=0,50=0

_ /_ T a /L dx{%(atéef - %(@@9)2[1 ~ acos(20)] + a(00)2](9,0)2cos(20) + (920)sin(20)]}. (B.18)

We substitute into K a perturbative solution of 6 in «, e.g. Egs. (II1.28), and expand K in powers of «. This gives
K =Ko+ K, + Kz + 0(a?), (B.19)

where K,, = O(a™). K is a quadratic function of §6. In terms of a Fourier transform of §6,, .,

8040 = \%L /L dx / dt 66(x,t) e~ 19wt (B.20)

the quadratic function can be characterized by matrix elements among wavenumber ¢ and frequency w;

= Z/ /*59T qwiqw [0] 60q - (B.21)
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Let us take a solution é(z,t) for the spin-injection model with the straight geometry as an example. We first take
a part of f(x,t) with only one spatial wavelength from Eqs. (I11.8,I11.13),

O0(x,t) = Oo(z,t) + 01(z,t) + O(a?), (B.22)

00(1, t) = 7]1()50 + jok()t, 91 (ZIZ, t) = SiH(Qjol' — 2]0k0t) (B23)

e
A(kg — 1)

An inclusion of 5(x,t) shall be given later. The zeroth order of K is given by
Ko = 1/dt/ dz [(0,00)? — (0,00)2] = lz/dﬁam (W2 — ¢2)08 (B.24)
079 L ‘ * 2 . 2 Y i ’

A substitution of Eq. (B.23) into O(a)-terms in Eq. (B.18) gives K; and Ko,
%(8159)%%(290 +20) + a(50)%(9,00 + 0y01)2cos(20 + 201)
+a(60)*(9200 + 0701 )sin(26 + 261)
:%(awae)%os(wo) + a(56)2(9,00)cos(
— o(9,60)?sin(200)0; — 20(360)%(0,00) (901 )cos(260)
— 20(660)%(9.00)2sin(200)0; — (660)2(920;)sin(26p) + O(a®)
(8 860)2cos(2jox — 2kojot) + aja (96)cos(2j0x — 2j0kot)

2 2 2,2 2
0 (0:00)° . » (2ot — jokot) — 0 (96)

20,)

cos? (20 — 2jokot)

42— 1) k2 —1

2,2 2 2,2 2
ajgﬂshf@jox — 2jokot) + O‘];ﬂsirﬁ(%m — 2jokot) + O(c®). (B.25)
2(k2 — 1) k2 —1

Equivalently, we have

1
K, =a / dt / dx [5(6z50)2(:os(2j0m—2j0k0t) + jg(ae)%os@joxﬂjokot)]
L
a.q' w,w’ w,w’

a . ‘
=7 Z/ 60;+2j0,w+2j0k059‘11w[q(q +250) + 233} + H.c.

n Z/ 69q+]0 w+Jok069Q*j07w*joko ((]2 + jg>6_2ij0kot +H.c, (B.26)
2 2
/dt/ 8250 [1 — COS(4jO$ — 4‘70]45015)} - ]02(60) COS(4j01’ — 4]0k0t)
8(kZ—1) k2 —1
o6 . .
+ %[1 — COS(4]0£C — 4j0k0t)]}
k2 5 / 30} 600> t T / 808 604,

dw . ‘ o
- W Z / 9 593+2Jo7w+2joko50(1—2j07w—2j0k0 [(qZ - 4]3) + 8]3 + 2.78]6 ijokot 4. H.C-}
q
o? dw o )
:8(1427_1 Z/ o Mgwéeq,w(%o +4q7)

k‘2 _ 1 Z/ q+2_]0 w+2]0k060q 2jo,w—2joko (q + 6]0) + H. C] (B.27)
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Taking Eqgs. (B.24,B.26,B.27) into Eq. (B.20), we obtain the matrix elements,
1 2 a(g® +J3)

5 Katpwrtvig—pow—v = (w® = ¢%)8p00(v) + 5 (09,30 = joko) + dp,—jo 0 (v + joko))
2
o . , . .
TR oD [=2(245 + ¢°)0p,00 () + (¢ + 643) (8,255 (v — 2ioko) + 8y, 25,0 (1 + 2joko))] + O(a?). (B.28)
0

To find §0 that satisfies §S59[00] = 0, we only have to find an eigenmode of K in Eq. (B.21) that belongs to
zero eigenvalue (“eigenenergy”). At the zeroth order in «, eigenmodes of K are characterized by ¢ and w, and the
“zero-energy” eigenmodes are obtained by setting w to be ¢ (on-shell condition). When « is included perturbatively,
eigenmodes at ¢ and w hybridize with eigenmodes at ¢+2jy and w=+2jok as well as eigenmodes at g+4jy and w+4jokg
in terms of off-diagonal mixing terms. Due to the off-diagonal mixing terms, eigenmodes of K are characterized by ¢
and w modulo 2jy and 2jokg respectively, and (g,w) € [—Jjo, Jo] X [—koJo, kojo] plays a role of a first Brillouin zone.
In the Brillouin zone, eigenmodes at the same (¢,w) are distinguished by a band index n,

kojo g,
K= Z Z / 5 &pq,w nAth n0Pqw,n + O(a ) (B.29)

"GN —jo<q<jo 7k0j0
with

59‘1+2j0m1,w+2k0j0m2 = Z Cq7w7n§m1,m2590q,w,n7 (B'?’O)
neN
my € Z, mg € Z. Here, ¢ nim, m, is analogous to the periodic part of a Bloch wavefunction in the band theory.
From Eq. (B.28) Ky g is real symmetric, so that cqu nim,,m, are real. An eigenstate of the lowest energy, say
0¢q wn=0, must approach §6, ., in the limit of & — 0. Such lowest eigenmode (n = 0) is calculated up to the 2nd
order in « as follows,
a[ (q+j02)2+j§ ]
(w + 2j0ko)? — (g + 2j0)? — w? + ¢?

Cq,w,0;mq,mo :57711,057112,0 - 5'm1,16m2,1

(¢— Jo 443
- o ) 50m110ms, 1+ O(0?)
(w = 2joko)® — (g — 2jo)* —w? +¢*> " ’
1+ O(g,w) 1+ O(q,w)
:6777.1,051112,0 — améml 15777’27 - am5m17_15m27_1 + O(O{z) (Bgl)

A corresponding “eigenenergy” is calculated up to the 2nd order,

Apoo =w? — % + o?(245 + ¢°)
qw,0 = iz 1

A(kg — 1)
- a2[(¢1+j02)2+j§]2 - 0[2[(11*]'02)24#'3]2 40w
(w + 2j0k0)? — (¢ +2j0)? —w? +¢*  (w— 2joko)? — (¢ — 2j0)? — w? + ¢2
. S o253 +4%) (243 + 250 + ¢°)?
4(kg — 1) 4[475 (k§ — 1) + 4qjo — dwjoko]
o?(253 — 2qjo + ¢*)?
. . —— +0(a?), B.32
4[478 (k§ — 1) — 4qjo + 4wjoko] (o) ( )
namely
022 2
ofjy 1 9 «
Ay -
a0 =% + =5 Ro1 g
o’ q— wk (¢ — wko)? :
43¢ + 8¢5 + 8¢%52)[1 — 0 o ko)?
2 (12 1)( Jo + 8ajy +8475o)| WR—D T Rmot ((q + wko)®)]

o ) . ) q — wko (q — wko)?
— ————— (445 — 8qjy + 8¢%j)[1 + - .
16720k 1) W0 8o T 8T It Sy e
a2j2 1 a2 Oé2j2
: 2[*41#—1}*21@2—01
(kg —1) (kg — 1)

+ O((q + wko)?)] + O(a®)

+ 0(a®w?, a?¢%, a*wq, o)

- m] + 0(a?w?, %, a’wq, a®). (B.33)
0
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The lowest energy band indicates that d6 evaluated on shell, A, o = 0, behaves like a gapless classical wave. This is
because the original theory, Eq. (6) in the main text, has a spacetime translational symmetry. Thus, for any 6, one
can choose 06 as a translation of 6, and such 66 does not change the Lagrangian. For a general ko (off the resonance
point; kg # 1), a can be treated perturbatively, and the classical wave up to the 2nd order in « has a well-defined
(i.e. real-valued) velocity v,

a2

1 ——
Ak — 1)

=1+ 0(a?) =v*>0. (B.34)

By evaluating the eigenmode on shell (Jw| = |g| + O(a?)|q|), we finally determine the first-order §6; for an arbitrary
form of 66y given by Eq. (B.1),

lal<jo  kojo

1
80, (z,t) = —= / dw|é(q —w)dy + 6(q +w)d.
@0=77 2 [, @l
L4+ 0(@) i(g+270)0—i(wt2ioko)t 14+ O0() i(g—2j0)e—i(w—2joko)t
X [ a4(k8 — 1>e a4<k% — 1)6 . (B.35)

Finally, let us include 65(z,t) into Eq. (B.22),
O(x,t) = Og(x,t) + 01 (z,t) + Oz(x,t) + O(a?), (B.36)
s (z,t) =2aRe(g)cos[2kojo(t — z)] + 2aRe(g")cos[2kojo (t + )]
— 2alm(g)sin[2kojo(t — )] — 2alm(g")sin[2kgjo(t + x)]. (B.37)
Eq. (B.27) has an additional O(a?) contribition,
AKy :/dtdx[—a(@xé(‘))?sin(%o)ﬂg +20(00)? (0200 ) (0 02) cos(260)
— 20(560)2 (9200 )sin(2600) 02 + (50)? (9262)sin(26y)). (B.38)

For kg # 1, AK, contributes only to off-diagonal matrix elements of K ,.q.w, S0 that it changes neither Eq. (B.33)
nor Eq. (B.35) at their respective sub-leading order.




	Superfluidity of Total Angular Momentum
	Abstract
	Acknowledgments
	References
	Supplemental Material for ``Superfluidity of Total Angular Momentum"
	Microscopic models
	Easy-plane ferromagnetic spin model
	GL action for XY ferromagnets with C4 rotation
	GL action for XY ferromagnets with C3 or C6 rotation
	Continuum limit of generic XY ferromagnetic spin models in the 3D hexagonal crystal family
	Hydrodynamics in an intermediate length scale near the quantum critical point

	Spin-triplet exciton model

	Observables and conservation relations
	Solutions for the spin-injection model
	Straight geometry without curvature
	Circular geometry with curvature

	Possibility of dissipation
	 Effects of dissipation in the classical EOM
	Special parameter points in the spin-injection model
	k0=1 (straight geometry) and k20 = (1+1j0 r)2 (circular geometry)
	k0=0 (straight geometry)
	k0=0 (circular geometry)
	k0=0, 0=-1r (circular geometry)
	k0 0, j0=-1r+O() (circular geometry)


	Appendix: Derivation of the Landau criterion
	Appendix: Local deformations of a classical solution of the EOM


