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A key to understanding unconventional superconductivity lies in unraveling the pairing mechanism
of mobile charge carriers in doped antiferromagnets, yielding an effective attraction between charges
even in the presence of strong repulsive Coulomb interactions. Here, we study pairing in a mixed-
dimensional (mixD) t − J model, featuring robust binding energies – despite dominant repulsive
interactions – that are strongly enhanced in the finite doping regime. The single and coupled mixD
ladders we study, corresponding to bilayers of width w ≤ 2, feature a crossover from tightly bound
pairs of holes (closed channel) at small repulsion, to more spatially extended, correlated pairs of
individual holes (open channel) at large repulsion. We derive an effective model for the latter, in
which the attraction is mediated by the closed channel, in analogy to atomic Feshbach resonances.
Using density matrix renormalization group (DMRG) simulations we reveal a dome of large binding
energies at around 30% doping, accompanied by a change of the Fermi surface volume and a crossover
from extended to tightly bound hole pairs. Our work provides a microscopic theory of pairing in the
doped mixD system with dominant repulsion, closely related to bilayer, Ni-based superconductors,
and our predictions can be tested in state-of-the-art quantum simulators.

Introduction.– Among the remaining mysteries of
high-Tc superconductivity [1–3] is the pairing mecha-
nism of charge carriers, leading to the formation of
Cooper pairs [4] in a relatively high temperature regime
and despite repulsive Coulomb interactions between the
charges [5–7]. In contrast to conventional superconduc-
tors, for which BCS theory [8] predicts small pairing gaps
that result in large Cooper pairs – effectively circum-
venting long-range Coulomb repulsion –, high-Tc super-
conductors are characterized by their substantial pair-
ing gap [9] and Cooper pairs are potentially exposed
to extended-range Coulomb interactions. To investigate
pairing mechanisms resilient to such Coulomb interac-
tions, Fermi Hubbard or t − J type models have been
extended to t− J − V models [10] with nearest-neighbor
repulsion V . These models have been shown to sustain
pairing up to large repulsion strengths [11, 12] and have
proven to effectively describe some experimental results
in cuprates, e.g. on plasmon spectra [13–15]. However,
such models are prohibitively difficult to solve in order
to unravel the underlying pairing mechanism, despite im-
pressive numerical advances in the past years [16–19].

Here, we study a pairing mechanism that gives rise to
attractively interacting fermions despite dominant repul-
sion between them, with enhanced pairing in the inter-
mediate doping regime, leading to the dome of binding
energies in Fig. 1. For this purpose, we consider sin-
gle and coupled ladders at high repulsion. Despite their
simplicity, t − J and Fermi-Hubbard ladders have been
shown to feature a variety of correlated phases [20–25],
including superconducting correlations even when sup-
plementing the models with repulsive Coulomb interac-

Figure 1. a) Schematic picture of the mixD ladder, with ex-
change coupling J⊥ between the legs, hopping t∥ only along
the legs and repulsion V between holes on the same rung. b)
The constituents of the effective theory in the large V limit:

chargon-chargon (cc) pairs b̂
(†)
i and spinon-chargon (sc) pairs

f̂
(†)
σµi. c) Binding energies w.r.t. hole doping δ for V/J⊥ = 5,
for ladders (blue) with Lx = 100(200) and bilayers of width
w = 2 (orange) with Lx = 24(32) (dashed (solid) lines).

tions between nearest neighbors [26, 27]. Moreover, so-
called mixed-dimensional (mixD) ladders, featuring hop-
ping only along the legs but magnetic superexchange in
both directions, have been shown to host binding on ex-
tremely high energy scales, even exceeding the superex-
change energy [28–34]. This allows to observe binding
[32, 33] and stripe formation [35, 36] in these models us-
ing ultracold atom experiments [31, 37–40], where exper-
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imentally reachable temperatures are today typically on
the order of the superexchange energy [38]. Furthermore,
recent works proposed that the high-temperature super-
conductor La3Ni2O7 [41, 42] can be modeled by mixD
bilayers, see e.g. Refs. [41, 43–49], and might hence be
closely related to the mixD bilayers of width w = 1, 2
studied in this work.

Here, we utilize the mixD model as a controlled set-
ting to study the rich interplay of magnetic fluctuations,
Coulomb repulsion and arbitrary doping, see Fig. 1,
with interesting emergent structures: When the half-
filled ground state of a ladder with small intra-leg su-
perexchange 0 ≤ J∥ ≪ J⊥ is doped with a single hole,
the latter can be understood as a bound state of two
partons, a chargon and spinon, carrying the respective
quantum numbers and connected by a linear confinement
potential [31, 32], as observed also in 2D [50–57]. Simi-
larly, two holes form a pair of two chargons in the mixD
setting [29, 30, 32–34]. In analogy to mesons in high
energy physics, the constituents (partons) of this pair
are very tightly bound, and hence the chargon-chargon
bound state will also be referred to as meson in the fol-
lowing. In this letter we show that strong interactions
– approximating the Coulomb repulsion of electrons in
solids – favor another pairing scenario which, we argue,
is more closely related to the pairing seen in most real
materials: more extended Cooper-type bound states of
two mesons, i.e. consisting of four constituents (tetra-
partons).

Specifically, we investigate mixD t−J bilayers of width
w = 1, 2, i.e. single and coupled ladders, supplemented
with strong repulsive interactions V between two holes on
a rung (see Fig. 1a) – i.e. an off-site repulsion that may
also be relevant in nickelate superconductors. Combining
DMRG simulations [58, 59], including the calculation of
angle resolved photoemission spetroscopy (ARPES) spec-
tra, and effective descriptions in terms of the emergent
charge carriers we show that the effective attraction be-
tween the holes in the large V regime is induced by cou-
pling processes to the chargon-chargon, meson-like states,
leading to a dome of binding energies in the intermediate
doping regime. To highlight the analogy of this mech-
anism to Feshbach resonances [60], we refer to the high
energy channel of chargon-chargon (cc) states as closed,
mesonic channel and to the low energy spinon-chargon
(sc) pairs as the open, tetraparton channel at large V .

Overall, despite their simplicity, the mixD systems
we study show some remarkable phenomenological
similarities with strongly correlated superconductors
such as cuprates and nickelates: (i) We report pairing
facilitated by doping, leading to a dome of binding en-
ergies with its peak at 30% doping (see Fig 1c); (ii) the
pairing we find only requires short-range antiferromag-
netic (AFM) correlations but no long-range magnetic
order; (iii) we observe a change of the Fermi surface
volume, similar to the small-to-large Fermi surface
transition in cuprates; (iv) we discover a density wave
(with bond order) in the intermediate doping regime [61].

Model and emergent constituents.– The primary
goal of this work is to investigate the impact of strong
repulsive interactions V on the pairing mechanism in a
mixD system, featuring inter-layer exchange interactions
but no inter-layer tunneling [28, 32, 33], see Fig. 1a,

Ĥ = −t∥P̂
∑

⟨ij⟩

∑

µ,σ

(
ĉ†iµσ ĉjµσ + h.c.

)
P̂

+ J⊥
∑

j

(
Ŝj0 · Ŝj1 −

1

4
n̂j0n̂j1

)
+ V

∑

j

n̂hj0n̂
h
j1 . (1)

Here, P̂ is the Gutzwiller projector onto the subspace
with maximum single occupancy per site. Spin operators
at site j in layer µ = 0, 1 are denoted by Ŝjµ, (hole)
density operators by n̂jµ = n̂jµ↑ + n̂jµ↓ (n̂hjµ = 1− n̂jµ),
and ĉjµσ annihilate a fermion with spin σ =↑, ↓.
At half-filling, the ground state of the system is given

by spin singlets on each rung [32]. At finite doping, the
system is dominated by a competition of kinetic energy
and the energy of the distortion of the spin background
when holes move. The emergent constituents in this dop-
ing regime are most easily understood when t∥ ≪ J⊥.
At V = 0 ≤ t∥ ≪ J⊥ two holes tend to sit on the same
rung – a configuration with energy −J⊥ – and form a
chargon-chargon pair (cc), see Fig. 1b left. They can
move freely through the system, since the second char-
gon restores the spin-singlet background when following
the first one, making it favorable for charges to move
through the system together, i.e. yielding large binding
energies [32]. When the repulsive interaction V reaches
a critical value Vc, it is energetically favorable to place at
maximum one hole (and one spin) per rung, i.e. to form
a spinon-chargon pair (sc), see Fig. 1b right. In contrast
to cc’s, the motion of sc’s is suppressed by the distortion
of the singlet spin-background created when the chargon
moves.

When t∥ > J⊥, this meson picture remains quali-
tatively correct, although the cc’s and sc’s develop a
finite spatial extent determined by the interplay of the
kinetic energy and a linear confining potential (a string)
between the partons [32, 56]; see also [61]. As we show
in the following sections, the crossover from the cc
(V < Vc) to the sc regime (V > Vc) depends strongly on
the ratio t∥/J⊥, i.e. Vc = Vc

(
t∥/J⊥

)
.

Limits of low and high doping.– Using the DMRG
package SyTen [63, 64] with U(1)Nµ=1,2

symmetry on
each layer and global U(1)Stot

z
symmetry, we calculate

the binding energies,

EB(Nh) =2 (ENh−1 − ENh−2)− (ENh
− ENh−2) , (2)

where Nh is the number of holes doped in the system
and EB > 0 indicates binding of holes. Details on the
implementation can be found in [61].

Our results in the limits of very low (Nh = 2) and high
(Np = Lx · Ly − Nh = 2) doping are shown in Fig. 2.
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Figure 2. Binding energy in the limits of a) low (Nh = 2) and
b) high (Np = Lx · Ly − Nh = 2) doping. If t∥ ≪ V, J⊥ the
critical Vc values for which cc’s do not constitute the ground
state any more are denoted by the black dotted lines (see
[62]). Here, we expect the crossover to the sc regime.

For t∥ = 0 the cc at low doping and the particle pair at
high doping are bound by the fact that it is energetically
favorable to form singlets on the rungs. In both cases,
the pairs unbind when V ≥ Vc(t∥ = 0) = J⊥.

For t∥ ≪ J⊥ we perform a Schrieffer-Wolff transforma-
tion, as detailed further below, to estimate the critical
value Vc, where the nature of the constituents changes
from tightly bound cc’s to weakly bound sc’s in the low
and high hole doping regimes [31], see [62]. The resulting
perturbative expressions for Vc, indicated by the dashed
black lines in Fig. 2, agree well with the numerical
results for t∥ ≤ J⊥. At low doping, Fig. 2a, even the
backbending observed numerically is captured correctly.
Furthermore, analytics and numerics show that the low
and high doping regimes are distinctly different: (a)
For two holes, the string-based pairing mechanism [32]
yields pronounced binding even for large t∥/J⊥. For
example, for t∥/J⊥ = 3, a repulsion V > 7J⊥ is needed
to suppress the binding energy below EB/J⊥ = 10%,
coinciding with the numerical observation of widely
spread hole pairs over more than 20 sites for a system
of length Lx = 80 (see [61]). (b) In the high doping
limit with only two particles remaining in the system,
the binding energy is suppressed to very small values
EB/J⊥ < 0.01 as soon as V ⪅ J⊥. For large t∥ ≥ J⊥,
the perturbative description breaks down.

Strong pairing at finite doping.–For large V , we
show in Figs. 1c and 2 that neither very low nor very
high doping permits significant pairing of charges. Re-
markably, we find drastically enhanced binding energies
at intermediate doping values in single and coupled
ladders in Fig. 1c, where V = 5J⊥: In all cases, EB

shows a pronounced dome around δopt ≈ 30% doping,
before decreasing again down to a vanishingly small or
even negative value for the two-particle system. For
ladders, binding is increased from a vanishingly small
value (substantial value) for t∥/J⊥ = 1 (t∥/J⊥ = 3) by
a factor > 10 (3) in the finite doping regime. The same
behavior can be observed for bilayers of width w = 2,
but with larger binding energies in the low doping
regime. This can be understood by the fact that in 2D,

the chargon moves on a Bethe lattice, renormalizing
the hopping to t →

√
2t ≈ 1.7t [55] and stabilizing the

binding as explained above.

To gain a better understanding of the binding energies
in the finite doping regime we derive an effective model
for V > t∥, J⊥ – a regime for which sc configurations are
dominant. In this limit of large V > J⊥ ≫ t∥ we identify
two subspaces of (i) sc constituents at low energy and (ii)
cc configurations that are gapped by ∆E = V − J⊥. We
perform a Schrieffer-Wolff transformation [65] of Eq. (1)
assuming small |t∥/∆E| and integrate out the cc states,
see SM [62]. We express the effective Hamiltonian in

terms of sc operators f̂
(†)
iµσ, acting on the vacuum state

consisting of rung-singlets. At V > J⊥ ≫ t∥ at maxi-
mum one sc is allowed per rung, which we enforce by the
projector P̂f on the corresponding subspace. Moreover,
the effective Hamiltonian only applies below δ ≤ 50%
doping, before cc’s naturally proliferate. We find (see
[61]):

Ĥsc
eff =

t∥
2

∑

j

∑

σ,µ

P̂f

(
f̂†j+1µσ f̂jµσ + h.c.

)
P̂f

+ ϵ0
∑

jµ

n̂fiµ +
t2∥
J⊥

3

2

∑

j

∑

µµ′

n̂fj+1µn̂
f
jµ′

− 4t2∥
∑

j

(
−Ĵj+1 · Ĵj +

1

4

)[
P̂S
j

V − J⊥
+

P̂T
j

V

]
. (3)

Here, we have defined ϵ0 = J⊥ − t2∥
J⊥

3
2 and the sin-

glet and triplet projectors P̂S
j = −Ŝj+1 · Ŝj +

1
4 n̂

f
j+1n̂

f
j

and P̂T
j = Ŝj+1 · Ŝj + 3

4 n̂
f
j+1n̂

f
j , with the sc density

operators n̂fjµ =
∑

σ f̂
†
jµσ f̂jµσ, the sc spin operators

Ŝj =
1
2

∑
µ

∑
σσ′ f̂

†
jµσσσσ′ f̂jµσ′ and isospin leg operators

Ĵj =
1

2

∑

σ

∑

µµ′

f̂†jµσσµµ′ f̂jµ′σ . (4)

Eq. (3) describes hard-core, fermionic sc’s, experi-
encing repulsive (3rd term) and attractive interactions

∝ t2∥
V−J⊥

and ∝ t2∥
V (4th term with negative sign for spin

singlet / triplet configurations and leg singlets) that com-
pete with each other. We emphasize that the attraction is
mediated by virtual processes involving the high-energy
cc channel shown in SM, Fig. 5a, similar to the attraction
induced at a Feshbach resonance. This is also apparent
from the term ∝ Ĵj+1 · Ĵj which penalizes neighboring
sc’s occupying the same leg, since only sc’s from oppo-
site legs can lower their energy by recombining virtually
into the cc channel. Furthermore, a resonance occurs at
V → J⊥, where the attractive interaction diverges and
becomes dominant over the repulsion.
The Feshbach-mediated pairing mechanism in Eq. (3)

is in qualitative agreement with the doping dependence
of the binding energies of the mixD bilayers with w = 1, 2
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in Fig. 1c, and is in principle even valid for the full 2D
limit w → ∞. Near the resonance, when the attraction
is dominant, the attractive interactions predicted by
Eq. (3) are effectively enhanced when the number of
holes in the system is increased, since the kinetic energy
per hole decreases with doping (Pauli pressure). This
suggests an increasing binding energy with doping,
i.e. when the number of sc’s increases, similar to the
dome of EB in Fig. 1c. The optimal doping δopt,
corresponding to maximum binding energy, is reached
when sc’s begin to overlap spatially: In the effective
model (3) of point-like sc’s, this suggests a maximum
at δopt = 50%, in agreement with our numerical results
on the full mixD system as well as on the effective sc
model for t∥ ≪ J⊥ [61]. For larger t∥ ≥ J⊥, we expect
that the mechanism remains essentially the same, but
with two main changes: (i) Since binding is stabilized
by t∥, the resonance shifts to higher values Vc > J⊥,
yielding positive binding energies even for large V = 5J⊥
at finite doping that are on the same order of magni-
tude as in Fig. 1, see [61]. (ii) sc’s extend over several
rungs and δopt shifts to smaller values < 50%, see Fig. 1c.

Another remarkable feature of the effective model
(3) is the emergent isospin SU(2) symmetry. We find
numerical indications that this SU(2) symmetry is only
approximately present in the full mixD system (1), see
[62], with a strong doping dependence, see also [61].
When higher orders in t∥/∆E are considered, the SU(2)
isospin symmetry of Eq. (3) breaks down.

ARPES spectra.– In Fig. 3 the ARPES spectra
upon removing a single hole from the mixD ladder at
δ = 0 (top), δ = 0.14 (middle) and δ = 0.28 (bottom)
hole doping, focusing on high repulsion V/J⊥ = 5,
are shown (see SM 4). At low doping, the low-energy
spectrum is dominated by a narrow band, matching the
dispersion of sc’s ϵsc calculated from geometric string
theory as in [32]. For larger δ, the spectral weight
continuously shifts into a more dispersive, higher energy
branch that matches the dispersion of free particles,
ϵc = 2tcos(k). Furthermore, the onset of the spectral
weight, indicating the Fermi momentum of the system,
changes from a small momentum to a large one with
doping: At low doping, the onset matches the sc Fermi
momentum kscF = 1

4πnsc with nsc = Nh/Lx, where the
factor 1/4 accounts for layer and spin indices of sc’s. At
larger δ, a second onset of spectral weight at kcF = πnc
becomes apparent, which can be associated with free,
spinless chargons with density nc = δ. Hence, our results
indicate a change of the Fermi surface volume around
δopt [48], similar to the phenomenology of cuprates [66].
The momentum of free, spinful fermions kfreeF = 1

2π(1−δ)
does not match the onset of the spectral weight in any
case.

Experimental Realizations.– Our studies are moti-
vated by recent experiments in cold atoms and nickelate

Figure 3. ARPES spectra at δ = 0, 0.14, 0.28 (top to bot-
tom) and for V/J⊥ = 5, t∥/J⊥ = 3. Furthermore, we show
eigenenergies of free sc’s, ϵc, and sc’s, ϵsc, from geometric
string theory [32] (dotted lines) as well as Fermi momenta for
free fermions kfree

F , free chargons kc
F and sc pairs ksc

F . Both
kc
F and ksc

F coincident with an onset of spectral weight in the
finite doping regime.

compounds:

The mixD ladder without repulsion V was already real-
ized in a setup of ultracold fermionic atoms in an optical
potential [33] by applying a potential offset ∆ between
the legs to suppress the inter-leg tunneling t̃⊥ to an ef-
fective t⊥ ≈ 0. To supplement this setup with a nearest-
neighbors repulsion, we propose hole (doublon) doping
for upper (lower) legs of the ladder, see Fig. 4a. This
gives rise to virtual hopping processes between doublons
in the lower leg and holes in the upper leg with amplitude

2
t̃2⊥
∆ and doublons and spins with

t̃2⊥
∆+U , yielding a total

interaction strength V = 2t̃2⊥
U

∆(U−∆) [61].

Furthermore, as discussed in [44], the recently dis-
covered nickelate superconductor La3Ni2O7 [41] can be
modeled by a t∥ − J∥ − J⊥ bilayer similar to the model
we study. In this material, the dx2−y2 orbitals form an
effective intralayer tx2−y2 −Jx2−y2 model, whereas the d2z
orbitals are localized with interlayer antiferromagnetic
(AFM) superexchange, see Fig. 4b. Both orbitals
interact via ferromagnetic (FM) Hund’s coupling JH .
In the limit of sizable |JH | the spins of dx2−y2 and dz2

form triplets, giving rise to an effective AFM interaction
J⊥ of dx2−y2 spins between the layers [44, 45]. In
contrast to AFM interactions solely originating from
superexchange, the interaction mediated via Hund’s
rule yields vanishingly small interlayer hopping. We
argue that in such a 2D material the Coulomb repulsion
V may play an important role at low doping. Our
numerical results for increasing width w of the bilayers
and the effective model (3), which is also valid in the 2D
limit w → ∞, suggest that in such a 2D bilayer system,
Feshbach-mediated pairing is a possible scenario [67].
In the BEC regime, similar effective models to Eq. (3)
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Figure 4. a) The ultracold atom setup for a mixD ladder
with repulsion: a potential offset ∆ and hole (doublon) doping
in the upper (lower) leg are applied. b) Schematic illustra-
tion of the bilayer La3Ni2O7: dx2−y2 orbitals contribute to

intralayer hopping and AFM exchange, d2z orbitals to an in-
terlayer AFM exchange and both orbitals are coupled by FM
Hund’s coupling JH .

have proven to provide an insightful perspective into the
underlying physics in two dimensions [49].

Summary and Outlook.–Our results show that ef-
fective attractive interactions between charge carriers can
arise even in the presence of strong repulsive interactions,
here in the setting of single and coupled mixD t− J lad-
ders, corresponding to bilayers of width w = 1, 2. The
binding energies we obtain feature a pronounced maxi-
mum (pairing dome) in the intermediate doping regime
at strong repulsion, where the system can be understood
in terms of correlated sc’s ((sc)2).

The state that we observe is a Luther-Emery liquid of
(sc)2 pairs with no charge gap but a spin gap, except for a
bond-ordered density wave at δ = 50%, which we discuss
in [61]. Similar to works on atomic BEC-BCS crossovers
(e.g. [68–71]), where binding in the Luther-Emery state
is induced by a narrow Feshbach resonance with a closed
channel of bosonic molecules [71], our mixD model results
suggest that binding in the (sc)2 regime arises from cou-
pling to the closed cc channel. Furthermore, our spectro-
scopic analysis shows that a change from a small to large
Fermi surface occurs in the intermediate doping regime,
which can be associated with sc’s and free chargons, re-
spectively.

Finally, our results may have implications for under-
standing pairing in high-Tc cuprate compounds [67] and
recently discovered bilayer Ni-based superconductors
[41]. In the context of the latter, our model can be seen
as an extension of previously studied mixD t∥ − J∥ − J⊥
models [43–47] to finite-range Coulomb repulsion that
should also be present in these materials. Extending
our analysis to truely 2D bilayers with w > 2 at finite
doping will be an important step towards a microscopic
description of the underlying pairing mechanism in these
materials.

Note added.– After submission of our manuscript to
the pre-print server, we became aware of a closely related
work by H. Yang et al. [48], in which they use DMRG
to study a similar repulsive t-J model on a two-leg
ladder. In their work, they also find the emergence
of Feshbach resonance and propose a doping induced

BEC-to-BCS crossover scenario for the bilayer nickelates.
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SUPPLEMENTAL MATERIAL

1. Analysis of low and high doping limits - perturbative analysis

The black lines in Fig. 2 are the result of a perturbative expansion for t∥ ≪ J⊥ in the low and high doping regimes,
as in Ref [31]. In these limits the critical Vc to go from finite binding energies to vanishing binding energies becomes

Vc = J⊥ − 2t∥ + 5
t2∥
J⊥

(5)

for the low doping case and

Vc = J⊥ − 4t∥ + 4
t2∥
J⊥

(6)

for high doping.

2. The high repulsion limit

a. Derivation of the effective spinon-chargon model

The Schrieffer-Wolff transformation that was performed for V, V −J⊥ ≫ t∥ up to second order in t∥ is schematically
shown in Fig. 5a. Hereby, the low energy space at strong V is given by sc’s, and we consider virtual hopping processes
to the high energy subspace given by cc’s, separated by a gap V −J⊥. The resulting effective model, Eq. (3), involves

isospins Ĵ , see Eq. (4), that are illustrated Fig. 5b. Further details can be found in Ref. [61].

Figure 5. a) Schrieffer-Wolff transformation for V, V − J⊥ ≫ t∥ with the low-energy sc and high energy cc subspaces. b)

Definition of the leg isospin operator Ĵi as introduced formally in Eq. (4).

b. The bond ordered density wave

In the large V limit, no more than one sc can occupy each rung. This leads to a charge gap and exponentially
decaying pair-pair correlations (see SM 3) at commensurate filling δ = 50%, corresponding to the energy required to
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Figure 6. a) Illustration of the bond-ordered phase for δ = 0.5 and V, V − J⊥ ≫ t∥: the system forms plaquettes of Ŝ and

Ĵ-singlets. b) This yields strong oscillations of ⟨Ĵi · Ĵi+1⟩ and ⟨Ŝi · Ŝi+1⟩ throughout the system with amplitudes A
[
⟨Ĵi · Ĵi+1⟩

]
,

which are already visible for moderate V/J⊥ = 5, t∥/J⊥ = 1 (blue lines). The results are compared to predictions by the
effective model Eq. (7) for J⊥ = 1 (green) and for J⊥ = 0 (orange) with Lx = 100 (light solid lines) and Lx = 200 (dashed).

create a cc. From our analytical model we hence conclude that the existence of such a charge gap provides a direct
signature for the sc-nature of the underlying constituents in the finite-doping regime.

The remaining spin (Ŝj) and leg (isospin Ĵj) degrees of freedom in a ladder at δ = 50% are described by the
effective Hamiltonian

Ĥsc,δ= 1
2

eff = 4
t2∥
V

∑

j

(
Jj+1 · Jj −

1

4

)
·
[
1 +

J⊥
V

P̂S
j

]
(7)

obtained directly from Eq. (3) when V ≫ J⊥, t∥ (see [61]). For large J⊥/V , the ground state of Eq. (7) is a
correlated valence-bond crystal (VBS) of both spin and isospins, i.e. an alternating pattern of singlets (no singlets)
on bonds ⟨2j, 2j + 1⟩ (⟨2j + 1, 2j + 2⟩) as illustrated in SM 2b, Fig. 6a, i.e. it corresponds to a bond-ordered
phase of interacting spinon-chargon Cooper pairs (bond-ordered density wave, BODW ) on plaquettes. This analytical

prediction of correlated VBS order in Ĵ and Ŝ is supported even for moderate values of V/J⊥ = 5 by our numerical
results for the mixD model Eq. (1), see SM 2b. The numerical results at δ = 0.5 can be understood in terms of a
bond-ordered density wave (BODW). This can be seen from the effective model at half-filling, Eq. (7):

At J⊥ = 0, the ground state of Eq. (7) is a 1D Heisenberg AFM of the isospin Ĵ , with power-law correlations, and is

fully degenerate in the spin Ŝ. In contrast, for large J⊥/V we expect the ground state to be a correlated valence-bond
crystal (VBS) of both spin and isospins, i.e. an alternating pattern of singlets (no singlets) on bonds ⟨2j, 2j + 1⟩
(⟨2j + 1, 2j + 2⟩) as illustrated in Fig. 6a. This state has a lower variational energy contribution for the second

term in Eq. (7) per bond than two independent AFM Heisenberg chains for Ĵ and Ŝ (see [61]); it corresponds to a
bond-ordered phase of interacting spinon-chargon Cooper pairs (bond-ordered density wave, BODW ) on plaquettes.

Our analytical prediction of correlated VBS order in Ĵ and Ŝ is supported even for moderate values of V/J⊥ = 5
by our numerical results for the mixD model, Eq. (1); blue in Fig. 6b. These show that oscillating expectation values

⟨Ĵi ·Ĵi+1⟩ and ⟨Ŝi ·Ŝi+1⟩ (see inset in Fig. 6b), corresponding to the singlet (minima) and no-singlet (maxima) BODW
order.

While the pure 1D spin- 12 Heisenberg model shows similar VBS-like oscillations in finite-size systems with open

boundaries, their amplitude decays notably when increasing the system size. We confirm this behavior for ⟨Ĵi · Ĵi+1⟩
at J⊥ = 0 in Fig. 6b (orange), and contrast it with the robust VBS correlations, essentially without any remaining
finite size dependence, which we find for V/J⊥ = 5 at t∥ = J⊥, see Fig. 6b, both for the mixD model (1) (blue) and
the effective sc model (3) (green).

c. Breaking of the SU(2) isospin symmetry

The effective sc description (3) is SU(2) symmetric in spins and isospins. However, the SU(2) symmetry of the
isospins will break down if higher orders in t∥/∆E are considered. This can also be seen in the numerical results when

considering the x, y and z components of the amplitudes of ⟨Ĵi · Ĵi+1⟩ in Fig. 6 separately, see Fig. 7. Note that
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⟨Ĵx
i · Ĵx

i+1⟩ = ⟨Ĵy
i · Ĵy

i+1⟩ due to total Ĵz conservation.
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lattice site xi/L

0.00
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A
[ 〈
Ĵ
i
·Ĵ

i+
1
〉]
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Figure 7. Amplitude of the VBS-like oscillations of ⟨Ĵa
i · Ĵa

i+1⟩ (a = x, y, z) for the mixD ladder with t∥/J⊥ = 1, V/J⊥ = 5,
length Lx = 200 and δ = 0.5.

3. Pair-pair correlations
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Figure 8. Pair-pair correlation ⟨(∆rung
i )†∆rung

i+d ⟩ (left) and ⟨(∆diag
i )†∆diag

i+d ⟩ (right) for t∥/J⊥ = 1 and different hole dopings, with

∆
rung(diag)
i defined in Eq. 8. The finite doping leads to oscillations of the pair-pair correlations with period 1/δ. To guide the

eye, we show the correlations for every 1/δ neighbor as dashed lines.

Here, we consider the the pair-pair correlations ⟨∆†
i∆i+d⟩ with the pair annihilation (creation) operator

∆rung
i =

1√
2
(ĉi,1,↑ĉi,0,↓ − ĉi,1,↓ĉi,0,↑) (8)

for pairs with constituents on the same rung, or for pairs extending over neighboring rungs,

∆diag
i =

1√
2
(ĉi,1,↑ĉi+1,0,↓ − ĉi,1,↓ĉi+1,0,↑) . (9)

The results on both pair-pair correlations are shown in Fig. 8 for t∥/J⊥ = 1 and δ = 0.25, 0.3, 0.5. The finite doping
leads to oscillations of the pair-pair correlations with period 1/δ. To guide the eye, we show the correlations for every
1/δ neighbor as dashed lines.
Without repulsion, i.e. for V = 0, we find algebraically decaying pair-pair correlations for all dopings and both

pair-pair correlations ⟨(∆rung
i )†∆rung

i+d ⟩ and ⟨(∆diag
i )†∆diag

i+d ⟩. At large V/J⊥, the overall magnitude of pairs on the same

rung decreases and hence also ⟨(∆rung
i )†∆rung

i+d ⟩. However, both pair-pair correlations remain quasi long-ranged with
power-law decay, except for δ = 0.5, where the charge gap of the BODW leads to exponentially decaying pair-pair
correlations.
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4. Angle resolved spectroscopy (ARPES) calculations

The spectral function is given by the Fourier transform of

Aijσ(t) = ⟨ψ|eiĤtĉ†jσe
−iĤtĉiσ|ψ⟩, (10)

where ψ is the ground state, ĉ
(†)
iσ annihilate (create) perticles at site i and σ denotes the spin degree of freedom.

In order to calculate this quantity, the ground state ψ has to be calculated, ĉiσ is applied to create a hole, and
then the resulting state is time evolved using Krylov and TDVP methods Ref. [72] and linear extrapolation [73].
The spectral function is obtained by Fourier transformation w.r.t. spatial indices and time. For the latter, we use
Aσ(k, t) = Aσ(k,−t)∗ (quasi-steady states) and hence

Aσ(k, ω) =
1

2π

∫ ∞

0

dtRe
[
eiωtAσ(k, t) + e−iωtAσ(k,−t)

]
=

1

π

∫ ∞

0

dtRe
[
eiωtAσ(k, t)

]
. (11)
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