arXiv:2309.14646v2 [math.DS] 27 Mar 2024

CONCENTRATION OF DIMENSION IN EXTREMAL POINTS OF

LEFT-HALF LINES IN THE LAGRANGE SPECTRUM
CARLOS GUSTAVO MOREIRA AND CHRISTIAN VILLAMIL

ABSTRACT. We prove that for any n that belongs to the closure of the interior of
the Markov and Lagrange spectra, the sets k~!((—oo,7]) and k~!(n), which are
the sets of irrational numbers with best constant of Diophantine approximation
bounded by 7 and exactly 7 respectively, have the same Hausdorff dimension. We
also show that, as n varies in the interior of the spectra, this Hausdorff dimension
is a strictly increasing function.
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Given a € R\ Q, set

1
o — ]—9‘ < — has infinitely many rational solution ]—)}

ql k¢ q
= limsup |g(gor —p)|7' € RU {oo}

PEZ,qEN,p,q—00

kla) = sup{k;>0:

for the best constant of Diophantine approximations of «.
The classical Lagrange spectrum is the set

L={kla): acR\Q k) < oo},

and the classical Markov spectrum is the set

-1
"o 22 o <00 q(,y) = ax® + bry + cy®,0* — dac = 1
{ ((x,y)EZz\{(0,0)} la( y)|> q(x,y) Y+ cy

that consists of the reciprocal of the minimal values over non-trivial integer vectors
(z,y) € Z*\ {(0,0)} of indefinite binary quadratic forms ¢(z,y) with real coefficients
and unit discriminant.

Perron gave in [21] the following dynamical characterizations of these classical
spectra in terms of symbolic dynamical systems: Given a bi-infinite sequence 6 =
(0)nez € (N*)Z, let

)\2(9) = [O, i1y Aj2,y - - ] + a; + [O, Ai—1,0;-2, ... ]
If the Markov value m(6) of 6 is m(0) := sup \;(#) and the Lagrange value ¢(6) is
i€z

£(0) := limsup A;(¢). Then the Markov spectrum is the set

M = {m() < co: 0 € (N)*}
and the Lagrange spectrum is the set
L={00) <oo:0c (N}

It follows from these characterizations that M and L are closed subsets of R and that
LcCM.
Markov showed in [13] that
221

Lﬁ(—oo,3):Mﬁ(—oo,3):{k1:\/5<k2:2\/§<k3:T<...},

where k2 € Q for every n € N and k,, — 3 when n — oo.
M. Hall proved in [6] that

Ci+Ci=[V2-1,4(vV2-1)],

where for each positive integer N, C'y is the set of numbers in [0, 1] in whose continued
fractions the coefficients are bounded by N, i.e., Cy = {z = [0; a4, ..., an,...] € [0,1] :



CONCENTRATION OF DIMENSION IN THE LAGRANGE SPECTRUM 3

a; < N, Vi > 1}. Together with Perron characterizations, this implies that L and M
contain the whole half-line [6, +00).

Freiman in [5] determined the precise beginning of Hall’s ray (the biggest half-line
contained in L), which is

2221564096 + 2837481/462
N 491993569

The first author in [I7] proved several results on the geometry of the Markov and
Lagrange spectra, for example that the map d : R — [0, 1], given by

d(n) = HD(L N (=00, n)) = HD(M N (—o0,7))
is continuous, surjective and such that d(3) = 0 and d(1/12) = 1. Moreover, that
d(n) = min{1,2D(n)},

where D(n) = HD(k™'(—o0,n)) = HD(k™'(—o00,n]) is a continuous surjective func-
tion from R to [0,1). And also, the limit

lim HD(k™'(n)) = 1.

—00

= 4.52782956616 . . .

Cp

Recently in [19] was given the estimate
t] :=sup{s € R:d(s) < 1} = 3.334384...

In particular, any ¢ € R that belongs to the interior of the Markov and Lagrange
spectra must satisfy ¢ > ¢7.

Now, let ¢ : S — S be a diffeomorphism of a C* compact surface S with a mixing
horseshoe A and let f : S — R be a differentiable function. For x € S, following
the above characterization of the classical spectra, we define the Lagrange value of x
associated to f and ¢ as being the number ¢, ;(z) = limsup,,_, . f(¢™(x)) and also the
Markov value of x associated to f and ¢ as the number my, ;(x) = sup,,cz f(¢"(2)).

The sets

Ly (A) ={lyf(x) 2 € A}
and
My, p(A) = {my p(x) - € A}
are called Lagrange Spectrum of (@, f, A) and Markov Spectrum of (p, f, A).

It turns out that dynamical Markov and Lagrange spectra associated to hyperbolic
dynamics are closely related to the classical Markov and Lagrange spectra. Several
results on the Markov and Lagrange dynamical spectra associated to horseshoes in
dimension 2 which are analogous to previously known results on the classical spectra
were obtained recently: in [20] it is shown that typical dynamical spectra associated
to horseshoes with Hausdorff dimensions larger than one have non-empty interior (as
the classical ones). In [I§] it is shown that typical Markov and Lagrange dynamical
spectra associated to horseshoes have the same minimum, which is an isolated point
in both spectra and is the image by the function of a periodic point of the horseshoe.
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In 4] and [14], in the context of conservative diffeomorphism it is proven (as a
generalization of the results in [4]) that for typical choices of the dynamic and of
the function, the intersections of the corresponding dynamical Markov and Lagrange
spectra with half-lines (—oco, ) have the same Hausdorff dimensions, and this defines
a continuous function of ¢ whose image is [0, min{1, D}|, where D is the Hausdorff
dimension of the horseshoe.

For more information and results on classical and dynamical Markov and Lagrange
spectra, we refer to the books [3] and [9].

In this paper, we use that dynamical Markov and Lagrange spectra associated to
conservative horseshoes in surfaces are natural generalizations of the classical Markov
and Lagrange spectra. In fact, classical Markov and Lagrange spectra are not compact
sets, so they cannot be dynamical spectra associated to horseshoes. However, in [7] is
showed that, for any N > 2 with N # 3, the initial segments of the classical spectra
until vV N2 + 4N (i.e., MN(—o00, VN2 + 4N]| and LN(—o0, v N2 + 4N]) coincide with

the sets M(N) and L(N), given, in the notation we used in Perron’s characterization
of M and L by

M(N)=m(2(N)) ={m(0) : 0 € X(N)}
and
L(N)=/¢(3(N))={0):0 € X(N)}
where $(N) := {1,2,..., N}Z.

It is proved also that M (N) and L(NN) are dynamical Markov and Lagrange spec-
tra associated to a smooth real function f and to a horseshoe A(N) defined by a
smooth conservative diffeomorphism ¢, and also that they are naturally associated
to continued fractions with coefficients bounded by N.

Here we use this relation between classical and dynamical spectra in order to under-

stand better the fractal geometry (Hausdorff dimension) of the preimage of half-lines
by the function k. We can state our main result as:

Theorem 1.1. Define T := int(L) = int(M). For anyn € T, D(n) = HD(k7'(n))
i.e.
HD(k™((—00,m))) = HD(k™!((~00,7])) = HD(k™(n)).
FEven more,
e if n is accumulated from the left by points of T, then
D(n) > D(t), Vt<n
e if n is accumulated from the right by points of T', then
D(n) < D(t), Vt>n.

In particular, D|x is strictly increasing, where X is T or any interval contained in
T.
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This result in particular solves a question formulated by Y. Bugeaud and Y. Che-
ung to the first author: they asked whether there is 7' € R such that HD(k™'(t)) is
continuous for ¢ € [T, +00). It follows from Theorem 1.1 that HD(k™'(t)) is contin-
uous (and strictly increasing) for ¢ € [cp, +00). Notice that cp is minimum with this

property.
2. PRELIMINARIES

2.1. Continued fractions and regular Cantor sets. The continued fraction ex-
pansion of an irrational number « is denoted by

a = [ag; a1, Gz, . ..] = ag + ———,
ap+ oo

1 1
so that the Gauss map G : (0,1) — [0,1), G(z) = — — {—J acts on continued fraction
r |z

expansions by
G([0;ay,as,...]) =[0;aq,...].
For an irrational number o = ap € (0,1), the continued fraction expansion a =

[0; aq,...] is recursively obtained by setting a,, = |, | and @, = anian = G"%ao)'

The rational approximations
Pn
dn
of « satisfy the recurrence relations

=10;a1,...,a,] €Q

(2.1) Pn = nPp—1 + Pn—2 and ¢, = anGn-1+ Gu2, 7 >0
with the convention that p_y = ¢y =0and p_; =¢o=1. If 0 < a; < N for all j,
it follows that

Pn dn

<pyy <ppand —"— < g1 <q, n>1.
N+1_P 1 > Pn all N+1_q 1>qn N Z
Given a finite sequence (aq,as, ..., a,) € (N*)", we define
I(ay, a9, ... a,) ={x €[0,1] : . = [0;a1,a9,...,an, Oni1], Qi1 > 1}
then by I I(aq,as,...,a,) is the interval with extremities [0;aq,aq, ..., a,] = f;—z
and [0; ay,ag,...,a, + 1] = % and so
Pn Pn _l'pn—l 1
|I(ay,as,...,a,)| = |— — = ,
G Gt Gn-1|  Gulqn + Gu-1)
because Pndn—-1 — Pn—14n = (_1)71—1.
Also, for (ag,ay,...,a,) € (N*)"" we set

I(ag;ay,...,a,) ={x € [0,1] : @ = [ag; a1, az, ..., Qn, Qpt1], Qi1 > 1},
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clearly as I(ag;ai,...,a,) = ag+ I(ay,aq,...,a,), we have
(2.2) [ (ag; ar,...,a,)| = |I(a1,as,...,a,)l.

An elementary result for comparing continued fractions is the following lemma
Lemma 2.1. Let a = [ag;a1,...,0n, Apy1,...] and & = [ag;a1, ..., 0n,bot1, ... ],
then:

o |a—al <1/2" 7!
hd If Qp41 7A bn—l—l; a>a Zf and 077,ly Zf (_1>n+1(an+1 - bn+1) > 0.

The next lemma is from [I7] (see lemma A.1)

Lemma 2.2. Ifag,ay,as...,0,,0p11,... andbyi1,byis, ... are positive integers bounded
by N € N and a,y1 # b1 then
llao; ay, as ..., ap, Gy, ... ] — [ag; a1, as ..., a0, bogr, ... ]| > c(N)/q2_,

> ¢(N)|(a,az,...,a,)]
for some positive constant c¢(N).
For the sequel, the following application of lemma 2.1] will also be useful
Lemma 2.3. Given RN € N, let 8%,5% 3% € X(N)" := {1,2,..., N} such that
0; B < [0; %] < [0; B3]. If for two sequences o = (i )nez and & = (G )pez in X(N)
it is true that ag, . .., Qore1 = Qo - . ., Qagy1, then, for all j < 2R+ 1 we have
M(07(. .. a g, a1, ..., aore1, 5%)) < max{m(...,a_s,a_1; 00, ..., a2r41, 3),
m(...,0_g, G_1;dp,. .., aspe, B} +1/2871
Proof. Tt is just an application of lemma 2.1l Indeed, for j < R+ 1
Mo(d?(.. . a a0, .. aapet, 62) < Xo(0?(... a 10, . .., agper, 1)) + 172871
<max{m(...,a_;;qq,...,00r41, "), m(...,a_1; a0, ..., ape1, B0)} 4+ 1/2871
For R+1<j<2R+1,if [aj;...,q0p1, %] < [&;. .., Gagi1, 57
N(d?(... a g, a 100, ..., 0orgt, B2) < No(d? (..., a_1; 80, ..., Gaps, B°)) + 1/2%
<max{m(...,a_1;00,...,00p41,8"),m(...,a_1; a0, ..., 0541, %)} +1/2%.
And for R+1<j <2R+1,if [aj;...,qap1, 5] < |ay;...,a2rs1, B
MN(07 (... a 100, ..., agre1, B2) < Xo(d?(...,a_1; a0, ..., aope1, BY))
<max{m(...,a_;;aq,...,ar41, ), m(...,a_1; a0, ..., 051, B}
Then we have proved the result. O

We end this subsection with one definition

Definition 2.4. A set K C R is called a C'*-reqular Cantor set, o > 0, if there
exists a collection P = {I}, I, ..., I,} of compacts intervals and a C'**-expanding
map 1, defined in a neighbourhood of U;<;<,/; such that
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(1) K C Ulgjgr[j and Ulgjgra[j C K,
(ii) For every 1 < j < r we have that ¢({;) is the convex hull of a union of I,’s,
for [ sufficiently large ¢!(K N I;) = K and

K=o L)
n>0 1<5<r

More precisely, we also say that the triple (K, P,) is a C1T®-regular Cantor set.

For example, in our context of sets of continued fractions. Let, as before, G be the
Gauss map and Cy = {z = [0; a1, a9, ...] : a; < N,Vi > 1}. Then,

CN = m G_n(lN U..u Il)>

n>0

where I; = [a;j,b;] and a; = [0;4,1, N] and b; = [0; 4, N, 1]. That is, Cy is a regular
Cantor set. .
In a similar way, the set Oy = {1,2,..., N} + Cy with the map G  given for
ac€{l,...,N} and = = [0;ay,a9,...] € Cy by
1

Gl(a+x):a+x_ P :é:G(x)jL {%J =G(z) + a1 (v)

is also a regular Cantor set.

2.2. Results on Dynamical Markov and Lagrange spectra. Let ¢ : S — S
be a diffeomorphism of a C'° compact surface S with a mixing horseshoe A and
let f:S — R be a differentiable function. Fix a Markov partition {R,}.ca with
sufficiently small diameter consisting of rectangles R, ~ I} x I? delimited by compact
pieces 15, I!, of stable and unstable manifolds of certain points of A (see [I] theorem

2, page 172). The set B C A? of admissible transitions consist of pairs (a,b) such
that ©(R,) N Ry # 0; so, we can define the transition matrix B by

by =1 if ©(R,)N Ry # 0 and by, =0  otherwise, for (a,b) € A%

Let X4 = {a = (an)nez : a, € A for all n € Z} and consider the homeomorphism of
Y4, the shift, o : X4 — X4 defined by o(a), = a,11. Let X = {Q € XA baan,, = 1},
this set is closed and o-invariant subspace of ¥ 4. Still denote by o the restriction
of o to ¥p, the pair (Xg,0) is a subshift of finite type, see [I12] chapter 10. The
dynamics of ¢ on A is topologically conjugate to the sub-shift Yz, namely, there is a
homeomorphism II : A — ¥z such that poIll =1lo 0.

Recall that the stable and unstable manifolds of A can be extended to locally
invariant C1* foliations in a neighborhood of A for some o > 0. Using these foliations
it is possible define projections 7% : R, — {i%} x I? and 7% : R, — I x {i3} of the
rectangles into the connected components {i*} x I3 and I x {i3} of the stable and
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unstable boundaries of R,, where i* € I* and i} € 0I® are fixed arbitrarily. In this
way, we have the unstable and stable Cantor sets

K" =|Jm(ANR,) and K* = ] 74(AN R,).
acA acA

In fact K% and K* are C''*® dynamically defined, associated to some expanding
maps 1, and 1, defined in the following way: If y € R,, N p(R,,) we put

s(ma, () = 7 (97 (1)
and if z € R,y N~ (R,,) we put
Yu(me, (2)) = w5, (¢(2))-

The stable and unstable Cantor sets, K® and K", respectively, are closely related
to the fractal geometry of the horseshoe A. For instance, it is well-known that,

HD(A)=HD(K®)+ HD(K")
and that in the conservative case
HD(K?®) = HD(K").

The study of the intersection of the spectra with half-lines is related to the study
of fractal dimensions of the set

A=(Ne"Qyeh: fly) <t}) ={z € A:mys(x) = sup f(¢"(x)) < t}

ne’, neL

for t € R. Following this, we also consider the subsets A; through its projections on
the stable and unstable Cantor sets of A

K =] m(AnR,) and K = | 7(A N R,).
acA acA

In [I4] is showed the following result, extending a previous result from [4]:

Theorem 2.5. Let r > 2 and p € Diff’(S) a conservative diffeomorphism preserving
a smooth area form w and take A a mizing horseshoe of p. If f € C"(S,R) satisfies
that ¥V z € A, Vf(z) # 0, then the functions

t— HD(K}') and t — HD(K})
are equal and continuous. Fven more, one has

HD(A,) = 2HD(KY).
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2.3. The horseshoe A(N). Given an integer N > 2, write
A(N) = CN X éN-

If x = [0;a1,a9,...] and y = [ap; a_1,a_s,...] then we consider ¢ : A(N) — A(N) given
by

<p(£L’,y) = (G(I), a + 1/y>
= ([0;aq,as,...],a1 + [0; a9, a_y, ...]).
Also, equip A(N) with the real map f(z,y) = x+y. We note that ¢ can be extended
to a C*-diffeomorphism on a diffeomorphic copy of the 2-dimensional sphere S%.

Notice also that ¢ is conjugated to the restriction to Cy x Cy of the map ¢ :
(0,1) x (0,1) — [0,1) x (0,1) given by

v(x,y) = (G(@v m>

and following [2] and [22] we know that ¢) has an invariant measure equivalent to the
Lebesgue measure. In particular, ¢ also has an invariant measure equivalent to the
Lebesgue measure and then ¢ is conservative.

Indeed, if S = {(z,y) e R0 <2z <1,0<y<1/(1+z)}and T:S — S is given

by

T(z,y) = (G(z),z — 2%y),
then T" preserves the Lebesgue measure in the plane. If h: S — [0,1) x (0,1) is given
by h(z,y) = (x,y/(1 — xy)) then h is a conjugation between 7" and v (and thus 1)
preserves the smooth measure h,(Leb)).

For A(N) we have the Markov partition { R, }sca where A ={1,2,..., N} and R,
is such that R,NA(N) = Cy x (Cy+a) = Cy xCny+(0,a). By definition, ¢ expands
in the z-direction and contracts in the y-direction. Therefore, for (x,y) € R, we can
set (x,y) = (x,a+ [0; N, 1]) and

@Du(x,a—l— [Oﬂm]) = Zl(m)(¢(zaa+ [Oa
Zl(x)(G(x)>a1(x)
= (G(x), ar(x) +[0; N, 1])
thus we can identify (K*(A(N)),,) with (Cy,G'). A
made for (K*(A(N)), ¥s).

One has that o[y, is topologically conjugated to o : X(N) — X(N) (via a map
IT: A(N) — X(N)), and that in sequences, f becomes f : 3(N) — R given by

F(0) = [0;a1(0), az(0), ...] + ao(8) + [0;a_1(0),a_(8), ..] = \o(6),

where 0 = (a;(0));ez, and so

Ly f(A(N)) = L(N) and M, ;(A(N)) = M(N).

similar identification can be
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In this context, let a = (as,, s, 11,..-,as,) € A2 any word where 51,5, €
Z, s1 < sg and fix 51 < s < so. Define then
S9—8
R(ois):= (] ¢ "™(Ra,..)-
m=si1—s

Note that if x € R(a; s) N A(N) then the symbolic representation of z is in the way
(...@sy.-Qs_1; Ag, Agi1...0s,...) Where on the right of the ; is the 0-th position.
Finally, let us consider Ay = [0; N, 1] and By = [0;1, N]. As

NAN —|—ANBN =1 and BN + BNAN = 1,
B T T
we have Ay = WN Thus By = W LAy = W and then

VNZ 4+ 4N

maxf|A(N):2BN+N:vN2+4N, minf\A(N):2AN+1: N

3. PROOF OF THE MAIN THEOREM

3.1. Connection of subhorseshoes. For the next, it will be useful to give the
following definition

Definition 3.1. Given A' and A? subhorseshoes of a horseshoe A and t € R, we
said that A' connects with A* or that A' and A? connect before t if there exist a
subhorseshoe A C A and some ¢ < ¢t with A'UA? C A C A,

Lemma 3.2. Suppose A' and A* are subhorseshoes of A and for some x,y € A we
have x € WH(AY) NW?3(A?) andy € W*(A2) N WS(AY). If for somet € R, it is true
that

AMUANUO@)UO(y) C Ay,

then for every e > 0, A' and A® connect before t + .

Proof. Take a Markov partition P for A with diameter small enough such that
max f| |y p < t+e¢ where R = {P € P: PN (A'UAUO(z)UO(y)) # 0}

AR=m<P_n(UP)-

and consider
nez PeER

Evidently A' UA?2UO(z) UO(y) C Ag C Ay, then the lemma will be proved if we
show that A' and A? form part of the same transitive component of Ax.
Let 1 € A, x5 € A2 and py, py > 0. Take

n= %min{pl,pg,min{d(P, Q):P,QeRand P# Q}}.

By the shadowing lemma there exist 0 < § < n such that every d-pseudo orbit of A
is n-shadowed by the orbit of some element of A.
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On the other hand, as |1 is transitive and x € W¥(Al) there exist y; € A N
B(xy,0) and Ny, M; € N such that d(o(y;), oM (z)) < 6 and analogously as
©|p2 is transitive and x € W¥(A?) there exist yo € A* and Ny, My € N such that
d(p™2(x),y2) < 6 and d(xa, e™2(y3)) < . Define then the d-pseudo orbit:

e )y W) @M T ) 0N (@), ™), v, 0 (ya))

Then there exists w € A that n-shadowed that orbit. Moreover as the d-pseudo
orbit have all its terms in |J P and 7 < 3 min{d(P,Q) : P,Q € R and P # Q} we

PER
have also O(w) C |J P ; that is, w € Ag and furthermore
PER

w € Blwy,pr) and  pMINMTHNE ) € B(ay, py).
The proof that there exists w € B(wy, p2) and M € N such that o™ (w) € B(x1, p1)
is analog. O

Corollary 3.3. Suppose A' and A® are subhorseshoes of A with A* U A%* C A, for
somet € R. If A' A% # 0, then for every e > 0, A' and A? connects before t + e.

Proof. It A' N A? # (0, then every w € A' N A? satisfies w € W*(A') N W*(A?) and
w € W*(A?) N W?*(A') and then we have the conclusion. O

Corollary 3.4. Let A', A2 and A3 subhorseshoes of A andt € R. If A' connects with
A? before t and A connects with A® before t. Then also A' connects with A before t.

Proof. By hypothesis we have two subhorseshoes AY? and A%3 and ¢, ¢, < t with
AUA* C A C Ay, and A2UA% C AP C A,

Applying corollary B3 to A2 and A?3, with £ = max{q;, ¢} and € = t — ¢ we have

the result. U

3.2. Dimension estimates. Fix an integer m > 1 and consider the horseshoe
A:=A(m+3)=C(m+3) x C(m+3)
equipped with the diffeomorphism ¢ and the map f given in the previous section.
Given € > 0, we can take /(¢) € N sufficiently large such that if & = (ag, a1 - - , ase)) €
{1,2,---,m+ 3} and 2,y € R(a; l(€)) then |f(x) — f(y)] < €/4.
Consider

nem+1+0;1]+[0;1,m+2,1,m+3],m+4)NT

0 which is accumulated from the left by points of T'.
Givent € (m+1+[0;1]+[0;1,m+2,1,m+3],n)NT and 0 < e < n —t, let

O(t.e) = {a=(ag, a1 ,az) € {1,2,+ ,m+ 3} R(a; ((€)) N Apsea # 0}

Define
Pt = e U Rl o).

neZ aeC(te)
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Note that by construction, Ayyeu C P(t,€) C Ayyeo and being P(t,€) a hyperbolic
set of finite type (see Appendix A for the corresponding definitions and results), it
admits a decomposition
P(t,e) = U A,
TeX
where X is a finite index set and for z € X, A, is a subhorseshoe or a transient set
i.e a set of the form 7 = {z € M : a(z) C A;, and w(z) C A;,} where A;, and A,
with 71,19 € X are subhorseshoes.
As for every transient 7 set as before, we have
HD(t) = HD(K*(A;,)) + HD(K"(A4,))
and for every subhorseshoe A;, being ¢ conservative, one has

HD(A;) = HD(K*(A))) + HD(K"(A;)) = 2HD(K"(A))

therefore
(3.1) HD(P(t,e)) =max HD(A,) = max HD(A,).
zeX xeb}i( Axhis

Now, in [I7] was proved for s < max f|, that
D(s) = HD(k" (=00, s)) = HD(K?)
and by theorem 2.5, we have

HD(K") = %HD(AS).

Then, for some z € X, HD(A,) > 1 because A; C P(t,¢) and
t] =sup{s € R: min{l, HD(As)} < 1} =sup{s € R: HD(A,) < 1} < t.

We will show that any subhorseshoe contained in P(¢,¢) with Hausdorff dimension
greater or equal than 1 connects with the fixed orbit &, given by the kneading sequence
(1)sez, before any time bigger than t + ¢/2. To do that, take any § > 0 and write

Pte= |J A=UMulUA

TEX: Ay is €7 eJ
subhorseshoe

where
T = {i € X : A; is a subhorseshoe and it connects with & before t 4+ ¢/2 + 5}
and

J ={j € X : A is a subhorseshoe and it doesn’t connect with & before t +¢/2 +d}.
By proposition B2 given j € J as A; U C A¢yes2 we cannot have at the same

time the existence of two points x € W*(A;) N W*(€) and y € W*(&) N W*(A,) such
that O(x) U O(y) C Aiyesars/2. Without loss of generality suppose that there is no
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x € WH(A;)) "W (&) with my, ;(x) < t+€/2+6/2 (the argument for the other case is
similar). We will show that this condition forces the possible letters that may appear
in the sequences that determine the unstable Cantor set of /N\j.

Let us begin fixing R € N large enough such that 1/2%! < §/2 and consider the
set Cory1 = {I(ao;an, ..., azps1) : I(ag;ar, ..., asp1) N K" (A;) # 0}; clearly Copyy
is a covering of K*(A;). We will give a mechanism to construct coverings Cj, with
k > 2R+ 1 that can be used to efficiently cover K*(A;) as k goes to infinity.

Indeed, if for some k > 2R + 1, and I(ag;ay,...,a;) € Cy, (ag,ai,...,ax) has
continuations with forced first letter, that is, for every a = (an)nez € TI(A;) with

o, 1, ..., Qg = Qg, a7, - .., 0 ONe has agy1 = agy1 for some fixed a1, then we can
refine the original cover Cy, by replacing the interval I(ag; aq, . .., a;) with the interval
I(ag;ay, ..., ak, Ggi1)-

On the other hand, suppose that (ag,as,...,ax) has two continuations with dif-
ferent initial letter, say vyey1 = (Grs1, Grgo, ... ) and Brpr = (af4q, Apyo,---) With
api1 # afy. Take o = (n)nez € TI(A;) and @ = (@n)nez € TI(A;), such that
a=(...,0 9,0_1;a0,a1, ..., G, Ykt1) and & = (..., &_o, G_1;a0,a1, ..., ag, Bry1). If

a1 = ¢ then, necessarily either a;, ;, = i+ 1 or aj ; = i — 1 because if for ex-
ample a1 + 1 < aj,, we can set s = agy1; + 1 and therefore by lemma as
(05 Bra1] < [058,1] < [0;9%+1], we would have for all j < k

)\O(Uj("'7d—29d—1;d0a"'7&kaSaT)) < maX{m(-~.,Oé_1;Oé0,...,Oék,’}/k+1),
m( - 7&—1; 5507 s 7&167 ﬁk-ﬁ-l)} + 1/2R_1
< t+e/24+6)2.

For j =k +1,
No(07(. .., 09, 100, .., 05 81)) = [0;ak,..., 00,0 1,...]+s+[0;1]
< [0;0u,...,40,0-q,...] Fs5+1
< [0;au,...,00,1,...] + a5,y
+[0; ak+2,ak+3,...]

= ( kH( 54—1;5407---754k75k+1))
< m(...,6_1;80,..., 0, B
< t+4¢/2

and for j > k + 1, clearly

No(07(. .., G g, & 1;00,...,05, 8 1)) <3 <t+e/2.
Then taking z = II7'((..., & 9, &_1;ag, - - ., (g, S, 1)) one would have

€ WA) NW*(€) and my, f(v) <t +€¢/2+6/2

that is a contradiction. The case aj41 — 1 > aj ., is quite similar.
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Now, suppose a1 = ¢ and aj,,; =i+ 1. We affirm that a4, = 1 because in other
case by lemma B3] as [0; Bx11] < [0;4, 1] < [0; Yx11], we would have again for all j < k

No(0?(... Gy, @ 1580, ..., 0k 1,1)) <t+e/2+0/2.
For j > k + 1, one more time
No(07(. .., Qg @10, ..., Op,0,1)) <t +€/2

and for j =k + 1,

No(0?(... G g, @_1; 80, ..., 0k 0,1)) = [0;a4,...,00 0 1,...]+i+][0;1]
< [0;ap,...,40,0_1,...] +i+1
< [0;du, ..., 00,01, .. +aj,y
+10; ak+2>ak+3>"']

= No(o” ( c Q1 Ay e Oy Brer))
< m(...,a_1;60, -, 0, Brei1)
< t+ /2

Then for x = IT7Y((...,&_9,&_1; 0, . .., Qx, 1,1)) one would get the contradiction

€ WA;) NW*(&) and my, f(x) <t +¢/246/2.

Even more, we have ax,3 € {m + 1,m + 2, m + 3} because if a3 = ¢ < m, then
0; Brr1] < [054,1,€+4 1,1] < [0;v411] and by lemma [3.5 we would have for all j < k

No(07(. .., G g, @ 1; 00, ..., 050, 1,0 +1,1)) <t+e/24+5/2.
For j =k +1,

No(07(. .. @ g, & 1; 60, ..., 054, 1,0+1,1)) = [0;ak...,00,G& 1,...]+i+
[0;1,0+1,1]
< (030, ..., 00,0 1,...] + aj
+[0; ahr2s Ahyss - - -]
= N(d" (. Al g, G Brgt))
< m(...,a_1; 60, ..., 0k Besl)
< t+¢€/2

and for j > k + 1,
No(a?(... Gy, 1580, ..., 0k 1, 1, 0+1, 1)) < m+14+[0; T)+H[0; 1, m+2, T, m + 3] < t+e/2
then taking z = II7Y((...,&_o, &_1; Gg, . .., Gx, 4, 1,¢+ 1,1)) one would have

€ WA;) NW*(&) and my, f(x) <t +e/245/2

that is again a contradiction.
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In a similar way, we must have aj,, € {m+1, m+2, m+3} because if a;,, = £ < m,
then [0; Bry1] < [0;i+1,¢+1,1] < [0;vk+1] and as before we would have for all j < k
Mo(07(. .., G g, & 1;00,..., 050+ 1,04+ 1,1)) <t+e/2+6/2,
for j =k +1,

Mo(07(.. . 09,0 1500, .., 0k i+1,0+1,1)) = [0;ak,...,00,0& 1,...]+i+1+

[
[0; 0+ 1,1]
< [0;0uk, ..., Q0,0 1,... ]+ apy
+[0; Ak o Ahsss - - -]
= (" ( .. a1 a0, A, Brr))
< m(...,a_1;00,. .., Qk, Brr1)
< t+4¢/2

and for j >k + 1,
Mo(a? (... @ g, 1580, ..., Gk, i4+1, 041, 1)) < mA14+[0; T)+[0; 1, m+2, T,m + 3] < t+e/2

that let us get a contradiction again.

In particular, in this case, we can refine the cover C, by replacing the interval
I(ag; ay, .. .,ax) with the six intervals I (ag; ay, . . ., ag, i, 1, m+1), I(ag; a, . . ., ag, i, 1, m+
2),I(ag; ay, ... a5, i,1,m+3),I(ap;a1,...,a5,i+1,m+1),I(ap;a,... a5, i+1,m+
2) and I(ag;aq,...,ag, i+ 1,m+ 3) for one and only one i = 1,...,m + 2.

Observe that, in fact, some of the intervals considered in the last paragraph, may
not be possible. For example, if n = m + 3 then t + ¢/2 < m + 3; therefore the
letter m + 3 cannot appear in the kneading sequence of any point of /~\j. But this will
not affect our argument. Indeed, we affirm that this procedure doesn’t increase the

0.49-sum, Ho49(Cr) = Y |[I]°* of the cover Ci, of K“(A;). That is, by 22l we need
1€Cy,
to prove that

m—+3 m—+3

S H(ar, . ak i LI+ Y [ Har, . ak i+ 1,5)% < [Iay, .. ag)[**

or

52 S (\f(al,...,ak,i,l,j>|)°'49+ 5 <|f<a1,...,ak,z'+Lj)\)“"<1
i |[(a17...7ak>| et |I(a1,...,ak)\

where e =1,...,m+ 2.

In this direction, we have the following lemmas

Lemma 3.5. Given ag,ay,...,a,,a,b,¢c € {1,...,m+ 3} we have
|I(ay,...,a,,a,b) 1+7r

I(a1,..,an)]  (ab+1+br)(ab+a+ 1+ (b+1)r)
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and
\I(ai1,...,a,,a,b,c)| 1+7r

|I(ay,...,a,)|  (abc+c+a+ (bec+ 1)r)(abc+c+a+ab+ 14 (bec+ b+ 1)r)
where r € (0,1).

Proof. Recall that the length of I(by,...,b,,) is

1
I(by,...,by)| = )
| ( ' >| Qm(Qm + Qm—l)
where ¢4 is the denominator of [0;by,...,bs]. And that we also have the recurrence

formula
ds+2 = bstags+1 + gs.
Using this two and three times respectively, we have
1

((ab+1)g, + bgy—1)((ab+a+1)g, + (b+ 1)gn—1)

|I(ay,...,an,a,b)| =

and
|I(ay,...,a,,a,b,c)
1
~ ((abe+ ¢+ a)qn + (be + 1)gn_1)((abc + ¢+ a+ ab+ 1), + (be + b+ 1)g,_1)
so, we conclude

|[(a1>---aan>aab)| _ Qn(Qn‘l'Qn—l)
[I(ay,...,an,)]  ((ab+1)gn + bgn_1)((ab+a+1)g, + (b+ 1)gu_1)
B 1+7r
~ (ab+1+br)(ab+a+ 1+ (b+1)r)
and
|I(ay,...,a,,a,b,c)
[ (ay, ..., an)]
- G (Gn + Q1)
~ ((abe + ¢+ a)qn + (be + 1)gn_1)((abe + ¢+ a+ ab+ 1)g, + (be + b+ 1)g,_1)
B 1+7r
~ (abc+cH+a+ (be+1D)r)(abe+c+a+ab+ 1+ (be+b+1)r)
with r = 2% € (0, 1). O

Lemma 3.6. Fix x,y,z,w > 0, then

d 1+7 (z —y)(z —w) —yw(r+1)° (z —y)(z—w) —yw
_ = <

dr \ (z +yr)(z+wr) (ywr? 4+ (xw +yz)r +22)?> (ywr? + (xw + y2)r + x2)?
forr >0.

Proof. 1t’s a straightforward computation. U
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Using the previous lemmas, that ¢ > 1, m > 1, r € (0,1), and that for j €
{m+1,m+2,m+ 3} we have

2/ +1-0G+1)2+3-0U+2) -0+ +2)=4G+1) -G+ +2) <0,
for the first sum one has

rnz—i_:s (‘](alw”7ak7i717j)‘)0.49
[(ay, ..., a)]

j=m+1

m+3 147 0.49
P +1< (ij+j+i+(G+1r )(ij+j+2i+1+(j+2)7’))
147 0.49
P +1< (27 +1+(G+1)r )(2j+3—|—(j—|—2)r))
m+3 0.49
s m+1<2j—|—1 2j+3))
<< )049_'_( 1 )0.49_'_( 1 >0.49
5x 7 7x9 9x 11
< 0.412

and for the second sum

Trig <|I(a17"'7ak7z+17])‘)049
|I(a1,.

Pt cag)|
m+3 1—|—7‘ 0.49
- m+1< Z—l-lj+1—|—j7”)((i—|—1)j+i—|—2+(j—i—l)r))
m+3 1—|—7’ 0.49
- m+1< (2j4+1+4r)(27+34+ G+ Dr ))
m+3 0.49
]m+1<2j—|—1 2j+3))
<< )049+< 92 )0.49_'_( 92 )0.49
5x T 7x9 9x 11
< 0.579

that proves B2 and so let us conclude that HD(K*(A;)) < 0.49. Finally, as we are
in the conservative setting

D(A;) = 2HD(K"(A;)) < 0.99.
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Fix 0 = ¢/2. By definition, for ¢ € Z, A; connects with & before t + ¢, then we
can apply corollary 3.4 at most |Z| — 1 times to see that there exists a subhorseshoe
A(t,e) C A and some ¢(t,€) < t + € such that

U[\Z C ]\(t, 6) C Aq(t,e)~

i€T
Now, remember that for any subhorseshoe A C A being locally maximal we have

= JW*(y) and W"(A) = JW"(y

yeA yeA

Then, for every = € A such that w(x) C A, there exists an y € A with
lim d(f(¢™(z)), f(¢"(y))) =0, and so £, ¢(x) = £, (y). Using this, we have
n—oo

lor(P(L, E))—gsof Ugsof Ugeof[\

i€ jeT

On the other hand

ALY — ALY < ALY < A
HD(]gfw(AJ)) max HD (L, 4(A;)) < max HD(f(A;)) < max HD(A;) < 1

so int(|J Ly s(A;)) = 0.
JjET ~
Also, it was proved in lemma 5.2 of [I4] that, for ¢ < max f|,,

—00,8) = [J s (A)

s<t

For the sake of completeness, we will reproduce the proof below:

Let x € A with (, ;(z) = n < t, then there exist a sequence {n;}ren such that
klim f(e™(z)) = n. By compactness, without loss of generality, we can also suppose
—00

that klim ™ (x) =y for some y € A and so that f(y) = 7.
—00

We claim that my ;(y) = n: in other case we would have for some k € Z and
r € R, f((pk(y)) > r > 7 and then for k big enough by continuity f((p“"k(:c)) >
that contradicts the definition of 1. Now, take N big enough such that if for two
elements a,b € A their kneading sequences coincide in the central block (centered at
the zero position) of size 2N + 1 then |f(a) — f(b)| < (f —n)/4 and N big enough
such that for k > N one has f(p"(x)) < n+ (t —n)/4 and the kneading sequences of
@™ (z) and y coincide in the central block of size 2N + 1. Suppose I1(z) = (2, )nez
and I1(y) = (Yn)nez, then the point

g - H_l(' o Yeny o Y1 Ty Ty - - )
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satisfies § € Aqyy)/2 and €, () = 1. Therefore, we conclude that
LN (—00,8) =Ly p({zx € A lyp(x) <)) |l (M)

s<t
and as for s < t, A, C E;}f(—oo,f), the other inclusion also holds and we have the
equality
LN (—o0,f) = | Jles(As).
s<t
Therefore

t € int(my r(Aiyesa)) = int(M N (—oo,t+€/4)) =int(L N (—oo,t +€/4))
= nt( U U 1 (As)) = int(Ly,p(Arresa))

s<t+e/4
C int(les(P(t €)))

and then, we must have

t < sup(|J €, (A3)) < sup(£y s (A(t, €))) < sup f(A(t,€)) = max f[5.-
i€T

We have then proved the following result

Proposition 3.7. Given t € (m + 1+ [0;1] + [0;1,m + 2,1, m+3],n) N T and
€ < n—t there exist some q(t,e) < t+ € and a subhorseshoe A(t,€) C Ay with

HD(A(t,€)) > 1 such that

(1) HD(Ay) < HD(A(t,€)) _ i o
(2) for every subhorseshoe A C Ay with HD(A) > 0.99 one has A C A(t, €)
(3) t < max fl5(.)-

3.3. Putting unstable Cantor sets into k~(n). Let n € (m+1+[0;1]+[0;1,m+
2,1, m+ 3],m+4)NT accumulated from the left by points of T"and e > 0 such that
m+1+[0;1] +[0;1,m +2,1,m + 3] < n—e. Take any strictly increasing sequence
{t; }n>0 of points of T" such that ¢y > n— € and li_)m t, = n. According to proposition

BT, we can find a sequence of subhorsehoes {A"} 50 = {A(tn, (fns1 —tn)/2) Ynso With
the following properties
(1) HD(A;,) < HD(A™)
(2) A" C An+1
(3) tn < max flan < tpqr.
Now, we will construct a homeomorphism 6 : K“(A°) — k~!(n) whose inverse is
Holder inverse with exponent arbitrarily close to one.
Given n > 0, being A" a mixing horseshoe (because £ C A™), we can find some
c¢(n) € N such that given two letters a and b in the alphabet A(A™) of A™ there
exists some finite word of size c(n): (a1, ..., acm)) (in the letters of A(A™)) such that
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(a,ai1,...,aqp),b) is admissible; given a and b consider always a fixed (a1, ..., am))
as before. Also, as A" is a subhorseshoe of A, it is the invariant set in the union of
some rectangles determined for a set of words of size 2p(n) 4+ 1 for some p(n) € N.

Now, take n > 1 and consider the kneading sequence {z!},cz of some point z,, € A"
such that f(z,) = max f|yn. Also take r(n) > p(n+1)+p(n)+p(n—1) big enough such
that for any o = (ag, a1+ ,as.(my) € {1,2,-++,m + 3™+ and z,y € R(a;r(n))
we have |f(z) — f(y)| < min{(¢,+1 — max f|an)/2, (max f|pn — t,)/2}. Finally, set
s(n) = _,2r(k) 4+ 2c(k) + 1).

Given a = [ag; a1, as,...] € K*(A°) for n > 1 set a™ = (@s(n)i+1s - - > Qs(nt1)!)5 SO
one has
a = [ag; a1, as,...] = [ag;ai, ... ,as(l);,a(l),a(2), coa™ -
Define then
H(a) = [a0§ A1y - vy as(l)!7 h'17 a(l)v h’27 a(2)7 R h'n7 a(n)7 hn—l—lv . ]
where
b = (€1, 2y T, X0, T Ty, Ca)
and ¢} and ¢§ are words in the original alphabet A = {1,...,m + 3} with |¢}| =
|c| = ¢(n) such that (ag, a1, ..., asqy, hi, a® hy, ..., hy,a™) appears in the knead-

ing sequence of some point of A™.
It is easy to see using the construction of @ that for every a € K“(A"), k(6(a)) = n,
so we have defined the map

0:K“(A") — Kk *(n)
a — 0(a)

that is clearly continuous and injective.
On the other hand, given any small p > 0 because of the growth of the factorial map,

we have |a; — as| = O(|0(ay) — 0(ay)|*~*) for any ay,as € K*(A;) and |@; — @] small.
Indeed, if a; and a, are such that the letters in their continued fraction expressions
are equal up to the s-th letter and n € N is maximal such that s(n)! < s then because

|hi| = 2r(k) + 2¢(k) + 1; 6(a;) and 0(as) coincide exactly in their first
s+ (2r(k) +2c(k) +1) = s+ s(n)
k=1

letters.

Now, let @ and § be finite words of positive integers bounded by N € N and Iy(«)
is the convex hull of I(«) N Cy. The so-called bounded distortion property let us
conclude that for some constant C'y > 1

Oy v (@)l In(B)] < [n(aB)] < CnlIn(@)[|In(B)]

also, for some positive constants A, Ay < 1, one has

CRA < | Iv(a)] < O
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So, if s is big such that s(n)/(s + s(n)) < 52 12%0/;207,1%7 using lemma 2.2 we have
for some constant C'(m + 3)
|6(a1) — 0(az)|' ="
> C’(m +3)(ay, ... NOCNNIR ab, . a™ Y by, As(n)+1s - - - » as)| "
Z C’(m + 3)1 p\fm+3(a1, ey as(l | hl, (1), e ,CL(n_l), hn, as(n);H, cee as)|1_p
= C’(m + 3)1 p|[m+3(a1, - as(l hl, .. ,a(”_l), hn, As(n)l4+15++ -5 a5)| X
|[m+3(a'1a <5 (1) hla ’a(n 2 5 hna As(n)l4+15 - - - aa's)|_p
1 =~ _ e
> G Cm+3)"lnis(ar, - asay)[Hmes(a D) Lnya(@™ )] %
m+3
| Im+3(@snyir1, - - as)Hfm+3(h1)\ oo ngs ()| X
| Imss(a, .., asqy Dy, al ,a" ™V hy, As(n)i41s - - - @s)| 7
1 -~ _
> o C(m+ 3) Plms(ar, az, ..., as)|[Inrs(R)] - - - [T (hn)| X
m+3
|Im+3(a'la .. as(l h’la . a(ﬂ—l)’ h’na a's(n)!—l—b CE aa's)|_p
> C’(m + 3)1 p\fm+3(a1, CLQ, Ce as>|€—4n10ng+3es(n).log)\1 X
|Im+3(a'la .. as(l h’la . a(ﬂ—l)’ h’na a's(n)!—i-b CE aa's)|_p
> C’(m + 3) \Im+3(a1, CLQ, ceey as)|€(log)\1—4logcm+3)s(n) X
|Im+3(a'1a . as(l h’la . a(N—l)’ h’na a's(n)!—i-b s aa's)|_p
> Clm+3) | Leslar, as, .. ag) X0V IOBN
|Im+3(a'la . as(l h’la . a(N—l)’ h’na a's(n)!—i-b s aa's)|_p
C(m+3
Z (Crp—)|[m+3(alaa'2a"'7a8)| X
m+3
|[m+3(a'1a o as(l hla ’a(n—l)’ hna a's(n)!—l—b cee aa's)|p X
[ Lnia(ar, - .., agay, b, al )7-"a(n_l)vhnaas(n)!—l—lv'”7as)‘_p
C 3)i-r
Gl
C’m+3

Therefore the map 0! : O(K“(A%)) — K*“(A) is a Holder map with exponent 1—p

and then

HD(K"(A"))

= HD(O7 (0(K"(A"))) <

1 u/AO
prDw(K (A%))

—HDk
1—p (

IN

().
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Letting p go to zero, we obtain
HD(K"(A%) < HD(k™'(n))-
Now, as we indicated before, for s < max f|, one has
1
HD(k™!(—o0,s]) = SHD(A),

therefore

IN

HD( (oo — ) = sHD(A, ) < SHD(A,) < JHD(A)

= HD(K"(A%) < HD(k™'(n)).
Letting € tend to zero we have
HD(k™(—o00,n]) < HD(k™" (1))

and as the other inequality is clearly true, the first part of the result is proven for
ne€(m+1+1[0;1]+[0;1,m+2,1,m+ 3],m+4)NT which is accumulated from the
left by points of T'.

For the second part of the theorem, we need the following lemma whose proof is
essentially the same as the proof of lemma 2.5 of [§].

Lemma 3.8. Given (K, P,v) a C®-reqular Cantor set, if P # P is a finite sub
collection of P that is also a Markov partition of 1, then the Cantor set determined
by v and P’

E=v"| I
n=>0 IeP!

satisfies HD(K) < HD(K).

Corollary 3.9. Let A be a mizing horseshoe associated with a 02-diﬁfeomorphism
¢ : S — S of some surface S. Then for any proper mixing subhorsehoe A C A

HD(A) < HD(A).

Proof. Refine the original Markov partition P of A in such a way that some P CP,
P’ # P is a Markov partition for A. Use the lemma B8 with the maps v, and 1,
that define the stable and unstable Cantor sets, in order to obtain

HD(A) = HD(K*(A)) + HD(K"(A)) < HD(K*(A)) + HD(K"(A)) = HD(A).
O
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Given any t < 7, take n € N big enough such that ¢t < ¢,. Now, as max f|yn < t,11
and t,,1 < max f|yn+1 then A" is a proper subhorseshoe of A", therefore

HD(k (=00, 1]) = %HD(At) < %HD(A") < %HD(A"“)
1 1
< §HD(Atn+z) < §HD(A77)

— HD(k (=00, 1)).

Which proves the first item of the second part of the theorem in this case.

As m > 1 was arbitrary, we have the result for n € (2+[0; 1]+1[0;1,3,1,4],00)NT =
(3.4109...,00) N T which is accumulated from the left by points of T'.

For n € (t},3.4109...] N T accumulated from the left by points of 7', consider the
horseshoe A = A(2) (note that max flye = V12 > 3.4109...). As before, given
te(ti,n)NT,0<e<n—tandd > 0 we consider the set

r€X: Ay is i€l eJ

subhorseshoe
where for i € Z, A; connects with ¢ before ¢ + €/2 4 0 and for j € 7, ]\j doesn’t
connect with £ before t + €/2 + 0. One more time, given j € 7, we will suppose that

there is no x € W*(A;) N W*(&) with my, s(z) <t +€/2+ /2.

Following the above procedure, given £ € N large enough we construct the coverings
Cr of K*(A,) in such a way that given I(ag;as,...,ar) € Cy, if (ag,as,...,a;) has
continuations with forced first letter a;,; we replace the interval I(ag; aq, ..., a;) with
the interval I(ag;ay, ..., ax, Ggi1).

On the other hand, if (ag,aq,...,a;) has two continuations with different initial

letter, say Y41 = (1, ap2,...) and By = (2,04, ... ). Take a = (an)nez € T(A,)
and @ = (Gn)nez € I(A;), such that o = (..., a_9,a 1500, 01, ..., a5 Yr+1) and
a=(...,&_9,& 1;a9,a,...,0a Prr1). We claim that a;, o = 1 because in other case

by lemma B35 as [0; Sx11] < [0;1] < [0;941], we would have for all j < k
Mo(07(. .. @9, G160, ..., 0 1)) <t+e/240/2,
and for j > k+1

Mo(07(..., G g, & 1;00,...,05,1)) <3 <t+e/2.

Then for x =T ((...,&_9,&_1; a0, - - ., (g, 1, 1)) one would get the contradiction

x e W*A;) NW?3(E) and my, p(x) <t+€/2+ /2.

In a similar way, we must have aj,, = 2 because if a;,, = 1, then [0; fp41] <

0;2,2,1] < [0;v,41] and by lemma B.5 we would have for all j < k
Mo(07(.. . G g, @ 160, .., 04,2,2,1)) <t +€/24+65/2,
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for ) =k +1,
MNo(07(.. ., 0 g, 160, ...,0,2,2,1) = [0;d,...,80,0_1,...] +2+

0;2,1]

< [0;a,...,60,1,...] +ajy
+10; A y25 Ay - - -]

= No(0"(..., a1 80, .., 8k, Brr1))

< m(...,a_1;d0,. .., 0k Brsl)

< t+e¢€/2

and for j >k + 1,
Mo(07 (.. 0o, 150, ..., 08, 2,2,1)) < 24 [0;1] +[0;2,2,1] = 3,0406... < t + ¢/2
then taking z = IT"Y((...,&_o, &_1; g, . . ., (g, 2,2, 1)) one would have

€ WA;) NW*(&) and my, s(x) <t +e/245/2

that is again a contradiction.

In particular, in this case, we can refine the cover C, by replacing the interval
I(agp; ay,...,ax) with the intervals I(ag;aq,...,ax, 1,1) and I(ag;aq, ..., ax,2,2).

By lemma we have the inequality

<|~”(a1,---,ak,l,l)|)°‘49+ (\I(al,...,ak,2,2)|)°-49_
T(ar, - .an) T(ar, a0
147 0'49+ 1y 0.49 <
(2+7)(34+2r) (5 + 2r)(7 + 37)

9\ 049 5 049
<2><3) +<5><7) <09

that let us conclude that HD(A;) < 0.99 again. The rest of the proof follows the
same lines as the previous one.

Finally, if n € T is accumulated from the right by points of T, as before, we
can consider the horseshoe A = A(N), where N = 2 if n < 2+ [0;1] + [0;1,3,1,4]
and N = max{4, |n]} otherwise. Take any strictly decreasing sequence {t,},>1 of
points of 7" such that lim ¢, = n and ¢; < max f|,, also € > 0 small enough such

n—o0

that HD(A,—_.) > 0.99 and take any ¢, € (n —€,1). The techniques we developed
allow us construct then, a sequence {A"},>( of subhorseshoes of A with the following
properties

(1) max fa0 <7

(2) max f|x1 < max f|

(3) tpe1 < max flan+r < t,, Vn>1
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(4) HD(A,,) < HD(A™), ¥Yn >0
(5) A c A"t C A", Vn > 1.

Therefore, we can define a map

0: K“(A°) — Ek'(n)
a — 60(a)
given by
0(a) = [ag; a1, - .. ,as(l)!,hl,a(l),h2,a(2), .. .,hn,a(”),hnH, o]
where
a = [ag; a1, as,...] = |ag;ai, . ..,as(l);,a(l),a(z),...,a("), o]

and the sequences {s(n)},>1 and {h,},>1 are defined as before and are such that
(@™, hyy1,a™ Y By, ... ) appears in the kneading sequence of some point of A"*!.

It is easy to see using the construction of  that for every a € K*(A%), k(6(a)) =7
and arguing as before, that 6 is a homeomorphism with Holder inverse whose exponent
is arbitrarily close to one. That implies that HD (k™' (—oc0,n]) = HD(k7'(n)).

For the second part, corollary B 9implies, one more time that H D(A™") < HD(A"),
for n > 1 and then that HD(k™'(—o0,n]) < HD(k™'(—o00,t]), Vt > 1, as we wanted
to show.

APPENDIX A. HYPERBOLIC SETS OF FINITE TYPE

Given a horseshoe A, we know that there is a subshift of finite type ¥z C ¥4 and
a homeomorphism II : A — Xz such that ¢ o Il = Il o 0, as explained before. Take

a finite collection X of finite admissible words o = (ag, a, . .., a,), we said that the
maximal invariant set
M(X) = (¢ (| R(a:0))
nez acX

is a hyperbolic set of finite type. Even more, it is said to be a subhorseshoe of A if
it is nonempty and |y (x) is transitive. Observe that a subhorseshoe need not be a
horseshoe; indeed, it could be a periodic orbit in which case it will be called a trivial
subhorseshoe.

By definition, hyperbolic sets of finite type have local product structure. In fact,
any hyperbolic set of finite type is a locally maximal invariant set of a neighborhood
of a finite number of elements of some Markov partition of A:

If X is as before and n(X) = rolzlg:é(|a|, then the set X of admissible words & =

(@—p(x)s- -5 00, - - -, Gnex)) such that & = oy where the words oy, ap, g are ad-
missible and for some n, ay = (ag, ay, ..., a,) € X, satisfies

M(X) = (e (| R(a;0)).

nez aex
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Suppose then, without loss of generality, that X C A. We set A = A(X) as the
matrix with entries A, 3 defined by A,z = 1 if the letters of X, a and 3 are such
that a3 is admissible and A, 3 = 0 otherwise.

Let Xx = {a = (an)nez : @, € X for all n € Z} equipped with the usual shift o :
Yx — Xx. Consider ¥4 = {a = (an)nez € Xx : Aa,any, = 1}, this set is closed and
o-invariant subspace of ¥x. The pair (X4, 0) is the two-side subshift of finite type
associated to A in the alphabet X.

Given «, 8 € X, we said that « is related to § if for some k,¢ > 0, (A%),5 > 0
and (A%)g, > 0. This corresponds to having a path from « to 3 and a path from j3
to ain the graph G4 that have as vertex set, the set X and as transition matrix, the
matrix A. We said o € X is a transient state if « is not related to itself, i.e there is
no path from it to itself. In this context, the set 34 can be identified as the set of
infinite paths in the graph G 4.

We said that A is irreducible if for every «, 5 € X there exists some ¢ € N with
(A%4.5 > 0. Equivalently, the matrix A is irreducible when it is possible to connect
by a path each pair of vertex in the graph G 4.

Using the above relation, we can divide X into transients states and a collection
of disjoint classes that determine some submatrices of A. More precisely, it follows
from theorem 1.3.10 of [10] that there is a permutation matrix P such that

Ay o+ % R
0 A2 * L. X

plap=10 0 Az ...«
0O 0 0 ...A,
where each A; is a transition irreducible matrix that we call of transitive component
of A or the one by one matrix [0] corresponding to a transient state. If 4;,,..., A; are
the transitive components of A, we said that ¥4, ,..., 34, C X4 are the transitive

components of X 4.
Next, we write observation 5.1.2 of [10]

Proposition A.1. For x € ¥4, the following holds:

e the positive and negative limit sets of x, w(x) and a(x) are each contained in
a transitive component of X 4,

e 1 is nonwandering if and only if it belongs to a transitive component of X 4,

e 1 is nonwandering if and only if w(z) U a(x) is a subset of some transitive
component of ¥ 4.

By proposition [A ]l if some x € ¥4 doesn’t belong to any transitive component of
¥4, then x is nonwandering and there are different transitive components X4, and
X4, such that w(z) C Xy, and a(z) C Xy, .
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Definition A.2. Any 7 C M(X) for which there are two different subhorseshoes A4
and Ay of A such that

T={re M(X): wx)CA and a(z) C A}
will be called a transient set or transient component of M (X).

Note that by the local product structure, given a transient set 7 as before,
(A.1) HD(1)=HD(K?*(A2)) + HD(K"(Ay)).

From the last discussion, we can recover a decomposition of the set II(M (X)) and
then for the set M(X)

Proposition A.3. Any hyperbolic set of finite type M(X), associated with a finite
collection of finite admissible words X, can be written as

M(X) = JA

i€T
where I is a finite set of indices (that may be empty) and for i € T, A, is a subhorse-
shoe or a transient set.
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