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NONLINEAR STABILITY OF ENTROPY WAVES FOR THE
EULER EQUATIONS

WEI WANG, ZHIFEI ZHANG, AND WENBIN ZHAO © f

ABSTRACT. In this article, we consider a class of the contact discontinuity for
the full compressible Euler equations, namely the entropy wave, where the
velocity is continuous across the interface while the density and the entropy
can have jumps. The nonlinear stability of entropy waves is a longstanding
open problem in multi-dimensional hyperbolic conservation laws. The rigorous
treatments are challenging due to the characteristic discontinuity nature of
the problem (G.-Q. Chen and Y.-G. Wang in Nonlinear partial differential
equations, Volume 7 of Abel Symp.(2012)). In this article, we discover that
the Taylor sign condition plays an essential role in the nonlinear stability of
entropy waves. By deriving the evolution equation of the interface in the
Eulerian coordinates, we relate the Taylor sign condition to the hyperbolicity
of this evolution equation, which reveals a stability condition of the entropy
wave. With the optimal regularity estimates of the interface, we can derive

the a priori estimates without loss of regularity.

1. INTRODUCTION

1.1. Presentation of the problem. In this article, we consider the full compress-

ible Euler equations:

Oep+ V- (pu) =0,
O(pu) + V- (pu®@u) + Vp =0, (1.1)
O(pE + pe) + V- {U(p@ +p6+p)} =0,

where p, u, p = p(p, S), e = e(p, S) are the density, velocity, pressure and internal
energy with the entropy S, respectively. The pressure p = p(p, S) satisfies the

following state equation
p=nplp, S) = Ap7e®, (1.2)

with A > 0 and v > 1 as constants.
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For a piecewise smooth weak solution of (1.6) in a domain Q = T? x (-1, 1)
with
OF = {o = (T, x3) = (x1, T2, 13) €Q: 3 = f(t, T)},

the Rankine-Hugoniot (RH) conditions are satisfied on the interface I'y = {(Z, (¢, 7) :
Te T}

[mn] =0,

my[un] + [N[*[p] = 0,

my[u-] =0,

ma[- + e + [pun] =0,
where

N = (7alfa 782f5 I)Ta = (17 05 alf)—rv T2 = (07 17 a?f)—rv (14)

uy =u- N, ur = (u-1,u- 1), my = p(uny — Ocf). (1.5)

There are two kinds of characteristic discontinuities on which [p] = [un] =my =0

(see [4, 5,7, 13]):

e Vortex sheets:
[[u‘rﬂ 7é 0;
e Entropy waves:
[u-1=0, [l #0,  [S]#0.
In this article, we focus on the entropy waves. The system (1.1) can be rewritten
as a symmetric hyperbolic system of (p*, u*, S*) in QF respectively:
#D?pi +V-ut =0,
pEDEuE + Vpt =0, (1.6)
DFS* =0,
where D?E = 0y +u* - V. Since [u] = 0, we shall just use D; = d; +u- V to denote

the material derivative. The density p* can be recovered from (1.2) by
1 1 +
pr= AT (pF) e T (1.7)
On the interface I'¢, the RH conditions across I's are

Pl=p"—p~ =0, [ul=u"—u =0, onTy. (1.8)

Meanwhile, the density and the entropy can have jumps across I'y. We shall assume
that

[[p]]:er*pi?éOa [[S]]:SJr*Si#Oa Onrf' (19)

The evolution of the interface I'y is given by

onf =u* - N. (1.10)
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We shall also use N* = FN to indicate outer normal directions of T’ ¢ in 0+
respectively.
On the fixed upper and lower boundaries I't = T? x {£1}, there holds that

u® - nF| L =0, (1.11)

with n® = (0, 0, £1)T.
In this article, we shall prove the a priori estimates of the problem (1.6)—(1.11)

without loss of regularity under the Taylor sign condition
[Vnp] = Vnpt —VNp = —Vnipm = Vpy-p~ >0. (1.12)
More precise statement of the main result will be presented in Section 3.

1.2. History and related works. There are three fundamental waves in the
multi-dimensional hyperbolic conservation laws: shock waves, rarefaction waves
and contact discontinuities (including vortex sheets and entropy waves). The inter-
ested reader is referred to [4, 13] for detailed discussion. The nonlinear stability of
shock waves and rarefaction waves were proved in [24, 25] and [2, 3] respectively. As
for contact discontinuities, they are characteristic discontinuities and usually sub-
ject to the Kelvin—Helmholtz instability and the Rayleigh-Taylor instability (see
[14, 16]). If [u] # 0, the contact discontinuity is also called the vortex sheet. The
3D vortex sheets are violently unstable while the 2D vortex sheets are weakly stable
under the supersonic condition (see [9, 15, 27]). The nonlinear stability of the 2D
vortex sheets were proved in [11, 12] (see also [31, 32]).

If Ju] = 0 where the velocity is continuous across the interface, the contact
discontinuity is also called the entropy wave. The normal modes analysis shows
that the entropy wave is only weakly stable (see [5]). Recently in [19], the authors
proved the stability of the entropy wave with constant states by vanishing viscosity.
However, the nonlinear stability of the general entropy waves in multi-dimensional
situations is a longstanding open problem (see [7]). There even lacks stability
conditions addressing this problem. As stated in [7], “it would be interesting to
analyze entropy waves to explore new phenomena and features of these waves in
two-dimensions and even higher dimensions.”

In this article, we discover that the Taylor sign condition is essential to the
nonlinear stability of entropy waves and prove the a priori estimates of the problem

without loss of regularity. More precisely:

o We shall derive the evolution equation of the interface and study the prob-
lem in the Eulerian coordinates. This approach was first used in [34] to
investigate the stability of the incompressible current-vortex sheets. It was
generalized by the authors to the one-phase compressible Euler equations
in [39], where it is vacuum in Q. The entropy wave can be seen as a two-

phase problem, where we have two fluids (p*, u®, S*) in QF respectively.
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e With the evolution equation of the interface, we discover that the Taylor
sign condition is a natural stability condition since it is equivalent to the
hyperbolicity of this evolution equation. Then we can derive the optimal
regularity estimates of the interface. This enables us to investigate the
quantities inside QF in a simpler way. We do not need to make a change
of coordinates or use the Alinhac’s good unknowns. The a priori estimates
can be derived without loss of regularity. This is important since loss of
regularity is a common phenomenon for characteristic discontinuities (see
[1).

e The Taylor sign condition is commonly used when treating the free bound-
ary problems. However, for the two-phase compressible flow without gravity
or other forces, it is a strong requirement that the Taylor sign condition
(1.12) holds at each point on the interface. On the other hand, the violation
of the Taylor sign condition will lead to the Rayleigh-Taylor instability (see
[16]).

e In order for the piecewise smooth solution to be the entropy wave defined in
(1.8)—(1.9), there need some high order compatibility conditions (3.14) on
the interface. As discussed in Remark 3.1, the violation of the compatibility
conditions could transform the entropy wave to a vortex sheet and lead to
the Kelvin—Helmholtz instability. This suggests that the entropy wave is
a really special class of contact discontinuities of the compressible Euler

equations. See also the discussion of viscous contact discontinuities in [17,

].

There is also a huge literature investigating other stabilizing effects on the in-
terface. When taking magnetic fields under consideration, there are more types of
characteristic discontinuities (see [5, 20]). If the magnetic fields are parallel to the
interface, the characteristic discontinuities are called current-vortex sheets. The
stability of the current-vortex sheets were investigated in [0, 35, 37, 42] for the
compressible case and in [10, 22, 28, 34, 36, 43] for the incompressible case. If the
magnetic fields are continuous across the interface and not parallel to the interface,
the characteristic discontinuities are called MHD contact discontinuities. In [29, 30]
Morando et al proved the nonlinear stability assuming that the Taylor sign con-
dition holds. See also [38] for the case with surface tension. Recently, Wang and
Xin in [40] managed to prove the nonlinear stability without the assumption of the
Taylor sign condition. They used the Lagrangian coordinates and verified that the
normal component of the magnetic field can stabilize the interface (see also [41] for
the incompressible case with surface tension).

The rest of the article is organized as follows. After laying out some preliminaries
in Section 2, we shall derive the evolution equation of the interface and present the

main result in Section 3. We prove some basic estimates in Section 4. The evolution
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of the interface is estimated in Section 5. The estimates of the pressure, the velocity
and the entropy are derived in Section 6. In Appendix A, some results on the elliptic
systems are presented. We also list some analytic tools in Appendix B.

2. PRELIMINARIES

In this section, we recall some preliminary results on the harmonic coordinates
and the Dirichlet-Neumann (DN) operators from [34, 39]. The notations and basic

properties of paradifferential operators are included in Appendix B.

2.1. Harmonic coordinates. Given a smooth function f, = f.(T), we define a

reference domain
={reQ: 2@}, I.={T f@): TeT?}.

We shall consider the free boundary problem that lies in a neighborhood of the

reference domain €2,. To this end, we define
NG, 1) = {(F € BT ¢ || = L] o) < 0).
For a function f € N (4, k), set
O ={reQ: a3z f@}), T;={@ f@): TeT}

Then we can introduce the harmonic coordinates. Define @f CQF o Q)jf by the

harmonic extension:

A®T =0, in QF,
5 (7, f.(F) = (T, f(T)), onT., (2.1)
7 (T, £1) = (T, +1), on I'E.

Given f,, there exists dp > 0 such that @f is bijective when § € [0, §p]. Thus we
can also define the inverse map (CIDJjE)’l : Q}[ — QF such that

+ +\— +\— +
;o (05) ! =1d, (7)o @y =1d.
Let us list some basic inequalities about harmonic coordinates without proof.

Lemma 2.1. Assume that f € N(do, k) with k > 4. Then there exists a constant
C = C(do, ||f*HH,C(T2)) such that

(1) Ifue Hé(Qij) with s € [0, K], then
Juo @Jj‘EHHs(szf) < CHUHHS(in)'

(2) If u € H*(QF) with s € [0, ], then
lue (@F ) < Cllullgo

)71"1{3(9? o)y

(3) Ifu,v € HS(Q?) with s € [2, K], then

Hu”HHs(Q}) < CH“HHs(Q})HUHHs(Q})'
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2.2. The Dirichlet-Neumann operator. For a smooth enough function g = ¢()
on 'y = {(7, f(ZT)) : T € T?}, denote the harmonic extension of g to Q)ﬁf by Hjﬁfg,
that is,

AH;g =0, in QF,
(H79)(®, f(T)) = g(T), onTy, (2.2)
(H7g)(®, +£1) =0, on I'¥,

Here we use the Dirichlet boundary condition on the bottom I'* instead of the
Neumann boundary condition as in the usual case. This modification is useful in
the energy estimates in the following sections.

For a smooth enough function g = g(Z) on I'y = {(7, f(%)) : T € T?}, define
Grg=N* VHigl. =FN-VHgl. . (2.3)

where N = (=01 f, —0af, 1) is the scaled normal vector on the surface I'y. How-
ever, all the regularity properties of the Dirichlet-Neumann operator will be kept in
spite of the modification, as discussed in the appendix of [39]. The same arguments

in [21] yield the following basic properties of the DN operator.

Lemma 2.2. Let f € N (g, k) with k > 4. Then there exists a constant C =
C(do, HfHHN(TQ)) such that

(1) gf is self-adjoint:
(GFo. ¥) = (¢, GEY), Vo, v € HE(T?).
(2) gjf is positive:

(656, 0) 2 Cl0] 3 oy

By the appendix of [34], we also have the following paralinearization of the DN

operators.

Lemma 2.3. Assume that f € H*(T?) with & > 4. Then the DN operators gjf

can be decomposed as
Gy =T+ Ry, (2.4)

where the symbol of the leading term is

Az, &) = VA + VPR = (Vf-§)? (2.5)

and the remainder terms R)jf satisfy that

1B 9l < CAUF]1-)

Furthermore, there holds that

9|l Vs E[1/2, 8- 1] (2.6)

197 9l g7 < C (£ 172)

9]l ;s Vs € [1/2, K]. (2.7)
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2.3. Notations. When there is no ambiguity, we shall use u(z) = 1o+ (x)u™(z) +
1o-(x)u~(x) and HuHH(Q) = "U+"HS((2+) + Hu_HHS(Q,) to simplify notations.
Since u is continuous across I'y from (1.8), we shall just use Dy = 0, + u -V as

the material derivative. The tangential derivatives in Q% are
D=0 +H; (0 f)0s, 0, =0,+H;(0;/)0s (j=1,2). (2.8)
By (1.10), it is direct to verify that
Dy = 0y + 1101 + u20-, on I'y. (2.9)

By the definition of the harmonic extension (2.2), the derivatives d = (01, d2) are
tangential to both I'y and I't. We denote by

A= (V)=(1-A)2 T =) =(1+|9?%"? (2.10)

when treating high order derivatives.

The minuscule indices 4, j, k are in {1, 2} and the capital indices J, K are in
{1, 2, 3}. We shall use the Einstein summation convention, that is, a repeated index
in a term means summation of terms over the index. To simply the arguments, we

also omit all the binomial coefficients (7;) = Wlm),

In the following, we shall use H* = /H)jf and GF = g]jf if there is no confusion of
the function f.

3. REFORMULATION AND MAIN RESULT

3.1. Evolution of interface f. By (2.9), we can rewrite the evolution equation
of f in (1.10) as

Dif = uj. (3.1)
By taking another derivative D; to both sides of (3.1), we have
Dif = Dyuji. (3.2)

For i =1, 2, there holds that

D20 f =0;Dyuf + [DZ, 0,)f
=0;Dyuz + Dy, 0;]Dif + Dy[Dy, 04) f
=0;Dyuy — 9;u;0; Dy f — Dy(D;u70;f)
=0;Dyuy — O;u; (D:0; f + Ojui Ok f)
— (0:Dyw — O;up Oy )05 f — Ouy DO, f
=0; Dyu™ - N — 20;u; D0, f.

(3.3)
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Furthermore, we can plug the momentum equation in (1.6) to (3.3) to get that
gi/)i
P

pED20f =~ 9;Vp* - N + “L-Vnp* — 20%0,uF D3, f

_ _ 0:pt _ _
=— {V@Z-pi — 83in/Hi(8if)} -N + pi Vapt — 2pi8iujiDt8jf

_ _ 9;pF _ _
=03pTVNHE(Dif) — VnOipt + p'i Vnp* —2p70;us D0, f.
(3.4)
Thus, by taking a sum of (3.4) with the positive index and the negative index

respectively, we have
— 1 = 1
25 tot _9un—C-\F. f — + -
DIO + {os* 6" — dspg~ 0 p— {Mremt o (35)

with the Dirichlet-Neumann operators G* defined in (2.3) and

_ 9;p* _ _
M* = —VnDip* + pi Vap* — 205 9,uF D3, f. (3.6)

Lastly, the decomposition of the DN operators G* = Ty +R™ in (2.4) can be applied

to get that
D0, f +aln0if =Nt + N~ (3.7)
where the Taylor sign a is
0z 28 0w (3.8)
pr+p

and the lower order terms are

T S L.
pt+p- (pt +p7)p*
Osp* =
LRi&f.
pt+p~

20t (3.9)
T —
_ mazuj Dtajf F
Since

1

= W{VN + &'f@i},

the RH conditions (1.8) and the Taylor sign condition (1.12) imply that
1

(bt +p7)(1+ IVfIQ){

[Vnpl

e rvm

3.2. Evolution of the vorticity w* and the entropy S*. By taking the curl of

03

[Vnp] +0;if [[gip]]}
(3.10)

the both sides of the momentum equation in (1.6), we have the evolution equation

of the vorticity w® as
1
D™ = w* - VuF — wH(V-u®) - V— x Vp*. (3.11)
p
The evolution of the entropy S* is given by the entropy equation in (1.6) as

D:S* =0. (3.12)
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3.3. Evolution of the pressure p*. To derive the evolution equation of the
pressure p=, we take Dy(1.6), — V - {p% X (1.6)2} to get that

1 1
Dt(—iDtpi) V. (—ini) = tr (Vu)>. (3.13)
p p
This is a second order wave equation.

3.4. Compatibility conditions. Assume that £ > 4 is an integer. To estimate
high order derivatives of the piecewise smooth weak solutions, we need the following

compatibility conditions on the interface I'f:
[Dip] =0,  [Du]=0, 0<I<k+1, (3.14)

Next we discuss an important consequence of the compatibility conditions (3.14).
Assume that the solution (p*, u®, S*) € H*(QF) c CYH(QF) and f € H3(T?) C
C1(T?). Recall the vectors 71 and 73 in (1.4) which are tangential to the interface
I't. The RH conditions (1.8) and the compatibility conditions (3.14) can be applied

to the momentum equation in (1.6) to get that

[[% = —[D;u] = 0. (3.15)

Furthermore, since [p] = 0 and
by (3.15) there holds that
\Y 1
0=7 [-2]=[=](n-Vp), i=1,2 (3.17)
p p
That is, when [[p] # 0, by (3.17) we must have
a-p\Ff =7 vp\Ff =0 (i=1,2), (3.18)

which implies that the pressure on the interface p|r, = p(t,Z, f(t, 7)) is independent

on the space variables . Thus, we may assume that

plp, =a®),  q(0)=0. (3.19)

Remark 3.1. The consequence (3.18) is necessary for the piecewise smooth weak
solution to be an entropy wave. If (3.18) fails, the tangential component of the pres-
sure force is not trivial. Since the densities have a jump [p] # 0, the accelerations
on both sides must have a jump:

7 Vp

[Da -7, = [

ﬂ=—u§ﬂ<n Vp) £0.

The entropy wave could evolve to a vortex sheet immediately.
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3.5. Main result. Assume that x > 4 is an integer. The full energy norm is
defined as

E(t) :HfHHn(W) + HthHH”*%(W)

Kk+1
+ HUHHN(Q) + HDtuHHN—l(Q) + Z HDéuHHN+171(Q) (3 20)
1=2 '
k41
+ || (. S)HHN(Q) + Z (D, DzltS)HHwH(Q)'
=1

For some T > 0, we shall denote by

M= sup &(t), My = £(0).
0<t<T

The lower order energy norm is

F(t) = H(p’ U, S)HHn—l(Q) + Z H(Dzltpa letua letS)HHn—l(Q)- (3.21)
=1

Theorem 3.2. Let k > 4 be an integer. Suppose that the initial data ( fin, pij;, uij;, Si)
satisfy the bound £(0) = My < oo. Furthermore, assume that there are two con-

stants 0 < ¢ < Cy such that
(1) co < piy, < Co, o < piy, < Co;
(2) -1 + ¢o S fin S 1- Cos
in +
(3) \Jz\\an\ VPl z co
Then for T > 0 small enough, the solution (f, p*, u™, ST) to the problem (1.6)-
(1.11) under the compatibility conditions (3.14) satisfies that

(1) M < C(MO; Co, CO) +TC(M5 Co, CO);
@) -1+3<f<i-%
(3) -Vt > .

The constants C'(My, co, Co) are continuous functions of My, ¢o, Cp. In the
energy estimates in the following sections, we shall take ¢y and Cy to be fixed and

just use C'(Mp) to denote constants from line to line.

4. BASIC ENERGY ESTIMATES

In this section, we prove some basic energy estimates.

4.1. Lower order estimates. For the lower order energy norm F defined in (3.21),

we have the following estimates.
Proposition 4.1. Fort € [0, T|, there holds that

F(t) < O(My) + TC(M). (4.1)
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Furthermore,
K—2
1, 4, 9)|lyynse @) + D 1(Dip: Ditty DES)|yprnmams o g < C(Mo) +TCO(M).
1=1

(4.2)
Proof. For 1 <[ < k, since

DA Dlp = AR=IDIHp — A% Dy Dip,
DA~ Dlu = A*"'DIy — [A®7L, Dy Dlu,
DiA"IDLS = 0,

we have

14

2dt

:/ {DtA“*lDip A" DYp + DA Dlu - A" Dby + DyARTIDLS - A“*lDis}d:c
Q

2

||(D,‘;p, Dju, DéS)Hanl(sz)

V-
+ [ {1 Dl + D+ A Dl
<C(M).
The case when [ = 0 follows in a similar way.

Application of the Sobolev inequalities to (4.1) proves (4.2).

O

4.2. Tangential energy of (p, u). Recall the equations for the pressure and ve-
locity (p, u) in (1.6):
LDip+V-u=0,
P (4.3)
pDiu+ Vp = 0.
For 0 < I < k + 1, by taking D! to both sides of (4.3), we have the system for
(Dip, Dyu) as

+1
=D '+ V- Diu = N,

(4.4)
pDi u+ VDjp = N,
where
1
Ny = [ DilDp + [V, Dilu, Ny = [p, Di)Deu + [V, Dilp.
Proposition 4.2. Fort € [0, T|, there holds that
Kk+1
SOk, D)l < C(Mo) + TC(1). (4.5)
1=0

Proof. Since k > 4 and

OV Aoy <C),
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energy estimates of (4.4) yield that

d 1 [Dip>  |Dhuf?
_/{ [Dipl® | |Diul }dx
dt Jo Lyp 2 2

1 D 2 Dl 2 D 2 Dl 2
o ‘w2 2 0 w2 2

Dip|? Dlul? 1 [Dip|>  |Dluf?
[ (o e W, |}dx+/(v,u){ Dipf? Dl
Q ' 2 2 Q w2 2
+ / {DipNg+Diu~N5}dx+ / V- (DluDlp)dz
Q Q

<C(M),

}d:c

(4.6)

where we have used the boundary conditions (1.11) and the compatibility conditions

(3.14) .

O

4.3. Estimates of w and S. From (3.11)—(3.12), the vorticity w and the entropy

S satisfy the following transport equations respectively:
1
Diw=w-Vu—wV . -u—V- x Vp,
p
and
DtS =0.

Direct energy estimates yield the following result.

Proposition 4.3. Fort € [0, T|, there hold that

[ Pr——— ) 1D -1y < Mo+ TC(M),
=1

and
k41

HSHH"(Q) + Z HDIIESHH»;+171(Q) < My + TC(M)
=1

Proof. Taking A*~!D! (1 <1 < k) to both sides of (4.7), we have
1

DyA*"' Dl = [Dy, A" | Dlw + A" 'DY(w - Vu — wV - u — V= x Vp).
p

Then, the Sobolev inequalities and (4.11) can be applied to get that

1d

A DlwIRd
2dt | wl de

v
DtA”*lD,{w - A" Dlwdz + / “
Q Q

<C(M)|| DA~ lDé“HL? sz)+C )|V “HLoo
<C(M).

Lw|?dz

)

This proves (4.9) with 1 <1 < k+ 1. The case when [ = 0 follows similarly.

(4.9)

(4.10)

(4.11)
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For the entropy S in (4.8), since
DA"TIDLS = Dy, AT DLS,

the estimates in (4.10) can be proved just as those in (4.9). O

5. ESTIMATES OF THE INTERFACE f

In this section, we shall derive the estimates of the interface f.

Proposition 5.1. Fort € [0, T|, there holds that

1ty 1Dl g3y < Mo+ TCO) 6.1

Recall the equation of f in (3.7):
D20, f +aln0if =Nt +N—, (5.2)

where A, a, and N'* are given by (2.5), (3.8), and (3.9) respectively. The rest of
the section is devoted to the proof of Proposition 5.1.
Set

F=Yr"3%0,f = (9)" 20;f.

Taking Y+~ % to both sides of (5.2), we have the equation for F as
D2F + aT\F = — Y572, D20, f — [Y*"2, al\|O:f + T* 3 (NT + N 7). (5.3)

Direct computation shows that

1d
-4 D,F? +a|T FQ}d_
R

1 1~ _
- /T Dt{|DtF|2 + a|TﬁF|2}dx +3 /T (ajuj){|DtF|2 + a|TﬁF|2}dz

:/ {DF-DiF +a- DT sF - Ty5F |z
T2

1 _ _
+5 [ @)D + Grusa+ Do) T 5P s
T

:/ {DFF + aT\F} Dy Pz + / a{ T3 TsF — TAF ) DiFdz
T2 T2

1 — _
+ / [U.Dt, T\/X]F . T\/XFdf + 3 / {(Gjuj)|DtF|2 + (Gjuja + Dta)|T\/XF|2}dT
T2 T2
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Therefore,

d _

E{|DtF|2 + a|T\/XF|2}dx

/2 {@u)IDFP + @juja+ Dia)[T,5 P2 fam
T

N = N =

+ /11*2 a{T\*AT\/XF - T,\F}DthE—i- /11'2 [aDy, T 5] F - T s FdT
— / [Y*~2, D2, f - DyFdz — / (Y52, aT)]0sf - D,FdT
T2 T2
+/ T3Vt +NT) - D FdT
T2
::11+IQ+13+I4+I5+I6.
For I in (5.4), it is direct to verify that
2 2
I < C(M){HDtFHLQ(TZ) + HTﬁFHLZ(W)} < C(M).
For I in (5.4), it follows from Lemma B.4 that
By < COD|(TT 5~ T g | D < OO
For I3 in (5.4), an application of Lemma B.5 gives
I3 = T x|DF - T xFdx Dy, T x|F-T ~Fdx
3 /W[a, \/X] t V5N :C—l-/mﬂ[ ts \/X] Vatax

<llfo, TURIDeF | oo | Tzl 2 )

+ ||a||L°°(’]I‘2)H[Dt’ Tﬁ]FHN(TZ)||TﬁF||L2(T2)

<C(M).
Similarly,
Iy =— /]1‘2 [Tﬁf%v Dy D0 f - DFdT — N Dt[T“*%, D8, f - DyFdz
<[|(r=2, Di)Di0if | o gy | DeF || 2

=+ HDt[TK7%7 Dt]gifHLz(TZ)||DtFHL2(T2)
<C(M).

For I5 in (5.4), there holds that
Iy = — / (Y53, a|T50;f - D,FdZ — / a[Yr"2, T\|0;f - D FdT
T2 T2

<|0 2, AT f| oo | DeF | s
+ (|0l %, TAJ0S | o o 1D F ] 2o
<C(M).

(5.4)

(5.6)

(5.7)

(5.9)
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Next we estimate Is with N'* given by (3.9). Since 0;p = 9ip + H(0;f)sp, it can
be derived from (2.2) and (3.18) that
Agipi = GiApi + ,Hi(gif)agApi + QV,Hi(EZf) . V@ipi, in Qi,
gipi = Oa on Ff) (510)
8351-1)* = 0, on Fi.

Then we can use the elliptic system (6.1), the estimates (5.1) and (6.3) to get that

|Ad < C(M). (5.11)

iP ||H~ 2(QE) =

Thus, (5.11) can be applied to (5.10) to yield that

AL -y ) SCM WAGip™ || 29, < C(M). (5.12)
Therefore, we have
HNiHH“*E('ﬂ? S C(M)H(VNglpi, gpi, Eui, Dtgif)HH”*%(qp) S C(M)
Thus,
Is < C(M). (5.13)
Combining all the estimates (5.5)—(5.13), we have
dtH(Dta £, al 2T 0 f)|| P C(M). (5.14)
As for HfHLZ(’]l‘Z)’ we use (3.1) to get that
1d 0ju;
33l oy = [ Dr iz [ Zypaz<con. 69

Assuming the Taylor sign condition, (5.14)—(5.15) and (3.10) prove (5.1).

6. FULL ESTIMATES OF (p, u)

In this section, we shall recover the full estimates of (p, u) from the tangential

energy estimates in Section 4 by some elliptic estimates.

6.1. Full estimates of p. To recover the full estimates of the pressure p from the
tangential estimates of Dlp in Section 4, we shall rewrite the wave equation of p in
(3.13) as

Ap* = %D?pi — prtr (Vu®)? + ./\/l;t, in QF,
p* = q(t), on T, (6.1)
Dspt =0, on I't,

where ¢(t) is given by (3.19) and

ME =L (D) + vp . Vp*. (6.2)
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Proposition 6.1. Fort € [0, T}, there holds that
k41

HpHHN(Q +Z HD pHHf+1 Q) = C(MO) +TC( )

Furthermore,

k41

HDtuHle((z) +ZHD uHH~+1 o) = < C(Mo) +TC(M).

=2

(6.3)

(6.4)

Proof. To prove (6.3), we shall use an induction over the index I. When [ = k + 1,

it follows from (4.5) that

[(DF*p, D) C(Mo) +TC(M).

M2 <
For Dfp, since
VD{p = pD(E) - oD}, Ve~ DF. Vlp
we have from the momentum equation Dyu = —~E that
1DEp /| 111 0y IVDEDN 20y + |1 DF PHLzm)
<D | g + [|oDF, ;]Vpllm(m

+ (D, V]pHLz(Q) + HDprLZ(Q)
SHDfH“Hm(Q) +C(F).

Thus, by (4.1) and (6.5), we have
D7 pHHl(Q) C(Mo) +TC(M).

Assume that 1 <1<k —1 and

k+1

Z HD pHH~+1 k(Q) > < C(Mo) +TC(M).
k=i+1

Then we shall prove that
DL ers-1 gy < CMy) + TC(M).

When 1 <[ < k — 1, the equation for Dip is

ADjp = £D;"?p+[A, Dilp - [%, D{|D?p
fDi{ptr (VU)Q} + DIM,, in OF,
Dip = 0jq(t), on Ty,

83D1l5p = [837 Dzlf]pv on Fi

3

(6.5)

(6.6)
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Since
-1
(A, Dé]p = Z DA, Dt]Di—l—mp
m=0
=3 D { Ay, DI p 4+ 2V w0, D)7 )
-1 m
=3 Y {praw, - ppero, DTy 4 2D Vuy - D0, DT
m=0n=0
P -1 )
-, Dl D2p — D™D , — Dl+1—mp
[VP ¢ D; mz_:ot[tWP]t
-3 e {paLpto)
= Z Dn+1 ). DH1=my,
Dy(ptr (Vu)*) =Di<paJuKaKw>
I l—-m
=YY D "p- Di"dguk - DOk,
m=0 n=0
we have
142
|ADP|| 100y < CENDZP sy + C(F)- (6.10)
Similarly,
-1
[63’ Dé]p = Z D;n[a3, Dt]Diilimp
m=0
-1
-5 or {0}
m=0
-1 m
-5 3" proyus Do,
m=0n=0
yields that
l
H83DtpHH~—%—z(Fi) < C(]:) (6.11)

On the interface I'y, the fact that p|r, = ¢(t) which is independent on Z infers that

HDépH r+**l(1—‘ ) :HDépHLZ(Ff)

(6.12)
SCUIf o= )IPPl| g2y < CUS - 3)CF).
Therefore, the standard elliptic theory can be applied to (6.9) to get that
102l sy <CUL N o D{NADE] o110
10Dt ey sy + D8] eis o, ) (613)

where we have used (6.10)—(6.12), the induction assumption (6.7), (4.1) and (5.1).
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The case of [ = 0 follows in a similar way. Notice that we can only get ||p||HN(Q)

instead of HpHH~+1(Q) due to limited regularity of the interface f. Thus, (6.3) is
proved.

To prove (6.4), since Dyu = f% and
Dy = —DI(EVp) = JVDlp — [D! 1V]p
t Ay PRt tr VP
the estimates of w in (6.4) follow from (6.3) and (4.1).

O

6.2. Full estimates of u. The full estimates of u can be recovered by Lemma A.2
and the fact that

Oiu- N = 0;Df —0;fO;u; = D;i0if, i=1,2. (6.14)
Proposition 6.2. Fort € [0, T, there holds that
HuHHN(Q) < C(My) +TC(M). (6.15)
Proof. We apply (A.3) and (6.14) to get that
el ey SCUS e )Y % sy + 19l s

11But N g oy + il )

<CUA ) {10l ey + H%DtpHHH(m
DByt gy + Nl 20 }
gc(C(MO) + TC(M)) : {C(MO) + TC(M)}
<C(My) + TC(M),
where we have used (4.1), (4.5), (4.9) and (5.1). O

APPENDIX A. ELLIPTIC ESTIMATES
For the one-phase elliptic system

Vxu=w, V-u=og, in QF,
u-N =80, on Iy, (A.1)
u-n_=0, [LudZ=0a;(j=12), onT",

we have the following existence result given by Proposition 5.1 in [34] (see also

[5, 33]):

Lemma A.1. Assume that f € H*"2(T?) with k > 5. Forse 2, k] let (w, 0) €
Hs~ 2(Q ) and 6 € H*~3(T?) be such that

/ odx = odz,
n T
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V~w:0,inQ;, / wsdz = 0.
-

Then there exists a unique u € Hsfl(Q;) to the system (A.1) such that

[ull e ary < CUS -3 {llw, 0‘HHsf«Q;>-%H9H}ﬁf%(pﬂ'+|a1W+|aﬂ}-
(A.2)

The regularity of the solution of the one-phase elliptic system (A.1) was improved
in [8] (see also [39]) by using tangential derivatives for the boundary condition on

the surface I'y:

Lemma A.2. Assume that f € H""3(T2) with x > 5. For s € [2, K|, there holds
that

ey <CUTN o)L IY % 0l sy 1Yl s

+3 Br Npog g+l )

1=1,2

(A.3)

Clearly, these two results also hold for the one-phase elliptic systems in Q7F ;ina

similar fashion.

APPENDIX B. PARADIFFERENTIAL OPERATORS AND COMMUTATOR ESTIMATES

In this appendix, we shall recall some basic facts on paradifferential operators
from [26].

We first introduce the symbols with limited spatial smoothness. Let W% (R%)
be the usual Sobolev spaces for k € N.

Definition B.1. Given p € [0, 1] and m € R, we denote by I'} (R%) the space of
locally bounded functions a(z, £) on R? x R4\ {0}, which are C°>° with respect to &
for € # 0 such that, for all @ € N% and ¢ # 0, the function & — d¢a(w, §) belongs

to WH°° and there exists a constant C,, such that

o N 1
19gaC, Ol yuee < Call+ D™ W) > 5.
The seminorm of the symbol is defined as

M (a) ;= sup sup |(L+1[€N)~ m*‘alaa

lal <3¢+ 144 € > & Ol

If a is a function independent of &, then

M(a) = [lafl .-

Definition B.2. Given a symbol a, the paradifferential operator T, is defined by

Tou(e) = (m) 7 [ 6= n nil€ = n mvmatndn, (B
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where @ is the Fourier transform of a with respect to the first variable. x(¢, n) €
Cc (Rd x R%) is an admissible cutoff function, that is, there exist 0 < £; < e such
that

X(&n) =1 for[§|<eilnl,  x(&mn) =0 for|¢]=>ealnl,
and

020X (& m)| < Cap(L+ )17 for (€, 1) € RY x RY.
The cutoff function v (n) € C°(R?) satisfies

Y(n) =0 for|n| <1,  (n) =1 for |yl >2.

The admissible cutoff function x (&, ) can be chosen as

X(E&m) = Gs(©em),
k=0
where ¢(£) =1 for || < 1.1, ¢(§) =0 for |§| > 1.9, and

Cu(&) = ¢(27F¢) for k € Z,
wo=¢, ¢r=C —C—1 fork>1
We also introduce the Littlewood-Paley operators Ay, Sy defined as

Ay = fﬁl(gpkﬂ) for k& > 0, Agu=0 for k<0,

Spu = ZAW for k € Z.
1<k
When the symbol a depends only on the first variable z in T u, we take ¢ =1

in (B.1). Then T,u is just usual Bony’s paraproduct defined as

Tou = Z Sk_3aApu. (B.2)
k=0

We have the following Bony’s paraproduct decomposition:
au = Tyu + Tya + R(a, u), (B.3)
where the remainder term R(a, u) is

R(a, u) = Z AxalAju.

Lemma B.3. There holds that
(1) If se R and o < £, then

ITeull . S mindllal| o [l 7o lall o llull yov g o lall g loall e 3-

(2) If s >0 and s1, s2 €R with51+52:s+%, then
R, )| e < [lafl .,

(3) If s>0,8>8,8>s andlersQ:erg, then

[ull 2o

< llall g, [l
HG’UHHS SO s [ Ese -
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There is also the symbolic calculus of paradifferential operator in Sobolev spaces.

Lemma B.4. Let m, m' € R.
(1) If a € TP(RY), then for any s € R,

Tl ey e S MG ()

(2) ifa e T (RY) and b € 1";"/ (R) for p > 0, then for any s € R,

1Ty — < M (a) MY (b) + M (a) M (b),

Ta]ib"Hs_}Hs—m—m/+p ~ p

where

afb =Y 0fa(x, DSb(x, §), Dy = —id,.

lal<p

(3) Iface F?(Rd) for p € (0, 1], then for any s € R,

H(Ta)* — T,

S My'(a),

Hs—Hs—m+p ~5 p

where (T,)* is the adjoint operator of T, and a* is the complex conjugate

of the symbol a.
To estimate commutators, we recall a lemma from [1] (Lemma 2.15).

Lemma B.5. Consider a symbol p = p(t, x, £) which is homogeneous of order m.
There holds that

1Ty, 0+ T~ V| g S {5 )0l e + ME (D) Pt g (B.5)
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