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Abstract. In this paper, we introduce a new graph structure, called the direct sum graph
on a finite dimensional vector space. We investigate the connectivity, diameter and the
completeness of I'yew (V). Further, we find its domination number and independence
number. We also determine the degree of each vertex in case the base field is finite and show
that the graph I'ygw (V) is not Eulerian. We also show that under some mild conditions
the graph I'yew (V) is triangulated. We determine the clique number of T'ygw (V) for
some particular cases. Finally, we find the size, girth, edge-connectivity and the chromatic

number of ['ygw (V).
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1 Introduction

Let G = (V(G), E(G)) be a simple graph with vertex set V(G) = {v1, v2,...,v,} and edge
set E(G). For 1 <i# j <n, we write v; ~ v; if v; is adjacent to v; in G. The cardinality
of V(G) and E(G) is called the order and the size of G, respectively. If u € V(G), then
N(u) is the set of neighbors of u in G, that is, N(u) = {v € (G) : wv € E(G)}. For any
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two distinct vertices u and v of G, d(u,v) denotes the length of a shortest path between
u and v. Clearly d(u,u) = 0 and d(u,v) = oo, if there is no path connecting u and v.
The diameter of G is defined as diam(G) = maz{d(u,v) : u,v € V(G)}. A graph G is
said to be complete if every pair of distinct vertices are adjacent and a complete graph
on n vertices is denoted by K,. A complete subgraph of a graph G is called a clique. A
maximal clique is a clique which is maximal with respect to inclusion. The clique number
of G, written as w(G), is the maximum order of a clique in G. The chromatic number of G,
denoted as x(G), is the minimum number of colors required to label the vertices so that the
adjacent vertices receive different colors. A graph G is said to be connected if for any pair
of vertices u,v € V(G), there exists a path between u and v. A subset a(G) of V' is said to
be independent if no two vertices in that subset are pairwise adjacent. The independence
number of a graph is the cardinality of the maximum independent set of the vertices in G.
A subset D of V is said to be dominating set if every edge in V' \ D is adjacent to at least
one vertex in D. The dominating number of GG, denoted by v(G), is the cardinality of the
minimum dominating set in G. A subset D of V is said to be a minimal dominating set if
D is a dominating set and no proper subset of D is a dominating set. A graph is said to
be Eulerian if it contains a closed walk which traverses all the edges in GG exactly once. A
graph is said to be triangulated if for any vertex w in V| there exists v,w € V', such that
(u,v,w) is a triangle. The girth of a graph is the length of the shortest cycle, if it exists.
Otherwise, it is defined as co. For undefined terms and concepts, the reader is referred
to [7,19].

In 1988, Beck [1] initiated the study of graphs associated with various algebraic struc-
tures by introducing the concept of zero-divisor graphs associated to rings. Redmond [22]
extended the study of the zero divisor graph of commutative rings to non-commutative
rings. DeMeyer et al. [14] associated graphs to semigroups. Redmond [23] took a new ap-
proach to define zero divisor graphs with the help of an ideal of a ring. The association of a
graph and vector space has history back in 1958 by Gould [16]. Later, Chen [§] investigated
on vector spaces associated with a graph. Carvalho [4] has studied vector space and the
Petersen Graph. In the recent past, Manjula [18] used vector spaces and made it possible
to use techniques of linear algebra in studying the graph. Intersection graphs associated
with subspaces of vector spaces were studied in [3|[5,6,[17,24]. Recently, Das [9] intro-
duced the graphs associated with the elements of finite dimensional vector space known as
nonzero component graph of vector space. More work on this can be seen in [11H13].

Motivated by the above work, we introduce the direct sum graph as follows: Let

V be a vector space over a field F with two subspaces U and W. We say that V is
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ay +ay + [+ P

Figure 1: dim(V) =4, , dim(U) =2, dim(W) =2, and F = F,

the direct sum of the subspaces U and W, if each vector of V can always be expressed
as the sum of a vector from U and a vector from W, and this expression can only be
accomplished in one way (i.e. uniquely). In other words, for every x € V, there ex-
ists vectors u € U, and w € W such that x = u + w and this representation of v is
unique. Let By = {a,aq,...,0, + f1 + P2 + - - + S5}, with 7+ s = n be a basis of V and
By = {aq, 0, ..., } and By = {51, Pa, ..., Bs} be basis of U and W respectively. Then
any vector x = v + w with unique representation as x = ajaq + asan + - - - + a,a + b1 51 +
byfBs + - -+ 4 bsfs, is said to have its basic representation with respect to By and By. We
define the direct sum graph, denoted by I'yew (V) = (V, E), of a finite dimensional vector
space with respect to U and W as follows: V ={x=u+w € V |u # 0 and w # 0} and
for x1,x5 € V, there is an edge between x; and xa, that is, x; ~ xp or (x1,x3) € E if
and only if x; and x5 share at least two basis elements one each from By and By having
nonzero coefficients in there basic representation. It is necessary to mention here that one
of the subspaces is the zero subspace, that is, U = 0(say), that is, x; ~ X2 if and only if
x; and xg share at least one basis element from Bw having nonzero coefficients in there
basic representation. In other words, the direct sum graph is the generalization of the
nonzero component graph. For some examples of the direct sum graph Tyaw (V), see

Figures 1 and 2.
Throughout this paper, the subspaces U and W of V = U @& W are non trivial and
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ar + B ay + By ay + B3

aq + 3

oy + B+ B aq + B2+ B3

a1+ B+ Pa+ s
Figure 2: dim(V) =3, dim(U) = 1, dim(W) =2, and F = F,

dim(V) > 1.

The paper is organized as follows. In Section 2, we determine the order, size and edge
connectivity of [yew (V). In Section 3, we show that I'ygw (V) is not Eulerian. In addition,
we find the conditions under which the graph I'yew (V) is triangulated. In Section 4, we

find clique number and the chromatic number of I'ygw (V).

2 Properties of I'yg (V)

We begin this section by investigating some basic properties like connectedness, com-

pleteness, independence number and domination number of I'yagw (V).

Theorem 2.1 Let V. =U&W be a vector space over a field F. Then Tyaw (V) is connected
and diam(Tyew) = 2, if dim(V) > 3. If dim(V) = 2, then diam(Tygew) = 1.

Proof. Assume that dim(V) = 2, U and W are non trivial subspaces of V that is dim(U) =
dim(W) = 1. Tt is easy to see that any two vertices x,y € V are adjacent. Hence,
I'vew (V) is a complete graph. Now, assume that dim(V) =n > 3. Let Dim(U) = r and
Dim(W) = s, with r,s > 1 and r + s = n. Depending on the choice of a subspace U and
W, we will break the proof in two cases:

Case(i) Assume that Dim(U) = 1. Then Dim(W) = n — 1, that is, W is a hyperspace.
Let x,y € V such that x = u+v and y = «'+¢'. If x and y are adjacent, then d(x,y) = 1.
Let x and y bee not adjacent. Since dim(U) = 1, so v and v’ share non-zero coefficient in
their basic representation, but v and v" do not share any non-zero coefficient in their basic

representation, that is, there exists 3;, 5; (8; # 5;), which have non-zero coefficient in the
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basic representation of v and v, respectively. Consider z = x+y = u+u'+v+v'. Clearly,
x ~z and z ~y. Hence, d(x,y) = 2. Thus, I'ygw (V) is connected and diam(T'y ) = 2.

Case(ii) Assume that Dim(U) = r and Dim(W) = s, with r,s > 2 and r + s = n. Let
x,y € V such that x = u+wv and y = v/ +¢'. If x and y are adjacent, then d(x,y) = 1.
If x and y are not adjacent, then both w,u’ and v,v" do not share a non-zero coefficient
in their basic representation, that is, there exists o, a; and f;, 5; (a; # «; and B; # ),
which have non-zero coefficient in the basic representation of w,u’ and v,v’, respectively.
Consider z=x+y =u+u' +v+v'. Clearly, x ~ z and z ~ y. Hence, d(x,y) = 2. Thus,
Fyew (V) is connected and diam(I'y ) = 2. u

Theorem 2.2 Let V= U®W be a vector space over a field F. Then I'ygw (V) is complete
if and only if dim(V) = 2.

Proof. Assume that I'yew (V) is complete. We will show that dim(V) = 2. Suppose on
the contrary that dim(V) > 2. Let Dim(U) = r and Dim(W) = s, with r > 1, s > 2 and
r+s=mn. Let x,y € V such that x = o, + ; and y = «a; + i, where j # k. Clearly,
x » z, a contradiction. Thus, dim(V) = 2.

Conversely, suppose that dim(V) = 2. So U and W are non trivial subspaces of V.
In other words, dim(U) = dim(W) = 1. Any two vertices x and y are of the form
X = a;o1 + b;f1 and y = alag + b.f;. Therefore x ~ y. Hence, I'yew (V) is a complete
graph. [ ]

Theorem 2.3 Let V = U & W be a vector space over a field F. Then the domination
number of Dyaw (V) is 1.

Proof. Assume that Dim(U) = r and Dim(W) = s, with r + s = n. Let {a1,aq,..., o}
and {1, B2, . .., Bs} be the basis of U and W, respectively. It is easy to see that the vertex
ar+ag+ -+ a,. + P1+ P+ - -+ Bs is adjacent to any other vertex of V. Thus the
domination number of I'ygw (V) is 1. u

Remark 2.4 The set {1+ 1,00+ 52, ..., a1+ B, o+ 51, as+Ps, . .., a4 s} is a minimal
dominating set of Uuaw (V). Now, the question arises what is the mazimum possible number
of vertices in a minimal dominating set. The answer is given as dim(U)dim (W) in the next
theorem.

Theorem 2.5 Let V=U ® W be a vector space over a field F. If D = {x1,xa,..., 2k} is
a minimal dominating set of 'yew (V), then k < dim(U)dim(WV).



6 Wani, Altaf, Pirzada, Chishti

Proof. Assume that dim(U) = r and dim(W) = s, with r + s = n. Let {ay, as,...,a,}
and {f1, B2, ..., s} be the basis of U and W, respectively. Let D = {z1,xs,...,2%} be a
minimal dominating set of I'ygw (V). Construct D; = D\ {z;}, for 1 <i < k. Indeed, D is
not a dominating set. In other words, corresponding to every D;, there exists ; € T'yaw (V),
which is not adjacent to any element of D; but adjacent to ;. Since, n; # 0, there exit ali,
and Bé such that 7; has non-zero component along oz; and ﬁ;. Now, as n; is not adjacent
to any element of D;, so is a; + B;. Thus, for all i € {1,2,...,k}, there exits Oz;, + 52 such
that o), + 8 ~ x;, but of + B} = x;, for all j # 1.

To complete the proof, it only suffices to show that oz; + ﬁé # ozg;+ ﬁg for ¢ # j. Suppose
on contrary o, + 3 = o + 31 for i # j. Since aj + ] ~ x; and o}, + f, = o + (7, it follows
that of + 7 ~ x;, which contradicts al, 4+ 8. = z;, for all j # i. Hence, of, + B # o +
for i # j. i.e, all ali, + ﬁé’s are distinct, and the total number of such combinations are rs,
it follows that k < dim(U)dim(W). u

From Theorem 2.2] it is clear that I'yew (V) is complete if and only if dim(V) = 2.
Now, the question arises what is the independence number of I'ygw (V) if dim (V) > 3. The

answer is given in the next theorem.

Theorem 2.6 Let V. = U @ W be a vector space over a field F with dim(V) > 3. Then
the independence number of U'yew (V) is dim(U)dim(W).

Proof. Since {ay + f1,a1+ Bs, ..., a1+ fr, 0+ 1,00+ B2, . . ., . + Bs } is an independent
set in I'ygw(V), the independence number of I'ygw (V) > dim(U)dim(W). It suffices
to show that the independence number of I'ygw (V) < dim(U)dim(W). Suppose to the
contrary that {x1,zs,...,zx} is an independent set in I'ygw (V) with k& > dim(U)dim(W),
that is, x; ~ x; for 1 < i # j < k. Also, for z; € V, for all i € {1,2,...,k}, there exits
o}, 3, having non zero coefficient along o), and S} in its basic representation. Claim that
ol + B # al 4 B for i # j. Assume that of 4 3 = o + (7 for i # j. Since o}, + ] ~ x; and
ol + B = ad 4 31, it follows that af 4+ 37 ~ x;. But of + 7 ~ z;, which contradicts x; » x;,
for all 7 # j. Hence, o}, + 3, # of + B8] for i # j. As there are exactly dim(U)dim(W)
distinct a; + B;’s, it follows that k < dim(U)dim(W), which is a contradiction. Hence, the
independence number of I'ygw (V) is dim(U)dim(W). n

Now, we will find the degree of each vertex of I'ygw (V) if the base field is finite. Let
F =TF, be afield with ¢ elements and V = U@ W be an n dimensional vector space over F.
Let dim(U) = r and dim(W) = s, with r + s = n. Let {a1,as,...,a,} and {f1, Bs, ..., Bs}
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be basis of U and W, respectively. It is to be noted that

N(aiy + iy + -+ 4 iy + B + Bj, + -+ Bj,)
= N(aw, + oy, + -+ aag, + difj, + dofj, + -+ dnfB,,),

where 1 </ <rand1<m<sandc #0#d; €F.

Theorem 2.7 Let V=U®W be an n dimensional vector space over a field F with q ele-
ments. Suppose {a1, s, ..., .} and {B1, Ba, ..., Bs} are the basis of U and W, respectively,
withr+s =n. Let Tygw (V) be a graph associated with V. = U @W Then, the degree of the
vertex c10y, + oy + - - -+ oy, +di By, +do By, 4 - -+ dpB;,,, where cicy. .. ¢didy ... d,y, # 0,
is (¢ = 1) (g™ — 1)g"~ ™ — 1.

Proof. First fix 8;,. The number of vertices with «;, and 3;,, as a nonzero component in

the basic representation (including oy, + 3;, itself) is (¢ — 1)?¢""*~2 Therefore,
deg(ah + 5]'1) = (C] - 1)2qr+8_2 — L

The number of the vertices with (o, and §j,) or (a;, and (;,) as the non-zero component
is equal to the number of vertices with (cy, and f3;,) as the non-zero component + the
number of vertices with (o, and f;,) as the non-zero component — the number of vertices

with both (a;,, a;, and f;,) as the non-zero component

— (q o 1)2qr+s—2 + (C] _ 1)2qr+s—2 _ (q o 1)3qr+s—3
(C] . 1)2qr+s—2 _ (C] _ 1)3qr+s—3
= (20¢-1¢" " = (g—-1D*?)(g- ¢!
= (= 1)q" (g —1)g" "
Therefore, deg(a;, + i, + 85,) = (¢* — )" *(¢ — 1)g* — 1.

Similarly, for finding the degree of oy, + i, + a4, + 3;,, the number of vertices with «;, andg;,

or oy,andfB; or ay.andfB; as the non-zero component is equal to
2 J1 3 J1

= G) (g —1)%¢*2 = (2) (g — 1)+ + (2) (g — 1)4q s

= [G) (¢—1)q" " = (2) (a=1)%" "+ @) (q— 1)3q’"_3} (¢— g

= (@ —-1D¢ P (g— 1)
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Hence, deg(a;, + ai, + aiy + B;,) = (¢ — 1) 3(q — )" ' — 1.
Proceeding in this way, we get

deg(o, + 05, + -+ oy + ) = (¢ = Vg (g = g~ 1
Now, run f;, from 1 < p < m, by the above arguments, it is easy to see that
deg(ayy, + iy + -+, + B, + B+ -+ 55,.) = (ql _ l)qr_l(qm 1)1,
Hence,

deg(as, + gy + -+ g + By, + By + -+ Bi) = (¢ — 1) (g™ — 1)g"~ ™ — 1,

3 Tyew(V) is not Eulerian but triangulated

In this section, we first find the minimum degree and the edge connectivity of I'ygw (V).
The main aim of this section is to show that the graph I'ygw (V) is not Eulerian but
triangulated. To do this, we require the minimum degree of I'ygw (V), which is obtained

as follows.

Theorem 3.1 Let V. = U & W be an n dimensional vector space over a field F with q
elements. Then the minimum degree 6 of Tyew (V) is (¢ — 1)%¢" 2 — 1.

Proof. From Theorem [2.7], the degree of the vertex cyoy, + coayy, + -+ + oy, + di 5, +
dofj, + -+ + dmB,,, where cico...qdydy . . .dy, # 0, is (¢ — 1)(¢™ — 1)g"~+™ — 1. Thus
the degree will be minimized if [ = m = 1 and hence § = (¢ — 1)%¢" 2 — 1. ]

Corollary 3.2 Let V = U & W be an n dimensional vector space over a field F with q

elements. Then the edge connectivity of Tyew (V) is (¢ — 1)*¢" 2 — 1.

Proof. From Theorem 2.2, if dim(V) = 2, then I'ygw (V) is complete. Thus, the degree of

every vertex is same. Therefore, the edge connectivity of Tygw (V) is (¢ — 1)%¢" 2 —1. On
the other hand, if dim (V) > 3, then diam(I'yew (V)) = 2, by Theorem 21l Therefore, its
edge connectivity is equal to its minimum degree (see [21],). i.e, (¢ — 1)%¢" 2 — 1. u

Now, we show that the graph T'yew (V) is not Eulerian.
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Theorem 3.3 Let V = U & W be an n dimensional vector space over a field F with g

elements. Then Uyaw (V) is not an Eulerian.

Proof. If ¢ = 2, by Theorem 2.7, every vertex is of odd degree. Again, if ¢ is odd
prime, I'ygw (V) is not Eulerian, since, in this case the degree of every vertex is odd. Thus

the graph is not Eulerian in any case. [ ]

In order to determine whether the graph is triangulated or not, we need to find the

order and size of ['ygw (V) and the minimum degree of a vertex.

Theorem 3.4 Let V = U & W be an n dimensional vector space over a field F with q
elements. Then the order of Tyaw (V) is (¢" — 1)(¢° — 1) and size M of Tw (V,) is

(= 2¢=1)")(¢* = (2¢—1)*) = (¢" = 1)(¢° = 1)
: .

Proof. It is easy to observe that the order of I'yew (V) is (¢" — 1)(¢® — 1).
It is easy to see that the number of vectors having exactly [ a;’s and m, §;’s with nonzero
coefficient in its basic representation are (7)(g — 1)'(%)(¢ —1)™, where 1 < I < r and

1 <m < s . By Theorem 2.7 and noting the fact that the sum of the degrees of all the

vertices in T'ygw (V) is equal to 2M, we have

= ii El) (¢ —D'(d 1)q7”‘lmi:1 (;) (¢—1)™(@" —1)g* ™
() ()
= 22: C) (¢—=D'(d" —q) 2_: (;) (¢=1)"(¢" —¢"
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That is,
2M = ; 7ﬂ(—l)l"_r r(_l)lr—l> - S (g —1)"¢°
(l)q 3 (z)q q m( )q q
- ;) (q— 1)’”618‘”"”) - (; (=1 (;) (q—1)"
= ("¢ -1 =lg+a—1"=¢N) (@ -1) = (¢ +q—1)° —¢)
—lg—=1+1)"=1f[(¢g—1+1)" —1]
= (= (2¢—-1)")(¢* = (20— 1)°) = (¢" = 1)(¢" — 1)
Hence the result follows. n

The following theorem shows that I'ygew (V) is triangulated.

Theorem 3.5 Let V.= U & W be an n dimensional vector space over a field F with q
elements.

(i) If n =2, dim(W) =n —1 and q = 2, then T'yew (V) is a trivial graph.

(ii) If n =2, dim(W) =n —1 and q # 2, then Uyew (V) is triangulated.

(iii) If n = 3, dim(W) =n — 1 and q = 2, then Uyaw (V) contains no cycle.

(iv) If n =3, dim(W) =n—1 and q # 2, then Uyaw (V) is triangulated.

(v) If n >4, dim(W)=n—1 and q > 2, then Dyew (V) is triangulated.

(vi) If n >4, dim(W) <n —2 and q > 2, then L'yew (V) is triangulated.

Proof. (i). For n = 2 and ¢ = 2, the vertex set V is {ag + 1}. Thus, Tyew (V) is a
trivial graph. (ii). For n = 2 and q # 2, T'yew (V) is a complete graph and therefore
triangulated. (iii). For n = 3 and ¢ = 2, the vertex set V is {a1 + (1, a1 + 2, a1 + B1 + Ba }
Clearly, I'ygw (V) contains no cycle. (iv). For n = 3 and ¢ # 2, there exists a € F \ {0, 1}.
For any arbitrary a; + 81 + o, there exist two vertices either{ca; + af; + a2, a7 + 51} or
{a1 +apf + afs, a; + P2} such that g + B+ P2 ~ ag +afy +abs ~ a; + 1 ~ aq + 1+ Po
and o + 1 + Bo ~ a1 +af + afs ~ a3 + B ~ o + (1 + (2 is a cycle of length three.
Hence T'ygw (V) is triangulated. (v). For n > 4 and ¢ > 2, every vertex is of the form
croq + dify + doffs + -+ + -+ + dp Sk, where ¢; # 0,dy,ds,d, € Fand 1 < k < n—1.

Consider an arbitrary vertex x = cyay + di5;,, there exists y = ciay + d15;, + daf3;, and
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z = cpay + d15;, + daof;, + d3f;, such that © ~ y ~ z ~ x is a cycle of length three.
Hence T'yaw (V) is triangulated. (vi) For n > 4 and ¢ > 2, every vertex is of the form
1oy, + oy + - 4 oy, + di By, + dofBj, + - 4+ dpB;,,, where [ + m = n. Consider any
arbitrary vertex x = cjoy, + covy + - - - + oy, + d1 5, + dafSj, + - - -+ dp 5, There exists
Y = cpa, + cqy, + dpB;, + dyf;, and z = cpay, + dp3;, such that x,y and z share at least
two basis vectors having nonzero coefficients in there basic representation. In other words

x ~yn~ z~zisacycle of length three. Hence I'ygw (V) is triangulated. [ ]

Now, we obtain the girth of I'ygw (V).

Theorem 3.6 Let V = U @& W be an n dimensional vector space over a field F with g

elements. Then girth

00 if n=2, dim(W)= n-1 and q=2
3 if n=2, dim(W)= n-1 and ¢# 2
gr (T (V) = 00 z:f n=3y, dz:m(W): n-1 and q= 2
3 if n=3, dim(W)= n-1 and ¢# 2
3 if n> 4, dim(W)= n-1 and ¢> 2
3 if n> 4, dim(W)< n-2 and ¢> 2.
Proof. The result follows from Theorem ]

4 Maximal Cliques in ['yap (V)

In this section, we find the clique number of I'yew (V). For x € Tygw (V), let S, (skeleton
of z) be the set of a;’s and f;’s with nonzero coefficients in the basic representation of x
with respect to the basis of V. It is to be noted that two distinct vertices may have same
skeleton. Moreover, if x = ¢y, +coqsy +- - -+ 10y, +di B, +dofBj, +- - -+ dpm—1 55, _, and
Y = 10y, FCay+- - oy, +di B, +do B, + - 4dy B, then S, C S, Also, 2 < |S,| < n, for
all z € Tyew (V). Let M be a maximal clique in ['ygy (V) and SY and S be the skeleton
of elements in subspaces U and W of V. Define S(M) = {S, = SY U SY : 2 € M} and
SM] = {|S,| == SY + S5 : S, € S(M)}. Since S[M] # ¢, by well-ordering principle, it
has a least element, say ki + ko = k. Then, there exist some z* € M with |S¥| = k; + ko,
where % = cjay, + oy + - -+ Cpy @y, + diB;, +dofBy, + - F dkzﬁjkz. Depending upon the
choice of ky < 3, ko < 5 or ky > g, ky > 5, we show that there exists four types of maximal
cliques in T'ygw (V).
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Theorem 4.1 Let M be a mazimal clique in Tyew (V). If k1 + ko is the least element
of SIM] with ky < % and ky < 5, then M € My’ with 1 < ky <5, 1 <ky <3, i€

{1,2,...;r} and j € {1,2,...,r}, where M,iljkz ={zx € Tyaw (V) : a4, B; € Syand |S,| > k}

and

- 5 8 ()(5 e

Proof. Let x = u+w € M, where u € U and w € W. Since k; < 3, by Erdos-Ko-Rado

theorem [15], the maximum number of pairwise-intersecting ki-subsets in U is (,;__11) and

the maximum is achieved only if each ki-subset contains a fixed element, say «;. Now, the
number of u’s in U with |S,| = k1, k1 + 1,k +2,...,7 and o; € S, are

(;;__11) (q—1)", (Tk_l 1) (¢ — 1)+, (,;111) (q— 1)+ (: B D (g—1), (4.1)

respectively.
Using the similar argument, for ky < 7, the number of W’s in W with |S,| = kg, ko +1, ko +
2,...,sand 3; € S, are

(;:2__11) (g— 1)k, (3 k; 1) (g — 1), (;2111) (g —1)k=*2 C : D (g—1), (4.2)

respectively. As M is a maximal clique, and minimum of S,, for x € M is k; + ko and
S: NSy # ¢, 50 M={z € T'yaw(V) : o, B; € Syand |S;| > k1 + k2.
Now, the number of z’s in M with [S,| = k1 + k2 and o, 55 € S, is

(2 e (o2

The number of z’s in M with |S,| = k1 + k2 + 1 and o, B; € S, are

O L O L e O S Y[R
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Similarly, for |S,| = ki + ke +2,...,7+ s and o, §; € S,, we can find the number of z’s in
M by the help of equations (41]) and ([d2]). Therefore, we have

e e P e e

r—1  s—1
SECEEED YD Dl (i | G RS
i=k1—1 j=ko—1
It is to be noted that for same value of ki, ks and by fixing different o;’s and f;’s, we get
different maximal cliques. Since these maximal cliques depends both on ki, ky and «;, 5,
we get a family of maximal cliques M,ilij = {2z € Tpew (V) : a;,5; € Spand |S;| > k} ,
where 1 <k <5, 1<k <35,7€{1,2,...,r}and j € {1,2,...,r} and M € M7, . n

Theorem 4.2 Let M be a mazimal clique in Uyew (V). If ki + ko is the least element
of SIM] with ky < % and ky > 5, then M € M7, with 1 < ky < ks = [5] + 1,
ie{l,2,...,r} andj € {1,2,... 7}, where M,ilj,ﬁ ={z € lvaw (V) : a;, B; € Syand|S,| =
|Sul + |Sw| > Kk} and

M| = (¢ 1) i Z (7:1) G)(q—l)i“.

i=k1—1 j=ko
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Proof. Let x+ = u+ w € M, where u € U and w € W. Since k; < 5 following the same
arguments as in Theorem ??, the number of u’s in U with |S,| = ki, k1 + 1,k1 +2,...,r

and «; € S, are

(,;__11) (q—1)", (Tk_l 1) (¢ —1)F*, (;;111) (¢ — 1)+, (: } D (1),

respectively. Now, for ky > 3, by Erdos-Ko-Rado theorem [I5], the maximum number
of pairwise-intersecting ks-subsets in V' is (1:2) and the maximum is achieved only if each
ko-subset contains a fixed element, say ;. The number of w’s in W with |S,,| = ko, ks +
1,ks+2,...,s and 8; € S, are

(o o (e (e

respectively. As M is a maximal clique, and minimum of S, for x € M is k; + ko and
SN Sy # (]5, so M = {LL’ c FU@W(V) : Oéi,ﬁj € S,and |Sm‘ >k + ]{32}

Now, following the same procedure as in the proof of Theorem 4.1, we have

A A R
- (rk—ll) (q— 1"+ + (;2)@— D 4ot (: - D(q_ 1)r<z>(q_ 1y
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It is to be noted that for same value of ki, ks and by fixing different o;’s and f;’s, we get
different maximal cliques. Since these maximal cliques depend both on ki, ks and oy, 5,
we get a family of maximal cliques M,;’kz = {z € Tyaw(V) : 4,5, € Sand |5, =
|Sul +[Sw| > ki + ko }, where 1 < ky < 2,k > 5,4€{1,2,...,r}and j € {1,2,...,7} and
M e ]\4,21],€2 Now, as ko > 5, {w € W : [Sy| > ko +1} C{w € W : |S,| > ko }. Maximality
of M is obtained by minimizing k, provided k; > 3, that is ky = | 5| 4+ 1. Thus, we get a
family of maximal cliques M,ilj, where 1 < k; < g, ie{l,2,...,r} and j € {1,2,...,r}

and M € M,i’lj. n

Theorem 4.3 Let M be a mazimal clique in Tyew (V). If k1 + ko is the least element
of SIM] with ky > % and ky < §, then M € M’ with ky = 5] +1, 1 < ky < §,
ie{l,2,...,r} andj € {1,2,... 7}, where M,ilj,ﬁ ={z € lyaw (V) : a;, B; € Syand|S,| =
|Su| + |Sw| = k} and

s S 8 () o ue

i=k1 j=ko—1

Proof. The proof is similar to that of Theorems [Z.1] and n

Theorem 4.4 Let M be a mazimal clique in Tygw (V). If k1 + ko is the least element of
SIM] with ki > § and ky > 5, thenky = |5 ]+1 and ky = [5]+1 and M = {x € Tygw (V) :
|Se| = |Sul + [Swl, [Sul = 5] +1 and [Sy| = [5] + 1} and

we £ % (0

5l+1i=15]+1

Proof. Let x = u +w € M, where u € U and w € W. Since k; > 5 and ky > 3, by

following the same arguments as in Theorems [4.1] and [£.2] the number of u’s in U with
|Su| = k1, k1 + 1, k1 +2,...,r and o; € S, are

(o7 o o (et (e

Similarly, the number of W’s in W with |S,| = ko, ko +1,k2+2,...,s and ; € S, are

(/:2) (¢ —1)*, <k2 S+ 1) (a=1=", <k2 i 2) (=1 (z) =

respectively. As M is a maximal clique, and minimum of S, for x € M is k; + ky and
Sy NSy # ¢, 50 M= {z € Tyaw (V) : oy, B; € Spand |S;| > ki + k2 }.
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Therefore, following the same procedure as in the proof of Theorem E.1] we have

M = Y () =y ($) -y

S EE00)

Now, as ky > 7 and ky > 3, {2 € Tyew(V) : [Se] > ki +k + 1} C {z € Tyaw(V) :
|Sz| > k1 4 ko}. Maximality of M is obtained by minimizing k; and k; provided k; > %
and ky > 3, that is, ky = [§] + 1 and ky = [ 5] + 1. Thus,

r s r s "
M= Y Y (z.)(j)@—w.
i=l5+15=(3]+1

Remark 4.5 Note that \M,if,ﬁ\ is mazimum when ki = ky = 1 in case k1 < § and ky < 3.
So, combining Theorems [{.1], [{.3, [{.3 and[{.4), it is easy to see that the clique number of
PUEBW(V) 18

w(rwwa))=max{<q—1>q’"—1<q—1>qs-1,<q—w-l > ()a-w,

=tz VY
; ()= 1=, ; ()~ 1>§ (*)a- 1>Jﬁ}

and it depends on q, r, s.
Corollary 4.6 If F =F, and n > 4, then the clique number w(Tyaw (V)) = 2772
Proof. If ¢ = 2, then (¢ — 1)¢"~! = ¢"~*. Moreover, it is easy to see that for ¢ = 2 and

(o es

j=12]+1

p=2morp=2m-+1,

Using Remark L5, we get w(Tyaw (V)) = 2772 ]

Corollary 4.7 If F =Ty, n > 4, and x(Tyew (V)) is the chromatic number of I'yew (V),
then

)< L@t s

3 4
< 5 + +

2" < x(Traw(V
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Proof. For any graph G, w(G) < x(G). Therefore, first part of inequality follows from
corollary .6l For the other inequality, use the following result of [2]

w(G)+|V|[+1—-alw)
2 )

X(G) <

where a(I'y) is the independence number of G. Thus, by using Theorems 2.2 and [3.6], we

have

224 ("= 1)(¢* —1)+1—rs
2
_ (g —gq +7“8)+2n_3+1‘

XTw(Va)) <

5 Conclusion

In this work, we have introduced the direct sum graph I'ygw (V) on a finite dimensional
vector space V. We investigated some basic properties like connectedness, completeness,
independence number and domination number of I'yew (V). For n > 3 and ¢ > 2, we
have shown that I'ygw (V) is triangulated. Also, we also provided the exact value of the
minimum degree and the edge connectivity of I'yew (V)). Moreover, we have seen that
Cyew (V) is not Eulerian. Further, we have found the clique number and the chromatic
number of I'ygw (V). For future research, we can think of investigating the following. (i)
When T'yaw (V) is regular, (ii) whether I'ygw (V) is a line graph, (iii) characterize line
graphs of l'ygew (V), (iv) to find genus of I'ygw (V).
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