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Invariant curves of low smooth quasi-periodic reversible mappings
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Abstract

In this paper, we obtain the invariant curves of quasi-periodic reversible mappings with finite
smoothness. Since the reversible property is difficult to maintain in the process of approximat-
ing smooth functions by analytical ones, Riissmann’s method in [17] is invalid. Inspired by the
recent work of Li, Qi and Yuan in [6], we turn to regard the reversible mapping as the Poincaré map
of a reversible differential equation. By constructing a KAM theorem for a reversible differential
equation which is quasi-periodic in time, we obtain the invariant curves of the reversible mapping.
Beyond that, we establish some variants of invariant curve theorems for quasi-periodic reversible
mappings.
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1. Introduction

In 1962, German mathematician Moser [11] proved the existence of invariant closed curves on
cylinder - Moser’s twist theorem. Along with the invariant torus theorems for Hamiltonian systems
by former Soviet mathematicians Kolmogorov and Arnold, they form the famous KAM theory.
As is well known, the smoothness condition of KAM theory has always been a focus of research.
Initially, Kolmogorov and Arnold dealt with analytical systems [22], while Moser [11] discussed 333
differentiable area-preserving maps. Is this requirement of 333 smoothness optimal? This issue
has attracted the attention of many mathematicians, such as Riissmann and Herman. In 1970,
Riissmann [17] successfully reduced the smoothness requirement from 333 to only 5. Shortly after,
Moser pointed out that Riissmann’s proof process can actually yield cases with smoothness greater
than 3. Interestingly, Herman [2, 3] also independently provided proof of this situation. He gave
a counterexample to illustrate that for maps that are differentiable less than 3 degrees, there can
be no invariant curve. Subsequently, these results were also extended to the quasi-periodic case.

Zharnitsky in [25] studied the existence of invariant curves of the following exact symplectic map

=z +v+y+ f(z,y), 1)
n=y+gxy),
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where the perturbations f,g are quasi-periodic in x with the frequency w = (w1, w2, ...,wp,), real

I are sufficiently incommensurable. Moreover, he applied the in-

analytic, and wy,ws, ..., W, 27y~
variant curve theorem to show the boundedness of solutions of the Fermi-Ulam problem. Recently,
Huang [5] obtained the existence of invariant curves of planar mappings which are quasi-periodic
in the spatial variables, CP smooth with p > 2n + 1 (n is the number of frequencies) and satisfy
the intersection property. The main line of the proofs is similar to that of Riissmann [18] and the
critical step is approximating smooth functions with analytical ones.

The intersection assumption is another issue that KAM theory focuses on. Moser pointed out in
[11] that the existence of invariant curves cannot be guaranteed without making any assumptions.
Furthermore, he proposed that the intersection assumption can be replaced by reversibility, and
therefore led to the creation of the KAM theory of reversible systems. Sevryuk developed the
reversible theory [20] for both continuous and discrete systems. Based on the KAM technique, Liu
[9, [10] proved the existence of invariant curves for real analytic quasi-periodic reversible mappings
(LI). Recently, Zhuang et al. [26] obtained the invariant curves of reversible mappings with all
Birkhoff constants being zero by the normal form theory. More works on the invariant curves for
reversible mappings may be found in [6, |7, (9, 10, 21, 24] and references therein.

Motivated by above aspects, we tend to study the existence of invariant curves of the standard
reversible quasi-periodic mapping (I.1]), denoted by M, where mapping M is reversible with respect
to the involution G : (z,y) — (—z,y), that is, GMG = M~'. Moreover, f,g: R x B(rg) — R are
CP and CPT™ respectively, with p = 2m + 1+ 1,0 < p < 1, B(rg) = {|y| < ro : 7 € R}, and they
are quasi-periodic in x with frequency w = (w1, ws,...,wy,). That is to say, we are going to obtain
the invariant curves of the mappings (I.I]) in the smooth cases, other than analytic cases. Such a
map is often met when the vector field is quasi-periodic in time and reversible with respect to the
involution G. The reduction of smoothness for reversible mappings is natural. Moser once gave
a conjecture [12, [13] of invariant curves for C* reversible map. In fact, for autonomous reversible
systems with C* functions, Poschel obtained an existence result of invariant tori in [16]. But there
is no strict proof whether his results can be generalized to the time-dependent case. Therefore,
it is not yet clear whether the twist theorem for C* smoothness holds true. Different from the
symplectic case in Riissmann’s work [18], reversibility property is hard to maintain in the process of
approximating smooth functions by analytical ones. Recently Li et al. [6] overcame this difficulty
by regarding the reversible mapping as the Poincaré map of a reversible differential equation. They
constructed a KAM theorem for higher-dimensional periodic reversible mapping (1), where ~
satisfies Diophantine condition, f, g are CP and CP*? respectively with p = 2d+1+p4,0 < i1 < 1 and
d being the dimension of variables. By this method, we extend the twist theorem to quasi-periodic
case, and solve that the existence of invariant curves for non-autonomous reversible system is true
for C? and CP*™ functions, where m is the dimension of quasi-periodic frequency (see Theorem 2.4]
and 2.5)).

In addition, we discuss variant forms of invariant curve theorems. The small twist theorem was



designed by Moser [11] to prove the stability of elliptic fixed points of general type, and it has found
many other consequences in stability theory. The result obtained in this paper is useful to simplify
the use of the twist theorem in some applications. Based on Moser’s work, Ortega |14] obtained a
variant of the small twist theorem and also studied the existence of invariant curves of mappings
with an average small twist in [15]. Later for quasi-periodic analytic reversible mapping, Liu [9, 10]
established some variants of the invariant curve theorem which are similar to ones in [14] and [15].
Subsequently, Huang [4] extended the results to smooth quasi-periodic mapping with intersection
property. Based on our main result, we obtained Theorem 2.7 and 210l

The rest of the paper is organized as follows. In Section 2, we will list some properties of quasi-
periodic functions, and then state the main results. In section 3, we give an approximation Lemma
of Jack-Moser-Zhender. The following section is devoted to giving out the key iteration process. In
section 5, using Iteration Lemma .1l we give the proof of Theorem 2.4] and Theorem In the

last section, we give some variants of our main results.

2. Quasi-periodic functions and the main results

2.1. The space of quasi-periodic functions

We first define quasi-periodic functions with the frequency w = (wy,ws, ...wy, ), here the frequency
vector w is rational independent, that is, for all k = (ki, ko, ..., k) # 0, (k,w) = Z;n:l kjw; # 0.

Definition 2.1. A function f(t) is called a continuous (CP or real analytic) quasi-periodic func-
tion with the frequency w = (w1, ws, ...wn,), if there is a continuous (CP or real analytic) function
F(01,09, ...,0) which is 2m-periodic in each 0;(1 < j < m) such that

F(0) = f(wit,wat, ..., wmt).

This function F' is called a shell function of f.

Denote by Q(w) the set of real analytic quasi-periodic functions with the frequency w =
(w1, w3, ...wy,). From the definition, we know that for given f(t) € Q(w), the corresponding shell
function F' : 0 = (01,0, ...,0,,) € R™ — R has the following Fourier series

FO) =Y fue"™?,

kezm

which is a 2w-periodic in each variable, real analytic and bounded in a complex neighbourhood
7 = {(61,02,....,0m) € C™ : [Imb;]| < 5,5 =1,2,...,m} of R™. The function f is obtained from F'
by replacing 6 by wt and has the expansion

fB) = frel®r.

kezm



Definition 2.2. Forr > 0, let Q,(w) C Q(w) be the set of real analytic functions f such that the
corresponding shell function F are bounded on the subset II'", with the supremum norm

Z fk ei<k,9>

kezm

= sup |F|.
germ

|1l = sup

s

Moreover, we define the norm || fll, = ||F |-

The following statement are standard in the theory of quasi-periodic functions and the proof

can be found in [25, chapter 3].

Lemma 2.3. The following statement are true:

(1) Let f(t),9(t) € Qw), then g(t + f(t)) € Qw);
(17) Suppose .
|kl
for some constants ¢ > 0,0 > 0. Let h(t) € Q(w) and 7 = at + h(t)(a + k' > 0), then the inverse

relation is given by t = a~'7 + hi(7) and hy € Q(£). In particular, if a = 1, then hy € Q(w).

[(k,w)| = ke z™\ {0},

2.2. Invariant curves theorem for quasi-periodic reversible mappings

We assume that f :R3 — R are of class CP, and define
2| = max{|z1], |2za|, |z3]}, 2z = (x1,29,23) € R?,

|flrs = sup [f(2)],

z€R3

[flles = > sup | D" f(a)|

3
|k|<p PR

if p > 0 is a integer, and

o= Y sup [PIO=DUW)

+ Z sup Dkf(x)‘,

_ Tz —y® 3

if p=1+s,1 >0is an integer, s € (0,1), where

9
8951

0 0

k _ k1 _Z k2 __
D _( ) 0 8%2) O(axg

5, |kl = k| + kol + |kl k= (K1, ko, k3) € N2

Now we are ready to state our main results.

Theorem 2.4. Assume that the quasi-periodic mapping M given by (I1) is reversible with respect
to the involution G : (x,y) — (—z,y), that is, M o Go M = G. Given p = 2m + 1 + p with
0 < pu < 1, we suppose that f,g : R x B(rg) — R are CP and CP™™, respectively. Furthermore,
suppose that wi,wa, ..., wm, 21y~ satisfy the Diophantine condition:

&)

fy m
L > .
<k,w>2ﬂ+l Z kezm\{0},l €Z, (2.1)

4



where 0 < ¢ < 1, 0 = m + 755. Then there exists ¢g > 0 such that for any 0 < ¢ < &g, if

[fller®xBroy) <& llgllecr+m@x o)) <€
the mapping M has an invariant curve.

Theorem 2.5. Consider a system of non-autonomous differential equations

(x,y,t) € D:=R x B(rg) x T. (2.2)

A o' =y+y+ flz,y1),
y = g(z,y,t)

Suppose that the system A is reversible with respect to the involution G : (x,y,t) — (z,y,—t), that
is, for any (z,y,t) € D,

f(_xvyv _t) = f(xvyvt)v g(_‘rvyv _t) = _g(‘rvyvt)'

Given p =2m+ 1+ pu with 0 < u < 1, we assume that f,g: D — R are CP and CP™™, respectively.
Moreover, assume that w and v~ satisfy the Diophantine condition:

Co

[(kyw)y +1 = 7=,
||

kez™\{0},l €z, (2.3)

where 0 < cg <1, c =m+ Wu()' Then there exists €9 > 0 such that for any 0 < € < &g, if

[ fllerpy <&, llgller+mpy < e,
the system A has an invariant curve.

Remark 2.6. The first equation of system (2.2) can be replaced by v+ h(y)+ f(z,y,t) with h'(y) >
0.

2.8. The small twist theorem

In this section, we are ready to give a useful small twist theorem which is a variant of the
invariant curve theorem (Theorem [2.4)) for the quasi-periodic reversible mapping M.

In many applications, one may meet the so called small twist mappings. We consider the

following reversible mappings M :

T1 =z +7+ 0y +0f(z,y;9), (24)

y1 =y +dg(x,y;9),

where functions f and g are quasi-periodic in « with the frequency w = (w1, w2, ...,wn). f(z,y,0) =
g(z,y,0) =0, 0 < 6 < 1 is a small parameter.

Theorem 2.7. Assume that the quasi-periodic mapping My is reversible with respect to the invo-
lution G : (xz,y) — (—x,y), that is, My o Go M; = G. Giwvenp =2m+ 1+ p with 0 < p < 1,
we suppose that f,g : R x B(rg) — R are C? and CP*™, respectively. Furthermore, suppose that

W1, W2, ey Win, 2y satisfy the Diophantine condition (2.1). Then there are two positive numbers
Ag and ey such that if 0 < § < Ag and

[ fller®xB(ro)) < €05 gllertm @xBre)) < €0, (2.5)



the mapping My has an invariant curve.

Remark 2.8. Theorem [2.7 is the so called small twist theorem. The proof of this theorem when
f,g are real analytic can be found in [20], as far as we all know, there is no proof if these functions
are CP smooth. It is not a direct consequence of Theorem but one can use the same procedure
in the proof of Theorem[2.4] to prove it. Thus we omit the proof of Theorem [2.7,

Remark 2.9. The above results is also true for the following quasi-periodic reversible mapping Mo :

{xl =z +7+0h(y) +0f(2,y;0), (2.6)

y1 =y +6g(x,y;6),

with W' (y) > 0. That is to say, assume the conditions of Theorem [2.7 hold, then there exist two
positive numbers Ag and eg, such that if 0 < § < Ag and

I fllcr@®xB@ro)) < €05 llgllcrtm@®xB(re)) < €05 (2.7)

the mapping Ms has an invariant curve.

In the following, we are going to give a variant of the small twist theorem. Consider a one-
parameter family of mappings {Ms}sejo,1) With Ms : R x B(rg) — R x R. Ms can be described in
the form:

r1 = +’Y+ 6ll(x7y) + 5f($7y75)7
Y1 =Y+ 5l2(33,y) + 59(5177:%5),

(2.8)

where f(x,y,0) = g(z,y,0) =0, l1,l2, f, g are quasi-periodic in x with the frequency w = (w1, wa, ..., w ).
0 < 6 <1 is a small parameter.

Since l; and I3 depend on the angle variable x, it seems that one cannot use this result directly to
infer the existence of invariant curves of mapping Ms. However, if f, g satisfy some further conditions
and under series of attempts, we can construct a change of variables such that the original mapping
My is transformed into a new one, which has the same form as M,. At the same time, the new

mapping meets all conditions of Remark 2291 More precisely, we will prove the following results.

Theorem 2.10. Assume that the quasi-periodic mapping My is reversible with respect to the invo-
lution G : (xz,y) — (—x,y), that is, Mso Go Ms = G. Giwen p =2m+ 1+ p with 0 < p < 1,
we suppose that f : R x B(rg) — R are CP and l1,l2,9 : R x B(rg) — R are CPT™. Furthermore,
Suppose that wy,wa, ...,wm, 2y T satisfy the Diophantine condition (21). In the meanwhile,

lim 1 T%(a: Ydz >0 (2.9)
TS50 T Jy Oy Y ' ’

Then there are two positive numbers Ay and € such that if 0 < § < Ag and

[ fllcrrxBro)) <& llgllertm@xB(re)) < € (2.10)

the mapping Mg has an invariant curve.



3. Approximation Lemma

In this section, we will give a well known and fundamental approximation results, which is used
in the iterative process.

First we define the kernel function

1 . .
Kw)=—= K(&)etwqe, wed,
where K is a C* function with compact support, contained in the ball |{| < a with a constant
a > 0, that satisfies

1, ifk=0,
0, if k0.

Lemma 3.1. (Jackson-Moser-Zehnder) Let f(w) € CP(RY) for some p > 0 with finite CP norm over
R!. For any 6 > 0, define

I*K(0) =

Siw) =0 [ K (U5 wt)du (3.1)

R!

Then there exists a constant ¢ > 1 depending only on p and | such that for any § > 0, the function
(Ssf)(w) is real analytic on C', and for any k € N' with |k| < p, one has

O * (85 f) (Rew)
Al

sup |0%(S5.)(w) - (ifmw)*| < Cf e,

)
welly IA|<p—|k|

and for all 0 < § < &',

0" (S f)(w) — 0 (Ssf)(w)| < C|fllerd™ .

sup
wEHfS

Moreover, the Holder norms of Ssf satisfy, for all 0 <p' <p <p”,
1S5f = Flleer < Cllf N8, (1S5 fllgor < Cllf lerd”™".

Finally, the function Ssf preserves periodicity, that is, if f is T-periodic in any of its variables
wi(1 <5 <), sois Ssf.

See [1, 119, 23] for the proof of Lemma 311

Lemma 3.2. Let | = 3 in Lemma [31], assume that f(x,y,t) € CP is a quasi-periodic function
with the frequency w = (w1,wa, ...,wn). Then for any 6 > 0, there exists a holomorphic function
Ssf:CxCxT— C,Ssf(R3) CR such that the following inequalities

1S5 fIps < C| fllwrs,
1Ssf — flrs < C||fllcrd?, (3.2)
|Ssf — S5 flps < C|l fllerd™



hold for 0 < § < &, where Ds = Rs x Ry x Tg,Rs = {x € C : [Imx| < §},Ts = {t € (C/27Z) :
|Imt| < §}. Moreover, for (x,y,t) € R xR x T,
hd fo(—ﬂf,y, _t) = f(ﬂ?,y,t), then

S(;f(—x,y, _t) = S&f($7y7t)7 (33)
hd Zf f(_ﬂj,y, _t) = _f($7y7t); then
S(;f(—x,y, _t) = _S(Sf($7y7t)7 (34)

Proof Since that f(z,y,t) is quasi-periodic in 6 with the frequency w = (wi, w2, ..., W), from

Definition [2.1] there exists a corresponding shell function
F(@, Y, t) = F(@l, 92, vouy Qm, Y, t), 0= (91, 92, vouy Qm),

which is 27-periodic in 6;(j = 1,2,...,m) such that f(z,y,t) = F(wiz,wsz,...,wne,y,t). Since
f(z,y,t) € CP(R3), it yields F' € CP(R™*2). From Lemma [B.1] there exists a real analytic function
SsF (01,02, ...,0pm,y,t) which is 27-periodic in 0;(j = 1,2,...,m) and ¢. It means that there is a real
analytic and quasi-periodic function Sjf(x,y,t) with the frequency w = (w1, ws, ..., wy, ). The proof
of inequalities of ([B.2]) is similar to Lemma 2.11 in [5], here we omit it.

Let w = (wy,ws, w3) € R3, choose the kernel function K (w) such that
K(—wl,wg,—wg) :K(wl,wg,wg), V(wl,wg,wg) € R3.
By the definition of K, it is easy to obtain that

K(_w17w27 —ZU3) = K(w17w27w3)‘

Since

_ 53 / K(57 o+ &,y — 5t +1)) f(7, 5, ) didgd
R3
R3

=678 | K (5N =3y — 5= ) F 5 ) i
R3

Hence, ([B3) holds. According to the same process, we can also obtain that (3.4]) holds. Thus we
complete the proof of this Lemma. O

Consider a R-value function f : D — R. By Whitney’s extension theorem, we can find a R-value



function f : R x R x T — R, such that f|D = f and

I Fllce@xrxr) < Cllfllexpy,  Vk €Nk <p.

Fix a sequence of fast decreasing s, | 0, n € Z and sy < % Let § = s, from Lemma [3.2] there

oo

exists a sequence { f™(w)}>2,

w = (z,y,t), where

[ (w) = (Ss, f)(w).

Moreover, f™(w) obey the following properties:

(7) : fM(w)(n = 0,1,...) are real analytic and quasi-periodic functions with the frequency w =
(w1, w3, ...,wp) on the complex domain D, = Ry, x R, x T, . In the sequel, denote D, as D,
for short.

(1) = f™(w)(n =0,1,...) satisfy the following inequalities

sup |f2(w)] < Cllfller(py,

weDg

sup |f™(w) = f(w)| < C|[fller(p)sh

wEDn

sup | " (w) — f(w)] < C| fller()shs
WE D41

where constant C depend on only m and p.
Let

fow) = fo(w), faa(w) = " (w) — fH(w),
we have

fw) = fw) + i (£ w) = 1 w)) = i fa(w), weD.
By Lemma B2 if f(—x,y, —t) = fz:,]y, t), then -
fo(=z,y,=t) = fu(,y,1);
if f(—z,y,—t) = —f(x,y,t), then
fo(=2,y, —t) = = fu(z,y,1).

4. The iteration process

In this section, we are devoted to present an iteration process leading to the proof of Theorem

2.4] and Before we describe the iteration process, we set up some constants and notations.



4.1. Constants and Notations

(i) : Given constant 0 < pu < 1, denote o = m + 55, it =

(i) :

m and p =2m + 1+ p;
co=¢, &p=cltA"

2 mA 1445

(14" (1™
Sn =En, Tn=Sn yTn = € (1+#) (+p)“7

h = $n = 1055 (S0 — Sn41), Th =Tn — 1055 (F'n — Tny1);

(#i) : Be(r) ={y € C: |y| < 7w > 0}
(iv) : D(s,r) = Rg x Be(r) x Ts.

We use a norm definition || f||s, = sup | f(w)].
w=(z,y,t)€D(s,r)
Now we are going back to the system (2.2]). By the discussion of previous section, the system

[22)) can turn into
[e.e]
o =0 (4.1)
y' =2 gn(z,y,1),

n=0
where functions f,,g, : D, — C are real function and quasi-periodic with the frequency w =

(w1, w3, ...,wp, ), satisfying
I fallsprm < Ce-en1,  lgnllsnrn < Ce-en-157"1. (4.2)
Moreover,

fn(_xaya _t) = fn(m7y7t)7 gn(_‘raya _t) = _gn(mhy?t)? V(m,y,t) € D(Smrn)’ (43)

4.2. Iteration Lemma

Lemma 4.1. Assume that we have n coordinate changes A®1, Ay, ..., AD,,. A®; : D(s;,rj) —
D(sj_1,7j-1)(j = 1,2,...,n) has the form

33‘:5—|—Uj(£,77,t), y:77+vj(£7777t)7 (44)

where uj,v; are real analytic and quasi-periodic in § with the frequency w such that ®; is G—invariant
with respect to G(&,n,t) = (=&, n, —t). Moreover,

(g L
[tllsr; < Ce - T12n_18, 3100, (4.5)
K
”Uj”Sj,T’j <Ce- Tn—lgn—lsn_l(io- (46)

Under the transformation ®, = APy 0 Adyo---0 Ad,, the system

n—1
! =7+y+ Z fj($7y7t)7
j=0

n—1

y, = Z gj($7y7t)
i=0

AL
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is changed into

! — _n t
(8<I>n)—lAn—1O(I)n: 5/ /z/+77+f (57777 )7 (48)
T, = gn(€7 T,a t)a
where fnlgn have the following properties:
(7) : fn_, Jn are real analytic and quasi-periodic in & with the frequency w;
(#0) : fn,Gn has the estimates
”fn”sn,rn <Ce-en-1, |Gnllsn,rn < Ce-en—157"1; (4.9)
(4i1) : ) B
fn(_£7777 _t) = fn(£7777t)7 §n(—57777 _t) = —gn(ﬁﬂ%t)- (410)

Then there exists a coordinate change A®, 11 : D(Sp+1,7n+1) — D(Sn,Tn), which has the form

33:§+Un+1(§7777t)7 y:77+’0n+1(§7777t)7
where Up41,Vn+1 are real analytic and quasi-periodic in & with the frequency w such that A®,.1 is
G —invariant with respect to G(§,n,t) = (=§,n,—t). Moreover,

(L
[t 1lln 2 < CE - oo 100, (4.11)

©
lvnsillsnirrmis < C€ - Trepsn . (4.12)

Under the transformation A®,1, the modified system of [{{-8):
2’ vy + fulz,y,t) ) 1
Ay = - + (09, s 9n) © Py 4.13

is changed into
5/ =7 + n + fn+1(£7777t)7

7 (4.14)
= gn+1(£7 m, t)a

(8A@n+1)_1An e} A@n+1 : {

where fr, G obey the conditions (i) — (iii) by replacing n by n + 1. Then under the transformation
D, =D,0Ad, .1, the system A™ is changed into

(0B 41) A 0 By = (OAD, 1) A, 0 AD, . (4.15)

4.8. The proof of Iteration Lemma

In this section, we will first guarantee the existence of the change A®,, 1 by determining the
unknown functions wuy,41(§,7,t), vnt1(€,n,t), then estimate wy,41(&,7,t), vp+1(€,n,t) and new dis-
turbances.

(I) First of all, define

(Far3n) = (fasGn) + (0%0) " (fu, gn) © P,
then (AI3]) can be written as

Ay (@) = (’Y +y+ fn(x,y,t),gn(x,y,t)). (4.16)

11



By the assumptions and the condition (¢) in the iteration lemma, we derive that

(1): fn, Jn, are real analytic and quasi-periodic in £ with the frequency w;

By the assumptions and the condition (i7) in the iteration lemma, it is easy to obtain that

—(m+ing)

n—1 .

||A(I)n — Id”sn,rn < Ce- Th—1En—19S

Observe that

10Ps|s.rm =|[(OAD] 0 ADgo- -0 AD)(OAPg 0 - -0 AD,,) - - (QAD,)]ls, .7

(m+1)

—(m+ — —
(1 +Ce-1jm1gjm18,-; ' max{s; 1,7‘j 1})

IN

7j=1
n 39u
<[Ja+ce) <c

I
—_

J

Combing with the definition of fn, Jn, it yields that
(2): fn, gn has the estimates

anHsn,rn <Ce-ept1, |gnlls;r; < Ce-en—1sy’y;

By the conditions (7i7) and ([d3]), we have
3):
fn(_xy Y, _t) = fn(xv Y, t)a gn(_xv Y, _t) = _gn(‘rv Y, t)'

Assume that the change A®, 1 = ® has the form:

=&+ u(ént),
y=n+v(n,t)

and its inverse ¥ = &~ ! is of the form:

€ =T +u*(x7y7t)7

n=y+v(z,y,t)

where u, v, u*,v* are determined later. Differentiating ((7.9)), we have that

=2 +0u* 2 +0u* Yy + 0, 1=y 400" 2" +90" Y + O’

12

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)



Inserting (£.10) into ([@.23]), we get

§=y+n
+v0u* + But + fulz,y,t) — v* (2, y, t
YOz t n( )A ( ) (4.24)
+0yu” - gn(2,y,t) + O™ - fu(,y,t)
+0u" -y
and
1 =70,0" + O + Gu(,y,1)
+0,0" - Ga(@,y,t) + 050" - ful@.y,t) (4.25)
+0,0% -y
Consider homological equations:
Opu* + Opu* + fulz,y,t) — v*(z,y,t) =0,
V0, w* + fu(@,y,t) — 0" (3,y,1) (4.26)

YO v* + Ov* + gn(x,y,t) = 0.

We first solve the function v* from the second equation of (£.26)). If we write g, into the Fourier

series of the type:

oyt = 3 G el hatin, (4.27)
(k,l)ezm+1

where gﬁf“”(y) is the (k,1)-Fourier coefficient of g, (z,y,t) with respect to variable (z,t) and

27
A (kD) —i((k,w)z+It)
ant (y) = T_mo 27rT/ / n(x,y,t) dtdz.

By (£20]), we have QSLO’O) (y) = 0. Assume that

lay )= Y e, (4.28)
(k,l)ezm+1

Substituting ([4.27) and ([€.28) into the second equation of (£.26]) and comparing the coefficient
of e!(tBw)z+lh) “it follows that for (k,1) € Z™+1\ {(0,0)},

a ()

UGy (W) = ZW’

where vy 0)( y) will determined later.

Now we write fn into the Fourier series of the type:

falmy,ty = Y fFD (el (4.29)

(k,l)ezZm+1

13



In order to solve the first equation of (£.26]), we have to choose (0,0 (r) such that

~vi0.0)) + £ (y) =0, (4.30)
20,0 N
=) fr(z )(y) = v{,0)(¥)-
In the same way, we derive
u (.’1’, Y, t) = Z u?k,l) (y)ei(<k,w>w+lt)7 (431)
(k,1)eZ™+1\{(0,0)}
where u, o (y) =0 and
A(kvl)( *
Uy (Y) =1 D (kD) € 2" {(0,0)).

(kyw)y +1

(IT) Estimate u*(0,7,t) and v*(0,r,t).
Before we give the estimates of u*(é,r,t) and v*(6,r,t), some technical preparations have to be

made.

Lemma 4.2. (Lemma 3.11 in [17]) Let © = (w1, wa, ...,wq) € RY satisfying the inequalities D(k,w) >
V(|k|), where D(k,@) = min |{(k,1),0)|,k € Z971\ {0}, ¢ is an approzimation function. Then for
v=1,2,.., we have

> e < F oo
— < —
— 2 — 2 )
2 EGE =S 00
0<|k|<v

where k = (k,1).
Choose
W= (Wl’%&.}g’y, sy Wm Y, 1)7 qg=m + 17¢(t) = COt_oa
k= (ki, ko, .o, km) € Z™\ {0}, 1 € Z,k = (k,1).

By Lemma (2] and the Diophantine conditions (2.3]), we obtain

Z 1 < 7T23m+3 ~2,20 < (1,20

—_ —_— C 12 1 Z2N
(k)ezm+! |<k7w>7+l|2 -8 0 N
0<|k|+|I|<v

Lemma 4.3. Assume f(z,t) : {(z,t) € Cx T : [Imz| < s,|[Imt| < s} — C be a real analytic
and quasi-periodic function with the frequency w = (w1, w2, ...,wn). Then for k = (k1,ka,..ky) €
7™l € Z, we have the estimate

Z | fogopy P2 URIHID < ometd g2,
(k,l)ezm+1

14



where

1 2m )
- - F t —Z((kﬂ)-i-lt) tdo.
fo) Gy /m/o (0,t)e dtdd
are the Fourier coefficients of f, F' is the shell function of f(x,-).

Proof Let k = (k,1) € Z™*! and 0 = (6,t) € C™*!, we have

Z ’f(k’l)‘2e2s(\k|+\l\) — Z ’fE’2e2s|k|

(k,l)ezm+1 kezm+1
and
T =fr= (%);mﬂ /Tm+1 F(0)e k0 qg.
Set = (x,t) and for every A = (A1, A2, ..., Ams Amy1) € R with [A\| = max I\| < s,

1<j<m+1
define function z + i\ — f(z + i\), which domain is s — |\|, and its Fourier coefficient are

1

_ _ 01\ .—i(k,0) 1p
A = G /TMHF(H—H)\)e .

From Bessel’s inequality,

1 _ B
fz (A 237/ F(6 +i)\)|%do.
ke;HI (A @ryi TmHI ( )l
Hence
Z VP <FIZ A < s (4.32)
kezm+1

Define a new function

= 1 _ T oA _
7 (k,\) - - F . —i(k,0+iX)
A fr(V)e R /T F(+iNe a0,
then
0 Z 1 0 _ — _
eENy = —(F i\)e ik 0+i) i=1,2,... 1.
a)\j (fk()‘)e ) (27T)m+1 /Tm+1 Zae] ( (9 + Z)\)e )d07 ] )<y 7m +

Since F(0 + iA)e‘i<E’é+i)‘> is 27-periodic in 0;(j = 1,2,...,m + 1), it follows
a _
_ )\ (kv)‘> = 0.
S e e) =0

Thus the function f;(\)e®*V is independent of \, and

fr = F7(0) = fre™.

15



Consequently,
[Fr )220 = (£,
and according to ([4.32), we have
Moo AflPe BN = S WP <IfIE A <s. (4.33)
kezm+1 kezm+1

Define e; € R™*1(i = 1,2,...,2™*1) which have components +1, and
Zi={keZ™ : (k e)=—k|}.

It is easy to see that
2m+1

U zi=zm" (4.34)
i=1

Choose A = Ce;(i = 1,2,...,2™H1) in ([@33)), we have

STUfPEE <2, 0<¢ <. (4.35)

kezi

Passing to the limit ¢ — s yields

>l < 1112 (4.36)
kezi
Combing (£34]) with ([436]), we have
> P <2 p, (4.37)
kezm+1
We complete the proof of this lemma. O

Since function g, (x, y, t) is real analytic and quasi-periodic with the frequency w = (w1, wa, ..., W),

as an application of Lemma [43] to g, (z,y,t) on D(s,,r,) yields that

> 950 ()P M) < O g2, 1, - (4.38)
(kDEZm (0,0}

In the following, we will estimate u, v, u* and v*.

Firstly, we estimate the sum

> @) | e
Gl/(y): L € Sn7 V:1727"'
(k,l)ezm+1 (ke w)y +1

0<|k|+|l|I<v

16



In view of Cauchy-Schwarz inequality and Lemma [£.2], we have

NUOYNE s _

Gy < | D [al )| ek | ST (w412
(k,l)ezm+! (k,l)ezm+!
0<|k|+|l|<v 0<|k|+|l|<v

<Cl|gnlsnrv”

Set Go(y) = 0, we obtain

(k) N
9 (Y) | (k) (sn—pn) - v ~(N+1)
v M7 n=Pn) — (1 — Pn y Pn pn’
Z (k,w>’y+l € ( e )ZG (y)e +GN(y)€

(k,hezm+1 v=1

0<|k|+[[|<N
where pp, = ﬁ(sn - 3n+1)’

Taking N — oo, we derive
A(k7l)
3 _gn )| (R (sn )
(eyezmm (oo | BT T

S (1 _ e_pn) Z Gy(y)e_’/pn
v=1

o0
< Clignllsnra > v° (e—l’pn _ e—(V—i-l)pn)

v=1

< CH@anwnPf < C”gnu&umsrja'

Hence, combing with (£19)),[@.28]) and (£30) , it follows that

o

v (2, y, t)”s,ll,rn < CHgann,rns;

o (4.39)
< Ce-ep_15018,° < Ce - Tpepspy .
According to the same process, we obtain
> |FED @) Persn FHD < o fl3,
(k,1)€Z™+1\{(0,0)}
and .
Hu*(x7 Y, t)HSgL,T‘n S C”U*(‘T7 Y, t)”snﬂ"nsgo— + C”fn(x7 Y, t)HSnﬂ"nS;U (4 40)

_ U-‘,—L
<Ce- Tn€n8n( 100).

Using Cauchy estimate on the derivatives of u*(z,y,t) and v*(z, y,t), we get the following estimates:

(o 165) max{r, 1 s}, (4.41)

n rTn

1050Lu*||s2 1 < Ce - Tngnsn

17



_ e
||8§82v*||s%,,4711 < Ce - Thensn ' max{r ' s}, (4.42)

n rTn

where k+1=1,k>0and > 0.
By the implicit function theorem, we know that A®, ; = & = ¥~

=&+ u(ént),
y=n+v(n,t),

(4.43)

where u,v are real analytic, and by Lemma 23] it implies that u,v are quasi-periodic with the

frequency w = (w1, wa, ...,wp, ). Moreover,

11p

(&7, ) st vz < C - gm0, (4.44)

K
HU(€7 m, t)”s%,r% < Ce - Thepsn ', (4.45)

and
A(I)n-i-l (D(Sn—i-larn—i-l)) - A(IDn-i-l (D(Sérlwrgz)) - D(STL?TTL)'

Next, we are in position to prove the change A®,,,; is G—invariant with respect to G(&,n,t) =
(_57 7, _t)
By means of (£.20), (4.28) and (431]), we have

U*(—.Z', Y, _t) = —U*(.Z'7 Y, t)? U*(_‘Ta Y, _t) = U*(‘Ta Y, t)
Combing with ® o ¥ = id, it follows that
u*(2,y,t) +u(z +u(z,y,t),y + v*(z,y,1),t) =0,

and
v (@,y,t) +v(z +u(z,y,1),y + v*(z,y,t),t) =0.

By the discussion as above, it yields that

u(_£7777 _t) = —U(ﬁﬂ%t)a U(—ﬁﬂ% _t) = U(&anvt)v (446)

where (£,1,t) € D(s},72,). Therefore the transformation A®,,; is G—invariant with respect to

G(§7 n, t) = (_€7 n, _t)

(ITI) Estimate the new nonlinear parts.
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From ([#24)) and ([@25)), the new perturbations f,1(£,n,t) and g,.1(&,n,t) are

Ayu* - Gn(x,y,t) + Ogu™ - fn(x,y,t) (4.47)
+ 0zu” -y, (4.48)
Ayv* - G, y,t) + 0pv™ - fr(x,y,t) (4.49)
+ 00" -y, (4.50)

repectively. observe f,11(£,7,t) and g,.1(£,7,t) and by means of Lemma 2.3} it is obvious that
fri1(€,m,t) and Gny1(€, n, t) are real analytic and quasi-periodic with the frequency w = (w1, wa, ..., W ).

First of all, we estimate f,,11(&,7,1).

For (447), by (£19), (441)) and regarding (4.47) as a function of (z,y,t), we have

1
H(M)(‘Tayat)”sﬁm% < §CE cEn-

For (4.48)), by Cauchy estimate and in view of (£.41]), we have

“M)(‘Tvyvt)|’8n+1,7’n+1 < HaSCU* ' (77 - U*)”Sn+1ﬂ“n+1
< HaSCU* : 77”Sn+177“n+1 + ”89671’*“34

*
2 ”'U ” 4 2
n:Tn SnsTn

_(O—+L) _
< Ce-Tmhensn 10 snlrnﬂ

(o+100) —1 ~ 100

+ C&? - Thensn S5, TnEnsn

1
< 505-%.

Hence,
|’fn+1(€7n7t)”5n+177’n+1 < Ce-&p.

In a similar way, we see that
||.§_]n+1(£, 1, t)||sn+177‘n+1 <Ce- 6”'9:7:'

Therefore, we complete the proof of inequality (£.9) with replacing n by n + 1.
By the definition of f,11(&,7,t), Gne1(€,m,t) and combining with (20) and (&486]), we verify

that f,41(€,m,t) and g, 1(€,n,t) meet (EI0) with replacing n by n + 1.
Consequently, we prove the Iteration Lemma.

5. The proof of Theorem 2.4l and Theorem

Before we verify the Theorem 2.4l and Theorem [2.5] we show that there is a convergent change

of variables, transforming the given system (2.2) into the linearized normal form

g=~+n n=0 (5.1)
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On the one hand, by the discussion of the previous section, we know there exists a transformation

sequence {®,}, the convergence of which is decided by their nonlinear parts
Up = Ul + U2 + -+ + Up,

Up =v1 +V2+ -+ Uy

From (@I7)) and ([@I8]), we have ||@y,||+||vn || — 0 as n — 0, it implies that there exists a subsequence
of {®,}, which converges to a transformation ®,,. Without loss of generality, one can assume the
subsequence is {®,}, it follows that

lim @, = ®.

n—o0

On the other hand, since that || fulls, ., + |Gnlls,.rm — 0 as n — 0, we have that

(0Pse) ™" (Y +y+ flz,y,1), g(x,y,1)) 0 Pos
= lim (09,)7" - (y+y+ f(z,y, 1), g(x,y,1)) 0 Py

n—oo

_ (5.2)
= lim (v +y+ ful&n, 1), Gn(&,m,1))

=(v+,0).

Let
Y(z,t) = Poo(z,t) = li_)m ®,,(z,0,t), (z,t) e RxT.

It suffices to prove the fact that ¢ (z,t) does exist and is C!. Then (R x {y = 0} x T) is an invariant
tours for the original system (2.2)). Denote

) = ;(x,0,t)

and write

j=n
o =0+ (&) — @I,
j=1
Then by (417) and (4I8]), we have

|¥(x,0,t) — Id(x,0)| < |2%(x,0,t) — Id(x,0)| + Y |®/ — &I~ < Ce - e0sg 100~ (FA M,
j=1

This means that ¢ does exist and is CY. Moreover, v is quasi-periodic in z with the frequency
w = (w1,wsa, ...,wp,) and

¢ = Id+ O(e). (5.3)

In the following, we are ready to prove 1 is injective by the wonderful idea due to Riissmann [18].

Let 4 = (,1). Although the system (2.2]) is non-autonomous, it can be rewritten as an autonomous
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one:
v =y+y+fl2y,0),
Y =9g(z,y.0), (z,y,0) € D.
=1

Observe that for any w = (z,t) € R x T, ¢(w,t) := ¥(w + At) is the solution to autonomous

differential equation with initial ¢)(w). Take wi,ws € R x T and let n = w; — wy. Suppose that

(wy) = Y(ws). By Picard’s existence and uniqueness theorem,
(wy +At) = Y(wy +At), teR.
Since 4 is in Diophantine class, the set {7t : ¢t € R} is dense in R x T. So
Y(wy +a) =YP(ws +a), a€RxT.

Choose a = —wy, we have ¥(0) = 1(n). Repeating the procedure as above, we have

Y(in) =(0), ez’

From (5.3), it yields that ¥ (In) = O(g). Taking | — +oo, one has n = 0. Thus 1 is injective.
Moreover, 1 : R x T — (R x T) C R? is a homomorphism. Therefore, (R x T) is an invariant
torus with rational frequency vector 7.

Proof of theorem To sum up, we see that 1/)(R x {y =0} x ']T) is an invariant torus of the
system (2.2]).

Proof of theorem [2.4] According to Proposition 4.5 of Sevryuk [20], the mapping (L.I]) in
Theorem 2.4] can be regarded as the corresponding Poincaré mapping of system (2.2)). The proof is
completed by Theorem

6. The proof of Theorem [2.10

The proof is similar to the [9, Theorem 1]. Thus we just give the sketch here.
Since the mapping My is reversible with respect to the involution G : (z,y) — (—z,y) for any
d € [0,1], it follows that

Lz, y)+ f(x,y;8) =11 o G o Ms(x,y) +f(GoM5(a;,y);5),

(6.1)
lo(z,y) + g(z,y;6) = —ly 0 G o My(z,y) — g(G o Ms(z,y);6),
for any ¢ € [0,1] and (z,y) € R x B(rp). Taking 6 — 0, it yields that
hiz,y) =lh(-z—7y), by =-bl-r-7y), (x,y) €RxB(r). (6.2)
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Writting /1 and [ into the Fourier series of the type:

y)= > Lky)e®m Dlary) = Y bk, y)e'*

kezm kezm

with ll(_kv y) = l_l(k7 y)v l2(_k7 y) = 1_2(]{77 y)
Combing with (6.2]), we obtain

ll(k7y) = ll(_kvy)e“k’w)’yv l2(k7y) = _l2(_k7y)ei<k7w>’y' (63)

In particular, from the above discussion and our assumption (2.9]), one has

. T a1
h(y) =11(0,y) = Tlgréof ; 81(x y)dr >0, 12(0,y) _211_1?;0_/ ly(z,y)d
Let
h(ey) = > Lky)e® hy(ey) = Y lky)e®r.
kez™ kezm
0<|k|<N 0<|k|<N

It is well known that for any & > 0, there exists a positive integer N depending on ¢',11,l> such
that

111 (2, y) = h(y) — ha(z,y)llerm + [ll2(z, y) — ha(@,y)llcorm <&’ (6.4)

In what follows, we consider the difference equations:

u(x +7,y) —u(w,y) + hi(z,y) =0,
v(r +7,y) —v(r,y) + ha(z,y) =

It is easy to derive that
ll khy (k,w)x
u(z,y) = — E e%'ffﬂf)e (kw)z

la(k,y Ry
e = Y ) ke

Moreover, by (6.3]), we have

U(—.’L’,y) = —u(a;,y), 'U(_xvy) = U(xvy)'

Let = 2N w7 — 1|71 th
et Co(N) Ogalee |7, then

[ulleptm + lvllertm < Co(N)(lTallepm + [1l2llcp+m)-
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Let

Ri(z,y) = w(z +v,y) —uw(z,y) + (2, y) — hy), Ra(w,y)=v(r+7,y) —v(z,y) +l2(z,y),

then by (6.4]), one has that
| Rillco+m + | Rallcpsm < €.

Define the change of variables ® by

&= o+ du(z,y),

(6.6)
n=y+ov(z,y).
Then the mapping Ms can be transformed into Ls = ® o Mso &~ :
&1 = &+ + 0h(n) + dp1 0 @7 75 9), 6.7)

m =1n+ 6p2 0 (&, m;0),

where
p1(z,y;6) = Ri(z,y) +u(z1,y1) — u(z +v,9) + h(y) — h(n) + f(2,y;9),
w2(x,y;0) = Ra(z,y) +v(x1,y1) —v(x+7v,y) + g(x,y; ).

Note that [y,lo, f,g are quasi-periodic in = with the frequency w = (wi,ws,...,wy), by the
definition of ¢1,p2, 1,92 are also quasi-periodic in x with the frequency w = (w1, wsz, ..., w ).
Hence 1 0 @71y 0 @1 are also quasi-periodic in = with the frequency w, which is guaranteed by
the definition ® and Lemma 23l Since Mjs is reversible with respect to G(z,y) — (—xz,y) and ® is
G-invariant, it means that Ls is reversible with respect to G(§,n) — (—¢&,n).

In the following, we are in position to estimate 1 0 ®~1, @1 o @1, Similar to [9], there exists a
constant C7 > 0 such that

lor 0 @ Her + llpz 0 @ leorm < Crlllenller + llzlicpsm)-

From Lemma 2.2 in [9], it follows that

(s, 92) =l + 7. 9)llew + o1, 1) — v(@ + 7,9 erem
< Ca8([lallewsm + allewem + 1 Flles + lgllenm) (6.8)
< Ca8(allersm + Illlerm +1).

Since f(x,y;0) = g(x,y;0) = 0, there is a Ay > 0 such that for § € (0, Aq),

£ llce + llgllcpsm < €.
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According to the above discussion, it follows that

lerlles + lpallcosn < Cr (e + '+ Cad(llinllcorn + Iallgosn +1) +€(6) ).

Choose

where ¢q is given in (27).

In view of (2.9), we derive h/(y) > 0. By (6.6), one has that ||h(n) —h(y)|| = ||h(y+dv)—h(y)|| <
2(9), where Q(6) is an appropriate modulus of continuity that depends on /3 and v. Due to that
%i_% () = 0, it means that there is a constant Ay such that for 6 € (0, As),

1
9(5) < 4—6'160'

Let
1

A = min{Ag, A1, Ao,
{80, 81,4, 4C1 Co(||lrllep+m + ll2]lcptm + 1

) 60}7
where Ay is given in Remark 29, Then for § € (0, A), we have

lpr 0 @ Hler + llpz 0 @7 lera
< Cillealler + llpzllertm) (6.9)

< &p.

Thus, for § € (0,A),
1 0@ Hier <eo, [lp2 0 7 lcprm < 0.

Therefore the mapping Ls meets all the assumptions of Remark 2.9 and Ls has invariant curves.
Undoing the change of variables, we derive that the existence of invariant curves of mapping M;.
We complete the proof of Theorem 2101

7. Application

In this section, we will apply Theorem [2.4] to the equation

2’ 4 p(x) f(2') + Wiz + g(x) = p(t). (7.1)

Suppose that

(Hy): f,g9,¢ € CPF3 and p € A5

(Hs): f and p are even functions, p(t) are quasi-periodic in ¢ with the frequency u = (u1, 2, -, fim);
(Hs): limg—i00 (z) =1 @(£00) € R, limyy oo 23 H3pBmH3) () = 0;

(Hy): limgoyioo f() =1 f(H00) € R, limyy 400 23 FEMH3) (2) = 0;
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(Hs): limg 400 g(z) =: g(£00) € R, lim|y 400 33 g(3m+3) () — 0,

Theorem 7.1. Suppose that (Hy) — (Hs) hold, and w satisfies

€0

[y ™ =1 > o
|kl

(7.2)

where cg > 0,0 > 0,k € Z\ 0,1 € Z. Then for every solution x(t) of (7-1]), we have

sup(|z(t)] + |2/()]) < +oo.
teR

In order to obtain the boundedness of all solutions of (]), it is sufficient to prove that its
Poincaré mapping can be written as a twist mapping with small enough perturbations. Under some
transformations, we apply Theorem 241 to achieve the goal. In the following, we will give the proof
of Theorem [T.1] which is similar to the proof in [§] and [7]. Thus we give the sketch of the proof.

We first rewrite (1)) as

= —wy

(7.3)
Y =wr+w @) flwy) +wlg(@) —w ip(t).
From (Hs), it follows that (7.3)) is reversible with respect to the involution G(z,y) = (z, —y).
By polar coordinates change x = rcos, y = rsinf, the system (4] is transformed into
' =w 1 (p(rcosb) f(wrsinf) + g(rcosh)) sinf — w = p(t) sinf (7.4)

0 =w+w r~(p(rcosb) f(wrsinb) + g(rcosd)) cos§ —wtr=tp(t) cos b.

Observing that
w™ et (¢(rcos) f(wrsinb) + g(rcosf)) cos§ — wlr p(t) cos b < Cr71,

for some C' > 0, we may consider (74 assuming that r(t) > 2Cw™! for all + € R along a solution
t — (r(t),0(t)). Therefore,
1
9'2§w>0, t e R,
which means that t — 60(t) ia globally invertible. Denoting by 6 — t() the inverse function, we

have that 6 — (r(¢(6)),t(#)) solves the system

g—g = ®(r,t,0)
g—f) = U(rt,0),
where

Wl ((p(r cos ) f(wrsin @) + g(r cos 0)) sinf — w=p(t) sin 0
w+w r=1(p(rcos ) f(wrsinf) + g(r cos ) cos — w=1r=1p(t) cosf’

O(r,t,0) =
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1

U(rt,0) = .
(r,t,9) w4 wtr(p(r cos §) f(wrsinB) + g(r cos )) cos  — w=lr—1p(t) cos f

Now noting that the action, angle and time variables are 7, t and 6, respectively. Since ¥(r, —t,—6) =
U(r,t,0) and ®(r,—t,—0) = —P(r,t,0), we see that system (ZH) is reversible under the transfor-
mation (r,t) — (r, —t).

To estimate error terms, we introduce some notations.

Definition 7.2.

(i) : Assume function f(0,7,t) is On(r=7), if f is smooth in (r,t), continue in 0, periodic of period
27 in 0 and t, moreover
k41
|rk+j o f
Irkot

|<C, 0<k+1<n,

where C' is a positive constant.

(ii) : Suppose function f(0,r,t) is o,(r=7), if f is smooth in (r,t), continue in 6, periodic of period
27 in 0 and t, moreover

uniformly in (0,t).

It is obvious that
(I)(T, t, 9) S O3m+3(1)7 \I/(T, t, 9) € O3m+3(1)7

and (ZH) can be rewritten as

dr = w=2(p(rcos0) f(wrsin @) + g(rcos ) sin — w=2p(t) sin 6 + Oy 3(r~1)

4t = w1l — w3 (p(r cos ) f (wrsin ) + g(r cos0)) cos § + w3r~1p(t) cos O + Ozpmpz(r~2).
(7.6)

Since the Poincaré mapping of ((.6]) is not sufficiently close to a twist map, we need to transform

(76)) further.
Let

A=r+5810,r), t=t,

where

S1(0,r) = —w™? /9 (cp(r cos @) f (wr sin ¢) + g(r cos (b)) sin ¢da.
0

Under this transformation, (7.6) is transformed into

Dy =2p(t) sin 0 + Ogmia (A1),

At = w™l — WAL (p(Acos B) f(wAsind) + g(Acos 0)) cos 6 + w3 A" Ip(t) cos O + Ozpr3(A72).
(7.7)
Introduce a transformation
A=A, T=t+S52(0,N),
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where

0
So(0,\) =w3A7L /0 (¢(Acos @) f(wAsin @) cos ¢ — AJ1(N)) + (g(Acos @) cos ¢ — AJ2(N))d,

with ) o

Jl()\) - ﬁ 0

w(Acos @) f(wAsin @) cos pdd,

21
Jo(A) = %/0 g(Acos @) cos pd.

By this transformation, (7.7)) is transformed into

{f;g o 2p(r)sinf + Ogmra(A1)

9 — w3 (L (A) + J2(N)) + w A Ip(r) €08 0 + Osmy2(A72).

Furthermore, we can find a transformation (A, 7) — (\,<), where
=T+ A15500,7),

and S3(0,7) is determined by solving equation

w3p(r )cos@—i-% +w_1%

00 ar v

Write p(7) in the form of Fourier series

T) = Z pret®HT

kezm

and p_j = Pg.
In addition, )
cosf = §(€i€ +e7),

and denote

53(9’7_) _ ei@ Z X:€i<k’u>7 _l_e—iO Z X];ei(k,,u)T’

kezm kezm

Substituting (7.I1]), (712]) and (7.I3]) into (7.I0), one has that

3(0,7) = — Z o1 T 1)pk6 i Z 1)pkei

kGZm kEZm

Different from the real analytic case, we need to prove the series S3(6,7) is convergent.
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(7.12)

(7.13)



From p € C*"*5 and (Z.2)), we note that |pi| < ||p||cam+s|k| ™ and

-2

2((k, pyw=" + 1)

Dk |k|—4m—5+a‘

< Clpligam+s

By m < 0 < m+1, it yields that the series converges to S3(6, 7). Moreover, S5 is C*°, 2m-periodic in
6 and C3"+3, quasi-periodic in 7 with the frequency p. S3 € O3zm43(1), % € O3zm42(1). Therefore,

we derive the system

% = —w 2p(c)sin @ + Ozpr2(A7h)

(7.14)
de =W — w3 (T (N) + J2(N)) + Osmra(A72).

Thus by this transformation, we eliminate w™3A~!p(7) cos @ item in the second equation of (7.8).

Since
lim AR+ 0 () = (—1)’“1{:!%(@(4—00) — p(—00)) f(400),

A—~+00

and

1
lim AL (N) = (—1)FRI= (g(+00) — g(—00)), 0<k < 3m+3,
—+00 7T

(T.8)) can be rewritten as

% = —w 2p(c)sin @ + Ozpr2(A7h)

) (7.15)
g5 = Wl — 22271 (p(+00) — p(—00)) f(+00) + (g(+00) = g(~0)) ) + ogmia(A7L).
We also recalled ([I5]) is reversible with respect to (A, <) — (A, —¢).
Denote A = p~!, then (Z15) can be rewritten as
98 — w2p?p() sin 0 + o3m42(p?),
%5 = w0t = <2 p((p(+00) — pl(=00)) f(+00) + (g(+00) = g(~00)) ) + Ogm2(p).
Therefore, we derive the corresponding Poincaré mapping with the form
= po + p3l(so) + 03m+2(p3),
p1 = po + psl(so) + 03m+2(p5) (7.16)
§1= S0+ + 710 + 03m+2(po),
where g = 2w, I(g0) = w2 f027r p(so + w™'0) sin Odh and
N = =207 ((p(+00) — p(—00)) f(+00) + (g(+00) — g(—00))). (7.17)

If (p(400) — p(—00)) f(4+00) + (g(+00) — g(—00)) # 0, by Remark 2.6] the mapping (7.16]) has
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many invariant curves tending to pg = 0, which means the invariant curves of the Poincaré map
of (L) tend to infinity. Thus for equation (Z.I), the existence of quasi-periodic solutions is got.
Moreover for the initial value lying between two invariant curves, the solution is globally bounded.
As the invariant curves tend to infinity, all solutions of (7.1]) are bounded, therefore we finish the
proof of Theorem [7.1]
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