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Abstract:

In this paper, we consider a general coupling mechanism between the kinetic term

and the background spacetime, in which a coupling function F (R) is introduced into the

kinetic term of the five-dimensional scalar field. Based on this scenario, we investigate

the localization of scalar fields in three specific braneworld models: the Minkowski brane,

the de Sitter brane, and the Anti-de Sitter brane. For each case, different types of the

effective potentials can be achieved depending on the variation of the coupling parameter

in the coupling function. The Minkowski brane can exhibit volcanic-like effective potential,

Pöschl-Teller-like effective potential, or infinitely deep well. Both the de Sitter brane and

Anti-de Sitter brane cases can realize Pöschl-Teller-like effective potential, or infinitely

deep well. In addition, by setting the coupling parameters to specific values, the effective

potentials of both the Minkowski brane and de Sitter brane cases can possess a positive

maximum at the origin of the extra dimension. Lastly, in certain cases of the Anti-de Sitter

brane, the Pöschl-Teller-like effective potentials allow for the existence of scalar resonances.
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1 Introduction

The idea that our observed four-dimensional (4D) universe might be a 3-brane, embed-

ded in a higher dimensional spacetime (the bulk), provides new insights for solving the

gauge hierarchy and cosmological constant problems [1–6]. Early theories involving extra

dimensions, namely, the Kaluza−Klein (KK) type theories, were proposed to unify Ein-

stein gravity and electromagnetism [7]. In braneworld scenarios, depending on the specific

model, the size of the extra dimensions can vary. It has been suggested that the radii of

the extra dimensions can be as large as a few Tev−1 [5, 8, 9], or several millimeters [10], or

even be infinitely large [6].

In the development of the braneworld theory, two types of brane models have been

proposed: thin brane modes and thick brane models. The well-known thin brane models,

namely the Arkani-Hamed-Dimopoulos-Dvali (ADD) brane model [10, 11] and the Randall-

Sundrum (RS) brane model [6], were primarily developed to address the hierarchy problem.

However, the thickness of the brane was ignored in these theories, and thin brane was merely

a mathematical idea. In the most fundamental theory, there seems to exist a minimum

scale of length, thus the thickness of a brane should be considered in more realistic field

models. For this reason, more natural thick brane models have been suggested [12–24].

In braneworld scenarios, the important issue is the localization of various bulk fields

for the purpose of recovering the effective 4D gravity [19–21, 25–27] and building up the

Standard Model [19, 28–44]. In a braneworld model, except for the localized zero modes

of various fields, there are massive KK modes of these fields which can move freely along

the extra dimension, be localized, or be quasi-localized on the brane [45]. These quasi-

localized modes are referred to as resonance KK modes. Extensive research has been

conducted on the resonances of various fields in the context of extra-dimensional theories
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[46–56], as well as on the study of these massive dynamic resonances around black holes

[57–66]. Among these investigations, the localization of scalar fields plays a vital role. It is

critical not only for phenomenological model-building but also for the dynamic description

of the models. Scalar particles or scalar fields, such as the Higgs boson [67–69], the only

elementary particle in the Standard Model, scalar perturbations within the framework of

gravity localization in braneworld theories [19, 25–27], and scalar fields derived from the

duality relation in 4D spacetime [70, 71], constitute essential and highly desirable subjects.

For the reasons stated above, the investigation into the localization of scalar fields holds

fundamental importance within the realm of physics.

Regarding the localization of the scalar field, a focus point of our discussion, the scalar

zero mode can be localized on brane of different types [42]. Specifically, in the case of the

Minkowski (M4) brane, the effective potential in corresponding Schrödinger-like equation

takes the forms of a series of volcanic-like effective potentials [43, 72, 73], and the scalar zero

mode can be localized on the brane while the massive scalar KK modes cannot. In Refs.

[44, 74], the authors realized the localization of the scalar zero mode in the six-dimensional

braneworld models. Moreover, Ref. [43] showed that under a specific condition, there

will be an additional localized massive mode on the Weyl thick brane. In the case of

the de Sitter (dS4) brane, the effective potentials belong to the Pöschl-Teller-like effective

potentials [75–77]. These potentials lead to the localization of scalar zero modes on the

brane as well as mass gaps in the mass spectra. In the case of the Anti-de Sitter (AdS4)

brane, there exist infinitely deep potential wells [25, 78], capable of trapping an infinite

number of massive scalar modes. However, localizing the scalar zero mode on the AdS4
brane requires the fine-tuning of parameters after introducing a coupling potential [78].

In this paper, we consider three coupling mechanisms: the general coupling between the

kinetic term and the spacetime, the coupling between the five-dimensional (5D) scalar field

and the spacetime, and the coupling between the 5D scalar field and the background scalar

field which generates the brane. The introducing of the latter two coupling mechanisms

leads to the localization of scalar zero mode on the AdS4 brane. Then, we focus on the first

one. Based on this scenario, we explore the localization of the scalar field with braneworld

models characterized by three different types of brane geometries: Minkowski, dS4, and

AdS4. In the case of the Minkowski brane, we observe the emergence of volcanic-like

effective potential, Pöschl-Teller-like effective potential, and an infinitely deep well. These

potentials are determined by coupling parameter present in the coupling function F (R).

The scalar zero mode can be localized on the brane when the coupling parameter is real.

Besides, in certain instances with a negative coupling parameter, the effective potential

will exhibit a positive maximum at the origin of the extra dimension. Similarly, in the

dS4 brane case, we can realize Pöschl-Teller-like effective potential and infinitely deep well.

The scalar zero mode can be localized with a real coupling parameter. Furthermore, under

specific negative values of the coupling parameter, an effective potential with a positive

maximum at the origin of the extra dimension, similar to that of the Minkowski brane

case, can exist. Lastly, in the AdS4 brane case, there could be Pöschl-Teller-like effective

potential or infinitely deep well. For a coupling parameter t > 2.5, the zero mode can be

localized on the brane, whereas for t = 2.5, the localization depends on the specific values
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of parameters of the model. Moreover, in the latter case, introducing another parameter

into the function F (R) could lead to presence of the Pöschl-Teller-like effective potentials

which allow for the existence of scalar resonances.

The organization of this paper is as follows: We provide a review of our method in

Sec. 2. The localization of the scalar zero mode and massive modes is discussed in Sec.

2.1 and Sec 2.2, respectively. Applying our method to the concrete braneworld models are

shown in the next section, in which we discuss the case of Minkowski brane in Sec. 3.1,

dS4 brane in Sec. 3.2 and AdS4 brane in Sec. 3.3. The conclusion is given in Sec. 4.

2 The Method

We start with the 5D line element (the [−,+,+,+,+] signature will be assumed below)

ds2 = gMNdxMdxN = e2A(y)ĝµνdx
µdxν + dy2, (2.1)

where e2A(y) is the warp factor, ĝµν is the induced metric of the 3-brane, and y = x5 denotes

the extra dimension. Throughout this paper, capital Latin letters M,N, ... = 0, 1, 2, 3, 5

and Greek letters µ, ν, ... = 0, 1, 2, 3 are used to represent the bulk and brane indices,

respectively.

With the above metric (2.1), the scalar curvature R of the bulk can be expressed as

R(y) = 4e−2A(y)Λ− 8∂y,yA(y)− 20(∂yA(y))
2, (2.2)

where Λ is some constant such that R̂ = 4Λ. In the case of an AdS4 brane cosmology, Λ

is negative, while for a dS4 brane cosmology, it is positive. And a Minkowski spacetime

corresponds to the case Λ = 0. The braneworld which holds an five-dimensional (asymp-

totic) de Sitter (dS5) spacetime or (asymptotic) Anti-de Sitter (AdS5) spacetime at infinity

suggests that the scalar curvature R satisfies

R(y → ∞) →
{

CR1 dS5 spacetime

−CR2 AdS5 spacetime,
(2.3)

where CR1 and CR2 are positive constants.

We assume the 5D action for a real scalar field Φ as

S =

∫

d5x
√−g

[

− 1

2
F (R)gMN∂MΦ∂NΦ− ξRΦ2 − V (Φ, φ)

]

, (2.4)

where the factor F (R) is the coupling function representing the general coupling between

the kinetic term and the spacetime. We suggest that F (R) is a function dependent on the

scalar curvature of the bulk. The term ξRΦ2 describes the coupling between the 5D scalar

field Φ and the spacetime, with ξ as the coupling parameter. The potential V (Φ, φ) is a

coupling potential of 5D scalar field Φ to itself and to the background scalar field φ which

generates the brane. Besides, the potential V (Φ, φ) should include terms Φ,Φ2,Φ3,Φ4

and (φΦ)2, among which the terms Φ and Φ3 can be eliminated by considering a discrete

symmetry. Thus, we can set [79]

V (Φ, φ) = (λφ2 − u2)Φ2 + τΦ4, (2.5)
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where λ, u and τ are parameters. To start with, we discuss briefly the effects of the potential

V (Φ, φ) and the coupling term ξRΦ2. For simplicity, we set function F (R) = 1. Then,

the localization of the scalars will be studied with the assistance of the mass-independent

potential of scalar KK modes in the corresponding Schrödinger equation. In order to obtain

this potential, we perform the coordinate transformation

dz = e−A(y)dy, (2.6)

where the coordinate z is a conformal coordinate of y. Next, based on the action (2.4),

we carry out the similar calculations to that shown in Ref. [78]. The mass-independent

potential can be expressed as

V (z) =
3

2
∂z,zA(z) +

9

4
(∂zA(z))

2 + 2e2A(z)(ξR+ λφ2 − u2). (2.7)

Meanwhile, the scalar curvature R in terms of coordinate z can be obtained:

R(z) = 4e−2A(z)
(

Λ− 2∂z,zA(z) − 3(∂zA(z))
2
)

. (2.8)

And then, the potential (2.7) is recast to

V (z) = (
3

2
− 16ξ)∂z,zA(z) + (

9

4
− 24ξ)(∂zA(z))

2 + 2e2A(z)(λφ2 − u2) + 8ξΛ. (2.9)

Compared to the effective potential presented in Ref. [78], the effective potential V (z)

(2.9) contains similar terms, but the coefficients of these terms have been modified due to

the presence of the coupling term ξRΦ2. Thus, referring to the results in Ref. [78], we

can draw the conclusion that by introducing the potential V (Φ, φ) and the term ξRΦ2,

the limits of the effective potential V (z) can be altered when far away from the brane,

while the types of potential remain unchanged. Consequently, additional massive scalar

modes can be localized on the Minkowski or dS4 brane, or the scalar zero mode can be

localized on the AdS4 brane through the fine-tuning of parameters, which holds significant

implications.

Then, we turn attention to the general coupling mechanism between the kinetic term

and the spacetime. In order to describe its effects distinctly, we consider neither the

potential V (Φ, φ) nor the coupling terms ξRΦ2 with the parameters λ = 0, u = 0, and

ξ = 0 below. Hence, the 5D action (2.4) turns into the following one:

S = −1

2

∫

d5x
√−g F (R)gMN∂MΦ∂NΦ. (2.10)

The rules that confirm the form of function F (R) are:

1. In the case where the scalar curvature R → 0, the bulk spacetime becomes flat, and

the general coupling vanishes. Then, the action (2.10) returns to the standard form:

S = −1

2

∫

d5x
√−g gMN∂MΦ∂NΦ. (2.11)
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2. The function F (R) should satisfy the positivity condition

F (R) > 0 (2.12)

to preserve the canonical form of 4D action.

Note that the restriction mentioned in the second item is less strict in comparison

to the one described in Ref. [41]. This is because the metric gMN and the 5D scalar Φ

incorporate extra-dimensional components.

2.1 Localization of the Zero Mode

In order not to contradict with the present observations, the zero mode of the scalar field

should be confined on the brane, which will impose some constraints on the function F (R).

We have implicitly assumed that bulk scalar fields considered in this paper make little

contribution to the bulk energy, so that the solutions given below remain valid even in the

presence of bulk scalar fields.

Let us introduce the decomposition

Φ(xµ, y) =
∑

n

φn(x
µ)χn(y), (2.13)

where φn(x
µ) are the 4D scalar fields, and the scalar KK modes χn(y) are supposed to be

functions of the coordinate y. Then, the 5D action (2.10) can be reduced to

S = −1

2

∫

dyF (R)e2Aχ2
n(y)

∫

d4x
√

−ĝ
(

ĝµν∂µφn∂νφn +m2
nφ

2
n

)

, (2.14)

where χn(y) satisfy the following equation

χ′′
n +

(

4A′ +
F ′(R)

F (R)

)

χ′
n = −m2

nχne
−2A, (2.15)

with the boundary conditions either the Neumann χ′
n(±∞) = 0 or the Dirichlet χn(±∞) =

0, where the prime stands for the derivative with respect to y in this subsection.

The localization of the scalar field requires

∫ +∞

−∞
dyF (R)e2Aχ2

n(y) = 1. (2.16)

For the zero mode, m0 = 0, so Eq. (2.15) reads

χ′′
0 +

(

4A′ +
F ′(R)

F (R)

)

χ′
0 = 0. (2.17)

By setting γ′ = 4A′ + F ′(R)
F (R) , the above equation (2.17) becomes

χ′′
0 + γ′χ′

0 = 0, (2.18)

from which the general solution of zero mode is

χ0 = c0 + c1

∫

e−γdy. (2.19)
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Here c0 and c1 are arbitrary integration constants. The braneworld discussed here holds

Z2 symmetry along the extra dimension. The functions F (R), A(y) and γ are all even

functions of the coordinate y, which makes the second term in Eq. (2.19) is odd. When

imposing the Dirichlet boundary condition χn(±∞) = 0, it leads to c0 = 0 and c1 = 0.

On the other hand, the Neumann boundary condition χ′
n(±∞) = 0 only lead to c1 = 0.

Consequently, the zero mode solution is

χ0 = c0. (2.20)

The localization of zero mode requires the following condition

∫ +∞

−∞
dyF (R)e2Aχ2

0(y)

= c20

∫ +∞

−∞
dyF (R)e2A = 1. (2.21)

Therefore, whether the above integration (2.21) converges is determined by the asymptotic

behaviors of both the function F (R) and the warp factor e2A when far away from the brane.

Specifically, the convergent condition is

F (R(y → ±∞)) ∝ y−pe−2A (2.22)

with p > 1. From this expression, we know that the localization of scalar zero mode are

model−dependant. The further discussions will be presented explicitly based on specific

braneworld models in Sec. 3.

2.2 Localization of Massive Modes

The localization of massive modes is determined by the shapes of the effective potentials

for scalar KK modes in the corresponding Schrödinger-like equation.

According to the action (2.10), by employing the KK decomposition

Φ(xµ, y) =
∑

n

φn(x
µ)χ̃n(y)e

−2A(y)(F (R))−
1

2 (2.23)

and demanding φn(x
µ) satisfy the 4D massive Klein−Gordon equation

(

1√
−ĝ

∂µ(
√

−ĝĝµν∂ν)−m2
n

)

φn = 0, (2.24)

we can obtain the equation for the scalar KK modes χ̃n(y) as

[

−∂2
y + V (y)

]

χ̃n(y) = m2
nχ̃n(y)e

−2A(y), (2.25)

in which

V (y) = 2A′′(y) + 4A′2(y) +
F ′′(R)

2F (R)
+

2A′(y)F ′(R)

F (R)
− F ′2(R)

4F 2(R)
. (2.26)
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Here the scalar KK modes χ̃n(y) = χn(y)e
2A(y)(F (R))

1

2 , mn is the mass of the scalar KK

excitations and the prime denotes derivative with respect to y.

Furthermore, Eq. (2.25) can be factorized into the following one

(

d

dy
+ Γ′(y)

)(

− d

dy
+ Γ′(y)

)

χ̃n(y) = m2
nχ̃n(y)e

−2A(y), (2.27)

where there is

Γ′(y) = 2A′(y) +
F ′(R)

2F (R)
. (2.28)

Without loss of the generality, we can take

Γ(y) = 2A(y) +
1

2
lnF (R). (2.29)

Then, the solution of the scalar zero mode can be obtained from Eq. (2.27) as

χ̃0(y) = N1e
2A(y)(F (R))

1

2 , (2.30)

where N1 is the normalization constant. The localization of scalar zero mode χ̃0(y) requires

∫

dyχ̃2
0(y) = N2

1

∫

dyF (R)e4A(y) = 1. (2.31)

On the other hand, it can be observed that the potential V (y) in Eq. (2.25) represents

the effective potential for the scalar zero mode, rather than for the massive ones. To address

this issue, we will proceed with our discussions in terms of the conformal coordinate z,

instead of the coordinate y. By performing the coordinate transformation (2.6), the metric

(2.1) can be expressed as

ds2 = e2A(z)(ĝµνdx
µdxν + dz2). (2.32)

And we can obtain the equation of motion derived from the action (2.10) as

1√
−ĝ

∂µ(
√

−ĝĝµν∂νΦ) +
e−3A(z)

F (R)
∂z(e

3A(z)∂zΦ) = 0. (2.33)

Through the KK decomposition

Φ(xµ, z) =
∑

n

φn(x
µ)χ̃n(z)e

− 3

2
A(z)(F (R))−

1

2 , (2.34)

and demanding φn(x
µ) satisfies the 4D Klein-Gordon equation (2.24), we can further obtain

the equation for scalar KK modes χ̃n(z):

[

−∂2
z + V (z)

]

χ̃n(z) = m2
nχ̃n(z), (2.35)

which is a Schrödinger-like equation with the effective potential given by

V (z) =
3

2
A′′(z) +

9

4
A′2(z) +

F ′′(R)

2F (R)
+

3A′(z)F ′(R)

2F (R)
− F ′2(R)

4F 2(R)
, (2.36)
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where the prime denotes the derivative with respect to z here. This effective potential V (z)

is just the mass-independent potential.

Similarly, the Schrödinger-like equation (2.35) can be recast to
(

d

dz
+ Γ′(z)

)(

− d

dz
+ Γ′(z)

)

χ̃n(z) = m2
nχ̃n(z), (2.37)

where there is

Γ′(z) =
3

2
A′(z) +

F ′(R)

2F (R)
. (2.38)

From the above expression (2.37), we can see that there are no normalizable modes with

negative m2
n, namely, there is no tachyonic scalar mode. Thus, the scalar zero mode is the

lowest mode in the spectrum.

From Eq. (2.38), without loss of the generality, we can take

Γ(z) =
3

2
A(z) +

1

2
lnF (R). (2.39)

And based on Eq. (2.37), the solution of the scalar zero mode is easy to be found:

χ̃0(z) = N2e
3

2
A(z)(F (R))

1

2 , (2.40)

with N2 the normalization constant. This zero mode solution can be related to the one

expressed in terms of the coordinate y (2.30) through the decomposition (2.23) and (2.34).

Returning to the discussion of the massive modes, the action of the 5D scalar field

(2.10) can be reduced to

S = −1

2

∫

dzχ̃2
n(z)

∫

d4x
√

−ĝ
(

ĝµν∂µφn∂νφn +m2
nφ

2
n

)

, (2.41)

in which the Schrödinger-like equation (2.35) should be satisfied. In order to get the

effective action for the 4D scalar field, the orthonormality condition needs to be introduced:
∫

dzχ̃m(z)χ̃n(z) = 0. (m 6= n) (2.42)

And this equation contains the localization condition for χ̃n(z)
∫

dzχ̃2
n(z) < ∞. (2.43)

The existence of localized massive scalar KK modes is determined by the shapes of the

effective potential V (z) (2.36), which is influenced by both the functions F (R(z)) and A(z).

With specific braneworld models and the corresponding functions F (R), the localization

of massive scalar KK modes will be discussed below.

3 Concrete Braneworld Models

In this section, we will describe the localization of the scalar field while considering the

general coupling between the kinetic term and the spacetime. These processes will be

presented using specific braneworld models that incorporate three different cases of brane

geometries: Minkowski, dS4 and AdS4, respectively.
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3.1 Minkowski Brane

In the case of the constant Λ = 0, the brane is flat (Minkowski brane) and the 5D line

element (2.1) turns into

ds2 = e2A(y)η̂µνdx
µdxν + dy2, (3.1)

where η̂µν denotes the metric of the Minkowski brane. And the scalar curvature (2.2)

becomes

R(y) = −8A′′(y)− 20A′2(y). (3.2)

Here, we consider a trial warp factor of Minkowski brane and it takes the form [24]

A(y) = −a2
(

2

3
ln(cosh(by))− 1

6
(sech(by))2 + c

)

, (3.3)

where a, b and c are constants, among which a is dimensionless, b has dimensions of inverse

length, and c is a dimensionless integration constant. This warp factor has even-parity

with respect to y, and the braneworld model exhibits Z2 symmetry. As a result, we will

solely concentrate on the asymptotic behaviors of the model as y → +∞ in the following

discussion.

With this warp factor (3.3), the scalar curvature (3.2) has solution:

R(y) =
4

9
a2b2

(

18(sech(by))4 − 5a2
(

2 + (sech(by))2
)2

(tanh(by))2
)

. (3.4)

And then, its asymptotic solution as y → ∞ is

R(y → ∞) → −l +me−4by, (3.5)

where parameters l = 80
9 a

4b2,m = 64(15a2+18)
9 a2b2, for simplicity.

Meanwhile, the asymptotic expression of eA(y) as y → ∞ can be given by

e2A(y) → pe−qy, (3.6)

where p = e−
a2

3
(6c−4 ln 2) and q = 4

3a
2b.

In this case of a Minkowski brane, we suggest the function F (R) takes the form of

F (R) = e(C1)t−(
C1l

R+l
)t , (3.7)

where t is the coupling parameter, and C1 is an arbitrary positive constant that is chosen

to satisfy the condition F (R = 0) = 1. From this expression, we can obtain the asymptotic

solution of F (R) as y → ∞:

F (R) → we−ne4bty , (3.8)

where parameters w = e(C1)t and n = (C1l
m

)t, for simplicity.
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Returning to the discussion of the scalar zero mode (2.30), along with Eq. (3.6) and

Eq. (3.8), the asymptotic solution for the scalar zero mode χ̃0(y → ∞) can be given by

χ̃0(y → ∞) → N1pw
1

2 e−qye−
1

2
(
C1l

m
)te4bty . (3.9)

The localization of the zero mode requires
∫

dyχ̃2
0(y) < ∞. (3.10)

From Eq. (3.9), there is

χ̃2
0(y → ∞) → N2

1 p
2we−2qye−(

C1l

m
)te4bty . (3.11)

It is evident that this condition is satisfied with an arbitrary real constant t. And the

scalar zero mode χ̃0(y) will be normalizable. We plot the zero mode in terms of both

the coordinate y and the coordinate z in Fig. 1. The parameters used for the plot are

C1 = 2, a = 1, b = 2, c = 1, and the coupling parameter t is set to a2

10 ,
a2

6 and a2

4 , respectively.

t=a2/10

t=a2/6

t=a2/4

-2 -1 0 1 2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

y

�˜
0
(y
)

t=a2/10

t=a2/6

t=a2/4

-15 -10 -5 0 5 10 15

0.0

0.2

0.4

0.6

0.8

1.0

1.2

z

χ˜
0
(z
)

Figure 1. Plots of the zero mode in terms of the coordinate y (χ̃0(y) for left figure) and the

coordinate z (χ̃0(z) for right figure) with parameters C1 = 2, a = 1, b = 2 and c = 1. The coupling

parameter is set as t = a
2

10
for the dashed line, t = a

2

6
for the thick line and t = a

2

4
for the thin line,

respectively.

However, in the context of the braneworld model considered here, obtaining an analytic

solution for the warp factor with respect to z, as well as for the effective potential V (z)

(2.36), is challenging. Consequently, we will employ numerical methods to calculate the

solution for the potential V (z).

Carrying out the coordinate transformation (2.6), we can express the effective potential

V (z) in terms of z as follows

V (z(y)) =
15

4
e2A(y)A′2(y) +

3

2
e2A(y)A′′(y)

+
e2A(y)F ′′(R)

2F (R)
+

2e2A(y)A′(y)F ′(R)

F (R)

−e2A(y)F ′2(R)

4F 2(R)
. (3.12)
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Next, by substituting the asymptotic solutions of the warp factor (3.5) and the function

F (R) (3.8) into the potential V (z(y)) (3.12), we can get its asymptotic solution as y → ∞:

V (z(y → ∞)) → C2t
2e(8bt−q)y + (C3t− C4t

2)e(4bt−q)y , (3.13)

where C2, C3 and C4 are positive constants. From this expression, it can be concluded

that the effective potential has the following asymptotic behaviors:

V (z(y → ∞)) →











+∞ t > a2

6

C t = a2

6

0 t < a2

6 ,

(3.14)

with C a positive constant.

The shapes of both the effective potential V (z(y)) and the numerical solution of the

effective potential V (z) are depicted in Fig. 2. The parameters used are C1 = 2, a = 1, b =

2, c = 1, and coupling parameter t is set to a2

10 ,
a2

6 and a2

4 , respectively. We can observe

that the shapes of the two expressions for the effective potential are similar. However,

the one expressed in terms of the coordinate z is extends along the extra dimension in

comparison to the other. The figures depict a volcano-like effective potential when the

coupling parameter t = a2

10 . This suggests the presence of a continuous gapless spectrum

of scalar KK modes with no mass gap separating them from the zero mode. Additionally,

two potential barriers symmetrically appear neighbouring the brane. In the case of t = a2

6 ,

there will be a Pöschl-Teller-like effective potential. This configuration introduces a mass

gap that separates the zero mode from the continuous spectrum of massive KK modes.

Finally, when the parameter t is set to a2

4 , the effective potential V (z) exhibits an infinitely

deep well, supporting infinite bound KK modes. We show a few lower localized massive

solutions with numerical methods in Fig. 3. As the pictures demonstrate, all the massive

scalar KK modes are localized on the brane, giving rise to an infinite discrete spectrum of

mass.

t=a2/10

t=a2/6

t=a2/4
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(z
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t=a2/10

t=a2/6

t=a2/4
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Figure 2. Plots of the effective potential V (z(y)) and the numerical solution of effective potential

V (z) with parameters C1 = 2, a = 1, b = 2 and c = 1. The coupling parameter is set as t = a
2

10
for

the dashed line, t = a
2

6
for the thick line, and t = a

2

4
for the thin line, respectively.
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Figure 3. In the left figure, the black line represents the effective potential V (z), and the colored

lines depict the positions of mass spectra. The right figure displays the corresponding solutions of

χ̃n(z). The parameters are set as C1 = 2, a = 1, b = 2, c = 1 and t = 1.

On the other hand, the effective potential V (z(y)) at y = 0 is

V (z(y = 0)) =
3b2e

1

3
a2(1−6c)(−a2(9 + 10a2)− 3(4 + 5a2)( 10a

2C1

9+10a2
)tt)

18 + 20a2
. (3.15)

Setting V (z(y = 0)) = 0, we can get

case I : t =
−9a2 − 10a4

3(4 + 5a2)
, C1 =

9 + 10a2

10a2
; (3.16)

case II : t =

ProductLog

[

C5,−
(9a2+10a4)(ln(

10a2C1

9+10a2
))

3(4+5a2)

]

ln( 10a
2C1

9+10a2 )
,

C1 6=
9 + 10a2

10a2
and C5 ∈ Integers, (3.17)

where ProductLog is the Lambert W−function.

For case I, by setting C1 =
9+10a2

10a2
, V (z(y = 0)) can be expressed as

V (z(y = 0)) = −3b2e
1

3
a2(1−6c)(10a4 + 12t+ 3a2(3 + 5t))

18 + 20a2
, (3.18)

which is a linear expression with respect to t. The effective potential for various values of

t is depicted in Fig. 4(a). From this figure, we can see that the effective potential at y = 0

decreases monotonously as t increases.

For case II, we present the shapes of V (z(y = 0)) concerning the parameter t in Fig.

4(b) with parameters a = 1, b = 2, c = 1, and C1 = 2. Note that we only consider real

values of t as defined in Eq. (3.17), which are given by:

{−95.79420,−0.73057}. (3.19)
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These two values correspond to C5 = −1 and 0, respectively. From Fig. 4(b), we observe

that the potential V (z(y)) at y = 0 is positive within the range of (−95.79420,−0.73057).

Given the scalar zero mode is normalizable, a positive potential V (z(y)) at y = 0

implies the existence of negative wells, as the brane model is of Z2 symmetry. For example,

Fig. 5 displays the scalar zero mode and effective potential with the following parameters:

C1 = 2, a = 1, b = 2, c = 1 and t = −2. Additionally, profiles for the case t = 0.1 (= a2

10 )

are provided for reference. The figures demonstrate that for t = −2, the scalar zero mode

possesses a local minimum at the origin of the extra dimension, which differs from the

global maximum for the case of t = 0.1. From a quantum mechanics perspective, this local

minimum implies that 4D scalar particles tend to approach the boundaries of the brane,

with their probability densities being suppressed around y = 0. Moreover, as previously

mentioned, the effective potential V (z(y)) for t = −2 exhibits a double well structure. Two

negative wells are symmetrically positioned on opposite sides of a barrier, which maintains

a global maximum at the origin of the extra dimension.

(a) case I (b) case II

Figure 4. The shapes of the potential V (z(y)) for (a) case I and (b) case II. The parameters are

set as a = 1, b = 2, c = 1. And in Fig. (a), we set C1 = 9+10a
2

10a2 . In Fig. (b), we set C1 = 2.

3.2 dS4 Brane

In this section, we will discuss the localization of scalar field in the dS4 brane case. The

warp factor considered here takes the form of [76]

e2A = (cosh(
βz

δ
))−2δ, (3.20)

with parameters 0 < δ < 1 and β > 0. This warp factor is of even-parity with respect to

coordinate z, so we will primarily focus on the asymptotic behaviors of the potential V (z)

as z → +∞, based on the Z2 symmetry of the braneworld model. Referring to the above

expression (3.20), the scalar curvature (2.8) has the following solution:

R(z) = 4(cosh(
βz

δ
))2δ

(

Λ +
2β2(sech(βz

δ
))2

δ
− 3β2(tanh(

βz

δ
))2

)

. (3.21)
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Figure 5. the zero mode χ̃0(y) and the effective potential V (z(y)) with parameters a = 1, b =

2, c = 1 and C1 = 2. The coupling parameter is set as t = −2 for the thin line, and t = 0.1 for the

thick line, respectively.

As z → ∞, we can get the asymptotic solution for R:

R(z → ∞) → (4Λ− 12β2)(cosh(
βz

δ
))2δ → mepz, (3.22)

withm = Λ−3β2

4δ−1 and p = 2β in this subsection, for simplicity. In this context, the value ofm

determines the asymptotic behavior of the scalar curvature. For m > 0, the curvature goes

to positive infinity asymptotically, while for m < 0, the curvature tends towards negative

infinity when far away from the brane. When m = 0, the curvature tends to zero, and the

bulk spacetime becomes asymptotically flat. In this work, we exclusively consider the case

where m < 0, in which parameters Λ and β satisfy the relation Λ < 3β2. This condition

causes the the scalar curvature to tend towards negative infinity as z → ∞, indicating the

presence of singularity of spacetime.

In this case of dS4 brane, we suggest the function F (R) of the form

F (R) = e
(lnC1)t−(ln(C1−

R
R0

))t
, (3.23)

where parameters C1 > 2, R0 = 4(Λ + 2β2

δ
), and t is the coupling parameter. It is evident

that the function F (R) satisfies the normalization condition F (R → 0) = 1. As z → ∞,

the asymptotic solution for F (R) can be given by

F (R) → we−uzt , (3.24)

with u = pt and w = e(lnC1)t here.

Then, substituting the warp factor (3.20) and the asymptotic solution of the function

F (R) (3.24) into the scalar zero mode (2.40), we can get its asymptotic solution as z → ∞

χ̃0(z → ∞) → N22
3

2
δw

1

2 e−( 3
4
pz+ 1

2
uzt). (3.25)

The localization of the scalar zero mode requires
∫

dzχ̃2
0(z) < ∞. (3.26)
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From Eq. (3.25), there is

χ̃2
0(z → ∞) → N2

2 2
3δwe−( 3

2
pz+uzt) = N2

2 2
3δe(lnC1)te−3βz+(2β)tzt . (3.27)

It is easy to see that the condition (3.26) is satisfied without any constraints on a real t,

thus confirming that the scalar zero mode is normalizable. We present the scalar zero mode

in terms of both the coordinate y and z in Fig. 6, with parameters δ = 0.5, β = 1,Λ =

1,C1 = 3, and varying the coupling parameter t with values 2, 1, and 2, respectively. As

shown in the figures, the zero modes in all three cases are localized on the thick brane.

Additionally, in the case of t = −2, there is a local minimum at the origin of the extra

dimension.
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Figure 6. Plots of the scalar zero mode in terms of the coordinate y (χ̃0(y) for the left figure) and

the coordinate z (χ̃0(z) for the right figure) with δ = 0.5, β = 1,Λ = 1 and C1 = 3. The coupling

parameter is set as t = −2 for the dashed line, t = 1 for the thick line and t = 2 for the thin line,

respectively.

On the other hand, substituting the warp factor (3.20) and the asymptotic solution

of the function F (R) (3.24) into the effective potential V (z) (2.36), we can derive its

asymptotic solution as z → ∞:

V (z → ∞) → 9

4
β2 +

1

2
u2t2z2(t−1) +

3

2
βutzt−1. (3.28)

Therefore, potential V (z) has the following asymptotic behaviors:

V (z → ∞) →











+∞ t > 1
25
4 β

2 t = 1
9
4β

2 t < 1.

(3.29)

Besides, at the location of z = 0, the effective potential V (z) is

V (z = 0) =

β2

(

− 3δ + 2t(δ2−β2(2+δ)) ln(−1+C1)−1+t

(−1+C1)(2β2+δ)

)

2δ2
. (3.30)
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By setting V (z = 0) = 0, we can get

case I : t =
−3C1 + δ(2β2 + δ)

−2δ2 + 2β2(2 + δ)
, C1 = e+ 1; (3.31)

case II : t =

ProductLog

[

C2,
3(−1+C1)δ(2β2+δ) ln(−1+C1) ln(ln(−1+C1))

2(δ2−β2(2+δ))

]

ln(ln(−1 + C1))
,

C1 6= e+ 1 and C2 ∈ Integers. (3.32)

The effective potential V (z) for different values of t is depicted in Fig. 7(a) for case I and

7(b) for case II, respectively. In Fig. 7(b), if V (z = 0) = 0, the only real value of t is

−0.846955, with C2 = 0 in Eq. (3.32).

(a) case I (b) case II

Figure 7. The shapes of the effective potential V (z) for case I and II. The parameters are set as

δ = 0.5, β = 1,Λ = 1. And in Fig. (a), we set C1 = e+ 1. In Fig. (b), we set C1 = 3.

From the above results, it is clear that the effective potential can be positive at z = 0 for

certain values of t. For example, Fig. 8 illustrates the potential V (z) with parameters δ =

0.5, β = 1,Λ = 1,C1 = 3 and the coupling parameter t = −2, 1, 2, respectively. For t = −2,

the potential possesses a positive maximum at z = 0, with two negative wells neighboring

this potential maximum symmetrically. In contrast, for t = 1, the effective potential

belongs to the Pöschl-Teller-like effective potential; it possesses a negative minimum at

z = 0 and tends to a positive limit when far away from the brane. This type of potential

suggests the existence of the mass gap and a series of continuous spectra. Therefore, in

addition to the scalar zero mode, finite massive KK modes could be localized on the brane.

We describe the localization of these finite massive KK modes in Fig. 9 using numerical

methods. The results demonstrate that the potential V (z) belongs to the Pöschl-Teller-

like effective potential, and there are three bound states: the ground state (zero mode)

m2
0 = 0 and two excited states (massive KK modes) m2

1,2 = {4.50, 5.58}. Finally, for t = 2,

the effective potential V (z) exhibits a negative well at the location of the brane, and its

asymptotic behavior is V (z → ∞) → +∞. Thus, all the massive scalar KK modes are

localized on the thick brane.
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Figure 8. Plots of the effective potential V (z) with δ = 0.5, β = 1,Λ = 1 and C1 = 3. The coupling

parameter is set as t = −2 for the dashed line, t = 1 for the thick line, and t = 2 for the thin line,

respectively.
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Figure 9. In the left figure, the black line represents the effective potential V (z), and the colored

lines represent the positions of mass spectra in the potential. The right figure shows the corre-

sponding solutions of χ̃n(z). The parameters are set as δ = 0.5, β = 1,Λ = 1,C1 = 3 and t = 1.

3.3 AdS4 Brane

In this section, we will discuss the localization of the scalar field in the case of an AdS4
brane. The warp factor considered here is of the form [24]

eA(y) = a cosh(cy) + b sech(cy), (3.33)

where a and b are dimensionless constants, c = r

√

|Λ|
3 with r a positive constant.

By performing the coordinate transformation (2.6), we can get

z(y) =

∫

e−A(y)dy =

√

1

a(a+ b)

1

c
arctan

[√

a

a+ b
sinh(cy)

]

. (3.34)
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From this expression, it can be seen that coordinate z → ± π
2c

√

1
a(a+b) when y → ±∞, so

z has its range (−zmax, zmax) with zmax defined as

zmax =
π

2c

√

1

a(a+ b)
. (3.35)

Inverting Eq. (3.34), we obtain the expression of y(z):

y(z) =
1

c
arcsinh

[

√

a+ b

a
tan

(

√

a(a+ b) cz
)

]

. (3.36)

And the expression of eA as function of z is:

eA(z) =

√
a(a+ b) sec2

(

√

a(a+ b) cz
)

√

a+ (a+ b) tan2
(

√

a(a+ b) cz
)

. (3.37)

It is evident that this warp factor is of even-parity with respect to z, so we will discuss the

asymptotic behaviors of quantities as z → zmax exclusively.

Substituting this warp factor (3.37) into the scalar curvature (2.8), we obtain its asymp-

totic solution as z → zmax:

R(z → zmax) → −l(cos(mz))2 − 20c2, (3.38)

with m =
√

a(a+ b)c and l = −( 4Λ
a(a+b) −

20ac2

a+b
) in this subsection.

Here, we suggest the function F (R) takes the form of

F (R) = NF e
2R+20c2

l (1 +
R

20c2
)t, (3.39)

where NF is the normalization constant for F (R), and t is the coupling parameter. The

asymptotic solution of F (R) as z → zmax is

F (R) → NF e
2(cos(mz))2(

l

20c2
)t(cos(mz))2t. (3.40)

By substituting Eq. (3.40) and Eq. (3.37) into the scalar zero mode (2.40), we can obtain

its asymptotic solution as follows:

χ̃0(z → zmax) → N2NF (
l

20c2
)
1

2
tm

3

2 e(cos(mz))2(cos(mz))t−
3

2 . (3.41)

As the localization of the scalar zero mode requires
∫

dzχ̃2
0(z) < ∞, (3.42)

we find that the coupling parameter needs to satisfy

t > 2. (3.43)
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Figure 10. Plots of the zero mode in terms of the coordinate y (χ̃0(y) for the left figure) and

the coordinate z (χ̃0(z) for the right figure) with parameters a = 0.2, b = 0.8, c = 2,Λ = −3. The

coupling parameter is set as t = 2.5 for the dashed line, t = 3 for the thick line and t = 6 for the

thin line, respectively.

The scalar zero mode is depicted in terms of both the coordinate y and z in Fig. 10, with

parameters a = 0.2, b = 0.8, c = 2,Λ = −3, and coupling parameter set to t = 2.5, t = 3

and t = 6, respectively.

For the localization of the massive modes, by substituting the asymptotic solution of

the function F (R) (3.40) and the warp factor into the effective potential V (z) (2.36), we

can obtain its asymptotic solution as z → zmax:

V (z → zmax) → (t− 3

2
)(t− 5

2
)m2 1

(cos(mz))2
+C, (3.44)

where C is a model-dependent constant. From this expression, together with the condition

(3.43), the effective potential has the following asymptotic behaviors:

V (z → zmax) →











+∞ t > 5
2

C t = 5
2

−∞ 2 < t < 5
2 .

(3.45)

From this expression, we can conclude that the scalar zero mode can be localized when

t > 5
2 . However, when t = 5

2 , it depends on the sign of the constant C. If C ≥ 0, the scalar

zero mode can be localized, but if C < 0, it cannot.

The effective potential V (z), with parameters a = 0.2, b = 0.8, c = 2, and Λ = −3, is

plotted in Fig. 11 for three different coupling parameters: t = 2.5, t = 3, and t = 6. In

the case of t = 2.5, the effective potential resembles a Pöschl-Teller-like potential with a

positive limit at the boundaries of the brane. This configuration allows for the localization

of the scalar zero mode on the brane and provides a mass gap that separates the scalar

zero mode from the continuous spectrum of massive modes. Near the brane, two potential

barriers appear symmetrically, making it possible to quasi-localize some massive KK modes

on the brane.

For t = 3 and t = 6, the effective potentials in both cases have similar characteristics,

with V (z → ±zmax) = ∞. These properties give rise to the localization of all massive

– 19 –



scalar KK modes on the thick AdS4 brane, forming an infinite discrete mass spectrum.

The numerical solutions for lower massive modes are presented in Fig. 12, with parameters

a = 1, b = 1, c = 3,Λ = −3, and t = 3. The effective potential is oscillator-like, and

contains a negative well at the location of the brane, allowing for the localization of both

the scalar zero mode and all massive KK modes.

t=2.5

t=3

t=6

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

-40

-20

0

20

40

60

80

z

V
(z
)

Figure 11. Plots of the effective potential V (z) with parameters a = 0.2, b = 0.8, c = 2, and

Λ = −3. The coupling parameter is set as t = 2.5 for the thick line, t = 3 for the dashed line, and

t = 6 for the thin line, respectively.
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Figure 12. In the left figure, the black line represents the effective potential V (z), and the colored

lines represent the positions of the mass spectra. The right figure displays the corresponding

solutions of χ̃n(z). The parameters are set to a = 1, b = 1, c = 3,Λ = −3 and t = 3.

As mentioned earlier, for the coupling parameter t = 2.5, the potential V (z) is a

Pöschl-Teller-like effective potential with two symmetrically located barriers adjacent to

the brane. The scalars could tunnel these barriers into the bulk when their 4D squared

mass m2 satisfy the condition Vl < m2 < Vmax, where Vl represents the limit of the effective

potential when far away from the brane, and Vmax is the maximum of the Pöschl-Teller-like

effective potential. And the corresponding massive modes are just the scalar resonances.
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In terms of the expression (2.37), one can interpret |χ̃n(z)|2 as the probability for

finding the massive KK modes at position z along the extra dimension. In Ref. [46] for

the discussion about the fermion resonances, the authors suggests that large peaks in the

distribution of fL,R(0) as a function of m would reveal the existence of resonant states.

Here, we follow the procedures of the extended idea in Refs. [45, 80, 81]. For a given

eigenvalue m2, the corresponding relative probability is defined as:

P (m) =

∫ zb
−zb

|χ̃(z)|2dz
∫ zmax

−zmax
|χ̃(z)|2dz , (3.46)

where 2zb is approximately the width of the thick brane, and zmax = 10zb. For these

KK modes with larger m2 than the maximum of the corresponding potential, they will

asymptotically turn into plane waves and the probabilities for them trend to 0.1. The

lifetime τ of a resonance state is τ ∼ Γ−1 with Γ = δm the width of the half height of the

resonant peak.

In the model under consideration, we extend the function F (R) (3.39) to a more general

form by introducing an additional coupling parameter t2. This extension aims to provide

more information regarding the resonance modes. The function F (R) takes the following

form:

F (R) = NF e
t2

R+20c2

l (1 +
R

20c2
)t. (3.47)

It is easy to see that the function F (R) (3.39) is a specific case of this more general

expression with the parameter t2 = 2.

Through the same asymptotic analysis as that applied to the form (3.39), we can

observe that incorporating the parameter t2 enables us to tune the shapes of the effective

potential V (z) at the boundaries of the extra dimension when t = 2.5. For instance, we

plot the effective potential and the corresponding mass spectra in Fig. 13(a), along with

the relative probabilities P in Fig. 13(b). The chosen parameters are a = 0.2, b = 0.8, c =

1.25, t = 2.5 and t2 = 100. It should be noted that in Fig. 13(a), the effective potential

V (z) does not tend to zero at the boundaries of the extra dimension. From Fig. 13(b),

we can discern the presence of four resonance peaks, each corresponding to a resonance

state. Analyzing the mass spectra of scalars, it is apparent that the ground state represents

the scalar zero mode (bound state), and the four lower massive KK modes are resonance

KK modes. The shapes of these scalar resonances are displayed in Fig. 14. These figures

illustrate that as the corresponding mass increases, the shapes of resonance KK modes

trend to be plane waves, indicating increased possibility for tunnelling. Additionally, Table

1 provides information on the width Γ, lifetime τ and relative probability P of all resonance

KK modes. Notably, resonance modes with lower mass exhibit higher relative probabilities

and longer lifetimes for existing on the thick brane.

4 Conclusions

In this paper, we consider a general coupling mechanism between the kinetic term and the

spacetime. There is a factor F (R) which is a function of scalar curvature of the bulk in
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Figure 13. (a) The effective potential V (z) and the mass spectra. (b) The corresponding relative

probability P . The parameters are set as a = 0.2, b = 0.8, c = 1.25, t = 2.5, and t2 = 100. In Fig.

(a), the red thin line is for the potential V (z).
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Figure 14. The shapes of resonance KK modes χ̃(z) for scalars with different m2. The parameters

are set as a = 0.2, b = 0.8, c = 1.25, t = 2.5 and t2 = 100.

Table 1. The mass, width, lifetime and relative probability for scalar resonances. The parameters

are set as a = 0.2, b = 0.8, c = 1.25, t = 2.5 and t2 = 100.

m2 m Γ τ P

n = 1 183.80345 13.55741 0.00000284 351789.9 0.99416

n = 2 348.38888 18.66518 0.0004647 2151.84 0.94869

n = 3 490.89773 22.15621 0.01730 57.8072 0.76369

n = 4 604.96981 24.59613 0.21662 4.61627 0.37877

the five-dimensional action for scalars. Based on this scenario, we explore the localization

of the scalar field on specific braneworld models characterized by three different types of

brane geometries: Minkowski, dS4, and AdS4. Besides, scalar resonances in the case of

AdS4 brane are also discussed.

In the case of a Minkowski brane, we can observe three typical types of effective po-

tentials: volcanic-like, Pöschl-Teller-like, and the infinitely deep well, respectively, which

are determined by the coupling parameter t. Initially, the scalar zero mode will be nor-

malizable when with a real t. For t < 1
6a

2, only the scalar zero mode can be localized on

the brane, resulting in the volcanic-like effective potential. When certain negative values
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of t are present, the effective potential will possess a positive maximum at the origin of the

extra dimension. For t = 1
6a

2, there will be a Pöschl-Teller-like effective potential. The

localized zero mode will be separated from a series of continuous spectra of massive ones

by a mass gap. For t > 1
6a

2, the effective potential tends towards infinity when far away

from the brane. A special case resembles the one-dimensional quantum harmonic oscillator

problem.

In the dS4 brane case, the scalar zero mode is normalizable when t is real. Then,

for t < 1, the effective potentials have the asymptotic behavior: V (z → ∞) → 9
4β

2, and

maintain a positive maximum at z = 0 for specific values of the coupling parameter t.

When t = 1, the effective potential is the Pöschl-Teller-like effective potential, and trends

to the limit 25
4 β

2 when far away from the brane. Consequently, finite massive scalar KK

modes as well as the scalar zero mode can be trapped on the thick brane. Lastly, for t > 1,

the effective potential takes the form of an infinitely deep well, supporting infinite bound

KK modes.

In the case of an AdS4 brane, we can obtain Pöschl-Teller-like effective potentials

and infinitely deep wells as the coupling parameter t varies. When t = 2.5, the effective

potential approaches a constant limit C at the boundaries of the brane. If C ≥ 0, the scalar

zero mode can be localized. Simultaneously, within the effective potential, two potential

barriers are symmetrically positioned near the brane. By extending the function F (R) and

introducing another coupling parameter t2, scalar resonances can emerge. For t > 2.5, an

infinitely deep well forms, including a negative well at the location of the brane. In this

case, both the scalar zero mode and the massive modes can be localized on the thick brane.
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