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Abstract

We study the self-energies of weakly interacting scalar fields in de Sitter space with one field much
lighter than the Hubble scale. We argue that self-energies drastically simplify in this light limit.
We illustrate this in theories with two scalar fields, one heavy and one light, interacting with
one another through either cubic or quartic interactions. To regulate infrared divergences, we
compute these self-energies in Euclidean de Sitter space and then carefully analytically continue to
Lorentzian signature. In particular, we do this for the most general renormalizable theory of two
scalar fields with even interactions to leading order in the coupling and the mass of the light field.
These self-energies are determined by de Sitter sunset diagrams, whose analytic structure and UV
divergences we derive. Even at very weak couplings, the light field can substantially change how
the heavy field propagates over long distances. The light field’s existence may then be inferred
from how it modifies the heavy field’s oscillatory contribution to the primordial bispectrum in
the squeezed limit, i.e. its cosmological collider signal.
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1 Introduction

Light, weakly-coupled scalar fields are ubiquitous in modern high energy physics. Not only do
they often appear in solutions to various theoretical puzzles—for example, in the axion solution
to the Strong CP problem [1-5], as viable dark matter candidates [6-10], in solutions to the
electroweak hierarchy problem [11-15]—they also arise naturally, and often in great numbers,
in low energy theories consistent with quantum gravity [16—18]. If such light scalars exist, they
must be coupled so weakly to the Standard Model to have so far evaded detection. In light of
the substantial theoretical pressure towards their existence, it is important to find new ways of
detecting them and to understand their impact on other more directly observable fields. The
goal, then, of this paper is to study the impact such light, weakly-coupled scalars can have on
primordial cosmological signals, specifically in the very light and very weakly-coupled limit.

It is widely believed that our universe once enjoyed a phase of rapid cosmic inflation at energy
scales far beyond those accessible in terrestrial experiments, with an associated Hubble scale
that could have been as high as H ~ O(10'*GeV). Information about extremely high-energy
processes could then be imprinted upon inflationary correlators which, in turn, would affect future
observations of the cosmic microwave background and our universe’s large-scale structure [19]. In
particular, they would change the inferred primordial bispectrum, or equivalently the three-point
function of the co-moving curvature perturbation ((k,Ck,Cks). This may be characterized by a
dimensionless “shape” function S(k1, kg, k3),

(27T)4PC2 3:(3)
(Cy Gz Ckes) = W(%) 6 (k1 + ko + k3)S(ki1, k2, k3) , (1.1)
where P ~ 2 x 107 is the amplitude of the scalar power spectrum and k; = |k;|. Unfortu-

nately, because their energy is relatively small during inflation, light and weakly-coupled scalars
often have a very small effect on density fluctuations [20]. Similarly, their effect on the shape
S(k1, ko, k3) is difficult to distinguish! from the so-called local shape [23, 24], making their impact
on inflationary correlation functions either ambiguous or unobservable.

In contrast, a heavy scalar o, with m, > %H , imparts an unambiguous “cosmological collider”
signal [23-33] onto the bispectrum in its so-called squeezed limit, k1 ~ ko > k3. Assuming that
o couples directly to the curvature perturbation (, it will contribute to the bispectrum via the
tree-level exchange that can be depicted diagrammatically as

Clx /kg %IQ (1.2)

where the top-most grey line denotes the time at which inflation ends. This depicts a process

in which two ¢ curvature perturbations (in [red]) and a o particle (in [black]) are spontaneously

!Recent work, however, has shown that the shape function can receive important contributions from isocurvature
modes excited by such light scalars [21, 22]



created from the vacuum. The o particle then evolves freely until it eventually decays into a
third ¢, ultimately correlating the fluctuations of ( at three distinct points. In the squeezed
limit, this ¢ particle is long-lived and freely propagates over large distances, oscillating at a
frequency determined by its rest mass. It thus acquires a phase proportional to this frequency
and the distance it propagates, which in turn imparts a characteristic oscillatory signature onto
the shape function of the form

S(ky = ka > ks) ~ A <k3>5sin [w log <k73> + 5] , (1.3)
k1 k1

where the parameters A, 8, w and 0 correspond to the amplitude, rate of decay, frequency, and

phase of these oscillations and are all calculable given a specific model. In particular, for the tree-

level exchange of a heavy scalar o shown above, the decay rate 5 and frequency w are completely

controlled by how o propagates freely in de Sitter space. The decay rate g8 = % is determined by

how quickly fluctuations in o dilute due to Hubble expansion and is the same for all free scalar

fields, while w = \/m2/H? —9/4 is its frequency at “rest” in de Sitter.

Unfortunately, a light particle ¢ with mass m, < %H that directly couples to the curvature
perturbation does not impart such an oscillatory signature in bispectrum. However, even in the
absence of a direct coupling to the inflaton, a light scalar ¢ will modify how the heavy scalar o
propagates over large distances [34], imbuing it with non-trivial self-energy. Diagrammatically,
in the presence of ¢ the process (1.2) becomes

Ckl Ck:&

where we use a hatched blob to denote the exact o propagator. Specifically, interactions with ¢
will cause o to decay faster than any free field [35], and so § > % Interestingly, these effects
are seemingly enhanced as the field becomes lighter and lighter, causing a massive suppression
of the cosmological collider signal as m,, — 0. This enhancement, as we show in the main text,
is directly tied to the behavior of the light scalar in the infrared, which is known to fluctuate
violently in the limit of light mass [36-50].

To leading order in the slow roll parameter, we can extract this induced decay by studying o’s
self-energy in pure de Sitter space. The main goal of this paper is to understand how to compute
the self-energies of both the heavy scalar o and light scalar ¢ in the limit m,/H — 0. Interacting
quantum field theory in de Sitter is a notoriously rich? subject, and many treatments are plagued
by infrared divergences. We choose to work first in Euclidean de Sitter [35, 39, 51-54] in which
correlations functions are free of infrared divergences and then analytically continue to Lorentzian
signature. This analytic continuation is subtle [55] but can be done via the Froissart-Gribov
inversion formula [56-61] and we explain how to take advantage of the small parameter m,/H in

2This may be interpreted as a euphemism for “complicated.”



making cosmological predictions. We explain how to efficiently extract physical predictions from
this formula, and find that the self-energies induced by cubic and quartic interactions drastically
simplify in the limit m, — 0, though our methods are straightforwardly applicable to any two-
vertex loop diagram. Furthermore, we explain how to efficiently extract the singularity structure
of, and thus physically meaningful information from, these diagrams. This is especially useful
as the complete analytic expressions can be exceedingly complex (see, e.g. [35]). We will argue
that, in this light limit, only a few of these singularities are needed to determine the infrared
behavior of two-point functions in de Sitter. We also explain how to extract the ultraviolet
divergences of these contributions, and do so for the two-loop “sunset” diagram. Our perturbative
approximations can only be trusted at suitably weak couplings, in a sense that we make precise
in the main text, and so our results only apply to light fields that are also very weakly coupled.

Outline In Section 2, we review the basic properties of free scalar fields in de Sitter space.
Specifically, in §2.1, we first describe the geometry of D-dimensional de Sitter space in Euclidean
and Lorentzian signatures. Free fields in Euclidean de Sitter space permit a useful momentum
space representation in terms of the hyperspherical harmonics, which we review in §2.2. There,
we use this representation to derive the free field propagator and discuss its analytic continuation
from Euclidean signature to Lorentzian signature, via the Watson-Sommerfeld transformation.
This transformation requires that one use the “correct” momentum space representation of a
correlator, and we explain in §2.3 how this is provided by the Froissart-Gribov or Lorentzian
inversion formula, illustrating its use by applying it to the free field propagator.

Our main results appear in Section 3. After reviewing general aspects of two-point functions
of interacting quantum fields in de Sitter, we derive the self-energy of a heavy scalar o induced
by a cubic interaction with a light scalar ¢ in §3.1 and explain how it simplifies in the limit
my/H — 0. This section is meant to illustrate the techniques we use, and so we only study a
particular contribution to the self-energy, the so-called bubble diagram. In §3.2, we study the
most general (renormalizable) theory of a heavy scalar o interacting with a light scalar ¢, with
a Zg X Zs global symmetry ¢ — —o and ¢ — —p. We derive the self-energies of both ¢ and ¢
to leading order in perturbation theory. These are determined by the so-called sunset diagram
which we study in the limit m, — 0. Finally, we present our conclusions and mention some
future directions in Section 4.

In Appendix A, we have collected various definitions and conventions for the special functions
we use in the main text. In Appendix B, we discuss the uniqueness of the interpolations used
in the analytic continuation of two-point functions from Euclidean to Lorentzian signature. Ap-
pendix C computes the UV divergences for both the bubble and sunset diagrams in dimensional
regularization via the Mellin-Barnes representation of the self-energy and contains several new
results. These are used in §3.1 and §3.2 to set the kinetic and mass counterterms for o and ¢.
Finally, in Appendix D, we analyze the ultraviolet contributions to the self-energies and argue
that they are subleading to the infrared contributions as m, — 0.



2 Free Fields in de Sitter Space

We will study interacting quantum fields in D-dimensional de Sitter space and, in particular, how
interactions with a light field ¢ affect the long-distance propagation of a heavy field o. These
theories we consider will have Euclidean actions of the form

o= [0 5 (300 + jmio? + 3OO + ] + S )

with (80)2 = g"0,,0 0,0 while Siy; encodes the interactions between the two fields. As discussed
in [35, 51, 52], we may define the de Sitter correlation functions of these fields by first computing
them in Euclidean signature and then appropriately analytically continuing them to Lorentzian
signature. The goal of this section is to review how free fields in de Sitter behave and explain
how this analytic continuation works as a way of setting the stage for our loop calculations. We
first review the geometry of de Sitter space in both signatures in §2.1, and then discuss basic
properties of de Sitter free fields in §2.2. There exists a useful “momentum space” representation
of observables in terms of the hyperspherical harmonics—their analytic continuation to Lorentzian
signature requires the use of the Froissart-Gribov inversion formula, which we discuss in §2.3.

2.1 The Geometry of de Sitter Space

In Lorentzian signature, D-dimensional de Sitter space is defined as the maximally symmetric
space with positive constant curvature, and has isometry group SO(D, 1). In global coordinates,
its metric is given by

ds? = £* [~dt® + cosh? t dq] (2.2)

where dﬂfl = do? + sin? 6, in_l is the standard round metric on the d-dimensional sphere,
with 01,...,04_2 € [0,7] and 651 € [0,27), while ¢ € R [35, 62, 63]. We will find it extremely
convenient to introduce the shorthand o = d/2, as it will simplify many expressions. The radius
of curvature ¢ is determined by the Hubble constant ¢ = H~'. It will also be convenient to
measure all quantities in terms of this radius of curvature, and so we thus set £ = 1.> Of course,

dimensions can be restored in any expression by restoring appropriate powers of £.

The main goal of this paper is to compute loop corrections induced by a light scalar ¢ on a
heavy scalar . However, such corrections are plagued by IR divergences in Lorentzian signature
which make it difficult to extract physical predictions. As discussed in [35, 51], we can instead
compute these loop corrections in Euclidean de Sitter space, which is simply the sphere S”
equipped with the standard round metric

ds? = d0%, = dr? +sin® 7d0N3. (2.3)

Generally, we will parameterize a point z in this (d + 1)-dimensional sphere in terms of its 7
coordinate and a unit vector x on the d-dimensional sub-sphere, z = (7,x), with |x|? = 1. All

3This also has the effect of setting our renormalization group scale (often denoted p) to the Hubble scale
H = ¢!, as we only analytically continue dimensionless quantities that are made so by multiplying by appropriate
factors of £.



potential TR divergences are automatically regulated by the finite volume of the sphere, and
so—up to UV divergences that can be renormalized away—these loop corrections are finite and
physical. We may then analytically continue the loop-corrected Euclidean correlation functions
to a Lorentzian correlation function by taking 7 — it + 5 with an appropriate ie-prescription to
specify an operator ordering [35]. It is particularly natural to use Euclidean de Sitter to study
the dynamics of light fields since it explicitly isolates the mode that causes physical results to
diverge in the massless limit.

Any function of two points on the sphere that is invariant under the SO(D + 1) isometry
group, and thus any de Sitter-invariant two-point function, may be written in terms of the so-
called embedding distance,’

&192 = &(w1, w2) = cos 11 cOS To + sin 7 sin 72 (X7 - X2) , (2.4)

where x; - x5 is the standard dot product in R”. Specifically, if we embed the S” into RP*1!, the
embedding distance £ is the cosine of the angle subtended by the great arc connecting the two
points. We will drop the subscripts €15 — £ when there is no chance of ambiguity.

In Euclidean signature, this embedding distance is constrained to the interval £ € [—1, 1] while
upon analytic continuation to Lorentzian signature, 7; — it; + 3, it takes values on the entire
real line £ € R. The coincident limit 7 — x2 corresponds to & — 1, and this is also true for
points connected by a null geodesic in Lorentzian signature. Furthermore, || < 1 or £ > 1 if the
two points are connected by a spacelike or timelike geodesic, respectively. Finally, points with
¢ < -1 are not connected by a geodesic. This limit is particularly important for cosmological
observations, as taking two points to future infinity with fixed spatial separation corresponds to
the limit ¢ — —oco.

Finally, we will find it convenient to simplify many expressions like (A.12) by instead working

in terms of the variable® 5

=, 2.5
(= (25)
in which the limits £ — 400 correspond to ¢ — 0. Because of its relationship to the long-time
or long-distance limit, we will refer to the region |¢| € [0,1) as the “infrared.” Likewise, we will

call |¢] € [1,00) the “ultraviolet.”

*Fuclidean-signature Feynman diagrams will converge to define an interacting SO(D + 1)-invariant state on the
sphere as long as the linearized field theory admits an SO(D + 1)-invariant propagator, which will be the case as
long as our scalar fields both have non-zero mass. The correlators in this state will thus be invariant under the
isometries of Euclidean de Sitter space and will satisfy the Euclidean Schwinger-Dyson equations. Upon analytic
continuation to Lorentzian signature, these correlators will automatically be SO(D, 1)-invariant and satisfy the
Lorentzian Schwinger-Dyson equations, thus defining a consistent de Sitter-invariant state and correlators.

5This embedding distance is also called Z by [35], ¢ by [57], and s by [58].

5Not to be confused with the comoving curvature perturbation (.



2.2 Free Fields from Euclidean to Lorentzian

One very nice feature of Euclidean de Sitter space is that there exists a useful momentum space
representation of scalar fields in terms of the hyperspherical harmonics,

=> osVi(x). (2.6)
J

These harmonics are the D-dimensional analogs of the familiar spherical harmonics. They are
labeled by an integer vector J = (J,my,---,mq), where J € N is a non-negative integer (J =

v

0,1,...) and m = (my,ma,...,my) € Z? are a set of integers such that J > mq > mg > ---
|mq|. Most importantly, they diagonalize the Laplacian on the sphere SP,

V¥j(z) = —J(J + d)Y3(z), (2.7)

where we call J and m the total angular momentum quantum number and magnetic quantum
numbers, respectively. We will not need the explicit forms for these harmonics, though a special
role will be played by the zero mode with J = 0,

Fla+1) 1
27t \/vol SD

which is just a constant profile on the sphere with amplitude determined by the volume of S”.

Yo(x) =

(2.8)

These hyperspherical harmonics are orthonormal and complete,

/ dQp V()Y () = 3k and Y Yy(2)Yi(y) = 6Pz —y)/ /g, (2.9)
J

SD

and so the momentum space representation of a function of a single point on the sphere can be
easily found by computing, for example, oy = [dQp o(z)Y5(x). Usefully, the sum over magnetic

3 Vim(#)¥im(t) = O (T egee). (2.10)

quantum numbers

Since any de Sitter-invariant two-point function H(z,y) is necessarily a function of the embedding
distance £(x, y), by completeness its harmonic decomposition will only depend on the total angular
momentum J,

H(w,y) = S H YY) = gt (7 + ) [H],CH(6). (2.11)
J J=0

For integer J, the coefficients [H]; may be extracted by the “Euclidean” inversion formula,

(47)°T(a)T(J + 1)
T'(J + 2a)

[H], = / de (1 - ) 1C9(OH(E). (2.12)

Strictly speaking, the expansion (2.11) only converges when the inversion formula (2.12) does.



Analogously, since C§(-1) ~ J 2a=1 a5 J — oo, these expansions only converge if [H]; decays
faster than 1/J2%%!1 as J — co. Generally, these conditions will not be satisfied for most of the
functions we work with in four dimensions, o = 3. We will instead keep a = 1(3 — €) arbitrary
throughout our calculations and use dimensional regularization to remove any e-divergences,
defining these functions via analytic continuation in a.

The hyperspherical harmonics can allow us to easily determine the propagator G(z,y) for a
free field with mass m. This propagator obeys the Klein-Gordon equation

(=V2 +m*)G(x,y) = 6PNz —y)/ V7, (2.13)

which, using (2.7) and (2.9), can be solved to find

Yi(z)Yy J 4+«
Glz,y) = Z J(JJ—}(— Q)Q;%)mz - 27Ta+1 Z J(J + 2a) + m? CF (Eay) (2.14)
J

The propagator in momentum space is thus

1 1
Gl = JT+2a)+m2  (J+A)(J+A)’ (2.15)

the poles of which are determined by the so-called scaling dimension of the field,

a+ivm2—ao?2, m>a«
A:{ ~ (2.16)

a—vVat-m2, m<a

and its conjugate or shadow dimension A = d — A. A “heavy” scalar field, with mass m > « is
said to belong to the principal series with dimension A = a+iv, v € R. Likewise, a “light” scalar
field, with m < «, is said to belong to the complementary series with A € (0,«). Specifically,
the single-particle states created by these fields fall into irreducible representations of de Sitter’s
SO(D, 1) isometry group, of which there are two continuous families called the principal and

complementary series.”

Unfortunately, this representation is useless if we are interested in the propagator in Lorentzian
signature, since each term in the sum diverges as £” as |¢| — oo. To analytically continue this
expression to £ € R, we can make use of the Watson-Sommerfeld transform, in which we rewrite
asum 5o, s(J) as a contour integral over the product of a “kernel” k(J) = —e™/T'(-J)T'(J +1)
with unit residue poles at the non-negative integers and a meromorphic “interpolation” 5(J) o
(J + «)[G]; which agrees with s(J) at the integers and continues it to complex J. For (2.14),
this takes the form

-J, J+ 2«
a—l—%

Gle) = =1 Tl) /d‘] T(~J)T(J +20)(J + a) [G]JQF{ (2.17)

2ot T (2a) Jo 2mi

Lec]
H6]

"There is a third series, the discrete series, with non-negative integer dimension A € N, which includes ex-
actly massless and tachyonic fields. Since we always work with fields of finite (albeit potentially small) and
non-negative m?, we will not consider discrete series fields here.



The contour C sandwiches the positive real axis, enclosing the poles at the non-negative integers
J € N in a counterclockwise fashion. This integral representation again only converges for
¢ € [-1,1], but we can derive a convergent integral expression for £ € C/[-1,00) by deforming
the contour C to lie parallel to the imaginary axis, cf. Appendix B. Crucially, the integrand (2.17)
is well-behaved as |J| — oo, decaying as exp(—7|Im J|) as [Im J| — oo, and analytic away from
the real axis, so we do not pick up any additional contributions as we deform the contour in this
way as long as we do not shift it too far to the left. Thus, (2.17) defines an analytic continuation
of the series (2.14) to Lorentzian signature.

The integrand in (2.17) has poles at J € N, J € —2a — N, and at the poles of (2.15). It is
also odd under J — —(J + 2a), so by deforming C so that it passes through the fixed point of
this transformation J = —« [35], we can make use of this antisymmetry to force the integral to
vanish. However, to do this we must always encircle one of the poles of (2.15), and so the free
field propagator reduces to the residue of this pole,

L(AT(A)

G(§) = (47r)a+%F(a+ 2y (A Ao+ 35 5(146)). (2.18)

D=
SN—

The free field propagator (2.18) is analytic for all £ aside from a branch cut along & € [1, 00) or,
in terms of our ¢ variable (2.5), ¢ € [0,00). It will be helpful to rewrite the propagator in the

form
G(0) =050+ 03(6) = A1/ %0k | 5) 2 L0 F | ¢+ a) )
with coeflicient
Aoy - L T@rea-24) 020

(4m)ers Tla+3-4)
It is clear from this expression that the dimension A, and thus the field’s mass, controls the
asymptotic behavior of the free propagator for very large separations ¢ — 0 or as £ — +oo.

2.3 The Lorentzian Inversion Formula

While the momentum space representation in Euclidean signature is an extremely useful tool,
it can be nontrivial to extract physics in Lorentzian signature from it. As we saw for the prop-
agator (2.14), the core issue is that these momentum space expressions cannot be analytically
continued term-by-term, but we must instead rely on the Watson-Sommerfeld transformation to
continue the entire sum away from & € [-1,1]. As we discussed, this transformation proceeds
by first identifying a meromorphic interpolation 3(.J) that agrees with the summand s(J) at all
positive integers and extends it to arbitrary complex values. We then recast the sum as a contour
integral over J, deforming the contour so that the resulting expression is absolutely convergent for
Lorentzian separations. There are infinitely many such interpolations but, fortunately, there is
only one well-behaved enough as |J| — oo to enable this analytic continuation. Given a function
H(), how do we determine this correct momentum space representation [H];? How do we invert
expressions like (2.17)7 This is the role of the Lorentzian inversion formula, which we describe
and illustrate in this section.



The ambiguity in the interpolation is easy to see—given any interpolation 5(J) of the summand
s(J), we can add to it an arbitrary analytic function multiplied by sin7J and it will still agree
with the summand s(J) at the integers. However, this will always mess up the behavior of 5(.J)

7171, As we describe in more detail in

as |J| — oo, causing it to diverge at least as fast as o e
Appendix B, this would make the interpolation completely useless for analytic continuation from
Euclidean to Lorentzian signature. So, if we also require that the interpolation §(J) does not
diverge as |J| — oo, Carlson’s theorem® guarantees that this interpolation is unique, see e.g. [61].
Thus, while there may be infinitely many interpolations of the summand s(J), there is only one

which should be used to analytically continue the sum beyond its domain of convergence.

Thus, we should understand how to compute this correct interpolation given a function H(§)
defined, aside from possible singularities and branch cuts, on & € C. The Euclidean inversion
formula (2.12) cannot work because the Gegenbauer-C' functions behave very poorly away from
the real J-axis, growing exponentially as |Im J| — oco. For instance, C§(-1) o exp(7|Im J|) as
Im J — oo, cf. (A.8), and so the [H]; provided by (2.12) behave very poorly for complex J and
thus yields one of the wrong interpolations. Instead, the appropriate interpolation is provided by
the Froissart-Gribov formula [56, 57, 59, 61], which defines [H]; as

_ (4m)°T()T(J +1) [ d¢
A= T(J + 20) fém

(€ -1)"2Q3(QH(©). (2.21)

The contour C is taken to wrap the interval £ € [-1, 1] counterclockwise, while the Q5 (&) are the
Gegenbauer Q-functions defined in (A.12).

Let us justify this expression. The Gegenbauer Q-functions Q5 (§) satisfy the same differential
equation (A.5) as the Gegenbauer C-functions C'§(&§) and have a branch cut along £ € [-1,1].
While we could have chosen any linear combination of C§(£) and Q%(§) and written a formula
analogous to (2.21) that agrees with (2.12) for non-negative integer J, the trick is that Q5(§) are
the unique solutions to the Gegenbauer differential equation which decay as € ~/72% as £ — oo,
and so the interpolation defined by (2.21) necessarily decays as Re J — 0o. By Carlson’s theorem,
(2.21) is then the unique well-behaved extension of (2.12) from the integers to complex J, and is
the one relevant for physics in Lorentzian signature.

The functions we work with will all have a discontinuity along ¢ € [1,00), and so we may
deform the contour” in (2.21) so that it becomes an integral over the discontinuity of H(z),

2rtID(J +1) [*d 1
[H]; = T (J+ )/ A6 - {J+O‘+2’J+1
0

AT+ a+1) 90T + 9+ 1 ‘—C} disc H(¢) , (2.22)

8(Carlson’s theorem states that, if f(z) is regular in the right half plane Rez > 0 and |f(z)| < Ce**! with C' > 0
and k < 7, and if f(z) =0 for z=0,1,2,..., then f(z) =0 is identically zero.

9Technically, (2.21) only applies to functions which are analytic in a region around the interval & € [-1,1]. This
is not the case for the functions we consider, which have a discontinuity along & € [1,00), and is related to the
fact that (products of) the propagator diverge in the coincident limit & — 1, causing their spectral representations
to converge poorly. As is clear from (A.8), the convergence of these series is strongly dependent on «, and so we
will work at small enough « so that (2.22) applies and then define the [H]; at o = % by analytic continuation.
Of course, these will often diverge as a — g, but these are the typical divergences one encounters in any loop
calculation and may be absorbed by local counterterms.



with the discontinuity defined as

disc H(¢) = lim H({ + ie) — H(¢ — ie) . (2.23)
e—0t
The inversion formula (2.22) is the main tool we will use in this work—it defines the momentum
space representation of H(§) as long as Re J is large enough and « is small enough so that the
integral converges at its endpoints ( — 0 and ( — o0, respectively.
It will be useful to illustrate the inversion formula (2.22) by applying it to the propagator
(2.19). The discontinuity of the propagator along ¢ € [0, 00) is given by

1

271 (472 a—i—%—A,a%—%—A‘ 1]
3 .

disc G(¢) = — o F R

2.24
(4m)eta T(3 — ) 3—a (2:24)
The integral (2.22) can be explicitly evaluated by a computer algebra system to again yield (2.15),

1
(J+A)J+A)

Gl = (2.25)
extending (2.22) to arbitrary complex J and arbitrary a. However, it will be more helpful to
evaluate (2.22) in a way more readily applicable to cases in which an exact answer is not known,
or is too complicated to be useful.

For example, throughout this paper we will be interested in expanding integrals like (2.22)
order-by-order in the mass of a field or, analogously, order-by-order in A. Already from (2.25), it
is clear that this expansion can be complicated by the fact that singularities of [H]; may depend
on the dimension A, and an expansion in A may depend sensitively on J. It will thus be helpful
to rewrite (2.22) in a way that both analytically continues it to arbitrary J and identifies any
potential singularities.

By use of a Kummer relation, the discontinuity (2.24) can be written in a form that evokes (2.19),

271 I'(2a —2A)
(4r)e+s D1 = AT (a4 5 — A)

A, Afoz+%

dise G(¢) = — 9A — 20 + 1

CA2F1[

—g] + (A — A). (2.26)

The benefit of this form is that it makes it clear why (2.22) generates a pole at both J = —A and
J = -A. We have

o * J+A-1 J+Oé+%,J+1 _ A,A—a—l—%
[G]J—NJ,A/O d¢¢ 2F1[ 9] + 2a + 1 Cl2f oA —oa 41

—C] +(A = A)
(2.27)

where we have defined the coefficient

1 J+1,a—A
Naa = WF[J+Q+1, 1A] ' (2:28)

When J = —A, the integrand in (2.27) behaves as (! as ¢ — 0 since 2Fy(a,b;¢;—¢) ~ 1+ O((),
and so the integral diverges in the infrared. Indeed, we can analytically continue (2.22) to

10



arbitrary J by splitting the integral into an infrared contribution sensitive to the long-distance
|| — oo (¢ — 0) behavior of the propagator and an “ultraviolet” contribution sensitive to the
short-distance { — oo behavior,

1 1 1
R __ J+A—1 J+Oé+§,<]+1 _ A,A—OA—F*
[G]J—NJ,A/OdCC 2F1[ 97 + 2a + 1 G| 281 2A —2a+1

_g] 0 (2:29)

where the --- denotes the contribution from the shadow A — A, while the UV contribution
[G]}Y = [G]s — [G]'} has the same integrand but is instead integrated over ¢ € [1, 00).

Since the integrand is a regular function for all J and ¢ € (0,00), the only way the integral
could develop a singularity in J is if the integrand diverges in a J-dependent way at one of its
endpoints, ( = 0 or ( = co. As we also discuss in Appendix D, the integrand is regular in J
as ¢ — oo if we include the coefficient (2.28), and so the only way a singularity can develop
is if the integrand diverges as ¢ — 0. It is then trivial to isolate the singularities of [G]|; and
compute their residues by series expanding the integrand in [G]'} about ¢ = 0 and then integrating
term-by-term. This is a technique that we will rely on throughout this work.

Since the integral (2.29) is over ¢ € [0, 1], we have no problem in replacing the integrand with
its series expansion around ¢ = 0 since it has radius of convergence |(| = 1,

1 _ 1
AL J+a+sz, J+1 ‘—C]zFl[A’ A—a+3

2J + 20 + 1 2A — 20 + 1 ‘C]—Z%(JA)C”A*’H. (2.30)

k=0

The series coefficients are explicitly given by

_1k4Afa o o 1
)= T[4k 3 180 4

I E+1,A,2A —2a+1+k

2.31
J+1, -k J+a+i 2a-20—k ] (2.31)
X 4 1

l2J+20+1,1-A—k at+i-A—k

Integrating term-by-term we find that [G]} has a infinite number of potential poles at J = —A—k
and J = —A — k, for positive integer k € N,

ck(J,A) -
NJAZJ+A+k (A = A), (2.32)

but since ¢ (—[A + kl, A) = 0k,0, the only poles with non-vanishing residue are those at J = —A
and J = —A, with residues N-a a = 1/(20.— A) and N_x 5 = 1/(2a — A) respectively. The rest
are then “spurious” in the language of [59]. Since [G]}" is necessarily regular in J, we may then

write
1

(J+A)(J+A)

with f(J) is some entire function. But since [G]; — 0 as Re J — 400, this entire function must

Gly =

+ f(J) (2.33)

also vanish as |.J| — oo and thus f(J) = 0. [G] is thus completely determined by its singularities,
which can be easily extracted from (2.29).

11



In the next section, we will find that a similar structure appears when analyzing the self-energy
of a heavy field ¢ in the presence of a light field . Fortunately, corrections to the long-distance
behavior of the two-point function (o(z)o(y)) will be dominated by only one singularity (and its
shadow) and thus the strategy outlined above provides an extremely efficient way of extracting
corrections in the limit m, — 0.

3 Loop Corrections from a Light Scalar

Having reviewed the basics of free de Sitter quantum field theory in both Euclidean and Lorenztian
signatures, we are now ready to include interactions. The main goal of this paper is to determine
how an interaction with a light scalar field ¢, with mass m,, corrects the two-point function
(o(x)o(y)) of a heavy scalar field o, with mass m,, in the limit that m, — 0. Specifically, we
will work with actions of the form

SE—/dD;UfB( o) + smio® + 1(0p)? +%mig02+/lint+ﬁct], (3.1)

where Liy is the interaction Lagrangian and L. is the counterterm Lagrangian. We consider
cubic and quartic interactions in §3.1 and §3.2, respectively, though it will be helpful to discuss
general aspects of perturbation theory first.

We organize corrections to the two-point functions (o(z)o(y)) and (¢p(x)e(y)) diagrammat-

ically. We denote the free-field propagators of o and ¢ by G7(£) and G¥?(€), respectively, and
their dimensions as A, and A,. We represent o by black lines and ¢ by blue lines,

=G (&) —— = —J(J +2a)dz, — m

o

(3.2)

° o =G(¢) ———— = —J(J +2a)0z, — m,
with associated counterterm vertices from Loy D 307, (00)? + £62,(00)* + 36m, 0% + $0m, %,
which account for mass and wavefunction renormalization and whose Feynman rules we display
in momentum space. In position space, each vertex is associated with an integral over the D-
dimensional unit sphere which we write in shorthand as fSD dPz V9(zi) f dPz suppressing
the metric factor, with z; always representing integration dummy variables. Finally, open circles
like o represent external legs at coordinates labeled by x; or, when there are only two, x and y.

As usual, corrections to the two-point function can be organized in terms of the self-energy I1,(.J),
which is defined by the sum over all one-particle irreducible (1PI) diagrams. We denote the self-
energy as

= 21,22 ZH YJ Z1 YJ(ZQ) (3.3)

and it can be computed order-by-order in perturbation theory in Euclidean signature and then
appropriately analytically continued to non-integer .J, or Lorentzian signature, by using (2.22).'

108¢rictly speaking, we only require that inversion of the full two-point function [cc]. be well-behaved as J — co
to be able to perform the Watson-Sommerfeld transform and analytically continue the Euclidean de Sitter result

12



Diagrammatically, the exact two-point function is then given by

(o(@)o(y)) = o—o+%~%/+%ﬁ@+ - (3.4)

which forms a geometric series that can be subsequently summed to yield

(-1) T(a) [dJ T(=I)T(J+2a)(J +a) ~J, J+2a

14¢
2o W) = 3T T za) ?i 21 (J + Do) (J + Ag) — () 2 [ atd |2

5 ] . (3.5)

Following [35], the asymptotic behavior of (3.5) at future infinity and fixed spatial separation,
¢ — —o0, and thus the physical mass of the field,'! is controlled by the pole J, of the integrand,

(Je + Ag)(Ju + Ap) = TI5(J,) =0, (3.6)

with maximal real part.

For a weakly interacting heavy field o, there is a pair of poles with largest real part, one the
complex conjugate of the other, which we denote as J, and J,. At future infinity, the heavy field
propagator thus behaves as (o(2)0(y)) ~ C1(—2€)7* + Co(—2£)7* as € — —oo for some constants
C; and Co. For free fields, II,(J) = 0 and so J, = -A, and J, = —A,, while at leading order in
perturbation theory the non-zero self-energy shifts the pole to

(3.7)

with J, given by the conjugate of this expression, or by taking A, — A,. Specifically, decom-
posing the pole into its real and imaginary parts,

ReTl, (- A,
—i[ mZ a4 Rello(FA) | (3.8)

2 2
2¢/mg —

ImII, (-A,
J*%—loﬁ-m ( 2)

2y/m2 —«a

we find that the real part of the self-energy affects the physically-measured mass of o, while
its imaginary part changes the decay of the correlator at long distances. We will work in an
“on-shell” mass renormalization scheme in which m, is ¢’s physically-measured mass, and so we
adjust our counterterms so that

ImJ, = —/m2 — a?, (3.9)

(e

or equivalently, to first order in perturbation theory, ReIl,(-A,) = 0. The shift in J,’s real part
is a purely physical effect that cannot be mimicked in free field theory. Furthermore, to ensure
that the two-point function is properly normalized in the long-distance limit, we require that the
residue of this pole is unchanged and thus IT, (-A,) = 0.

to Lorentzian signature. However, the same should be true for the self-energy II,(J), which should also be well-
behaved as J — oo, since there is an order-by-order equivalence between in-in perturbation theory and Euclidean
perturbation theory [52].

1 This is familiar from quantum field theory in flat space, where the poles of the momentum space propagator
G(k) = 1/(k* +m? — TI(k?)), with TI(k?) the self-energy, control the long-distance behavior of the position space
propagator, and thus provides a physical notion of mass in the interacting theory.
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A weakly interacting light field ¢ only has one pole with largest real part, which we again

denote as J. As for the heavy field, J, = —A, in the free theory, while at leading order in
perturbation theory a non-zero self-energy Il,(.J) corrects this to
I, (-Ay)
Jom =N, — 22 3.10
® A@ - Acp ( )

We will find that II,(-A,) is purely real. If we define the physically-measured mass of a light
field by J, = —a+ /a2 — m?a, thus working in an on-shell renormalization scheme, this requires
that we choose our counterterms such that II,(-A,) = 0. So, unlike the heavy field, a non-zero
self-energy I1,(.J) does not result in a measurable effect as £ — —oc.

Finally, before we move on to our specific examples, it will be useful to discuss the general
strategy we will use for simplifying self-energy corrections in the limit m, — 0. The self-energies
we study will be expressed in terms of the inversion formula (2.22) applied to products of o and ¢
propagators. As discussed in §2.2, the free field propagator can be decomposed into a sum (2.19)
of terms with definite scaling behavior in the infrared,

G(Q) = 9a(Q) + 9a(Q) ~ AA) -1/ + AR)(-1/Q)™®, ¢ =0, (3.11)

where A(A) x T(A) ~ A7t as A — 0 is given by (2.20). Our self-energies will then be sums of
terms like [Ga,GA,]s and [GA_GA,]s. As we will show in this section, and as we might expect
from our analysis of the propagator in §2.3, a term like [gAw Ga, ] contributes “potential” poles
to the self-energy at J = —(A, + Ay + k), with & € N, whose residues may be zero (i.e. the
so-called “spurious poles” of [59]) but are proportional to A(A,)A(As) o< T'(AL)T(Ag).

Since we are interested in how the light scalar ¢ affects the long-distance behavior of the heavy
scalar o, we want to approximate II;(J) near the free-field pole J, = -A,. As m, — 0, the
dimension of ¢ also vanishes, A, ~ ma /(2a)) — 0, and so we find that there are two simplifications
of the self-energy in this limit. The first is that the terms with factors of Ga, o< I'(A,) o mf are
enhanced compared to those with Ga ,, whose amplitude does not diverge as m, — 0. The second
is that only terms with factors of Ga, can contribute poles that approach the free-field pole at

Jio = -Ags as A, — 0, and there are only finitely many that do. Such poles are further enhanced
-2
©
find that the self-energy near the free-field pole, and thus the correction to o¢’s long-distance

by a factor of A;l x m_” compared to other poles or regular terms in the self-energy. We thus

behavior, is governed by a single easily-calculated term as m, — 0.

We will first illustrate this procedure in the so-called “bubble” diagram in §3.1, which is the
leading correction in a theory with a cubic interaction Ly = %gcpaz. Here, there are exact
analytic results we can use to check our approximations. Then, in §3.2, we study the general
theory with quartic interactions with Ly, = % goto? + % g¢p4 + % go0*, computing the leading
order physical corrections to the two-point functions in the limit m, — 0. Throughout, we will

1

regulate UV divergences by first working with o = 5(3 — €) and then taking ¢ — 0.
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Figure 1: The analytic structure of the bubble diagram [G°G¥]; for a = 3. In [black], we denote
the free-field poles at J = -A, = —(a + iv,) and J = -A, = —(a — iv,) at which [G°G¥]; is
regular. It instead has singularities at J = —(Ay+A,+2k) and J = —(Ay+A,+2k), with k € N,
in [blue]. These singularities encroach upon the free-field poles and dominate the self-energy as
A, — 0. The bubble also has singularities at J = —(A, + A, + 2k) and J = —(A, + A, + 2k),
with k € N, pictured in [red], which remain well-separated from the free-field poles as A, — 0.

3.1 The Bubble

We begin by studying the theory with a cubic interaction, Lyt = %g(paz, which we denote
diagrammatically as

=—g. (3.12)

/

We should also include the relevant vertex counterterms, i.e. L = %6g<p02 4+ .-+, but since the
goal of this section is to compute o’s self-energy I1,(J) to leading order in perturbation theory,
these counterterms will not contribute to the final answer and so we will not include them.

The first correction to o’s self-energy appears at O(g?), and is generated by the bubble diagram

= e (3.13)

or equivalently,
o (J) = (-9)*[G7G?)y = J(J +20)d7, — O, , (3.14)

where [G?G?]; is determined by the inversion formula (2.22) applied to the collection of propa-
gators appearing in the loop, H({) = G?(¢)G¥(¢). An exact expression for [G?G¥]; was found
in [35], which we present in (A.15). As we illustrate in Figure 1, they found that the bubble has
poles at J = —Ay — A, —2k, J = —A; — Ay, —2k, J = —A, — A, —2k and J = —A, — A, — 2k,
for all non-negative integer k € N. Physically, these correspond to the appearance of long-lived
two-particle states with non-zero momenta. Our goal is to see this structure directly from the
inversion formula (2.22) and to extract the self-energy’s m,, — 0 behavior.
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Using (2.19), we can expand the bubble into its constituents with definite scaling as  — 0,
(G°G?]; = [9A,9,]7 +[9A, 9] + (G, 0A,]7 + [GA,GA, ] - (3.15)

We will focus on the first term, [Ga, G, ]s, and recover the behavior of the others by simply inter-
changing the dimensions A, and A, with their shadows A, and A,. The relevant discontinuity
is then given by

‘ 2mi A(Ag) A(A,)
discGa, G = -
AcYA, (C) F(Ao‘ + AW)F(l — Ay — Ag@) (3 16)
Ap+A A, Aa—a—i-% _ By, Aw—a+% -
e WQFl[QAJ—Za—Fl R IR PE
and so the inversion formula reads
X Bt A1 [T at g T+
T i v SPR R (317)
A0'7 Aa'_@—i_% _ AQO’ A‘)D_a—i_% - |
X2F1[2Ag—2a+1 C]zFl{QAw—Qa“ -
with +1 A(A A
27 o I'(J+1
Nona, T AAG)A(ALD(J +1) (3.18)

T AT +a+ DA, + A1 — A, — Ay

The coefficients A(A) are defined in (2.20), and crucially diverge A(A) o A™! as A — 0. This
implies that, barring any enhancements coming from singularities in J, the terms that depend
on QAw will be enhanced over those that depend on QAw in the limit that A, — 0 and A<p — Q.

Following our analysis of the propagator in §2.3, it is convenient to treat the infrared and
ultraviolet regions of (3.17) separately, writing [Ga,Ga, 7 = [GA,9A, T +19a, G, ] with

2J+2a+1

Ay, Ap—a+ 3
_C]QFl[QAw—2a+1 '
We will focus on this infrared contribution first since we can use it to immediately read off

where [G°G¥];’s singularities are. As ¢ — 0, the integrand behaves as ¢IHBetA—1 and so it
diverges when J = —A, — A,. Technically, this integral representation is only well-defined for

1 1
[ g AW]{] ‘/\/'J,AUA“F / dC CJ ’ Ag ' ! |: ; o + ’ C:|
0

3.19
Ay, Ay —a+ % ( )

X2F1[ 290, — 20+ 1

ReJ > —ReA, — ReA,, but we may derive an analytic continuation by series expanding the
integrand about ¢ = 0,

J+a+3, J+1 Npy Ap—a+ 3
2F1[ 2J +2a+1 ‘ C]Z [ A —2a—|—1 = >
A =) (T, Ar, AL)CF, (3.20)
o) Do~ - k=0
XQFl{ 2A¢—2a+1 }
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and then integrating (3.19) term-by-term to find

cx(J, Ao, Ay)

198,92,17 = Nisoa, ZJ+A YA+ kS

(3.21)

Immediately, we see that the deep infrared ( — 0 of the integral (3.19) generates a family of
potential singularities at J = —A, — A, — k, with k£ € N. However, some of their residues may
vanish and so some of these poles may be spurious.

Ignoring the coefficient Ny, A, for the moment, the residue around each pole cx(As, A,) =
ck(-[As + Ay + k], Ay, Ay) takes a relatively simple closed form, with non-zero even coefficients

CQk(Aoa Aap) =

1 F(Ap—l—k)r atk,Npg+k,a—Ag—k,a—A,—k
24kk‘ F(Acp) «, Ada a_AO‘7 a_AlP

T A +Ap =200 +142k, A + Ay, —a+k

A +Ap =200+ 1+Fk, Ay + Ay, —a+2k

(3.22)

and vanishing odd coefficients, cop41(Ay, Ag) = 0. From this, we find that the bubble indeed
has poles at J = —A, — A, — 2k, with £ € N. Furthermore, there is a hierarchy in residues
as A, — 0, with ¢p(As, Ap) = 1 while the rest are O(A,). We can understand this hierarchy
as follows. Since the integral (3.19) is constrained to ¢ € [0, 1], we may approximate the last
hypergeometric function as

Ap, Ay —a+ 3

3
3 1,1 E—Oé
2N, — 20 + 1

1 b b
2Fy —C}=1+2A¢(—C)3FQ[272_2O¢

—c] +0O(A2) (3.23)

and so, to leading order in A, the integral in (3.19) reduces to that of (2.29), except that the
factor of (/T2~1 there is now a factor of (/t2¢+2¢~1 which as we argued there only has a single
non-vanishing residue.

Since we are primarily interested in the behavior of the bubble near the free-field pole J = -A,,
to leading order in A, we can approximate

L) Nya, Ay =0, (3.24)

NJ,AUA¢N4WQ+1 A,

with N a, the coefficient appearing in the inversion of the propagator (2.28), and thus (3.19) as

MNa) 1 Nia
IR ySo
(92,9815 = —or3 A TTA. A, (3.25)

Near the free-field pole J = —A,, the terms we have dropped are suppressed by a factor of Ai
compared to the one we have kept.

The analysis of the UV contribution [Ga,Ga ] is more involved because it diverges as « —> 2
We leave its analysis in Appendix D, but the upshot is that [Ga, G LP]UV is regular in J and is
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well-approximated by

2 [Taceraton|

J+a+s, J+1 ¢
Jqotl Acp 1

2J +2a+1

A A 1 (3.26)
oy Do —a+ 5| .
X2F1[2AU—204+1 C]*

as A, — 0, where the --- denote terms that diverge as ¢ — 0. These divergences simplify

drastically only once we sum over dimensions and their shadows, i.e. only in [G?G¥]; and not
in expressions like [Ga,GA,]7. Regardless, aside from the UV divergence, (3.26) is subleading in
A, compared to (3.25) near J = —A, and so we may drop it.

A similar story applies to [nggAw] 7, which dominates near the free-field pole at J = —Ag,
and to compute it we only need to replace A, with A, in (3.25). The other terms in (3.15)

are neither singular near the free-field poles J = —-A, or J = —A,, nor are they enhanced by
diverging factors of A(A,). Thus, at leading order in A, we can approximate the bubble as

IMNa) 1 1
GaGap ~ GU IR R . — L 327
e e N .y s T ey w8 R el
where the --- denote the UV divergences from [G°G¥]Y". Specifically, as v — %, this becomes
3 1 1 1
GOG¥) s ~ - _ 3.28
| ls 812 m2 (J 4+ Ag + A)(J 4+ Ay + Ay) Jr87r2€’ (3.28)

where the 1/(87%€) is the divergence of the bubble in dimensional regularization (C.13). We
compare this approximation to the exact result (A.15) in Figure 2, where we find excellent
agreement as my, — 0. To leading order in A, we thus find that the self-energy reduces to

2 2

g 1 p
o (J) ~ _ — J(J +2a)05 — 6, 3.29
) 87T2A4P (J+As +Ap)(J + Ay + Ay) + 8m2e (J +20)d7, o ( )

in the regions of J which are relevant for ¢’s propagation over long distances. This allows us to
determine our counterterms as

2 2

2
9 g my
d Om, =
o me = B2 32m2v2A3 7

g 2

6y =9
Zr 7 327202A3

(3.30)

where v, = \/m2 — a?. Furthermore, the free-field pole at J, = -A, = —(«a + iv,) is shifted to

AR Y CON B A S (3.31)
T2 1672 v2mi 7 '

As noted in [35], the heavy field o’s interaction with the light field ¢ causes it to decay faster

than any free field since ¢’s coupling to ¢ provides it with another decay channel in addition
to the standard dilution due to Hubble expansion. On the other hand, as explained in [34], the
enhancement of this decay of o with respect to m, can be interpreted as the washing out of o
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Figure 2: Plots of the relative error p = |exact — approx|/|exact| between the approxima-

tion (3.28) to the exact result (A.15), with o = £(3 — 107%). On the left, we plot this relative
error as a function of J, along a line in the complex plane that is parallel to the real axis and
passes through the free-field pole J = -A,, for mfa = 1072 and various values of m,. On the
right, we plot this relative error at the free-field pole J = -A, as a function of m,. It can be
seen that the relative error between the approximate (3.28) and exact (A.15) results is O(m?a).

correlations at long distances due to the enhanced fluctuations of ¢ in the infrared. In this way,
we can make contact with in-in perturbation theory wherein the enhanced fluctuations of ¢ are
tied to the dynamics of the super-horizon modes [41, 42].

We have argued that [G7G¥];’s singularity structure in J can be extracted from the IR
contribution [G?G¥]; alone since the UV contribution is regular in J. We may then write

S [MAUMN%) RBHAH2) n a4y, 332

o —

K;Gﬂjgg J+ 8, + A, +2k " J+ A, + A, +2k
where R(J,) denotes the residue of this function at J = —J, and f(J) is an analytic function.
Unlike the propagator in §2.3, the bubble does not necessarily decay as |J| — oo because the
product G7(£)G¥(€) is too singular as £ — 1, ultimately leading to the UV divergence [G7G¥]; ~
1/(872%€). Analytically continuing our Euclidean results defined on ¢ € [~1,1] to Lorentzian
signature with £ € R requires that these coefficients decay sufficiently rapidly to use the Watson-
Sommerfeld transform, and we ensure this is possible by adjusting our counterterms, subtracting
off the constant—or the J(J 4 3) terms in cases where the kinetic counterterm is needed—as
J — 00. Once this is done, the self-energy II,(.J) vanishes as J — oo and thus we can conclude
that f(J) = 0. The full self-energy can thus be recovered from the IR contribution [G°G¥];
alone. This agrees with (3.28), where we have truncated the sum in (3.32) to only its dominant
poles at J = —(A, +A,) and —(A, +A,) and approximated their residues in the A, — 0 limit.

Before we proceed to study quartic interactions, it will be helpful to understand how the
approximation (3.28) arises in Euclidean signature as in [34]. Here, the analysis is much more
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straightforward since we can use the Euclidean inversion formula (2.12) for non-negative integer J,

(4m)°T (a)T'(J + 1)
I'(J+2a)

G7G¥]y = / de (1- )7 3C5() GU(O)G¥(€), JeN.  (3.33)

Since this integral is restricted to the finite interval £ € [—1,1], we may expand the light field
propagator into its harmonics (2.14),

INa+1) 1 J+a o
G¥(€) = et 2 Qﬂaﬂ Z T+ 20) +m2 ci(6), (3.34)

where the first term is the Euclidean zero mode (2.8) propagator. As m, — 0, we find that the
Euclidean zero mode dominates the bubble [G?G¥];, and (3.33) may be approximated as

MNa+1)[G%l; T(a+1) L 1
oo+l ma orat+l m?o (J+Ax)(J + AJ) '

(G7G¥) s ~ (3.35)

This agrees with (3.28) as A, — 0 when J € N, and so we can interpret the enhancement factor
as the Euclidean zero mode of the light field ¢ which becomes strongly coupled [38] as m,, — 0.

3.2 The Sunset

Having studied the bubble diagram, we now focus on sunset diagrams. Specifically, we will study
the theory with interaction and counterterm Lagrangians

Lint + Loy = %90%2 + %gw“ + %gaa‘* + 302,(00)* + 307, (00)* + $0m,0° + $0m,¢°

1s 2 (3.36)
and associated interaction vertices
. N . . .

aN SN N

To these, we add the analogous counterterm vertices, with g — d4, g, — 6,4, and g, — 9,,, which
we distinguish with a crossed circle, e.g. ®. Specifically, we will compute the self-energies of o
and ¢, II5(J) and I1,(J) respectively, in the limit m, — 0 with g, g,, and g, all < 1. We will
work perturbatively in each of these couplings to second order, which we will collectively denote
O(g?) as shorthand—this includes terms that are O(gg,), O(g2). This is the first order at which

physical corrections arise and they will be generated by so-called “sunset” diagrams.'?

At first order in the couplings, o’s self-energy is given by
(O, QO a9

12The sunset diagram in de Sitter has also been studied using the Schwinger-Dyson equations for the O(N)
scalar field theory in [64].
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where we exclude terms associated with vertex renormalization that are not needed to this order
in perturbation theory. Specifically, we have

I, (J) = —gG¥(1) — 29,G(1) — J(J + 20)62, — O, (3.39)

where G(1) = limg_,; G(§) = limy—,, G(x,y) represents the coincident limit of the propagator.
These diagrams are UV divergent and, as before, we regularize them via dimensional regular-
ization by working in @ = %(3 — ¢) and taking € — 0 with masses held fixed. We define the
coincident limit of the free-field propagator in general dimensions as

1 L_a, A 20-A
— 2 ) 9
G(1) (47T)a+% F[% +a—A, %— Oz-I-A:| (3.40)
which, as € — 0, behaves as
(A-1)(A-1) [2 < Y
G(1) ~ — 6.2 g—w(A—l)—@Z)(A—l)—klogélwe R R (3.41)

with 45 = —1)(1) the Euler-Mascheroni constant and ¢(z) = I''(2) /T'(2) the digamma function. In
our renormalization scheme, this contribution is completely absorbed by the mass counterterm,
such that d7, = O(¢?) and 0,,, = —gG¥(1) — 19,G(1) + O(g?). The same is true for the
self-energy of ¢ to first order, which is given by

= O + O +—08—, (3.42)

or equivalently

I, (J) = —gG7(1) — 59,G*(1) — J(J + 2a)dz, — bm (3.43)

o
For a light field, there is only one pole with maximal real part, and ensuring this pole yields the
physically measured mass forces us to choose 0z, = O(¢?) and &,,, = —gG(1) — 39,G?(1) +
O(g?). Physical corrections to the propagation of both ¢ and ¢ instead occur at O(g?).

At second order in perturbation theory, o’s self-energy II,(.J) is given by

e
+8+8+<®>+8+8+<®>.

It is clear that the diagrams on the second line of (3.44) all cancel in our renormalization scheme,

while the two diagrams associated with the O(g?) vertex counterterms can be absorbed into the
O(g?) part of the d,,, counterterm, as they yield just a constant factor —38,, G?(1) — £6,G?(1).
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So, to O(g?) o’s self-energy is given by the sum of sunset diagrams,

+ O +—e (3.45)

or
1 1
I, (J) = 5(—29)2[G¢G‘0GU]J + g(—g(,)2[Gf’G0G<’]J — J(J +20)8y) — 63 (3.46)

where we use (5(223 and 45, to denote the counterterms at O(g?), having absorbed the vertex
counterterms. The logic is identical for the O(g?) corrections to I1,(.J), and so we have

+ O +—e (3.47)

or, equivalently,

1 oo 1
IL,(J) = 5(—29)2[6;%: G%j + i(—ggpy[G“’G‘PG‘P]J —J(J +20a)5;) — &5 . (3.48)
We see that the leading order corrections to the self-energies of ¢ and ¢ are determined by sums
of sunset diagrams, and our goal is to approximate how they correct the long-distance behavior

of the propagators in the limit m, — 0.

We begin by considering o’s mixed sunset diagram, which we may decompose (2.19) as

+— o [G7GPG?) ;= [G7GA, G, ]s +2 X [G7GA,GA, ] + [GGA,GA,]T- (3.49)

Given our experience with the bubble diagram in §3.1, we already know which terms in (3.49) will
dominate as A, — 0. The first term, [G7Ga,Ga, ], will contain two factors of A(A,) oc AZ? and
have two families of integer-spaced poles at J = —(Ay + 2A, + 2k) and J = —(A, + 2A, + 2k),
for k € N.13 As A, — 0, the right-most poles with £ = 0 will encroach on the free-field poles at
J =-A, and J = -A, and dominate the self-energy.

This does not happen with the other two terms in (3.49). By the same logic, [G"Ga ,GA, ] Will
only contain one factor of A(A,) and have two families of poles at J = —(Ay + Ay + Ay, +2k) =
—(Ay +2a+2k) and J = —(A, + 2a+ 2k), neither of which encroach upon the free-field poles as
Ay, — 0. Similarly, [G°GA,GA,]s has no factors of A(Ay) and poles at J = —(Ay + 24, + 2k)
and J = —(A, + QASO + 2k). Thus, the terms [Ga'gAng(P]J, [g“gAngv]J and [QUQA¢QAW]J will

be of order A;?’, A;l and A?O, respectively, near the free-field poles as A, — 0 and so we will

!*From the representation (3.52), it is trivial to see that [G°Ga G| potentially has poles at J = —(Ags+2A,+
k) and J = —=(As + 2A, 4+ k), for k € N. Unfortunately, it is not so easy to see from this form that the residues of
the poles vanish for all odd k, and we do not have a proof of this. These residues are trivial to compute—one simply
sets J = —(As + 2A, + k) and series expands the integrand about ¢ = 0 to find the coefficient of the ¢* term. In
practice, we have confirmed that residues of the odd k poles vanish up to k = 15, though whether or not this is
true does not affect our results. Physically, that these odd poles vanish follows from momentum conservation—the
pole at J = —(As + 2A, + k) is generated by a long-lived state of a A, “particle” and two A, “particles,” with
k units of integer-quantized momentum distributed among them. Since momentum must be conserved, we cannot
add momentum along one leg without adding the opposite momentum along the other, and so k must be even to
correspond to a long-lived physical state.

22



only need to keep the first. By similar logic, the other sunset diagram o [G°G?G?]; will be of
O(Ag) as A, — 0, and so we need not consider it.

The dominant contribution to o’s self-energy as A, — 0 is then given by

. o _ J LJ+1
G gAg,gAw]J:NJ,AU2A¢/ d¢ (I T2Ae 12F1|: ;fi22a+1+ ‘—C]

0
ANy Apg—a+ 1] A, Ap—a+i] 17
XzFl[ 20, — 2a+ 1 C]QF{ 20, — 20+ 1 ¢l +(Ar = A0,

where we have introduced the coeflicient

2ot A(AG)AAL)A(ALT(J + 1) _ T(a)*Nya,
47 T(J+a+ DI (As +28,)0(1 = Ay — 2A,) Ap—0 16720F2A2

NJ7A02A¢ = (3.51)

Following the same strategy we used with the bubble diagram, the self-energy near the free-field
pole J = —A, is dominated by the IR part of this integrand,

T'(a)? N 1 L
[GUgAngw]{?%& J,Ag/OdCCJ+Ag+2A¢12F1[J—|—a—|—2’ J_|_1‘_<}

1672e+2 A2 2J4+2a+1
? NN . . (3.52)
o) a_a+§ _ A

which is well-approximated by the first term in the series expansion of the integrand about { = 0,

2
I'(«) 1
AmotIAL | (T4 A 4+ 280)(J + Ay +2A,)

(G7GA, A1 =~ { (3.53)
To this, we must add the UV contribution [G"g% QAWBV. This is subleading as A, — 0, albeit
UV divergent. We regularize the general sunset diagram in Appendix C, finding (C.18) as a — %
We find that as A, — 0, the sunset diagram (3.49) is well-approximated by

1 1
N X [GUGG¥], ~ _
| ls G4TIAL (J + Ay + 28,)(J + A, + 24,) (354)
JJ+3) 1

- Uua 2U(A

2(4m)te  64rmie HURo) +2UA,)

where U(A) is defined in (C.19). Since [G7G?G?]; is subleading, (3.54) determines the self-energy
II,(J) to leading order in € and A,. Imposing our renormalization conditions, ReIl5(-Ay) =0
and I/ (-A,), we find second-order corrections to the kinetic and mass counterterms to be

@__ 9 (1 1
Zo (4m)t e 202A%
(2) 892 92 m?r 2 2
52 = _(47[')46 + 2(dm)i ZAL + 29" U(As) +49°U(A,)

(3.55)

at leading order in A, — 0. The imaginary part of the self-energy is unaffected by these real
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counterterms and is simply

2g°
Im HO’(_AO') ~ m s ASO — 0. (356)
)
Using (3.8), we find that the free-field pole is shifted by
3 9 g2 .
Je & —5 (1 + Wﬁm&) —Wq . (357)

As with the bubble diagram of §3.1, coupling to the light scalar ¢ causes the heavy scalar o to
decay faster than any free field in de Sitter.

This shift of the free-field pole translates into a clear observable in the context of the cosmolog-
ical collider signal [34]. Ultimately, given any operator which couples to the scalar mode during
inflation, it is the leading exponent of this operator in the infrared (i.e. in the late time limit)
which fixes the decay of the three-point function ((k, (k,Cks) in the squeezed limit [28]. Therefore,
the pole J, contains all the necessary information to characterize the scaling exponents in the
shape function. Recalling (1.3), in the interacting theory the decay parameter corresponding to
a o exchange in the cosmological collider precisely becomes

6—;<1+27 g > (3.58)

1287% v2m$

thereby resulting in a clear suppression of the signal.

We can also compute the leading-order corrections to the light scalar ¢’s self-energy (3.48).
This is dominated by the sunset diagram involving three internal ¢ legs,

b o [GPGPGF) = 3 A
x| s = (68,98,98,1s +3 % (92,92,95,1s (3.59)

+[Ga,GA,94,]7 +3 % [Ga,G4,G4,]7 -

By the same logic we used for (3.49), the first term [Ga,Ga,Ga,]s scales' as A;} and has
poles at J = —(3A, + 2k), the second [Ga,Ga,GA,]s scales as oc A_? and has poles at J =
~(2Ap+Ap+2k), the third [GA,GA,GA, ] scales as o A;l and has poles at J = —(A,+2A,+2k),
while the last term [Ga GA,GA | scales as A?O and has poles at J = —(3A, + 2k), with k € N.
We thus see that only the poles of the first term [QAq) gAngv]J encroach on the free-field pole
at J = -A, and so dominates over the others—it is of order A;?’ while the others are of order
A;,Q, A;l and Ag, respectively. However, if we are interested in the behavior of the self-energy
near the other free-field pole J = _va then [Ga . ga . GA w] J is of order A:f’ and dominates over
the others.

"From (3.61), we see that even though this term is proportional to A(A,)? ~ AZ?, the discontinuity in the
inversion formula (2.22) introduces an extra 1/I'(3A,,) that causes this term to scale as A as A, — 0. This still
matches with the Euclidean picture—if we replace every internal leg with a zero mode propagator as in (3.34), we
find that this diagram should scale as m;G x A;B when J = 0. At non-zero J, atleast one internal leg must be a
non-zero mode, and so this diagram scales as m;4 x A;Z when J # 0.
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Focusing on II,(J) near J = -A,, we argued that this is dominated by

—4]3 (3.60)

oo
_ J+30,—1 J+atd, J+1 | Ap, Ap—aty
[gAngngw]J - NJ73A<P /0 d¢e Tl [ 2J+22a+1 ’ C} 2f1 [ 2A<,;—20z—|-12

with
2o+l A(AL)PT(J +1)

47 TBA)T(1-B3A(J+a+1)

Nisn, = (3.61)

As with (3.50), this integral is dominated by its IR contribution near J = —A,, and we may
approximate it by the closest pole,'®

3 T 1*° 1
B~ — ) .62
9a.98.98,15 % 35 [47ra+1AJ T+ 34, (3.62)

To this, we must add its UV divergence (C.18) and so we find that, as A, — 0,

1 1 J(J+3) 1
—s +— x [GYGYG?)j ~ — - 3UA 3.63
<l Iy 64m1AZ T +3A,  2(dm)te  6dmie +3UR,) (3:63)
near J = -A,. Since this diagram also dominates over the other, ¢’s self-energy is well-

approximated by

2
g 1 1 J(J+3) 1
I, (J) ~ 22 —~ - Ag)| - 55 — 0% . (3.64
o) 3 [64m1AZ J+3A,  2(4m)te  6G4mite FIUR) | =TT +3)07, = On, - (364)
This self-energy is completely real, and so its effect on the free-field pole J = —A, can be
completely absorbed by the counterterms. Requiring ReII(-Ay) = II'(-A,) = 0, we find that
2 2
5y e Jo G
¢ 12(4m)te  18(4m)*AY
22 2 . (3.65)
@ @ 2
me ™ . A 5
Omy ™ =3 apyie T 6(4m)i1A3 39 UB)

as A, — 0. Of course, this is not to say that quantum fluctuations do not change the long-
distance behavior of {(p(z)p(y)), as the self-energy

2
2A J(J+3) 1
o £ (J+3) 1 , A, —0, (3.66)

I,(J) ~
o) SamIAT | 7138, T 6, 2

is still non-trivial in this limit.

Before we conclude, it will be helpful to discuss the conditions under which these perturbative
results are valid, concentrating on ¢’s self-energy. There are a host of diagrams we can draw at

5When J = 0, we can easily evaluate (3.59) by decomposing the propagator into its zero mode and non-zero
mode contributions, cf. (3.34). Using the definition of [G¥G¥G¥]s given in (2.11), we have that (3.59) reduces to
the product of three zero mode propagators multiplied the inverse square of the zero mode profiles (2.8).
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O(g?), though the only ones that yield physical effects are what we call the “Homer” diagrams,

(3.67)

Specifically, the first dominates as A, — 0 and is given in position space by

Q = H(z1,22) = le(—gw)g/SDdDz;; (G2 (21, 23)° [G¥ (23, 22)]° G¥(21, 22) . (3.68)

We can easily compute this Homer’s leading A -dependence at J = 0 by replacing each internal
leg with a zero-mode propagator, cf. (3.34), and then multiplying by the inverse-square of the
zero mode profile (2.8), yielding
3 4
g o) 1

Ho~ -2 |———| —, Ay,—0. 3.69

[Hlo 8a [47r0‘+1A¢] A, v (3.69)
Our perturbative expansion is valid as long as the Homer is subleading to the sunset (3.59), and
their ratio at J = 0 is

LB N e (3.10)
[Slo 2 [4motlAL | ang 2 [872m2] '
We thus require that g, < %W‘lmé to maintain perturbative control and ensure that [H]y < [S]o.
Equivalently, our results only apply to light and very weakly-coupled fields, and our perturbative
expansions break down when ¢ becomes very light with m, < gi’/ 4. Similar logic holds for the
self-energy for o which has its own dominant Homer diagram with four internal ¢ legs. Ensuring
that this Homer is subleading to the sunset (3.49) similarly requires that ¢ < %ﬂ‘*mé. This
is the familiar breakdown of perturbation theory for light fields in de Sitter [38, 41, 45]. In
Euclidean signature, this breakdown is tied to the fact that the zero mode becomes strongly
coupled as m, — 0 [38], and we will discuss how to restore control by rearranging perturbation

theory around this strongly coupled zero mode in a follow-up work.

4 Conclusions

A heavy scalar o, with m, > %H , that is excited during inflation will freely propagate, oscillating
in phase at a frequency that depends on its mass, until it eventually decays. This, in turn, will
impart an oscillatory signal onto the primordial bispectrum in the squeezed limit—the cosmolog-
ical collider signal-—which cannot be easily mimicked by other local processes, and so it serves
as a “smoking gun” inflationary signature of the field o, from which we can determine its mass
(and spin). Unfortunately, a light field ¢ does not generate a similar oscillatory signal in the
bispectrum, but it will modify how o propagates over long distances, causing it to decay more
rapidly. We can thus infer the presence of such light fields via the cosmological collider signal by
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their impact on o. These effects grow larger the lighter ¢ is, and the goal of this paper was to
study these corrections in the limit m,/H < %

Specifically, we described how to compute the self-energies of ¢ and ¢ in de Sitter space,
using the Froissart-Gribov or Lorentzian inversion formula (2.22) to analytically continue from
Euclidean to Lorentzian signature. We found that these self-energies drastically simplified in
the limit m,/H — 0, and described how to appropriately leverage the small parameter m,/H
to make physical predictions. These techniques should apply straightforwardly to any diagram
with only two vertices, regardless of the number of internal legs or loops. We first used them in
§3.1 to analyze the bubble diagram, in which ¢ and ¢ interact via a cubic interaction gpo?. We
did not consider all possible interactions in this theory, as we mainly used it as an illustrative
test case to understand how self-energies behaved in the light limit. We then analyzed the fully
interacting theory of ¢ and ¢ invariant under ¢ — —o and ¢ — —p, whose physical corrections
were determined by various sunset diagrams. We regulated these sunset diagrams in Appendix C,
fully determining the mass and kinetic counterterms in this theory and computed how interactions
affect the long-distance behavior of both fields in the limit my,/H — 0. These results apply for

light, weakly-coupled fields with couplings g, g, < %7747%;40.

Given the ubiquity of such light scalar fields in modern high energy physics, there are several
future directions worth pursuing:

e As mentioned previously, our techniques are easily and straightforwardly applicable to any
diagram with only two vertices. It would be interesting to study diagrams with more internal
vertices, like the Homer diagrams of §3.2. Can we easily infer their analytic structure using
(2.22), and do they also simplify in the m,/H — 0 limit?

e Similarly, do other correlators like (o(x)o(y)o(2)) also simplify in the limit m,/H — 07

e Given that de Sitter correlators are uniquely sensitive to the quantum fluctuations of light
fields, are there other inflationary observables that can be used to detect them?

e Finally, how do these correlators behave away from very weak coupling, g, g, 2 %Tr‘lmfo?

We hope to return to some of these questions in the future.
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A Formulary

In this appendix, we collect various definitions and conventions of the special functions we use in
the main text as well as several useful formulas.

Many of our expressions will contain large ratios and products of gamma functions, and so we
adopt the common shorthand

a,b,c,--- ] _ T(@)TOT(c) - 1 =T(a
F[d,e,f,--l_ — and Tla,be, - ]=T@T®)(c)--, (A1)

though we will also use actual products and ratios when they look better. For arguments with
large imaginary parts, the magnitude of the gamma function is exponentially suppressed,

IT(z +iy)| = v 27r\y|m*% e /2, y — £o0, (A.2)
with both z and y real. The digamma function 1(z) is defined as 1(z) = % log'(z) and usefully

obeys the functional equation ¥(z + 1) = 9(z) + 1/z. Furthermore, -9 (1) = vy ~ —0.577216 is
the Euler-Mascheroni constant.

The Gaussian or ordinary hypergeometric function is defined in the disc |z| < 1 by the series

2F1(a,b;¢; 2) =2F1[“’Cb z] _ F(C)b) ZF(a+n)F<b+n)£ s

T(c+mn) n!’

n=0

This can also be defined through the Mellin-Barnes integral [65]

. I ds T'(s)T'(a — s)I'(b — s) s
oF1(a,b,c;2) = NORO) L o T(e—s) (—2)7%, (A.4)

in which the contour v runs along the imaginary s-axis and separates the so-called “left poles”
generated by I'(s) from the “right poles” generated by I'(a — s)T'(b — s).!% For certain values of
a, b, and ¢, the contour v may need to be deformed to separate these families of poles and may
not always be strictly parallel to the imaginary axis, as illustrated in Figure 3. This integral

representation converges as long as z is not on the positive real axis, z ¢ [0, c0).

Any function of two points on the Euclidean sphere that is invariant under its isometries
must be a function of the embedding distance £ € [-1,1], and so admits a decomposition into
any complete set of orthogonal polynomials on the interval. An especially useful set for our
purposes are the Gegenbauer polynomials. These can be defined in terms of the Gegenbauer-C
functions [66], which are solutions to the differential equations

2

€ -1

g+ QI+ DE g~ T +20)] €59 =0, (A5)

dg

16T his is typically written with s — —s, but this form it will be slightly more convenient for our purposes.
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and can be expressed in terms of the hypergeometric function as

1_5] . (A.6)

2

Cj(f) (J—I—ZO[) |:—J, J + 2«

L(J+02a) 2| a+3

The Gegenbauer polynomials are then defined as the Gegenbauer-C functions restricted to non-
negative integer J. Furthermore, for large argument, these behave as

cs@~r|,) T [ r| TR U g (A7)

as || — oco. In particular, at the endpoints of the interval

I'(J + 2a) and Co(-1) = cosm(J+a) T(J+2a)

¢i(l) = I'J+1)I'(2w) costa  ['(J+1DI'(2a)’ (A.8)

and so both grow as J2*~! for large integer J. However, C9(-1) grows exponentially as Im J —
+00. The Gegenbauer C-functions are thus very poorly behaved for non-integer J.

Any smooth function H (&) can then be decomposed as

=Y (J+a)[H];CH(), (A.9)
J=0

where the coefficients [H]; can be extracted via

(4m)*T(a)I'(J + 1)

A= T(J + 2a)

[ ac-eyiesome (A10)

for integer J. As discussed in the main text, they may also be extracted via a contour integral
over the Gegenbauer @)-function

_ (4m)°T()T(J +1) [ d¢
[H]s = I'(J + 2a) izm(

1) TIQY(EH(E), (A.11)

where C wraps the interval { € [—1, 1] in a counter-clockwise fashion. The Gegenbauer-Q are the
other solution to (A.5) and may be defined as

21=7=227(J + 2a)
[(a)'(J+a+1)

J+a+3, J+2a
2J +2a+1

Q) = (-1 R [

135] . (A.12)

Importantly, Q%(€) is the unique solution to (A.5) which decays as £~772% as |¢| — oo. This im-
plies that, as long as the integral (A.11) converges, it defines the appropriate analytic continuation
of [H]; to non-integer J that is well-behaved in the right-half J-plane.

The functions we work with will have a discontinuity along £ € [1,00), and so we may write

[H]; = —

21D (J 4 1) ¢ ;4 Jia+l gu1
PR _ .
4JF(J+a+1)/ 27TZ< [ 90 + %o + 1 ‘ C] disc H(C), (A.13)
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where ( =2/(¢ — 1). The discontinuity

2mi¢A

disc (=1/¢)™ = —2i¢A sinTA = AT A

¢>0, (A.14)

will be particularly useful throughout the text.

In our notation, the inversion [G°G¥]; of the bubble diagram was found in [35] to be

I'(A,) cosTA
TGPl = ——2 Z_T[2-2 1,4 l—a+A
[G°G¥), 1670 sinr(a— Ay) [ o, J+1, 5(J+1—a+A,)]x

P[J+2—a+As, 3(J+2a+ A — Ag), 5(J+ Ay + Ay)] % (A.15)
7176[J+1—a+A¢; l—a,1-2a+A,, J+1,3(J+2a+A, —A,), %(J+A<P+AU)]
+ (Ap, Ag) — (AWAU) + (AL, Ar) = (A, Ap) + (Ap, Ay) — (AJ,AQO)

where

7‘/6[a; b7 c, d? €, f]

Vsla;b,c,d, e, f] =
Vel /] Iia,1+a—bl+a—cl+a—dl+a—el+a—f]

(A.16)

is a regularized 7Vg, the so-called very well-poised 7 Fg hypergeometric function [65],

. _ a,l—I—%a,b,c,d,e,f
7V6[a’b’c’d’e’f]_7F6ha,1+a—b,1+a—c,1+a—d,1+a—e,1+a—f L (A7)

with

air, @z, -+, ap

_ blaan"'abq — a1+n7a2+n7"'7ap+n ﬁ
PF‘J{bl,bQ,---,bq z}_r[ }Zr{ (A.18)

ap,az, -, ap "0 b1+nab2+n)"')bq+n n!

for |z| < 11is the generalized hypergeometric function. Such regularized hypergeometric functions
are entire in all of their parameters, while a hypergeometric function is said to be well-poised if
p=qg+1land1l+a; =b +ax=0by+az=---=by+ ag+1. Such functions are very well-poised
if they are well-poised and a2 =1 + %al.

B Uniqueness of the Interpolation

In the main text, we defined Lorentzian de Sitter two-point functions on £ € R via the analytic
continuation of their Euclidean counterparts defined on ¢ € [-1,1]. These Euclidean correlation
functions were expressed as sums over integer momenta J of weighted Gegenbauer polynomials,
which only converge!” when |¢| < 1. To analytically continue these expressions to |¢| > 1, we rely
on the Watson-Sommerfeld transformation to convert the discrete sum into a contour integral over
the product of a meromorphic “interpolation” of the summand and a “kernel” with unit residue
poles at non-negative integers. As we have discussed, there are infinitely many interpolations that

17Strictly speaking, « also needs to be small enough for these sums to converge, as the propagator is too singular
when a > % to be faithfully represented by a Gegenbauer polynomial interpolation.
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match the summand at the integers, but Carlson’s theorem guarantees that there can be only one
with sub-exponential growth as |J| — oco. In this appendix, we give a pedagogical explanation
for why this well-behaved interpolation, given by the Lorentzian inversion formula (2.22), is the
correct one to use for analytically continuing two-point functions to £ € R.

We can illustrate this simply by applying the Watson-Sommerfeld transformation to (A.3) to
derive the Mellin representation (A.4) for 9 F(a,b; ¢; z). The most obvious interpolation is

Pla+n)I(b+n) 2" . T(a+ s)I'(b+ s)
I'(c+n) n!  T(e+s)(s+1)

(—z)%e7m (B.1)

and so, with the kernel k(s) = —e"™T'(~s)['(s + 1), we can rewrite the sum as

2Fi(a,b;c;z) = —

I'(c) / ds D(a+s)I'(b+ s)I'(-s) (=2)° (B.2)
C

271 T(c+s)

where the contour C sandwiches the positive real axis, coming from s = co+1ie to s = i€, enclosing
the pole at s = 0, and then going off to s = oo — ie.

Unfortunately, the integral in (B.2) still is only absolutely convergent for |z| < 1, and so
nothing has yet been accomplished. To analytically continue to |z| > 1, we must deform C into
a contour along which the integral decays more rapidly as |s| — oo. The main factor to pay
attention to is

|(=2)°| = pFe™, (B-3)

where we have written —z = pe?” and s = k + it. This tells us that the integrand is additionally
exponentially suppressed if we approach the point s = co in the upper (lower) half-plane when
¥ >0 (9 <0). Ideally, we could take advantage of this exponential suppression and arrive at an
absolutely convergent integral representation for 9Fj(a,b;c; z) by deforming C into a contour ~y
that lies parallel to the imaginary axis. However, this would also require that the interpolation
decays quickly enough in the opposite direction—the lower or upper half-plane when ¢ > 0 or
¥ < 0, respectively—that we can ignore the resulting arcs at infinity.

Using (A.2), the integrand behaves as

F(a+ s)I'(b+ s)I'(-s)
L(c+s)

(—Z)S ~ 27T,0k tRe(a+b—c)—1e—t19—7r|t\’ |t| — 00, (B.4)

we see that the integrand is always exponentially suppressed as t — +oo as long as ¥ # —m. This
is where Carlson’s theorem comes in: any entire function that vanishes on the positive integers

mlsl as |s| — oo must be identically zero. So, if we instead modify the

and grows slower than e
interpolation by adding to it an arbitrary regular function f(s) multiplied by sinzs, designed
to vanish at all positive integers, this ruins the interpolation’s asymptotic behavior as |s| — oo
and it instead grows exponentially at least as fast as e™l*l as |s| — oo. This interpolation is thus
useless for defining an analytic continuation for |z| > 1 whereas (B.1), unique in its asymptotic
behavior, is the one that must be used to go beyond the original domain of convergence |z| <
1. An analogous discussion applies to the Gegenbauer polynomial expansions like (2.17), since

asymptotically (A.7) they have the same polynomial dependence on their argument.
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C UV Divergences of de Sitter Self-Energies

Both the bubble and sunset diagrams are UV divergent and, in this appendix, we regularize them
via dimensional regularization. Specifically, we first evaluate these diagrams at an o = (3 —¢)/2
for which they converge. For the bubble and sunset diagrams, this naively requires that Rea < 1
and Rea < %, respectively. We then analytically continue these results to o = % and ¢ — 0,
keeping the masses m,, and m, fixed. That they diverge when o = % is represented by a set of

poles in €, which we then subtract with our mass and kinetic counterterms.

Unfortunately, while we can efficiently extract the self-energies’ singularities in J from the
representations derived in the main text (3.19) and (3.52), there is a sort of conservation of
trouble and it is quite difficult to extract their ¢ — 0 behavior for a = %, or in any even
spacetime dimension with D > 2. To see the essence of this problem, we can consider the free
field propagator in the form

e () g
G(()= 2/ il F 2 _Z
O et g 0 2o ‘ (1)
I'(A) i _a,2a0-A A, 20— A 1 7 '
+(4ﬂ.)a+;r[5 204 A% a+A] QFI[ a+3 ‘_g]

which is useful for constructing a series expansion in the deep UV, ( — oco. Unfortunately, both
terms in (C.1) are individually singular as o« — %, even though their sum is well-defined. These
cancellations are necessary in order for the series expansion of (C.1) to the logarithms of ¢ that
appear in (C.1) when o = % To make matters worse, these cancellations occur between terms
at different orders in the series expansion around ¢ = oo, which makes it exceedingly difficult to
track which terms in (C.1) dominate the bubble and sunset diagrams as e — 0, and to efficiently
extract their divergences.

Instead, we will rely on the Mellin representation of these self-energies to extract their UV be-
havior. Such representations have found wide use in the study of flat space Feynman diagrams—
for instance, see [67] for a pedagogical review—but also the study of de Sitter correlation functions
in the flat slicing [68-71], though it will be helpful to also review them here in the context of
Euclidean de Sitter correlation functions. We will first illustrate these techniques using the prop-
agator (2.27) and the bubble diagram, where we have exact results to which we can compare.
Finally, we apply them to the sunset diagram.
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Figure 3: Mellin-Barnes integration contours for the Ga(¢) for a light [left] and heavy [right]
fields. For light fields, the original integration contour +' must snake around the “left” pole at
s=a— % — A in order to completely separate the left and right poles. We will deform this contour
to one that runs parallel to the imaginary s-axis, denoted -, by including the contribution from
this pole. This is unnecessary for both heavy fields and the Mellin-Barnes representation of Gx.

C.1 The Propagator

Let us consider one-half of the propagator (2.27)

_ e J+A-1 J+a+3, J+1]| A A—a+i|
[QA]J_NJ’A/O dc¢ N Y A Cl2Pr) oA —oq+17 | ¢ (C2)

with the coefficient N ;A given by (2.28) and the full propagator [G]; = [Gals + [Ga]s given by
this contribution plus its shadow A = 2a — A. This integral can be evaluated exactly and is
singular when a = (3 —¢€)/2 — 3, with pole

tan A 1

AT+ 0T+ Y (C.3)

Galy ~

Of course, [G]; is regular as € — 0, and (C.3) cancels against an equal and opposite contribution
from its shadow [Gx].
Our basic strategy is to replace the hypergeometric function from the propagator in (C.2)
with its Mellin representation (A.4), which we write as
A A—a+ %

2F1{2A—2oz+1 —g}:
F[QA—Za—I—l}/dS F[A—a—i—%—l—s,—s,_o;—%—s CQ_A_%_S-

(C.4)

We can then integrate over ¢. As pictured in Figure 3, the integrand of (C.4) has a set of “left”
poles at s = o — % — A — k and two sets of “right” poles at s =k and s = a — % + k, with k € N
a non-negative integer. The contour « is chosen such that it separates these left and right poles.
For a heavy field, this means that the contour v can be chosen to run parallel to the imaginary
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Figure 4: A singularity may develop in (C.5) if the contour 7 is “pinched” between left and right
poles as € — 0 [left]. We can compute the resulting singularity by moving the contour 7 past the
pinching pole and picking up its residue [right]. The resulting integral is regular as e — 0, so the
e singularity is fully contained within this residue and may be easily calculated.

axis in the strip f% < Res <0, from Im s = —oo to Im s = +00. The same is true for light fields

with dimensions o — % < A < a, though here the strip is reduced to o — % — A < Res < 0. For

light fields with dimensions below A < o — %, the right-most left pole is actually to the right

of the left-most right pole, and so the contour can no longer be purely parallel to the imaginary

axis and separate the left and right poles. However, we can deform this contour to be parallel to

the imaginary axis and lie in the strip —2 + Va2 —m? < Res < 0, at the cost of including the
1

residue of the pole at s = a — 5 — A, which is thankfully just 1."® The upside is that we will

always choose the contour v to be parallel to the Im s axis, with a small negative real part.

With (C.4) inserted (C.2), we can perform the integral over ¢ to find

ds
[QA]J:/2.F(§—Q+S)F(—S)}—(S) (C.5)
~ 27i
with
sinTA l+s,a—s—s,A—a+i+s,J+a—1-s
= T ) 2 ? 2 ) 2 .
Fls) 2rsinm(o — A) [ J+a+3+s, A—a+3—s (C.6)

The integral over ¢ converges when Res > a — % and Re (J — s+ a) > 1, which is satisfied by
the contour « as long as a < %, or for e > 0.1

The integral (C.5) is well-defined and thus non-singular as long as the contour ~y separates the
left poles from the right poles. The only way a singularity can develop is if the contour ~ gets

8We will not consider “conformally-coupled” scalar fields with m? = a2 —i or equivalently dimension A = a— %
In this case, the left-most right pole and right-most left pole overlap, and the Mellin representation is not so useful.
However, in this case, the propagator takes such a simple form G(¢) = (—1/()%_(’1“(01 — %)/(4w)o‘+% that the
inversion formula (2.22) can be done exactly, and so this more complicated analysis is unnecessary.

19We will assume throughout this analysis that Re J is always large enough to avoid any potential J singularities.
Relaxing this assumption would not change our conclusions but only make the analysis more tedious, and it is

easier to extract the singularity structure in J using the techniques presented in the main text.
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“pinched” by the left-most right pole at s = 0 and the right-most left pole at s = o — % = —€/2,
as illustrated in Figure 4. As ¢ — 0, we can extract this singularity by deforming the contour

past it, at the price of picking up its residue,

[%h_r%[m;ﬂﬁ@gnﬁ+/dswm( s)T(=s)F(s), (C.7)

s=—¢€/2 271

where we use I'/ {0}(2) to denote that the contour ~ is deformed to avoid the z = 0 singularity of
I'(z). Similarly, we will use I'/{%71--}(2) to denote that the contour 5 avoids the z = 0, -1,
singularities of I'(z). The remaining integral in (C.7) is completely regular as ¢ — 0 and so the
only divergence comes from the residue in (C.7),

sec T sin mA J+1,A-1 tanTA 1

(Gals Tosinm(a—A) | J4+2a,A-20+2] T T x(J+ DT +2) e’

(C.8)
as € — 0, which recovers the UV divergence (C.3) from the exact result.

C.2 The Bubble

A similar strategy works for the bubble diagram, though it will be more convenient to sum over
the dimensions and their shadows at the outset. For instance, using (C.4) in (3.17), we have

ds; d
[G7G?]; /2;1@2:F2_2a+81+82)r(§_a+81+52)

, (C.9)
[_317 —S2, & — % — 851, @ — % _SQ]f(SLSQ)

where the s; and so contours (which we denote v and 72, respectively, but will suppress in our
expressions going forward) are chosen to run parallel to the imaginary s; and sy axes, with small
negative real parts, as described in the previous section. Here, we have also defined the function

(4m) 2 sinm(Ay + Ay) T(J + 20— 1 — 51 — s3)
sinm(a — Ag)sinm(a — Ayp)  T'(J+2+ 51+ s2)
A@—CY—F%‘FSl,AO—_OC‘F%JFSQ
Ap—a+i—s1, 0, —a+i—s

.7:(81, 82) =
: (C.10)
x I

where the - - - denote the three other permutations under A, — A, = 2o — A, and Ay, — Aeo =
2c — A,. This Mellin representation is valid (for large enough Re J) as long as « is such that the
contours can sit to the left of the right poles generated by I'(-s1) and I'(-s3), and to the right
of the left poles generated by I'(2 — 2ac + s1 + s2) and F(% —a+s)+ 52). This is possible as long
as a < 1, and we will need to analytically continue this result from o < 1 to @ — % to extract
the bubble’s UV divergences.

As illustrated in Figure 5, the “right” singularities generated by the factor F[—sl , —So, Q0 —
% — 81, — % — 32] form horizontal and vertical lines in the Res; — Resg plane (in red and
blue), while the “left” singularities generated by I'(2 — 2a + s1 + s2)I'(2 — + s1 + s2) form

diagonal lines (green and purple) that move towards the upper right as @« — 5. As they move,
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Figure 5: As a — 1 [left], the right-most left pole [green] traps the integration contour, here
shown as a crossed circle in | ], between the right poles [red/blue]. These poles form lines in
the Re s;—Re s2 plane, with Im s; = Im s9 = 0. To analytically continue beyond o = 1, we again
move the contour around the pinching poles, picking up the residue at that pole. As described
in the text, this happens again as o — % [right] for two sets of poles in [green/purple].

they trap the integration contour (in yellow) between the lines of the right singularities and pinch
it. Asa — % from « < 1, the contour is first pinched by the 2 — 2a 4 s1 + so = 0 singularity of
I'(2 — 2a + s1 + s2). As before, we need to move the contour past this singularity. We do this
first by replacing the s; integral with its residue and singularity-subtracted integral, and then
similarly the sy integral. Fortunately, the residue at s; = —(2 — 2 + s2) vanishes identically
when we include the sum over shadows in (C.10), so we may write

dsy dss
o), — | 221222 n/{0} (9 _ 3 _
(G°G¥); /2 5 iF (2 2a—|—81+52)f‘(2 a—{—sl—i—sz) ‘ (.11)

X F[—sl, -S9, a—%—sl,a—%—sﬂ]:(sl,@)

We can now continue this expression to @ — % The integration contour is first pinched by the
3

3
pinch in turn, we find that the residue again vanishes for the 2 — 2a + s1 + so = —1 singularity

a + s1 + s3 = 0 singularity and then the 2 — 2a 4 s; + s3 = —1 singularity. Treating each

and so we are left with a single contribution from the % — a+ 51 + so = 0 singularity,

[G°G?); = —TFSGCTFCMF(% — a)}"((),oz — %) + -
F(% — a) csc A, cosm(a — Ag) csem(2a — Ay) n (C.12)
4(471')0‘7%:[‘(2 - AO-)F(Q — 20+ Ao’)

where the - - - denote the remaining integral terms that are regular as o — % Taking o = (3—¢)/2
and € — 0, we are left with a suprisingly simple result for the full bubble diagram,

[G°G?)j ~

1
S (C.13)
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which agrees with the divergence extracted from the exact result (A.15).

Before we move on, we should note that this derivation treated ¢ as if it had mass mi > a? —%
so that we did not need to “straighten out” the s; contour to lie parallel to the imaginary axis.
If the field is light enough, m?o < a? - i we need to include a 1 in our resolution (C.4) of
the A -dependent hypergeometric function that appears in [Ga,G7];. We are then left with an
additional Mellin-type integral with an integrand that is proportional to F(32+%—a—A¢)F(—32).
Asa — % A, = % — %mfo + - - -, the left-most pole of F(81 + % —a— ASO) and the right-most pole
of I'(—s1) pinch the integration contour. However, this does not contribute to the e-divergence
of [G7G¥]; for two reasons. First, while the residue of [Ga,Ga,]s at this pole is non-zero, it is
exactly canceled by its shadow contribution from [GA,Ga ;. Second, even if this residue did not
vanish, this contribution is necessarily regular as ¢ — 0, even if it diverges as ¢ — ZmZ, /3. Thus,
(C.13) applies when ¢ is either light or heavy. Similar logic holds for other diagrams with light
fields. Intuitively, this is obvious—straightening out this contour represents a modification in the
deep IR, which should not affect the UV structure of these diagrams. We now turn our attention

to the sunset diagram.

C.3 The Sunset

Finally, let us turn our attention to the sunset diagram. It will be helpful to consider an arbitrary
sunset diagram with fields ¢1, @2, and @3 with dimensions A1, Ao, and As and propagators G#!,
G*2 and G¥3, respectively,

d51 dSQ d33

[GrraeGe] = [ 2 2 DS T(5 - Bat s+ so+ s3)T(2 = 20+ 51 4 52+ 53) (C.14)

1 1 1
X F[—sl,—32,—53,a—§—31,a—§—52,a—5—53]]:(81,52,53),

where we have defined the function

F ) (4m) 722 Zsin (A1 + Ay + A3) J+3a — % — 81 — 89 — S3

$1,89,83) = — - ;

192,23 2sinm(a — Aqp)sinm(a — Ag) sinm(a — As) J—a+%+s1+32+53
o T Al—a+%+81 Ag—Oz-{-%-{—SQ Ag—a-i-%—l-Sg

Al—Oé—}—%—Sl AQ-O(-I-%-SQ Ag—Oz—i—%—Sg

(C.15)
where the --- denote the other 7 permutations generated by taking A; — A; = 2o — A; for
1 = 1,2,3. The integral over ( from which this is derived naively converges only when a < %,

3

and so we must analytically continue (C.14) from o < 2 towards o — 3 in order to extract its

singularity structure as € — 0.

The first singularity we encounter is at at g —3a+s1+s3+s3=0as a— %. Fortunately,
like with the bubble diagram, the residue of the integrand at s; = 3a — % — S9 — s3 vanishes
identically once we include the shadow contributions and so [G¥*G¥2G¥#3]; is actually regular as

o — %. The first true singularity we encounter is from 2 — 2a 4+ sy +s3 +s3 =0as a — 1, in
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which we can write
[G#1G¥2G#) , =T(2 - 2a)T(a — 1)°T (3 — a)T(4 — @) F(0,0,2a — 2)

+/d83 I‘/{O}(2—204—1—33)I‘(§ —04—|—33)

211

X F[—s;;,a—%—s;»,,a—%,%—a]}"(O,Qa—Q—s?,,s;z,)

dsg d
—l—/SQ.S%F/{O}(2—2a+32+53)F(3—a+82+53) . (C.16)
2my 2me

X F[—sz, —83,@—%—52,(X—%]F(2C¥—2—82—83,82,83)
d81 dSQ d$3 F/{O}
27i 2mi 2mi

1 1 1
X F[_Sla_827_537a_§_817a_i_s27a_§_$3:|f(81a82783)

(**30&4»81+82+83)F/{0}(2*2a+81+82+83)

The next relevant singularity is from % —3a+s1+s3+s3=-lasa— %, but fortunately there
the residue at s; = 3o — % — SQ — s3 also vanishes identically. Finally, there are four singularities
that become relevant as « —> , those frorn s—3a+s1+s9+83=-2,2—2a+51+s2+s3 =-1,
and % —a+so+s3=0or % — a+33 =0. Lucklly, the residue of the fourth line in (C.16) vanishes
identically at s; = 3a — % — 59 — s3 after including the shadows, and so we end up with six terms

G716y =T (3~ )l (a = H)T(3 ) [F0.0~ f.a—§) + Fla—§,0.a-9)]
~I3-2a)I'(3 —a)T(a— )T (a—HI(3 — ) [F(0,1,2a — 3) + F(1,0,2a — 3)]
+T(2 - a)T(a—1)°T(2 - 20)T (L — ) F(0,0,2a — 2) (C.17)
—T(3=2a)T(-a— T3 —a)l(a—1)*F(0,0,20 - 3) +---

where the --- again denote the remainder integral terms that are regular as @ — % In the limit
e — 0, we have

J(J+3) 1
PLP2(XP3] , ~ — _
(GG GP3) 2(4r)ie 64W46+U(A1)+L{(A2)+Z/I(A3) (C.18)
where we have defined
200 -1)(A-1) [1 - 3
A) = — ——YP(A-1)—yY(A -1 logdme™™ + —| . .1
UA) () ; o ) —( ) + log 4me +3 (C.19)

Clearly the first divergence in (C.18) will be absorbed by the kinetic counterterm, while the
remaining divergences will be absorbed by the mass counterterm.

As a check, it will be helpful to compare (C.18) to its flat space limit. For simplicity, we
consider the sunset diagram of the % g<p<p4 theory, which behaves as [72]

[N 1,
__J = 5109 | "3t T e

with D = (4 — €), with k2 the square of the external four-momentum. The same diagram in de

K 6m?, [1 3
2 —|—10g47re 7 4 Jog p /m + ]

(C.20)
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Sitter yields

7\ 1 J(J +3) 1

— — (= 2 — —
\_/ 3!( 9e) 2(4m)te  64mie

Throughout this paper, we have worked in Hubble units H = 1. We can restore dimensions by

+3UA)| (C.21)

multiplying the sunset by a factor of H2. The flat space limit then corresponds to taking H — 0.
All fields are “heavy” in this limit, and so Ay, = a +1iy/(my/H)? — a? and A A, = (my/H)?
With H2J(J + 3) — k2, since both are eigenvalues of the Laplacian, we find that

J(J +3) 1 k2 6m?

1 3
- - A - - = 4 log4me ™ +log H? /m?, + = | (C.22
2(4m)te  64mie +3UB) = 2(4m)te  (4m)%e | € +log dme  log H™/my, + 2 (C.22)

and so (C.21) exactly reproduces the flat space divergence (C.20) when the renormalization scale
is taken to be Hubble u = H. This, however, is an automatic consequence of working in Hubble
units, and so (C.21) exactly matches (C.20) in the flat-space limit H — 0.

D UV Contributions in the Light Limit

In the main text, we argued that the UV contributions to the bubble and sunset diagrams were
subleading as m,, for all J, and we justify that statement in this appendix. As an example, we
will study the UV contribution to the bubble diagram, given by

[G7G7]T = [9a,9a,15" +[94,92,15" +[98,94,15" + [94,94,15 (D.1)

in the limit A, — 0, where

> J+A As—1 J+Oé+l,<]+1
[QAUQA¢]‘}V:NJ,AUA¢/1 dg ¢t 2F1{ 2T + 20 + 1 ‘_C}

Ay, Ap—a+ 3
_CbFl[ A, —20+1 | ©

D.2
Ay, A(,—a—k% (D-2)

XZFI{ 20, — 20+ 1

and the other terms in (D.1) are just (D.2) with the dimensions appropriately replaced with their
shadows. A similar analysis holds for the sunset diagrams, though since it is virtually identical
to the bubble we will not repeat it.

The main trouble with naively expanding (D.2) in A, is that, as ( — oo, all three hyperge-
ometric functions conspire so that the integrand behaves as (273 as ¢ — oo. Of course, this
integral diverges as a — % but, as discussed in the previous section, we will assume that we
have already regularized these integrals using dimensional regularization. But, it is important
to expand this integral in a way that does not disturb its structure as ¢ — oo. This can be
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accomplished by writing the integral as
-1
J AN, [gAUgAW][}V —

1 _ _ 00 1
r[Az o, 28, — 20 +1 ]/1 dcc”Aa—lgFl[”“*?’J“‘—c}

p—a+i, A,—2a+1 2J +2a+1
S B T 3
A B et ]
S bt B Pt L s AR S R

Both integrals are now well-behaved if we expand in A, and the second line is clearly subleading
to the first as A, — 0, since in this limit 1/T'(Ay) ~ A,.

To leading order in A, we can thus approximate this UV contribution as

o o TiAL1 J+a+3, J+1]| Ay, Ay —a+3
(G, Gn, )7 NNJ7AUA¢[ d¢ ¢ 2F1[ 0T + 9+ 1 ¢ |2k A, ~ 20+ 1

4.
(D.4)
which is indeed the original expression (D.2) with A, = 0. The benefit of (D.3) is that it makes
this approximation well-controlled, as the subleading terms are clearly of order O(1) and we can

use it to construct a controlled series expansion in A,.

Combining this with the IR contribution, [GA, G ]7 = [GA,GA,]T +[Ga, 9,15 yields

DN, (1 rian—1/.a Jta+i J+1
[gAUgAW]J~ m ; d¢¢ (C ¢ —1) 2 2J + 20 + 1 —C

A, Aa—a—i—%
XzFl{ 2A, — 2a + 1 _C} (D-5)
C()Nsa, [, 7in, -1 J+a+3, J+1 Ay, Ag—a+1
aretin, g dee P19y v0a+1 |78 2A, 2041 |78

To this we add [GA,Ga,] s, which is of the same order as A, — 0, and find with (C.13) that

[GaGap] Z NJA Ck J A ) NJ7§UC]€(J, AU) 1
7 waHAka J+ 8+ A +k  J+A,+A,+k]  8nle
. (D.6)
Pla) 1 1 B Z [NJ,A(,Ck:(J’ Ay) N NiA, e, Ao):|
4retl Ay [ (T + Ay)(J + Ay) | J+As+k J+ A, +k

where ¢;(J, A,) are the series coefficients (2.30). Since ¢ (~[Ay + k], Ag) = 0k, the second
term is purely analytic in J, and thus subleading near J = A,. Furthermore, this also implies
that cx(~[Ag + Ay + k], Ag) = k0 + O(A,) and so, to leading order in A, oc m?, the bubble
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drastically simplifies to

Ta+1) 1 1 L1
2metl m2 | (J4+As +AL)(J+ A5 +Ay) 872’

(G7G¥]; ~ [ (D.7)

A similar story applies to the sunset diagram discussed in §3.2.
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