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Abstract

In this paper, we present a new computational framework using coupled and decoupled
approximations for a Cahn—Hilliard—Navier—Stokes model with variable densities and degen-
erate mobility. In this sense, the coupled approximation is shown to conserve the mass of the
mixture, preserve the point-wise bounds of the density and decrease an energy functional. In
contrast, the decoupled scheme is presented as a more computationally efficient alternative
but the discrete energy-decreasing property can not be assured. Both schemes are based on
a finite element approximation for the Navier—Stokes fluid flow with discontinuous pressure
and an upwind discontinuous Galerkin scheme for the Cahn—Hilliard part. Finally, several
numerical experiments contrasting both approaches are conducted. In particular, results for a
convergence test, a simple qualitative comparison and some well-known benchmark problems

are shown.
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1 Introduction

Hydrodynamics has been considered a research field of increasing interest among the scientific
community during the last few decades. In this sense, diffuse interface models were proposed
as a successful alternative to model fluid-solid interaction after van der Waals introduced the
foundations in the pioneering paper [42]. Afterwards, these ideas were extended to fluid mixture
and several works were published in this regard. In particular, both Hohelberg and Halpering,
[29], and Gurtin et al., [28], arrived by different approaches to the same model, the well-known
Model H, which would lead to the Cahn—Hilliard—Navier—Stokes (CHNS) system.

Since then, many different CHNS models have been developed using different techniques and
extended to the case of fluids with different densities, see the model by Boyer [10] or by Ding et
al. [19]. Moreover, several of these recent models satisfy some laws of thermodynamics. This is
the case for the model by Lowengrub and Truskinovsky, [33], or the one by Abels et al., [1], which
introduces an extra convective term in the momentum equation due to the different densities of the
fluids. In [30] a careful revision of several CHNS models and their applications is provided. Also,
recently, a very interesting survey has been published, [41], in which the authors, Eikelder et al.,
discuss different existing well-known CHNS models analyzing their advantages and disadvantages
from a physical point of view. In fact, the authors of [41] provide some notions on properties a
CHNS model has to satisfy in order to be physically consistent.

One characteristic that many of these models share is that the density of the mixture is usually
interpolated as a linear function of the phase-field function. Hence, ensuring the point-wise bounds
for this phase-field function in the Cahn-Hilliard equation, for instance, by using a degenerate mo-
bility (see [4]) is crucial to ensure a physically consistent model. Also, CHNS models conserve the
total mass of the mixture and, as mentioned above, they tend to be thermodynamically consis-
tent in the sense that the solutions of these models usually minimize an underlying energy law.
Therefore, as these properties are extremely important for the physical meaning of the models it
is likewise important to preserve them when approximating their solutions.

However, the transport of the diffuse interface by the velocity of the fluid is typically modeled
by means of a convective term that is introduced into the Cahn-Hilliard equation and, as shown
in previous studies such as [4], this term may lead to numerical instabilities in highly convective
regimes if it is not treated carefully. The instabilities result in nonphysical spurious oscillations
that make the approximation of the phase-field variable lose the point-wise bounds. In this regard,
removing the numerical instabilities in the case of the convective Cahn-Hilliard model has been
an object of study in several recent works, see [22] or [4], where in the latter the authors enforce
the point-wise bounds by means of a discontinuous Galerkin (DG) upwind technique. Different
ideas such as the use of limiters have been used in the case of the CHNS systems. For instance,

in [31], the authors developed, by means of flux and slope limiters, a bound-preserving decoupled



approximation of a CHNS simplified system with constant mobility. Later, the same model was
approximated by high order polynomials using a decoupled scheme and a convex optimization
technique with a scaling limiter to ensure the point-wise bounds, see [32].

In addition, designing an approximation that satisfies a discrete version of the continuous energy
in the diffuse-interface models is not straightforward and usually requires the use of specific time-
discrete approximations such as the standard convex-splitting technique, [21], or the more recently
developed SAV approach, [37]. In this sense, several advancements have been made towards the
approximation of the CHNS models preserving the energy-stability constraint. For instance, we can
find the work [27] where the authors propose an approximation of the model in [1] that decouples
the phase-field equations from the fluid equations through a modified velocity. This approach
was further studied in [23] and extended to a fully decoupled approximation that uses a pressure
correction approach, [38].

Nevertheless, although it has been achieved in the case of a CHNS with a Flory-Huggins loga-
rithmic potential (see [11]), to our best knowledge there is no published work on an approximation
of a CHNS model with a Ginzburg-Landau polynomial potential and degenerate mobility that
ensures both the mass-conservation, point-wise bounds and energy-stability properties.

To address this challenge, in this work, we provide an upwind DG approximation of the model
by Abels et al. [1] where all the mass-conservation, the point-wise bounds and the energy-stability
properties are preserved. Moreover, using similar ideas, a decoupled approximation of this model
is developed. This decoupled approximation lacks the energy-stability property but is much more
computationally efficient than the coupled counterpart.

Firstly, in Section 2 we introduce the CHNS model that we are going to consider and we present
its properties. Then, in Section 3 we develop the coupled structure-preserving approximation of the
aforementioned model, showing that it satisfies all the mass-conservation, point-wise bounds and
energy-stability properties. On the other hand, in Section 4 we introduce the decoupled scheme as
a computationally efficient alternative of the coupled counterpart showing that it satisfies both the
mass-conservation and the point-wise bounds properties. Finally, in Section 5 we conduct several
numerical experiments in which we compare both the coupled and the decoupled approaches. First,
we compute a preliminary accuracy test in Subsection 5.1 that suggests that both schemes may
have similar convergence order for all the variables in both L?(Q) and H'(Q) norms. Then, we
provide a simple test where two bubbles are mixed in Subsection 5.2 to qualitatively compare both
approaches. The results are in accordance with the previous theoretical analysis. Also, this test
provides an example where the decoupled scheme becomes completely unstable due to the lack of
the energy-stability property whereas the coupled counterpart provides a much more trustworthy,
energy-decreasing solution. Finally, in Subsections 5.3 and 5.4 we couple the CHNS system with
a term modeling the action of gravitational forces and conduct two benchmark tests: a heavier

bubble in a lighter medium and a Rayleigh-Taylor type instability.



2 Cahn—Hilliard—Navier—Stokes model

Let © C R? be a bounded polygonal domain. We consider a mixture of two fluids with different
densities 0 < p; < po and introduce a phase-field function ¢ = ¢(t,x) € [—1, 1] such that ¢ = —1
corresponds with fluid of density p1, ¢ = 1 with fluid of density p; and ¢ € (—1, 1) in the interface
between the two fluids. Then, the diffuse-interface Cahn—Hilliard—Navier—Stokes model proposed

by Abels et al. in [1] and further numerically studied in [23, 27, 38|, can be written as follows:

plo)u + ((p(P)u—=J) - V)u -V (29(¢)Du) + Vp+ ¢V =0 in 2x(0,T),  (la)
V-u=0 inQx(0,7), (1b)

G+ V-(pu) =V - (M(@)Vp) =0 inQx (0,7, (1c)

—XeA¢p + gf(gb) =u inQx(0,7), (1d)

u(0) =ug, ¢(0)=¢y inQ, (le)

u=0, Vo-n=0, M@Vp-n=0 on 0. (1f)

Here, u and p are the mean velocity and the pressure of the fluid respectively, and p is the
chemical potential related to the phase-field function ¢. Also, Du = %(Vu + Vu') is the strain
tensor, f(¢) is the derivative of the Ginzburg-Landau double well potential F(¢) = 1(¢* — 1), i.c.
f(@)=F'(¢) = (¢* —1)p, M(¢) = (1 — ¢?)g is the degenerate (truncated) mobility function and

J— Pzgle(@vu

is the extra-convective term due to different densities. Moreover, the density of the mixture
p = p(¢) depending on the phase-field variable ¢, can be defined either as the solution of the mass
balance equation

(Gp,P) = (pu—J,Vp) =0, Vpe H'(Q), in(0,T), (2)

or, by taking into account the equation (1c), as the explicit relation

p1+p2 | pP2—P1
p(}) = 9 + 9 ¢ = Pavg + Pait®- (3)
Remark 2.1. We have written the equation (2) in its more general variational formulation since
J does not necessarily belong to H(Q)?. It is clear from (3) that p; < p(¢) < pe in Q x (0,T) is
equivalent to —1 < ¢ < 1 in Q x (0,T). Consequently, it is important the constraint ¢ € [—1,1]
to preserve the physical meaning of the model because the density of the mizture p(¢) must satisfy

p(®) € [p1, pa]-

Finally, n € C([—1, 1]) with n(¢) > C for certain C' > 0 and for all ¢ € [—1,1] is the viscosity
of the mixture, A > 0 is a constant related to the energy density and € > 0 is a small parameter

related to the thickness of the interface between the two fluids.



Since if p is a pressure function solution of (1) then p 4 C'is also solution for any constant C|,
it is usual to consider the zero mean-value pressure constraint [, p = 0.

We can consider the following variational formulation of problem (1): Find (u,p, ¢, i) such
that uw € L>(0,T;L*(Q)%) N L*(0,T; Hy(Q)?), p € W 1(0,T; L*(Q)) with [,p = 0, ¢ €
L0, T; HY(R)) with —1 < ¢ < 1 ae. in Qx (0,T), p: Qx (0,T) = R with /M(¢)Vpu €
L*(0,T; L*(Q)), satisfying

(p(d)us, W) + ([(p(¢)u — pasM (9) V) - V] u, 1)

+2 (n(¢)Du,Du) — (p, V- 1) — (1, V - (¢11)) =0, (4a)
(V-u,p) =0, (4b)
(¢, 0) + (V- (¢u),d) + (M (¢)V, V) =0, (4c)

A
Ae (v¢7 Vﬁ) + g (f(qb)aﬁ) - (P’aﬂ) =0, (4d)
for each (W, D, I, ¢) € (H(Q)NL>(Q))?x L2(Q) x H' () x H'(€2). We have denoted (f,g) = [;, f g
as the L?(Q) scalar product and
(1(¢)Du, D) = [ 9(¢)Du D,

Q

where : denotes the Frobenius inner product.

Proposition 2.2. The mass of the phase-field variable is conserved, because it holds

d
E/ng(t,x)dx = 0.

In particular, the mass of the mixture is conserved, because using (3),

/ p(6(t,2))d = | posy + pa / Ot 2)dx = | pasy + pa / do(z)dz = / p(dola))d.
Q Q Q Q
Proof. Just test (4c) by ¢ = 1. O]

Proposition 2.3. Assuming a sufficiently reqular solution of (4a)-(4d), the following energy law

holds:
d

GPw0)+2 [ gD+ [ M)V =0, (5)

where |Dul? = Zle |Duw;|?, with Du; denoting the i-th row of the stress tensor Du, and

Buo) = [ o)y + 5 [190p+2 [ Fo) )

where the first term is associated to the kinetic energy and the others to the potential energy. In

particular, the energy E(u, ¢) is time decreasing because

d
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Proof. We argue formally, by considering that all the functions that appear below are regular
enough so that the expressions are true. Moreover, they are regarded as functions to be evaluated
at t € (0,7), although, for clarity, we will omit it.

If we test (4a)—(4d) by w =u, p =p, ¢ = p and 1 = ¢; and we add up the expressions, we

obtain:

(p(P)ug,u) + Ae (Vo, Vo) + g (F'(9), ér)
+ ([(p(¢)u — ) - V]u,u) + 2 /

Q

n(6)[Duf* + / M)Vl = o0.

Now, testing (2) by p = |u|?*/2, we have

ul?
(201,15 ) = Wotera = 3)- Taw) 0.

By adding the two previous expressions, the convective term ([(p(¢)u — J) - V]u, u) cancels. Hence,

taking into account that

| 2

& [ ool = o+ (200,55,

1d 5
331 [ IV6F = (Vo.Va),
d :
Q
we can conclude that the energy law (5) holds. O

3 Coupled structure-preserving scheme

In this section we develop a fully coupled discretization of the model (1) that preserves all properties
at the discrete level, including the mass conservation, point-wise bounds of the phase-field and

density of the mixture variables, and the decreasing of the energy (also called energy-stability).

3.1 Notation

We consider a finite element shape-regular triangular mesh 7, = {K }ke7, in the sense of Ciarlet,
[14], of size h over 2. We denote by &, the set of the edges of T, (faces if d = 3) with &} the set
of the interior edges and & the boundary edges, i.e. &, = & UEP.

Now, we fix the following orientation over the mesh 7j:

e For any interior edge e € &} we set the associated unit normal vector n.. In this sense, when
refering to edge e € £ we will denote by K, and L. the elements of T;, with e = 9K, N IL,

and so that n. is exterior to K, pointing to L..
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If there is no ambiguity, to abbreviate the notation we will denote the previous elements K,
and L. simply by K and L, respectively, with the assumption that their naming is always

with respect to the edge e € £} and it may vary if we consider a different edge of £} .
e For any boundary edge e € £, the unit normal vector n, points outwards of the domain 2.

Therefore, we can define the average {-} and the jump [-] of a function v on an edge e € &,

as follows:

# ifeec&, e=KnNL, vg —vp ife€e&l,e=KnNL,
fo = [v] =

VK ifec &P eCK, Vi ifecé&l eC K.

We denote by P{¢(T;,) and P (T,) the spaces of finite element discontinuous and continuous
functions, respectively, which are polynomials of degree k& > 0 when restricted to the elements K
of Tp,. In this sense, we will denote the broken differential operators (see [17, 34]) the same way
than the standard differential operators in the absence of ambiguity.

Moreover, we take an equispaced partition 0 =ty < t; < -+ < ty = T of the time domain
[0,T] with At = t,,41 — t,, the time step. Also, for any function v depending on time, we denote
™ ~ v(t,,41) and the discrete time derivative operator vy(ty, 1) == dp™ ! = (v — ™) /At.

Finally, we set the following notation for the positive and negative parts of a function v:

Vg = M; - max{v,0}, vg = T— = —min{v,0}, v=1vg — ve.

3.2 Discrete scheme

Following the ideas of [2, 3, 4] we define the projections Ily: L'(Q2) — Pdis¢(T,), I : LY(Q) —
P$ont(T,) and 117 : LY(Q) — PSO(Ty,) as follows:

(Ilog, w) = (g9,w), V@ € Py™(T,) (7)
(Ilg,7) = (9,7), VT € P(Th), (8)
(I1}g,v), = (9,7), VT € P"(Th), (9)

where (-, -) and (-, -), denote the usual scalar product in L*(§2) and the mass-lumping scalar product
in P$°"(T,), respectively.

We propose the following numerical scheme: find u™*! € U, p™*! € P, with fQ pmtt =0,



o™ € Pdse(Ty,) and ™t € PO (T;,) such that

(p(IFe™)5u™ @) + ([(p(ITe™)u™ — J}) - V] u™ ' 1)

+2 (n(¢™)Du™*! Du) — (p™*, V1) + ¢ (¢" T o™t 1)
_I_Sill(um-‘rl, um7 Hilz¢m—|—17 H?gbm, ,um’ ﬁ) + S}Ql(um-i-l’ ¢m+1’ Hoﬂm-ﬂ, ﬁ) — 07 (10&)
(V-u™" p) =0, (10b)
0, (10c)

— A m m\ - m —
Ae (Vo™ ), Vi) + - (F@ge™t mye™), m) — (W™, ;m), =0, (10d)
for each W € Uy, p € Pp, ¢ € PE(T,), 11 € PS"(Ty,), where

Ji = paieM (T ¢™ T (V ™),

and
. 1 1 3
J(61,00) = Fi(1) + Fi(¢o) with F(¢) = ¢* + 7, Fu(¢) = 16" = 567 (11)
such that F(¢) = F;(¢) + F.(¢) is a convex splitting discretization of the Ginzburg-Landau double
well potential F(¢) for any ¢ € [—1,1].
Also, (Un,Pr) is a compatible “inf-sup” pair of finite-dimensional spaces satisfying that U, C
(CO(Q) N H () and PE(Ty,) C Pp. In fact, the restriction P¢(7,) C Py, is needed in order to

guarantee the local incompressibility of u™*! in the following sense:

S [ gl =0, vpe (), (12)
eES}l €
which can be derived integrating by parts in (10b). This constraint will allow us to preserve the
point-wise bounds of ¢™*!, see Theorem 3.5 below. Notice that the discretization of the pressure
and the divergence term (10b) is the standard Stokes DG approach [17, 34] for continuous velocity

and discontinuous pressure.

Remark 3.1. Some possible choices of compatible spaces (Up, Py) are the following (see [9, 20]
for the details):

o (U, Pr) = ((PL™(Ty) N HE(Q))4, Pdse(Ty,)) which is stable for d = 2 but not for d = 3.

o (U, Pp) = ((P5u0%%e(T,) N HL(Q))E, PEE(T,)) which is stable for d = 2,3 but requires a higher
computational effort. Here, P5"e(T,) denotes the PS*™(T,) space enriched with a bubble by

elements of order 3.

Notice that, for any choice of this pair (Up,, Py), the error bounds are expected to be determined

by the lowest accuracy approximation of the phase-field function by Pdi¢(7;).



Moreover, ¢, (¢, 1, W) is a centered discretization of the term (¢Vu,0) = — (u, V - (¢)) in (4a)
defined as

n(,1,T) = — / V(- / (@ n) {6} [l (13)

eeé',iL ¢
where the second term is a consistent stabilization term depending on the jumps of 1 on the interior
edges of the mesh 7j,.

In (10c) we have considered two different upwind formulas, the classical upwind

@ (0, 0) = Y (0 ne)edx — (0 ne)odr) [9] (14)

el e=KNL " °

whose properties were discussed in [4], and

b (Vs M(9),0),

which follows the ideas introduced in [2, 3], and which will be detailed in the Subsection 3.2.1.

Finally, we have introduced in (10a) two consistent stabilizations terms:

sp (w1, ug, 1, Po, p1, 0) = %{ (0ep(@1), w1 - 0) — (p(¢o)ug — paisM (¢o) I (Vp), V(uy - 1)) }, (15)

which, following the ideas of [27], can be interpreted as a residual to the equation (2); and

1

8121(1]'7 Qb, :uaﬁ) = _5 Z /(ﬁ : ne) Sign<u ’ ne) [[Qb]] [[LL]] ) (16>

eeé‘}l ¢

which is introduced to control the influence of the upwind term @} (u™*1; ¢+ ¢) in (10c). This

latter stabilization together with the centered approximation cj (@™, Tlou™ 1,

u) of the phase-
field force in the momentum equation (10a), cancel the effect of the transport of the phase-field
function by the mean velocity u™*! and allow us to obtain a discrete energy inequality, see Lemma,
3.7 below.

To start the algorithm we take ¢° = Iy¢y where ¢y is the continuous initial data, which satisfies

¢ € [—1,1]. Notice that, one also has ¢" € [—1,1].

Remark 3.2. Observe that the 0-mean value constraint on the pressure has been removed from
the discrete formulation (10). This constraint will be enforced in practice by using an additional

penalty term, see Section 5 below.

3.2.1 Definition of the upwind bilinear form b,”" (;-, -)

In order to define the upwind bilinear form b;”"(+;-,-) we follow the ideas of [2, 3].



First, we split the mobility function M(z) for z € R into its increasing and decreasing parts,
denoted respectively by MT(z) and M*(z), as follows:

min(z,1) min(z,1)
M (z) :/ M'(s)gds :/ (—28)gds,

1 -1

min(z,1) min(z,1)
M (z) = —/ M'(s)ads = —/ (—2s)sds
-1 1
Therefore,
M(z) if2<0 0 if 2 <0
Mi(z) = M) = . (18)
M) ifz>0 M(z)— M) ifz>0

Notice that MT(z) + M*(2) = M(z).
Following the work in [4], we can define the following upwind form for any ¢, ¢ € Pd¢(T;,) and
€ B (T,):

0" (= Vs M(9),

%I

)=
3 / o (M (6) + MHo1))e — (~Vart)o(M(01) + Mx))e) [6] . (19)

eEé’,‘L e=KNL

where Vypu = {Vu} - n. on every e € &,.
Nonetheless, if we want to ensure a discrete energy law, as was done in [2, 3], we need to

introduce the following hypothesis:

Hypothesis 1. The mesh 7;, of Q is structured in the sense that, for any interior interface e =

KN L e &, the line between the barycenters of K and L is orthogonal to e.

Under this hypothesis, we can consider the following consistent approximation on every e € &},

as done in [2, 3]:

— [Mop] 0
=V e

De(ﬁ) n/’l"

where D,(Ty) is the distance between the barycenters of the triangles of the mesh 7;, that share

Vi ne ~ (20)

eeé&.
Therefore, we can extend the definition of the upwind bilinear form (19) as follows:
O™ (= Vs M(9), )
1
= Z DT /(([[HOM]])@(MTWK) + M (61)e — ([Mopl)o (M (¢1) + M*(¢k))a) [[¢]]

eGS;l,e:KﬂL

(21)

This upwind approximation allows us to obtain both a discrete maximum principle and an energy-
stability property as shown in [2] for a tumor model based on the Cahn-Hilliard equation with

degenerate mobility.
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Remark 3.3. Notice that the upwind bilinear form a,""(u; ¢, @) given in (14), can be seen as a
particular case of by’ (+;-,-) given in (19), changing M(¢) by ¢, but now we have not truncated

upw<

the transported variable ¢. In fact, it is not necessary to truncate ¢ in a L, 0) to preserve

the point-wise bounds of ¢ due to the local incompressibility of u (see [}] for a more detailed

explanation).

3.2.2 Properties of the scheme (10)

Proposition 3.4 (Mass conservation). The mass of the phase-field variable and its regularization

are conserved. In fact, one has

/Q g = /Q o /Q Thgm+t = /Q mgm

As a consequence, since p(¢) is linear with respect to ¢, the mass of the mixture is also con-

/Q pg™H) = / p(6™), / p(ITgmH) = / p(IThs™).

Proof. Just need to take ¢ = 1 in (10c) and consider the definitions of the regularization I1? given

n (9), and the density of the mixture p(¢) given in (3). O

served,

Theorem 3.5 (Point-wise bounds of the phase-field variable). Provided that ¢ € [—1,1] in €,
any solution ™1 of (10) and I}¢™ ! satisfy: g™+ ™ € [—1,1] in Q.

Proof. To prove that ¢™™ > —1 in Q) we may take the following P3¢(7}) test function

. (Pt +1)g in K*
¢ = :
0 out of K*

m+1

where K* is an element of 7}, such that ¢m+1 = minger, We denote ng+ the normal vector

exterior to K*. Then, since ¢7"t* > ¢! we can assure, using the local incompressibility constraint
(12), that

o) = 3 [ (@ n et = @)ooy [0

eeé’i

= X @ meedt @ nge)odp ) (G 4 1)

eEc‘:h,e K*NL

< 2 / (e ) g (G 1)
eefi,eCK* e

= [t o5 <o
eeé’i ¢

11



On the other hand, using that the positive part is an increasing function and that
M (o7 *) = MU (g and ML) < Mg,

we can obtain (see [2, 4])

*

b (V™5 M(¢™),¢7) < 0.

Consequently, |K*|[0ut! (uit! 4+ 1)g > 0. Therefore,

0 < KGR + D)0 + Do = —h L (5 + 12 + (6 + DGR +1)0) <0,

which implies, since ¢ > —1, that (¢ei' + 1)g = 0. Hence, ™+ > —1 in .
Similarly, taking the following P3¢(7;) test function

5* . (¢m+1 )EB in K*
0 out of K* 7

where K* is an element of 7;, such that ¢¢i! = maxger, ¢t?, we can arrive at g™+ < 1in Q.
Finally, IT?¢™*! € [—1,1] in Q is a direct consequence of the definition of the projection IT%

given in (9). O
The next Corollary is a direct consequence of the previous result.

Corollary 3.6 (Point-wise bounds of the mixture density). Provided that p(¢™) € [p1, p2] in €,
the density of the mizture satisfies p(¢™+1), p(IIP¢™ ) € [p1, pa] in Q.

The following Lemma is a technical result that we are going to use when computing the discrete

energy law.
Lemma 3.7. The following expression holds
" (T Mo (67 g™ a4 (6 T ) = 0. (22)

Proof. First, notice that we can rewrite the term a;"" (u™; o™+ Iou™ ') as follows

uPW< m+1, ¢m+1 I Mm—i—l Zg/ u™ . e) {{¢m+1}} [[Houmﬂﬂ
#33 [rton o] o]

e€£’

Then, by definition and due to ¢™*! € ]Pigisc(rﬁl ),

(@M o™ u™H) = —/(V‘ u” e I

-3 [t o Mo

e€ly

S T ) = S / | [ [

eGE;L

12



Finally, using (10b),

(0" Tyt ) = = 30 [t fom e [

ecép

what yields (22). O
Theorem 3.8 (Discrete energy law). The following discrete energy law holds:

GE(u™ L I ™) + 2 (n(¢™ ) Du™ T Du™ ) + b (= V™t M ("), o™ )

At At)e
+ 5 [ oo 4 22 /Q 6,V TG
A
#2 [ (A M ten - Rty ) <o 23

where the energy functional E(u, @) is defined in (6).

Proof. First, take @ = u™*! and p = p™*! in (10a)-(10b). Consider that

1 At
(platioms ) = 5 [ piattoma a4 5 [ ptem a0
Q Q
and, by definition of s}(-,-, -, -, -, ) given in (15),

1

5 6 (oI ) a3 = ([ (ol = ) - 9w )
Q

4 S}ll(um+l’um,HiL¢m+l,H;L¢m7Mm7um+1). (25>
Then, using (24) and (25) we can arrive at the following expression

h ym+1 |um+1|2 g h  m m~+1)2 m-+1 m+1 m+1
o | p(Il¢ )—2 + 3 p(II ™) 6™ 2 + 2 (n(¢™ ) Du™ ™, Du™*)
Q Q

+ Ch(¢m+1, H()Mm-’_l, um-‘rl) + Si(llm-H, gbmﬂ, Houm-i-l’ um-‘rl) = 0. (26)

Now, if we test (10c)—(10d) with ¢ = Hou™*! and 1 = 6,11"¢™*! and we add the resulting

expressions and (26), we obtain, using (22),

h im+1 [u™ 2 At h im m+1|2 m+1 m+1 m+1
Ot QP(H1¢ )TJF? QP(H1¢ 0™ 2 + 2 (n(¢™ ) Du™ T, Du™ )
(0™ o™ 1) + 0 (= V™ M (&™), o™ ) + Ae (VITT@™ T, 6, VIT 6™ )

A
+ € (f(H;t(bmH, ™), 5tH;L¢m+1) _ (Ium+1’ 5t1—[f11¢m+1)h —0.

Finally, the following equalities

(0 ™) = 3 47) = (B4

At
e (VI 5,9 ) = 555, [ Vit S5 [ g
yield (23). O
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Using the definition of the upwind form b,""(-; -, -) and the standard procedure for the convex-

splitting technique (see e.g. [21, 26]), one can show the following Lemma.

Lemma 3.9. The following two inequalities hold:

bzpw( VO m+1 (¢m+1) II ’um+1>

v

0, (27)
/ (F(IThG™ 1 T gm)S, T g™ — 6, F(ITg™+)) > 0. (25)
Q

The following result is a direct consequence of Theorem 3.8 and Lemma 3.9.

Corollary 3.10 (Discrete energy stability). The scheme (10) satisfies
(5tE(um+l, H111¢m+1) 12 (77(¢m+1)Dum+l, Dum-i-l) _|_bzpw( VO m+1 <¢m+l) HO,Um_H) <0. (29>
In particular, scheme (10) is unconditionally energy stable, i.e., 6, F(u™ !, ITh¢m+1) < 0.

The scheme (10) is nonlinear so we will need to approximate its solution by means of an iterative
procedure such as the nonsmooth Newton’s method (see [15]).

However, the function sign(¢) that appears in the stabilization term s (-, -, ,-) is not subdif-
ferentiable at ¢ = 0 and, although it is rare in practice that ¢ = 0 holds exactly due to round-off
errors, one might eventually find convergence issues.

In this case, several approaches can be carried out to improve the convergence of the algorithm.
For instance, one may use an iterative procedure that does not rely on the Jacobian of the whole
system such as a fixed point algorithm. Conversely, if we want to use a higher order procedure
depending on the Jacobian like the nonsmooth Newton’s method, one may avoid the use of the

sign() function regularizing the term s2(-,,-,-) as follows

00 = 5 3 [ @0ng) R T ] (30)

e€&;,

for 0 > 0 small. This modification preserves the mass conservation and the point-wise bounds but
introduces a modification in the discrete energy law, see Theorem 3.11.

The following result can be proved using the same procedure in Theorem 3.8 and Corollary 3.10.

Theorem 3.11. If we reqularize the stabilization term si(-,-,-,-) in the equation (10a), using

sid( .+ ) defined in (30) for a certain 6 > 0, the following discrete energy law holds:

BB THG™ ) 42 (6™ Du™ !, Du™) 4 b (- M (™), o)

<53 [ bt [ o] 31
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4 Decoupled bound-preserving scheme

Now, we develop a decoupled approximation of the model (1) that reduces significantly the compu-
tational effort with respect to the previous coupled approach (10), while still preserving the mass
conservation and the point-wise bounds.

Nonetheless, as a tradeoff, in this case it is not clear whether a discrete energy law directly
holds even for the corresponding time semidiscrete scheme (32) given below. In fact, numerical
experiments suggest that, in general, the decoupled approximation may become energy unstable
for certain choice of the parameters, see Test (5.2). Hence, we will not focus on the energy stability

of decoupled fully discrete schemes and we leave this study for a future work.

4.1 Time discrete scheme

For clarity in the exposition, we are going to introduce first the time semidiscretization used to
decouple the equations. In particular, we apply a rotational pressure-correction method based on
the work in [31] to decouple the fluid equations.

Consider the following steps:

Step 1: given (¢™, u™,u™, p™) compute v satisfying

m+1 _ .om
PO T + (6" V" = puig M (6"™) V™) - V] v
—2V - (n(¢™)Dv™ ) + Vp™ + ¢"Vu™ =0 in Q, (32a)
v =0 on 00. (32b)

Step 2: given (¢, v"*!) compute 77!, with [, 7"*! = 0 and satisfying

1 1
-V (p(¢m)vrm+1> = —Ev-vmﬂ, in Q, (32¢)

V™. n =0, on 5. (32d)

Step 3: given (¢™, 7™ vl p™) compute (p™T! u™ ) satisfying

P = g4 T (g v (32¢)
At

umt =yt vt 32f

p(o™) (821)

where p™*! is post-processed to ensure the 0-mean constraint. Note that the velocity u™*! is

incompressible and u™*! - n = 0 on O9.

Step 4: given (¢™,u™!), compute (¢™*, ™) satisfying:

5t¢m+1 N v (¢m+1um+1) . v (M((bm“)v,um“) =0 Iin Q, (32g)
NG+ 2 f( g7 — =0 in ), (321)
Vgt on = M(@™ )V n =0 on 0, (321)
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where f(-,-) is defined in (11).

Notice that this projection method only leads to an inaccurate boundary condition on the
velocity variable u™*! in the tangential direction due to the terms depending on V7™ in (32f),
in fact, one only has the so-called slip boundary condition u™*!-n = 0 on 9. For further insight

on this issue with projection methods, see, for instance, [24].

4.2 Fully discrete scheme

We will use the well known SIP method (see [17, 34]) to discretize the term —V - (kV7) in (32¢),
where k = k(x) € L>(2) with that K > C' > 0 in Q, by means of the bilinear form

a7 (k; 7, 7) :_/RVT -VT— Z/{{KVT}} n. [ +Z/{KVT}} n | JFZ/| |

cc€l ceél ccél

(33)

where o > 0 is a parameter large enough to ensure the coercivity of the bilinear form azip’a(/{; ).

Then, we propose the following decoupled fully discrete scheme based on the previous time-

discrete approach. In order to simplify the notation, we will denote the fully discrete functions the
same way as the time-semidiscrete functions in (32).

Step 1: given (¢™, u™,u™, p™) € PIC(Ty,) x PO (Ty,) x Uy, X Py, compute v € V), satisfying

vl g
(om0 )+ ([l = pag M) - V1, 9)
+ (2n(¢m)Dvm“, DV) — (™, V-¥)+ (¢"Vu"™, V) =0, VVEW, (34a)

with v =0 on &p.

Step 2: given (¢™,v™tl) € PIC(Ty,) x V), compute 77! € PYisc(T;) satisfying

P (U™ T) = — 3

Step 3: given (¢™, 7™t vl pm) € Pdisc(T,) x PYsC(T,) x Vy, x Pj, compute p™T! € Py as

follows

V. v™LF) VT € PU(T,). (34b)

(p™*,p) = @™, p) + (7™, D) — 2 (n(¢™)V - v D) Vp € Py, (34c)

Step 4: given (¢™,v™t) € PIC(T,) x V, compute (¢, p™ ) € PAsC(T,) x PSO(Ty)
satisfying:

) R m“,¢m“,¢) b (= Vap™ i M(¢™ ), 0) =0, Vo € Pi™(Ty), (34d)
e (V(IT'¢™ ), Vi) + (f(qﬁm“,d)’”) i) = (" H) =0, VA EPP™(Th), (3de)

where the velocity ™! in (34d) is defined on every e € &} as follows

\ e

= () A [ 341
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with

At
untt =y v (34g)
p(o™)
By construction, this modified velocity ™! is locally incompressible. Hence, the point-wise

bounds ¢! I1"¢™*+! € [—1,1] will be preserved, see Proposition 4.2 and Theorem 4.4 below.
Note that, for every e € £}, the stabilization term At(o/le|) [r™] is consistent and vanishes as
At,h — 0.

The upwind forms a;”"(u; ¢, ¢) and by (—Vau; M(4), ¢) have been already defined in (14)
and (19), respectively.

We have denoted (Vy,, Uy, Py) to any triple of discrete spaces such that Uj, = V, + P3s¢(T;,)¢
with V), C (C°(Q) N H} (Q))%.

In this case, the triple (V),, Uy, Pr) needs to satisfy V, C (CO(Q) N HE(22))? in order to strongly
impose the no-slip boundary condition on v™*! and U;, = V,, + P35¢(T;), directly derived from

m+1 (

equation (34g), to preserve the local incompressibility of the variable u see Lemma 4.1).

Although we do not know if the solution of this decoupled scheme (34) satisfies any discrete

energy law, in case that we achieve estimates for the velocity u™*!

, it is preferable to choose an
inf-sup compatible pair of spaces (Vj,,P,) as was mentioned in Section 3. For more information
on the inf-sup condition for projection methods we refer the reader to [24, 25].

Again, as in the fully coupled approximation scheme (10), the error bounds are expected to be
determined by the lowest accuracy approximation of the phase-field function given by Pdis¢(7;).

To start the algorithm we take again ¢° = Iy¢y hence ¢° € [—1,1]. Also, we take u’ as the
projection of uy on V,, and p° = 0.

Since we are not certain about if an energy law can be derived for the solution of the semidiscrete
scheme (32), we have omitted in this case the constraints and stabilization terms needed for the
fully coupled scheme (10) to be energy-stable. Indeed, we have not used the approximation of
the normal derivative of the chemical potential (20) in (34d) and, consequently, we can omit
Hypothesis 1 for the decoupled scheme (34). Therefore, the approximation given by the decoupled
scheme (34) can be computed in more general meshes than its coupled counterpart (10).

Moreover, since only the equation (34d) is nonlinear in the decoupled fully discrete scheme
(34), we will only need to use an iterative procedure such as Newton’s method to approximate the
solution in Step 1. This improvement reduces significantly the computational cost with respect to
the fully coupled scheme (10) which requires an iterative procedure to be carried out for the whole

system.

4.2.1 Properties of the scheme (34)

m+1

In this subsection, we will only show the proof of the local incompressibility of u and we will

just state the other results as they are analogous to the ones in Subsection 3.2.2.
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Lemma 4.1 (Approximated local incompressibility). The velocity variable u™ ! computed from

(34g) is approximately locally incompressible in the following sense:

> [y ol =-acy [T Rl v e BT, (35)

668;‘; ¢ eeg}lL ‘
where the right hand side of (35) tends to 0 as At,h — 0.

Proof. Let ¢ € P3™(T,). Taking the (broken) divergence of (34g) and testing by % we arrive at

(V u™,3) = (V. v, 3) — (v-(p@fn)vrm“),@). (36)

Now, substituting (34b) into (36),

Y Y oY N ) e

Since @ is piecewise constant in 7p,

TR B Oy R (I T BN oy edias Tt

6681 651

integrating by parts, we obtain

(v Gm)7) - 2 Ry SN
=3 [ l0/pm) V=] -0 g

e€ly,

Hence, returning to (37) and using (34g) and that [v™"™] = 0 on &, due to the choice of V},, we

have
(v umtg) = =8t 3 [ [/ptem) 9] nfieh - At S [(1/p(em)(T7 )
e€&y ecEP
At§/|e| m+1 —
= u™ ] - n, {7} — A (1/p(¢™) (V™! n.)p
A éb/
— At m+1 —
Z/ g
_Z/ W - {7} + 3@ n)p - AtZ/ ] [ (38)
ecé ecEp e€t} ’ |

Now, integrate by parts the left-hand side of (38),

(Vo) = 3 [ n izl + 3 [ o] nc - 39)

ecép e€&h

Consequently, due to (38) and (39), we arrive at (35). O
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The following result is a direct consequence of the previous lemma.

Proposition 4.2 (Local incompressibility). The modified velocity W™ defined in (34f) is locally

mcompressible in the sense that

o furtn [g] =0, VP eP(T). (40)
eGS{L
The proofs of the remaining following results are analogous to those shown in Section 3.2.2 for

the coupled approach (10).

Proposition 4.3 (Mass conservation). The mass of the phase-field variable and its reqularization

/ ot = [om [ mame = [ o

As a consequence, since p(¢) is linear with respect to ¢, the mass of the mixture is also con-

/Q pg™H) = /Q p(6™), /Q p(ITgmH) = /Q p(ITi ™).

Theorem 4.4 (Point-wise bounds of the phase-field variable). Provided that ¢™ € [—1,1] in €,
any solution ¢™ ' and its P (Ty)-reqularization 1T} ¢™ ! in (34d) satisfy o™, The™t € [—1,1]
in €.

are conserved, i.e.,

served,

Corollary 4.5 (Point-wise bounds of the mixture density). Provided that p(¢™) € [p1, p2] in €,
the density of the mizture p(¢™ 1) or p(Ih¢™+1) in (34) satisfy p(¢™+h), p(IFd™ ) € [p1, po] in
Q.

In this case, we cannot guarantee an energy-stability property for the decoupled fully discrete
scheme (34). In fact, it seems that this approach may become unstable for a certain choice of
the parameters as shown by numerical experiments (see Test 5.2 below). However, this approach
should not be dismissed as it is still an efficient alternative that works in many cases allowing us
to compute the results of certain tests up to 75% faster than with the coupled counterpart (10).
In practice, one can check when this scheme is not energy stable by computing the discrete energy.
When this discrete energy diverges, leading to an unstable approximation, we can switch to the
more robust coupled counterpart to compute the approximation. An in-depth comparison between
both approaches through some numerical experiments is shown in Section 5

Notice that we have maintained the convection term semi-implicitly in the fluid equation (34a)
as in the fully coupled approximation (10a). We will see numerically that the approximation
obtained is energy stable in many situations, see Tests 5.3 and 5.4 below, although it is unstable
in Test 5.2, see Figures 4 and 5 below. But, if we take this convection term fully explicitly, then

the approximation tends to become energy unstable even for the Tests 5.3 and 5.4
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5 Numerical experiments

We have carried out the following numerical experiments in the spatial domain Q = [—0.5,0.5]2.
Moreover, we have set the following values of the parameters ¢ = 0.01, A = 0.01, p; = 1 and
p2 = 100, unless otherwise specified. Also, the penalty parameter ¢ has been chosen as ¢ = 4 in
(34), although other choices might have been possible.

Following the Remark 3.1, we have chosen the pair of “inf-sup” stable spaces (U, P) =
((P5ubble(T ) N HE(Q))4, Plise(T,)) for the coupled scheme (10) and (Vy,,Pp) = ((P5PPe(T,) N
H ()2, P{(T,)) regarding the decoupled approach (34), where U, = (P5"PPe(T,) N HE(2))? +
Pdise(T;)4.

To compute the approximations we have used the finite element library FEniCSx (see [5, 35,
36]) coupled with PyVista for the visualization of the results (see [40]). The source code for our
implementation is hosted on GitHub'.

On the one hand, an iterative Newton solver has been used to approximate the nonlinear
problem. In this sense, the modified stabilization term si"s(-, +,+,) with 6 = 107® has been used in
the coupled scheme (10) to avoid convergence issues.

On the other hand, we have used the default iterative linear solver, GMRES (generalized
minimal residual method), and preconditioner, computed using an incomplete LU factorization
(ILU), of PETSc (see [8, 16]) for solving the resulting linear systems except (34a). In the case of
(34a), this combination provided some instabilities in several examples. Therefore, we opted for a
different approach and used an LU parallel solver implemented in MUMPS, [6, 7], for (34a), which

provided much more accurate results shown in the figures below.

Remark 5.1. In the case of the decoupled approach (34), enforcing the 0-mean constraint on the
approximation of the potential T is rather straightforward as the linear Krylov solvers can handle
singular matrices and provide a solution of the linear system. Therefore, we compute a solution of
the linear system and then post-process it so that it satisfies the constraint.

However, we must be careful when dealing with an ill-posed nonlinear problem if we want New-
ton’s method to converge. To overcome this issue in the case of the coupled approximation (10), we
have added a penalty term & (p™ 1, p) to the LHS of (10b) with & very small (in practice, we have
chosen & = 1071°). In this way, we enforce the 0-mean constraint on the approzimation of p and
Newton’s method does converge. In fact, a posteriori, we can check that this additional term has
not severely affected the approrimation obtained in two different manners. On the one hand, taking
into account the |||, of the approzimation of p we observe that the term &p has been at most of
order 107°. On the other hand, the point-wise bounds have been preserved despite the crucial role

that the local incompressibility constraint (12) plays in Theorem 3.5.

https://github.com/danielacos/Papers-src
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Certainly, many other ways of enforcing the 0-mean pressure constraint in the coupled nonlinear

system can be explored.

In all the figures shown in this section, we plot both the phase field variable (in red/blue) and
the following scaled vector field (in white)
g 2501072

m+1 _ ) [um oo (q)

u,

umtt otherwise.

5.1 Accuracy test

In this case, we define the following initial conditions

(0.25 — y/(x — 0.1)2 + (y — 0.1)2)g
V2e

L (015 - V@ +0152 + (y + 0.15)2)@) 1o

¢o(z,y) = 2 tanh (

V2e

ug(z,y) = x(y(0.16 — (2 4+ y*))e, —2(0.16 — (2% + 1*))a),

with y = 1, which are plotted in Figure 1.

Figure 1: Initial condition of Tests 5.1 and 5.2.

We conduct a preliminary convergence test in which we compare a reference solution given by
each of the coupled, (10), and decoupled, (34), approaches in a very refined mesh (h ~ 7 -1073)
with the approximation given by the same approach in a less refined mesh. In this way, with
At = 107° fixed, we can remove the error introduced by the time discretization in each of the
different schemes. In any case, we would like to emphasize that such a test for these sophisticated
schemes involving several different discrete spaces and projection operators is nontrivial and the
results obtained only provide an estimation of the possible order of convergence of the proposed
approximations.

The results of the test at 7' = 5-10~* are shown in Tables 1 and 2, where similar orders of

convergence have been achieved for both schemes (10) and (34). It is worth mentioning that, as
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h=~236-10"2 | 3h/4~1.77-1072 4h/7 ~ 1.35 - 10~2 h/2~1.18-1072
Error Error ‘ Order Error ‘ Order Error ‘ Order

Variable Scheme

o Coupled 8.48e — 03 5.40e — 03 1.57 | 3.38e — 03 1.73 2.62e — 03 1.89
Decoupled 8.80e — 03 5.59¢ — 03 1.58 3.21e — 03 2.05 2.54e — 03 1.74

Coupled 5.91e — 04 4.89¢ — 04 0.66 3.31le — 04 1.44 2.43e — 04 2.30

" Decoupled 2.57e — 04 6.98e — 05 4.53 3.09e — 05 3.01 2.46e — 05 1.69
Coupled 2.24e — 01 1.14e — 01 2.35 5.47e — 02 2.71 4.37e — 02 1.67

b Decoupled 9.26e — 02 1.90e — 02 5.51 1.14e — 02 1.89 8.87e — 03 1.86

Table 1: Errors and convergence orders at T =5-10"% in ||-|| 12(9)-

h~236-10"2 | 3h/4~1.77-10"2 | 3h/5~1.41-102 h/2~1.18-1072
Variable Scheme
Error Error ‘ Order Error ‘ Order Error ‘ Order

M Coupled 1.22e + 00 1.17e + 00 0.15 9.12¢ — 01 0.92 8.09¢ — 01 0.89
! Decoupled 1.34e + 00 1.25e + 00 0.24 9.43e — 01 1.04 8.31e — 01 0.94
Coupled 9.61e — 02 7.98¢e — 02 0.65 4.90e — 02 1.80 3.75e — 02 1.99

u
Decoupled 2.06e — 02 8.82e¢ — 03 2.95 4.03e — 03 2.89 3.30e — 03 1.48

Table 2: Errors and convergence orders at 7' =5-10"* in ||-|| ()

in [4] for the convective Cahn-Hilliard model, order 2 in [|-|| ;2. and order 1 in ||-|[;q, for the
approximation of the variable I1"¢ have been approached. On the other hand, order around 2 in
|-l 12() has been obtained for the approximations of p and u, the latter probably affected by the
order of convergence in the approximation of I1?¢. Finally, order around 2 in ||| ;1 () Seems to

have been achieved by the approximation of u.

Remark 5.2. Several works such as [12, 13, 18, 39] have carried out a careful error analysis of
both coupled and decoupled finite element approximations of phase-field models coupled with fluid
motion such as the CHNS system or related models. However, most of these works have focused
on the case of constant or non-degenerate mobility and constant density and their results are based
on the enerqgy-stability property of the proposed approximations. It is left for a future work to study
whether these techniques can be extended and applied to derive error estimates for our proposed

coupled and decoupled approximations, (10) and (34), respectively.

5.2 Mixing bubbles

For this test we keep the same initial conditions as in the previous test but with x = 100. Again,
this initial condition can be seen in Figure 1.

In Figure 2 we have plotted the evolution in time of the approximation obtained using both
the coupled and the decoupled schemes, (10) and (34), respectively, with h ~ 1.41 - 1072 and

At = 1073, On the other hand, in Figure 3 (left) we can observe how the bounds are preserved
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t=2-1072 t=5-1072

1.00
0.50

-0.00

Coupled

-0.00

Decoupled

-0.50

I—W .00

Figure 2: Evolution of I1"¢ over time in Test 5.2 (p; = 1, py = 100).

as predicted by the previous analytical results. In addition, in Figure 3 (right) one may observe
how the energy decreases both using the coupled approximation, as predicted by the theory above,
and the decoupled approximation. In this case, the decoupled scheme is around 73% faster than

the coupled scheme when run in series (using 8 threads to solve the linear systems) in the same

computer.
1.05
Coupled 50 .. ---- Coupled
- Ve e Decoupled
x - Decoupled 48 \ p
E 46 e
0.95 44
0.00 0.02 0.04 0.06 0.08 0.10 el
42 S
-0.95 S
Coupled 20 S
- Decoupled N
E —1.00 B s RS S e 38 \\‘
36 L
-1.05 i
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10

Figure 3: Left, maximum and minimum of I1"¢. Right, discrete energy. Test 5.2 (p; = 1, p» = 100).

We would like to highlight that even with this simple test one can find situations where the
discrete energy of the decoupled scheme (34) increases exponentially while the approximation

becomes completely unstable. In particular, in the case of two fluids with very different densities,
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t=4-1073 t=5-1073 t=6-10"3

1.00 0.68

o) 0.50 0.32
]
—
2,
= 0.00 0.00 0.04
S
Q
<)
) 050 -0.50 @ .0.39
I-TOO I-WOO I-O.75
Figure 4: Evolution of I1"¢ over time in Test 5.2 (p; = 1, py = 1000).
19
107 e Decoupled : ---- Coupled
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. 1
10" 480 |
B 3 \
470 s
10" T
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10 F e ..
420 -
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.00 0.02 0.04 0.06 0.08 0.10

Figure 5: Left, discrete energy of the decoupled scheme. Right, discrete energy of the coupled
scheme. Test 5.2 (p; = 1, p2 = 1000).

for instance p; = 1 and p, = 1000, the approximation given by the decoupled scheme is totally
nonphysical (see Figure 4) as its energy grows to infinity (see Figure 5, left) until the nonlinear
solver is not able to converge to an approximation. Conversely, the energy stability property of
the coupled scheme (10) makes it much more robust and, in this case, this approach is capable of
providing a physical approximation where the energy does decrease over time as predicted by the
theoretical results (see Figure 5, right). We omit the figures of the solution given by the coupled

scheme as it is barely distinguishable from those shown in Figure 2.

5.3 A heavier bubble falling in a lighter medium

Now, we perform a test in which we define the following initial condition: ug = 0 and

B 0.2 — /a2 + 12
¢0($ay) = tanh ( \/55 ) 3

a bubble of density p, = 100 in a lighter medium of density p; = 1, plotted in Figure 6. Moreover,

we have added a term —p(¢)g on the right-hand side of equation (1a) acting as the gravitational
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0.50
-0.00

-0.50

|71‘DO

Figure 6: Initial condition of Test 5.3.

forces pushing the heavier bubble down to the bottom of the domain 2. In our case, we have
chosen g = (0,1) and we have treated this term implicitly in (10) and explicitly in (34).

In this case, we have shown in Figure 8 the evolution in time of the solution using (10) and
(34) with h ~ 1.41 - 1072 and At = 10™*. The result is qualitatively similar to the ones shown
in previous studies such as [27]. Also, the bounds are preserved as shown in Figure 7 (left). In
this case, the energy does not necessarily decrease due to the gravitational forces but, as one may
observe in Figure 7 (right), the behavior of the energy is similar using both approaches.

We have noticed that the decoupled scheme is around 75% faster than the coupled approach
in this test.
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0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 025

Figure 7: Left, maximum and minimum of I1"¢. Right, discrete energy. Test 5.3.
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Figure 8: Evolution of II"¢ over time in Test 5.3.
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5.4 A Rayleigh-Taylor type instability

Finally, we carry out a benchmark Rayleigh-Taylor type instability test based on the one shown

in [27] for which we define the following initial condition: uy = 0 and

do(z,y) = tanh (y - (0.1 eXp<—f<;€ + 0-2>2/0-1>>) |

plotted in Figure 9. Again, we add the gravity term —p(¢)g with g = (0,1) in the RHS of equation

(1a).

0.50
0.00

-0.50

|71‘OO

Figure 9: Initial condition of Test 5.4.

The evolution in time of the solution using (10) and (34) with h ~ 1.41-107% and At = 10~* can
be seen in Figure 11. Again, despite the difficulty of this test due to the fast dynamics involved,
the results are qualitatively similar to the ones shown in previous works such as [27]. In Figure 10
(left) we plot the evolution of the maximum and minimum of the regularized phase-field function,
where we can observe that the bounds are indeed preserved as predicted by the theory. In addition,
one may observe in Figure 10 (right), the behavior of the energy is similar using both approaches.

The decoupled scheme is around 39% faster than the coupled scheme in this test.
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Figure 10: Left, maximum and minimum of I1"¢. Right, discrete energy. Test 5.4.
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Figure 11: Evolution of I1"¢ over time in Test 5.4.
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