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We study a non-Hermitian (NH) sl(2) affine Toda model coupled to fermions through soliton theory

techniques and the realizations of the pseudo-chiral and pseudo-Hermitian symmetries. The interplay of

non-Hermiticity, integrability, nonlinearity, and topology significantly influence the formation and behavior

of a continuum of bound state modes (CBM) and extended waves in the localized continuum (ELC). The

non-Hermitian soliton-fermion duality, the complex scalar field topological charges and winding numbers in

the spectral topology are uncovered. The biorthogonal Majorana zero modes, dual to the NH Toda solitons

with topological charges 2
π arg (z = ±i) = ±1, appear at the complex-energy point gap and are pinned at

zero energy. The zero eigenvalue λ(z = ±i) = 0, besides being a zero mode, plays the role of exceptional

points (EPs), and each EP separates a real eigenvalue A-symmetric and A-symmetry broken regimes for an

antilinear symmetry A ∈ {PT , γ5PT }. Our findings improve the understanding of exotic quantum states,

but also paves the way for future research in harnessing non-Hermitian phenomena for topological quantum

computation, as well as the exploration of integrability and NH solitons in the theory of topological phases

of matter.
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1 Introduction

A common assumption underlying the physics of isolated systems is the Hermiticity property of the Hamilto-

nian. However, non-Hermitian (NH) Hamiltonians have attracted considerable interest in recent years since

they are quite ubiquitous in nature and remarkable theoretical and experimental results have been uncovered

(see e.g. [1, 2, 3]). They have been studied in three different approaches, a generic NH Hamiltonians with

complex eigenvalues [4, 5], (anti-)pseudo-Hermitian Hamiltonians [6, 7, 8], and PT symmetric Hamiltonians

with real eigenvalues [9, 10, 11]. For related quasi/pseudo Hermitian systems see the classical paper [12].

Theoretical aspects and some experimental validations of nonlinear wave dynamics in PT symmetric systems

have been reviewed in [13].

In physical systems with Hermitian and NH Hamiltonians a considerable amount of work on topological

phases has emerged as a rapidly growing research area relevant to a variety of fields. An important concept

in topological physics is the bulk-boundary correspondence in topological phases, such that the topological

invariant related to the bulk states counts the number of gapless boundary states. So, topological phenomena

can be related to boundary phenomena. For a review on non-Hermitian lattice systems in condensed matter

physics, focusing on the boundary phenomena, see e.g. [14]. Originally found in condensed matter physics,

robust edge states are currently found in practically all wave dynamics originating from a variety of physical

models. For example, remarkable similarities have recently been found between the shallow water equations

in their linearized form and topological phases of matter [15]. A duality relationship between the bound

state waves and the topological solitons has been uncovered for non-linear shallow water waves [16].

The study of topological edge modes has initially been related to Hermitian linear systems concepts,

such as orthogonal eigenvectors and real energy spectra. Actually, many physical systems exhibiting these

phenomena naturally present a non-linear behavior. This motivated recently a growing interest in the

confluence of nonlinearity and topology with applications to a wide range of phenomena (see e.g. [17] and

references therein). From the quantum field theory perspective, it has been shown the presence of edge

and bulk solitons related to the problem of fractionally charged solitons and electron fractionalization in

(1 + 1)-dimensional systems [18, 19, 20]. In various ways the concepts involved in the (1 + 1)-dimensional

systems can be extended to higher dimensions.

In this context, the exploration of the interplay of NH solitons and fermionic systems emerges as an

intriguing subject in theoretical and mathematical physics. In this paper, we delve into the interplay between

non-Hermiticity, nonlinearity, integrability and topology in the framework of a non-Hermitian sl(2) Toda

soliton coupled to Dirac fermions; so, extending the Hermitian soliton-fermion duality reported in [21, 22,

23]. The exploration of non-Hermitian systems has emerged as a fascinating and rapidly growing field,

yielding intriguing insights into the fundamental nature of quantum mechanics. Non-Hermitian matrices

exhibit unconventional properties compared with Hermitian ones: eigenstates are, in general, nonorthogonal,

instead it has been introduced the concept of biorthogonality and a complex-energy spectrum can possess
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exceptional points (EPs) giving rise to spectral topology. Non-Hermiticity drastically changes the properties

of topological boundary states. Non-Hermiticity amplifies the edge states, which enables novel topologically

protected states. Recently a modified biorthogonal bulk-boundary correspondence has been established that

works in the presence of non-Hermiticity [24].

A non-Hermitian sl(2) Toda model coupled to matter exhibits an extraordinary confluence of non-

Hermiticity, nonlinearity, integrability and topological solitons. Central to our investigations are the concepts

of pseudo-chiral and pseudo-Hermitian symmetries, which shed lights to disentangle the intricate interplay

between the mentioned properties. Remarkably, a relationship between the complex energy, number wave

and mass parameters in the NH soliton sector of the model can be defined on the whole complex plane

through a uniformization parameter z, which allows us to discover that while Hermitian bound state/soliton

states lie on the unit circle |z| = 1, the non-Hermitian generalizations of that correspondence can be estab-

lished on the continuous region |z| 6= 1 of the complex plane. In this scenario we show the emergence of

biorthogonal Majorana zero modes as dual to non-Hermitian topological solitons with topological charges

±1, which manifest at the complex-energy point gap and pinned at zero energy. These zero modes, we find,

hold the key to unlocking the topologically protected bulk-boundary correspondence from the integrable

field theory perspective. The zero eigenvalue λ(z = ±i) = 0, besides being a zero mode, plays the role of an

exceptional point (EP), since it separates a PT -symmetric regime with real eigenvalues from the PT -broken

regime with complex eigenvalues by varying one or more of the parameters of the model.

An essential distinction between Hermitian and non-Hermitian systems is the degrees of freedom that we

have access to; nonunitary operations forbidden in Hermitian systems can be performed in non-Hermitian

systems. In other words, a change in the spectrum from real to complex increases the number of parameters

that describe the system. Since topology crucially depends on the underlying manifold, non-Hermiticity is

expected to alter the topological classification of the physical systems such as insulators and superconductors.

A Hermitian sl(2) Toda-type model coupled to matter has been found in a variety of models, such as the

continuum limit of s−wave superconductor [25], effective theory describing Majorana bound states [26], a

model for high Tc superconductivity [27], low-energy effective Lagrangian in QCD2 [28], etc; so, our study

not only becomes of academic interest, but physically motivated. As pointed out above, pseudo-Hermiticity

is a constraint unique to non-Hermitian systems and may provide novel topological features. In view of the

rapid theoretical and experimental advances in non-Hermitian physics, there has been a great interest and

an urgent need for comprehensive topological classifications that provide reference points for experiments

and predict novel non-Hermitian topological phases.

Our exploration has led us to unveil remarkable phenomena: the existence of continuum spectra of

bound state modes (CBM) and extended waves embedded within this localized continuum (ELC). These

phenomena are profoundly shaped by the interplay of four key characteristics: non-Hermiticity, integrability,

nonlinearity, and topology. The continuum of biorthogonal bound states emerge coupled to a continuous

family of topological complex solitons, such that their topological charges depend on the energy eigenvalues.
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This type of continuum of bound states in a non-Hermitian Hamiltonian have recently been uncovered also

in [29]. A Hermitian sl(2) Toda system coupled to fermion, which has recently been presented in [21], the

in-gap and the bound states in the continuum (BIC) have quantized energies, whereas the free states form

a continuum. On the other hand, the NH extended wave states embedded into the NH localized continuum

can be regarded as some kind of inverted BIC states due to the non-Hermicity of the model. Recently, these

novel types of states in a NH system have been dubbed as extended states in a localized continuum (ELC)

[30, 31].

So, the NH models exhibit behaviors that challenge conventional understanding. Within a NH sl(2) Toda

theory coupled to matter integrable field theory we clarify the concept of the non-Hermitian soliton-fermion

duality, revealing a profound connection between these entities which survive non-Hermiticity effects, and

shed lights on the appearance of a second topological charge related to the imaginary component of the

complex scalar field. This charge arises purely as the result of the interplay between non-Hermiticity, topol-

ogy, and nonlinear effects. We believe that beyond the pure theoretical inquiry, our discoveries might have

important implications for the realm of practical quantum technologies. The harnessing of non-Hermitian

phenomena in the context of topological quantum computation promise new frontiers in the development of

quantum computing paradigms. Furthermore, our work establishes a bridge between quantum field theory,

condensed matter physics and integrable systems, inviting further exploration at the crossroads of these

three fields.

The paper is organized as follows. In the next section we present a integrable NH Toda model coupled to

fermions and the relevant eigenvalue equations for the right and left eigenvectors. In the section 3 the pseudo-

chirality symmetry is discussed, as well as the concept of biorthogonality of the left and right eigenvectors.

The section 4 discusses the anti-pseudo-Hermiticity symmetry. Some theorems and properties of pseudo-

Hermitian Hamiltonians are discussed in the presence of P , T and PT transformations. In section 5 we

uncover the topological complex solitons and the biorthogonal spinor bound states through the tau function

formalism. In section 6 the complex energy manifold is defined, identifying the regions of real and complex

eigenvalues, as well as the EPs of eigenvector degeneracies. The PT and γ5PT symmetric Hamiltonians

and their real eigenvalue regimes are identified. Moreover, the spectral topology and the associated winding

number are discussed. In section 7 a classification of these solutions and their symmetries are discussed.

The continuum of bound states/solitons and the extended waves embedded into this localized continuum

are presented. The biorthogonality relationships between the left and right eigenvectors are computed. In

section 8 the biorthogonal Majorana zero mode-topological soliton duality is studied by providing a mapping

between the spinor and the scalar fields. The PT symmetric region of this duality is identified in parameter

space. Section 9 presents the conclusions and discussions. In the appendix A we present the static equations

of motion in components.
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2 The model

There is a variety of ways to introduce non-Hermiticity in the integrable models. Earlier versions of non-

Hermitian affine Toda theories consider a purely imaginary coupling constant which provide soliton solutions

with real classical masses [32]. Some recent works introduce the non-Hermiticity by making the field of

the model a complex field, as in the complex KdV, mKdV and sine-Gordon equations which posses PT-

symmetric soliton solutions with real energies [33]. Likewise, non-Hermiticity has been induced by many

ways in field theory models, partially motivated by the search for another viewpoint to understand the

topological properties of non-Hermitian systems. In particular, non-Hermiticity in the Dirac-type equations

has been introduced through Lorentz symmetry violation and the generalization of some parameters from

real to complex, e.g. the complex mass parameter [34, 35]. A generic one-dimensional Dirac model with

both real and imaginary masses has been considered in optics [36] and the authors argued that those results

can be tested experimentally.

Here we consider two fermion fields chirally coupled to a complex scalar field defined by the following

non-Hermitian Lagrangian[37]1

L =
1

2
∂µΦ∂

µΦ+ iψ̄γµ∂µψ −M(ψ̄ψ cos(βΦ) + iψ̄γ5ψ sin(βΦ)), (2.1)

with Φ being a complex field and ψ̃ and ψ two Dirac spinors. Below we will consider a complex mass

parameter M ∈ C and a real β as the coupling strength between the fermions and the complex scalar. We

define the model (2.1) as a non-Hermitian sl(2) affine Toda model coupled to Dirac fields (NHTD). The

general model (2.1), with two Dirac spinors ψ and ψ̃ and a complex field Φ ∈ C, belongs to a wide class

of integrable soliton theories, the so-called ŝl(2) affine Toda systems coupled to matter fields [37]. In the

Hermitian case, i.e. Φ ∈ IR and ψ̃ = ψ⋆ with M ∈ IR, some properties such as the soliton solutions, the

soliton-fermion duality, as well as its symplectic structures were discussed in [22, 23, 38]. We will consider

the non-Hermitian model (2.1) and show that the dynamics of the system exhibits a continuum of kink

type states and its associated biorthogonal spinor bound states (CBM). In addition, it will be shown the

appearance of extended wave states (ELC) embedded into the continuum of bound states. In this context

we will realize the various symmetry properties of the model such as the pseudo-chirality and its associated

biorthogonal bound states, such that the generalized non-Hermitian particle-hole (NHPH) symmetry holds.

The non-Hermiticity in the model (2.1) can be traced to the presence of at least one of the next conditions.

First, Φ 6= Φ⋆, where ⋆ stands for complex conjugation. Second, ψ̃ 6= ψ⋆. Third, in clear contrast to the

Hermitian case one has the complex mass parameter M . The presence of any of these conditions would

make the Lagrangian non-Hermitian. As we will see below, the interplay between these conditions gives rise

to interesting new results related to non-Hermitian systems. Among the new results of the NHTD model

1Notation: ∂2 = ∂2
t
− ∂2x. γ0 =


 0 i

−i 0


, γ1 =


 0 −i

−i 0


, γ5 = γ0γ1 =


 1 0

0 −1


, and ψ̄ = ψ̃T γ0; χ̄ = χ̃T γ0.
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(2.1), beyond the known results in the literature for the Hermitian case, one has the emergence of new type

of topological solitons associated to the imaginary component of Φ and their related spinor bound states, as

well as the appearance of extended wave states (ELC) in the continuum of bound states supported by the

complex scalar and spinor fields. So, one can argue that the novel solitons and extended waves associated to

the imaginary sector Im(Φ) will be generated due to the interplay between the non-Hermiticity, topological

properties and nonlinearity of the model, as compared to the Hermitian counterpart of the model [21] which

possesses kink solutions of the sine-Gordon type and BIC states associated to real Φ.

Regarding the physical motivation to introduce the complex parameterM one can justify in hindsight by

some physical and mathematical concepts. As we will show below, the points w ≡ k
M = ±1 in the w complex

plane will become the branch point singularities or exceptional points (EPs) of the multivalued complex

energy function with the dispersion relation λ(w) = ±iM
√
w2 − 1, in the enlarged complex parameter space

manifold with k a complex wave number. The zero modes are defined by λ = 0, and so, in this case one has

k = ±M . Taking the complex number notation z ≡ z1 + iz2, one notices that for wave solutions with the

x−dependence of type ekx the real part of the wave number k1 would be associated to the localized bound

states and the imaginary part k2 to the extended wave states. The introduction of the complex M will give

rise to new phenomena, such as the appearance of the ELC states. In fact, the complex part M2 will play

an important role in this type of states, as we will show in section 7.2 the EPs separate the PT -symmetric

phase with real eigenvalues and the spontaneously broken phase by varying the parameter k2

M2
, when the

remaining parameters are held fixed.

We will see below that some solutions for the spinors in the PT -symmetry broken regime, exhibit the

dissipation/amplification factors of type eλ2t. This behavior calls for an alternative interpretation of the

physical origin of the non-Hermiticity in the realm of a topological non-Hermitian system without resorting

to the gain/loss concept which makes sense in optics, for example following the recent alternative approach

introduced by means of the skin effect of reflected waves [39]. We provide a physical interpretation of the

non-Hermiticity as the effect of the kink on the spinor bound states through the appearance of phase and scale

factors in the spinor bilinear amplitude as it evolves from x = −∞ to x = +∞ in the presence of the kink. For

the special cases of the non-Hermitian model (2.1) with anti-linear PT and γ5PT symmetric Hamiltonians,

respectively, we will uncover the parameter subspaces related to the scalar and spinor solutions with real

eigenvalues λ ∈ IR which come in pairs {±λ1, λ1 ∈ IR}, such that the pseudo-chiral and pseudo-Hermitian

symmetries hold.

Related to the points discussed above one can define a topological charge associated to the scalar field

as Qtop ≡ β
2π (Φ(x = +∞) − Φ(x = −∞)). For certain field configurations the both real and imaginary

components of Φ will develop non-vanishing boundary values, and so, this could imply a non-trivial complex

charge Q. This charge will be regarded as a complex topological charge. In fact, by introducing the so-called

uniformization complex variable z through λ = −M
2 (z + z−1), we will show below a profound connection

between this charge and the topological properties of the complex manifold in parameter space expressed
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by the remarkable relationship Qtop = ± 2
πi log z. So, one can argue that the appearance of this complex

topological charge is due to the interplay between the non-Hermitian, topological and nonlinear properties

of the model (2.1).

The Hermitian version of the model (2.1) has been studied in the literature. In this case one has a real

scalar field, the fermions satisfy the reality condition ψ̃ = ψ⋆ and M is a real mass parameter. In that case

the model has been defined by a real Lagrangian and associated Hermitian hamiltonian [22, 38, 23, 28, 21].

The Hermitian model has been shown to describe the low-energy effective Lagrangian of QCD2 with one

flavor and N colors [28] and the BCS coupling in spinless fermions in a two dimensional model of high

T superconductivity in which the solitons play the role of the Cooper pairs [27]. Moreover, the model has

earlier been studied as a model for fermion confinement in a chiral invariant theory [41] and the mechanism of

fermion mass generation without spontaneously chiral symmetry breaking in two-dimensions [42]. Recently,

through analytical and numerical methods the Hermitian version of the model (2.1) plus a scalar potential has

been shown to exhibit Majorana zero mode-soliton duality and in-gap and BIC bound states, such that the

Noether, topological and a novel nonlocal charge densities satisfy a formula of the Atiyah-Patodi-Singer-type

[21].

The equations of motion become

∂2Φ−Mβψ̃ψ sin(βΦ) + iMβψ̃γ5ψ cos(βΦ) = 0 (2.2)

iγµ∂
µψ −M(ψ cos(βΦ) + iγ5ψ sin(βΦ)) = 0 (2.3)

iγµ∂
µψ̃ −M(ψ̃ cos(βΦ)− iγ5ψ̃ sin(βΦ)) = 0 (2.4)

Let us define

ψ ≡ e−iλtξ, ψ̃ ≡ eiλtη (2.5)

ξ =


 ξA

ξB


 , η =


 ηA

ηB


 , (2.6)

with λ being a complex parameter. The equations (2.3)-(2.4) can be written in matrix form as

Hξ = λ ξ, (2.7)

H̃η = λ η (2.8)

where

H =


 i d

dx iMe−iβΦ

−iMeiβΦ −i d
dx


 , H̃ =


 −i d

dx −iMeiβΦ

iMe−iβΦ i d
dx


 . (2.9)

Notice that the equations above define a pair of eigenvalue equations for the non-Hermitian operators H and

H̃ with right eigenvectors ξ and η, respectively. Recently, the Hermitian version of the model (2.7) has been

considered as the continuum limit of a one-dimensional system of spin-orbit coupled Dirac Hamiltonian and
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a s−wave superconducting pairing, such that the s−wave pairing is represented by −iMeiβΦ (Φ ∈ IR) [25].

Moreover, the system (2.7) has been considered in [26] as an effective theory describing Majorana bound

states such that the function iMe−iβΦ is related to the superconducting order parameter.

One can show that the NH operators H and H̃ are related by

ΓHΓ = H̃, Γ = iγ1. (2.10)

Due to the last relationship (2.10), given an eigenvector η of H̃ with eingenvalue λ one can get an eigenvector

Γη of H with the same eigenvalue λ. In fact, from (2.8) and taking into account (2.10) one can get

ΓHΓη = λη → H(Γη) = λ(Γη). (2.11)

So, comparing (2.11) with (2.7) one can write

ξ = Γη ⇒ ξA = ηB , ξB = ηA. (2.12)

From (2.2) and taking into account the Ansatz (2.5) one can get a static version of the complex scalar

field equation of motion

−∂2xΦ+Mβ[eiβΦ ηBξA + e−iβΦ ηAξB] = 0. (2.13)

We will examine the static solutions satisfying the relationship

∂xΦ = −β
2
[ηAξA + ηBξB ], (2.14)

= −β
2
[η3ξ3 − η4ξ4 + η1ξ1 − η2ξ2 + i(η3ξ4 + η4ξ3 + η1ξ2 + η2ξ1)], (2.15)

where in the last equation we have written the real and imaginary parts of the bilinear current terms using

the component of ξ and η defined in (A.1) and (A.2).

Remarkably, the first order equation (2.14) together with the first order equations of motion for the

Dirac spinors (2.7)-(2.8) imply the second order equation for Φ in (2.13). Therefore, a given set of solutions

of the system of static first order differential equations (2.7)-(2.8) and (2.14) will also be solutions of the

second order equation for Φ. The equation (2.14) suggests a certain kind of equivalence relationship between

the x−derivative of the scalar and the fermion bilinear in the NH model. In fact, this is a NH analog of

the equivalence between the U(1) Noether and topological soliton currents considered in the literature in

the Hermitian case of the model [21]. In both condensed matter (e.g. Bogoliubov-de Gennes (BdG) and

gap equations ) and high energy physics (e.g. Gross-Neveu (GN) and Nambu-Jona-Lasinio models) there

have been studied analogous relationships to (2.14) by self-consistency requirements with (2.7)-(2.8) which

amounts to write e.g. iMeiβΦ ∼ [ξ⋆AξB + η⋆AηB] [43]. Actually, for a real scalar and one Dirac fermion these

relationships resemble to the bosonization rules which map some fermion bilinears to a topological current

and exponentials of the scalar [44].
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One can notice that the imaginary component of the bilinear current in (2.15) vanishes provided that

η = ±ξ⋆ ⇒
{ Case I : η3 = ξ3, η4 = −ξ4, η1 = ξ1, η2 = −ξ2,
Case II : η3 = −ξ3, η4 = ξ4, η1 = −ξ1, η2 = ξ2.

}
(2.16)

Then, for the cases (2.16) the scalar field must be real, i.e. ℜ(Φ) = Φ1 (ℑ(Φ) = 0). So, this implies H̃ = H⋆

(for real M) and one recovers a Hermitian model with

H† = H, H̃† = H̃, (2.17)

and real eigenvalues λ ∈ IR. In the both cases (2.16) the imaginary part of the second order equation (2.13)

for the scalar field identically vanishes for Φ2 = 0 and M2 = 0. The bilinear terms of the spinor components

are presented in (A.14).

However, for M2 6= 0, η 6= ±ξ⋆ and Φ2 = 0 the eq. (2.15) provides the general constraint (η3ξ4 + η4ξ3 +

η1ξ2 + η2ξ1) = 0 and the second order eq. (A.14) will provide an additional constraint (A.22).

In the case of NH Hamiltonians it is convenient to define the so-called left eigenvectors, since in general

they are not the same as the relevant Hermitian conjugated right eingenvectors. So, the left eigenvectors ξ̄Tj

and η̄Tj are defined as

ξ̄Tj H = λj ξ̄
T
j , η̄Tj H̃ = λj η̄

T
j (2.18)

Next, we will consider certain solutions satisfying

∂xΦ̄ = −β
2
[η̄Aξ̄A + η̄B ξ̄B], (2.19)

where we have introduced a complex scalar field Φ̄, and η̄T ≡ (η̄A , η̄B) and ξ̄T ≡ (ξ̄A , ξ̄B). In general one

has that the left and right eigenvectors are different, i.e.

η̄ 6= η, ξ̄ 6= ξ, (2.20)

and, so, the scalar field Φ̄ can be considered to be in general different from Φ in (2.14). However, we will see

below that the left and right eigenvectors satisfy some symmetry relationships, which imply a relationship

between the scalars Φ and Φ̄ provided that the equation (2.19) holds. So, the second order differential

equation for the scalar Φ̄ becomes

∂2xΦ̄ +Mβ[eiβΦ̄ η̄Aξ̄B + e−iβΦ̄ η̄B ξ̄A] = 0. (2.21)

Notice that the equations (2.13) and (2.21) have different origins since the first one has been derived from

the Lagrangian, whereas the second one is a consequence of the equivalence relationship (2.19) which has

been assumed to hold between a topological current associated to Φ̄ and the left-eigenvector current density,

respectively. However, we will see below that for λ and −λ eigenvalues the relevant right and left eigenvectors
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will be related by symmetry arguments, and so, those equations will be related by the so-called pseudo-

chirality symmetry. So, we are establishing some equivalences between topological currents and biorthogonal

fermion currents represented by the correspondence relationships (2.14) and (2.19), respectively.

Let us discuss the degrees of freedom associated to the non-Hermiticity of the model. So, one can write

the identities

[H , H†] =


 S R

R⋆ −S


 and [H̃ , H̃†] =


 −S R⋆

R S


 , (2.22)

with

S = 2|M |2 sinh (2βΦ2), Φ ≡ Φ1 + iΦ2, (2.23)

R = −2βe−iβΦ1 [M1 cosh (βΦ2) + iM2 sinh (βΦ2)] ∂xΦ2. (2.24)

So, the Hamiltonians are nonnormal, i.e. [H,H†] 6= 0 ([H̃ , H̃†] 6= 0), then one has to distinguish right

eigenstates from the corresponding left eigenstates as stated in (2.20). Moreover, the appearance of the

exceptional points (EPs) in the eigenvalue spectra requires, aside from non-Hermiticity, the Hamiltonians to

be nonnormal [45].

It is clear that for vanishing Φ2 = 0 one has R = S = 0; and so, the identities (2.22) imply

[H , H†] = 0, and [H̃ , H̃†] = 0. (2.25)

So, in this case the Hamiltonians become normal. Therefore, H (H̃) and H† (H̃†) have the same eigenvectors

and the eigenvalues of H† (H̃†) are the complex conjugates of the eigenvalues of H (H̃). If in addition

one imposes M ∈ IR in (2.9) one has that H† = H (H̃† = H̃) and the relevant eigenvalues will be real

numbers. Moreover, by setting Φ2 = 0 into the imaginary part of the equations (2.14)-(2.15) one can get

ξAξB − ξ⋆Aξ
⋆
B = 0. Therefore, in order to have a Hermitian Hamiltonian one must have

Φ2 = 0, Im(ξAξB) = 0, M ∈ IR. (2.26)

Below we will consider a physical origin of the non-Hermiticity by studying the spinor field configurations

associated to the bilinear (ξAξB) (Im(ξAξB) 6= 0) in the presence of the field Φ2 6= 0.

3 Pseudo-chirality and biorthogonality of the eigenvectors

For a generic complex scalar field Φ the operatorsH and H̃ are non-Hermitian with a spectra of complex ein-

genvalues λ. Recently, there have been various attempts to realize particle-hole symmetry in non-Hermitian

(NH) systems. However, due to the fact that these effective particles and holes have complex energies in

a NH system, they do not need to fulfill the Fermi-Dirac statistics. Non-Hermitian Hamiltonian matrices

exhibit more types of symmetries than the Hermitian counterparts [14]. So, in order to examine certain
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extensions of the Noether’s theorem, it has been proposed distinct ways to define the inner product in NH

systems. An inner product, without the complex conjugation, has been proposed in [5] which focuses on

asymmetric non-Hermitian Hamiltonians. So, let us write the next inner product

(ξi|ξj) ≡ ξTi ξj . (3.1)

With this inner product and using an alternative form of the Ehrenfest’s theorem for the time evolution of

(ψ|G|ψ) one can show that the operator G is a constant of motion provided that H satisfies [5]

GHG−1 = −HT , (3.2)

where HT stands for matrix transpose. For the NH Hamiltonian H in (2.9) one has that

G = −iγ0. (3.3)

In [5] the symmetry (3.2) has been defined as pseudo-chirality, and it guaranties, as we will see below, a

symmetric spectrum about the origin of the complex energy plane, i.e. for each λ there exists −λ, similar to

the consequence of particle-hole symmetry in the hermitian counterpart of the model (2.1) studied recently

in [21].

Below we will follow the biorthogonal approach to describe the orthogonality properties of eigenvectors

and eigenstates [2, 5]. So, let us define the right eigenvectors ξj and the relevant left eigenvectors ξ̄Tj as

Hξi = λi ξi, ξ̄Ti H = λi ξ̄
T
i . (3.4)

The eigenvectors ξi and ξ̄i are different in general but share the same eigenvalue λi. Moreover, they satisfy

the biorthogonality relationship [5]

(ξ̄j |ξi) ≡ ξ̄Tj ξi = δji, (3.5)

which holds away from a zero mode (λj = 0). In fact, considering the both eigenvalue equations in (3.4) for

ξi and ξ̄
T
j , respectively, one can write the identity

ξ̄Tj Hξi = λi ξ̄
T
j ξi, ξ̄Tj Hξi = λj ξ̄

T
j ξi ⇒ 0 = (λi − λj) ξ̄

T
j ξi. (3.6)

Then, from this equation one can see that the biorthogonality relationship (3.5) is satisfied for λi 6= λj . The

normalization (ξ̄i|ξi) = 1 (λi 6= 0) will be considered in the sections below in the context of the soliton type

solutions of the model.

Next, for the Hamiltonian H in (2.9) which possesses the property (3.2), one can show the following

property

HT [Gξλj
] = −GHξλj

= −λj [Gξλj
]. (3.7)

Since the second eq. in (3.4) can be written as HT ξ̄−λj
= −λj ξ̄−λj

, then from (3.7) one can write

ξ̄−λj
= Gξλj

. (3.8)

10



This relation suggests that for each right eigenstate ξλj
with eigenvalue λj , one can find a left eigenstate

ξ̄−λj
for the relevant eigenvalue −λj , such that in components one has the next relationships

ξ̄−λjA = ξλjB, ξ̄−λjB = −ξλjA. (3.9)

In terms of the Dirac field ψλj
defined in (2.5), and defining ψ̄−λj

≡ e−iλj tξ̄−λj
, one can write

ψ̄−λj
= Gψλj

. (3.10)

So, the operator G maps a right Dirac eigenstate with eigenvalue λj to one of the left eigenstates with

corresponding eigenvalue −λj . This relationship exhibits the so-called NH particle-hole symmetry of the

system and then one expects that the ‘particles’ and ‘holes’ will have identical spectra, since the spectra

of H is symmetric about the origin of the complex eigenvalue plane. So, for certain zero modes one can

formulate the NH analog of the Majorana fermions for a system of this kind since there exists a biorthogonal

‘particle-hole’ symmetry.

A Majorana fermion in a Hermitian model is defined by considering the particle and hole with the

same energy as a single particle. Here we generalize the Majorana zero modes to NH model which exhibits

topological solitons, and show a general but quite different properties from their Hermitian counterparts.

Then, following analogous reasoning, from the relationship (3.10) and for zero-mode solutions (λj = 0), one

can write

ψ̄0 = Gψ0. (3.11)

The biorthogonal states obeying the condition (3.11) will be regarded as NH Majorana zero modes. These

states are well known to lead to interesting phenomena in condensed matter and we will search for them as

bound states for the biorthogonal states.

Notice that the biorthogonal relationship (3.5) is different from the NH inner product (3.1). For example,

the product (3.5) vanishes at the zero mode λj = 0, since taking into account (3.11), one has ξ̄0A =

ξ0B , ξ̄0B = −ξ0A, which implies

(ξ̄0|ξ0) ≡ ξ̄T0 ξ0

= 0. (3.12)

On the other hand, the product (3.1) does not vanish at the zero mode λj = 0, i.e. it becomes

(ξ0|ξ0) ≡ ξT0 ξ0 (3.13)

= (ξ0A)
2 + (ξ0B)

2, (3.14)

which is a complex number in general. This is in contradistinction to the Hermitian case in which an inner

product has been defined to provide a real value for the Hermitian Majorana zero modes [21].
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Similar constructions as above can be performed for the second Dirac field ψ̃. Since the pseudochirality

property (3.2) also holds for the second operator H̃ , i.e.

GH̃G−1 = −H̃T , (3.15)

then one can follow throughout all the discussions above for the right eigenvectors η and the relevant left

eigenvectors η̄T

H̃ηi = λi ηi, η̄Ti H̃ = λi η̄
T
i . (3.16)

So one can show

η̄−λj
= Gηλj

. (3.17)

So, for each right eigenstate ηλj
, one can find a left eigenstate η̄−λj

, which in components become

η̄−λjA = ηλjB, η̄−λjB = −ηλjA. (3.18)

For the Dirac field ψ̃ as defined in (2.5) (ψ̃ = eiλtη) and taking into account (3.17) one can written

ψ̃−λj
= Gψ̃λj

. (3.19)

So, one can argue that this relationship also exhibits the NH particle-hole symmetry for the second Dirac

field ψ̃ and then allows us to discuss the Majorana zero modes. Following analogous reasoning from the

relationship (3.19) and for zero-mode solutions (λj = 0) one can write

ψ̃0 = Gψ̃0. (3.20)

The biorthogonal states obeying the condition (3.20) will be regarded as the second NH Majorana zero mode

of the system. The analog of the product (3.5) becomes

(η̄i|ηj) = η̄Ti ηj = δij . (3.21)

This product vanishes at the zero mode point λj = 0, since taking into account (3.20), one has η̄0A =

η0B, η̄0B = −η0A, which implies

(η̄0|η0) ≡ η̄T0 η0

= 0. (3.22)

At the zero mode one has λ = 0, at this point the bi-orthogonal conditions (3.5) and (3.21) break down, and

the set of states {ξ̄0, ξ0} and {η̄0, η0} coalesce, i.e. they become orthogonal, and the Hamiltonian becomes

non-diagonalizable, see e.g. [46, 47]. The results (3.12) and (3.22) will be verified below for spinor bound

state eigenvectors. Notice that at the point λ = 0 we will have an energy degeneracy for the both types
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of eigenvector spaces, left and right. In fact, the set of right and left eigenvectors {ξ0 , η0} and {ξ̄0 , η̄0},
respectively, correspond to the vanishing eigenvalue λ = 0.

At this point, let us examine the relationships between the currents equivalence equations (2.14) and

(2.19) in view of the pseudo-chirality symmetry discussed above. So, taking into account the relationships

(3.9) and (3.18) one can write

η̄−λ,A ξ̄−λ,A + η̄−λ,B ξ̄−λ,B = ηλ,A ξλ,A + ηλ,B ξλ,B . (3.23)

Then, due to the identity (3.23) one can argue that the both scalars Φ and Φ̄ satisfy the identity

Φ̄ = Φ, (3.24)

provided that they satisfy the equations (2.14) and (2.19) for the right-eigenvectors with λ eigenvalue and

the left-eigenvectors with −λ eigenvalue, respectively. Likewise, the second order differential equations (2.13)

and (2.21) can be mapped to each other using the pseudo-chiral symmetry relationships (3.9) and (3.18)

of the right and left eigenvectors for eigenvalues λ and −λ, respectively, and the relationship (3.24) for the

scalars which holds for field configurations satisfying the currents equivalence equations (2.14) and (2.19).

4 Anti-pseudo-Hermiticity, P, T and PT transformations

Breaking the Hermiticity property leads to a larger number of symmetries since the non-Hermitian Hamil-

tonian (2.9) exhibits the properties H 6= H† and H⋆ 6= HT . In that scenario the time-reversal (TR) and

particle-hole symmetries constitute two inequivalent representations, i.e. depending on whether the sym-

metry considers conjugation or transposition of H , respectively (see e.g. [48]). Notice that the symmetry

property considering the transposition of H has already been discussed as the pseudo-chiral symmetry in

the last section. Next, we consider the other inequivalent representation by taking the conjugation of H .

4.1 Anti-pseudo-Hermiticity

Let us consider a TR operator T such that T zT −1 = z⋆ and T 2 = ±1 and so, T is an anti-linear operator.

Next, apply this operator on the both hand sides of the pseudo-chirality relationship (3.2) for a generic

complex scalar fied Φ and complex parameter M . So, one can write

σ−Hσ
−1
− = −H†, (4.1)

σ− ≡ GT , (4.2)

where G is given in (3.3). Notice that σ− is an antilinear operator. Following the notations and conventions

in the current literature one has that the equations (4.1)-(4.2) define H to be an anti-pseudo-(anti)-Hermitian
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Hamiltonian2 [47, 7]. A similar property can be discussed for the companion Hamiltonian H̃ , since it also

satisfies the pseudo-chirality relationship (3.15); so, H̃ is also an anti-pseudo-(anti)-Hermitian Hamiltonian

σ−H̃σ
−1
− = −H̃†. (4.3)

Next, let us define the right and left eigenvector equations for the operator H⋆

H⋆χj = λj χj , χ̂T
i H

⋆ = λi χ̂
T
i . (4.4)

Taking the transpose of the left eigenvalue equation in (4.4) and subsequently considering the pseudo-anti-

Hermiticity relationship (4.1) one can write

H†χ̂j = λj χ̂j , (4.5)

−σ−Hσ−1
− χ̂j = λj χ̂j , (4.6)

H⋆(G−1χ̂j) = −λj (G−1χ̂j), (4.7)

where (4.6) follows upon using (4.1) into (4.5). In order to get (4.7) we have used T HT −1 = H⋆ and

multiplied on the left by G−1 on the b.h.s. of (4.6). So, comparing the last relationship (4.7) and the right

eigenvalue equation in (4.4) one gets

χj̃ = G−1χ̂j, (4.8)

where χj̃ denotes a right eigenvector with eigenvalue (−λj).
Notice that one can also relate the above left eigenvector χ̂T to the left eigenvector of type ξ̄T in (3.4)

for the same eigenvalue λj . In fact, by taking the complex conjugate of (3.4) one has

ξ̄†jH
⋆ = λ⋆j ξ̄

†
j , (4.9)

which upon comparing to the relevant equation in (4.4) provides the left eigenvector of H⋆

χ̂T
j = ξ̄†j (4.10)

with eigenvalue λ⋆j . Moreover, using the symmetry (4.1) and the right eingenvector equation (3.4) one can

write the following left eingenvector equations

(ξ†σ−)H = −λ⋆(ξ†σ−), (4.11)

(ξ†G)H⋆ = −λ⋆(ξ†G), (4.12)

where in order to get the last relationship we have used the form of σ− in (4.2). So, by comparing (4.12)

with the left-eigenvector equation in (4.4) one can conclude that for each left eigenvector χ̂T
j with eigenvalue

λj one must have another eigenvector (ξ†G) with eigenvalue −λ⋆j , i.e.

χ̂T
−λ⋆

j
= (ξ†λj

G), (4.13)

2We denote σ± for pseudo-, and pseudo-(anti)-Hermitian cases, respectively, such that σ±Hσ
−1

± = ±H†. Further general-

izations are possible, σ± operators can be either linear or anti-linear. In our case σ− is an anti-linear operator. So, H can be

dubbed as an anti-pseudo-(anti)-Hermitian Hamiltonian
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with ξj being the right eigenvector of H with eigenvalue λj defined in (3.4).

Next, let us write a relationship between the right-eigenvectors of the Hamiltonians H and H⋆. From

(4.8) and (4.13) one can write

χλ = −(ξλ⋆)⋆. (4.14)

Analogous construction can be performed for the companion Hamiltonian H̃ . So, let us define the right and

left eigenvector equations for H̃⋆

H̃⋆φj = λj φj , φ̂Tj H̃
⋆ = λj φ̂

T
j . (4.15)

So, taking the transpose of the left eigenvalue equation in (4.15) and subsequently considering the pseudo-

anti-Hermiticity relationship (4.3) one can show the next relationship

φj̃ = G−1φ̂j , (4.16)

where φj̃ denotes a right eigenvector with eigenvalue (−λj).
Similarly, one can relate the above left eigenvector φ̂T to the left eigenvector of type η̄T in (3.16) for the

conjugate eigenvalue λ⋆j

φ̂Tj = η̄†j . (4.17)

Moreover, using the symmetry (4.3) and the right eingenvector equation (3.16) one can write the following

left eingenvector equations

(η†σ−)H̃ = −λ⋆(η†σ−), (4.18)

(η†G)H̃⋆ = −λ⋆(η†G). (4.19)

So, by comparing (4.19) with the left-eigenvector equation in (4.15) one can conclude that for each left

eigenvector φ̂Tj with eigenvalue λj one must have another eigenvector (η†G) with eigenvalue −λ⋆j , i.e.

φ̂T−λ⋆
j
= (η†λj

G), (4.20)

with ηj being the right eigenvector of H̃ with eigenvalue λj defined in (3.16).

So, in contradistinction to the pseudo-chiral symmetry (3.2) which ensures that for each energy level λ

there exists the opposite −λ, i.e. the pairs (λ,−λ), the symmetries (4.1) and (4.3) ensure the energy levels

in pairs with identical imaginary part and opposite real part, i.e. the pairs (λ,−λ⋆). Remarkably, in our

constructions of the next section, we will provide analytic realizations of these eigenvalue and eigenvector

symmetries for a continuum of spinor bound states and extended wave states in the localized continuum.

We write the biorthogonality relationship in this case. So, from (4.4) one can get

χ̂T
i H

⋆χj = λj χ̂
T
i χj , χ̂T

i H
⋆χj = λi χ̂

T
i χj , (4.21)
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which implies

0 = (λi − λj)χ̂
T
i χj ⇒ χ̂T

i χj = δij . (4.22)

Similar construction from (4.15) allows one to write

0 = (λi − λj)φ̂
T
i φj ⇒ φ̂Ti φj = δij . (4.23)

Next, let us write a relationship between the left-eigenvectors of the Hamiltonians H̃ and H̃⋆. From

(4.16) and (4.20) one can write

φλ = −(ηλ⋆)⋆. (4.24)

The Table 1 summarizes the main results related to the pseudo-chiral and (σ−)-anti-pseudo-Hermitian sym-

Table 1: Pseudo-chiral and anti-pseudo-(anti-)Hermitian symmetries and representations

Pseudo-chiral Anti-pseudo-Hermitian

Symmetry GXG−1 = −XT , X ≡ {H, H̃} σ−Xσ
−1
− = −X†, X ≡ {H, H̃}

Right-eigenvectors Hξ = λ ξ, H̃η = λ η H⋆χ = λχ, H̃⋆φ = λφ

ΓHΓ−1 = H̃→ η = Γξ, η̄ = Γξ̄ ΓH⋆Γ−1 = H̃⋆→ φ = Γχ, φ̂ = Γχ̂

Left-eigenvectors ξ̄TH = λ ξ̄T , η̄T H̃ = λ η̄T χ̂TH⋆ = λ χ̂T , φ̂T H̃⋆ = λ φ̂T

ΓHΓ−1 = H̃→ η̄ = Γξ̄ ΓH⋆Γ−1 = H̃⋆→ φ̂ = Γχ̂

Eigenvalues {λ, −λ} {λ, λ⋆, −λ⋆}
R/L-eigenvectors, (λ,−λ) ξ̄−λ = Gξλ, η̄−λ = Gηλ χ−λ = G−1χ̂λ, φ−λ = G−1φ̂λ

R/L-eigenvectors, (λ,±λ⋆) - χ̂−λ⋆ = −Gξ⋆λ, φ̂−λ⋆ = −Gη⋆λ
- χ̂λ⋆ = −ξ̄⋆λ, φ̂λ⋆ = −η̄⋆λ
- χλ = −(ξλ⋆)⋆, φλ = −(ηλ⋆)⋆

Biorthogonality ξ̄Ti ξj = δij , η̄Ti ηj = δij χ̂T
i χj = δij , φ̂Ti φj = δij

Majorana modes (λ = 0) ξ̄T0 ξ0 = 0, η̄T0 η0 = 0 χ̂T
0 χ0 = 0, φ̂T0 φ0 = 0

metries and their relevant representations, respectively, for the set of Hamiltonians {H, H̃} and {H⋆, H̃⋆}.
So, we have organized, for each type of symmetry, the corresponding eigenvectors and their mutual relation-

ships, as well as the allowed values of the spectral parameter λ permitted by the relevant symmetry. The

corresponding biorthogonality relationships and the appearance of the Majorana zero modes at λ = 0 and

the coalescence of the eigenvectors are also included.

4.2 Some properties of pseudo-Hermitian Hamiltonians

Let us discuss some theorems and properties of pseudo-Hermiticity and anti-pseudo-Hermiticity for NH

Hamiltonians following the approach in [6, 7, 8, 49], which are relevant to our model. A NH Hamiltonian H
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is said to be a ζ-pseudo-Hermitian Hamiltonian if one has

ζHζ−1 = H†, (4.25)

for ζ being a linear invertible Hermitian operator. Notice that for ζ = 1 one recovers a Hermitian Hamilto-

nian, i.e. H† = H . On the other hand, a σ−anti-pseudo-Hermitian Hamiltonian is defined as [7, 49]

σHσ−1 = H†, (4.26)

for σ being an anti-linear Hermitian automorphism. These types of anti-linear operators appearing in the

definition of pseudo-Hermicity have further been classified into σ±, Hermitian [49] and anti-Hermitian ones

[7], respectively. The anti-linear operator σ− in (4.1) belongs to the anti-Hermitian type in this classification;

so, H in (2.9) which satisfies (4.1), can be dubbed as (σ−)−anti-pseudo-(anti-)Hermitian Hamiltonian. An

equivalence between a ζ−pseudo-Hermiticity and a σ−anti-pseudo-Hermiticity has been established using

spectral decomposition techniques in [7, 49].

Next, we summarize the main properties of pseudo-Hermitian operators [6, 8] to be useful for our discus-

sions of the spectra of the pseudo-Hermitian Hamiltonian (2.9). Let H : H → H be a diagonalizable linear

operator acting on a Hilbert space H and ζ : H → H be a linear Hermitian automorphism. Then

1). H is pseudo-Hermitian if and only if its eigenvalues are real or come in complex-conjugate pairs.

2). if H is pseudo-Hermitian with respect to two linear Hermitian automorphisms ζ1 and ζ2, then ζ
−1
1 ζ2

generates a symmetry of H, i.e.

[ζ−1
1 ζ2, H ] = 0. (4.27)

Moreover, in [7] it has been shown that every diagonalizable Hamiltonian possessing an antilinear sym-

metry is necessarily pseudo-hermitian. This applies, in particular, to diagonalizable PT-symmetric Hamilto-

nians. The proof of the equivalence of pseudo-hermiticity and the presence of antilinear symmetries has been

performed provided that the Hamiltonian is diagonalizable and has a discrete spectrum. It used the fact

that such Hamiltonian H is anti-pseudo-hermitian, i.e. there is an antilinear, Hermitian, invertible operator

as σ in (4.26). The analogous properties relevant to field theory models, to our knowledge, have not yet

been proved; however, it is expected that some of them must hold, with relevant modifications, for the NH

Hamiltonians in the field theory context. In fact, we will see below that the eigenvalues of the field theory

NH model described by the (σ−)−anti-pseudo-Hermitian Hamiltonian H in (2.9) come in complex-conjugate

pairs and some of the Hamiltonian symmetries (4.27) can be realized provided that the complex scalar Φ

components satisfy some definite parities under space inversion.

4.3 P, T , PT and γ5PT symmetries

So, in order to examine additional symmetries we consider the P , T and PT symmetry transformations of

the NH Hamiltonian (2.9). Let us define the next symmetry transformations for the scalar field components
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Φa, the complex parameter z and the space coordinate x

Φ ≡ Φ1 + iΦ2, (4.28)

PΦaP = νaΦa, νa = ±1, a = 1, 2. (4.29)

PxP = −x, T zT −1 = z⋆. (4.30)

Next, we will assume the scalar field components Φa (a = 1, 2) to possess definite parities νa = ±1 as in

(4.29). So, let us consider the following cases: Case A. ν1 = +1, ν2 = +1. Case B. ν1 = +1, ν2 = −1.

Case C. ν1 = −1, ν2 = +1. And Case D. ν1 = −1, ν2 = −1. The Case E requires a new shifted

parity-operator and scalar fields with ν1 = −1, ν2 = 1 relevant parities (see below).

One can show the next relationships for the Hamiltonian H in (2.9) upon making the relevant transfor-

mations in its matrix representation.

Case A. ν1 = +1, ν2 = +1. In this case one has

Pγ5Hγ5P−1 = −H. (4.31)

This implies the anti-symmetry {Pγ5, H} = 0.

Case B. ν1 = +1, ν2 = −1. In this case one has for M real

PHP−1 = H†. (4.32)

Making use of the anti-pseudo-Hermiticity relationship (4.1) together with (4.32) one can get the anti-

symmetry {σ−1
− P , H} = 0.

Case C. ν1 = −1, ν2 = +1. For M real (M =M1, M1 ∈ IR) one has

PT γ5H [PT γ5]−1 = H. (4.33)

Then, in this case the NH Hamiltonian H possesses the antilinear symmetry PT γ5, i.e. [PT γ5 , H ] = 0.

So, the antilinear γ5PT symmetry (4.33) must be taken into account together with the pseudo-chirality and

anti-pseudo-Hermiticity of the model in order to examine its spectral properties in this case.

Case D. ν1 = −1, ν2 = −1.

In this case for M ∈C one has the relationship

σ̄−Hσ̄
−1
− = −H†, (4.34)

σ̄− ≡ PT . (4.35)

Notice that σ̄− is an antilinear operator. So, this Hamiltonian is a (anti)-pseudo-anti-Hermitian Hamiltonian

as in (4.1), however in this particular case under the PT operator σ̄−. Considering the both pseudo-anti-

Hermiticity relationships (4.34) and (4.1) one can show that

σ−1
− σ̄−H(σ−1

− σ̄−)
−1 = H (4.36)

(PG)H(PG)−1 = H, (4.37)
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where the product σ−1
− σ̄− = PG has been inserted in the eq. (4.37). So, (4.37) implies the symmetry

[H,PG] = 0. (4.38)

Then, (4.38) establishes a symmetry of type σ−1
− σ̄− for a Hamitonian which is pseudo-anti-Hermitian with

respect to two different anti-linear operators σ− and σ̄−. So, it is an analogous symmetry to the one in

(4.27) which establishes a type of symmetry (ζ−1
1 ζ2) for pseudo-Hermitian Hamiltonians, i.e. with pseudo-

Hermiticity property with respect to two different linear Hermitian operators ζ1 and ζ2.

Case E. ν1 = −1, ν2 = +1, for M purely imaginary (M = iM2 (M2 ∈ IR)).

Let us consider a shifted space-inversion operator Ps such that

Ps(Φ(x̂)) = Φ(−x̂), x̂ ≡ x− x0, x0 = const. (4.39)

Φ1(−x̂) = −Φ1(x̂), (4.40)

Φ2(−x̂) = Φ2(x̂). (4.41)

The above transformation defines an odd Φ1 and an even Φ2 functions. Therefore, one can show that the

Hamiltonian H in (2.9) satisfies the following symmetry

[PsT , H ] = 0, (4.42)

So, (4.42) defines a PT -type symmetry of H provided that the field components transform as defined in

(4.40)-(4.41). Moreover, one can define a (partial) PT symmetric Hamiltonian in the case

Φ1(−x̂) = −Φ1(x̂), (4.43)

Φ2(−x̂) 6= Φ2(x̂). (4.44)

Analogous partially PT symmetric non-Hermitian Hamiltonians associated to chains of N coupled harmonic

oscillators have been considered [50], such that an eigenfunction having the partial PT symmetry is associated

with a real eigenvalue, and the real spectrum is part of a larger spectrum containing complex-conjugate pairs.

Moreover, similar steps as above can be followed for the complex conjugate Hamiltonian H⋆ in each of

the cases A,B,C,D and E discussed above. The results are summarizes in the Table 2, which shows that

the both Hamiltonians satisfy the same symmetry in each case. We will find below some spinors, solitons

and extended wave solutions satisfying the symmetries above.

In the Table 2 we summarize the main results of the cases A,B,C,D and E discussed above. We present

the interplay between the P , T , PT and γ5PT symmetry transformations together with the pseudo-chiral

and anti-pseudo-Hermiticity properties, which imply (anti-)symmetries of the Hamiltonians H and H⋆ (last

column of the Table 2) for each set of parities (ν1, ν2) of the scalar fields Φ1 and Φ2, respectively. The

case E presents a shifted space-inversion parity of the scalar fields and the anti-linear PsT symmetry of H

and H⋆. Note that in the cases C and E the both type of Hamiltonians exhibit anti-linear symmetries, i.e.
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Table 2: P , T , PT and γ5PT symmetries of X ∈ {H,H⋆}

Case Parity:(ν1, ν2) H and H⋆ properties (Anti-)symmetry for X ∈ {H,H⋆}
A (+ +) Pseudo-chiral+Anti-pseudo-Hermitian {γ5P , X} = 0

B (+ −) Anti-pseudo-Hermitian {σ−1
− P , X} = 0 (M ∈ IR)

C (− +) Pseudo-chiral+Anti-pseudo-Hermitian [γ5PT , X ] = 0

D (− −) Anti-pseudo-Hermitian [PG , X ] = 0

E (− +) PsT Symmetric [PsT , X ] = 0,

the γ5PT and PT symmetries, respectively. These properties will be used below in order to examine the

symmetry unbroken phases with real eigenvalues and the broken phases of the model.

Below, in the context of the tau-function approach, we will perform the construction of the right and

left eigenvectors satisfying the pseudo-chirality and pseudo-Hermitian properties discussed above, and for a

special solution we will show a NH Majorana zero mode-soliton duality description of the model, such that

the static scalar field is a self-consistent solution of the equation (2.14) and (2.19). In fact, we will realize

the theorem 1) above by showing that the both NH Hamiltonians in (2.9) possess complex-conjugate pairs

of eigenvalues.

5 NH topological solitons coupled to the fermions

In this section we find exact analytical solutions of the system of eqs. (2.7)-(2.8) and (2.13) associated to the

NH model (2.1) and search for nontrivial topological configurations for the complex field Φ interacting with

the bound states formed by the two fermion fields ξ and η. The Hermitian case has been considered before

by defining a submodel for Φ being a real scalar and by imposing the reality condition ψ̃ ≡ ψ⋆ to the model

(2.1); so, the reduced model defined a Dirac field interacting with real Toda solitons [37, 42, 38, 23, 28, 22, 21].

5.1 Topological solitons and spinor bound states

The soliton solutions, as well as the bound states of the Hermitian version of this model has been considered in

[21] through the tau function formalism. Here we perform the construction of the general complex 1-solitons

and spinor bound state configurations of the non-Hermitian model (2.1). In this context, for a suitable

subspace in parameter space, it will emerge also some extended wave states in the localized continuum.

Since the pair of first order differential equations (2.7)-(2.8) for the spinors plus the first order equation

(2.14) for Φ imply the second order differential eq. for the complex scalar (2.13), each set of solutions of

the first order system of equations will be solutions of the second order differential equation (2.13). So, it is

sufficient to consider the system of equations (2.7)-(2.8) and (2.14) in order to find the complex solitons and
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related bound state solutions.

In the next steps we rewrite the equations of motion of the model in terms of the tau functions τ0,1,

τA,B, τ̃A,B as

eiβΦ = ρ (
τ0
τ1

)2, (5.1)

ξA =
τA
τ0
, ξB =

τB
τ1
, ηA =

τ̃A
τ1
, ηB =

τ̃B
τ0
, (5.2)

with ρ being a constant complex parameter. Next, substituting the field components (5.1)-(5.2) into the

system of first order equations (2.7)-(2.8) and (2.14) one has, respectively

iλτ1τB −Mρτ0τA + τBτ
′
1 − τ1τ

′
B = 0 (5.3)

iλτ0τA +Mρ−1τ1τB − τAτ
′
0 + τ0τ

′
A = 0 (5.4)

iλτ0τ̃B +Mρ−1τ1τ̃A − τ̃Bτ
′
0 + τ0τ̃

′
B = 0 (5.5)

iλτ1τ̃A −Mρτ0τ̃B + τ̃Aτ
′
1 − τ1τ̃

′
A = 0. (5.6)

and

2i(τ ′0τ1 − τ0τ
′
1) +Mβ(τAτ̃A + τB τ̃B) = 0. (5.7)

Next, let us assume the following tau functions

τ1 = 1 + a e2kx, τ0 = 1 + b e2kx, (5.8)

τA = c ekx, τB = d ekx, (5.9)

τ̃A = c̃ ekx, τ̃B = d̃ ekx, (5.10)

with the complex parameters a, b, c, d, c̃, d̃ and k. So, the above tau functions satisfy the system of equations

(5.3)-(5.6) and (5.7) provided that

a =
c̃c

2M

β2z3

(z2 − 1)2
, d̃ =

c̃ c

d
, ρ = −id

c
z, (5.11)

b =
c̃c

2M

β2 z

(z2 − 1)2
, z ≡ − λ

M
±
√

λ2

M2
− 1 (5.12)

λ = −M
2
(z + z−1), k =

iM

2
(z − z−1). (5.13)

From the above equations one can write

λ2 + k2 =M2. (5.14)

The equation (5.14) can be regarded as a dispersion relationship between the complex energy λ and the

complex wave number k of the quasi-particles for a fixed value of the complex mass parameter M . Notice

that this equation is invariant under the transformations

λ → −λ (5.15)

k → −k. (5.16)
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So, the eigenvalues come in pairs of type (λ,−λ). This is in accordance to the pseudo-chirality symmetry

property discussed in section 3. Then, one can argue that the eigenvectors corresponding to this pair of

eigenvalues realize the pseudo-chirality symmetry (3.2) and the left ξ̄−λ and right eigenvectors ξλ can be

related by (3.8).

Next, one can take the complex conjugate of the dispersion relationship (5.14) and get

(λ⋆)2 + (k⋆)2 = (M⋆)2. (5.17)

Since this equation defines a new eigenvalue λ⋆, one has that the eigenvalues come in complex-conjugate

pairs. Notice that (5.17) is invariant under λ⋆ → −λ⋆, k⋆ → −k⋆. So, from (5.14) and (5.17) and their

relevant symmetries under inversion λ→ −λ and λ⋆ → −λ⋆, one can argue that the solutions above describe

the corresponding left and right eigenvectors with the set of eigenvalues {λ,−λ, λ⋆,−λ⋆}.
One can see that the complex dispersion relationship (5.17) arises from the tau function representation

of the eigenvalue equation in (4.4) for the right eigenvector χ and the operator H⋆. In fact, by taking

the complex conjugate of Hξ = λξ in (3.4) and the relevant tau function components in (5.1)-(5.2) and

subsequent substitution into the corresponding tau function equations analogous to (5.3)-(5.6) one can get

(5.17).

In fact, these solutions become the realizations of the pseudo-chiral and pseudo-Hermitian symmetries

of the model discussed in the sections 3 and 4, respectively. Remarkably, the relevant spectral properties

associated to the symmetries (3.2) and (4.1) are realized above by providing the set of eigenvectors with

eingenvalues {λ,−λ} and {λ,−λ⋆}, respectively. Then, the eigenvalues come in complex conjugate pairs and

their reversions. This is in accordance to the first theorem 1) which must hold for pseudo-anti-Hermitian

Hamiltonians, once the equivalence between the pseudo-Hermicity and the anti-pseudo-Hermicity properties

is assumed [7, 49].

The energy λ and wave number k in (5.13) are defined in terms of the uniformization complex variable z.

The Fig.1 shows some singular points such as the pole at the origin z = 0 (|λ| → +∞) and the zero modes

at z = ±i of the eigenvalue λ(z). The points z = ±1 correspond to the edge states k = 0 → λ = ±M . Note

that the contour Γ (outer circle) encircles the zero modes λ = 0 located at the points z = ±i and the pole at

z = 0 in the complex plane z. The winding number of λ will we computed in (6.48) as a Γ contour integral

in the complex z−plane. In the Hermitian case (M =M1, λ = λ1) the bound states/solitons lie on the unit

circle |z| = 1 (inner circle), and the scattering states are allowed for z ∈ IR (k = ik2).

Next, we define the complex parameters as follows

M ≡ M1 + iM2, (5.18)

λ ≡ λ1 + i λ2, (5.19)

k ≡ k1 + i k2, (5.20)
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Figure 1: The complex plane defined by the uniformization variable z. The complex

energy λ(z) (5.13) exhibits a pole at the origin z = 0 and the zeros at z = ±i (|z| =
1, σ = ±π/2). The points z = ±1 correspond to the edge states k = 0 (λ = ±M).

The Hermitian (M ∈ IR, λ ∈ IR) bound states/solitons lie on the unit circle |z| = 1

(inner circle) and the scattering states lie on z ∈ IR. The winding number of λ(z)

will we computed in (6.48) as a Γ (outer circle) contour integral in the complex

z−plane.

and

a = |a|eiα1 , b = |b|eiα2 , ρ = |ρ|eiδ, c = |c|eiζ1 , d = |d|eiζ2 . (5.21)

So, from the eqs. (5.11)-(5.12) the complex variable z can be written as

z =
√
|a|/|b| eiσ, σ ≡ α1 − α2

2
. (5.22)

Next, taking into account (5.18)-(5.20) and (5.11)-(5.13) one can write

z =

√
(λ1 − k2)2 + (λ2 + k1)2

|M |2 eiσ, σ ≡ arctan
[M2(k2 − λ1) +M1(k1 + λ2)

M2(k1 + λ2)−M1(k2 − λ1)

]
. (5.23)

Notice that from (5.14) one can consider a complex function λ = ±
√
M2 − k2 defined on a Riemann surface

consisting of two sheets, with ±M being the branch points, which are necessary to make the square-root

function single valued. However, the convenient parametrization in the complex z variable defined in (5.13)

avoids the introduction of this two-sheet surface, see below more about this construction. Below, we will

define a convenient complex variable w = k/M in order to introduce the EPs at the branch points w = ±1.

The scalar field component solutions from (5.1) can be written as

Φ1 =
2

β
arctan

[
i
e−i δ

2 τ⋆0 τ1 − ei
δ
2 τ0τ

⋆
1

ei
δ
2 τ0τ⋆1 + e−i δ

2 τ⋆0 τ1

]
(5.24)

Φ2 = − 1

β
log
[
|ρ|τ

⋆
0 τ0
τ⋆1 τ1

]
. (5.25)
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Next, taking into account the tau functions (5.8)-(5.10) one can write

Φ1 =
2

β
arctan

[ sin δ
2 + (|b| sin (Ξ2(x)) − |a| sin (Ξ1(x))e

2k1x − |a||b| sin (Θ)e4k1x

cos δ
2 + (|b| cos (Ξ2(x)) + |a| cos (Ξ1(x))e2k1x + |a||b| cos (Θ)e4k1x

]
(5.26)

Ξ1(x) ≡ 2k2x+ α1 −
δ

2
, Ξ2(x) ≡ 2k2x+ α2 + δ/2, Θ ≡ α1 − α2 −

δ

2

and

Φ2 = − 1

β
log
[
|ρ| 1 + 2|b| cos (2k2x+ α2)e

2k1x + |b|2e4k1x

1 + 2|a| cos (2k2x+ α1)e2k1x + |a|2e4k1x

]
. (5.27)

For the wave number with real component different from zero, i.e. k1 6= 0, one can define the next topological

invariant for each component of the complex scalar field as

Φ1(+∞)− Φ1(−∞) = ± 2

β
(α1 − α2), (5.28)

= ± 4

β
σ, (5.29)

= ± 4

β
arg z (5.30)

Φ2(+∞)− Φ2(−∞) = ± 2

β
log

|b|
|a| , (5.31)

= ± 4

β
log |z| (5.32)

where σ (σ = arg z) and |z| are the argument and modulus of the complex parameter z, respectively,

presented in (5.22)-(5.23). Remarkably, from the results (5.30) and (5.32) one can write the next suggestive

formula

eiβ(Φ(+∞)−Φ(−∞)) = eiβ(Φ1(+∞)−Φ1(−∞))e−β(Φ2(+∞)−Φ2(−∞)) (5.33)

= z±4. (5.34)

This implies that

Φ(+∞)− Φ(−∞) = ± 4

iβ
log z. (5.35)

Next, we will regard the fist order differential equation (2.14) as an equivalence relationship between the

topological charge density associated to the complex scalar and the spinor current density defined by a sum

of the spinor bilinear terms. So, integrating (2.14) in the whole real line, one can define the next topological

charges

[Φ1 + iΦ2]
∣∣∣
x=+∞

x=−∞
= −β

2

∫ +∞

−∞

(ηAξA + ηBξB) dx, (5.36)

Q1 ≡ β

2π
[Φ1(+∞)− Φ1(−∞)] (5.37)

Q2 ≡ β

2π
[Φ2(+∞)− Φ2(−∞)]. (5.38)
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Then, one can write

Q1 ≡ Re
[
− β2

∫ +∞

−∞

ξAξB dx
]

(5.39)

Q2 ≡ Im
[
− β2

∫ +∞

−∞

ξAξB dx
]

(5.40)

where the relationship (2.11) between the ξ and η fields has been used.

In some cases the solutions Φ1,2 exhibit vanishing topological charges. In fact, for α2 = α1 (arg z = 0)

one has Φ1(+∞) = Φ1(−∞), while for |b| = |a| (|z| = 1) one gets Φ2(+∞) = Φ2(−∞). These would imply

Q1 = 0 or Q2 = 0 in (5.37)-(5.38), respectively.

Next, let us discuss the analytical properties of the multi-valued function λ associated to the complex

plane defined by the variable z. The so-called uniformization variable z has been introduced for the energy λ

and wave number k in (5.13). This parametrization avoids the introduction of the Riemann surface consisting

of two sheets with relevant branching points as mentioned above. Notice that the relationship (5.14) will

hold for any arbitrary complex number z in the entire complex plane excluding the origin, i.e. z ∈C\{0}.
From (5.13) one can show the next useful identity

λ = −M
2
(z + z−1) and k =

iM

2
(z − z−1) ⇒ z2 =

λ+ ik

λ− ik
, (M 6= 0). (5.41)

Notice that the phase and modulus of the uniformization complex variable z encode the topological charges

of the two types of solitons as shown in (5.30) and (5.32). So, we write the complex variable z in polar form

such that the modulus |z| and arg z depend on the real and complex parts of λ and k as follow

z =

( |λ+ ik|
|λ− ik|

)1/2

eiσ, σ = arctan
{ |k|2 − |λ|2 + |λ− ik||λ+ ik|

λk⋆ + λ⋆k

}
. (5.42)

Then, using the results (5.30) and (5.32) together with the polar decomposition (5.42) into the formulas

(5.37) and (5.38) for the topological charges one has

Q1 = ± 2

βπ
arctan

{ |k|2 − |λ|2 + |λ− ik| |λ+ ik|
λk⋆ + λ⋆k

}
, (5.43)

Q2 = ± 1

βπ
log

|λ+ ik|
|λ− ik| . (5.44)

Therefore, one has a family of localized continuum states with complex energy λ and wave number k defining

two types of solitons with topological charges provided in (5.43)-(5.44). The second topological soliton with

charge Q2 owns its existence purely to the non-Hermicity and non-linearity of the model. In fact for λ

and k real one has a trivial topological charge, i.e. from (5.44) one has that Q2 = 0. So, the appearance

of the second soliton shows an interesting phenomena in which the interplay between non-linearity and

non-Hermicity of the model gives rise to a new state provided by the composite topological soliton Φ with

components (5.26) and (5.27) and the next spinor bound states

ξA = |c|e−i(k2x+α2−ζ1)
ek1x

(
|b|e2k1x + ei(2k2x+α2)

)

(1 + |b|e2k1x)2 − 2|b|e2k1x(1 − cos (2k2x+ α2))
, (5.45)

ξB = |d|e−i(k2x+α1−ζ2)
ek1x

(
|a|e2k1x + ei(2k2x+α1)

)

(1 + |a|e2k1x)2 − 2|a|e2k1x(1 − cos (2k2x+ α1))
, (5.46)
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Figure 2: A representative of the continuum of bound states (CBM). Topological

complex soliton Φ = Φ1 + iΦ2 and bound state ξT = (ξ3 + iξ4, ξ1 + iξ2) for |a| =
2, |b| = 1.5, |c| = 1, |d| = 1.3, ζ1 = 1.2, ζ2 = 1.5, α1 = 1.1, α2 = 1.7, k1 = 1, k2 =

1, β = 1, |ρ| = 1.5,M1 = 4.04, M2 = 1.49.

where the tau functions (5.8)-(5.10) have been inserted into (5.2) in order to write the spinor solutions (5.45)-

(5.46). The components ηA and ηB can be shown to satisfy the relationships (2.12), so from (5.45)-(5.46)

one can get ηA = ξB and ηB = ξA.

The Fig. 2 shows a representative plot of the above type of localized states. In this figure the spinor

bound states become localized inside the corresponding topological complex solitons supported by the both

scalar field components. Qualitatively inspecting the Fig. 2 one can argue that for a general set of soliton

parameters the solution does not present any of the PT −like symmetries discussed in the Table 2, since the

scalar fields do not have definite parities.

Moreover, the x−integrated current density in (2.14) can be written as

∫ +∞

−∞

[ηAξA + ηBξB] dx =
|c||d|
|b|

{ (log |a|
|b| )

2 + (α1 − α2)
2

(k21 + k22)
[
( |a||b| )

2 + 1− 2 |a|
|b| cos (α1 − α2)

]
}1/2

ei∆ (5.47)

∆ ≡ ζ1 + ζ2 + δo + αo + ν, ν = − arctan [
k2
k1

], (5.48)

δo = arctan
{ α1 − α2

log |a| − log |b|
}
, αo = arctan

{ |b| sinα2 − |a| sinα1

|a| cosα1 − |b| cosα2

}
. (5.49)

So, the above integration (5.47) provides a complex number such that the real part will be proportional to

Q1 and the imaginary part to Q2 as in (5.39)-(5.40), respectively. The equations (5.43)-(5.44) together with

(5.47) will provide two relationships for the parameters. Additional relationships which must be satisfied by

the parameters come from the biorthogonality relationship (ξ̄λ|ξλ) in (3.5) which will be computed below for

any complex eigenvalue λ.

Notice that for the Hermitian case one has |a| = |b|, k2 = 0 and since τ0 = τ⋆1 in (5.8) one can take

α1 = π
2 , α2 = 3π

2 , and then ν = 0, δo = π
2 , αo = π

2 . So, it must be ζ1 + ζ2 = nπ in order to fix ei∆ = ±1,

such that the charge Q2 vanishes.

So, the right-eigenvector fermion and the complex topological soliton Φ currents, which satisfy the equiv-

alence relationship (2.14), as well as the relevant equivalence of the left-eigenvector fermion current to the

scalar field Φ̄ topological current in (2.19), can be regarded as the analogs of the biorthogonal generalized
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bulk-boundary correspondence in non-Hermitian condensed matter systems [24].

5.1.1 A physical interpretation of the non-Hermiticity: kink effect on spinor bound states

One can see that an essential distinction between a Hermitian Toda model coupled to fermion and its non-

Hermitian counterpart is the degrees of freedom that one can access to; i.e. nonunitary transformations

forbidden in the Hermitian system can be realized in its non-Hermitian version. In fact, the change in the

spectrum from real parameters (λ1, k1,M1) to the complex ones (λ, k,M) increases the number of parameters

that describe the system. Since topology mainly depends on the underlying manifold, non-Hermiticity is

expected to alter the topological classification of the solitons related to the scalar field components Φ1 and Φ2.

So, in order to classify the topological sectors of the NH model, the pseudo-chiral and anti-pseudo-Hermitian

symmetries will play an important role.

Next let us discuss the physical origin of the non-Hermiticity. Some physical effects which introduce

non-Hermiticity into Hermitian systems are, gain and loss, dissipation of energy in open quantum systems,

finite life-time of resonances, etc. In this context, it is usual to ascribe some physical meaning to the real

and imaginary parts of a complex eigenvalue, i.e. the real part codifies the excitation energy, whereas the

imaginary part encrypts the decay or amplification rate. However, in our constructions above, one can see

that the modulus and phase of the uniformization complex parameter z in (5.41) acquire some physical

meaning. In fact, as mentioned above, the phase, arg z, and modulus, |z|, encode the topological charges of

the scalar fields Φ1 and Φ2 in (5.30) and (5.32), respectively. Remarkably, the circle |z| = 1 will correspond

to the trivial topological charge associated to the field Φ2. As we will discuss below, the bound states in the

Hermitian system (for Φ2 = 0) lie on the unit circle |z| = 1. So, one can argue that the topological soliton

associated to Φ2 is purely of NH origin. An alternative interpretation into the realm of non-Hermitian

physics, which involves neither gain nor loss, has recently been introduced in [39], in which the complex

eigenvalues emerge from the amplitudes and phase differences of waves back scattered from the boundary of

insulators.

Below we discuss the physical origin of the non-Hermiticity of the model in the framework of the tau

function approach. We will show that the complex eigenvalues emerge due to the interactions of the spinor

components with the non-vanishing component Φ2 of the scalar field. Firstly, let us identify the parameter

values associated to the Hermiticity condition (2.26) by inspecting the vanishing of Φ2 for the solution in

(5.27) and the identity Im(ξAξB) = 0 for the spinor solutions in (5.45)-(5.46). So, the solutions (5.27) and

(5.45)-(5.46) satisfying the Hermiticity conditions (2.26) possess the parameter values

|ρ| = 1, |a| = |b|, α1 = −α2, ζ1 = −ζ2, k2 = 0, |z| = 1. (5.50)

Then, the wave number k and the energy eigenvalue λ become real numbers. In fact, using the parameter

values (5.50) and the relationships (5.13) one can get

k1 = −M1 sinσ, λ = ±M1 cosσ, z = eiσ, (5.51)
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M2 = − k2
|z| csc(σ), (5.52)

= 0. (5.53)

So, in order to describe the non-Hermitian sector of the model one must require the condition

k2 6= 0, M2 6= 0, |z| 6= 1, λ ∈C, (5.54)

in the tau function construction developed above.

Next, let us examine the asymptotic behavior of the spinor components interacting with the scalar field

and the role played by the parameters M2 and k2 as the spinor field interpolates from x = −∞ to x = +∞
in the presence of the nontrivial configuration Φ2, which arises for the non-Hermitian conditions imposed

on the parameters in (5.54). So, considering k1 > 0 in (5.45)-(5.46) one can write the following asymptotic

quantities

ξA(x→ −∞) ⇒ c ek1x, (5.55)

ξA(x→ +∞) ⇒ c

b
e−ik2x e−k1x, (5.56)

and

ξB(x→ −∞) ⇒ d ek1x, (5.57)

ξB(x→ +∞) ⇒ d

a
e−ik2x e−k1x. (5.58)

One notices that the asymptotic forms of the relevant spinor bilinear ξAξB changes from −∞ to +∞ as

ξAξB(x→ −∞) ⇒ ξAξB(x→ +∞)

cd e2k1x ⇒ cd

ab
e−2(k1+ik2)x =

64cd

c2c̃2β4

|k|4
|M |2 e

i(4δk−2δm) e−2kx, (5.59)

where

M ≡ |M |eiδm , k ≡ |k|eiδk , δm ≡ arctan(
M2

M1
), δk ≡ arctan(

k2
k1

), (5.60)

and the constant factor 1
ab has been computed from (5.11)-(5.13). Note that ξAξB in (5.59) has developed

the phase factors ei(4δk−2δm) e−2ik2x as it interpolates from x = −∞ to x = +∞ in the presence of the

scalar field Φ with non-vanishing component Φ2. Remarkably, the emerging phase factors carry the complex

components k2 and M2 which characterize the NH sector of the model. In this way, we have identified a

physical origin of the non-Hermiticity property of the model as the appearance of a phase factor and the

scale factor ∼ 1
ab in the amplitude of the spinor bilinear in the presence of the scalar field with non-vanishing

imaginary component Φ2. An analogous property has been reported in the context of condensed matter in

[39] as mentioned above.

Moreover, the bilinear ψ̃Tψ can be written as a time independent expression as

ψ̃Tψ = −β
2
[(eiλtηA)(e

−iλtξA) + (eiλtηB)(e
−iλtξB)] (5.61)

= −βξAξB. (5.62)
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This quantity enters the equivalence relationship between the spinor current density and the topological

charge density associated to the complex scalar (5.37)-(5.38), with topological charges defined in (5.39)-(5.40)

as the integral of the real and imaginary components of (5.62). So, the non-Hermiticity of the topological

and spinor density currents equivalence in the model can be traced to the mechanism discussed above, as an

alternative interpretation which involves neither gain nor loss.

6 Real eigenvalues and anti-linear PT and γ5PT symmetries

Summarizing our results, so far, one has that the tau-function Ansatz (5.1)-(5.2) together with (5.8)-(5.10)

provide the solution {Φ, ξ, η}(η = Γξ) which realizes the pseudo-chiral and anti-pseudo-Hermitian symmetries

of the NH system defined by the Hamiltonians H and H̃ . In fact, in order to realize the pseudo-chirality

one can see in the Table 1 that once the right-eigenvectors {ξλ, ηλ} are known one can construct the left-

eigenvectors as ξ̄λ = Gξ−λ and η̄λ = Gη−λ. Likewise, the anti-pseudo-Hermitian symmetry is realized by

constructing the right and left eigenvectors of H⋆ and H̃⋆, respectively, as χλ = −ξ⋆−λ⋆ and χ̂λ = −Gξ⋆−λ⋆ ,

and supplemented by φ = Γχλ and φ̂ = Γχ̂λ for the relevant eigenvectors of H̃⋆.

In this section and in the sections below, we will be interested in searching for scalar and spinor so-

lutions with real eigenvalues. So, we search forA-symmetric Hamiltonians under anti-linear operators A,

i.e. [A, X ] = 0 (X ∈ {H,H⋆}). We have seen above that the model exhibits the anti-linear PT and γ5PT
symmetries under special circumstances; for example in the cases C and E of Table 2, respectively, in which

the scalar field components exhibit the parities (−,+). So, in this case one would resort to the known

anti-linear symmetry argument in order to determine the unbroken A-symmetric phase of the model with

real eigenvalues. As is usual in quantum and quantum field theoretical models the broken regime must be

discarded, as infinite gain in time is not physically acceptable.

The reality of the spectrum can be explained by a standard argument assuming an antilinear symmetry

of H , see e.g. [40]. Assume that there exists an antilinear operator A satisfying

[H,A] = 0, (6.1)

and

Aξ = eiζξ, (6.2)

with ξ denoting the eigenvectors of H and the eigenvalues of A being pure phases. Note that A is an

involution, i.e. A2 = I. From (6.1)-(6.2) one can conclude that the eigenvalues of H are real since one has

eiζλξ = eiζHξ = HAξ = AHξ = Aλ ξ = λ⋆Aξ = λ⋆eiζξ → λ ∈ IR. (6.3)

When only the relation (6.1) holds and (6.2) does not hold, i.e. Aξ 6= eiζξ, the A−symmetry is spontaneously

broken and some of the eigenvalues emerge in complex conjugate pair. In order to see this, let us assume

Aξ(1) = ξ(2), Hξ(1) = λ(1)ξ(1), Hξ(2) = λ(2)ξ(2), (6.4)
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then one has

λ(1)ξ(1) = Hξ(1) = HAξ(2) = AHξ(2) = Aλ(2)ξ(2) = λ⋆(2)Aξ(2) = λ⋆(2)ξ(1) → λ(1) = λ⋆(2). (6.5)

These different results allow one to distinguish three distinct regimes:

i) the A−symmetric regime with real eigenvalues (6.3) when (6.1)-(6.2) hold,

ii) the spontaneously broken A regime with complex conjugate pairs of eigenvalues (6.5) when (6.1) and

(6.4) hold, and

iii) the A−broken regime with complex and unrelated eigenvalues such that also property (6.1) does not

hold.

Note that the discussions above can directly be reproduced for the Hamiltonian H⋆, since according to

Table 2 this Hamiltonian also exhibits the A−symmetries, and then satisfies (6.1) in each case. In fact,

the condition (6.2) can be verified since from Table 1 the eigenvector χ is related to the eigenvector ξ as

χλ = −(ξλ∗)⋆. So, one has

Hξλ = λ ξλ → Hξλ∗ = λ⋆ ξλ∗ (6.6)

H⋆(ξλ∗)⋆ = λ (ξλ∗ )⋆ (6.7)

H⋆χλ = λχλ (6.8)

and

Aξλ = eiζξλ → Aξλ∗ = eiζ̄ξλ∗ (6.9)

P(ξλ∗)⋆ = eiζ̄ξλ∗ (6.10)

PT (ξλ∗)⋆ = e−iζ̄(ξλ∗)⋆ (6.11)

PT χλ = e−iζ̄χλ. (6.12)

Then, the eigenvector χλ of H⋆ is also an eigenvector of PT operator with eigenvalue e−iζ̄ . Similar steps

can be followed in the case γ5PT . Below, we will check the above statements by identifying the anti-linear

operators A and Hamiltonians H and H⋆ satisfying (6.1) for relevant scalar fields and the associated spinor

eigenstates.

Moreover, as we have seen above the model presents a rich variety of topological solitons and related

bound states without presenting definite parities under the space inversion operator P for the scalar field

components. For example, inspecting qualitatively the Fig. 2 one can see that the scalar solitons do not

exhibit definite parities. So, some questions arise regarding the conditions under which the NH model (2.1)

would present real eigenvalues and the existence of points for pseudo-Hermiticity breaking. We examine

these issues firstly by considering the dispersion relation (5.14). So, taking M = |M |eiδm and k = |k|eiδk in

(5.14) one can write

λ2 = ei(δm+δk)
[
|M |2ei(δm−δk) − |k|2e−i(δm−δk)

]
, (6.13)
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and

λ = ±|M | ei(δm+δk+φ)/2

{
[
|k|2
|M |2 − 1]2 + 2

|k|2
|M |2 sin2 (δk − δm)

}1/4

, (6.14)

with

tanφ ≡ [
1 + |k|2

|M|2

1− |k|2

|M|2

] tan (δm − δk) (6.15)

In order to get a real eigenvalue λ ∈ IR one must write the condition

δm + δk + φ = 2πn, n ∈ ZZ. (6.16)

So, from (6.15) and (6.16) one gets the eigenvalue reality condition as

tan (δm) = (
k1
M1

)2 tan (δk). (6.17)

Note that the real spectrum satisfying (6.17) is part of a larger spectrum containing complex-conjugate pairs.

Then, one can argue that for the parameter values such that δm + δk + φ 6= 2πn, some of the eigenvalues

start to become complex, i.e. the parameters not satisfying (6.17) give rise to complex eigenvalues. One

notices in (6.14) that the zero mode can be defined by the condition |M | = |k|, δm − δk = nπ, n ∈ ZZ. In

particular, the zero mode satisfies (6.17) such that k = ±M .

Notice that in (6.14) the composed parameters |k|2

|M|2 and δkm ≡ δk − δm play a fundamental role, since

at |k|2

|M|2 = 1 and δkm = nπ, n ∈ ZZ, one recovers the zero mode λ = 0. So, it is convenient to introduce a

new complex ω−plane parametrization in order to analyze the singular points, such as the the zero modes

and the EPs. So, let us consider

ω ≡ k

M
(6.18)

= |ω|eiδkm , δkm ≡ δk − δm, (6.19)

where the phases δk and δm have been defined in (5.60). Next, let us examine the dispersion relation (5.14)

in the complex plane ω. So, (5.14) can be written as

λ = ±|M |ei(δm+π/2)
√
ω2 − 1. (6.20)

In fact, the eq. (6.20) is equivalent to the expression in (6.14). It is well known that exceptional points

arise on the energy Riemann surface corresponding to branch point singularities where two (or more) states

become degenerate. So, let us examine the singular points of the energy eigenvalue defined in (6.20). The

energy surface becomes non-analytic at the branch points ω = ±1 (|w| = 1, δkm = nπ, n ∈ ZZ) where one has

the square-root singularities. Then, one can define the points w = ±1 as the exceptional points (EPs) on the

complex eigenvalue surface. So, one can consider two branch cuts running along the real line in the complex

plane ω between the points −∞ and −1 and the other one, between the points 1 and +∞. At the EPs the

31



∆km

Λ Ω = 1

∆m = 0.15

M1 = 1

-10 -5 5 10

-1.5

-1.0

-0.5

0.5

1.0

1.5

Figure 3: The eigenvalue λ (−λ) vs δkm with real component as red (orange) lines

and imaginary component as blue (green) lines of (6.14). For |ω| = |k|
|M| = 1, M1 =

1, δm = 0.15. The dashed lines represent real eigenvalues λ = ±λ1 + iλ2 (λ2 = 0).

The dots at δkm = nπ (n ∈ ZZ) represent the eigenvalues coalescence points (EPs).

Notice that the same pattern repeats at a period of 4π.

eigenvectors also coalesce and satisfy the relationship (ξ̄λEP
|ξλEP

) = 0 which will be computed in the section

7.3. In the Fig 3. we plot the eigenvalue λ (−λ) vs δkm of the eq. (6.14) with real component as red (orange)

lines and imaginary component as blue (green) lines. With parameters |ω| = |k|
|M| = 1, M1 = 1, δm = 0.15.

The dashed lines represent the real eigenvalues λ = ±λ1 + iλ2 (λ2 = 0). Notice that the points of the

dashed line must satisfy the real condition requirement for the relevant parameters (6.17). The bold dots at

δkm = nπ (n ∈ ZZ) represent the eigenvalues coalescence points (EPs). Notice that the same pattern repeats

at a period of 4π.

Next, let us identify the EPs points in the z-parametrization. From (5.13) and (6.20) one can see that

the mapping from the z−plane to the ω−plane is defined by

ω2 =
1

2
− 1

4
(z2 +

1

z2
). (6.21)

So, the exceptional points at ω = ±1 correspond to the points z = ±i. Notice that these points also define

the zero modes. Then, one can argue that the dispersion relation λ(k,M) can be suitably parametrized

by w in order to define the EPs and the zero modes; whereas, the the z−parametrization is suitable to

exhibit the relevant zero-modes and the topological charges of the scalar fields. Bellow, we will see that

the z−parametrization is also useful in the computations of the winding numbers of eigenvalues and the

biorthogonality relationships of the left and right eigenvectors.

32



k1

M1



PT-Symmetric

Phase

PT-Broken

Phase

PT-Broken

Phase

Im(λ)

Im(λ)

Re(λ)

EPEP-2 -1 1 2

-1.5

-1.0

-0.5

0.5

1.0

1.5

Figure 4: Case A2. PT symmetry phase transition at the EPs k1

M1
= ±1. It is set

M1 = 1 in (6.24). The eigenvalue changes with k1

M1
. The real parts λ1 = Re(λ) are

shown as dashed lines and the imaginary parts λ2 = Im(λ) are shown as solid lines.

An exceptional point separates a PT -symmetric regime with real eigenvalues from the PT -broken regime

with complex eigenvalues by varying one or more of the parameters of the model. So, we analyze the PT
symmetry phase transition in the ω parametrization ω = ω1 + iω2 of the dispersion relationship (6.20). Let

us consider the next two cases.

Case A. δm ∈ {0,±π} →M =M1.

So, by setting this value into (6.20) one has

λ = ± iM1

√
(
k1 + ik2
M1

)2 − 1. (6.22)

One can split it in two sub-cases . Case A1. k1

M1
→ 0. So, one has

λ = ±M1

√
(
k2
M1

)2 + 1. (6.23)

It gives a completely real eigenvalue and an unbroken PT symmetry. The next Case A2. k2

M1
→ 0. It

provides the expression

λ = ±iM1

√
(
k1
M1

)2 − 1. (6.24)

Notice that in (6.24) the energy becomes real when | k1

M1
| < 1; | k1

M1
| > 1 is the region of broken PT symmetry

and | k1

M1
| < 1 is the region of unbroken PT symmetry. In the Fig. 4 we present a representative plot of the

function (6.24). The real parts λ1 are shown as dashed lines and the imaginary parts λ2 are shown as solid

lines. The PT phase transition occurs at the EPs for | k1

M1
| = 1. At the points k1

M1
= ±1 the real eigenvalues

merge and become complex.

Case B. δm = ±π
2 →M = iM2.

So, setting this value into (6.20) one has

λ = ±M2

√
(
k2 − ik1
M2

)2 − 1. (6.25)
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Figure 5: Case B2. PT symmetry phase transition at the EPs k2

M2
= ±1. It is set

M2 = 1 in (6.27). The eigenvalue changes with k2

M2
. The real parts λ1 = Re(λ) are

shown as dashed lines and the imaginary parts λ2 = Im(λ) are shown as solid lines.

Likewise, one can split it in two sub-cases . Case B1. k2

M2
→ 0. So, one has

λ = ±iM2

√
(
k1
M2

)2 + 1. (6.26)

Then, it gives a purely imaginary eigenvalue and a broken PT symmetry. The next case Case B2. k1

M2
→ 0.

So, one has

λ = ±M2

√
(
k2
M2

)2 − 1. (6.27)

So, the behavior of the eigenvalue depends on the parameter k2

M2
. Notice that in (6.27) the energy becomes

real when | k2

M2
| > 1; | k2

M2
| < 1 is the region of broken PT symmetry and | k2

M2
| > 1 is the region of unbroken

PT symmetry. In the Fig. 5 we present a representative plot of the function (6.27). The real parts λ1 are

shown as dashed lines and the imaginary parts λ2 are shown as solid lines. The PT phase transition occurs

at the EPs for | k2

M2
| = 1. At the points k2

M2
= ±1 the real eigenvalues merge and become complex.

It is also interesting to discuss the real component of the energy eigenvalue λ in the complex plane z

parametrization of (5.13). So, let us examine the family of curves in the complex planes z which give rise to

the real energy eigenvalues. So, in the complex z−plane parametrization one can write

λ1(σ) = ±|M |

√√√√(1 + (M2

M1
)2)(sin σ)2

(tanσ)2 − (M2

M1
)2

, λ2 = 0, (6.28)

|z|2 =
tanσ − M2

M1

tanσ + M2

M1

, σ ∈ (−π + |δm| , −|δm|) ∪ (|δm| , π − |δm|), z = |z|eiσ. (6.29)

Then, the NH model (2.1) supports real eigenvalues for the parameter subspace defined by the relationships

(6.28)-(6.29). The Fig. 6 shows a family of curves in the complex plane z defined by (6.28)-(6.29) and

parametrized by M2

M1
. Notice that the family of curves intersect at the singular point z = 0 (λ1 → +∞),

and at the points of the complex plane z corresponding to the zero mode λ(z = ±i) = 0. Note that
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these last points also represent the EPs. Remarkably, one has |z| ∈ (0,+∞) for a fixed value of M2

M1
.

However, some regions are prohibited for the phase σ in the complex plane, as σ /∈ [−|δm|, |δm|] and σ /∈
{[−π,−π + |δm|] ∪ [π − |δm|, π]}. In the limit M2

M1
→ 0 one has a unit circle at the center, and then |z| = 1,

which implies λ1 = ±|M | cosσ (σ ∈ [−π,+π]).
The Fig. 7 shows λ1 vs σ for M2

M1
= 0.05 (left) and for M2

M1
→ 0 (right) defined by (6.28). As mentioned

above, some intervals for σ are missing since λ1 is not defined on these regions (Fig. 7 left). Notice that the

pseudo-chiral symmetry is maintained since the real eigenvalues come in pairs ±λ1.
So, our findings add new results to the current exploration whether the non-Hermitian topological mod-

els can exhibit real energy spectra. The studies in the literature along this line have used mainly the PT
symmetry in order to preserve the real spectra when non-Hermiticity is relatively weak. Recently, it has

been put forward a systematic way to construct non-Hermitian topological systems exhibiting energy spectra

that are always real, regardless of weak or strong non-Hermiticity [51]. The classification of the eigenspace

of the anti-pseudo-Hermitian Hamiltonians H and H̃ , such as the regions of real and complex eigenval-

ues and the points of eigenvector degeneracies, have become important in order to identify the points of

pseudo-Hermiticity breaking. Recently, a new treatment to deal with pseudo-Hermiticity breaking has been

developed in [52] by classifying the eigenspace of pseudo-Hermitian matrices using an intertwining operator

such as σ− in (4.1)-(4.2) and showing that such symmetry breaking occurs if and only if eigenvalues of

opposite kinds collide on the real axis of the complex eigenvalue plane. Below, we will provide the conditions

for symmetry breaking to occur by considering the properties of the eigenstates of the relevant anti-linear

operators A (A ∈ {PT , γ5PT }) and the pseudo-Hermitian Hamiltonian H presented above when discussing

the properties (6.1)-(6.5), following the known approach in [1, 11, 40].

6.1 PT and γ5PT symmetric solutions

We study the PT and γ5PT symmetric sectors of the model. First, we find the symmetric Hamiltonians, as

indicated in Table 2, and then examine the symmetry breaking which will be visible in the properties of the

relevant spinor eigenfunctions to which they are related.

Next, we consider PT symmetric Hamiltonians associated to scalar solitons with definite parities under

a shifted space-inversion transformation. So, let us assume the relationship δ = α1 − α2 and define the

parameters

x0 ≡ α1 + α2

4k2
, r ≡ e

k1
k2

(α1+α2), k2 6= 0, (6.30)

where x0 indicates the position of the soliton center. So, taking into account (5.26) and (6.30) one can write

Φ1(x − x0) =
2

β
arctan




tan (

δ

2
)
[ sinh (2k1(x− x0)) +

e−
1
2

log r(|b|−|a|)
2 sin (δ/2) sin (2k2(x− x0))

cosh (2k1(x− x0)) +
e−

1
2

log r(|b|+|a|)
2 cos (δ/2) cos (2k2(x − x0))

]




(6.31)

35



-2

-1

-0.5

-0.05

-2
-1

-0.5

-0.05

00

2

1

0.5

0.05

0.05

0.5

1
2

-4 -2 0 2 4

-4

-2

0

2

4

Figure 6: Family of curves in the complex plane z for M1 = 1 defined by the real

energy condition (6.29). For these points λ becomes real {λ1 ∈ IR, λ2 = 0}. They

are parametrized by M2 = 0,±0.05,±0.5,±1,±2. The unit circle at the center

(dashed line) emerges in the limit M2

M1
→ 0, and so, in this case |σ| ≤ π. The points

z = ±i represent the EPs and z = 0 is a pole such that λ1 → +∞.
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Figure 7: The plot λ1 vsσ for M2

M1
= 0.05 (left) and for M2

M1
→ 0 (right) defined by

(6.28). λ1 is not defined on the intervals |σ| ≤ δm and {−π ≤ σ ≤ −π+ δm}∪ {π−
δm ≤ σ ≤ π} (δm ≈ 0.05) of the left figure.
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It is clear that this solution satisfies

Φ1(−(x− x0)) = −Φ1(x− x0). (6.32)

So, it is an odd function under a shifted parity inversion symmetry Ps defined in (4.39)-(4.41).

Next, we examine the scalar component Φ2. So, the attempt to construct the Φ2 component from the

solution (5.27) with even parity under the symmetry above merely leads to a constant solution

Φ2(x) = − 1

β
log |ρ|. (6.33)

Therefore, this complex scalar solution with the components (6.31) and (6.33) makes the Hamiltonian to be

PsT symmetric according to (4.42). However, the spinor solution is not an eigenstate of the PsT operator.

In fact, from (5.45)-(5.46) one has

PsT (ξ) 6= ξ, (6.34)

provided that k1 6= 0, k2 6= 0. This case corresponds to the properties (6.1) and (6.4)-(6.5). So, the PsT
symmetry is spontaneously broken and some of the eigenvalues will emerge in complex conjugate pairs.

For completeness, we construct a component Φ2 with odd parity. So, for the special choice of parameters

α2 = −α1, x0 = 0, |a| = |b| = 1, |ρ| = 1 one can get

Φ2(x) = − 1

β
log

{
cosh (k1x) + cos (k2x− α1)

cosh (k1x) + cos (k2x+ α1)

}
(6.35)

By inspecting the above expression one can see that Φ2(−x) = −Φ2(x), i.e. it is an odd function with the

soliton centered at the origin x0 = 0. However, in this special case, the first component Φ1(x) in (6.32)

remains odd. So, it corresponds to the case D of the symmetry classification (see also Table 2) with scalar

parities (−,−) and so, the symmetry (4.38) must hold, i.e. [H,PG] = 0. Since this symmetry is not an

antilinear symmetry it belongs to the A−broken regime iii) of the discussion above, i.e. since (6.1) also does

not hold it is a system with complex and unrelated eigenvalues.

However, in the case above with scalar parities (−, undefined) one can regard the Hamiltonian to be

partially PT symmetric according to the definition (4.43)-(4.44). It has been reported that the PT symmetry

is not the sole symmetry allowing real eigenvalues for non-Hermitian Hamiltonians. For example for a system

of chains of N coupled harmonic oscillators the entire spectrum may be completely real in some regions of the

parameter space, even though the system is only partially PT symmetric, such that a phase transition point

exists beyond which the energy spectrum is only partially real [50]. Another instance is the non-Hermitian

version of the SSH model, which does not respect PT symmetry; nevertheless, it has a real energy spectra

in certain parameter subspace. Due to lack of PT symmetry, its energy spectrum and exceptional points

depend on the choice of certain boundary conditions [31]. Those interesting partial A-symmetric regimes

deserve a further consideration and they are beyond the scope of the present paper.

Below, we will consider the following special cases: the case k2 = 0 in this section and the case k1 = 0 in

section 7.2. In the both cases we will find unbroken A−symmetric sectors with real eigenvalues.
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Next, we examine the γ5PT symmetric sector of the solutions. Let us assume k2 = 0 and

|a| = |b| = 1, α1 − α2 = δ, k2 = 0 → δk = arctan (k2/k1) = 0. (6.36)

So, taking into account (5.26) and (6.36) one can write

Φ1(x) =
2

β
arctan



tan (

δ

2
)
[ sinh (2k1x)

cosh (2k1x) +
sin (α1−δ/2)+cos (α1−δ/2)

cos (δ/2)

]


 (6.37)

Φ2(x) = − 1

β
log
[
|ρ|1 + 2 cos (α2)e

2k1x + e4k1x

1 + 2 cos (α1)e2k1x + e4k1x

]
(6.38)

It is clear that these functions satisfy

Φ1(−x) = −Φ1(x), (6.39)

Φ2(−x) = Φ2(x). (6.40)

Moreover, from the spinor solutions (5.45)-(5.45) and taking into account (6.36) one can check the following

symmetry

PT (ξ) = Z ξ, ξ =


 ξA

ξB


 (6.41)

Z ≡


 e−2iζ1 0

0 e−2iζ2


 . (6.42)

Note that assuming ζ2 = ζ1 − π/2 one gets Z = e−2iζ1γ5; so, from (6.41)-(6.42) and taking into account

γ25 = 1, one has

γ5PT (ξ) = e−2iζ1 ξ. (6.43)

Remarkably, one notices that ξ is an eigenvector with a pure phase eigenvalue of the anti-linear operator

γ5PT . This operator commutes with H as defined in (4.33) forM ∈ IR (δm = 0) in the Case C of symmetry

classification, i.e.

[γ5PT , H ] = 0. (6.44)

So, due to the relationships (6.43)-(6.44) one can regard the model as a γ5PT -symmetric one, such that

(6.1)-(6.2) hold corresponding to the case i) with real eigenvalues (6.3). In fact, the reality condition (6.17) is

trivially satisfied in this case since one has δk = δm = 0. So, the eigenvalue equation corresponds to (6.24) in

the Case A2 of eigenvalue classification. In (6.24) the energy will become real for | k1

M1
| < 1; so, | k1

M1
| > 1 is

the region of broken γ5PT symmetry and | k1

M1
| < 1 is the region of unbroken γ5PT symmetry, as presented

in the Fig. 4.

However, if one considers (6.41)-(6.42) (with ζ2 6= ζ1 − π/2) and (6.44), one can say that the system has

undergone a spontaneously broken γ5PT -symmetry. In fat, this corresponds to the case ii) of spontaneously

broken A-symmetric regime with complex conjugate pairs of eigenvalues (6.5) when (6.1) and (6.4) hold.
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6.2 Spectral topology and winding number

One can analyze the spectral properties of the model by examining the behavior of the curves on the complex

plane defined by the uniformization variable z and the energy λ and wave number k expressions in (5.41)-

(5.42). Notice that for the bound states in the Hermitian case one has the real parametersM =M1, λ = λ1.

So, when k = k1(k1 ∈ IR) one has the unit circle |z| = 1 (see Fig.1). This implies that the bound states

lie on this unit circle (λ1 = ±
√
M2

1 − k21). However, for purely imaginary k = ik2 one notices that the

scattering states are allowed for z ∈ IR (λ1 = ±
√
M2

1 + k22). The so called half-bound states at the edges of

the continuous spectrum are given at λ1 = ±M1 → z = ±1. So, the thresholds of the energy gap of the free

massive fermions are at λ1 = ±M1.

In the non-Hermitian case one has a complex eigenvalue spectrum, which must be studied on the complex

plane, and so leads to the emergence of eigenvalue topology, or spectral topology. So, one has a continuum

of bound states (CBM), such that the energy λ is defined as an analytical function of the complex variable

z. This additional input of spectral topological concepts is a unique feature in non-Hermitian systems. In

this context, the zero-energy points at z = ±i in (5.41) can arise as branch points in the k−space eigenvalue

manifold as can be written from (5.14)

λ = ±
√
M2 − k2. (6.45)

As we will see below, the branch points (k = ±M) exhibit exotic topological phenomena associated with the

winding of eigenvalues and eigenvectors. The complex plane defined by the uniformization variable z turns

out to be convenient for performing the relevant calculations in order to study the analytical properties of

the energy λ(z) and wave number k(z) functions, i.e. in order to examine the zero modes and the points

corresponding to the edges of the model, which we will discuss below. The analytic function λ(z) in (5.41)

has two zeros and one pole, located on the imaginary axis at the points z = ±i→ k = ±M , each one of first

order, and the pole at the origin z = 0. Next, let us define the winding number

W =
1

2πi

∮

Γ

dλ

λ
(6.46)

= Z − P . (6.47)

In the second line above we have used the Cauchy’s argument principle, such that Z is the number of zeros

and P is the number of poles of the function λ inside the contour Γ (see Fig. 1). The Z and P must be

counted with their multiplicities and order, respectively. It is interesting to compute the winding number of

λ(z) in (5.13) as it traverses the contour Γ encircling the zero modes λ = 0 located at the points z = ±i and
the pole at z = 0 in the complex plane z. So, for the function λ(z) in (5.41) and using (6.46) one has

W =
1

2πi

∮

Γ

z2 − 1

z(z2 + 1)
dz

= 1. (6.48)
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Then, one can see that the eq. (6.47) is also verified, i.e. W = 1, since Z = 2 and P = 1 are the number of

zeros and poles of the function λ(z) inside Γ.

7 Continuum of bound states/solitons (CBM) and extended ELC

modes

In this section we discuss the general solution presented above and classify it into two types of solutions:

The dual continuum of bound states/solitons and the extended modes embedded into the localized states

(ELC). Moreover, we also compute analytically the biorthogonality relationships between the relevant left

and right eigenvectors.

7.1 Continuum of bound state modes/solitons (CBM)

In a Hermitian sl(2) Toda system coupled to fermion, which has recently been presented in [21], the in-

gap and BIC bound states have quantized energies, whereas the free states form a continuum. We have

shown above how this principle fails for non-Hermitian Toda system coupled to fermions, by analyzing the

non-Hermitian Hamiltonian with a complex Toda field and the properties of pseudo-chirality and pseudo-

Hermicity. In fact, the biorthogonal eigenstates, which we may call “continuum bound state modes” (CBM),

have spatial envelopes and form a continuum filling the complex energy plane. We have shown that their

strong coupling sector host a continuum complex Toda field solitons, such that the fermion eigenstates are

localized inside the topological solitons with topological invariant quantities (5.47)-(5.48). In the strong

coupling sector the family of complex solitons can be dubbed as continuum of topological solitons (CTS).

These type of novel features of a non-Hermitian Hamiltonian, i.e. the spatially localized eigenstates at every

value of the energy in the complex energy plane λ, have recently been uncovered also in [29].

The spinor bound states requires the condition k1 6= 0 in the next relationships

k1 = ±
√
2

2

√
∆+ (M̃ − λ̃) (7.1)

k2 = ±
√
2

2

√
∆− (M̃ − λ̃) (7.2)

∆ ≡
√
|M − λ|2|M + λ|2 (7.3)

M̃ ≡ M2
1 −M2

2 , (7.4)

λ̃ ≡ λ21 − λ22, (7.5)

Notice that the parameters defined above satisfy ∆ > |M̃− λ̃| without any further restriction on the complex

plane k = k1 + ik2 for a fixed value of the complex mass parameter M = M1 + iM2. So, for each complex

eigenvalue λ ∈ C one has a continuum of complex scalar solutions with wave numbers k1 and k2 given in

(7.1)-(7.2). As discussed above, a continuum of bound states emerge coupled to a continuous family of
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Figure 8: The left and right plots show the energy surfaces λ(k1, k2) for M1 =

2, M2 = −2. The middle figure shows the curves λ(k1 = 0, k2) (line colors distiguish

the left(right) figure surface each one belongs to) which correspond to the extended

waves in the localized continuum (ELC) states (7.16)-(7.19). The points of the left

and right manifolds (excluding the curves λ(k1 = 0, k2) of the middle plot) represent

the localized continuum states (5.26)-(5.27) and (5.45)-(5.46). Notice the presence

of the points k = ±M (left and right plots) which correspond to EPs (w = k
M = ±1)

and zero modes (λ = 0).

topological solitons (see Fig.2) such that their topological charges depend on the energy eigenvalues as in

(5.28)-(5.32). In addition, the zero mode λ = 0 implies k = ±M in (7.1)-(7.2).

On the other hand, the complex energy components become

λ1 = ±
√
2

2

√
∆+ (M̃ − k̃) (7.6)

λ2 = ±
√
2

2

√
∆− (M̃ − k̃) (7.7)

∆ ≡
√
|M − k|2|M + k|2 (7.8)

=
√
[(k1 −M1)2 + (k2 −M2)2][(k1 +M1)2 + (k2 +M2)2] (7.9)

M̃ ≡ M2
1 −M2

2 , (7.10)

k̃ ≡ k21 − k22 . (7.11)

From the above equations (7.6)-(7.11) one has the following M = ±k ⇒ ∆ = 0 and M̃ − k̃ = 0, which imply

λ = 0. This is just the zero mode λ = 0. In Fig. 8 the left and right plots show the energy surfaces λ1(k1, k2)

and λ2(k1, k2) forM1 = 2, M2 = −2 in the eqs. (7.6)-(7.7). The middle figure shows the curves for extended

wave states in the localized continuum (ELC) states (7.16)-(7.19)(line colors distinguish the left(right) figure

surface each one belongs to). The points of the left and right manifolds (excluding the curves λ(k1 = 0, k2)

of the middle plot) represent the localized continuum states (5.26)-(5.27) and (5.45)-(5.46). The points

k = ±M (left and right plots) correspond to the zero modes λ = 0. Note that these points also define the

EPs, since according to (6.20) one has w = k
M = ±1.
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Figure 9: Spectral curves on the plane λ = (λ1, λ2) for (M1,M2) = (±2,±2) (left)

and (M1,M2) = (±2,∓2) (right). The k1 and k2 families correspond to (7.14)

and (7.15), respectively. The figures show the curves for the parameter ranges

|ka| < 1.5 (a = 1, 2). The zero modes are at λ = 0 (k1 = M1, k2 = M2). The points

λ = (M1,M2) correspond to the threshold points k = 0.

Moreover, from the complex dispersion relationship (5.14) one can get the next two equations, considering

the real and imaginary parts, respectively

k21 − k22 −M2
1 +M2

2 + λ21 − λ22 = 0 (7.12)

k1k2 −M1M2 + λ1λ2 = 0. (7.13)

These two relationships are equivalent to the next system of equations

k21(k
2
1 −M2

1 +M2
2 + λ21 − λ22)− (M1M2 − λ1λ2)

2 = 0, k1 6= 0, (7.14)

k22(k
2
2 +M2

1 −M2
2 − λ21 + λ22)− (M1M2 − λ1λ2)

2 = 0, k2 6= 0. (7.15)

Once the values of M1 and M2 are fixed one has that the equations (7.14)-(7.15) define a couple of families

of curves in the pane (λ1, λ2) parametrized by the variables k1 and k2, respectively. The Fig. 9 shows the

spectral curves filling some regions of the complex plane corresponding to the family of curves (7.14)-(7.15).

Notice the overlap regions around the points (M1,M2) = (±2,±2) (left Fig.) and (M1,M2) = (±2,∓2)

(right Fig.). In the Fig. 10 we plot the family of curves (λ1, λ2), some of which intersect to each other

at the origin λ = 0. Note the coalescence of some states at the EPs λ = 0. At this point the zero mode

eigenvectors become biorthogonal as we will show below in (7.41) and in section 8 the biorthogonal Majorana

zero mode-topological soliton duality will be examined.

The parabolas λ1λ2 =M1M2 = const. in the plane (λ1, λ2) can be obtained when one of the components

k1 or k2 vanishes, and correspond to the extended wave states in the localized continuum for k1 = 0, or to

a subset of the continuum bound states for k2 = 0.
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Figure 10: The family of curves (λ1, λ2) forM1 = −M2 = 1 (left) andM1 =M2 = 1

(right) in the parameter ranges |k1, 2| < 1.5. Notice the coalescence of some states

at the EPs λ = 0.

So, the confluence of non-Hermiticity, nonlinearity and spectral topology generate new phenomena such

as the non- Hermitian currents equivalence (2.14), the complex valued topological charges (Q ≡ Q1 + iQ2)

and the presence of the winding numbers (6.48) related to the spectral topology. The model exhibits the

three phenomena unique to non-Hermitian systems: the non-vanishing fermion current, nonzero winding

number of energy and the presence of the pair of topological solitons in the model. One can argue that the

validity of any one of the three properties is the sufficient and necessary condition for the validity of the

other two in this non-Hermitian system.

In summary, we have shown that the non-Hermitian Hamiltonian H can allow an uncountably infinite

set of bound states, contrary to the results in [21] in which the in-gap and BIC bound states appear with

quantized energies. The biorthogonal continuum bound states possess localized envelopes and are related to

a continuum of topological complex Toda solitons. Regarding the zero modes, one can also argue that the

biorthogonal Majorana zero modes are embedded into a family of continuum of bound states, with properties

different from those studied in their Hermitian counterparts [21].

7.2 Extended wave states embedded in the continuum of bound states

Next, we construct the extended wave states localized in the continuum of bound states (ELC). These states

can be obtained by setting k1 = 0 into the tau functions (5.8)-(5.10). So, from (5.1) the scalar components

become

Φ1 = − 2

β
arctan

[ |a| sin (2k2x+ α1 − δ
2 )− |b| sin (2k2x+ α2 +

δ
2 ) + |a||b| sin (α1 − α2 − δ

2 )− sin δ
2

|a| cos (2k2x+ α1 − δ
2 ) + |b| cos (2k2x+ α2 +

δ
2 ) + |a||b| cos (α1 − α2 − δ

2 ) + cos δ
2

]
,

(7.16)

Φ2 = − 1

β
log
[
|ρ| 1 + |b|2 + 2|b| cos (2k2x+ α2)

1 + |a|2 + 2|a| cos (2k2x+ α1)

]
. (7.17)
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Figure 11: A representative of the extended wave states in the continuum of bound

states. The components of Φ = Φ1 + iΦ2 and ξT = (ξ3 + iξ4, , ξ1 + iξ2) for |a| =
1.5, |b| = 1.5, |c| = 1, |d| = 1.3, ζ1 = 1.2, ζ2 = 1.5, α1 = π/3, α2 = π/2, k1 = 0, k2 =

1, β = 1, |ρ| = 1.5,M1 = −0.05, M2 = 3.9. Notice the periods 2π and π for the

spinors and scalars, respectively.

Similarly, inserting (5.8)-(5.10) into (5.2) for k1 = 0 (δk = π/2) we have the spinor components

ξA = |c| |b| cos (k2x+ α2 − ζ1) + cos (k2x+ ζ1)

1 + |b|2 + 2|b| cos (2k2x+ α2)
−

i|c| |b| sin (k2x+ α2 − ζ1)− sin (k2x+ ζ1)

1 + |b|2 + 2|b| cos (2k2x+ α2)
, (7.18)

ξB = |d| |a| cos (k2x+ α1 − ζ2) + cos (k2x+ ζ2)

1 + |a|2 + 2|a| cos (2k2x+ α1)
−

i|d| |a| sin (k2x+ α1 − ζ2)− sin (k2x+ ζ2)

1 + |a|2 + 2|a| cos (2k2x+ α1)
. (7.19)

Using the relationships (2.12) from (7.18)-(7.19) one can get ηA = ξB and ηB = ξA with the ξA,B’s given

above.

The Fig. 11 shows a representative plot of this type of extended states. Notice that the spinor waves

exhibit a period 2π
k2
, whereas the scalar waves present a periodic profile with period π

k2
. The middle plot in

Fig. 8 shows the curves λ(k1 = 0, k2) which correspond to the ELC extended wave states (7.16)-(7.19).

The family of spectral curves for k1 = 0 in (7.14)-(7.15) can be written as

k22M
2
1 − (λ21 −M2

1 )(λ
2
2 +M2

2 ) = 0. (7.20)

The Fig. 12 shows this family of curves parametrized by k2 for M2
1 =M2

2 = 2. Notice that these curves lie

inside the continuum of bound states in the Fig. 9. So, these states constitute the extended waves in the

localized continuum (ELC), in contradistinction to the well known Hermitian bound states in the continuum

(BIC), which appear embedded into the continuum of scattering states.

Next, we examine the PT symmetric sector of the ELC solutions. Let us assume

α1 = −α2 =
δ

2
, α1 = ζ2, α2 = ζ1, ζa = nπ (a = 1, 2), |a||b| = 1(|a| 6= |b|). (7.21)

Then one can show the next definite parity symmetries of the scalar field components in (7.16)-(7.17)

Φ1(−x) = −Φ1(x) (7.22)

Φ2(−x) = Φ2(x). (7.23)

44



-3 -2 -1 0 1 2 3

-6

-4

-2

0

2

4

6

Λ1

Λ2

Figure 12: The family of curves (λ1, λ2) for k1 = 0 and M2
1 = M2

2 = 2 in the

parameter range |k2| < 1.5 which correspond to the extended waves in the localized

continuum (ELC) states parametrized by k2 (7.20). Notice the ELC zero modes

λ = 0 (k2 = ±M2).

Then, due to (7.22)-(7.23) the Hamiltonian can be regarded as PT symmetric provided that δm = π
2 as

defined in (4.42) in the Case E symmetry classification, i.e. one must have x0 = 0, δm = π/2 in (4.39)-

(4.41). Next, one has the PT symmetry of the spinor solution (7.18)-(7.19)

PT (ξ) = ξ. (7.24)

Next, let us examine the reality condition of the eigenvalues. So, due to the PT symmetry of H and the

eigenvalue equation (7.24) one has that (6.1)-(6.2) hold corresponding to the case i) with real eigenvalues

(6.3). In fact, one can verify that the parameters δm = δk = π/2 and φ = (2n − 1)π satisfy the eigenvalue

reality conditions (6.15)-(6.16). So, the eigenvalue equation corresponds to (6.27) in the Case B2 eigenvalue

classification. In (6.27) the energy will become real for | k2

M2
| > 1; so, | k2

M2
| < 1 is the region of broken PT

symmetry and | k2

M2
| > 1 is the region of unbroken PT symmetry, as presented in the Fig. 5. At the points

k2

M2
= ±1 the real eigenvalues merge and become complex.

Note that the bound states in the continuum (BIC) are localized states such that spatially and spectrally

overlap with a continuum of free states. However, those states do not hybridize with any of the extended or

radiating states. It has recently been established that those bound states remain localized even though they

coexist with the continuous spectrum of radiating waves that can carry energy away, i.e. for energies above

or below the threshold of Hermitian Toda coupled to fermion [21] . On the other hand, the extended wave

states on the localized continuum defined in (7.18)-(7.19) can be regarded as some kind of dual or inverted

BIC states due to the non-Hermicity of the model (2.1). Recently, these novel type of states in a NH system

have been dubbed as extended states in a localized continuum (ELC) [30, 31].
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7.3 Left and right eigenvectors and biorthogonality relationships

In the NH case there are some types of time-independent inner products [46, 47]. Thus, for the model

above one can write: ηT ξ, ξTΓξ, ηTΓη, ξ̄T ξ, ξTGξ, η̄T η, ηTGη, ξ̄TG−1ξ̄ , η̄TG−1η̄, and the analog products

associated to the χ, φ, χ̂, φ̂ eigenvectors. In the following, before verifying the biorthogonality property (3.5),

let us compute the NH inner product (3.1) between two right spinors of types η and ξ at the point λ = 0.

So, let us consider the inner product

(η−λ|ξλ) =
∫ +∞

−∞

[η−λ,Aξλ,A + η−λ,Bξλ,B] dx. (7.25)

The soliton parameters in (5.11)-(5.13) can be mapped as λ→ −λ, k → k by making the complex variable

transformation z → − 1
z ; in addition, through this transformation one can also relate the parameters of η−λ

to that of ξλ. So, from (7.25) one can write

(η−λ|ξλ) =
1

2k

(
log (a′/b)

a′ − b
+

log (a/b′)

a− b′

)
, (7.26)

= ± M

kβ2

(1 − z2)2

c̃cz2 + c̃′c′
1 + z2

z
log

(
c̃c

c̃′c′
z2
)
. (7.27)

where the parameters a′, b′, c′, c̃′ and a, b, c, c̃ correspond to the spinors η−λ and ξλ, respectively, according

to the notation in (5.11)-(5.13). For the zero modes, i.e. λ = 0 (z = ±i), from (7.27) one has

(η0|ξ0) = 0. (7.28)

In the next steps we will compute the biorthogonality relationship (3.5) for some special cases. So, let us find

the left eigenvectors satisfying the equations (2.18)-(2.19) for the relevant eigenvalue λ̄. Following similar

steps as above we consider the tau functions τ̄0,1, τ̄A,B, τ̄
′
A,B such that

eiβΦ = ρ̄ (
τ̄0
τ̄1

)2, (7.29)

ξ̄A =
τ̄A
τ̄1
, ξ̄B =

τ̄B
τ̄0
, η̄A =

τ̄ ′A
τ̄0
, η̄B =

τ̄ ′B
τ̄1
, (7.30)

with ρ̄ being a constant complex parameter.

So, let us assume the following tau functions

τ̄1 = 1 + ā e2k̄x, τ̄0 = 1 + b̄ e2k̄x, (7.31)

τ̄A = c̄ ek̄x, τ̄B = d̄ ek̄x, (7.32)

τ̄ ′A = c̄′ ek̄x, τ̄ ′B = d̄′ ek̄x, (7.33)

with the complex parameters ā, b̄, c̄, d̄, c̄′, d̄′ and k̄. Next, making use of these tau functions and substituting

the expressions (7.29)-(7.30) into the eigenvalue equations for the left eigenvectors (2.18) with eigenvalue λ,

one can show that the equations are satisfied provided that the following parameter relationships hold

ā =
c̄′c̄

2M

β2w3

(w2 − 1)2
, d̄′ =

c̄′ c̄

d̄
, ρ̄ = i

c̄

d̄
w, (7.34)

46



b̄ =
c̄′c̄

2M

β2 w

(w2 − 1)2
, w ≡ − λ̄

M
±
√

λ̄2

M2
− 1 (7.35)

λ̄ = −M
2
(w + w−1), k̄ =

iM

2
(w − w−1). (7.36)

Notice that the form of the relationship (5.14) also holds in this case, i.e. λ̄2 + k̄ = M2, and the λ̄ and

k̄ parameters depend on the uniformization parameter w in the same form as in the right eigenvalue case

(5.13).

Next, let us compute (ξ̄λ̄|ξλ) for λ̄ = ±λ by using the expressions (5.2) and (7.30) and the relevant tau

functions (5.8)-(5.10) and (7.31)-(7.33), respectively. First, let us consider λ̄ = λ (λ 6= 0). The transformation

w = 1
z maps λ̄(w) → λ(z) and k̄ → −k. So, let us compute the next integral in x for k̄ = −k

(ξ̄λ|ξλ) =

∫ ∞

−∞

[ξ̄λ,Aξλ,A + ξ̄λ,Bξλ,B ] dx

=

∫ ∞

−∞

[η−λ,Aξλ,A − η−λ,Bξλ,B] dx

=
1

2k

(
c̄c log (āb)

āb− 1
+
d̄d log

(
b̄a
)

ab̄− 1

)
(7.37)

= 1. (7.38)

Then, in order to satisfy the biorthogonality relationship (3.5) the parameters must satisfy the normalization

condition (7.38) at the points z 6= ±i.
Next, let us compute the biorthogonality relationship (3.5) at the EPs, which in the z plane correspond

to the points z = ±i. So, let us write (7.37) as

(ξ̄λEP
|ξλEP

) =
1

2k

[
(

c̄c

A− 1
+

d̄d

Az4 − 1
) log (A) +

d̄d

Az4 − 1
log (z4)

]
, A ≡ c̃cc̄′c̄β4

4M2
z2. (7.39)

=
1

2k

[
(
c̄c+ d̄d

A− 1
) log (A)

]
, (7.40)

= 0. (7.41)

In order to write (7.40) in the above derivations we have evaluated the r.h.s. of the equation (7.39) at the

EPs, i.e. z = ±i (z4 = 1), and assumed that A 6= 1. Below we compute the 0 in the r.h.s. of (7.41). In order

to show the vanishing of the r.h.s. of (7.40) let us impose the pseudo-chirality relationship (3.9) to the left

and right eigenvectors, i.e. ξ̄−λ,A = ξλ, B, ξ̄−λ,B = −ξλ,A. So, from the expressions (5.2) and (7.30) and

the relevant tau functions (5.8)-(5.10) and (7.31)-(7.33), respectively, one has the relationships

c̄ = d, ā = a, d̄ = −c, b̄ = b ⇒ c̄c+ d̄d = 0. (7.42)

Then, the 0 of the r.h.s. in the equation (7.41) is obtained by considering the relationship (7.42) into the

r.h.s. of (7.40). We clearly see that (ξ̄λEP
|ξλEP

) = 0 at the exceptional points, so we cannot normalize the

states at the EPs.
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Next, let us compute (3.5) for the special case (ξ̄−λ|ξλ) = 0. Notice that the transformation w = − 1
z

maps λ̄(w) → −λ(z) and k̄ → k. So, one has λ̄ = −λ. Let us compute the integral in x for k̄ = k

(ξ̄−λ|ξλ) =

∫ ∞

−∞

[ξ̄−λ,Aξλ,A + ξ̄−λ,Bξλ,B] dx (7.43)

=
1

2k

(
c̄c log (ā/b)

ā− b
+
d̄d log

(
b̄/a
)

b̄− a

)
(7.44)

Therefore, making use of the relationships (7.42) into (7.44) one can show that

(ξ̄−λ|ξλ) = 0. (7.45)

The zero mode biorthogonality equation (3.12) follows by setting λ = 0 in the last equation (7.45), i.e.

(ξ̄0|ξ0) = 0 . Notice that for the general case of arbitrary states with λi and λj (λi 6= λj → ki 6= kj ),

the x−integration (ξ̄λj
|ξλj

) =
∫ +∞

−∞ ξ̄Tλj
ξλj

dx, in general, will not provide an exact integral, and one could

perform the x−integration using numerical methods. A similar procedure as above can be performed in the

case of η and η̄ eigenvectors and show (η̄λi
|ηλj

) = δij , except at λ = 0.

8 Biorthogonal Majorana zero mode-topological soliton duality

Firstly, we find the zero mode right eigenvectors. We develop the zero mode construction for a general set

of parameters in order to examine the associated symmetries and topological charges at the singular point

λ = 0.

Let us set λ = 0 into the system of equations (5.3)-(5.6). So, the tau functions (5.8)-(5.10) satisfy the

equations of motion provided that

k = ±M, b = −a, ρ = ± c̃

d̃
, d̃ =

cc̃

d
. (8.1)

and the charge densities equivalence equation (2.14) for

a = ±i cdβ
2

8M
, (8.2)

=
|c||d|β2

8|M | e
i( 2n+1

2
π−δm+ζ1+ζ2), (8.3)

without any further restriction. Then, the one-soliton solution satisfy the condition (2.14) for the equivalence

between the spinor bilinear ηT ξ and the x−derivative of the complex field Φ. An analog relationship in the

one-soliton sector has been defined as the equivalence between Noether and topological currents in the

Hermitian version of the model [22, 38, 21].

For the bove parameters the scalar fields can be written as

Φ1 =
2

β
arctan (

Ao

Bo
), (8.4)

Ao ≡ e2M1x
[
8|c||d||M |β2(sinΘ(x) + cosΘ(x)) + |c|2|d|2β4 sin2 Θ(x) e2M1x

]
,
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Bo ≡ −64|M |2 − 8|c||d||M |β2 sinΘ(x)e2M1x + |c|2|d|2β4 sinΘ(x) cosΘ(x) e4M1x,

Θ(x) ≡ δm − ζ1 − ζ2 − 2M2 x, δm = arctan (
M2

M1
).

and

Φ2 =
1

β
log
{
1 +

32|c||d||M |β2 sinΘ(x) e2M1x

64|M |2 − 16|c||d||M |β2 sinΘ(x) e2M1x + |c|2|d|2β4 e4M1x

}
. (8.5)

The functions above represent a family of general zero-mode solutions, with some of them being singular

solutions. Next, we examine some localized solutions exhibiting parity symmetries. Considering the limit

M2 = 0 → δm = 0 one has

Φh
1 = − 2

β
arctan (

Ah

Bh
), (8.6)

Ah ≡ e2M1x
[
8|c||d||M |β2(cos (ζ1 + ζ2)− sin (ζ1 + ζ2)) + |c|2|d|2β4 sin2 (ζ1 + ζ2) e

2M1x
]
,

Bh ≡ 64|M |2 − 8|c||d||M |β2 sin (ζ1 + ζ2)e
2M1x + |c|2|d|2β4 sin (ζ1 + ζ2) cos (ζ1 + ζ2) e

4M1x,

Φh
2 =

1

β
log
{
1− 2 sin (ζ1 + ζ2)

sin (ζ1 + ζ2) +
|c||d|β2

16M1
e2M1x + 4M1

|c||d|β2 e−2M1x

}
(8.7)

One can compute the topological charges associated to the solution (8.6)-(8.7). So, one has

Q1 ≡ β

2π
[Φ1(+∞)− Φ1(−∞)] (8.8)

= −sign(M1)

(
ζ1 + ζ2
π

)
, (ζ1 + ζ2) /∈ {π

2
, π} (8.9)

Q2 ≡ 1

2π
[Φ2(+∞)− Φ2(−∞)]. (8.10)

=
2

π
log (1) (8.11)

= 0. (8.12)

Let us examine the parity symmetry of the solution. Taking |M | = |c||d|β2

8 one has

Φh
2 =

1

β
log
{
1− 2 sin (ζ1 + ζ2)

sin (ζ1 + ζ2) + cosh (2M1x)

}
, (8.13)

which defines an even function Φh
2 (−x) = Φh

2 (x). In addition, taking the values ζ1 + ζ2 = {π
2 , π} one can

show

Φh
1 =

2

β
arctan [e±

1
4
|c||d|β2x]. (8.14)

This solution represents a sine-Gordon type kink (antikink) soliton with asymptotic values βΦ1(+∞) = π,

βΦ1(−∞) = 0 [βΦ1(+∞) = 0, βΦ1(−∞) = π] which define the topological charges Q1 = sign(M1)
1
2 . These

charges can be computed using the eq. (5.37). Notice that for ζ1 + ζ2 = π the field Φh
2 in (8.13) becomes a

trivial solution.

So, for the set ζ1 + ζ2 ∈ {π
2 , π}, the field components satisfy the parity symmetries

βΦh
1 (−x) = −βΦh

1 (x) + π, (8.15)

βΦh
2 (−x) = βΦh

2 (x). (8.16)
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In the case δm = 0 the Hamiltonian becomes PT symmetric, i.e.

PT H(PT )−1 = H (8.17)

since the matrix component iMeiβΦ
h

of H is PT symmetric, i. e.

PT
{
i|M |eiβ(Φh

1 (x)+iΦh
2 (x))

}
= −i|M |eiβ(Φh

1 (x)+iΦh
2 (x)+π), M = |M |eiδm , δm = 0 (8.18)

= i|M |eiβ(Φh
1 (x)+iΦh

2 (x)), (8.19)

where the parity symmetries (8.15)-(8.16) have been used.

The above soliton and bound state solutions of the model, provided the parameters (8.1)-(8.2) relation-

ships are satisfied, allow us to construct the following general mappings between the spinor components and

the complex scalar field

ξ0A = ± c

2
√
a
e−iβΦ/2(ρ− eiβΦ)1/2 (8.20)

ξ0B =
d

2
√
aρ

(ρ− eiβΦ)1/2 (8.21)

η0A =
d

2
√
aρ

(ρ− eiβΦ)1/2 (8.22)

η0B = ± c

2
√
a
e−iβΦ/2(ρ− eiβΦ)1/2. (8.23)

Notice that these spinor field components (8.20)-(8.23) satisfy the relationships (2.12). One can show the

PT symmetry of the above zero mode spinor assuming the parity symmetry (8.15)-(8.16) of the scalar

components. So, from (8.20)-(8.21) and taking into account (8.15)-(8.16) one can write

PT


 ξ0A

ξ0B


 =


 ξ0A

ξ0B


 , (8.24)

with the set of parameters

ρ = |ρ|eiδo (δo = π/2), d = |d|eiπ/2(ζ2 = π/2), a, c ∈ IR(α1 = 0, ζ1 = 0). (8.25)

From (8.25) one notices that the parameter condition ζ1 + ζ2 = π/2 holds in order to have the scalar

parity symmetries (8.15)-(8.16). Since the Hamiltonian is PT symmetric according to (8.17) and ξ0 is a PT
eigenstate, one can argue that the zero mode with the parameter set (8.25) belongs to the PT symmetric

regime, as it satisfies the conditions (6.1)-(6.2). Different set of parameters from those in (8.25) will define

a spontaneoulsly broken PT symmetric phase, even though the eigenvalues remain zero.

In the Fig. 13 we show the plots of general ξ0 Majorana zero mode components and the associated

localized scalar fields in (8.4)-(8.5) for a particular set of parameters. The field Φ1 is a kink-type soliton with

topological charge Q1 = 1, whereas the excitation Φ2 develops a trivial topological charge Q2 = 0. This Fig.

corresponds to δm = δk 6= 0 since M2 = k2 6= 0, and M1 = k1 6= 0; so, the associated Hamiltonian H can not

be regarded as PT -symmetric according to (8.18)-(8.19).
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Figure 13: Majorana zero mode bound state ξ0 and the associated scalar fields of

eqs. (8.4)-(8.5) for |a| = |b| = 1, |c| = |d| = 1, ζ1 = −ζ2 = 1.2, α1 = π + 1, α2 =

1, k1 = 1, k2 = −1, β = 1. The field Φ1 is a soliton with Q1 = 1, whereas Φ2

possesses zero topological charge.

The second spinor η0 can be plotted using η0A = ξ0B, η0B = ξ0A. One can see that this non-Hermitian

Majorana zero mode real components ξj , j = 1, 2, 3, 4 are independent from each other as compared to

its Hermitian counterpart reported in [21], in which the four real components reduce to two independent

fields due to the particle-hole symmetry, or, a charge conjugation symmetry which holds in the relativistic

Hermitian Toda model coupled to one Dirac fermion.

Next, using the mapping (8.20)-(8.23) into the equations of motion (2.13) and defining ρ ≡ eρoeiδo with

ρo and δo being real parameters, one can write the next equation for the complex scalar

−∂2xΦ +
4M2

β
sin (βΦ− δo + iρo) = 0. (8.26)

This is precisely the PT −symmetric sine-Gordon model introduced in [53] by shifting the SG scalar by an

imaginary constant, apart from the constant real number δo.

Likewise, using the mapping (8.20)-(8.23) into the system of equations of motion (2.7)-(2.8) with λ = 0

one can get the following equations for the zero mode components

iξ′0A + i
M

ρ
ξ0B +

1

2
β2 ξ0A ξ0B η0B = 0, (8.27)

−iξ′0B − iMρ ξ0A +
1

2
β2 ξ0A ξ0B η0A = 0, (8.28)

−iη′0A − iMρ η0B +
1

2
β2 η0A η0B ξ0B = 0, (8.29)

iη′0B + i
M

ρ
η0A +

1

2
β2 η0A η0B ξ0A = 0. (8.30)

The model (8.26) can be considered as a NH sine-Gordon model describing the dynamics of the complex scalar

field Φ, whereas the system (8.27)-(8.30) as the NH Thirring model describing the biorthogonal Majorana

fermions. Notice that the coupling parameter β2 appears in the three-fermion coupling (or four-fermion

term in the Lagrangian description) of the system (8.27)-(8.30), whereas in the Lagrangian description

of the NHSG model (8.26) it would appear as 1
β2 factor of the cos (βΦ− δo + iρo) term of the relevant

potential. So, following the ideas of [21], the mapping (8.20)-(8.23) can be regarded as the strong ⇄ weak

coupling mappings of the dual sectors of NH Toda model coupled to Majorana fermions. The Hermitian
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version of the model (8.27)-(8.30) has recently been considered for two independent spinors and shown to be

integrable in the bosonic and Grassmanian versions, respectively [54, 55]. A Hermitian (generalized) massive

Thirring/sine-Gordon duality has also been discussed in [56, 57]. Non-Hermitian PT -symmetric versions of

the massive Thirring model and the sine-Gordon model have recently been considered, and some aspects of

their duality relationships in the NH context were examined [58, 59].

So, the mapping (8.20)-(8.23) turns out to be a new approach to generating solvable fermionic and

bosonic PT -invariant models whenever there is a boson-fermion duality, since it amounts to reproduce

the PT -symmetric versions of the massive Thirring and sine-Gordon models. The idea of generating a

non-Hermitian but PT -symmetric Hamiltonian from a Hermitian Hamiltonian by shifting the boson field

operator by an imaginary constant was suggested before, see e.g. [53] and references therein.

Next, for completeness we provide the zero mode left eigenvectors. So, one can set λ = 0 into the system of

equations (2.18)-(2.19). Since we have already found above the left eigenvectors for the general λ eigenvalue

following the tau functions formalism (7.29)-(7.30) and (7.31)-(7.33), we simply set w = ±i (λ = 0) for the

zero modes into the relevant parameter relationships (7.34)-(7.36). So, one has

k̄ = ±M, b̄ = −ā, ρ̄ = ± c̄′

d̄′
, d̄′ =

c̄c̄′

d̄
, (8.31)

ā′ = ±i c̄
′c̄β2

8M
. (8.32)

Topological superconductors can host Majorana zero modes and are currently intensively pursued as a

promising candidate for topological quantum computation, but their experimental realization has so far

been inconclusive. It has recently been shown, using non-Hermitian exceptional points, that non-Hermiticity

can strongly enhance topological superconductivity, implying more robust Majorana zero modes [60].

9 Discussions and conclusions

We have studied a NH sl(2) Toda model coupled to Dirac fields (2.1) by examining the pseudo-chiral (3.2) and

(anti)-pseudo-Hermitian (4.1) properties of the model and their relevant representations. The pseudo-chiral

symmetry has recently been introduced as a manifestation of Noether’s theorem in NH systems, such that a

new inner product was defined different from the one in standard quantum mechanics [5]. We have discussed

the properties of the right and left eigenvectors and the related eigenvalues, as well as the role played by

the complex scalar field components. Among the key characteristics of the model are the biorthogonality

relationship between the left and right eigenvectos, and the fact that the complex eigenvalues come in pairs

of type {λ,−λ} and {λ,−λ⋆}. The Table 1 summarizes the main results related to these symmetries and

their relevant representations, respectively, for the set of Hamiltonians {H, H̃} and {H⋆, H̃⋆}. This Table

describes each type of symmetry and the corresponding eigenvectors and their mutual relationships, as well

as the spectral parameter λ properties allowed by the relevant symmetry. The biorthogonality relationships
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and the presence of the Majorana zero modes at λ = 0 and the coalescence of the eigenvectors are also

indicated.

Moreover, we present the interplay of the P , T , PT and γ5PT symmetry transformations with the pseudo-

chiral and anti-pseudo-Hermiticity properties, which imply a symmetry of the Hamiltonian for each set of

parities (ν1, ν2) which can take the scalar fields Φ1 and Φ2, respectively. In Table 2 we summarize the main

results of the cases A,B,C,D and E discussed such that the last column of this Table indicates their relevant

symmetries. Remarkably, in the cases C and E the both type of Hamiltonians {H,H⋆} exhibit an anti-linear

symmetry A (A ∈ {PT , γ5PT }). These properties have been used in sections 6, 7 and 8, respectively, in

order to examine the A-symmetry unbroken with real eigenvalues and the A-symmetry broken phases of

the model. In the section 6 we have analyzed the Hamiltonian with scalar solitons (6.37)-(6.38) and parity

symmetry (6.39)-(6.40), in section 7 the scalar extended wave (7.16)-(7.17) with parity symmetry (7.22)-

(7.23), and in section 8 the solitons (8.13)-(8.14) with parities (8.15)-(8.16). The relevant spinor eigenvectors

of the operator A have also been constructed in each case.

Some relationships between the complex scalar fields Φ and Φ̄ and the biorthogonal spinor sectors {ξ, η}
and {ξ̄, η̄} of the model are furnished by the correspondences between the spinors and topological currents

densities in (2.14) and (2.19), respectively, together with the equations (3.23) and (3.24) provided by the

pseudo-chirality symmetry. The emergence of the fields Φ̄ and {ξ̄, η̄} is a feature which characterizes a non-

Hermitian Toda model coupled to Dirac spinors. We have shown that the solutions (5.1) and (5.2) with the

tau functions in (5.8)-(5.10) satisfy the system of equations (2.7)-(2.8) which coupled the spinors and the

scalar field and the currents equivalence equation (2.14). In the soliton sector, the x−integral in the whole

real line of the current density (5.47) provides a complex number, which are proportional to the topological

charges Q1 and Q2, respectively. In fact, the real part of (5.47) is proportional to Q1, whereas the imaginary

part to Q2 as in (5.39)-(5.40), respectively. So, the above NH feature is the analog of the equivalence between

the U(1) Noether and real topological currents in the Hermitian version of the model [21].

The construction of the analytical biorthogonal spinor bound states and their associated complex scalar

topological solitons were performed. Analytical solutions of the static version of the system were obtained

by using the tau function approach. The complex eigenvalue λ, in each topological sector, satisfies a second

order algebraic equation as the dispersion relation (5.14), λ2 = M2 − k2, plus its complex conjugate. So, a

related uniformization parameter z defined in (5.13) has played a key role in understanding the asymptotic

behavior of the scalar field. The solutions exhibit some topological charges associated to the asymptotic

values of the complex scalar field (5.35), i.e. Φ(+∞) − Φ(−∞) = ± 4
iβ log z, with z ∈ C\{0} being the

uniformization parameter. The biorthogonal spinor bound states are found for each topological configurations

of the background scalar fields. In these developments the solitons shapes depend crucially on the spinor

bound state complex energy and wave number parameters, λ and k, i.e. the soliton shape depends on the

fermionic state to which it is coupled. So, it is worth mentioning that the back-reactions of the spinors on

the solitons are described nonperturbatively and exactly through our analytical methods.
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The spectral topology concept is a unique feature in non-Hermitian systems. The eigenvalue λ has been

defined as an analytical function of the complex variable z (5.13). The dispersion relation λ(k,M) can also

be suitably parametrized by ω (6.20) in order to define the EPs and the zero modes at w = ±1; whereas, the

z−parametrization is suitable to exhibit the relevant zero-modes and the topological charges of the scalar

fields. The both parameters z and ω are related in (6.21). We have used the z−parametrization in the

computations of the winding numbers of eigenvalues and the biorthogonality relationships of the left and

right eigenvectors. In this scenario, the EPs points at ω = ±1 (6.20) (z = ±i in (5.41)) arise as branch points

in the k−space eigenvalue manifold (see the points at k = ±M in the left and right plots of the Fig. 8). The

winding number of λ(z) has been computed as it traverses the contour Γ encircling the zero modes λ = 0

located at the points z = ±i and the pole at z = 0 in the complex plane z (see Fig. 1). The contour integral

of the function λ(z) using (6.46) provides the winding number W = 1 in (6.48), and so, it is in accordance

with the Cauchy’s argument principle (6.47).

The general solution (5.1) and (5.2) with the tau functions in (5.8)-(5.10) can be classified into two types

of solutions:

1. The continuum of bound states/solitons (5.45)-(5.46) and (5.26)-(5.27), respectively. For the wave

number with non-vanishing real component, i.e. k1 6= 0, we have defined the topological invariants for each

component of the scalar field (5.28)-(5.31). So, the spinor solutions (5.45)-(5.46) become spatially localized

eigenstates at every value of the energy in the complex plane λ which satisfies the dispersion relation (5.14)

provided that ℜ(k) 6= 0. So, this feature violates the general wisdom that bound states should be quantized.

In section 7 we have discussed in more detail this important class of solutions of a NH sl(2) Toda model

coupled to fermions, and presented the Fig. 2 as a representative plot. Recently, this phenomenon has also

been reported in the context of NH lattice models [29]. The charges ℜ(Qtopol) = ±1, ℑ(Qtopol) = 0 are

special in the sense that the relevant solitons host the Majorana zero-modes, as we will discuss below.

2. Another class of solutions are the extended waves embedded into the localized states (ELC). These

states hold provided that one sets k1 = 0 into the tau functions (5.8)-(5.10). The scalar fields take the form

(7.16)-(7.17) and the extended wave spinors become (7.18)-(7.19). The Fig. 11 shows a representative plot

of this type of state. The middle plot in Fig. 8 shows the curves λ(k1 = 0, k2) corresponding to the ELC

states. These states can be regarded as a generic NH phenomenon representing some kind of inverted BIC

states due to the non-Hermicity of the model (2.1). Recently, these novel type of ELC states in a NH system

have been reported in the context of an active mechanical lattice [30].

The above type of solutions may further be classified into subsets according to the P , T , PT and γ5PT
symmetries of the Hamiltonians H and H⋆ for each set of parities (ν1, ν2) of the scalar field components

Φ1 and Φ2, respectively. In this context, we have constructed the representations of the symmetries of type

A ∈ {PT , γ5PT } presented in the last column of Table 2 of section 4.3. In the section 6 we have shown that

the non-Hermitian model (2.1) exhibits real energy spectra in a special parameter subspace. The regions

of real and complex eigenvalues, and the EPs points of eigenvector degeneracies, have been identified. In
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general, the real eigenvalue condition in parameter space becomes (6.17). It has also been shown that the real

eigenvalues come in pairs ±λ1, so preserving the pseudo-chiral symmetry. These issues have been examined

in sections 6 , 7 and 8 where we have shown that the anti-pseudo-Hermitian symmetry breaking occurs at

the EPs defined as ω = ±1 in (6.20). Then, one can conclude that the physical regimes of the model are

determined by the discrete antilinear symmetries PT and γ5PT , respectively.

In order to understand the NH soliton-particle duality we have examined the zero mode bound states

and corresponding scalar field solutions in section 8. In contradistinction to the Hermitian case in [21]

the NH Majorana zero mode components ξj , j = 1, 2, 3, 4 are independent from each other, and they are

hosted by the complex scalar field supporting a topological soliton in its real component and a wave with

vanishing topological charge in its imaginary component (see Fig. 13). Then, one can argue that these

non-Hermitian zero modes are stable even in the presence of the imaginary component scalar wave with

vanishing topological charge. We uncovered the mapping (8.20)-(8.23) which can be regarded as a strong ⇄

weak duality mappings of the dual sectors of NH Toda model coupled to Majorana fermions. In this picture

the strong coupling sector is described by a NH sine-Gordon model (8.26), whereas the weak coupling sector

by the NH Thirring model (8.27)-(8.30) of biorthogonal Majorana fermions. In future works it would be

interesting to consider the NH (generalized) massive Thirring/sine-Gordon duality extension of the relevant

Hermitian models [56, 57].

Some analytical and numerical extensions of this work deserve to be considered, such as the NH kink-

antikink scattering in order to understand the behavior of the NH fermions and hosted bound states, as well

as the extensions for more than one species of chiral fermions and scalars in the scalar-fermion interaction

term. In particular, a scalar potential term can be introduced into the Lagrangian in order to study the NH

version of the model studied in [21]. So, our work presented the pseudo-chiral and (anti)-pseudo-Hermitian

symmetries and their representations from the field theory perspective which were mainly reported before

in the context of NH lattice models. We hope our approach will be relevant to the understanding of the

physical origins of non-Hermiticity, the finite lifetimes of resonances, back reaction of fermions on solitons

and the interplay of nonlinearity, topology, and integrability in the context of NH integrable field theory

models.

Finally, it would be interesting to study the dynamics of kinks and bound state solutions of the NH model

(2.1) in the context of quasi-integrability, and the relevant quasi-conserved quantities in the so-called (quasi-

)integrable approach [61]. So far, to our knowledge, a NH model possessing a strong-weak duality property

had not been studied in the quasi-integrability context. Besides, our findings could be relevant in the context

of one-dimensional topological superconductors in order to understand how the non-hermiticity influence the

shape and the lifetime of the bound states, in particular the Majorana zero modes. It will be an interesting

issue to study the robustness against decoherence and disorder of our non-Hermitian Majorana zero modes,

as compared to their Hermitian counterparts. These type of non-Hermitian modes, being more stable in

the presence of imperfections, make them appealing for quantum information processing and fault-tolerant
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quantum computing. These and other extensions will be reported elsewhere.
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A Equations in components

Taking λ = λ1 + iλ2, Φ = Φ1 + iΦ2, M =M1 + iM2 and

ψ = e−iλtξ, ξ =


 ξ3 + iξ4

ξ1 + iξ2


 , (A.1)

χ = eiλtη, η =


 η3 + iη4

η1 + iη2


 , (A.2)

one has the next equations for the spinor components

ξ′1 + (λ1ξ2 + λ2ξ1) + e−βΦ2 [(M1ξ3 −M2ξ4) cos (βΦ1)− (M2ξ3 +M1ξ4) sin (βΦ1)] = 0, (A.3)

ξ′2 − (λ1ξ1 − λ2ξ2) + e−βΦ2 [(M2ξ3 +M1ξ4) cos (βΦ1) + (M1ξ3 −M2ξ4) sin (βΦ1)] = 0, (A.4)

ξ′3 − (λ1ξ4 + λ2ξ3) + eβΦ2 [(M1ξ1 −M2ξ2) cos (βΦ1) + (M2ξ1 +M1ξ2) sin (βΦ1)] = 0, (A.5)

ξ′4 + (λ1ξ3 − λ2ξ4) + eβΦ2 [(M2ξ1 +M1ξ2) cos (βΦ1) + (M2ξ2 −M1ξ1) sin (βΦ1)] = 0, (A.6)

and the equations for the η′as (a = 1, 2, 3, 4) can be obtained from (A.3)-(A.6) by replacing

ξ3 → η1, ξ4 → η2, (A.7)

ξ1 → η3, ξ2 → η4, (A.8)

in accordance to the relationship ξ = Γη in (2.11). So, let us write

η′3 + (λ1η4 + λ2η3) + e−βΦ2 [(M1η1 −M2η2) cos (βΦ1)− (M2η1 +M1η2) sin (βΦ1)] = 0, (A.9)

η′4 − (λ1η3 − λ2η4) + e−βΦ2 [(M2η1 +M1η2) cos (βΦ1) + (M1η1 −M2η2) sin (βΦ1)] = 0, (A.10)

η′1 − (λ1η2 + λ2η1) + eβΦ2 [(M1η3 −M2η4) cos (βΦ1) + (M2η3 +M1η4) sin (βΦ1)] = 0, (A.11)

η′2 + (λ1η1 − λ2η2) + eβΦ2 [(M2η3 +M1η4) cos (βΦ1) + (M2η4 −M1η3) sin (βΦ1)] = 0, (A.12)

For the scalar field components one has

∂2Φ1 + β cos (βΦ1)
[
− eβΦ2(η4(M2ξ1 +M1ξ2)− η3(M1ξ1 −M2ξ2)) +

e−βΦ2(η1(M1ξ3 −M2ξ4)− η2(M1ξ4 +M2ξ3))
]
+

β sin (βΦ1)
[
eβΦ2(η3(M2ξ1 +M1ξ2) + η4(M1ξ1 −M2ξ2))−

e−βΦ2(η1(M2ξ3 +M1ξ4) + η2(M1ξ3 −M2ξ4))
]
= 0 (A.13)
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and

∂2Φ2 + β cos (βΦ1)
[
eβΦ2(η3(M2ξ1 +M1ξ2) + η4(M1ξ1 −M2ξ2)) +

e−βΦ2(η1(M2ξ3 +M1ξ4)− η2(M2ξ4 −M1ξ3))
]
+

β sin (βΦ1)
[
eβΦ2(η4(M2ξ1 +M1ξ2)− η3(M1ξ1 −M2ξ2)) +

e−βΦ2(η1(M1ξ3 −M2ξ4)− η2(M2ξ3 +M1ξ4))
]
= 0 (A.14)

Notice that the scalar equation for Φ2 (A.14) becomes trivial provided that

Φ2 = 0, η = ±ξ⋆, M2 = 0. (A.15)

Taking into account the condition (A.15) one has that the system of eqs. (A.3)-(A.6), (A.9)-(A.12) and

(A.13)-(A.14) reduce to the Hermitian model recently studied in [21]. Moreover, the relationship (2.14)

becomes

Φ′
1 = −β

2
[η1ξ1 − η2ξ2 + η3ξ3 − η4ξ4], (A.16)

= −β
4
[ηAξA + η⋆Aξ

⋆
A + ηBξB + η⋆Bξ

⋆
B], (A.17)

= −β
2
[ξAξB + ξ⋆Aξ

⋆
B ], (A.18)

Φ′
2 = −β

2
[η2ξ1 + η1ξ2 + η4ξ3 + η3ξ4], (A.19)

=
βi

4
[ηAξA − η⋆Aξ

⋆
A + ηBξB − η⋆Bξ

⋆
B], (A.20)

=
βi

2
[ξBξA − ξ⋆Bξ

⋆
A], (A.21)

The relationship (A.19) becomes trivial if the condition (A.15) is assumed. However, for M2 6= 0, Φ2 = 0

and η 6= ±ξ⋆ one has that the eq. (A.14) provides the constraint

tan (βΦ1) = −η3(M2ξ1 +M1ξ2) + η4(M1ξ1 −M2ξ2) + η1(M2ξ3 +M1ξ4)− η2(M2ξ4 −M1ξ3)

η4(M2ξ1 +M1ξ2)− η3(M1ξ1 −M2ξ2) + η1(M1ξ3 −M2ξ4)− η2(M2ξ3 +M1ξ4)
. (A.22)

References

[1] Y. Ashida, Z. Gong and M. Ueda, Advances in Physics 69 (2020) 249.

[2] E. J. Bergholtz, J. C. Budich and F. K. Kunst, Rev. Mod. Phys. 93 (2021) 015005-1.

[3] K. Kawabata, K. Shiozaki, M. Ueda and M. Sato, Physical Review X 9 (2019) 041015.

[4] E.A. Ivanov and A. V. Smilga, JHEP 07 (2007) 036.

[5] J. D. H. Rivero and L. Ge, Phys. Rev. Lett. 125 (2020) 083902.

[6] A. Mostafazadeh, J. Math. Phys. 43 (2002) 205.

57



[7] A. Mostafazadeh, J. Math. Phys. 43 (2002) 3944.

[8] A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814.

[9] C. M. Bender, and S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243.

[10] C.M. Bender, Rep. Prog. Phys. 70 (2007) 947.

[11] C. Bender, R. Tateo, P. Dorey, T. Dunning, G. Levai, S. Kuzhel, H. Jones, A. Fring, and D. Hook, PT-

Symmetry in Quantum And Classical Physics (World Scientific Publishing Company, 2018).

[12] F. G. Scholtz, H.B. Geyer, and F. J. W. Hahne, Ann. of Phys. 213 (1992) 74.

[13] V. V. Konotop,J. Yang and D. A. Zezyulin, Rev. Mod. Phys. 88 (2016) 035002-1.

[14] N. Okuma and M. Sato, Annu. Rev. Condens. Matter Phys. 14 (2023) 83.

[15] P. Delplace, J.B. Marston and A. Venaille, Science 358 (2017) 1075.

[16] H. Blas, R. A. DeLaCruz-Araujo, N. I. Reynaldo Jr., N. Santos, S. Tech and H.E.P. Cardoso,

Zero mode-soliton duality and pKdV kinks in Boussinesq system for non-linear shallow water waves,

arXiv:2305.04037[hep-th].

[17] L. Jezequel and P. Delplace, Phys. Rev. B105 (2022) 035410-1.

[18] R. Jackiw and C. Rebbi, Phys. Rev. D13 (1976) 3398.

[19] J. Goldstone and F. Wilzeck, Phys. Rev. Lett. 47 (1981) 986.

[20] R . MacKenzie and F Wilczek, Phys. Rev. D30 (1984) 2194.

[21] H. Blas, J.J. Monsalve, R. Quicaño and J. R. V. Pereira, JHEP 09 (2022) 082.

[22] H. Blas and L.A. Ferreira, Nucl. Phys. B571 (2000) 607.

[23] H. Blas, Nucl. Phys. B596 (2001) 471.

[24] F. K. Kunst, E. Edvardsson, J. C. Budich and E. J. Bergholtz, Phys. Rev. Lett. 121 (2018) 026808.

[25] A. Udupa, A. Banerjee, K. Sengupta and D. Sen, J. Phys.: Condens. Matter 33 (2021) 145301.

[26] C. Spanslatt, E. Ardonne, J. C. Budich and T. H. Hansson, J. Phys.: Condens. Matter 27 (2015)

405701.

[27] R. Eneias and A. Ferraz, New J. Phys. 17 (2015) 123006.

[28] H. Blas, Phys. Rev. D66 (2002) 127701.

[29] Q. Wang, C. Zhu, X. Zheng, H. Xue, B. Zhang and Y. D. Chong, Phys. Rev. Lett. 130 (2023) 103602.

58



[30] W. Wang, X. Wang and G. Ma, Phys. Rev. Lett. 129 (2023) 264301.

[31] A. M. Jazayeri, Phys. Rev. B107 (2023) 144302.

[32] T. Hollowood, Nucl. Phys. B384 (1992) 523.

[33] J. Cen, and A. Fring, J. Physics A49 (2016) 365202.

[34] Z. Y. Ge , Y.R. Zhang, T. Liu, S.-W. Li, H. Fan, and F. Nori, Phys. Rev. B100 (2019) 054105.

[35] C.-G. Oh, S.-H Han, and S. Cheon, Sci Rep 11 (2021) 21652.

[36] D. Sticlet, B. Dóra , and C.P. Moca, Phys. Rev. Lett. 128 (2022) 016802

[37] L.A. Ferreira, J-L. Gervais, J.Sánchez Guillen and M.V.Saveliev, Nucl. Phys. B470 (1996) 236-288.

[38] H. Blas and B.M. Pimentel. Ann. of Phys. 282 (2000) 67.

[39] S. Franca,V. Konye, F. Hassler, J, van den Brink, and C. Fulga, Phys. Rev. Lett. 129 (2022) 086601.

[40] A. Fring, J. Phys.: Conf. Ser. A2448 (2023) 012002.

[41] S.-J. Chang, S.D. Ellis and B.W. Lee, Phys. Rev. D11 (1975) 3572.

[42] E. Witten, Nucl. Phys. B145 (1978) 110.

[43] D. A. Takahashi and M. Nitta, Phys. Rev. Lett. 110 (2013) 131601.

[44] M. Stone (Ed.) Bosonization. (1994). Singapore: World Scientific.

[45] J. Wiersig, Physical Review Research 4 (2022) 033179.

[46] M. Sato, K. Hasebe, K. Esaki and M. Kohmoto, Prog. Theor. Phys. 127 (2012) 937.

[47] A. Ghatak and T. Das, J. Phys.: Condens. Matter 31 (2019) 263001.

[48] Z.-H. Wang, F. Xu, L. Li, D.-H. Xu, W.-Q. Chen and B. Wang, Phys. Rev. B103 (2021) 134507

[49] A. Mostafazadeh, J. Math. Phys. 44 (2003) 974.

[50] A. Beygi, S. P. Klevansky, and C. M. Bender, Phys. Rev. A91 (2015) 062101.

[51] Y. Long , H. Xue , and B. Zhang, Phys. Rev. B105 (2022) L100102.

[52] A. Melkani, Physical Review Research 5 (2023) 023035.

[53] Carl M. Bender, H.F. Jones, and R.J. Rivers, Phys. Lett. 625B (2005) 333.

[54] B. Basu-Mallick, D. Sinha, JHEP 03 (2024) 071

59
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