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Abstract: The warped conformal symmetries have been found in the covariant phase
space of a set of non-trivial diffeomorphism near the Kerr black hole horizon. In this paper,
we consider the retarded Green’s function and the absorption probability for the scalar
and higher spin perturbations on a generic non-extreme Kerr black hole background, and
perform their holographic calculations in terms of the warped CFT. This provide further
evidence on the conjecture that the warped CFT is relevant to the microstate description
of the Kerr black hole.

ar
X

iv
:2

31
0.

03
53

2v
3 

 [
he

p-
th

] 
 1

8 
A

pr
 2

02
4

mailto:jfxu@seu.edu.cn


Contents

1 Introduction 1

2 Review of Kerr spacetime and hidden conformal symmetry 3

3 Scalar radiations in Kerr spacetime 5
3.1 Near region 5
3.2 Far region 7
3.3 Near-far matching 7
3.4 Dual calculations in WCFT 9

4 Higher spin radiations in Kerr spacetime 13
4.1 Near region 14
4.2 Far region 15
4.3 Near-far matching 15
4.4 Dual explanations in WCFT 16

5 Summary and discussion 17

1 Introduction

In exploring the gravitational phenomena in the vicinity of a black hole, the conformal field
theory (CFT) plays an essential role. This was not only due to the holographic duality
(anti de-Sitter (AdS))/CFT, but also due to the large amount of studies go beyond it. One
of the typical example is the Kerr/CFT [1] which aims to understand the Kerr black hole in
universe in terms of a two dimensional (2D) CFT. For an extreme Kerr black hole, there is a
near horizon scaling region, known as the NHEK (near horizon extreme Kerr) geometry [2],
where the asymptotic symmetry analysis under specific boundary conditions shows that the
dual field theory should be a chiral left-moving 2D CFT [1]. Other boundary conditions
that also implement the Kerr/CFT can be found in [3, 4]. Evidence of the Kerr/CFT comes
from the facts that the Cardy formula of a 2D CFT reproduces the black hole entropy [1, 3]
and the matching of CFT correlators with scattering amplitudes of perturbations on a near
extreme Kerr black hole background [5].

For a non-extreme Kerr black hole, the NHEK geometry disappears and the near hori-
zon geometry is just a Rindler space without conformal symmetry. However, as proposed
in [6], a geometry with conformal symmetry is not a necessary condition for the interactions
to exhibit conformal invariance. The conformal symmetries may hide in the solution space
and still governs the dynamics of the fields. In the low frequency limit ω ≪ 1/M , where
ω is the frequency of the perturbative field and M is the mass of the Kerr black hole, the
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spacetime can be divided into the near region r ≪ 1/ω and the far region r ≫ M which
have a large overlap. The hidden conformal symmetry acting on the near region wave
equation. Intuitively, this is highly because of the independence of choosing a matching
surface in getting the full wave solution by the near-far matching [6]. This hidden conformal
symmetry can help to fix the black hole entropy and scattering amplitudes in term of the
Cardy formula and correlators in a 2D CFT [6]. The covariant phase space formalism [7]
and the gravitational wave analysis [8] also support the validity of the hidden conformal
symmetry.

In this paper, we will phenomenologically determine the scattering amplitudes of an
non-extreme Kerr black hole by incident perturbative scalar and higher spin waves origi-
nating in the asymptotically flat region, and see whether or not the black hole will react
like a warped CFT (WCFT) other than a 2D CFT. This will generalize the work in [5]
to the non-extreme case. The WCFT is a self-consistent field theory which also allows
holographic interpretations. To be specific, it is a two dimensional non-relativistic quan-
tum field theory with warped conformal symmetry. The symmetry algebra contains one
Virasoro algebra and one U(1) Kac-Moody algebra [9, 10]. The global warped conformal
symmetry is SL(2, R)× U(1). Concrete examples of WCFTs include chiral Liouville grav-
ity [11], Weyl fermion models [12, 13], free scalars [14], and the complex Sachdev-Ye-Kitaev
models as a symmetry-broken phase [15]. Much like its CFT cousin, the two and three
point correlation functions of the WCFT can be fixed by the global warped conformal sym-
metry up to normalizations and OPE coefficients [16]. The entanglement entropy and the
outer-of-time-order correlators of the WCFT have been studied in [17, 18].

From a holographic perspective, WCFT was initiated from the studies of the hologra-
phy of a large class of geometries with SL(2, R)×U(1) isometry. Typical examples are the
warped AdS3 (WAdS) [19–25] and the NHEK geometry [2]. By imposing Dirichlet-Neumann
boundary conditions on a AdS3 in Einstein gravity, the WCFT can be viewed as an alterna-
tive holographic dual to the AdS3 [26]. The corresponding conjectures WAdS/WCFT [10]
and AdS3/WCFT [26] are possible holographic dualities beyond the standard AdS/CFT.
Evidence of the above mentioned dualities is gathered from the following results. A Cardy
like formula induced from the modular properties of WCFT partition functions recovers
the thermal entropy of WAdS black holes [10]. The WCFT thermal retarded correlators
match the scattering amplitudes in a thermal WAdS [16]. The holographic entanglement
entropy [27–32], the mutual information [33], and the reflected entropy [34] from WCFT are
holographically constructed in AdS3 or WAdS. A holographic calculation of the asymptotic
growth of three point coefficient in WCFT is provided on a BTZ black hole background [35].
See [17, 36] for another kind of holographic realization of a WCFT in the lower spin Chern-
Simons theory.

When the Kerr black hole is in or near extreme, the near horizon geometry with
SL(2, R)× U(1) isometry at fixed polar angle can be viewed as a quotient of WAdS [1, 5].
As mentioned above, the WAdS is conjectured to be dual to the WCFT under Dirichlet-
Neumann boundary conditions [21]. So it is natural be believe that other than the Kerr/CFT,
the WCFT could also be relevant to the microstate description of the Kerr black hole. When
the Kerr black hole is away from extremality, the warped symmetry is not manifest in the
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geometry. However, in the covariant phase space, by choosing a specific set of vector fields,
the covariant charges associate to these vector fields can be shown to satisfy a warped con-
formal algebra with non-trivial central extensions [37]. This result will support the WCFT
as a possible dual field theory to the Kerr black hole in the non-extreme case. Along this
line, we will further investigate the scattering amplitudes of perturbations on a generic
non-extreme Kerr black hole background, and explain the corresponding results in terms of
WCFT thermal correlators.

This paper is organized as follows. Section 2 is a review of the properties of the Kerr
black hole as well as the corresponding hidden conformal symmetry. In section 3, the
solutions to the wave equation of a massless scalar perturbation are discussed in the near
and far regions, respectively. The retarded Green’s function and the absorption probability
of the scalar flux at infinity are calculated by imposing an ingoing boundary condition at
the horizon of the Kerr black hole. The holographic descriptions of the retarded Green’s
function as well as the absorption probability are carried out in the WCFT. In section 4,
we generalize the analysis to higher spin perturbations on the Kerr black hole background.
Section 5 is for summary and discussion.

2 Review of Kerr spacetime and hidden conformal symmetry

In the Boyer-Lindquist coordinates, the Kerr black hole metric can be written as

ds2 = −∆

ρ2
(dt− a sin2 θdϕ)2 +

sin2 θ

ρ2
(
(r2 + a2)dϕ− adt

)2
+

ρ2

∆
dr2 + ρ2dθ2 , (2.1)

where
∆ = r2 − 2Mr + a2, ρ2 = r2 + a2 cos2 θ , (2.2)

M is the black hole mass, and a = J/M is the black hole angular momentum per unit mass.
The coordinates’ ranges are t ∈ (−∞,+∞), r ∈ [0,+∞), θ ∈ [0, π], and ϕ ∈ [0, 2π). The
outer (+) and the inner (−) horizons are located at

r± = M ±
√

M2 − a2 . (2.3)

Consider a massless scalar filed Φ on the Kerr black hole background. The Klein-Gordon
equation is

1√
−g

∂µ(
√
−ggµν∂νΦ) = 0 . (2.4)

Note that both ∂t and ∂ϕ are Killing vectors, the scalar field can be expanded by the
following eigenmodes

Φ(t, r, θ, ϕ) = e−iωt+imϕS(θ)R(r) , (2.5)

where ω and m are the frequency and angular momentum of the scalar field. Due to
the 2π periodicity in coordinate ϕ, m takes integral values. With these eigenmodes, the
Klein-Gordon equation splits into[

1

sin θ
∂θ(sin θ∂θ)−

m2

sin2 θ
+ ω2a2 cos2 θ

]
S(θ) = −KℓS(θ) , (2.6)
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and[
d

dr
∆

d

dr
+

(2Mr+ω − am)2

(r − r+)(r+ − r−)
− (2Mr−ω − am)2

(r − r−)(r+ − r−)
+ (r2 + 2M(r + 2M))ω2

]
R(r) = KℓR(r) .

(2.7)
The above equations can be solved by Heun functions with Kℓ be the separation constant
which are the eigenvalues on a sphere.

We will consider the case in which the wave frequency is much less than the inverse of
the black hole mass

ω ≪ 1

M
. (2.8)

The region r ≪ 1
ω is called the near region, and the region r ≫ M is called the far region.

When the frequency ω is small, the near region can extend to the far region with a large
overlap. The region M ≪ r ≪ 1

ω is called the matching region. The hidden conformal
symmetry shows up in the solution space of the wave equation for the propagating field in
the near region [6].

In the near region, the angular equation with ωa < ωM ≪ 1 reduces to the standard
Laplacian equation on a 2-sphere[

1

sin θ
∂θ(sin θ∂θ)−

m2

sin2 θ

]
S(θ) = −ℓ(ℓ− 1)S(θ) , ℓ = −m+ 1, · · · ,m+ 1 . (2.9)

while the radial wave equation becomes[
d

dr
∆

d

dr
+

(2Mr+ω − am)2

(r − r+)(r+ − r−)
− (2Mr−ω − am)2

(r − r−)(r+ − r−)

]
R(r) = ℓ(ℓ− 1)R(r) . (2.10)

To see the structure of the wave equation more clearly, it is convenient to define the “con-
formal” coordinates [6]

ω+ =

√
r − r+
r − r−

e2πTRϕ ,

ω− =

√
r − r+
r − r−

e2πTLϕ− t
2M , (2.11)

y =

√
r+ − r−
r − r−

eπ(TL+TR)ϕ− t
4M ,

where
TR =

r+ − r−
4πa

, TL =
r+ + r−
4πa

. (2.12)

Define the local vector fields

H1 = i∂+ ,

H0 = i(ω+∂+ +
1

2
y∂y) , (2.13)

H−1 = i(ω+2∂+ + ω+y∂y − y2∂−) ,
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and

H̄1 = i∂− ,

H̄0 = i(ω−∂− +
1

2
y∂y) , (2.14)

H̄−1 = i(ω−2∂− + ω−y∂y − y2∂+) .

The above vector fields form the SL(2, R) Lie algrbra

[H0, H±1] = ∓iH±1 , [H−1, H1] = −2iH0 . (2.15)

A similar relation holds for (H̄0, H̄±1). The corresponding SL(2, R) quadratic Casimir
operator is

H2 = −H2
0 +

1

2
(H1H−1 +H−1H1) . (2.16)

One can check that

H2 = ∂r∆∂r −
(2Mr+∂t + a∂ϕ)

2

(r − r+)(r+ − r−)
+

(2Mr−∂t + a∂ϕ)
2

(r − r−)(r+ − r−)
. (2.17)

So in the near region, the scalar field with fixed θ coordinate satisfies the following equation

H2Φ = ℓ(ℓ− 1)Φ , (2.18)

which indicate that the Φ is within the global conformal representation of the SL(2, R)

with conformal weight ℓ. This equation have both right and left copy from (H0, H±1) and
(H̄0, H̄±1). The SL(2, R) × SL(2, R) symmetry is spontaneously broken by the angular
identification of the ϕ coordinate, this requires the corresponding 2D CFT at temperature

TR =
r+ − r−
4πa

, TL =
r+ + r−
4πa

. (2.19)

The above statement is supported by the black hole entropy, scattering amplitudes [6], the
covariant phase space formalism [7] and the gravitational radiations [8].

3 Scalar radiations in Kerr spacetime

3.1 Near region

As mentioned in [37], the potential term in the near region radial wave equation (2.7) can be
approximately written with an additional 4M2ω2 term due to the rω terms have negligible
contributions in the frequency space. Taking this into account, the near region radial wave
equation becomes[

d

dr
∆

d

dr
+

(2Mr+ω − am)2

(r − r+)(r+ − r−)
− (2Mr−ω − am)2

(r − r−)(r+ − r−)

]
R(r) = ℓ′(ℓ′ − 1)R(r) , (3.1)

where
ℓ′ =

1

2
+

1

2

√
(2ℓ− 1)2 − 16M2ω2 . (3.2)
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The SL(2, R) Casimir equation still holds

H2Φ = ℓ′(ℓ′ − 1)Φ, , (3.3)

but now with a frequency dependent conformal weight ℓ′. We will assign the frequency
ω being proportional to the U(1) charge Q of a WCFT. The charge dependence of the
conformal weight in holographic WCFT also happens in some other contexts. For example,
in the studying of the holographic interpretation of bulk scalar Green’s functions on a
thermal WAdS background in terms of WCFT data [16], the conformal weight of the scalar
field depends on the charge of the dual WCFT. In the present paper, we are going to
phenomenologically determine the scattering amplitudes in the Kerr spacetime in terms of
WCFT correlators. We will keep using ℓ′ instead of ℓ in the following discussion.

In the near region, the radial wave equation (3.1) can be solved by the hypergeometric
functions. Imposing an ingoing boundary condition at the horizon, the solution can be
written as

R(r) =

(
r − r+
r − r−

)−i
2Mr+ω−am

r+−r−
(r − r−)

−ℓ′

×2F1

(
ℓ′ − i

4M2ω − 2am

r+ − r−
, ℓ′ − i2Mω; 1− i

4Mr+ω − 2am

r+ − r−
;
r − r+
r − r−

)
, (3.4)

where 2F1(a, b; c; z) is the hypergeometric function. When the frequency ω is very small,
the near region r ≪ 1

ω extends to the far region where the asymptotic behavior of the scalar
field can be analysed. The near region radial wave solution in the far region behaves as

R(r ≫ M) ∼ Anearr
−ℓ′ +Bnear(r+ − r−)

−2ℓ′+1rℓ
′−1 , (3.5)

where

Anear =
Γ
(
1− i4Mr+ω−2am

r+−r−

)
Γ(−2ℓ′ + 1)

Γ(1− ℓ′ − i2Mω)Γ
(
1− ℓ′ − i4M

2ω−2am
r+−r−

) , (3.6)

Bnear =
Γ
(
1− i4Mr+ω−2am

r+−r−

)
Γ(2ℓ′ − 1)

Γ(ℓ′ − i2Mω)Γ
(
ℓ′ − i4M

2ω−2am
r+−r−

) . (3.7)

The retarded Green’s function for the scalar field Φ in the frequency space can be read off
from the asymptotic expansion

Gbulk
R ∼ Anear

Bnear
=

Γ(−2ℓ′ + 1)

Γ(2ℓ′ − 1)

Γ(ℓ′ − i2Mω)

Γ(1− ℓ′ − i2Mω)

Γ
(
ℓ′ − i4M

2ω−2am
r+−r−

)
Γ
(
1− ℓ′ − i4M

2ω−2am
r+−r−

) , (3.8)

here ∼ stands for equaling up to a factor independent of ω and m.
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3.2 Far region

In the far region, the redial wave equation reduces to

d

dr

(
r2

dR(r)

dr

)
+ r2ω2R(r) = ℓ′(ℓ′ − 1)R(r) . (3.9)

This is the spherical Bessel’s equation. There are two linearly independent solutions [8]

R(r) = Afar
1√
ωr

J−ℓ′+ 1
2
(ωr) +Bfar

1√
ωr

Jℓ′− 1
2
(ωr) , (3.10)

where Afar and Bfar are constants. These solutions have the following asymptotic behaviors

1√
ωr

J−ℓ′+ 1
2
(ωr) → ω−ℓ′r−ℓ′ 2ℓ

′− 1
2

Γ
(
−ℓ′ + 3

2

) , r → 0 , (3.11)

→
√

2

π

1

ωr
sin(ωr + πℓ′/2) , r → ∞ , (3.12)

1√
ωr

Jℓ′− 1
2
(ωr) → ωℓ′−1rℓ

′−1 2−ℓ′+ 1
2

Γ
(
ℓ′ + 1

2

) , r → 0 , (3.13)

→
√

2

π

1

ωr
cos(ωr − πℓ′/2) , r → ∞ . (3.14)

3.3 Near-far matching

At the outer boundary of the far region, each of these two solutions has outgoing and
ingoing modes. One can separate the pure outgoing and pure ingoing part in the solution
with the following recombination

R(r) = Zout

(
ieiπℓ

′ 1√
ωr

J−ℓ′+ 1
2
(ωr) +

1√
ωr

Jℓ′− 1
2
(ωr)

)
+Zin

(
−ie−iπℓ′ 1√

ωr
J−ℓ′+ 1

2
(ωr) +

1√
ωr

Jℓ′− 1
2
(ωr)

)
, (3.15)

where

Zout =
1

2 cos(πℓ′)
(−iAfar + e−iπℓ′Bfar) , (3.16)

Zin =
1

2 cos(πℓ′)
(iAfar + eiπℓ

′
Bfar) , (3.17)

are the amplitudes of the pure outgoing and ingoing part, respectively. With the asymp-
totic behaviors given in (3.12) and (3.14), one can show that the scalar fields at the outer
boundary of the far region take the forms

Φout(r → ∞) =
∑
ℓ,m

e−iωt+imϕSℓ(θ)Zout

(√
2

π

eiωr+iπℓ′/2

ωr
cos(πℓ′)

)
, (3.18)

Φin(r → ∞) =
∑
ℓ,m

e−iωt+imϕSℓ(θ)Zin

(√
2

π

e−iωr−iπℓ′/2

ωr
cos(πℓ′)

)
. (3.19)
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The Klein-Gordon particle number flux is defined as

F =

∫ √
−gJrdθdϕ , with Jµ =

i

8π
(Φ∗∇µΦ− Φ∇µΦ∗) . (3.20)

At infinity, the fluxes of outgoing and ingoing particle number behave like

Fout ∝ |Zout|2 , Fin ∝ |Zin|2 , (3.21)

with same proportional constants. The absorption probability, which is the ratio of the net
incoming flux to the total incoming flux, can be expressed as

σbulk
abs =

Fin −Fout

Fin
= 1− |Zout|2

|Zin|2
=

2i cos(πℓ′)(AfarB
∗
far −BfarA

∗
far)

|iAfar + eiπℓ′Bfar|2
. (3.22)

The radial solutions at far and near regions should match with each other at the matching
region. The far region R(r) at r → 0 should have the same coefficients with the near region
R(r) at r ≫ M . By comparing with (3.10), (3.11), (3.13) and (3.5), these coefficients are
related through

Afar = 2−ℓ′+ 1
2Γ

(
−ℓ′ +

3

2

)
ωℓ′Anear , (3.23)

Bfar = 2ℓ
′− 1

2Γ

(
ℓ′ +

1

2

)
(r+ − r−)

−2ℓ′+1ω−ℓ′+1Bnear . (3.24)

Using (3.6) and (3.7), and the above relations, we find

2i cos(πℓ′)(AfarB
∗
far −BfarA

∗
far) = πω(r+ − r−)

−2ℓ′(4Mr+ω − 2am) . (3.25)

Note that we assume ωM ≪ 1, and r+ − r− is at order of M , the coefficient Bfar will be
much larger than Afar when Re(ℓ′) > 1/2. So the absorption probability in this case can
be written as

σbulk
abs =

2i cos(πℓ′)(AfarB
∗
far −BfarA

∗
far)

|Bfar|2

=
(ω/2)2ℓ

′−1(r+ − r−)
2ℓ′−1

Γ
(
ℓ′ + 1

2

)2
Γ(2ℓ′ − 1)2

sinh

(
π
4Mr+ω − 2am

r+ − r−

)

× |Γ(ℓ′ − i2Mω)|2
∣∣∣∣Γ(ℓ′ − i

4M2ω − 2am

r+ − r−

)∣∣∣∣2 . (3.26)

It is clear that when the modes parameters ω and m satisfying

0 < ω < m
a

2Mr+
, (3.27)

the absorption probability is negative, which means that the outgoing flux is more energetic
than the incoming one. This corresponds to the superradiant scattering case [38, 39].

In the next section, we will calculate the thermal retarded correlator and the absorption
cross section of the WCFT, and show their matchings with the bulk quantities (3.8) and
(3.26), respectively. The holographic dual calculation of the absorption probability only
applies for Re(ℓ′) > 1/2. When this condition is not satisfied, i.e. Re(ℓ′) = 1/2, both Afar

and Bfar are relevant in the denominator of (3.22). The dependence of the bulk absorption
probability on the small frequency becomes highly oscillating.
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3.4 Dual calculations in WCFT

For a WCFT with coordinates (x, y), the generic warped conformal symmetry transforma-
tion can be written as

x′ = f(x) , y′ = y + g(x) , (3.28)

where f(x) and g(x) are two arbitrary functions. First, consider the zero temperature case
in which the WCFT is defined on a plane. Infinitesimally, the warped conformal symmetries
are generated by a set of vector fields

Ln = −xn+1∂x , Pn = ixn∂y . (3.29)

These vector fields form the Virasoro-Kac-Moody algebra

[Ln, Lm] = (n−m)Ln+m ,

[Ln, Pm] = −mPn+m ,

[Pn, Pm] = 0 . (3.30)

The global symmetries are generated by (L±1, L0, P0) which form a sl(2, R)×u(1) subalge-
bra. At charge level, there are infinitely many conserved charges associated with translations
along x and y, with corresponding Neother currents T (x) and P (x), respectively

Ln = − i

2π

∫
dxxn+1T (x) , Pn = − 1

2π

∫
dxxnP (x) . (3.31)

The commutation relations for the charges form a warped conformal algebra consists of one
Virasoro algebra and one U(1) Kac-Moody algebra with central extension [10]

[Ln,Lm] = (n−m)Ln+m +
c

12
n(n2 − 1)δn,−m ,

[Ln,Pm] = −mPn+m ,

[Pn,Pm] = k
n

2
δn,−m , (3.32)

where c is the central charge and k is the Kac-Moody level. Similar to the CFT story,
one can define the primary operators of the WCFT through the following transformation
law [16]

O′(x′, y′) =

(
∂x′

∂x

)−δ

O(x, y) , (3.33)

where δ is the scaling dimension of the primary operator O(x, y). The infinitesimal version
can be expressed as

[Ln,O(x, y)] = [xn+1∂x + (n+ 1)xnδ]O(x, y) , (3.34)

[Pn,O(x, y)] = ixn∂yO(x, y) = −xnQO(x, y) , (3.35)

where the last equation is because we are choosing a basis with definite P0 charge Q. The
quadratic Casimir operator acting on O(x, y) as an eigenoperator with eigenvalue δ(δ − 1)

L2O =

(
L0 −

1

2
(L1L−1 + L−1L1)

)
O = δ(δ − 1)O . (3.36)
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The finite temperature case can be obtained by applying a warped conformal transfor-
mation [16]

x = e
2πX
β , y = Y + q̄X . (3.37)

(X,Y ) stands for the finite temperature coordinates with the following thermal identifica-
tion

(X,Y ) ∼ (X + iβ, Y − iβ̄) , (3.38)

where β is the inverse temperature along X and β̄ = q̄β+α is the inverse temperature along
Y . q̄ is the spectral flow parameter. In terms of (X,Y ), the warped conformal generators
can be written as

Ln = − β

2π
e

2πnX
β (∂X − q̄∂Y ) , Pn = ie

2πnX
β ∂Y . (3.39)

We relate the finite temperature spectral flowed WCFT coordinates (X,Y ) to the Kerr
coordinates (t, ϕ) in the following way

X = 2πTRϕ , Y =
1

2M
t− 2π(TL + q̄TR)ϕ . (3.40)

The angular identification ϕ ∼ ϕ+ 2π can be expressed as

(X,Y ) ∼
(
X + 4π2TR, Y − 4π2(TL + q̄TR)

)
. (3.41)

Further more, due to the facts that the Kerr black hole has temperature and the corre-
sponding coordinates have the following thermal identification

(t, ϕ) ∼ (t+ iT−1
H , ϕ+ iT−1

H ΩH) , (3.42)

where TH and ΩH are the Hawking temperature and the angular velocity of the outer
horizon

TH =
r+ − r−
8πMr+

, ΩH =
a

2Mr+
. (3.43)

Then the WCFT coordinates inherit the following thermal identification

(X,Y ) ∼ (X + 2πi, Y − 2πi(q̄ − 1)) , (3.44)

with β = 2π and β̄ = 2π(q̄ − 1). So the finite temperature WCFT is defined on a torus
with both spatial and thermal identifications

(X,Y ) ∼
(
X + 4π2TR, Y − 4π2(TL + q̄TR)

)
∼ (X + 2πi, Y − 2πi(q̄ − 1)) . (3.45)

At low frequency, the near region r ≪ 1
ω extends to very far at r ≫ M . The WCFT

lives on this fixed large r surface. In this place, the conformal vector fields (H±1, H0, H̄0)

which form sl(2, R) × u(1) subalgebra can be identified as the global part of the warped
conformal generators (L±1, L0, P0) in (3.39) by using (3.40), through

L±1 = iH∓1 , L0 = iH0 , P0 = −H̄0 . (3.46)
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With the above relation, the quadratic Casimir operator L2 of the SL(2, R) in the warped
conformal algebra

L2 = L2
0 −

1

2
(L1L−1 + L−1L1) = H2 , (3.47)

is relate to the conformal Casimir operator H2 in the scalar wave equation (2.17). Thus we
can relate the scaling dimension δ of the WCFT primary operator to the SL(2, R) conformal
weight of the scalar field Φ

δ = ℓ′ =
1

2
+

1

2

√
(2ℓ− 1)2 − 16M2ω2 . (3.48)

The action of the deformed WCFT can be written as

S = SWCFT +
∑
δ

∫
dXdY Jδ,Q(X,Y )Oδ,Q(X,Y ) , (3.49)

where SWCFT is the original WCFT action, and Oδ,Q(X,Y ) are the WCFT operator with
scaling dimension δ and fix P0 charge Q. The source term, which comes from the unnor-
malized part of the asymptotic scalar field in the Kerr spacetime, can be expanded in terms
of the periodic ϕ modes

Jδ,Q(X,Y ) =
∑
m

Jδme−iΩX+iQY , (3.50)

where Jδm ∝ Bnear, and

Ω =
4M2ω − 2am

r+ − r−
+ 2Mωq̄ , Q = −2Mω . (3.51)

Here we view Q as fixed constant and Ω is the frequency along X.
Inspired by the CFT’s result, the Fermi’s Golden rule gives the transition rate out of

the thermal state [40, 41]

R = 2π
∑
δm

|Jδm|2
∫

dXdY eiΩX−iQY G(X,Y ) , (3.52)

where G(X,Y ) is the finite temperature two point function of the WCFT [16]

G(X,Y ) = ⟨Oδ,Q(X,Y )Oδ,−Q(0, 0)⟩ ∼ CO(−1)δeiQ(Y+q̄X)

(
β

π
sinh

πX

β

)−2δ

, (3.53)

with β = 2π and CO being the normalization constant. From the transition rate (3.52),
one can write down the thermal retarded correlator and the absorption cross section in the
following form [5]

GR ∼
∫

dXdY eiΩX−iQY G(X − iϵ, Y − iϵ) , (3.54)

σabs ∼
∫

dXdY eiΩX−iQY [G(X − iϵ, Y − iϵ)−G(X + iϵ, Y + iϵ)] , (3.55)
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where −iϵ and +iϵ correspond to absorption and emission. Using (3.53) in (3.54) and
further notice that the Euclidean frequency at finite temperature takes discrete values of
the Matsubara frequencies, the thermal retarded correlator then takes the from [16]

GR ∼ (2π)1−2δ eπQq̄

sin (π(δ + iQq̄))

Γ (δ − i(Ω +Qq̄))

Γ (1− δ − i(Ω +Qq̄))
, (3.56)

where we have set β = 2π. Invoking the relations (3.48) and (3.51), one can show that
the retarded Green’s function for the scalar filed in the Kerr spacetime (3.8) matches the
WCFT thermal retarded correlator (3.56) in the Ω dependence.

Substituting (3.53) into (3.55) and integrating over the subtraction, the absorption
cross section takes the form

σabs ∼ 1

Γ(2δ)
sinh(π(Ω +Qq̄))|Γ(δ − i(Ω +Qq̄))|2

∼ 1

Γ(2δ)
sinh(π(Ω +Qq̄ −Q))|Γ(δ − i(Ω +Qq̄))|2 +O(Q) . (3.57)

Here we expand the sinh function in terms of small charge up to leading order since the
charge Q is proportional to the low frequency ω as in (3.51). Given the relations (3.48) and
(3.51), the absorption probability of the scalar flux in the Kerr spacetime at low frequency
(3.26) matches the WCFT absorption cross section (3.57) at small charge in the Ω depen-
dence. So the WCFT calculation covers the leading Ω dependence in the bulk absorption
probability.

The WCFT calculations reproduce the right-moving Ω + Qq̄ dependent parts of the
bulk retarded Green’s function and absorption probability. The left-moving parts which
only depend on the charge Q are missing. This is because the WCFT contains only one
Virasoro algebra at symmetry level. However, this is not an issue since the charge Q is
viewed as a fixed constant in the WCFT. The Q dependent functions can be normalized
in the operator’s definition. One need another Virasoro sector in the two point function to
recover the Q dependent left-moving parts.

At symmetry level, the non-extreme Kerr black hole possesses two copies of Virasoro
algebra [7] in the near horizon region as well as Virasoro and Kac-Moody algebra [37].
Solely look at bulk Kerr spacetime geometry, one can not tell the dual field theory being
CFT or WCFT. It depends on what kinds differmorphism or boundary conditions near the
horizon is included. At perturbation level, the bulk quantities also allow both CFT and
WCFT descriptions. It depends on the frequency ω and angular momentum m of the scalar
field. If both are variables, the hidden conformal symmetry ensures that they have CFT
description. If ω is held as a fixed constant, then the allowed hidden conformal symmetry
generators reduce to (H±1, H0, H̄0). This is because the eigenvalue of H̄0 acting on the
scalar field is proportional to the frequency ω. However, the H̄±1 operating will change the
eigenvalue since they have non-trivial commutation relation to H̄0. This is not expected
from a WCFT description since the frequency is related to the fixed U(1) charge Q through
(3.51). Furthermore, the conformal generators (H±1, H0, H̄0) can be identified as the global
part of the warped conformal generators through (3.46) and the local symmetry algebra of
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a WCFT can be reproduced in the near horizon region of a generic Kerr black hole [37].
Therefore, start from the bulk analysis of perturbations on a Kerr background, if one fix the
frequency, the result is expected to be recovered form a WCFT calculation. We calculate
the retarded Green’s function and absorption probability in the Kerr spacetime, and found
that the fixed frequency result indeed match the WCFT calculation.

4 Higher spin radiations in Kerr spacetime

In this section, we generalize the previous discussion about the scalar field to the higher
spin field case, for instance the gravitational perturbation on the Kerr background. To
explore the higher spin case, it is convenient to apply the Newman-Penrose formalism, by
introducing the NP null tetrad of the Kerr metric in components (t, r, θ, ϕ)

ℓµ =

(
r2 + a2

∆
, 1, 0,

a

∆

)
,

nµ =
1

2(r2 + a2 cos2 θ)

(
r2 + a2,−∆, 0, a

)
, (4.1)

mµ =
1√

2(r + ia cos θ)

(
ia sin θ, 0, 1,

i

sin θ

)
.

The perturbations of the following gauge invariant Weyl scalars describe the gravitational
radiations

Ψs=−2 = Ψ
(1)
4 = Cµνρσn

µm∗νnρm∗σ , (4.2)

Ψs=2 = Ψ
(1)
0 = Cµνρσℓ

µmνℓρmσ , (4.3)

where Ψs=−2 is for outgoing radiation and Ψs=2 is for ingoing. These perturbations satisfy
the following master equation on the Kerr background [42, 43](

(r2 + a2)2

∆
− a2 sin2 θ

)
∂2Ψs

∂t2
+

4Mar

∆

∂2Ψs

∂t∂ϕ
+

(
a2

∆
− 1

sin θ

)
∂2Ψs

∂ϕ2

−∆−s ∂

∂r

(
∆s+1∂Ψs

∂r

)
− 1

sin θ

∂

∂θ

(
sin θ

∂Ψs

∂θ

)
− 2s

(
a(r −M)

∆
+

i cos θ

sin2 θ

)
∂Ψs

∂ϕ

−2s

(
M(r2 − a2)

∆
− r − ia cos θ

)
∂Ψs

∂t
+ (s2 cot2 θ − s)Ψs = 0 . (4.4)

This equation is valid for a generic spin-weight parameter s and we have set the source
term vanishing on the right hand side. The master equation (4.4) is separable by writing

Ψs = e−iωt+imϕSs(θ)Rs(r) , (4.5)

which leads to the following angular and radial equations

1

sin θ

d

dθ

(
sin θ

dSs(θ)

dθ

)
−
(

m2

sin2 θ
+

2ms cos θ

sin2 θ
+ s2 cot2 θ − s

)
Ss(θ)

−2ωas cos θSs(θ) + ω2a2 cos2 θSs(θ) = −Ks
ℓS

s(θ) , (4.6)
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∆−s d

dr

(
∆s+1dR

s(r)

dr

)
+

(
(2Mr+ω − am)2

(r − r+)(r+ − r−)
− (2Mr−ω − am)2

(r − r−)(r+ − r−)

)
Rs(r)

−
(
is
2Mr+ω − am

r − r+
+ is

2Mr−ω − am

r − r−

)
Rs(r) + 2isω(r −M)Rs(r)

+(r2 + 2M(r + 2M))ω2Rs(r) = Ks
ℓR

s(r) , (4.7)

with Ks
ℓ being the separation constant. The above two equations are actually confluent

Heun equations both with two regular singular points and an irregular singular point.
The exact solutions can be analysed via mapping these equations to the level 2 null-state
equation for primary operators of Virasoro algebra [44]. In this paper, we will focus on the
low frequency limit case.

4.1 Near region

In the near region and low frequency limit, the angular equation becomes

1

sin θ

d

dθ

(
sin θ

dSs(θ)

dθ

)
−
(

m2

sin2 θ
+

2ms cos θ

sin2 θ
+ s2 cot2 θ − s

)
Ss(θ) = −Ks

ℓS
s(θ) , (4.8)

which is the angular part of spin weighted spherical harmonic equation with Ks
ℓ = (ℓ +

s)(ℓ− s− 1) [45]. And the radial equation reduces to

∆−s d

dr

(
∆s+1dR

s(r)

dr

)
+

(
(2Mr+ω − am)2

(r − r+)(r+ − r−)
− (2Mr−ω − am)2

(r − r−)(r+ − r−)

)
Rs(r)

−
(
is
2Mr+ω − am

r − r+
+ is

2Mr−ω − am

r − r−

)
Rs(r) = Ks

ℓ′R
s(r) . (4.9)

Here we preserve the additional 4M2ω2 term in the potential and keep using the ω deformed
ℓ′ as in (3.2) in stead of ℓ in the radial equation. The solution to the radial equation in the
near region can be found by the Green function method [8]. Imposing an ingoing boundary
condition at the horizon, the radial solution can be expressed as

Rs(r) =

(
r − r+
r − r−

)−i
2Mr+ω−am

r+−r−
(r − r−)

−ℓ′−s

×2F1

(
ℓ′ − i

4M2ω − 2am

r+ − r−
, ℓ′ − s− i2Mω; 1− s− i

4Mr+ω − 2am

r+ − r−
;
r − r+
r − r−

)
.(4.10)

When the ω is very small, the near region extends to the far region. At the outer boundary
of the near region, the above solution behaves as

Rs(r ≫ M) ∼ As
nearr

−ℓ′−s +Bs
near(r+ − r−)

−2ℓ′+1rℓ
′−s−1 , (4.11)

where

As
near =

Γ
(
1− s− i4Mr+ω−2am

r+−r−

)
Γ(−2ℓ′ + 1)

Γ(1− ℓ′ − s− i2Mω)Γ
(
1− ℓ′ − i4M

2ω−2am
r+−r−

) , (4.12)

Bs
near =

Γ
(
1− s− i4Mr+ω−2am

r+−r−

)
Γ(2ℓ′ − 1)

Γ(ℓ′ − s− i2Mω)Γ
(
ℓ′ − i4M

2ω−2am
r+−r−

) . (4.13)
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The retarded Green’s function for the spin-s field Ψs in the frequency space then propor-
tional to the ratio

Gs,bulk
R ∼ As

near

Bs
near

=
Γ(−2ℓ′ + 1)

Γ(2ℓ′ − 1)

Γ(ℓ′ − s− i2Mω)

Γ(1− ℓ′ − s− i2Mω)

Γ
(
ℓ′ − i4M

2ω−2am
r+−r−

)
Γ
(
1− ℓ′ − i4M

2ω−2am
r+−r−

) . (4.14)

4.2 Far region

In the far region, the radial equation reduces to

r−2s d

dr

(
r2s+2dR

s(r)

dr

)
+ (r2ω2 + 2isrω)Rs(r) = (ℓ′ + s)(ℓ′ − s− 1)Rs(r) . (4.15)

The solutions of the above equation are the confluent hypergeometric functions [8]. The
generic solution can be expressed as

Rs(r) = As
farR

s
1 +Bs

farR
s
2 , (4.16)

where As
far and Bs

far are constants, and

Rs
1 = r−ℓ′−se−iωr

1F1(−ℓ′ − s+ 1,−2ℓ′ + 2; 2iωr) , (4.17)

Rs
2 = rℓ

′−s−1e−iωr
1F1(ℓ

′ − s, 2ℓ′; 2iωr) . (4.18)

The asymptotic behaviors of Rs
1 and Rs

2 are

Rs
1 → r−ℓ′−s , r → 0 , (4.19)

→ αs
inr

−1e−iωr + αs
outr

−2s−1eiωr , r → ∞ , (4.20)

Rs
2 → rℓ

′−s−1 , r → 0 , (4.21)

→ βs
inr

−1e−iωr + βs
outr

−2s−1eiωr , r → ∞ , (4.22)

where

αs
in =

(2)ℓ
′+s−1(−iω)ℓ

′+s−1Γ(2− 2ℓ′)

Γ(−ℓ′ + s+ 1)
, αs

out =
(2iω)ℓ

′−s−1Γ(2− 2ℓ′)

Γ(−ℓ′ − s+ 1)
,

βs
in =

(2)−ℓ′+s(−iω)−ℓ′+sΓ(2ℓ′)

Γ(ℓ′ + s)
, βs

out =
(2iω)−ℓ′−sΓ(2ℓ′)

Γ(ℓ′ − s)
. (4.23)

4.3 Near-far matching

Matching the far region solution at r → 0 to the near region solution at r ≫ M (4.11), one
find the relation

As
far = As

near , Bs
far = (r+ − r−)

−2ℓ′+1Bs
near . (4.24)

For the gravitational perturbation, the s = 2 case is for the ingoing radiative part while
the s = −2 is for outgoing part. At infinity, the radial solutions have both outgoing and
ingoing parts. One can extract the outgoing and ingoing amplitudes by the following linear
combination

Zs
out ∝ As

farα
−s
out +Bs

farβ
−s
out , (4.25)

Zs
in ∝ As

farα
s
in +Bs

farβ
s
in , (4.26)
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where we flip the sign of s in the outgoing asymptotic coefficients since the spin components
are defined according to the ingoing direction in (4.10). The corresponding perturbation of
the outgoing and ingoing Weyl scalars at infinity then take the form

Ψout(r → ∞) =
∑
ℓ.m

e−iωt+imϕSs
ℓ (θ)Z

s
outr

−1+2seiωr , (4.27)

Ψin(r → ∞) =
∑
ℓ.m

e−iωt+imϕSs
ℓ (θ)Z

s
inr

−1eiωr . (4.28)

The absorption probability is the net incoming flux to the total incoming flux ratio. In the
gravitational case, the energy flux at infinity is proportional to |Ψs|2 [43]. In this sense, the
absorption probability of the gravitational radiation can be written as

σs,bulk
abs = 1− |Zs

out|2

|Zs
in|2

= 1−
|As

farα
−s
out +Bs

farβ
−s
out|2

|As
farα

s
in +Bs

farβ
s
in|2

=
2(As

farB
∗s
far −Bs

farA
∗s
far)

(
αs
in

βs
in

)
|Bs

far|2
, (4.29)

where in the last line, we invoke equations (4.23) and use the fact that in the low frequency
limit, the coefficient Bs

farβ
s
in is much larger than As

farα
s
in when Re(ℓ′) > 1/2. Substituting

equations (4.24), (4.12), (4.13) and (4.23) into the above formula, and take s = 2 for the
gravitational case, we have

σs,bulk
abs = (2ω)2ℓ

′−1(r+ − r−)
2ℓ′−1 Γ(ℓ′ + 2)Γ(−2ℓ′ + 2)(ℓ′ − 2)(ℓ′ − 1)ℓ′(ℓ′ + 1)

Γ(−ℓ′ + 3)Γ(2ℓ′)Γ(2ℓ′ − 1)2Γ(ℓ′ + 1/2)Γ(−ℓ′ + 3/2)

× sinh

(
π
4Mr+ω − 2am

r+ − r−

)
|Γ(ℓ′ − s− i2Mω)|2

∣∣∣∣Γ(ℓ′ − i
4M2ω − 2am

r+ − r−

)∣∣∣∣2
+ O(ω2ℓ′−1) . (4.30)

4.4 Dual explanations in WCFT

For the higher spin case, the form of the frequency dependence in the bulk retarded Green’s
function and the absorption probability are expressed in (4.14) and (4.30), where there
are possible different normalization factors for different spin weights. Note that in the
WCFT, the charge Q is held fixed, invoking the relations (3.48) and (3.51), these scattering
quantities (4.14) and (4.30) match the WCFT thermal retarded correlator (3.56) and the
absorption cross section (3.57) in the Ω dependence, respectively.

However, the purely ω dependence and the spin weight parameters in the bulk scattering
quantities are missing in the WCFT calculations. This is partially due to the non-locality of
the WCFT operator correlations in the Y coordinate, which exhibit a plane wave form [16],
so the charge dependence in the frequency space is a delta function with fixed value. The
WCFT is a non-relativistic filed theory, a similar notion of spinning operator as in CFT
is absent as well. Therefore, if the WCFT features the holographic dual of the Kerr black
hole, one need to incorporate charge-dependent normalization factors of the corresponding
operators to resemble the local interactions in a 2D CFT.
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5 Summary and discussion

In this paper, we consider the scalar and higher spin radiations on a generic non-extreme
Kerr black hole background. We calculate the retarded Green’s function and the absorption
probability for the radiations, and find their matching to the thermal retarded correlator
and the absorption cross section in the dual WCFT, respectively.

Unlike CFT, the WCFT has one Virasoro and one U(1) Kac-Moody algebra determin-
ing the underling symmetry. This make it a good candidate as the holographic dual for a
class of geometries with SL(2, R) and U(1) isometry. The extreme Kerr black hole enjoys
such isometry in its near horizon scaling region. For non-extreme Kerr black hole, the
warped conformal symmetry is not manifest in the geometry, but it can be obtained in the
covariant phase space. In this sense, the WCFT could also be relevant to the holographic
description of the Kerr black hole, and the present work provides further evidence on it.
In the WCFT, the primary operators’ momentums are translated by the energy eigenmode
parameters of the bulk fields, which are inspired by the identifications between the hidden
conformal generators and the global warped conformal generators. The frequency depen-
dent SL(2, R) conformal weight of the bulk scalar field is set equal to the scaling dimension
of the primary operator. This leads to a charge dependent scaling dimension. However, the
U(1) symmetry requires the charge to be fixed on the field theory side, so the bulk field
correspondingly have given fixed frequency. The matching between the bulk scattering am-
plitudes and the WCFT thermal correlators are then realized in the angular momentum
space given a charge dependent normalization factor. For the higher spin case, the matching
in the angular momentum space also exist, but the spin weight parameters are missing on
the WCFT side. How to introduce additional quantum numbers in the WCFT to acquire
such interpretations is an interesting next step.
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