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Abstract

In general insurance, claims are often lower-truncated and right-censored because insurance
contracts may involve deductibles and maximal covers. Most classical statistical models are
not (directly) suited to model lower-truncated and right-censored claims. A surprisingly flex-
ible family of distributions that can cope with lower-truncated and right-censored claims is
the class of MBBEFD distributions that originally has been introduced by Bernegger (1997)
for reinsurance pricing, but which has not gained much attention outside the reinsurance
literature. Interestingly, in general insurance, we mainly rely on unimodal skewed densi-
ties, whereas the reinsurance literature typically proposes monotonically decreasing densities
within the MBBEFD class. We show that this class contains both types of densities, and we
extend it to a bigger family of distribution functions suitable for modeling lower-truncated
and right-censored claims. In addition, we discuss how changes in the deductible or the
maximal cover affect the chosen distributions.

Keywords. General insurance claims, deductible, maximal cover, lower-truncation, right-
censoring, MBBEFD distribution, unimodal density, skewed density, normalized loss, expo-
sure curve, Swiss Re exposure curve, Lloyd’s exposure curve.

1 Introduction

Insurance contracts in general insurance often involve deductibles d > 0 and maximal covers
M > 0. Deductibles are introduced to reduce the number of small claims which mainly cause
administrative expenses but which are not essential in risk mitigation. Maximal covers are
introduced to control the maximal loss of an insurer. A maximal cover may, e.g., refer to the
property value insured (after subtracting the deductible), or to the maximal insurance coverage
warranted to a liability claim. Denote by X the total financial loss. The insurance claim Y after
subtracting the deductible d > 0 and with a maximal cover of size M > 0 is given by

Y=min{(X —-d)y, M} | X > d. (1.1)

We say, this financial loss is lower-truncated at d > 0 and right-censored at M > 0 (after
subtracting the deductible). Statistical modeling of lower-truncated and right-censored claims
is a notoriously difficult problem. Most statistical models have an unbounded support, e.g.,
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the supports of the gamma and the log-normal distributions are the entire positive real line
R;. In many cases, this implies that fitting a statistical model to lower-truncated and right-
censored data is not a problem that is easily analytically tractable. We give an example. We
start from a classical statistical model such as the gamma distribution for the total financial
loss X ~ Fr, where FT denotes the gamma distribution with corresponding gamma density fr
on Ry . Lower-truncation and right-censoring introduces two difficulties which are illustrated in
Figure |1} First, the lower-truncation (X — d)4+ | X > d of the total financial loss X implies, in
general, that the density of the lower-truncated claim is positive in 0, see Figure|ll In the above
mentioned gamma case, this means that the lower-truncation with d > 0 leads to a new density
given by

fr(d+y)  fr(d+y)
fdoo fr(z) dZ - 1-— Fp(d)

Second, right-censoring at M > 0 of this lower-truncated claim leads to a point mass in M,

y>0 — > 0.

resulting in the density f of the lower-truncated and right-censored claim Y

_ frd+vy) 1 — Fp(d+ M)

y>0 — f(y)—177FF@Z)]1{?;<M}Jr 1= Fr(d)

where ([1.2)) is a density w.r.t. the o-finite measure being the Lebesgue measure on (0, M) and
having a point mass in M; this point mass is not illustrated in Figure [l but only the absolutely

Ley=nrys (1.2)

continuous part on (0, M); the point mass in M equals one minus the volume of the blue area
in Figure 1]
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Figure 1: Lower-truncated and right-censored claim with d = 2000 and M = 5000.

More generally, for maximum likelihood estimation (MLE) based on lower-truncated and right-
censored claims Y € (0, M], P-a.s., we consider the log-likelihood function of an unknown

parameter 6 given by

0 — Ly (0) =log (fo(Y)) Liycnny +log (1 — Fp(M_)) Ly —ppy, (1.3)

assuming that the response variable Y is absolutely continuous on (0, M) with density fy(y),
having a point mass 1 — Fp(M_) = 1 —limyas Fp(y) in M, and with (unknown) model parame-
ter 6. Fitting such a model with MLE can be difficult because we need an analytically tractable



form for both the density fy(-) and its distribution function Fy(-), see (1.3)). This is not the
case, e.g., in the lower-truncated and right-censored gamma model given in . Therefore, in
such cases, one either needs to rely on numerical integration of the density (which can be com-
putationally demanding, e.g., when performing a regression with fixed covariates) or one uses a
version of the Expectation-Maximization (EM) algorithm by interpreting the lower-truncation
and right-censoring as a missing information problem; we refer to Verbelen et al. [16], Fung et
al. [5] and Sections 6.4.2 and 6.4.3 in Withrich—-Merz [I7]. However, also this EM algorithm
approach has its drawbacks as it requires tractability of conditional tail expectations and reason-
able dispersion estimates in multi-dimensional parameter settings. These two side constraints
lead to further restrictions on the class of solvable models, e.g., these problems can only be
solved for a very small number of models within the class of Tweedie’s models [15], namely, for
the Tweedie’s models stated in Theorem 3 of Blaesild-Jensen [3]; we also refer to Landsman-—
Valdez [6]. In a series of papers, Poudyal [0} [10] and Poudyal-Brazauskas [I1] consider trimmed
and/or winsorized methods of moments estimators for truncated and/or censored data; in statis-
tics, truncation is also called trimming and censoring winsorizing. In these papers, trimming
and winsorizing is also shown to be a useful method of robustifying moment estimation under
extreme claims.

We take a different approach in this paper to solve the fitting problem of lower-truncated and
right-censored data. In reinsurance, often so-called MBBEFD exposure curves are used for
exposure rating. Those exposure curves have been introduced by Bernegger [2], and the acronym
MBBEFD indicates that this class includes the Maxwell-Boltzmann (MB), the Bose-Einstein
(BE) and the Fermi-Dirac (FD) distributions; these are well known distributions in statistical
mechanics. These MBBEFD exposure curves are based on the assumption that there is a
maximal cover M, and they directly describe right-censored claims up to this maximal cover.
Differentiating twice these MBBEFD exposure curves provides us with densities being absolutely
continuous on the interval (0, M) and having a point mass in M; we refer to formula (3.7) in
Bernegger [2].

The goal of this paper is first to study the properties of these MBBEFD densities and to extend
it to a bigger class of models that will be called the Bernegger class. Our contribution is to
show that the Bernegger class is a rich family of distributions including monotonically decreasing
densities, unimodal densities and monotonically increasing densities, and our extension provides
new families of lower-truncated and right-censored random variables that allow for skewness
in the absolutely continuous part of the distribution. This is of particular interest because
unimodal skewed densities are suited for modeling lower-truncated and right-censored claims
in general insurance since their empirical density roughly looks like the one given in Figure
In particular, the distributions of lower-truncated and right-censored exponential and logistic
random variables belong to the Bernegger class.

Surprisingly, the class of MBBEFD densities of Bernegger [2] has only entered the reinsurance
literature; see, e.g., Parodi-Watson [§], Abramson [I], Riegel [13], Chapter 21 of Parodi [7], and
the R [12] package mbbefd of Dutang et al. [4, [14]. Popular examples in reinsurance pricing are
the so-called Swiss Re and Lloyd’s exposure curves that are special cases of MBBEFD exposure
curves; see Bernegger [2]. However, in this reinsurance pricing literature, one mainly focuses
on exposure curves and not on the resulting densities nor on their properties. We show that
the most popular choices from reinsurance lead to monotonically decreasing densities, whereas



we are mainly interested into the unimodal case, as this is the common situation in general
insurance pricing. By fitting a real dataset consisting of private property insurance claims, we
introduce a couple of explicit models belonging to the Bernegger class that allow for unimodal
and skewed densities.

Finally, we consider the situation where the insurer is interested in understanding how a change in
the deductible or the maximal cover affects the expected claim size. For this, we first emphasize
that, typically, the insurer only observes the lower-truncated and right-censored claim Y given
in . That is, for statistical modeling, neither are the claims below the deductible d known,
nor are the exact claim sizes above the maximal cover M known. Thus, we can only fit a
lower-truncated and right-censored density to observations, e.g., of type . In general, this
does not allow us to extrapolate below the lower-truncation point and above the right-censoring
point since there are infinitely many candidates for extrapolation. Under some assumptions on
the original density and its support, we can at best smoothly extrapolate, e.g., as the dotted
lines in Figure [1| suggest, but the true model could also look completely different, as Y does not
reveal any information about the claims being outside of its observed support, except for the
proportion of claims exceeding the maximal cover. Therefore, we can only perform the opposite
operation of either increasing the deductible or decreasing the maximal cover, and we will show
that the Bernegger class is closed under these transformations.

Organization. This manuscript is organized as follows. In the next section, we state the
necessary properties that any exposure curve has to fulfill in order to describe distribution
functions allowing to model lower-truncated and right-censored claims. In Section [3| we start
from the MBBEFD class of distributions of Bernegger [2] by stating some of its properties,
and then we extend it to a richer family of distributions, the Bernegger class. In Section
we introduce a subclass of the Bernegger class that incorporates the logistic distribution as
well as the MBBEFD class of distributions, whereas in Section |5, we treat another subclass
of distributions that includes the lower-truncated and right-censored exponential distribution.
In Section [6] we use a real dataset of lower-truncated and right-censored claims in order to
compare the performance of the gamma and the log-normal model to five examples belonging
to the Bernegger class, fitting all these models using maximum likelihood estimation (MLE).
Finally, in Section[7], we consider the influence of a change in the deductible or the maximal cover
on the observed claims distribution. The last section concludes this work. All mathematical

proofs and parameters of the fitted models are provided in the appendix.

2 Exposure curves and their resulting densities

2.1 From Exposure curves to distributions

In reinsurance claims modeling, one often works with exposure curves instead of distribution
functions. Assume we have a positively supported response variable Y ~ Fy, and assume that
the mazimal possible loss (MPL) is given by M > 0, i.e., 0 < Y < M, P-a.s. We define the
normalized loss Z = Y /M. Denote the distribution function of the normalized loss Z by Fz,
being supported in (0,1]. The exposure curve of a normalized loss Z ~ Fy is defined by

Jo1—=Fz(s)ds _ [§1—Fy(s)ds
Jo 1= Fz(s)ds E[Z]

z = G(z) =



for z € [0,1]; see Bernegger [2]. This exposure curve G : [0,1] — [0,1] is non-decreasing,
concave, and satisfies the property G’(0) > 0, as well as the normalizations G(0) = 0 and
G(1) = 1; for examples see Figure 2| (Ihs), below. In the last integral, a change of variable
s€1[0,1] =t = sM € [0, M] gives us

S = Pt/ Mydt [P - Bty de
ME[Z] B E[Y]

the latter being the exposure curve of Y on [0, M]. Thus, we can equally work with the responses

G(z) = = Gy (zM),

Y and Z, but the normalized losses Z will have the advantage that they live on the common unit
interval [0, 1]. Now, let us take the opposite view and characterize the distribution function of a
random variable Z ~ Fz obtained from a function G : [0, 1] — R satisfying the same properties
of an exposure curve. Under the assumptions of the next theorem, this distribution Fz leads to
an absolutely continuous density on [0, 1) and a point mass in 1.

Theorem 2.1. Let G : [0,1] — R be a non-decreasing, concave, and twice continuously differ-
entiable function with G(0) = 0, G(1) = 1, G'(0) > 0. The function Fz : [0,1] — R defined
by

¢'(2)
Fz(z) = <1 — G’(O)) ]l{z<1} + ]l{zzl} (2.1)
is a distribution function on [0, 1]. Furthermore, this distribution has as density
G//(Z)
=— 2.2
fZ(Z) G/(O) Y ( )
for z € [0,1), and a point mass in 1 given by
¢'(1)
= ) 2.3

Finally, the mean of Z ~ Fyz is equal to E[Z] = 1/G'(0).

The proofs of all statements are given in the appendix. Due to this last result, functions G
satisfying the assumptions of Theorem will be called exposure curves.

Definition 2.2. An exposure curve is a function G : [0,1] — R, which is non-decreasing,
concave, and twice continuously differentiable with G(0) =0, G(1) =1, G'(0) > 0.

As seen previously, if we start from any such function G, we can derive a distribution whose
density is absolutely continuous and of closed form on [0, 1), with a point mass in 1 and a mean
that are of closed form too, i.e., we have a class of models that has fully tractable mean, density
and point mass, which is suitable to model right-censored claims. Moreover, if G”(0) < 0,
which implies fz(0) > 0, it includes lower-truncation in the sense that the density of a lower-
truncated random variable Z is positive in zero, see Figure The next result shows that a
linear combination of exposure curves allows us to define a mixture of their respective associated
distribution functions.

Lemma 2.3. Let (o;)}, be non-negative weights adding up to 1 and let (G;)I'_, be exposure
curves leading to distributions functions (F;)?_,, densities (f;)I,, and point masses in 1 equal
to (pi)_y, as in Theorem . The convex combination

G(2) =) aGi(2), (2.4)
=1
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for z € [0,1], is again an exposure curve allowing to define the distribution function of a random
variable Z ~ Fy given by

Fz(z) =) wiF(2),
=1

for z € [0,1], and where w; = a;G{(0)/3°7_; @;G(0) are non-negative weights summing up
to 1. In particular, the density of Z on [0,1) is given by

f2(2) =) wifi(2),
i=1

and the point mass in 1 is equal to
n
p= Z W;iPi -
i=1

Finally, the mean of Z ~ Fy is given by
= 1
E[Z] = P =
2= 2 v )

2.2 Flexibility of the point mass in the right-censoring point

The point mass p in 1 is automatically determined by formula . Often, one may require
more modeling flexibility in the choice of this point mass, while still retaining the tractability
of the density and the mean as it was shown in Theorem A simple way to do so connects
to so-called one-inflated distributions; we refer to Dutang et al. [4]. In the case of Theorem 2.1
this can easily be achieved. The next corollary shows, how we can obtain them by looking at

d
the conditional density of the random variable Zg @ A {z<1}, which corresponds to a lower-
and upper-truncated random variable.

Corollary 2.4. Let G : [0,1] — R be an exposure curve, we receive an absolutely continuous
density on [0, 1)
1 G'(z G (z
fol) = -G _ O,
1-pG'0) G'(Q1)-a"(0)
This density fo integrates to 1 and provides the mean for the random variable Zg ~ fy

(2] = (€12 - p) = oo

We can now add a point mass ¢ € (0,1) in 1 to this density. This adds one more parameter to

the model, giving us a mixture distribution between an absolutely continuous part fp on [0, 1)
and a point mass in 1. We have the following corollary.

Corollary 2.5. Let G : [0,1] — R be an exposure curve, the random variable Z that has an
absolutely continuous density on [0,1) given by

G”(Z)
=1—-q)———=—— >
with fized point mass q € (0,1) in 1 has expected value
1-G'(1
E[Z] = (1- g O,

G'(0) - G'(1)

6



Note that the transformation achieved in Corollary can also be obtained using Lemma [2.3
Indeed, let us consider the exposure curve

G(z)=wG(z) + (1 —w)z,

for z € [0,1], w € [0, 1], and where G is an exposure curve. Using Theorem if we denote by
F the distribution function obtained from the exposure curve G, by f the absolutely continuous
density on [0,1) and by p the point mass in 1, we can characterize the distribution function F,
the absolutely continuous density on [0, 1) f , and the point mass p obtained from the exposure
curve G, respectively, using

for z € [0, 1],

for z € [0,1), and
p=wp+(1—-w).

Remark 2.6. Note that similarly to Corollary one could also add a point mass in 0, thus
modeling lower- and right-censored insurance claims with tractable densities, means and point
masses.

In what follows, the goal will be to introduce examples of exposure curves that are useful to
model lower-truncated and right-censored insurance losses. For this, we start by studying the
explicit family of exposure curves introduced by Bernegger [2].

3 The Bernegger class of distributions

3.1 The class of MBBEFD exposure curves and densities

The MBBEFD class of Bernegger [2] selects an explicit family of exposure curves. This family
is characterized through two parameters g > 1 and b > 0, and it is given as follows for z € [0, 1],

z forg=1o0rb=0,
W for g >1and b =1,
Ghg(z) =4 122 _ (3.1)
b,g = for g > 1 and bg = 1,
log((gil)bt(lgbwbz))
1og(<b;>) for g >1,b>0,b+#1and bg # 1.

The three cases bg = 1, bg > 1 and bg < 1 give the MB (Maxwell-Boltzmann), the BE (Bose-
Einstein) and the FD (Fermi-Dirac) distributions, respectively. Using (2.1), we can calculate
the distributions for z € [0, 1), see (3.6) in Bernegger [2],

0 forg=1o0rb=0,
1-(1+(g—1)z)"" forg>1landb=1,

Fog(z) = 1-07 for g > 1 and bg = 1, (3:2)
l— st forg>1,b>0,b%#1andbg# 1.

(g—1)b1==+(1-bg)



We observe that the first case is not of interest because it gives a point mass of 1 to z = 1. For
this reason, we skip this case in the sequel. On z < 1, we can calculate the second derivatives of
these exposure curves Gy, 4. This gives us the densities for z € [0, 1), see (3.7) in Bernegger [2],

(g—1)(1+(g—1)2)"2 forg>1andb=1,
frg(2) =4 — log(b)b* for g > 1 and bg =1, (3.3)

((g(]g_—ll)-gzl_‘lz)—l:(g‘.l(i)blj); forg>1,b>0,b%# 1 and bg # 1,

and we have a point mass in z = 1 given by

1
p=—- € (0,1).
P (

Thus, we have an absolutely continuous distribution on [0, 1), with a point mass p = 1/g in 1,
and, e.g., in the last case of (3.3), we have a strictly positive density in 0

fo.4(0) = (g_bl)—lolg(b)b

Such a density may therefore come from a lower-truncated claim. Finally, the mean is given by

> 0.

1‘25_(51) forg>1and b=1,
EyglZ] = § oty forg > 1 and by =1,
DS o> 1,050, % Land by £1

We give an example of such an exposure curve that is typically used for exposure rating in

reinsurance.
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Figure 2: Swiss Re and Lloyd’s exposure curves (lhs) and the resulting densities (rhs).

Example 3.1 (Swiss Re and Lloyd’s exposure curves). Bernegger [2] provides an explicit
parametrization for the MBBEFD class which can be used for reinsurance exposure rating in
case of scarce data. Namely, both parameters b and g are parametrized as a function of a single
parameter ¢ > 0 as follows

b=0b(c) = exp{3.1 — 0.15(1 + ¢)c} and g = g(c) = exp{(0.78 4+ 0.12¢)c}. (3.4)



For ¢ = 1.5,2,3,4, one obtains the Swiss Re exposure curves, and for ¢ = 5, the Lloyd’s
exposure curve, these are illustrated in Figure [2[ (Ihs). The right-hand side of this figure shows
the resulting densities fb(c),g(c)(-), and we remark that all of the considered MBBEFD densities
are monotonically decreasing on [0, 1]. [

3.2 Properties of the MBBEFD class

Example has shown that the exposure curves proposed by Bernegger [2] for reinsurance
exposure rating lead to monotonically decreasing densities f 4, see Figure [2| (rhs). For general
insurance pricing, we are rather interested into unimodal densities similar to Figure |1, because
this more commonly reflects the properties of general insurance claims data.

Proposition 3.2. The density fy, 4 for g > 1 and b > 0 given in (3.3) has the following proper-
ties:

e Case bg < 1. The density fp 4 is
— monotonically decreasing on [0,1) for (1 —bg)/(g —1) <b;
— unimodal on [0,1) for b < (1 —bg)/(g — 1) < 1, with a mazimum in

log ((1 —bg)/(g — 1))
log(b)

— monotonically increasing on [0,1) for (1 —bg)/(g—1) > 1.

ZF=1-

e (0,1); (3.5)

e Case bg > 1. The density fy 4 is monotonically decreasing on [0,1).

This proposition shows that in practical applications in general insurance, the FD distributions
(with bg < 1) are the most interesting ones, as they can be unimodal, or either monotonically
decreasing or increasing. This excludes the exposure curves of Example as these Swiss
Re and Lloyd’s exposure curves provide us with bg > 1. Next, we show that the MBBEFD
distribution Fp, 4 for bg < 1 can be derived from the logistic function (distribution)

t

P(t) = € (0,1),

et +1
for t € R. The logistic function has first derivative (logistic density)
t

C =) (1 - ().

Y'(t) = [CES

This derivative is symmetric around zero, which leads to the following result.

Proposition 3.3. Let b > 0 and g > 1. For bg < 1, the MBBEFD density has the functional
form, for z € [0,1),

fog(2) = (a+1)log(1/b) 9’ (zlog(1/b) + log(a)),

where we set b D )

g — a+

1 by o I~ la+ )b (36)
respectively. If b < (1 —bg)/(g—1) < 1, i.e. b < a < 1, this MBBEFD density is bell shaped

around z* given in ({3.5)).



For further terminology, we call unimodal symmetric densities, bell shaped densities. Of course,
this includes for example the Gaussian density but also the logistic density. We conclude that
for bg < 1, the MBBEFD density is the logistic density ¢’ on the interval

[log(a), log(a/b)),

scaled by a constant factor (1 + a)log(1/b) > 0. It is symmetric around its mode z*, and it
decays slower than the Gaussian density. This now shows why the MBBEFD densities are not
sufficient for general insurance claims modeling, because general insurance claims are typically
positively skewed, which cannot be captured by the logistic density.

3.3 Extension of Bernegger’s idea using non-bell shaped densities

We extend the class of bell-shaped MBBEFD densities to a more general class of exposure
curves, which allows, in particular, for skewness in their corresponding densities. We call this
extended family the Bernegger class. In Section [2.1] we have started from a generic exposure
curve G : [0,1] — [0, 1] which is a non-decreasing, concave and twice continuously differentiable
function with the normalizations G(0) = 0, G(1) = 1 and with G’(0) > 0. The MBBEFD
exposure curve can be reparametrized. Indeed, by using , we obtain for z € [0, 1]

_ log(a+b*) —log(a +1)
~ log(a+b) —log(a+1)"’

Ghpa(2) (3.7)
for parameters b > 0 and a > —min(1,b) chosen such that G}, is an exposure curve; we refer
to Section 3.1 of Bernegger [2]. This structure can be used to design exposure curve forms that
do not have the bell-shape property of Proposition We modify the modeling set-up (3.7)) as
follows. Choose a function B : [0,1] — R that satisfies

B(z) = h(b(z)), (3.8)

for some functions h and b, in order to define an exposure curve (under further assumptions on

h and b
) B(z) — B(0)
B(1) — B(0)’

which ensures that the normalization property G(0) = 0 and G(1) = 1 is satisfied. The function

2z G(z) = (3.9)

h will be denoted as the link function, whereas the function b will be named the inner function,
and we notice that Bernegger’s original choice was b(z) = a + b* and h(z) = log(x), meaning
that he used a logarithmic linked exposure curve. We will first explore some examples using the
same link function and then introduce the exponentially linked exposure curves, which use the
link function h(x) = exp(z). We call the class of distributions induced by exposure curves of
the form the Bernegger class.

4 Logarithmic linked exposure family

We start by considering logarithmic linked examples of the Bernegger class, which are obtained
by choosing h(z) = log(x) in (3.8)).
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Proposition 4.1. Choose a function b : [0,1] — (0,00) with b(0) # b(1) that is twice continu-
ously differentiable and define for z € [0,1] the function

_ log(b(z)) —1og(b(0))
Glz) = log(b(1)) — log(b(0)) .

The function G is an exposure curve if and only if one of the following two holds:

V(0) >0, (2) >0 and V" (2)b(z) — V' (2)® <0 for all z € [0,1], (4.2)

V'(0) <0, b (2) <0 and V' (2)b(z) — V' (2)* > 0 for all z € [0,1]. (4.3)

Using Theorem [2.1], one can then derive the distribution function of a random variable leading
to an absolutely continuous density on [0,1) and a point mass in 1.

Corollary 4.2. Assume that a twice continuously differentiable function b : [0,1] — (0, 00) with

b(0) # b(1) fulfills condition (4.2) or (4.3)). The exposure curve G defined in (4.1)) provides the

distribution of a random variable Z ~ Fy

b'(2) b(0)
b (0) b(z)) Lzcny + Lgamny, (4.4)

Fy(z) = (1 -

for z € 0,1], with density for z € [0,1)

b(0) b"(2)b(z) — b'(2)?

[ R TE
and with point mass in z = 1 equal to
_ b(1) 5(0)
SIOPEY

Moreover, the mean of Z ~ Fyz is equal to

- 40 (1)

For general insurance pricing, we are interested into unimodal densities and we can thus derive
the first derivative of f7 in order to characterize the maximum of the density

() = MO VI = 3V ()b(e) + 26 ()
2T —v(0) b(2)? :

Note that this derivative only exists if the third derivative of b exists. The next result shows an
explicit member of the Bernegger class that belongs to the logarithmic linked exposure family.

Example 4.3 (Two-parameter logistic distribution). Consider a random variable X following
a two-parameter logistic distribution with density
elz=n)/o

fx(z) = , for —co<z< 00, —c0o< <00, 0 >0,
o (14 ez=m/o)?

11



and distribution

G(Z_M)/U

Fx(z) for —oo <2z <00, —00 < p1 <00, 0> 0.

T 14 ezw/o’

Let d € R and M > 0 in order to define the scaled lower-truncated and right-censored random

variable 1
7 = Mmin{(X—d)+,M}\X>d. (4.5)

The distribution of Z is given by
Fx(d+ zM) — Fx(d)

Fz(z) = 1= Fy(d) Tico1)y + L=ty (4.6)
which implies
e(d"_ZM_M)/O- J— e(d_u)/o
Fz(z) = 1+ eld+zM—p)/o Lizefonyy + Liz=1},

for z € [0, 1]. Furthermore, we have
/OZ 1—Fz(s)ds = —ﬁa (1 + e(dfu)/") [log (1 + ef(d“M*“)/”) — log (1 + e*(d*”)/")} ,

for z € [0,1]. This implies that the exposure curve of Z is given by

_ Jo 1= Fz(s)ds

a fol 1—Fyz(s)ds

_ log (1 + e_(‘“’ZM_“)/") — log (1 + e_(d_“)/”)
log (14 e~ (@+M=-p)/o) —log (1 + e~ =1/}’

G(2)

for z € [0,1], which shows that the distribution of a (scaled) lower-truncated and right-censored
two-parameter logistic random variable belongs to the Bernegger class with a logarithmic link
function h(z) = log(x) and inner function b(z) = 1 4 e~ (d+zM-u)/o [

5 Exponentially linked exposure family

Next we introduce the exponentially linked exposure family by setting h(x) = exp(z) in (3.8).

Proposition 5.1. Choose a function b : [0,1] — R with b(0) # b(1) that is twice continuously
differentiable and define for z € [0,1] the function

b(z) _ b(0)

(2) = 1) — 0 (5.1)
The function G is an exposure curve if and only if one of the following two holds:
V(0) > 0,0 (2) >0 and V' (2) +b'(2)> <0 for all z € [0,1], (5.2)
or
V(0) <0,b(2) <0 and b'(z) +b'(2)> > 0 for all z € [0,1]. (5.3)

As for the logarithmic linked exposure curves, one can then derive, using Theorem [2.1], a dis-
tribution function leading to an absolutely continuous density on [0,1) and to a point mass
in 1.

12



Corollary 5.2. Assume that a twice continuously differentiable function b : [0,1] — R with

b(0) # b(1) fulfills condition (5.2) or (5.3). The exposure curve G defined in ((5.1)) provides the

distribution of a random variable Z ~ Fy

eb(z) b’(z)
Fy(2) = (1 = 0 ¥(0) Tocny + 12y, (5.4)

for z € [0,1], with density for z € [0,1)

eb(z) b/(z)2 + b”(z)
fZ(Z) = _6b(0) b/(O) y

and with point mass in z = 1 equal to

=

P= b (0)
The mean of Z ~ Fy is equal to
ElZ eb()—=0(0) _ 1
The first derivative of the density fz given in (5.5 allows us to characterize its extrema and is
given by
e b (2)% 4 3V (2)V"(2) + b (2)

f/Z(Z) = _eb(o) b,(o) (5'6)

Note that this derivative only exists if the third derivative of b exists. The next example shows
that lower-truncated and right-censored exponential random variables belong to the exponen-

tially linked exposure family.

Example 5.3 (Exponential distribution). Consider a total financial loss X ~ Exp()) as well
as a deductible d > 0 and a maximal cover M > 0. Then the scaled lower-truncated and
right-censored insurance claim is given by

1
Z:Mmin{(X—d)Jr, M}y | X >d,

and its distribution reads as

Fx(d+ 2M) — Fx(d)
1= Fx(d) Treeony + =1

- (1 B efAZM) Lieponyy + =13,

Fz(z) =

for z € [0,1]. This implies that the exposure curve of the random variable Z is given by

1 F d —/\zM_l
Glz) = fol 7(s)ds _ efo ’
Jo1—Fz(s)ds € -1

for z € [0,1], which shows that the distribution of a (scaled) lower-truncated and right-censored
exponential random variable belongs to the Bernegger class with an exponential link func-
tion h(x) = exp(z) and a linear inner function b(z) = —AzM, where M stands for the maximal
cover. [
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We point out that the exponentially linked exposure family is equal to the logarithmic linked
exposure family as stated in the next proposition. Thus, the choice of using one family over the
other is mainly motivated by having simpler forms in the inner function b.

Proposition 5.4. The logarithmic linked exposure family and the exponentially linked exposure
family coincide.

6 Real dataset example

In this section, the goal is to exploit some examples belonging to the logarithmic and the
exponentially linked exposure family of the Bernegger class. These examples will be used to fit
general insurance claims data using the tractability of the models described in Section 2] In
other words, MLE can directly be used since the distribution functions as well as their associated
densities are of closed form.

For this, we will vary the choice of the inner function b(z). In the following, # € © will denote the
set of parameters appearing in the inner function. Using a dataset for Z taking values in (0, 1],
we will fit the models with MLE, maximizing the log-likelihood function

0 7(0) =log(f(2)) 71y +log(P )1 71y, (6.1)

where the absolutely continuous density f() on [0,1) and the point mass p@ are obtained as
in Section We also study the model of Corollary which extends the previous model by
adding a flexible point mass ¢ in 1. Its log-likelihood function is

(0,9) — £2(8,q) =og((1 — ) f"(2)) L z<1y + log(g) 1 7—1y

(6.2)
= log(fS(Z)) g1y +1og(1 — @)1 zo1y + log(q) T {713

The maximization problem in will be denoted as the MLFE of the standard problem, whereas
the maximization problem in will be called the MLE of the extended problem.

The dataset used in this section consists of claims observations from private property insurance.
Private property usually includes deductibles to reduce the number of small claims, and hence,
administrative expenses, e.g. , a sufficiently high deductible implies that not every lost umbrella
gets reported to the insurance company as stolen. Secondly, private property includes maximal
covers that may depend on the underlying peril. We have n = 126026 claims Y; above the
deductible d and we scale them by the maximal cover providing us with normalized lower-
truncated and right-censored claims Z; for ¢ = 1,...,n. We assume that these normalized
claims Z; are i.i.d. and follow a distribution belonging to the Bernegger class.

Min. Ql  Median Q3 Max. Mean

Normalized claims Z; 0.00001 0.160  0.280  0.457 1 0.339

Table 1: Summary statistics of the dataset containing 126 026 normalized lower-truncated and
right-censored claims Z;.

Some summary statistics of the claims Z; are provided in Table [1) and the empirical (observed)
density of the claims that are strictly smaller than 1 is shown in Figure 3] we have an empirical
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Figure 3: Histogram (lhs) and empirical density (rhs) of the claims Z;, only showing the claims
strictly smaller than 1, and the point mass in 1 is 3.4%.

mean of 0.339 and the observed point mass in 1 is 0.034, i.e., the insurance company pays the
maximal cover on 3.4% of the claims.

These normalized losses Z;, along with different models from the Bernegger class, will be used
to solve the above MLE maximization problems in order to produce the results of this section.
For this, we use the R function optim in order to minimize the sum of the negative of the
log-likelihoods evaluated at Z;, after having possibly transformed our parameters in a way to
ensure that they lie in a suitable open domain, this is described below. The results of the best
model from the Bernegger class will then be compared to lower-truncated and right-censored
log-normal and gamma models at the end of this section. The first fitted model is the classical
MBBEFD model of Bernegger [2].

6.1 The MBBEFD example

We have seen in Section that the MBBEFD example belongs to the logarithmic linked
exposure family and is obtained by choosing the inner function

b(z) =a+ b7,

for parameters b > 0 and a > —min(1,b) chosen in a way to obtain a well-defined exposure
curve. Using the parametrization in , it is possible to give the conditions under which this
class of distributions leads to unimodal densities on [0, 1). Indeed, according to Proposition
such unimodal densities are obtained if and only if

1—
bg < 1 and b< bg
g—1

<1,

for parameters g > 1 and b > 0. Therefore, we use the domain

2 — 1
@:{g>1,max<0,g) <b< },
g 2g —1
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in order to find unimodal MLE solutions of the standard and extended maximization problems
described in and . In Figure |4} the empirical density of the data points strictly smaller
than 1 is plotted in blue color. Since this corresponds to a true density integrating to one,
we further show the conditional density of Z|;;.1) of the fitted models, using the parameters
obtained by solving the standard problem (in green) and the extended problem (in
red). As for all the fitted models in this section, these parameters are provided in the appendix..
The point mass and the mean are shown in Table [2] as well as the log-likelihoods of the random
variables Z|;z1) and Z, and the AIC scores that are computed using £z. We see that, as
expected, the MLE solution of the extended problem gives better results, even if the densities
obtained are not close to the empirical density. Proposition [3.3] helps us to understand why the
fit is not accurate since the empirical density is skewed to the right, whereas the MBBEFD class
only allows for symmetric densities described by the derivative of the logistic function.

density of the normalized losses Z|{Z<1}

n
o —— empirical density
MLE of the standard problem
o _| = = MLE of the extended problem
N
n /
> <7 7
£ ’
c
[}
©° o
S
Te]
g
o TTEE
S -
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

values of Z

Figure 4: The MBBEFD example: densities of the random variable Z|( 3.

Point mass Mean /{z (z<1) A AIC
Empirical density (Blue) 0.034 0.339 - - -
MLE of the standard problem (Green) 0.020 0.337 32682 13475 -26 947
MLE of the extended problem (Red) 0.034 0.336 33257 14 587 -29 168

Table 2: The MBBEFD example: results.
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6.2 Power logarithmic linked exposure example

Another example belonging to the logarithmic linked exposure family is obtained by choosing
the power function

b 1= 2)
@=(1-3) +a
for @« > 1, § > 1 and a sufficiently large parameter ¢ > 0. This is a smooth and strictly convex

curve on [0,1] with b(1) = (1 — 1/a)® + a < 1+ a = b(0). The first and second derivatives for
z € [0,1] are given by

Y z\0-1 5(6—1) 2\ 02
/ _ ¢ e 1 _ow—1b _F
b'(z) = o (1 a) <0 and b'(z) 2 (1 a) > 0.

In order to achieve b”(2)b(z) — b'(2)? > 0 for all z € [0, 1], which is a necessary condition due to
Proposition [£.1], the parameter a has to satisfy

V(2)? Z\9
—(1—— : :
o> s (i - (- 2)) (0
This provides in this example

1 2\ 0 1
— (1 - — = —, 4
a>zrél[%,}i]<(5—1 ( ()é) ) -1 (6 )

With Corollary we then obtain as density for z € [0, 1)

a+1 (1—z/a)?
@ (a+(1-z/a))

with point mass in z = 1 equal to
(T el
P= a) a+(1-1/a)

_afa+1) a+1
ElZ) == los <a+ 1- 1/a)6> '

The derivative of the density fz is given by

sy a+l [a?(6—1)(6—2) —a(6 —1)(0+4)(1 - z/a)? 4+ 2(1 — z/a)25]
o)== (a+ (1= 2/l (1 = 2/a) 570 |

Lemma 6.1. The power logarithmic linked exposure example with the above parameters leads

fz(z) =

. <a(5 1) (1 z/a)6> , (6.5)

and mean

(6.6)

to a well-defined distribution. The density fz of this power logarithmic linked exposure example
given in (6.5)) can only be unimodal on [0,1) if 6 > 2.

Therefore, we restrict to the domain
1
@:{a>1,5>2,a>m},

in order to find unimodal solutions to the MLE of the standard and extended maximization
problems described in and . The results displayed in Figure [5| are very similar to the
ones obtained for the MBBEFD example. This can be confirmed by comparing Table [2] and
Table [3, where most of the values coincide, although they are actually different if we look at
digits after the decimal point. We conclude that this power logarithmic linked example does not
improve the fit provided by the MBBEFD example, although this model allows for skewness.
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Figure 5: Power logarithmic linked exposure example: densities of the random variable Z|( 13-

Point mass Mean /(g (z<1) A AIC
Empirical density (Blue) 0.034 0.339 - - -
MLE of the standard problem (Green) 0.020 0.337 32680 13475 -26 945
MLE of the extended problem (Red) 0.034 0.336 33 257 14 587 -29 166

Table 3: Power logarithmic linked exposure example: results.

6.3 Sine logarithmic linked exposure example
A third example belonging to the logarithmic linked exposure family is given by the sine function
b(z) = sin(az + B) + a,

for € (=3,0),a € (0,5 — B) and —sin(B) < a < —1/sin(B). This is a smooth curve on [0, 1]
with b(0) = sin(f) + a < sin(a + ) + a = b(1). The first and second derivatives for z € [0, 1]

are given by
V(2) = acos(az+3) > 0 and V'(2) = —a?sin(az + B).

Note that in this case, the function b is in general neither concave, nor convex on the entire
interval [0,1]. We claim that b”(2)b(z) — ¥'(2)? > 0 holds for all z € [0, 1], which is a necessary
condition in order to obtain a distribution function due to Proposition[£.I] Moreover, the density

for z € [0,1) reads as
sin(8) + a a[l + asin(az + B)]

cos(B)  [sin(az+B) +a)® 6.7

fz(2) =

with point mass in z =1
cos(a + ) sin(f) +a

" cos(B) sin(a+B)+a
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and mean

gz S0 ta < sin(8) + a )

acos(B) sin(a+ f) +a
The derivative of the density fz is given by

_sin(B) +a o? cos(az + B) [—a® + asin(az + B) + 2]

cos(p) [sin(cz + 8) + a]® (68)

fz(2) =
Lemma 6.2. The sine logarithmic linked exposure example with the above parameters leads to a

well-defined distribution. Moreover, the density fz given in (6.7) can only be unimodal on [0, 1)
if1<a<2.
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Figure 6: Sine logarithmic linked exposure example: densities of the random variable Z|;z1;.

Point mass Mean £z (z<1} Ly AIC
Empirical density (Blue) 0.034 0.339 - - -
MLE of the standard problem (Green) 0.040 0.380 26907 8164 -16 323
MLE of the extended problem (Red) 0.034 0.362 30453 11 783 -23 558

Table 4: Sine logarithmic linked exposure example: results.
Thus, we use the domain

@:{56(;0),0[6(0,7;ﬁ>,1<a<min<s_ml(5),2>}7

in order to find unimodal solutions to the standard and extended maximization problems de-
scribed in (6.1)) and (6.2)). Similarly as for the previous examples, we obtain the results displayed
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in Figure [ and Table @] Although this example manages to produce rather skewed densities,
see Figure [0] the fit does not seem to be accurate for this data, i.e., it is less accurate than the
first examples, and we clearly prefer the previous models.

6.4 Quadratic exponentially linked exposure example

Let us now treat an example belonging to the exponentially linked exposure family, and given
by the quadratic inner function
b(z) = a2’ + Bz,

for « < 0 and § < —y/—2a. This is a smooth curve on [0, 1] with 5(0) =0 > o+ 8 = b(1). The
first and second derivatives for z € [0, 1] are given by

V(iz)=2az+8 < 0 and V'(2) =2a < 0.

This function b is smooth and strictly concave on [0, 1]. We claim that b”(z) + b'(2)? > 0 holds
for all z € [0, 1], which is a necessary condition in order to obtain a distribution function due to
Proposition Moreover, the density for z € [0,1) is given by

e Pz [4@222 +4afz + B2 + 204]

fz(2) = - 5 , (6.9)
with point mass in z =1
_ " 2a+ 4]
/3 )
and mean 5
etP —1
EZ] = —
[Z] 5

The derivative of the density fz is given by

e*#87 (202 + B) [(20z + B8)* + 60
p

Lemma 6.3. The quadratic exponentially linked exposure example with the above parameters
leads to a well-defined distribution. Moreover, the density fz given in is unimodal on [0, 1)
if and only if —v/—6a < B < —2a — /—6q.

Thus, we restrict to the domain

0 ={a <0, ¢ (~v6a,min(~20 — vV6a, ~v2a)) }.

(=) =~ : (6.10)

in order to find unimodal solutions to the standard and extended maximization problems de-
scribed in and . Similarly as for the previous examples, we obtain the results shown in
Figure[7]and Table[5] Although a new family of exposure curves is used here, the results are close
to the ones obtained with the power logarithmic linked exposure example or the MBBEFD ex-
ample. In fact, in the extended problem, we obtain a slightly better model than in the MBBEFD
class according to AIC. However, looking at Figure [7] this new model is again not satisfactory
for this data.
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Figure 7: Quadratic exponentially linked exposure example: densities of the random variable

Z |{Z<1}-
Point mass Mean /(g (z<1) A AIC
Empirical density (Blue) 0.034 0.339 - - -
MLE of the standard problem (Green) 0.016 0.345 32101 12425 -24 846
MLE of the extended problem (Red) 0.034 0.341 33397 14 726 -29 447

Table 5: Quadratic exponentially linked exposure example: results.

6.5 Power exponentially linked exposure example

We consider a final example belonging to the exponentially linked exposure family. This example
is a bit more difficult in handling, but it provides the best results for our dataset. Choose the

power function
b(z) = €(z+0)* — Bz,

for a € (1,2),8 > 0,e < 0 and 8 > ead® ! 4 y/—ea(a — 1)6*2. This is a smooth curve on [0, 1]
with b(0) = e0® > €(1 + §)* — 8 = b(1). The first and second derivatives for z € [0, 1] are given
by

V(z) = ae(z + 5)0‘71 -8 <0 and V'(z) = alo — 1)e(z + 5)0472 <0

This function b is smooth and strictly concave on [0,1]. We claim that b”(z) + V'(2)? > 0 holds
for all z € [0, 1], which is a necessary condition in order to obtain a distribution function due to
Proposition Moreover, the density for z € [0, 1) reads as

e€(z10)* —Bz [(ae(z +0) - B2 +ala—1)e(z + 5)0‘*2]
fz(2) = — e [oed® 1 — f] )
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with point mass in z =1
e 1) =B ae(1 4+ 6)*~1 — ]
e [aed—1 — f] ’

p=
and mean
efl(1+8)*=6%]1-8 _ 1
aedo1 — g
The derivative of the density fz can be obtained using . It does however not allow to
explicitly characterize the extrema of the density in this example. Nevertheless, we observe in

Figure [8] that this example contains unimodal densities.

Lemma 6.4. The power exponentially linked exposure example with the above parameters leads
to a well-defined distribution.

Thus, we restrict to the domain

0= {a €(1,2),6 >0,e < 0,8 > ead™ ! +/—eala — 1)50‘*2},

in order to find solutions to the standard and extended maximization problems described in
and . Similarly as for the previous examples, we obtain the results shown in Figure
and Table[6] This time, the fit seems much better. This is especially the case for the red curve,
which represents the solution of the extended maximization problem. The tail behavior on the
right and left ends seems adequate in contrast to the plots presented in the previous examples.
This observation is confirmed by the AIC scores attained here, which are lower than the AIC
scores of all other examples, i.e., we give clear preference to this last example for this data.
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Figure 8: Power exponentially linked exposure example: densities of the random variable

Z’{Z<1}-
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Point mass Mean fz\{kl} Ly AIC
Empirical density (Blue) 0.034 0.339 - - -
Standard MLE density (Green) 0.025 0.341 34068 15199 -30 390
Flexible MLE density (Red) 0.034 0.339 34402 15731 -31 453

Table 6: Power exponentially linked exposure example: results.

6.6 Comparison with the log-normal and gamma distribution

For this real dataset example, we performed an MLE estimation without taking into account any
covariates. In that case, performing MLE using lower-truncated and right-censored log-normal
and gamma models is feasible. Our aim is to compare the extended fit of the power exponentially
linked exposure example to the fit of these classical distributions. For this, we first consider the

normalized claim Z and write

1. : X d X d
Z—Mmln{(X—d)Jr,M} ]X>d—m1n{<M—M>+,1}’ VM

where X is assumed to have a log-normal and gamma distribution, respectively. For an arbitrary
M > 0, both distributions share the following scaling property

X X
X ~LN(p,0?) = U~ LN(u —log(M),0?) and X ~T(y,¢) = N I(v,cM),

where 11 € R and ¢ > 0 are the parameters of a log-normal distribution, and v > 0 and ¢ > 0
are the shape and scale parameters of a gamma distribution. Let us denote by 0 the parameters
of the log-normal, respectively, gamma distribution. Due to the above scaling property and by
setting d= d/M, we can maximize without loss of generality the log-likelihood function

(0,d) — €2(0,d) = log(fOD(2)) 171y + log(p@ D)L ,_yy, (6.11)

where the absolutely continuous density (% is given by

f(G,J) (y) _ fX(J+ y~) 7
1 — Fx(d)
for y € [0,1), d € (0,00), and where the point mass p(g’J)

is given by

1 — Fx(d)

see and . For both distributions, the number of parameters is thus equal to three and
the results of these MLE fits are given in Figure[9and Table[7] Compared to the extended MLE
of the power exponentially linked example, the fit on the absolutely continuous density seems
slightly worse for the gamma model, whereas the fit using the log-normal model seems to be
accurate for this dataset when looking at Figure[0] These observations are confirmed in Table
On the one hand, the gamma model fails to obtain a suitable value for the point mass, and on
the other hand, the values obtained for the point mass and the mean are close to the empirical
values for the log-normal model, which also achieves the lowest AIC score. Therefore we give
preference to the log-normal model over the other models for this dataset.
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Figure 9: Comparison with the gamma and the log-normal distribution: densities of the random

variable Z[{;13.

Point mass Mean Ly AIC

€Z|{2<1}

Empirical density (Blue) 0.034 0.339 - - -
Flexible MLE density of the power
exponentially linked example (Black)
MLE density of the log-normal
distribution (Red)

MLE density of the gamma

0.034 0.339 34402 15731 -31453
0.031 0.340 34640 15956 -31 907

0.024 0.341 34236 15355 -30 704
distribution (Green)

Table 7: Comparison with the gamma and the log-normal distribution: results.

Thus, it seems that the log-normal distribution has a better performance than our examples
from the Bernegger class. However, we would like to point out that for fitting the gamma and
the log-normal models, we do not work with the original deductible d and maximal cover M of
the product since we optimize over d = d/M, see (6.11]). This means that we do not assume
the log-normal and the gamma distribution to fit the total financial losses, but we allow for
arbitrary scaling. We also remark that fitting the gamma and log-normal models under the
original deductible d and maximal cover M does not lead to competitive models for this dataset.
Of course, it is then unclear how one could derive the distribution of the total financial loss
from the distribution of the observed insurance claims. We show in the next section that such
a derivation is in general not unique and implies to make possibly wrong assumptions on the

distribution of the total financial loss.
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7 Changes in the deductible or the maximal cover

The primary objective of modeling lower-truncated and right-censored insurance claims is to
fit the size of observed claims, or equivalently, the size of financial losses falling in the interval
(d,d+ M). However, the insurer might also be interested in understanding how a change in the
deductible and/or in the maximal cover influences the expected claim size. Let us denote by d
the new deductible and by M the new maximal cover. Two cases may arise.

If the deductible increases or the maximal cover decreases such that (J, d+M ) C (d,d+ M),
the insurer can use his current claims observations in order to derive a new model for the new
range of interest. However, in the case where (CZ, d+ M) Z (d,d+ M), e.g., when the deductible
decreases and the maximal cover increases, an extrapolation based on the distribution of the
observed total financial losses being in (d, d 4+ M) has to be made in order to obtain a candidate
for the distribution on the new range of interest. We discuss in this section how the insurer can
evaluate the new expected claim size after a change in the deductible or the maximal cover by
treating separately the two above cases.

7.1 Increase in the deductible or decrease in the maximal cover

As in the previous sections, we denote the total financial loss by X, whereas the insurance claim
is denoted by Y, see (1.1). Furthermore, we define the normalized insurance claim by

1
7= rmin{(X —d)y, M}|Z > d.

After an increase in the deductible or a decrease in the maximal cover such that the new range
of interest satisfies (d,d + M) C (d,d + M), the new normalized insurance claim becomes

-1 - ~
Z:ﬁmm{(X—d)Jr,M} X >d
M d—d M d—d
= mj zZ--_= Yz 2
Mmln{( i >+’M} > M

That is, the distribution of Z is equal to a scaled lower-truncated and right-censored distribution
of Z, where the lower-truncation point is given by d = (d —d)/M and the right-censoring point is
M = M /M (after subtracting the lower-truncation). The next result shows that if Z belongs to
the Bernegger class, then Z also belongs to the Bernegger class. In other words, the Bernegger
class is closed under lower-truncation and right-censoring.

Proposition 7.1. Let Z be a member of the Bernegger class with exposure curve G and let
0 <d, M <1 such that d+ M < 1. Moreover, define the scaled lower-truncated and right-
censored random variable 1

Z = ﬁmin{(Z—d)+,M}\Z>d.

This random variable belongs again to the Bernegger class and its exposure curve is given by

= G(d+ zM)
G :10,1] — [0,1], Zl—)m.
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We point out that in the case where an increase in the deductible and/or a decrease in the
maximal cover leads to a new interval satisfying (d,d + M) ¢ (d,d + M), this last result
does not apply since either the lower-truncation point d = (CZ — d)/M is negative or the sum
d+ M = (d—d+ M)/M exceeds 1. This situation has then to be handled by performing some
extrapolation on the observed part of the total financial loss distribution as in the case where
the deductible decreases or the maximal cover increases, see next section.

7.2 Decrease in the deductible or increase in the maximal cover

The goal of this last section is to treat the case where the new deductible and the new maximal
cover satisfy (J, d+M )  (d,d+ M). This typically happens when the deductible d decreases or
when the maximal cover M increases, but also in some cases when d increases and M decreases,
as discussed above. Since the insurer only has full knowledge on the distribution of the total
final loss on the interval (d,d + M), he will have to perform an extrapolation of the observed
density in order to obtain a candidate for the distribution on the new range of interest.

possible extrapolations

density
0.00000 0.00005 0.00010 0.00015 0.00020 0.00025 0.00030
|

—-2000 0 2000 4000 6000 8000

lower-truncated and right-censored claim

Figure 10: Two possible extrapolations of the density of a lower-truncated and right-censored
exponential random variable with d = 2000 and M = 5000.

In Example [5.3] we showed that a scaled lower-truncated and right-censored exponential ran-
dom variable belongs to the Bernegger class. Using this example, we show in Figure that
extrapolating a density on a given interval to a larger interval leads to infinitely many possi-
ble candidates. For this, we first plot in blue the density of an exponential random variable
X ~ Exp(\) for A = log(2)/3000. Then, we set the deductible to d = 2000 and the maximal
cover M = 5000. The blue area in Figure [L0| corresponds to the observable part of the density
of the total financial loss of the insurer. Let us denote by p_ the probability of X being smaller
than 2000 and by py the probability of X being larger than 7000. We plot in red another
possible extrapolation of the observed density such that the density of the total financial loss
under this new extrapolation is continuously differentiable and such that the area under the
red curve at the left and right ends is equal to p_ and p., respectively. Using the observations
falling in the interval (d,d + M) as well as the point mass in d + M indicating the proportion
exceeding this threshold, the insurer may choose either one of the two above extrapolations and,
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actually, the number of possible candidates is in general infinite. Therefore, we point out that
in the case where (d,d + M) € (d,d + M), the insurer cannot derive the distribution of the
total financial loss on this new range without making additional assumptions on the random
variable X. Using the two-parameter logistic distribution of Example the next example
shows a possible extrapolation.

Example 7.2 (Lower-truncated and right-censored two-parameter logistic distribution). Let us
assume that X follows a two-parameter logistic distribution as in Example Moreover, let
d € R and M > 0. By Corollary the normalized lower-truncated and right-censored random
variable Z in has as density

e(zM-l—d—u)/o

(1+ e(ZM+d—H)/U)2’

fz(2) = M <1 + e(d—u)/a>

g

(7.1)

for z € [0,1), with a point mass in 1 equal to

1+ eld=w)/o
T 1+ (Mo

p

Suppose now that we know the values of the d, M and p and that we want to retrieve the
unknown distribution of the random variable X. This distribution is related to the distribution

of Z by
Fx(d—l-ZM) —Fx(d)
Fy(z) = = () ]1{26[0,1)} + ]l{zzl}. (7.2)

At this point, we have to make the following (possibly wrong) assumptions. We first assume
that the random variable X is absolutely continuous and that the support of its density is the
whole real line. Moreover, we assume that

fx(z)=Cfz <z]\_4d> , (7.3)

for z € R and where C is a normalizing constant such that fx becomes a density on R. Note
that in this last assumption, f7 is now seen as a function defined on the whole real line. In
general, it might not be possible to obtain a well-defined function by extending the domain
of fz, which is a priori only defined for z € [0, 1), see . In this case, however, extending
the domain of the density fz to the whole real line leads to a well-defined function. Note that
assumption might seem natural in view of . Our above assumptions give us again the
original density in this case, namely,
elz—w)/o

fx(z) = , for —co<z< 00, —c0< u<oo, o0 >0.
o (1 + e(Z*/‘)/“)2

This example shows how we can start from a member of the Bernegger class in order to obtain
a candidate for the original distribution. Under some assumptions, we managed to retrieve the
original distribution in this case. If we assumed however that the support of the density fx is the
positive real line or that X is not an absolutely continuous random variable but rather has some
point masses at selected locations, we would have ended with a wrong candidate for the original
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distribution. Of course, the point mass in 1 can help us in order to verify whether the made
assumptions are plausible but even with this information, the number of possible candidates for
the original distribution is in general infinite. That is, we point out again that it is in general
impossible to retrieve the original distribution by performing some extrapolation based on the
lower-truncated and right-censored distribution.

8 Conclusion

Most classical statistical models are not directly suited to model lower-truncated and right-
censored claims in general insurance since they lead to problems that are not easily analytically
tractable. Bernegger introduced in [2] the MBBEFD class of distributions that can model such
claims using a distribution function, an absolutely continuous density, and a point mass that
are all of closed form. This class was introduced in the reinsurance literature, where densities
are typically monotonically decreasing.

In general insurance, however, we are mainly interested in unimodal skewed densities. There-
fore, we extended the MBBEFD class to a much bigger family of distributions that we called
the Bernegger class. By starting from the properties of an exposure curve, we introduced two
subfamilies, namely the logarithmic and exponentially linked exposure families. Through vari-
ous examples, we used the full tractability and flexibility of the Bernegger class in order to fit
parameters to general insurance claims using maximum likelihood estimations. It turned out
that this large class of distributions contains models allowing to obtain a suitable approximation
for the distribution of the used dataset, and in general, we have a rich family of unimodal and
skewed densities within the Bernegger class. This class of distribution allows to model lower-
truncated and right-censored random variables without making any assumption on the original
unobserved distribution. We showed further that it is in general impossible to obtain a unique
extrapolation from the observable lower-truncated and right-censored distribution in order to
derive the full distribution of the original random variable. That is, from an actuarial perspec-
tive, it is not possible to know the distribution of the total financial loss from the insurance
claims observations.

Going forward, it will be interesting to further characterize and classify the members of the
Bernegger class based on different properties. Of course, this might involve exploring other link
functions. Another next step is to lift these models to regression models allowing for integrating
fixed effects described by covariates. In this last setup, we point out that relying on numerical
approximation for the distribution function in order to perform MLE is not possible for a large
number of covariates.

Acknowledgments. We kindly thank the referees for their useful remarks that have helped us
to improve this manuscript.
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A Proofs

We prove all statements in this appendix.

Proof of Theorem [2.1} The function F, as defined in (2.1]), is continuously differentiable on the interval (0, 1)

by our assumptions on G. This means that a derivative exists, and is equal to

B G//(z
G'(0)

~

f2(2) = Fz(2) = >0,

for z € [0,1). Since G was assumed to be twice continuously differentiable, non-decreasing and concave, we obtain
that 0 < G'(z) < G'(0) and fz(z) > 0 for all z € [0,1]. This implies

0=Fz(0) < Fz(z) < Fz(1) =1, forall z € [0,1].

Since G’ is continuous by assumption, we conclude from (2.1)) that F is right-continuous, and hence, a distribution
function on [0, 1]. The point mass in 1 is then given by

pzlfFZ(lf): 6[071]7

and the mean of Z ~ Fz is equal to

_[ _[1G) . _GH-GO) _ 1
E[Z]f/o 1—Fz(s)d3—/0 ’(O)ds* 0 =Gy

This proves the theorem. 0

Proof of Lemma [2.3] First, it is clear that the function G : [0,1] — R defined in (2.4) is an exposure curve.
Moreover, we have by (2.1) that the distribution function Fz generated by G satisfies

FZ(Z) = <1 — %) ]l{z<1} + 1{2:1}

S aiGi2)
= 1-— TlLi 1 z + 1 z=
( Zj:1 a]'G;-(O) {z<1} {z=1}

= ]. - n ! / ]l P + :H- —
( ZZ:; Z 1 OéjGj(O) Gl(o) {z<1} {z=1}
N Giz)
B ( B Zwi(;;(o)> Taeny + Lpamyy
(

= > w; ((1 - G;(O)) Ty + l{z:l}) = ;wle(z),

for z € [0,1], and where the elements

Oé»;Gl- (0)
w; = ____t—NT) Z 0
Z?:1 o; G} (0)
are weights summing up to 1. The proof then follows similarly to Theorem [2:1] o

Proof of Proposition We calculate the first derivative for g > 1,5 >0, b # 1 and bg # 1

fi(z) = — (g = 1)(b — 1)(log(b))*b"~* N 1)%(b— 1)(10g(b))2bzfzz
’ ((g = )bt~ + (1~ bg))* ((g = 1)b'== + (1 = bg))’

(0= D6~ D(og®)V' = e (o

((g = 1)b1== + (1 — bg))®
_ _ B o 212 (g —1)b' 7% — (1 —bg) A
(9= 10— 1) Qog(t) = D=0, (A1)

This derivative can be zero (for g > 1, b > 0, b # 1) if and only if the last ratio is zero.
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(a) Case bg < 1. This implies 1 —bg > 0 and b < 1, and the term in front of the ratio in is negative and the
denominator in the ratio is positive. In this case, the derivative is thus positive if 0 < b'7% < (1—bg)/(g—1) and
negative if 0 < (1 —bg)/(g — 1) < b*7%. Since b' ™7 is increasing in z, we have a monotonically increasing density
on [0,1) if (1 —bg)/(g — 1) > 1 and we have a monotonically decreasing density on [0,1) if (1 —bg)/(g — 1) < b.
For b < (1 —bg)/(g — 1) < 1, we have a unimodal density with critical point

o log((1—bg)/(g —1))
log(b)

(b) Case bg = 1. This implies b < 1. The density f 4(z) = —log(b)b® is monotonically decreasing in z.

€ (0,1).

(c) Case bg > 1. This implies bg — 1 > 0. which means that the numerator of the last ratio in is thus always
positive. We therefore need to analyze for b # 1 the ratio
b—1
(9 —1)b' ==+ (1 —bg)’

in order to determine the sign of the derivative fy ,.

(A.2)

(c1) Consider the first case b < 1. In this case, we have a negative numerator in and b'~7 is increasing in
2z €[0,1]. If0 < b' 7% < (bg — 1)/(g — 1), we have a positive derivative, and for 0 < (bg — 1)/(g — 1) < b' 77,
we have a negative derivative. Since in this case, (bg —1)/(g — 1) < b < '~ holds for all z € (0, 1], we have a
monotonically decreasing density.

(c2) Consider the second case b > 1. In this case, we have a positive numerator in and b' % is decreasing
inze€0,1]. If0< b % < (bg—1)/(g— 1), we have a negative derivative, and for 0 < (bg—1)/(g — 1) < b* ™=, we
have a positive derivative. Since in this case, we have (bg —1)/(g — 1) > b > b* ™7 for all z € (0, 1], the density is
decreasing.

Finally, the case b = 1 also immediately follows. This completes the proof. o

Proof of Proposition For bg < 1, we have the MBBEFD density

. b(g—=1)(b—1) log(b) p —=

fols) = L=DE-Dlog®b' " a2 Y
' —1)b1—% + (1 — bg))? bg—1) 7, 2
(lg=00+ A=t~ (s )

(b — 1)log(b) exp {zlog(l/b) + log (%9_771);))}
— 2"
1—bg (exp {zlog(l/b)+log (bgg_i;;))} +1)
This proves the first claim. For the second claim, we remark that the function ¢ — 1’(¢) is symmetric around the
origin t = 0. In view of our claim, there is z = z* € (0, 1) such that zlog(1/b) + log(b(g — 1)/(1 — bg)) = 0 if and
only if b < (1 —bg)/(g — 1) < 1. Using reparametrization (3.6|) completes the proof. O

Proof of Proposition First the function G(z) is well-defined for all z € [0, 1] due to the assumption that
the function b maps to the interval (0, 00) and that b(0) # b(1). We compute the first and second derivative of G
and obtain

, A 1
GO = H0) Tos(1) — osto0)
/ V() 1
BT ) a1 lost0) ~
" b (2)b(2) — V' (2)? 1
¢ b To(b(D) —los(b(0) ~
where the inequalities hold if and only if b'(0) > 0, ¥'(2) > 0 and b”(2)b(z) — b'(2)* < 0 for all z € [0,1], or
b'(0) <0, ' (2) <0 and b’(2)b(z) — b'(2)? > 0 for all z € [0,1]. o

Proof of Corollary According to Theorem the function Fz defined in (4.4) satisfies for z € [0, 1]
G'(z
Fz(z) = <1 - G’EO; Lacny + 1=y

ROV
= (155 59 B 20
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The remaining statements then follow. O

Proof of Proposition First the function G(z) is well-defined for all z € [0, 1] due to the assumption that
b(0) # b(1). We compute now the first and second derivative of G and obtain

’ e’ ’
/ eb(z) /
G(2) = mb (2) 20,
1" e®) /N2 Z
G(2) = Sl +b7(2)] <0,

eb(1) _ ¢b(0) =

where the inequalities hold if and only if 4'(0) > 0, b'(2) > 0 and ' (2)? +b"(2) < 0 for all z € [0,1], or ¥’ (0) < 0,
b (2) <0 and b'(2)2 +b"(2) > 0 for all z € [0,1]. i

Proof of Corollary According to Theorem the function Fz defined in (5.4) satisfies for z € [0, 1]

G'(z
Fz(2) = (1 - G’ig();) Tcry + 10—

b(z) 1/
_ e’ b (2)
= (1 = 0 b’(())) Leecyy + 1ge=y-

The remaining statements then follow. o

Proof of Proposition Let G be an exposure curve belonging to the logarithmic linked exposure family

and write
(2) _ lo8(b(=)) = loB((0)
log(b(1)) — log(b(0))”
for some twice differentiable function b : [0,1] — (0,00) fulfilling condition or . Then, by defining
m = Zrer}(i)r’ll] log(b(z)) — 1 and b(z) = log(log(b(z)) — m), we obtain for z € [0, 1],

o) - 1oE(b(2) — os(0(0)
log(b(1)) — log(b(0))
_ (log(b(z)) —m) — (log(b(0)) —m)
(log(b(1)) —m) — (log(b(0)) —m)
_exp Z;(z)) — exp E(O))
exp (B(l)) — exp (5(0))

This means that if the function b fulfills condition (5.2) or (5.3), then the exposure curve G also belongs to the
exponentially linked exposure family. The latter holds since for z € [0, 1],

v 1 e
PO = ) —m be)
log(b(2)) — m

b () = b(2) (log(b(2)) — m)° (b"(2)b(2) = ¥'(2)") —

b/ (2)2
[b(2) (log(b(2)) — m)]*’

which implies

B/(Z)Q + ‘6//(2) _
This means that for any z € [0, 1],

0 <= b'(2)b(z) —b(2)?
0 2

07
=  V'(2)b(z) - b'(2)* > 0.

AVARTAN

This shows that any exposure curve belonging to the logarithmic linked exposure family belongs to the exponen-
tially linked exposure family but either b or b may take a more complicated form. The other direction follows by

using a similar argument. |
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Proof of Lemma [6.1] The power logarithmic linked exposure example leads to a well-defined distribution due
to (6.3) and Propositon [4.1] Set y = (1 —2/a)® € (1 —1/a)’,1] for z € [0,1). The derivative is zero only if

a®(6 —1)(6 —2) —a(6 — 1)(6 + 4)y + 2> = 0.
If there exist real-valued solutions, they are given by

v - a (6—1)(0+4)£+/(0— 1)2(5+4)2 —8(6—1)(6 - 2)‘ (A3)

We start with the case § € (1,2]. In that case, we have

(6—1)(04+4) < V(6 —1)2(6+4)2 800 —1)(5 — 2).
This implies for the smaller solution y— < 0, thus, this solution provides y— ¢ ((1 — 1/a)®,1]. For the bigger

solution, we have, using (6.4} in the second step,

y+2a(5—11(5+4) - 514

> 1. (A.4)

Thus, also this second solution provides yy ¢ ((1 — 1/a)?, 1], therefore the density is monotone for § € (1,2].
Next, we analyze the case 6 > 2. The term under the square root in (A.3) is given by

(G—1)20+4)7 86 -1)(6-2) = (6—1)[(6—1)(6+4)*—8(5—2)]
= (0-1)[0-1)(0*+85+8)+8] > 0.

Thus, there are two real-valued solutions to (A.3)). The bigger solution y+ also provides (A.4), and henceforth,
y+ € ((1 = 1/a)?,1]. Therefore, we can focus on the smaller solution y_. It is given by

y— = a(d—1)

6/4+1) — \/(5/4 1) 2‘55_22} .

The square bracket is in [0,0.1], therefore there are o > 1 and a@ > 1/(6 — 1) such that y_ € ((1 — 1/&)’,1]. In
particular, there is a critical point z* € (0, 1] with fz(z*) = 0 in these cases and we easily see from that z*

is a maximum. This does however not hold for any @ > 1 and a > 1/(6 — 1). o

Proof of Lemma In order to prove that the sine logarithmic linked exposure example leads to a well-
defined distribution function, we need to show that the function h defined through h(z) = b”(2)b(z) — b'(2)?
satisfies h(z) < 0 for all z € [0, 1] according to Proposition For this, it suffices to show that h(0) < 0 and
R/ (2) <0 for any 0 < z < 1. This indeed holds since

h(0) = b"(0)b(0) — b'(0)*
= —a? sin(3) [sin(ﬂ) + a] — [04 COS(B)] ’
= —a’[1+asin(B)] < 0,

where the last inequality is due to a < TR Furthermore, let z € [0, 1], then

B (2) = b"(2)b(2) — V' (2)b" (2)
= —a” cos(az + f) [sin(az +8)+ a] — acos(az + B)(—a’ sin(az + B))
= —aa’cos(az + B) < 0,
since @ >0, o > 0 and az + 8 € (=%, %) for any z € [0,1]. From (6.8), we see that this derivative has either no
root or a unique root z* € [0, 1] satisfying

N N I
2= |:sm ! (a ) —ﬁ} , (A.5)
a a
where the inverse function sin™"(-) is chosen to map to the interval [— %, Z]. This root can only exist if =2 < a < —1

or 1 < a < 2. Since a was assumed to be positive, this means that the density fz can only be unimodal when
1 < a < 2. Note that this condition is not sufficient since we do not a priori obtain that there is a root z* lying in

33



the interval (0,1). However, in the case where this root z* € (0, 1) exists, it is clear from that it corresponds
to a maximum of the density.

O

Proof of Lemma [6.3l The function b of this example is strictly decreasing, which means that the necessary
condition in order to obtain a well-defined distribution reads b”(z) + b'(2)®> > 0 for all z € [0,1] according
to Proposition This condition holds due to the assumption f < —y/—2a. Furthermore, the roots of the
derivative of the density in are given by solving

20z+8=0 or (2az+B)*+6a=0.

Note that by the conditions imposed on the parameters, we have 2az + 8 < 0 for all z € [0,1]. This means that
the only extrema in the interval [0, 1] can lie at

—f — v/ —6a —B 4+ v/ —6a
zo=———— and zy=———.
2a 2a
Furthermore, since @ < 0 and 8 < 0, we obtain z; < 0. This means that the density can have at most one
extremum z* lying between 0 and 1, and we have that z* € (0,1) <= 0> —8—+/—6a > 2a, which is equivalent
to —v/—6a < B < —2a — v/—6a. Note finally that this extremum z* € (0,1) corresponds to the maximum of the
density due to (6.10]).

O

Proof of Lemma Since the function b of this example is strictly decreasing, the necessary condition in
order to obtain a well-defined distribution reads b”(z) 4 b'(2)? > 0 for all z € [0, 1] according to Proposition
This condition holds due to the assumptions made on the different parameters. Indeed, these assumptions imply
that b'(z) is negative and decreasing, while b”(z) is increasing for all z € [0,1]. This means in particular that
b'(2) + V'(2)? is increasing for all z € [0,1]. In order to prove the above necessary condition, it thus suffices to
show that
b (0) 4+ '(0) > 0.
Given that a > 0, § > 0 and € < 0, this is equivalent to
ala—1)ed® 2 + (aed® ' = )’ > 0 — |C¥€5a_1 - B| > V—ala —1)es>—2.

By assumption, we have that 8 > aed®~!. This implies that the interior of the absolute value is negative, we can
thus write
b'(0) 460> >0 <= B—aed® ' > /—ala —1)eio—2
= B> aed* 4+ /—ala—1)es—2.

The parameter 8 needs thus to satisfy precisely this last condition in order to obtain a well-defined distribution
function.

Proof of Proposition Using (2.1, the distribution of Z can be written as

Fz((j+ ZM)*Fz(CZ)
Fs(z) = = 1y, Ti.—
7(2) 1= Fd) zefo,n} T Lz=13
G'(d) — G'(d+ zM)
I ]]' z 1 z= b
c'(d) {(zelo.ny T Lz=1
for z € [0,1]. By defining a new exposure curve G : [0,1] — [0,1], z — G(d + zM)/G(d + M) and using
Theorem we can derive the distribution function induced by G, which reads as
= C~v”/(2)>
Flz)=(1——= 1, + L,
(2) ( G0y ) e tle=n
G'(d+ zM)
=(1—- —Z="2 1, Ti=1y.
( 1) (zelo,ny T 1z=1

This distribution is equal to the distribution of Z, which shows that Z is a member of the Bernegger class with

exposure curve G. ]
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B MLE parameters of the models of Section []

We provide in this appendix the values of all MLE parameters obtained when fitting the real
dataset of Section [6] in the following tables.

MLE parameters b g q

Standard MLE density (Green) 5.66-1072 50.5 -
Flexible MLE density (Red) ~ 2.29-10~% 94.9 0.0339

Table 8: MLE parameters of the MBBEFD example rounded to three significant digits (Sec-

tion [6.1)).

MLE parameters «@ 4] a q

Standard MLE density (Green) 3.76-10* 1.95-10° 0.393 -
Flexible MLE density (Red) 9.32-10% 5.67-10* 0.275 0.0339

Table 9: MLE parameters of the power logarithmic linked exposure example rounded to three
significant digits (Section [6.2)).

MLE parameters o 15} a q

Standard MLE density (Green) 2.57 —-1.25 1.05 -
Flexible MLE density (Red) 1.94-107% —1.57 1.00 0.0339

Table 10: MLE parameters of the sine logarithmic linked exposure example rounded to three
significant digits (Section [6.3).

MLE parameters « 15} q
Standard MLE density (Green) —2.19 —2.88 -
Flexible MLE density (Red) —-3.28 —3.10 0.0339

Table 11: MLE parameters of the quadratic exponentially linked exposure example rounded to
three significant digits (Section [6.4)).

MLE parameters Q I53 1) € q

Standard MLE density (Green) 1.00 —191 0.130 —195 -
Flexible MLE density (Red) 1.00 —-3000 0.235 —3000 0.0339

Table 12: MLE parameters of the power exponentially linked exposure example rounded to three
significant digits (Section [6.5)).
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MLE parameters I o d
MLE density —0.947 0.563 0.110

Table 13: MLE parameters of the lower-truncated and right-censored log-normal distribution
rounded to three significant digits (Section [6.6]).

MLE parameters c d
MLE density 1.97 5.46 0.0154

Table 14: MLE parameters of the lower-truncated and right-censored gamma distribution
rounded to three significant digits (Section .
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