arXiv:2310.11519v4 [math.RA] 25 Apr 2024

ON SOME COUNTERPARTS OF RICKART *»-ALGEBRAS

ARZIKULOV F. N.2 AND KHAKIMOV U. 1.2

ABSTRACT. In the present paper, we introduce and study counterparts of
Rickart involutive algebras, i.e., almost inner Rickart algebras. We prove that
a nilpotent associative algebra, which has no nilpotent elements with nonzero
square roots, is an almost inner Rickart algebra. A nilpotent associative alge-
bra, which has no nilpotent elements with a square root b such that b3 # 0,
is not an almost inner Rickart algebra if there exists a nonzero element a such
that a2 # 0.

As a main result of the paper, we describe a finite-dimensional almost inner
Rickart algebra A over a field F, isomorphic to F*+A/, n = 1,2, with a nilrad-
ical A/. Also, we classify finite-dimensional almost inner Rickart algebras over
the real or complex numbers with a nonzero nilradical N.

1. INTRODUCTION

In the present paper, we introduce and study counterparts of Rickart x-algebras,
that is almost inner Rickart algebras. We define an almost inner Rickart algebra
as an associative algebra which is a Jordan algebra with respect to the Jordan
multiplication a-b = %(ab+ ba) close to inner RJ-algebras. Inner RJ-algebras are
introduced and studied in the papers [1], [2], [3].

The chosen notions were built around an (inner) quadratic annihilator. For
each nonempty subset B of an associative algebra A, the (inner) quadratic anni-
hilator of B is defined by

tiB:={a € A:sas =0, Vs € B}.

Thus, following [5], an associative algebra A which is equal to the direct sum
S+N of vector spaces S and N, where S is a semisimple algebra and A is a
nilpotent radical of A (including the case N' = {0}), is called an almost inner
Rickart algebra if, for each element x € A, there exists an idempotent e € A
such that *e{x} N (S2 UN?) = ede N (82 UN?), where §? := {a® : a € S},
N? = {a® : a € N'}. There exist examples of almost inner Rickart algebras
without unit element (cf. [2, p. 32]). Note that, there exist pairwise non-
isomorphic (associative) almost inner Rickart algebras, the Jordan algebras of
which are isomorphic (see Examples in item 4) below). This is a motivation to
introduce the notion of an almost inner Rickart algebra.
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In the present paper, we prove that a nilpotent associative algebra A such that
a’? = 0 for every element a € A is an almost inner Rickart algebra. We explain
that a nilpotent associative algebra that has no nilpotent elements with a square
root b such that ® # 0 is not an almost inner Rickart algebra if there exists a
nonzero element a such that a? # 0.

As a main result of the paper we describe a finite-dimensional almost inner
Rickart algebra A over a field [F, isomorphic to F"-+N, n = 1,2, with a nilradical
N (Theorems 2.5 and 2.11). Also, we classify finite-dimensional almost inner
Rickart algebras over the real or complex numbers with a nonzero nilradical N
(Theorem 2.10).

2. DESCRIPTION OF FINITE-DIMENSIONAL ALMOST INNER RICKART
ALGEBRAS

Throughout the paper let A4 be an associative algebra which is decomposed (as
a linear space) into a direct sum S+N of a semisimple algebra S and a nilpotent
radical V' of A. For an associative algebra A, we consider the following condition:
(A) for every element x € A | there exists an idempotent e € A such that

Lz N (SPUN?) = eden (SPUNP).

Definition. An associative algebra satisfying condition (A) is called an almost
inner Rickart algebra, and condition (A) itself is called an almost inner Rickart
condition.

Examples. 1) It is obvious that every associative algebra which is an inner
RJ-algebra with respect to the multiplication a-b = %(ab+ ba) is an almost inner
Rickart algebra.

2) Let M, (R) be the associative algebra of n x n matrices over the field R of
real numbers, where 1 is the unit of the algebra M, (R), {e;;}};_; is the system
of matrix units of the algebra M,(R), n = 2k.

a) Consider the associative algebra

k
A =R1 + Z R€2i—172i-

i=1

This algebra is an almost inner Rickart algebra which is not involutive [2, p. 30].
b) Similarly, the associative algebra

k
A =R1 + Z R€2,’72i_1,

i=1

is an almost inner Rickart algebra.
c¢) Consider the associative algebra

k
A= g Re2i—1,2i
i=1
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This algebra is an almost inner Rickart algebra without a unit element [2, Page
30, Example 3]. Indeed, since §? UN? = {0}, then

{0} N (SPUN?) =0(A)0 N (STUN?).

Moreover, {ea;_1.9;}*N(S?UN?) = 0(A)0N(S*UN?) for any i from {1,2,... k}.
d) Similar to Example c¢) the associative algebra

k
A= E Re2i,2i—1
i=1

is also an almost inner Rickart algebra without a unit element.
3) A vector space A of dimension n+ 1 with a basis {e, e, ey, ..., e,} such that

ee = e, ee; = g6 = €;, e? =0, ¢e; =0,i,7=1,2,...,n.

is a commutative associative algebra and, by Theorem 2.5, an almost inner Rickart
algebra.

4) Let A be an associative algebra and (A, -) be the Jordan algebra with respect
to the multiplication a-b = % (ab+ba). Then, the algebras A3, A3, A3, A, A}, A,
AL A2 are almost inner Rickart algebras (see Tables 1 and 2) and the Jordan
algebras (A%? ) = (A%>)> (-Aé, ) = (Ag>)> ('A?l? ) = (A?1>)> (Azll9>) = (A?IO’ )
Thus, two mutually non-isomorphic almost inner Rickart algebras give the same
Jordan algebra. The examples above are a motivation to introduce the notion of
an almost inner Rickart algebra.

Lemma 2.1. Let A = S+N be an almost inner Rickart algebra. Then the algebra
A has an element e such that ea® = a’e = a® for everya € SUN.

Proof. Take x = 0. We have t¢{z} N (§> UN?) = ede N (S? UN?) for some
idempotent e in A. But “¢{z} N (S2UN?) = AN (S2UN?) = S2UN?. Hence
ede N (S2PUN?) = S2UN?Z Then ea = e(ebe) = ebe = a and ae = (ebe)e =
ebe = a for all a € S> UN?Z. O

Theorem 2.2. A nilpotent associative algebra that has no nilpotent elements with
a nonzero square root is an almost inner Rickart algebra.

Proof. Let A be a nilpotent associative algebra that has no nilpotent elements
with a nonzero square root. Let a be a nonzero element from the algebra A.
Since A is nilpotent, then a™ = 0 for some element m. Then a? = 0. Otherwise,
the algebra A contains an element b, which is a nilpotent element with a nonzero
square root. So, a? = 0 for every non-zero element a from A. Therefore, for any
a, b from A,

ab+ba = (a +b)*> —a®> —b* =0, aba + baa = aba = 0.

The algebra A is an almost inner Rickart algebra. Indeed, the algebra 4 does
not contain a nonzero idempotent. In particular, there is no non-zero idempotent
e such that

L0} = eAde.
However, since S UN? = {0}, we have

{0} N (SUN?) = 040 N (S2UN?).
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Here 14{0} = A. Similarly, for any element a from A, we have
tala} N (S*UN?) = {0} = 040N (S?UN?).
The proof is complete. O

Theorem 2.3. Let A be a nilpotent associative algebra. Then A is an almost
inner Rickart algebra if and only if, for any element a in A, a* = 0.

Proof. Suppose that A is an almost inner Rickart algebra. Let a be an arbitrary
nonzero element from the algebra A such that a® # 0. Since the algebra A is
nilpotent, a is a nilpotent element. Then a* # 0, a**' = 0 for some natural
number k > 2. Then (a2))2 # 0 and

(al2))? ete {a} N (S2UN?).
Hence, *e{a} N (S* UN?) # {0}. So, there is a nonzero idempotent e such that
tala} N (SPUN?) = eden (S2UN?).

But there is no nonzero idempotent in the algebra A since the algebra A is
nilpotent. Therefore, A is not an almost inner Rickart associative algebra. This
is a contradiction. So, a* = 0.

Now, suppose that for any element a in A, a®> = 0. Then, by Theorem 2.2 A
is an almost inner Rickart algebra. This ends the proof. 0

Lemma 2.4. Let A be a finite-dimensional almost inner Rickart algebra over a
field F of characteristic # 2 and # 3 with a one-dimensional simple subalgebra
S and an n-dimensional commutative nilpotent radical N such that A = S+N,
N2 £ {0} and N3 = {a®: a € N} = {0}. Then, for any idempotent e € A such
that ~{z} N (S?UN?) =eden (S2UN?), e € S, and, for any elements a,b, c
from N,

abc = 0. (1.0)

Proof. By the condition, the associative algebra N has no nilpotent elements a
such that a® # 0. So, for any nonzero element a from the nilradical A" we have
a® = 0. Therefore, for any a, b from N,

0= (a+b)?®—a*>—b"=(a®+ab+ba+0b)(a+0b) —a® -1’
= a® 4 a®b + aba + ab® + ba* + bab + b*a + b* — a® — b® = 3a*b + 3b%a,
0=(a—b)?®—a*+b=(a®—ab—ba+b*)(a—0b)—a®+ b
= a® — a®b — aba + ab® — ba® + bab + b*a — b* — a® — b* = —3a*b + 3b%a.
Hence,
a’b =0,b%a = 0.

As well as,

abe = a%((b +o) =0 =)= %(a(b +¢)? —ab® —ac?) = 0.

So, for any elements a, b, ¢ from N, equality (1.0) is valid.
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Let a be an arbitrary nonzero element from the radical N'. Then there exists
a nonzero idempotent e € A such that

Li{a} N (SPUN?) = eden (SPUN?).
Due to (1.0) we have N2 Cte {a} N (S2 UN?). Hence,
N? Ceden (S2UN?).

Since S is a one-dimensional simple algebra, there exists an idempotent p in S
such that & = Fp. There exist b € A and nonzero z € S such that e = z + b.
We have

e=e¢"=(x+b*=2"+ab+br+b*x=21%b=2xb+br+ b

So, x = p.

If there exists y € S? such that y € *e{a}, then p € *¢{a}, i.e., apa = 0.
Hence, p € e(S*> UN?)e, ie., ep = pe = p. So, (p+b)p = p(p+b) = p. But
plp+0) = (p+bp=p+bp=p+pband pb, bp € N. Hence, bp = pb = 0.
Therefore, b = pb+bp +b? = b%. The fact that b* # 0 contradicts b € A" and that
N is nilpotent. So, b*> = 0 and, hence, b = 0. From b = 0 it follows that e = p,
ie,e€S.

Suppose that §? N +e{a} = {0}. Then

Lala} N(SPUN?) =eden (SPUN?) = eAe N N? = N2

But, for any a € N, we have ea’e = ea® = a?, i.e., (p+b)a® = pa?+ba* = pa® = a?
by (1.0). Similarly, a*p = a®. Hence,

eAde NN? = N? = pN?p = pAp N N2,
Therefore, in this case we have

tafal N (SPUN?) = pApN (ST UN?)
and instead of e we can take p. The proof is complete. O
Theorem 2.5. Let A be a finite-dimensional almost inner Rickart algebra over
a field F of characteristic # 2 and # 3 with a one-dimensional simple subalgebra
S and an n-dimensional commutative nilpotent radical N such that A = S+N,
N?Z £ {0} and N3 = {0}. Then there is a nonzero idempotent e € A such that

A = Fet+N and for any basis {ey, e, ..., e,} of N the following conditions are
valid

eieje, =0, 4,5,k =1,2,...,n, (1.1)
e(eiej) = (eiej)e = eej, 1,7 =1,2,...,n, (1.2)
eiee; +ejee; =0, 4,7 =1,2,...,n, (1.3)
ee; €N, ee € N. (1.4)

Conversely, any associative algebra A over a field F of characteristic # 2 and
=% 3 with a one-dimensional simple subalgebra S = Fe, where e is an idempotent
element, and an n-dimensional commutative nilpotent radical N with a basis
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{e1,e9,...,e,} such that A = S+N, is an almost inner Rickart algebra if the
conditions (1.1)-(1.4) are valid.

Proof. Since N = {0}, we have, by Lemma 2.4, for any elements a, b, ¢ from N,
abc = 0. (1.5)

Since N2 # {0}, there exists z € N such that 22 # 0. Let a be an arbitrary
nonzero element from the radical N'. Then, by Lemma 2.4 and (1.5), there exists
a nonzero idempotent e € S such that

22 et {a} N (ST UN?) =eden (S2UN?).
We also have e € ede. Since e is idempotent, we have e € S%. Hence, e €
eAdeN (S2UN?), e, e €t {a} N (S2UN?). From this it follows that aea = 0.
Due to (1.5) we have N2 Cte {a} N (S? UN?). Hence,
N? Ceden (STUN?).
Let b be another nonzero element from the nilradical N'. Then there exists a
nonzero idempotent f € S such that

22 €t (b} N (SPUN?) = fAF N (SPUN?)
and
N2 C fAfN(SPUN?)
Thus, ea® = fa® = a?, eb®> = fb*> = b*. Furthermore,
ec=fe=c, ce N>
Since codimension of A/ equals 1 we have e = f. If we take a + b then
a?, b, (a+b)? €t {a} N (SPUN?) =eden (S?UN?),
(a+b)* =e(a+b)? = a® + 2e(ab) + b,
(a+b)? = (a+b)*e=a*+2(ab)e + b°.
Hence,
e(ab) = (ab)e = ab. (1.6)
Let ey, €9, ..., €, be a basis in N/. Then, by (1.5) we have (1.1). Also, by (1.6),
we have (1.2). At the same time,
eee; +ejee; =0, 4,7 =1,2,....n,
i.e. (1.3) is valid. Indeed, since aca = 0, a € N, we have, for any i, j, (e; +
e;j)e(e; +ej) = 0. Hence,
e;eej + ejee; = 0.
So, (1.3) is valid. Since N is an ideal, we have (1.4) is also valid.

Now let us prove that the associative algebra A with a basis {e, e1,es,...,€,},
satisfying the properties (1.1)—(1.4), is an almost inner Rickart algebra. We have

Lafe} N (SPUN?) = {0} = 040N (S2UN?),
since (§? UN?) C ede by (1.2).
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We take an arbitrary element of the form

n
a = E )\Zel
=1

By equalities (1.1) and (1.3), we have
ect {a}N(SPUN?) = S*UN? = eden (S2UN?).

Now we take an element of the form Ae + a, A # 0. Since N is an ideal, by

(1.2), we have
(e + a)b*(Ne + a) = Aeb®Ae + Aeb’a + ab®de + ab®a = Aeb*Ae = \2b* # 0
for every b € N such that b # 0. We also have
(Ae +a)pe(Ne + a) = depede + ¢ = N pPe +c,
where
c = 2[\ep’ea + ap’ea + ap’e(Ne + a)
and ¢ € N since N is an ideal. Therefore (Ae + a)(pue)?(Xe + a) # 0. Hence,
tafde +a} N (SPUN?) = {0} = 040N (ST UN?).

So, A is an almost inner Rickart algebra. The proof is complete. 0J

It should be noted that Theorem 2.4 in [3], which is a Jordan analog of Theorem
2.5, is incorrect. A correct version of this theorem is proved in [1]. Note that

Theorem 2.4 in the paper [3] is valid for a so-called almost inner RJ-algebra,
defined following way:

Definition 2.6. A Jordan algebra J with a semisimple subalgebra S and a
nilpotent radical N such that J = S-+N is called an almost inner RJ-algebra if,
for any element a € J, there exists an idempotent e € S such that

talal N (SPUN?) = U(J) N (ST UN?).

It should be noted that this and all other statements of the paper [3] are valid
for almost inner RJ-algebras. In [1] corrected versions for inner RJ-algebras of
the statements in [3] are given.

Remark 2.7. Note that the associative algebra, indicated in theorem 2.5 is a direct
sum of an indecomposable non-nilpotent algebra and a nilpotent algebra. If, for
example, the nilradical N/ of an almost inner Rickart algebra A is of codimension
2, then the quantity of non-nilpotent indecomposable algebras in the direct sum
of A may be one or two. For example, the almost inner Rickart algebra
A 6% = 61763 = €2,€1N1 = N1, N2€2 = T2,

where {e1, e5,n1,n2} is a basis of the algebra 4; and the omitted products vanish,
is decomposable. The subalgebras

Bl . 6% =€1,e1n1 = n1,82 . 6% = €9, €2N9 = N2
are almost inner Rickart algebras satisfying the conditions of theorem 2.5 and
Ai = By @ B,. The associative algebra

L2 2 _ _ _ _
Aj €1 = €1,65 = €2,MN1€61 = Ny, €211 = N1, NM2€61 = N2
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([6, Table 2.3, algebra As}°]), where {e;, €5, n1,n5} is a basis of the algebra A, and
the omitted products vanish, is indecomposable. The nilradical N’ =< ni,ny >
is an almost inner Rickart algebra by Theorem 2.3. Then A, is also an almost
inner Rickart algebra by Theorem 2.11. The subalgebras

.52 _ _ .52 _
C: €] = €1,N1€1 = Ny, N2y = ng,Cy €y = €2,€2M71 = N1

of the algebra A, are almost inner Rickart algebras satisfying the conditions of
Theorem 2.5.

Let A be a finite-dimensional almost inner Rickart algebra which is decomposed
(as a linear space) into a direct sum S+A of a semisimple algebra S and a
nilpotent radical N of A. For A, we consider the following condition:

(B) for any idempotent e € A such that e{z} N (S2UN?) = edeN (S2UN?),
eed.

Lemma 2.8. Let A be a finite-dimensional associative algebra over the real or
complex numbers which is decomposed (as a linear space) into a direct sum S+N
of a semisimple algebra S and a nilpotent radical N of A. Then, if A is an almost
inner Rickart algebra satisfying Condition (B), then S is also an almost inner
Rickart algebra.

Proof. Let a be an arbitrary nonzero element from S. Then there exists a nonzero
idempotent e € § such that

Li{a} N (SPUN?) = eden (S2UN?).

Hence,
tfa} NS? = edenS? = eSen S2
This ends the proof. 0J

Lemma 2.9. Let A = S+N be an almost inner Rickart algebra satisfying Con-
dition (B). Then the algebra A has no a nilpotent element a in S UN such that
a® # 0.

Proof. Take an element a € S UN. Suppose that a* = 0. Then a? € *e{a} N
(82 UN?). Since A is an almost inner Rickart algebra, there exists a nonzero
idempotent e € A such that te{a} N (S? UN?) = ede N (S? UN?). Therefore
aea = 0 and ea®? = a? since e € ede N (S§? UN?). Hence, a® = aa® = aea® =
(aea)a = 0.

Further, we shall apply the induction. The induction assumption is (a?)* = 0,
1 < k < n, implies that a® = 0, where the induction step is n. If n = 1, 2 then
the induction assumption is valid by the previous paragraph.

Suppose that (a?)"*! = 0. Then, if n = 2k, then (a?)"*'a? = (a?)**2? =
(@ )**! =0 and 1 < k+1 < n. By the inductive assumption a® = 0. So,
(a*)a?(a?) = 0 and a® € t1{a®} N (S2 UN?). Since A is an almost inner Rickart
algebra, there exists an idempotent f € A such that “{a*} N (S§? U N?) =
fAf N (S2UN?). Therefore fff = f € fAfN(S2UN?), a®>fa®> = 0 and
fa? = a®. Hence, a* = a®>fa? = 0. By the previous paragraph a® = 0.

If n = 2k+1, then (a?)"*! = (a®)**2 = (a*)**' =0and 1 < k+1 < n. Again,
by the inductive assumption a® = 0. Hence, by the previous paragraph a® = 0.
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Thus, by the induction, we obtain that for a € SUN, if " = 0 for some natural
number n > 4, then a® = 0. The proof is complete. OJ

Theorem 2.10. Let A be a finite-dimensional almost inner Rickart algebra over
the real or complex numbers satisfying Condition (B), with a nilpotent radical
Nil(A). Then there exist pairwise orthogonal idempotents eq,és,. .., €, in A
such that

A= (eF@®eF - & e,F)+Nil(A),
where F =R, C, H.

Proof. By the Wedderburn-Malcev and Cartan-Frobenius-Molien theorems, every
finite-dimensional associative algebra A over the real or complex numbers can be
represented as A = S+N, where N is a nil-radical and S is a semi-simple algebra.
In its turn S can be represented as

S:C1@CQEBCTL7

where C;, i = 1,2,...n, are simple algebras and C; = M,,,(N;), where M, (N;) is
the algebra of n; x n; matrices with entries from a division algebra N;. Also, by
Lemma 2.9 Nil(A)? = {0}. Therefore, by the examples in item 2) of Remark 1.6
in [3], every finite-dimensional almost inner Rickart algebra .4 has the following
form
A =S+Nil(A),

where Nil(.A) is the nilpotent radical of A and S is a semisimple subalgebra every
simple subalgebra of which is isomorphic to only one of the following algebras: an
abelian algebra, the algebra of 2 x 2-matrices over a division algebra, the algebra
of 3 x 3-matrices over a division algebra.

By Lemma 2.8 S is also an almost inner Rickart algebra. Moreover, every
direct summand C; is also an almost inner Rickart algebra. Indeed, let e; be a
unit element and x is an element of C;. Then, there exists an idempotent e in S
such that L1{z}NS? = eSenS?. Hence, (*+{x}NS?*)NC; = €;Se;NC;* = e;Cie;NC2.

By the examples on page 35 of [2] and on page 8 of [3] the algebras My (F),
M;5(F), where F = R, C, H, are not inner RJ-algebras. But for a simple associative
algebra the definition of an almost inner Rickart algebra coincides with the defini-
tion of an inner RJ-algebra. So, the algebras Ms(F), M;3(F), where F = R, C, H,
are not almost inner Rickart algebras. Therefore, there exist pairwise orthogonal
idempotents e, eq, ..., e, in A such that

S=eFpeF® - -@e,F.
The proof is complete. O

Theorem 2.11. Let A be an indecomposible finite-dimensional almost inner
Rickart algebra over the real or complex numbers F satisfying Condition (B) with
a two-dimensional semisimple subalgebra S and an n-dimensional commutative
nilpotent radical N such that A = S+N, N* # {0}. Then there exist two mu-
tually orthogonal nonzero idempotents py, pa € A such that A = (Fp; @ Fpo)+N
and for any basis {e1,ea,...,e,} of N one of the following two cases is valid
the first case
e;eje, =0, 4,5,k =1,2,...,n, (1.1)
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pi(eie;) = (eie;)pr = eej, i, =1,2,....n, (1.2)
eipiej +ejpie;=0,0,5=1,2,...,n, (1.3)
prei €N eipr € Nk =1,2, (1.4)
pa(ee; +eje;) =0,4,5=1,2,....n, (1.5)
the second case
eieje, =0, 4,5,k =1,2,...,n, (2.1)
(p1 + p2)(eie;) = (eie;)(p1 +p2) = €ie4, 1,5 =1,2,...,n, (2.2)
ei(p1 +p2)ej +ej(pr+p2)ei =0, i, =1,2,...,n, (2.3)
(p1+p2)e; € Nei(pr +p2) €N, (2.4)
Vo € N, if pra®pr = 0 or pax’ps = 0 then pra’ps + paa’pr = 0, (2.5)
eipej +epre; =0, k=1,2, i,7=1,2,... n. (2.6)

Conwversely, any associative algebra A over a field F of characteristic # 2 and # 3

with a two-dimensional semisimple subalgebra S = Fp; @ Fpo, where py, po are
mutually orthogonal idempotents, and an n-dimensional commutative nilpotent
radical N with a basis {ei1,es,...,e,} such that A = S+N, is an almost inner
Rickart algebra if conditions (1.1)—(1.5) or conditions (2.1)-(2.5) are valid.

Proof. By Theorem 2.10, there exist pairwise orthogonal idempotents p;, ps in A
such that
A= (0F & poF)+N.
Since A satisfies Condition (B), we have, by Lemma 2.9, N'® = {0}. Therefore,
similar to the proof of Lemma 2.4, we have, for any elements a, b, ¢ from N,
a(bc) = (ab)e = 0. (1.6)

From this it follows that (1.1).

Since N2 # {0}, there exists z € A such that 22 # 0. Let a be an arbitrary
nonzero element from the radical N'. Then, by (1.6), there exists a nonzero
idempotent e € A such that

22 et {a} N (SPUN?) =eden (S2UN?).

We also have e € eAe and, by Condition (B), e € S. Hence, e € edeN (S2UN?),
ie., e €t {a} N (82 UN?). From this it follows that aea = 0.
Due to (1.6) we have N Cts {a} N (S2UN?) = ede N (8?2 UN?). Hence,

N? Ceden (STUN?). (1.7)
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There are following three possible cases

€ =P,
€ = P2,
e =p1+p2.

Now, suppose that e = pq, i.e.,
Lafa} N (STUN?) = prAp N (ST UN?).
We prove condition (1.2). If we take arbitrary elements z, y € N, then, by
(17)
%, y%, (z+y)? € {a} N (SPUN?) = piAp; N (STUN?),
(z +y)* =pile +y)* =2 + 2pi (zy) + 7,
(z+y)* = (x+y)°p1 = 2” + 2(zy)p: +y*.
Hence, p1(zy) = (xy)p1 = xy, and, from this it follows that (1.2) is valid.
We prove (1.3). Let b be another nonzero element of the radical . Then there
exists a nonzero idempotent f € Fp; @ Fpy such that
a?> €t (b} N (SPUN?) = fAf N (SPUN?), bfb=0.

Due to (1.6) we have N2 Cte {b} N (S?UN?) = fAf N (S2UN?). We also have
NZC pApy N (S2UN?). Hence, f # ps and, f = p; + ps or f = p;. Therefore,
p1 € fAFN(S2UN?), ie., py € {b}. Hence, bp;b = 0. Since b is arbitrarily
chosen, for any i, j, (e; + ¢;)e(e; + €;) = 0. Hence, e;ee; + ejee; = 0. So, (1.3) is
valid.

Since N is an ideal, we have (1.4) is also valid.

We consider the annihilator t¢{p,}. Tt is clear that p; € *¢{py} N (S? UN?)
since p1 - p2 = 0 and pap1ps = 0. Also, from

pa(p1Ap1)P2 = (P2p1) A(p2pr) = 0
it follows that
N2 C plApl N <82 UN2) C J_q{pz} N <82 UNz).

Hence, pya’py = 0 for all a € N. From py((a+b)*>—a®*—b*)p, = 0foralla, b € N
it follows that py(ab + ba)ps = 0. Note that, since A is an almost inner Rickart
algebra satisfying condition (B) and p; € t9{ps} N (S2UN?) = ehde N (S2UN?)
for some idempotent e # 0 in A we have e € S? and pyep, = 0. Hence, poe = 0.
So, e = p; and
Lalpy} N (ST UN?) = prApy N (ST UN?).

Now, we prove (1.5). We take the annihilator te{p;}. It is clear that p, €

Lafp} N (82 UN?) since p; - pp = 0 and pypop; = 0. Also, from
N? C prAp:

it follows that py(N?) = 0, poa® = 0 for any a € N. From this it follows that
pa(ab + ba) = 0 for any a, b € N. In particular,

p2(ei€j+€j€i) :O,’i,j = 1,2,...,77,. (15)

This ends the case e = p;.
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Now let us prove that an associative algebra A over a field F of characteristic
# 2 and # 3 with a two-dimensional semisimple subalgebra & = Fp; ®Fp,, where
p1, p2 are mutually orthogonal idempotents, and an n-dimensional commutative
nilpotent radical N with a basis {ey, e, ..., e, } such that A = S+, is an almost
inner Rickart algebra if conditions (1.1)—(1.5) are valid.

We take the annihilator Y¢{p;}. It is clear that py €« {p;}. We prove that

Fi{p} N (SPUN?) = ppAp, N (SPUN?).
Indeed, we have psApy Cte {p;}. The equality
p1a2p1 = a2,
where a € N, is valid by (1.2). Hence, Y¢{p;} N (S? UN?) = {?py : p € F}. At
the same time, by (1.5), poa? = 0 for any a € N. Hence, psAp; N (S? UN?) =
{1?p2 s pp € F}. So, T1{p1} N (S* UN?) = pyAp, N (SPUN?).
Now we take the annihilator *¢{p,}. It is clear that p; €t {p,}. We prove
that
Fifpa} N (SPUN?) = prAps N (SPUN?).
Indeed, we have p;Ap; N (S2UN?) CLa {p} N (S?UN?). Clearly *e{p,} NS&? C
p1Api NS?. Tt is sufficient to prove *4{p,} "\N? C py Ap; NN?. Take an arbitrary
element 22 €« {p,} N N2 Then 2% € py Ap; by (1.2). Hence, 22 € p; Ap; N N2
So, L1{p }NN? C p ApiNN?2. Therefore, L1 {p,}N(S2ZUN?) = p1 ApiN(SZUN?).
We take an element of the form Ap; + a, A # 0, and consider

Laf\py +a} N (STUN?).
Then, for any b € N such that b* # 0,
(Ap1 + a)b*(Ap1 + a) = Npib%pr = A20* # 0
by (1.2). Hence, “¢{\p; + a} N N? = {0}. Also
(Ap1 + a)p2(Ap1 + a) = Npipap1 + Apipoa + Aapapr + apaa = apsa.
If apya = 0, then py €19 {Ap; + a} N (S UN?). Hence,
T {Apy 4 a} N (SPUN?) = ppAps N (S* UN?) = {piPps s pu € F}.
Else, if apsa # 0, then py ¢ {\p; + a} N (S UN?). Therefore,
LafApr +a} N (SPUN?) = {0} = 040N (S2UN?).

Now we take an element of the form Ap; + ups + a, A # 0, p # 0 and consider
the annihilator Ye{\p; + up, + a}. Since N is an ideal, by the properties of the
Peirce decomposition and (1.2), (1.5), we have

(Ap1 + pp2 + a)b*(Ap1 + pp2 + a)
= (Ap1 + up2)b?(Ap1 4 ppa) + \p1 + ppa)b®a + ab*(A\py + pp2) + aba

= (Ap1 + up2)b*(Ap1 + pps) = Npib%pr = N2> # 0
if v? £ 0, for every b € N. We also have

(Ap1 + pp2 + a)(vpy + pp2)*(Ap1 + pp2 + a)
= (A\p1 + pp2 + CL)(V2P1 + 02]92)2()\]91 + up2 + a)
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= NVPpy + 1P p%ps + ¢,
where ¢ € N since N is an ideal. Therefore

(A1 + pp2 + @) (vpy + pp2)*(Ap1 + ppae + a) # 0
if v # 0 or p # 0. Hence,
Laf\py + pups +a} N (SPUN?) = {0} = 040N (ST UN?).

Now we take an element of the form pp;+a, 1 # 0 and consider the annihilator
Lafups + a}. Since N is an ideal, by the properties of the Peirce decomposition
and (1.2), (1.5), we have

(1up2 + a)b?(up2 + a) = ppab®pps + ppab®a + ab’pps + ab®a

= ppab’ups = 0
for every b € N.
By (1.3), (1.5), We also have

(p2 + a)(vpy + pp2)? (ups + a)

= (up2 + a)(V*p1 + p*p2)*(1ip2 + a)
= 1?p’py + prapsa + 2p° ppaa # 0,
if p # 0. Hence,

“{pups +a} N (S*UN?) = {i°pr 1 p € FYUN?
Since p1Ap; N (S? UN?) = {p1, N?} by (1.2), we have
Lol ups +a} N (S2UN?) = prAp N (STUN?).

So, A is an almost inner Rickart algebra. This ends the proof of the first case in
the theorem.

Case e = p, is the same as case e = p;. In this case, just p;, po have been
swapped.

If there exists a € N such that “7{a} N (S2 NN?) = piAp; N (SN N?) or
tada} N (S2NN?) = poAps N (S? NN?) we are in some of the previous cases.
Thus, we can assume that, for every a € N, Y1{a} N (S?NN?) = (py + p2) A(p1 +
p2) N (S2NN?).

Then, similar to the proof of Theorem 2.5 we have the conditions (2.1),(2.2)
and (2.4) are valid.

We prove (2.3). Let b be another nonzero element from the radical . Then,
by the assumption,

x? et {b} N (82 UN2) = (p1 + p2)A(p1 +p2) N (32 UN2), b(p1 + p2)b = 0.
Since p; +po € fAFN(S2UN?), we have p; +py € {b}. Hence, b(p; +p2)b = 0.
Since b is arbitrarily chosen, for any i, j, (e; + e;)(p1 + p2)(e; +e;) = 0. Hence,
ei(p1 +p2)ej +e;(p1 + p2)e; = 0. So, (2.3) is valid.

Now we prove (2.5) and (2.6). We have N? C (p; + p2)A(p1 + p2) by (2.2).
Moreover, S? UN? C (py + p2)A(p1 + p2). We have, for every b € N,

b} N (S*UN?) = (p1 + p2) Alpr + p2) N (ST UN?).



14 ARZIKULOV F. N. AND KHAKIMOV U. L.

Hence, for every b € N, we have
bplb = 0, bpgb =0

since 8? C (py + p2)A(p1 + p2), ie., 8 C +¢{b} N (S* UN?). Thus, bppb = 0,
k=1,2, for any b € N. From this it follows that

eipke; +ejpre; =0, k=1,2, 4,5=1,2,...,n. (2.6)
Now we take the annihilator ¢{p;}. Then there exists an idempotent e € S
such that
L} N (SPUN?) = ede N (STUN?).
Since py €1 {p;}, we have e = py. We have N2 C (p; +p2)A(p1 + p2). From this
it follows that, for any = € N\,

2? = pra®pr + p1a’py + paxpr + paa’ps.
If pra?p; = 0 then 22 = pya?ps, ie., pra?ps + pox?py = 0. Thus, for any x € N,
if p1z®py = 0 then p12°py + paz®py = 0.

Similarly, for any x € N, if pox?py = 0 then p1a2?py + pea?p; = 0.

Therefore, for any x € N such that 22 # 0, one of the following three cases
is valid: 1) if pa®p; = 0 then pia2py + poa?py = 0, 2) if poa’ps = 0 then
p1°pa + pex?pr = 0 and 3) pya?p; # 0 and pra®py # 0. From these it follows that
(2.5) is valid.

Now let us prove that an associative algebra A with a basis {p1, ps, €1, €2, ..., €.},
satisfying the properties (2.1)—(2.5), is an almost inner Rickart algebra.

Now we take the annihilator ~¢{p;}. We prove that

T{p1} N (S*UN?) = padpo N (S UN?).

Clearly, poApy N (S2UN?) Cha {p} N(SPUN?) and L4{p;} N S? C prAp, NS>
It is sufficient to prove t7{p;} NN? C poAp, N N2 We take 22 €t {p;} N N2
Then pia?p; = 0 and pya?py + poa®py = 0 by (2.5). Hence, 2° = pya’®p, and
22 € poApaNNZ. So, L4{p1 }NN? C paApoNN?Z. Therefore, ¢{p, }N(S?UN?) =
pgApg N (32 UN2).

Similarly, we have

T1{po} N (S*UN?) = prAp N (ST UN?).

Now we take an element of the form Ap; + pups +a, A # 0 or p # 0, and
b € N such that b*> # 0. Since N is an ideal, by the properties of the Peirce
decomposition, we have

(Ap1 + pp2 + a)b*(Ap1 + pp2 + a)
= (Ap1 + up2)b?Ap1 4 ppa) + O\p1 + ppa)b®a + ab*(A\py + pp2) + aba

= (Ap1 + 1p2)b* (Apy + pp2) # 0
since b% € (p1 + p2)A(p1 + p2). We also have

(Ap1 + up2 + a)(vp1 + pp2)>(Ap1 + pp2 + a) =

(Ap1 + pps + a)(V*p1 + p*p2) (Apy + pps + a)
= NPy + 1P p%pa + ¢,
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where ¢ € N since N is an ideal. Therefore

(Ap1 + ppa + a) (vp1 + pp2)*(Ap1 + pp2 +a) # 0
if v # 0 or p # 0. Hence,
Lol \py + ppe +ay N (SPUN?) = {0} = 040N (S?UN?).
So, A is an almost inner Rickart algebra. This ends the proof. O

Remark 2.12. Note that, in the case e = p; of the proof of Theorem 2.11, since A
is an almost inner Rickart algebra and py € t9{p;} N(S2UN?) = fAFN(S2UN?)
for some idempotent f # 0 in A we have f € S? and p; fp; = 0. Hence, p;f =0
since § is commutative. So, f = py and

Lo} N (S UN?) = padApa N (STUN?).

The following proposition follows from the Jordan form of a 3 x 3 complex
matrix.

Proposition 2.13. The associative algebra Ms(C) does not have nilpotent ele-
ments a € Ms(C) such that a® # 0.

Remark 2.14. If a finite-dimensional semisimple associative algebra is an almost
inner Rickart algebra, then this algebra is an inner RJ-algebra with respect to
the Jordan multiplication. By Proposition 2.13 and the example on page 8 of [3]
the condition of Lemma 2.9 is not sufficient for an associative algebra A to be an
almost inner Rickart algebra.

In the following tables associative algebras of dimension two and three are
listed. It is indicated that, wether an associative algebras is an almost inner
Rickart algebra or not for every associative algebra of the tables.

The fourth column of the tables indicates whether the appropriate associative
algebra is an almost inner Rickart algebra or not, i.e., if yes, then sign "+ is put
in the appropriate place of the column, if not, then sign ”-” is put in this place.
All notations of the tables 1 and 2 are taken from [6].

Table 1
Two-dimensional associative algebras.

J Multiplication Is this According to
table algebra an which theorem?
almost inner Rickart algebra?

A% niny = ng - Theorem 2.4

A2 e1e1 = eq, + Theorem 2.5
€1n; =N

A3 ele1 = eq, + Theorem 2.5
nier = ny

A5 e1e1 = eq, + Theorem 2.5

€11 = N1, N1€1 = Ny
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Table 2
Three-dimensional associative algebras.
J Multiplication Is this According to
table algebra an inner which theorem?
Rickart algebra?
Al nin3 = N, N3N, = N9 - Theorem 2.4
A3(a) nin3g = ng - Theorem 2.4
nany = ang,a € C\ {1,—1}
A3 () ning = no + Theorem 2.4
nsny = ang, a0 = —1
.A§ niny = Ng, NNy = N3 - Theorem 2.4
naniy =ns
Aj nier = Na, Noel = No + Theorem 2.5
e1ep = eq
A3 ngel = ng, €111 = N1 + Theorem 2.5
€1€1 = €1
.Ag €1n1 = N2, e1MNy = Ny + Theorem 2.5
€1€1 = €1
Al nier = ni, e1e1 = e + Theorem 2.8
€M1 = Ny, €2€9 = €9 both case 1 and case2
A8 nier = ni, Noel = No + Theorem 2.5
€iny =ni, €1€1 = €]
AJ ngel = ng, €111 = N1 + Theorem 2.5
€N = N2, €1€1 = €]
AL nier = ni, Noel = No + Theorem 2.5
€1n] = Ny, €1Ny = N2, €1€1 = €1
Al nier = Na, Noel = No + Theorem 2.5
€1Nn1 = N2, €1Ny = N2, €1€1 = €1
Aéz niniy = ng, ni€1 = nNi, N2€1 = N2 - Theorem 2.5
€1N1 = Ny, €1N2 = N2, €1€1 = €1
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