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ON SOME COUNTERPARTS OF RICKART ∗-ALGEBRAS

ARZIKULOV F. N.1,2 AND KHAKIMOV U. I.2

Abstract. In the present paper, we introduce and study counterparts of
Rickart involutive algebras, i.e., almost inner Rickart algebras. We prove that
a nilpotent associative algebra, which has no nilpotent elements with nonzero
square roots, is an almost inner Rickart algebra. A nilpotent associative alge-
bra, which has no nilpotent elements with a square root b such that b3 6= 0,
is not an almost inner Rickart algebra if there exists a nonzero element a such
that a2 6= 0.

As a main result of the paper, we describe a finite-dimensional almost inner
Rickart algebra A over a field F, isomorphic to Fn+̇N , n = 1, 2, with a nilrad-
ical N . Also, we classify finite-dimensional almost inner Rickart algebras over
the real or complex numbers with a nonzero nilradical N .

1. Introduction

In the present paper, we introduce and study counterparts of Rickart ∗-algebras,
that is almost inner Rickart algebras. We define an almost inner Rickart algebra
as an associative algebra which is a Jordan algebra with respect to the Jordan
multiplication a · b = 1

2
(ab+ ba) close to inner RJ-algebras. Inner RJ-algebras are

introduced and studied in the papers [1], [2], [3].
The chosen notions were built around an (inner) quadratic annihilator. For

each nonempty subset B of an associative algebra A, the (inner) quadratic anni-
hilator of B is defined by

⊥qB := {a ∈ A : sas = 0, ∀s ∈ B}.

Thus, following [5], an associative algebra A which is equal to the direct sum
S+̇N of vector spaces S and N , where S is a semisimple algebra and N is a
nilpotent radical of A (including the case N ≡ {0}), is called an almost inner
Rickart algebra if, for each element x ∈ A, there exists an idempotent e ∈ A
such that ⊥q{x} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪ N 2), where S2 := {a2 : a ∈ S},
N 2 := {a2 : a ∈ N}. There exist examples of almost inner Rickart algebras
without unit element (cf. [2, p. 32]). Note that, there exist pairwise non-
isomorphic (associative) almost inner Rickart algebras, the Jordan algebras of
which are isomorphic (see Examples in item 4) below). This is a motivation to
introduce the notion of an almost inner Rickart algebra.
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In the present paper, we prove that a nilpotent associative algebra A such that
a2 = 0 for every element a ∈ A is an almost inner Rickart algebra. We explain
that a nilpotent associative algebra that has no nilpotent elements with a square
root b such that b3 6= 0 is not an almost inner Rickart algebra if there exists a
nonzero element a such that a2 6= 0.

As a main result of the paper we describe a finite-dimensional almost inner
Rickart algebra A over a field F, isomorphic to Fn+̇N , n = 1, 2, with a nilradical
N (Theorems 2.5 and 2.11). Also, we classify finite-dimensional almost inner
Rickart algebras over the real or complex numbers with a nonzero nilradical N
(Theorem 2.10).

2. Description of finite-dimensional almost inner Rickart

algebras

Throughout the paper let A be an associative algebra which is decomposed (as
a linear space) into a direct sum S+̇N of a semisimple algebra S and a nilpotent
radical N of A. For an associative algebra A, we consider the following condition:

(A) for every element x ∈ A , there exists an idempotent e ∈ A such that

⊥q{x} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪N 2).

Definition. An associative algebra satisfying condition (A) is called an almost
inner Rickart algebra, and condition (A) itself is called an almost inner Rickart
condition.

Examples. 1) It is obvious that every associative algebra which is an inner
RJ-algebra with respect to the multiplication a · b = 1

2
(ab+ ba) is an almost inner

Rickart algebra.
2) Let Mn(R) be the associative algebra of n × n matrices over the field R of

real numbers, where 1 is the unit of the algebra Mn(R), {ei,j}ni,j=1 is the system
of matrix units of the algebra Mn(R), n = 2k.

a) Consider the associative algebra

A = R1+
k

∑

i=1

Re2i−1,2i.

This algebra is an almost inner Rickart algebra which is not involutive [2, p. 30].
b) Similarly, the associative algebra

A = R1+
k

∑

i=1

Re2i,2i−1,

is an almost inner Rickart algebra.
c) Consider the associative algebra

A =
k

∑

i=1

Re2i−1,2i
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This algebra is an almost inner Rickart algebra without a unit element [2, Page
30, Example 3]. Indeed, since S2 ∪ N 2 = {0}, then

⊥q{0} ∩ (S2 ∪N 2) = 0(A)0 ∩ (S2 ∪ N 2).

Moreover, {e2i−1,2i}⊥q∩(S2∪N 2) = 0(A)0∩(S2∪N 2) for any i from {1, 2, . . . , k}.
d) Similar to Example c) the associative algebra

A =

k
∑

i=1

Re2i,2i−1

is also an almost inner Rickart algebra without a unit element.
3) A vector space A of dimension n+1 with a basis {e, e1, e2, . . . , en} such that

ee = e, eei = eie = ei, e2i = 0, eiej = 0, i, j = 1, 2, ..., n.

is a commutative associative algebra and, by Theorem 2.5, an almost inner Rickart
algebra.

4) Let A be an associative algebra and (A, ·) be the Jordan algebra with respect
to the multiplication a·b = 1

2
(ab+ba). Then, the algebrasA2

2, A
3
2, A

4
3, A

6
3, A

8
4, A

9
4,

A19
4 , A20

4 are almost inner Rickart algebras (see Tables 1 and 2) and the Jordan
algebras (A2

2, ·)
∼= (A3

2, ·), (A
4
3, ·)

∼= (A6
3, ·), (A

8
4, ·)

∼= (A9
4, ·), (A

19
4 , ·) ∼= (A20

4 , ·).
Thus, two mutually non-isomorphic almost inner Rickart algebras give the same
Jordan algebra. The examples above are a motivation to introduce the notion of
an almost inner Rickart algebra.

Lemma 2.1. Let A = S+̇N be an almost inner Rickart algebra. Then the algebra
A has an element e such that ea2 = a2e = a2 for every a ∈ S ∪ N .

Proof. Take x = 0. We have ⊥q{x} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪ N 2) for some
idempotent e in A. But ⊥q{x} ∩ (S2 ∪ N 2) = A ∩ (S2 ∪ N 2) = S2 ∪ N 2. Hence
eAe ∩ (S2 ∪ N 2) = S2 ∪ N 2. Then ea = e(ebe) = ebe = a and ae = (ebe)e =
ebe = a for all a ∈ S2 ∪N 2. �

Theorem 2.2. A nilpotent associative algebra that has no nilpotent elements with
a nonzero square root is an almost inner Rickart algebra.

Proof. Let A be a nilpotent associative algebra that has no nilpotent elements
with a nonzero square root. Let a be a nonzero element from the algebra A.
Since A is nilpotent, then am = 0 for some element m. Then a2 = 0. Otherwise,
the algebra A contains an element b, which is a nilpotent element with a nonzero
square root. So, a2 = 0 for every non-zero element a from A. Therefore, for any
a, b from A,

ab+ ba = (a + b)2 − a2 − b2 = 0, aba + baa = aba = 0.

The algebra A is an almost inner Rickart algebra. Indeed, the algebra A does
not contain a nonzero idempotent. In particular, there is no non-zero idempotent
e such that

⊥q{0} = eAe.

However, since S2 ∪ N 2 = {0}, we have
⊥q{0} ∩ (S2 ∪N 2) = 0A0 ∩ (S2 ∪ N 2).
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Here ⊥q{0} = A. Similarly, for any element a from A, we have

⊥q{a} ∩ (S2 ∪ N 2) = {0} = 0A0 ∩ (S2 ∪ N 2).

The proof is complete. �

Theorem 2.3. Let A be a nilpotent associative algebra. Then A is an almost
inner Rickart algebra if and only if, for any element a in A, a2 = 0.

Proof. Suppose that A is an almost inner Rickart algebra. Let a be an arbitrary
nonzero element from the algebra A such that a2 6= 0. Since the algebra A is
nilpotent, a is a nilpotent element. Then ak 6= 0, ak+1 = 0 for some natural

number k ≥ 2. Then (a[
k
2
])2 6= 0 and

(a[
k
2
])2 ∈⊥q {a} ∩ (S2 ∪N 2).

Hence, ⊥q{a} ∩ (S2 ∪ N 2) 6= {0}. So, there is a nonzero idempotent e such that

⊥q{a} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪N 2).

But there is no nonzero idempotent in the algebra A since the algebra A is
nilpotent. Therefore, A is not an almost inner Rickart associative algebra. This
is a contradiction. So, a2 = 0.

Now, suppose that for any element a in A, a2 = 0. Then, by Theorem 2.2 A
is an almost inner Rickart algebra. This ends the proof. �

Lemma 2.4. Let A be a finite-dimensional almost inner Rickart algebra over a
field F of characteristic 6= 2 and 6= 3 with a one-dimensional simple subalgebra
S and an n-dimensional commutative nilpotent radical N such that A = S+̇N ,
N 2 6= {0} and N 3 = {a3 : a ∈ N} = {0}. Then, for any idempotent e ∈ A such
that ⊥q{x} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪ N 2), e ∈ S, and, for any elements a, b, c
from N ,

abc = 0. (1.0)

Proof. By the condition, the associative algebra N has no nilpotent elements a
such that a3 6= 0. So, for any nonzero element a from the nilradical N we have
a3 = 0. Therefore, for any a, b from N ,

0 = (a+ b)3 − a3 − b3 = (a2 + ab+ ba + b2)(a+ b)− a3 − b3,

= a3 + a2b+ aba + ab2 + ba2 + bab+ b2a+ b3 − a3 − b3 = 3a2b+ 3b2a,

0 = (a− b)3 − a3 + b3 = (a2 − ab− ba+ b2)(a− b)− a3 + b3,

= a3 − a2b− aba + ab2 − ba2 + bab+ b2a− b3 − a3 − b3 = −3a2b+ 3b2a.

Hence,

a2b = 0, b2a = 0.

As well as,

abc = a
1

2
((b+ c)2 − b2 − c2) =

1

2
(a(b+ c)2 − ab2 − ac2) = 0.

So, for any elements a, b, c from N , equality (1.0) is valid.



ALMOST INNER RICKART ALGEBRAS 5

Let a be an arbitrary nonzero element from the radical N . Then there exists
a nonzero idempotent e ∈ A such that

⊥q{a} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪N 2).

Due to (1.0) we have N 2 ⊆⊥q {a} ∩ (S2 ∪ N 2). Hence,

N 2 ⊆ eAe ∩ (S2 ∪ N 2).

Since S is a one-dimensional simple algebra, there exists an idempotent p in S
such that S = Fp. There exist b ∈ N and nonzero x ∈ S such that e = x + b.
We have

e = e2 = (x+ b)2 = x2 + xb+ bx+ b2, x = x2, b = xb+ bx+ b2.

So, x = p.
If there exists y ∈ S2 such that y ∈ ⊥q{a}, then p ∈ ⊥q{a}, i.e., apa = 0.

Hence, p ∈ e(S2 ∪ N 2)e, i.e., ep = pe = p. So, (p + b)p = p(p + b) = p. But
p(p + b) = (p + b)p = p + bp = p + pb and pb, bp ∈ N . Hence, bp = pb = 0.
Therefore, b = pb+ bp+ b2 = b2. The fact that b2 6= 0 contradicts b ∈ N and that
N is nilpotent. So, b2 = 0 and, hence, b = 0. From b = 0 it follows that e = p,
i.e., e ∈ S.

Suppose that S2 ∩ ⊥q{a} = {0}. Then
⊥q{a} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪ N 2) = eAe ∩ N 2 = N 2.

But, for any a ∈ N , we have ea2e = ea2 = a2, i.e., (p+b)a2 = pa2+ba2 = pa2 = a2

by (1.0). Similarly, a2p = a2. Hence,

eAe ∩ N 2 = N 2 = pN 2p = pAp ∩N 2.

Therefore, in this case we have
⊥q{a} ∩ (S2 ∪ N 2) = pAp ∩ (S2 ∪ N 2)

and instead of e we can take p. The proof is complete. �

Theorem 2.5. Let A be a finite-dimensional almost inner Rickart algebra over
a field F of characteristic 6= 2 and 6= 3 with a one-dimensional simple subalgebra
S and an n-dimensional commutative nilpotent radical N such that A = S+̇N ,
N 2 6= {0} and N 3 = {0}. Then there is a nonzero idempotent e ∈ A such that
A = Fe+̇N and for any basis {e1, e2, . . . , en} of N the following conditions are
valid

eiejek = 0, i, j, k = 1, 2, . . . , n, (1.1)

e(eiej) = (eiej)e = eiej , i, j = 1, 2, . . . , n, (1.2)

eieej + ejeei = 0, i, j = 1, 2, . . . , n, (1.3)

eei ∈ N , eie ∈ N . (1.4)

Conversely, any associative algebra A over a field F of characteristic 6= 2 and
6= 3 with a one-dimensional simple subalgebra S = Fe, where e is an idempotent
element, and an n-dimensional commutative nilpotent radical N with a basis
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{e1, e2, . . . , en} such that A = S+̇N , is an almost inner Rickart algebra if the
conditions (1.1)–(1.4) are valid.

Proof. Since N 3 = {0}, we have, by Lemma 2.4, for any elements a, b, c from N ,

abc = 0. (1.5)

Since N 2 6= {0}, there exists x ∈ N such that x2 6= 0. Let a be an arbitrary
nonzero element from the radical N . Then, by Lemma 2.4 and (1.5), there exists
a nonzero idempotent e ∈ S such that

x2 ∈⊥q {a} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪ N 2).

We also have e ∈ eAe. Since e is idempotent, we have e ∈ S2. Hence, e ∈
eAe ∩ (S2 ∪ N 2), i.e., e ∈⊥q {a} ∩ (S2 ∪ N 2). From this it follows that aea = 0.

Due to (1.5) we have N 2 ⊆⊥q {a} ∩ (S2 ∪N 2). Hence,

N 2 ⊆ eAe ∩ (S2 ∪ N 2).

Let b be another nonzero element from the nilradical N . Then there exists a
nonzero idempotent f ∈ S such that

x2 ∈⊥q {b} ∩ (S2 ∪N 2) = fAf ∩ (S2 ∪ N 2)

and

N 2 ⊆ fAf ∩ (S2 ∪ N 2)

Thus, ea2 = fa2 = a2, eb2 = fb2 = b2. Furthermore,

ec = fc = c, c ∈ N 2.

Since codimension of N equals 1 we have e = f . If we take a+ b then

a2, b2, (a+ b)2 ∈⊥q {a} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪ N 2),

(a+ b)2 = e(a + b)2 = a2 + 2e(ab) + b2,

(a+ b)2 = (a + b)2e = a2 + 2(ab)e+ b2.

Hence,

e(ab) = (ab)e = ab. (1.6)

Let e1, e2, . . . , en be a basis in N . Then, by (1.5) we have (1.1). Also, by (1.6),
we have (1.2). At the same time,

eieej + ejeei = 0, i, j = 1, 2, . . . , n,

i.e. (1.3) is valid. Indeed, since aea = 0, a ∈ N , we have, for any i, j, (ei +
ej)e(ei + ej) = 0. Hence,

eieej + ejeei = 0.

So, (1.3) is valid. Since N is an ideal, we have (1.4) is also valid.
Now let us prove that the associative algebra A with a basis {e, e1, e2, . . . , en},

satisfying the properties (1.1)–(1.4), is an almost inner Rickart algebra. We have

⊥q{e} ∩ (S2 ∪ N 2) = {0} = 0A0 ∩ (S2 ∪ N 2),

since (S2 ∪ N 2) ⊆ eAe by (1.2).
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We take an arbitrary element of the form

a =

n
∑

i=1

λiei.

By equalities (1.1) and (1.3), we have

e ∈⊥q {a} ∩ (S2 ∪ N 2) = S2 ∪ N 2 = eAe ∩ (S2 ∪N 2).

Now we take an element of the form λe + a, λ 6= 0. Since N is an ideal, by
(1.2), we have

(λe + a)b2(λe+ a) = λeb2λe + λeb2a+ ab2λe+ ab2a = λeb2λe = λ2b2 6= 0

for every b ∈ N such that b2 6= 0. We also have

(λe+ a)µ2e(λe+ a) = λeµ2eλe+ c = λ2µ2e+ c,

where
c = 2[λeµ2ea+ aµ2ea + aµ2e(λe + a)]

and c ∈ N since N is an ideal. Therefore (λe+ a)(µe)2(λe+ a) 6= 0. Hence,
⊥q{λe+ a} ∩ (S2 ∪ N 2) = {0} = 0A0 ∩ (S2 ∪ N 2).

So, A is an almost inner Rickart algebra. The proof is complete. �

It should be noted that Theorem 2.4 in [3], which is a Jordan analog of Theorem
2.5, is incorrect. A correct version of this theorem is proved in [4]. Note that
Theorem 2.4 in the paper [3] is valid for a so-called almost inner RJ-algebra,
defined following way:

Definition 2.6. A Jordan algebra J with a semisimple subalgebra S and a
nilpotent radical N such that J = S+̇N is called an almost inner RJ-algebra if,
for any element a ∈ J , there exists an idempotent e ∈ S such that

⊥q{a} ∩ (S2 ∪N 2) = Ue(J ) ∩ (S2 ∪ N 2).

It should be noted that this and all other statements of the paper [3] are valid
for almost inner RJ-algebras. In [4] corrected versions for inner RJ-algebras of
the statements in [3] are given.

Remark 2.7. Note that the associative algebra, indicated in theorem 2.5 is a direct
sum of an indecomposable non-nilpotent algebra and a nilpotent algebra. If, for
example, the nilradical N of an almost inner Rickart algebra A is of codimension
2, then the quantity of non-nilpotent indecomposable algebras in the direct sum
of A may be one or two. For example, the almost inner Rickart algebra

A1 : e
2
1 = e1, e

2
2 = e2, e1n1 = n1, n2e2 = n2,

where {e1, e2, n1, n2} is a basis of the algebra A1 and the omitted products vanish,
is decomposable. The subalgebras

B1 : e
2
1 = e1, e1n1 = n1,B2 : e

2
2 = e2, e2n2 = n2

are almost inner Rickart algebras satisfying the conditions of theorem 2.5 and
A1 = B1 ⊕ B2. The associative algebra

A2 : e
2
1 = e1, e

2
2 = e2, n1e1 = n1, e2n1 = n1, n2e1 = n2
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([6, Table 2.3, algebra As194 ]), where {e1, e2, n1, n2} is a basis of the algebraA2 and
the omitted products vanish, is indecomposable. The nilradical N =< n1, n2 >
is an almost inner Rickart algebra by Theorem 2.3. Then A2 is also an almost
inner Rickart algebra by Theorem 2.11. The subalgebras

C1 : e
2
1 = e1, n1e1 = n1, n2e1 = n2, C2 : e

2
2 = e2, e2n1 = n1

of the algebra A2 are almost inner Rickart algebras satisfying the conditions of
Theorem 2.5.

LetA be a finite-dimensional almost inner Rickart algebra which is decomposed
(as a linear space) into a direct sum S+̇N of a semisimple algebra S and a
nilpotent radical N of A. For A, we consider the following condition:

(B) for any idempotent e ∈ A such that ⊥q{x}∩ (S2 ∪N 2) = eAe∩ (S2 ∪N 2),
e ∈ S.

Lemma 2.8. Let A be a finite-dimensional associative algebra over the real or
complex numbers which is decomposed (as a linear space) into a direct sum S+̇N
of a semisimple algebra S and a nilpotent radical N of A. Then, if A is an almost
inner Rickart algebra satisfying Condition (B), then S is also an almost inner
Rickart algebra.

Proof. Let a be an arbitrary nonzero element from S. Then there exists a nonzero
idempotent e ∈ S such that

⊥q{a} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪N 2).

Hence,
⊥q{a} ∩ S2 = eAe ∩ S2 = eSe ∩ S2.

This ends the proof. �

Lemma 2.9. Let A = S+̇N be an almost inner Rickart algebra satisfying Con-
dition (B). Then the algebra A has no a nilpotent element a in S ∪ N such that
a3 6= 0.

Proof. Take an element a ∈ S ∪ N . Suppose that a4 = 0. Then a2 ∈ ⊥q{a} ∩
(S2 ∪ N 2). Since A is an almost inner Rickart algebra, there exists a nonzero
idempotent e ∈ A such that ⊥q{a} ∩ (S2 ∪ N 2) = eAe ∩ (S2 ∪ N 2). Therefore
aea = 0 and ea2 = a2 since e ∈ eAe ∩ (S2 ∪ N 2). Hence, a3 = aa2 = aea2 =
(aea)a = 0.

Further, we shall apply the induction. The induction assumption is (a2)k = 0,
1 ≤ k ≤ n, implies that a3 = 0, where the induction step is n. If n = 1, 2 then
the induction assumption is valid by the previous paragraph.

Suppose that (a2)n+1 = 0. Then, if n = 2k, then (a2)n+1a2 = (a2)2k+2 =
(a4)k+1 = 0 and 1 ≤ k + 1 < n. By the inductive assumption a6 = 0. So,
(a2)a2(a2) = 0 and a2 ∈ ⊥q{a2} ∩ (S2 ∪ N 2). Since A is an almost inner Rickart
algebra, there exists an idempotent f ∈ A such that ⊥q{a2} ∩ (S2 ∪ N 2) =
fAf ∩ (S2 ∪ N 2). Therefore fff = f ∈ fAf ∩ (S2 ∪ N 2), a2fa2 = 0 and
fa2 = a2. Hence, a4 = a2fa2 = 0. By the previous paragraph a3 = 0.

If n = 2k+1, then (a2)n+1 = (a2)2k+2 = (a4)k+1 = 0 and 1 ≤ k+1 < n. Again,
by the inductive assumption a6 = 0. Hence, by the previous paragraph a3 = 0.
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Thus, by the induction, we obtain that for a ∈ S ∪N , if an = 0 for some natural
number n ≥ 4, then a3 = 0. The proof is complete. �

Theorem 2.10. Let A be a finite-dimensional almost inner Rickart algebra over
the real or complex numbers satisfying Condition (B), with a nilpotent radical
N il(A). Then there exist pairwise orthogonal idempotents e1, e2, . . . , em in A
such that

A = (e1F⊕ e2F⊕ · · · ⊕ emF)+̇N il(A),

where F = R, C, H.

Proof. By the Wedderburn-Malcev and Cartan-Frobenius-Molien theorems, every
finite-dimensional associative algebra A over the real or complex numbers can be
represented asA = S+̇N , where N is a nil-radical and S is a semi-simple algebra.
In its turn S can be represented as

S = C1 ⊕ C2 ⊕ . . . Cn,

where Ci, i = 1, 2, . . . n, are simple algebras and Ci ∼= Mni
(Ni), where Mni

(Ni) is
the algebra of ni × ni matrices with entries from a division algebra Ni. Also, by
Lemma 2.9 N il(A)3 = {0}. Therefore, by the examples in item 2) of Remark 1.6
in [3], every finite-dimensional almost inner Rickart algebra A has the following
form

A = S+̇N il(A),

where N il(A) is the nilpotent radical of A and S is a semisimple subalgebra every
simple subalgebra of which is isomorphic to only one of the following algebras: an
abelian algebra, the algebra of 2× 2-matrices over a division algebra, the algebra
of 3× 3-matrices over a division algebra.

By Lemma 2.8 S is also an almost inner Rickart algebra. Moreover, every
direct summand Ci is also an almost inner Rickart algebra. Indeed, let ei be a
unit element and x is an element of Ci. Then, there exists an idempotent e in S
such that ⊥q{x}∩S2 = eSe∩S2. Hence, (⊥q{x}∩S2)∩Ci = eiSei∩Ci

2 = eiCiei∩C2
i .

By the examples on page 35 of [2] and on page 8 of [3] the algebras M2(F),
M3(F), where F = R,C,H, are not inner RJ-algebras. But for a simple associative
algebra the definition of an almost inner Rickart algebra coincides with the defini-
tion of an inner RJ-algebra. So, the algebras M2(F), M3(F), where F = R,C,H,
are not almost inner Rickart algebras. Therefore, there exist pairwise orthogonal
idempotents e1, e2, . . . , em in A such that

S = e1F⊕ e2F⊕ · · · ⊕ emF.

The proof is complete. �

Theorem 2.11. Let A be an indecomposible finite-dimensional almost inner
Rickart algebra over the real or complex numbers F satisfying Condition (B) with
a two-dimensional semisimple subalgebra S and an n-dimensional commutative
nilpotent radical N such that A = S+̇N , N 2 6= {0}. Then there exist two mu-
tually orthogonal nonzero idempotents p1, p2 ∈ A such that A = (Fp1 ⊕ Fp2)+̇N
and for any basis {e1, e2, . . . , en} of N one of the following two cases is valid

the first case

eiejek = 0, i, j, k = 1, 2, . . . , n, (1.1)
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p1(eiej) = (eiej)p1 = eiej, i, j = 1, 2, . . . , n, (1.2)

eip1ej + ejp1ei = 0, i, j = 1, 2, . . . , n, (1.3)

pkei ∈ N , eipk ∈ N , k = 1, 2, (1.4)

p2(eiej + ejei) = 0, i, j = 1, 2, . . . , n, (1.5)

the second case

eiejek = 0, i, j, k = 1, 2, . . . , n, (2.1)

(p1 + p2)(eiej) = (eiej)(p1 + p2) = eiej, i, j = 1, 2, . . . , n, (2.2)

ei(p1 + p2)ej + ej(p1 + p2)ei = 0, i, j = 1, 2, . . . , n, (2.3)

(p1 + p2)ei ∈ N , ei(p1 + p2) ∈ N , (2.4)

∀x ∈ N , if p1x
2p1 = 0 or p2x

2p2 = 0 then p1x
2p2 + p2x

2p1 = 0, (2.5)

eipkej + ejpkei = 0, k = 1, 2, i, j = 1, 2, . . . , n. (2.6)

Conversely, any associative algebra A over a field F of characteristic 6= 2 and 6= 3
with a two-dimensional semisimple subalgebra S = Fp1 ⊕ Fp2, where p1, p2 are
mutually orthogonal idempotents, and an n-dimensional commutative nilpotent
radical N with a basis {e1, e2, . . . , en} such that A = S+̇N , is an almost inner
Rickart algebra if conditions (1.1)–(1.5) or conditions (2.1)–(2.5) are valid.

Proof. By Theorem 2.10, there exist pairwise orthogonal idempotents p1, p2 in A
such that

A = (p1F⊕ p2F)+̇N .

Since A satisfies Condition (B), we have, by Lemma 2.9, N 3 = {0}. Therefore,
similar to the proof of Lemma 2.4, we have, for any elements a, b, c from N ,

a(bc) = (ab)c = 0. (1.6)

From this it follows that (1.1).
Since N 2 6= {0}, there exists x ∈ N such that x2 6= 0. Let a be an arbitrary

nonzero element from the radical N . Then, by (1.6), there exists a nonzero
idempotent e ∈ A such that

x2 ∈⊥q {a} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪ N 2).

We also have e ∈ eAe and, by Condition (B), e ∈ S. Hence, e ∈ eAe∩ (S2∪N 2),
i.e., e ∈⊥q {a} ∩ (S2 ∪ N 2). From this it follows that aea = 0.

Due to (1.6) we have N 2 ⊆⊥q {a} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪ N 2). Hence,

N 2 ⊆ eAe ∩ (S2 ∪ N 2). (1.7)
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There are following three possible cases






e = p1,
e = p2,
e = p1 + p2.

Now, suppose that e = p1, i.e.,
⊥q{a} ∩ (S2 ∪ N 2) = p1Ap1 ∩ (S2 ∪ N 2).

We prove condition (1.2). If we take arbitrary elements x, y ∈ N , then, by
(1.7),

x2, y2, (x+ y)2 ∈⊥q {a} ∩ (S2 ∪N 2) = p1Ap1 ∩ (S2 ∪ N 2),

(x+ y)2 = p1(x+ y)2 = x2 + 2p1(xy) + y2,

(x+ y)2 = (x+ y)2p1 = x2 + 2(xy)p1 + y2.

Hence, p1(xy) = (xy)p1 = xy, and, from this it follows that (1.2) is valid.
We prove (1.3). Let b be another nonzero element of the radical N . Then there

exists a nonzero idempotent f ∈ Fp1 ⊕ Fp2 such that

a2 ∈⊥q {b} ∩ (S2 ∪N 2) = fAf ∩ (S2 ∪ N 2), bfb = 0.

Due to (1.6) we have N 2 ⊆⊥q {b} ∩ (S2 ∪N 2) = fAf ∩ (S2 ∪N 2). We also have
N 2 ⊆ p1Ap1 ∩ (S2 ∪ N 2). Hence, f 6= p2 and, f = p1 + p2 or f = p1. Therefore,
p1 ∈ fAf ∩ (S2 ∪ N 2), i.e., p1 ∈⊥q {b}. Hence, bp1b = 0. Since b is arbitrarily
chosen, for any i, j, (ei + ej)e(ei + ej) = 0. Hence, eieej + ejeei = 0. So, (1.3) is
valid.

Since N is an ideal, we have (1.4) is also valid.
We consider the annihilator ⊥q{p2}. It is clear that p1 ∈ ⊥q{p2} ∩ (S2 ∪ N 2)

since p1 · p2 = 0 and p2p1p2 = 0. Also, from

p2(p1Ap1)p2 = (p2p1)A(p2p1) = 0

it follows that

N 2 ⊂ p1Ap1 ∩ (S2 ∪ N 2) ⊂ ⊥q{p2} ∩ (S2 ∪N 2).

Hence, p2a
2p2 = 0 for all a ∈ N . From p2((a+b)2−a2−b2)p2 = 0 for all a, b ∈ N

it follows that p2(ab + ba)p2 = 0. Note that, since A is an almost inner Rickart
algebra satisfying condition (B) and p1 ∈ ⊥q{p2} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪N 2)
for some idempotent e 6= 0 in A we have e ∈ S2 and p2ep2 = 0. Hence, p2e = 0.
So, e = p1 and

⊥q{p2} ∩ (S2 ∪N 2) = p1Ap1 ∩ (S2 ∪N 2).

Now, we prove (1.5). We take the annihilator ⊥q{p1}. It is clear that p2 ∈
⊥q{p1} ∩ (S2 ∪ N 2) since p1 · p2 = 0 and p1p2p1 = 0. Also, from

N 2 ⊂ p1Ap1

it follows that p2(N 2) = 0, p2a
2 = 0 for any a ∈ N . From this it follows that

p2(ab+ ba) = 0 for any a, b ∈ N . In particular,

p2(eiej + ejei) = 0, i, j = 1, 2, . . . , n. (1.5)

This ends the case e = p1.
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Now let us prove that an associative algebra A over a field F of characteristic
6= 2 and 6= 3 with a two-dimensional semisimple subalgebra S = Fp1⊕Fp2, where
p1, p2 are mutually orthogonal idempotents, and an n-dimensional commutative
nilpotent radical N with a basis {e1, e2, . . . , en} such that A = S+̇N , is an almost
inner Rickart algebra if conditions (1.1)–(1.5) are valid.

We take the annihilator ⊥q{p1}. It is clear that p2 ∈⊥q {p1}. We prove that
⊥q{p1} ∩ (S2 ∪N 2) = p2Ap2 ∩ (S2 ∪N 2).

Indeed, we have p2Ap2 ⊆⊥q {p1}. The equality

p1a
2p1 = a2,

where a ∈ N , is valid by (1.2). Hence, ⊥q{p1} ∩ (S2 ∪N 2) = {µ2p2 : µ ∈ F}. At
the same time, by (1.5), p2a

2 = 0 for any a ∈ N . Hence, p2Ap2 ∩ (S2 ∪ N 2) =
{µ2p2 : µ ∈ F}. So, ⊥q{p1} ∩ (S2 ∪ N 2) = p2Ap2 ∩ (S2 ∪ N 2).

Now we take the annihilator ⊥q{p2}. It is clear that p1 ∈⊥q {p2}. We prove
that

⊥q{p2} ∩ (S2 ∪N 2) = p1Ap1 ∩ (S2 ∪N 2).

Indeed, we have p1Ap1 ∩ (S2 ∪N 2) ⊆⊥q {p2} ∩ (S2 ∪N 2). Clearly ⊥q{p2} ∩S2 ⊆
p1Ap1∩S2. It is sufficient to prove ⊥q{p2}∩N 2 ⊆ p1Ap1∩N 2. Take an arbitrary
element x2 ∈⊥q {p2} ∩ N 2. Then x2 ∈ p1Ap1 by (1.2). Hence, x2 ∈ p1Ap1 ∩ N 2.
So, ⊥q{p2}∩N 2 ⊆ p1Ap1∩N 2. Therefore, ⊥q{p2}∩(S2∪N 2) = p1Ap1∩(S2∪N 2).

We take an element of the form λp1 + a, λ 6= 0, and consider
⊥q{λp1 + a} ∩ (S2 ∪N 2).

Then, for any b ∈ N such that b2 6= 0,

(λp1 + a)b2(λp1 + a) = λ2p1b
2p1 = λ2b2 6= 0

by (1.2). Hence, ⊥q{λp1 + a} ∩ N 2 = {0}. Also

(λp1 + a)p2(λp1 + a) = λ2p1p2p1 + λp1p2a + λap2p1 + ap2a = ap2a.

If ap2a = 0, then p2 ∈
⊥q {λp1 + a} ∩ (S2 ∪ N 2). Hence,

⊥q{λp1 + a} ∩ (S2 ∪ N 2) = p2Ap2 ∩ (S2 ∪ N 2) = {µ2p2 : µ ∈ F}.

Else, if ap2a 6= 0, then p2 /∈⊥q {λp1 + a} ∩ (S2 ∪ N 2). Therefore,
⊥q{λp1 + a} ∩ (S2 ∪ N 2) = {0} = 0A0 ∩ (S2 ∪ N 2).

Now we take an element of the form λp1 + µp2 + a, λ 6= 0, µ 6= 0 and consider
the annihilator ⊥q{λp1 + µp2 + a}. Since N is an ideal, by the properties of the
Peirce decomposition and (1.2), (1.5), we have

(λp1 + µp2 + a)b2(λp1 + µp2 + a)

= (λp1 + µp2)b
2(λp1 + µp2) + (λp1 + µp2)b

2a + ab2(λp1 + µp2) + ab2a

= (λp1 + µp2)b
2(λp1 + µp2) = λ2p1b

2p1 = λ2b2 6= 0

if b2 6= 0, for every b ∈ N . We also have

(λp1 + µp2 + a)(νp1 + ρp2)
2(λp1 + µp2 + a)

= (λp1 + µp2 + a)(ν2p1 + ρ2p2)
2(λp1 + µp2 + a)
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= λ2ν2p1 + µ2ρ2p2 + c,

where c ∈ N since N is an ideal. Therefore

(λp1 + µp2 + a)(νp1 + ρp2)
2(λp1 + µp2e + a) 6= 0

if ν 6= 0 or ρ 6= 0. Hence,

⊥q{λp1 + µp2 + a} ∩ (S2 ∪ N 2) = {0} = 0A0 ∩ (S2 ∪ N 2).

Now we take an element of the form µp2+a, µ 6= 0 and consider the annihilator
⊥q{µp2 + a}. Since N is an ideal, by the properties of the Peirce decomposition
and (1.2), (1.5), we have

(µp2 + a)b2(µp2 + a) = µp2b
2µp2 + µp2b

2a+ ab2µp2 + ab2a

= µp2b
2µp2 = 0

for every b ∈ N .
By (1.3), (1.5), We also have

(µp2 + a)(νp1 + ρp2)
2(µp2 + a)

= (µp2 + a)(ν2p1 + ρ2p2)
2(µp2 + a)

= µ2ρ2p2 + ρ2ap2a+ 2ρ2µp2a 6= 0,

if ρ 6= 0. Hence,

⊥q{µp2 + a} ∩ (S2 ∪N 2) = {µ2p1 : µ ∈ F} ∪ N 2.

Since p1Ap1 ∩ (S2 ∪ N 2) = {p1,N 2} by (1.2), we have

⊥q{µp2 + a} ∩ (S2 ∪N 2) = p1Ap1 ∩ (S2 ∪N 2).

So, A is an almost inner Rickart algebra. This ends the proof of the first case in
the theorem.

Case e = p2 is the same as case e = p1. In this case, just p1, p2 have been
swapped.

If there exists a ∈ N such that ⊥q{a} ∩ (S2 ∩ N 2) = p1Ap1 ∩ (S2 ∩ N 2) or
⊥q{a} ∩ (S2 ∩ N 2) = p2Ap2 ∩ (S2 ∩ N 2) we are in some of the previous cases.
Thus, we can assume that, for every a ∈ N , ⊥q{a}∩ (S2 ∩N 2) = (p1+ p2)A(p1+
p2) ∩ (S2 ∩ N 2).

Then, similar to the proof of Theorem 2.5 we have the conditions (2.1),(2.2)
and (2.4) are valid.

We prove (2.3). Let b be another nonzero element from the radical N . Then,
by the assumption,

x2 ∈⊥q {b} ∩ (S2 ∪N 2) = (p1 + p2)A(p1 + p2) ∩ (S2 ∪N 2), b(p1 + p2)b = 0.

Since p1+p2 ∈ fAf ∩ (S2∪N 2), we have p1+p2 ∈⊥q {b}. Hence, b(p1+p2)b = 0.
Since b is arbitrarily chosen, for any i, j, (ei + ej)(p1 + p2)(ei + ej) = 0. Hence,
ei(p1 + p2)ej + ej(p1 + p2)ei = 0. So, (2.3) is valid.

Now we prove (2.5) and (2.6). We have N 2 ⊆ (p1 + p2)A(p1 + p2) by (2.2).
Moreover, S2 ∪N 2 ⊆ (p1 + p2)A(p1 + p2). We have, for every b ∈ N ,

⊥q{b} ∩ (S2 ∪N 2) = (p1 + p2)A(p1 + p2) ∩ (S2 ∪N 2).
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Hence, for every b ∈ N , we have

bp1b = 0, bp2b = 0

since S2 ⊆ (p1 + p2)A(p1 + p2), i.e., S2 ⊆ ⊥q{b} ∩ (S2 ∪ N 2). Thus, bpkb = 0,
k = 1, 2, for any b ∈ N . From this it follows that

eipkej + ejpkei = 0, k = 1, 2, i, j = 1, 2, . . . , n. (2.6)

Now we take the annihilator ⊥q{p1}. Then there exists an idempotent e ∈ S
such that

⊥q{p1} ∩ (S2 ∪N 2) = eAe ∩ (S2 ∪ N 2).

Since p2 ∈⊥q {p1}, we have e = p2. We have N 2 ⊆ (p1+ p2)A(p1+ p2). From this
it follows that, for any x ∈ N ,

x2 = p1x
2p1 + p1x

2p2 + p2x
2p1 + p2x

2p2.

If p1x
2p1 = 0 then x2 = p2x

2p2, i.e., p1x
2p2 + p2x

2p1 = 0. Thus, for any x ∈ N ,
if p1x

2p1 = 0 then p1x
2p2 + p2x

2p1 = 0.
Similarly, for any x ∈ N , if p2x

2p2 = 0 then p1x
2p2 + p2x

2p1 = 0.
Therefore, for any x ∈ N such that x2 6= 0, one of the following three cases

is valid: 1) if p1x
2p1 = 0 then p1x

2p2 + p2x
2p1 = 0, 2) if p2x

2p2 = 0 then
p1x

2p2+p2x
2p1 = 0 and 3) p1x

2p1 6= 0 and p2x
2p2 6= 0. From these it follows that

(2.5) is valid.
Now let us prove that an associative algebraA with a basis {p1, p2, e1, e2, . . . , en},

satisfying the properties (2.1)–(2.5), is an almost inner Rickart algebra.
Now we take the annihilator ⊥q{p1}. We prove that

⊥q{p1} ∩ (S2 ∪N 2) = p2Ap2 ∩ (S2 ∪N 2).

Clearly, p2Ap2 ∩ (S2 ∪N 2) ⊆⊥q {p1} ∩ (S2 ∪N 2) and ⊥q{p1} ∩ S2 ⊆ p2Ap2 ∩ S2.
It is sufficient to prove ⊥q{p1} ∩ N 2 ⊆ p2Ap2 ∩ N 2. We take x2 ∈⊥q {p1} ∩ N 2.
Then p1x

2p1 = 0 and p1x
2p2 + p2x

2p1 = 0 by (2.5). Hence, x2 = p2x
2p2 and

x2 ∈ p2Ap2∩N 2. So, ⊥q{p1}∩N 2 ⊆ p2Ap2∩N 2. Therefore, ⊥q{p1}∩(S2∪N 2) =
p2Ap2 ∩ (S2 ∪ N 2).

Similarly, we have
⊥q{p2} ∩ (S2 ∪N 2) = p1Ap1 ∩ (S2 ∪N 2).

Now we take an element of the form λp1 + µp2 + a, λ 6= 0 or µ 6= 0, and
b ∈ N such that b2 6= 0. Since N is an ideal, by the properties of the Peirce
decomposition, we have

(λp1 + µp2 + a)b2(λp1 + µp2 + a)

= (λp1 + µp2)b
2(λp1 + µp2) + (λp1 + µp2)b

2a + ab2(λp1 + µp2) + ab2a

= (λp1 + µp2)b
2(λp1 + µp2) 6= 0

since b2 ∈ (p1 + p2)A(p1 + p2). We also have

(λp1 + µp2 + a)(νp1 + ρp2)
2(λp1 + µp2 + a) =

(λp1 + µp2 + a)(ν2p1 + ρ2p2)(λp1 + µp2 + a)

= λ2ν2p1 + µ2ρ2p2 + c,
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where c ∈ N since N is an ideal. Therefore

(λp1 + µp2 + a)(νp1 + ρp2)
2(λp1 + µp2 + a) 6= 0

if ν 6= 0 or ρ 6= 0. Hence,
⊥q{λp1 + µp2 + a} ∩ (S2 ∪ N 2) = {0} = 0A0 ∩ (S2 ∪ N 2).

So, A is an almost inner Rickart algebra. This ends the proof. �

Remark 2.12. Note that, in the case e = p1 of the proof of Theorem 2.11, since A
is an almost inner Rickart algebra and p2 ∈ ⊥q{p1}∩(S2∪N 2) = fAf ∩(S2∪N 2)
for some idempotent f 6= 0 in A we have f ∈ S2 and p1fp1 = 0. Hence, p1f = 0

since S is commutative. So, f = p2 and
⊥q{p1} ∩ (S2 ∪N 2) = p2Ap2 ∩ (S2 ∪N 2).

The following proposition follows from the Jordan form of a 3 × 3 complex
matrix.

Proposition 2.13. The associative algebra M3(C) does not have nilpotent ele-
ments a ∈ M3(C) such that a3 6= 0.

Remark 2.14. If a finite-dimensional semisimple associative algebra is an almost
inner Rickart algebra, then this algebra is an inner RJ-algebra with respect to
the Jordan multiplication. By Proposition 2.13 and the example on page 8 of [3]
the condition of Lemma 2.9 is not sufficient for an associative algebra A to be an
almost inner Rickart algebra.

In the following tables associative algebras of dimension two and three are
listed. It is indicated that, wether an associative algebras is an almost inner
Rickart algebra or not for every associative algebra of the tables.

The fourth column of the tables indicates whether the appropriate associative
algebra is an almost inner Rickart algebra or not, i.e., if yes, then sign ”+” is put
in the appropriate place of the column, if not, then sign ”-” is put in this place.
All notations of the tables 1 and 2 are taken from [6].

Table 1

Two-dimensional associative algebras.

J Multiplication Is this According to
table algebra an which theorem?

almost inner Rickart algebra?
A1

2 n1n1 = n2 - Theorem 2.4
A2

2 e1e1 = e1, + Theorem 2.5
e1n1 = n1

A3
2 e1e1 = e1, + Theorem 2.5

n1e1 = n1

A4
2 e1e1 = e1, + Theorem 2.5

e1n1 = n1, n1e1 = n1
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Table 2

Three-dimensional associative algebras.

J Multiplication Is this According to
table algebra an inner which theorem?

Rickart algebra?
A1

3 n1n3 = n2, n3n1 = n2 - Theorem 2.4
A2

3(α) n1n3 = n2 - Theorem 2.4
n3n1 = αn2, α ∈ C \ {1,−1}

A2
3(α) n1n3 = n2 + Theorem 2.4

n3n1 = αn2, α = −1
A3

3 n1n1 = n2, n1n2 = n3 - Theorem 2.4
n2n1 = n3

A4
3 n1e1 = n2, n2e1 = n2 + Theorem 2.5

e1e1 = e1
A5

3 n2e1 = n2, e1n1 = n1 + Theorem 2.5
e1e1 = e1

A6
3 e1n1 = n2, e1n2 = n2 + Theorem 2.5

e1e1 = e1
A7

3 n1e1 = n1, e1e1 = e1 + Theorem 2.8
e2n1 = n1, e2e2 = e2 both case 1 and case2

A8
3 n1e1 = n1, n2e1 = n2 + Theorem 2.5

e1n1 = n1, e1e1 = e1
A9

3 n2e1 = n2, e1n1 = n1 + Theorem 2.5
e1n2 = n2, e1e1 = e1

A10
3 n1e1 = n1, n2e1 = n2 + Theorem 2.5

e1n1 = n1, e1n2 = n2, e1e1 = e1
A11

3 n1e1 = n2, n2e1 = n2 + Theorem 2.5
e1n1 = n2, e1n2 = n2, e1e1 = e1

A12
3 n1n1 = n2, n1e1 = n1, n2e1 = n2 - Theorem 2.5

e1n1 = n1, e1n2 = n2, e1e1 = e1
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