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Abstract

We obtain a global existence result for the three-dimensional Navier-Stokes equations with
a large class of initial data allowing growth at spatial infinity. Our work is a continuation of
the results [10], [12] and proves global existence of suitable weak solutions with initial data
in different weighted spaces as well as eventual regularity.

1 Introduction

Let (u,p) be a solution the three dimensional Navier-Stokes equations in the sense of distri-
butions:

O — Au+ (u-Viu+ Vp=0,

{ ' (u-V)u+Vp n R3 x (0, ) (1.1)

divu =0

For T > 0 and initial data u(z,0) = ug(z). One of the first results about global in time
existence of weak solutions was done by J.Leray in [1] with divergence free initial data ug €
L?(R3). Later it was improved by Lemarié-Rieusset in [5] for local initial data ug € L?,,,
the local L2, _ space is defined as following:

luollzz, = sup, lwoll L2 (B(z,1)) < o0 (1.2)
TE

The focus of this work is on finding a different class for initial data, for which we can prove
global in time existence, for that we need to define local-energy solutions. We will use the
following notations, for any cube @ € R? with radius » we will denote Q* a slightly bigger
cube with the same center and radius 5r/4 and Q** is similarly a small extension of Q*.
Next we introduce the definition of local-energy solutions:

Definition 1.1. A vector field u € L2 _(R? x (0,T)), where T > 0 is a local energy solution

loc

to (1.1) with initial data ug € L3, (R3) if the following holds:

loc
o uc RQOL"O(O,T;L2(BR(O))), Vu e L (R3 x [0,T)),
o there is p € L%

2R3 x [0,T)) such that u,p is a solution to NSE (1.1) in a sense of
distributions,

e For all compacts Q C R3 we have u(t) W0, o in L2(Q),
—

e u is a Caffarelli-Kohn-Nirenberg solution, for all £ € C§°(R3 x (0,T)), £ > 0,

2//|Vu|2§ dx dt < //|u|2(8t§—|—A§) dx dt+

//(|u|2 +2p)(u - VE) dx dt,
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o the function t — [u(x,t)w(z) dz is continuous on [0,T) for any w € L*(R®) with a
compact support,

o for every cube Q C R3, there exists pg(t) € L3 (0,T) such that for x € Q* and 0 < t, T,

pt) ~palt) = —g ) 4o [ K ). 5) dy
veer (1.4)
[ Ko=) - Kolog - ) @ 9)u;(.9) do.
yEQ™*

where x¢ 1is the center of Q and K;; = 8;0;(4rw|y|)~*.

This definition was used in [10] and differs from previous definitions in [5, 6, 8, 9, 7] since
we only require initial data in L? . and not ug € L?,,.. Nevertheless, local energy solutions

first were proven to exist locally in time for initial data in L2, .(2) for @ = R? or R3. Most
of the results for global existence included a decay assumption on the data, see [5, 6] for

vo € E2. One of the examples of such conditions is:

: 1 2
ngnoo milellRS i / |ug|® dz = 0. (1.5)
BR(I[))

2

Later global existence for non-decaying data in uniform space LZ, . was done in two dimen-

sional case by Bason [2]. For initial datain L \L?, = Fernandez-Dalgo and Lemarié-Rieusset

[11] constructed global solutions with the following condition:

2
/ M dx < 0. (1.6)
re (L+ |z[)

Bradshaw and Kukavica [12] constructed local in time solutions for initial data in the space
M ?q which is related to our project and will be defined later. In [10] with Tai-Peng Tsai
they proved global existence in class M ?q , this class strictly includes the initial data from
[9, 11]. In our paper we want to extend this result to different weighted spaces of initial data
Fe.

To define spaces M ?q, F4 we need to construct a certain family of cubes in R?® that was
defined in [10]. For n € N, we denote So = {z : |2;]| <2; i=1,2,3} and R, = {z: |23 <
275 =1,2,3}. Let S, = Ry41 \ Ry, for n € N\ {1} and S; = Ry \ Sp. Then |S,| = 56 - 237,
We separate Sy = US*QF into 64 cubes with side-length 1 and S,, = U8 _, QP into 56 cubes
with side-length 2", the set of all these cubes we denote as C = U2, Uy, QF». This set will
satisfy the following properties

e Side-length of each cube is proportional to the distance to the origin.

e Adjacent cubes have proportional volume.

e The distance between cubes Q, Q' is proportional to min{|Q|?,|Q’|5}.

e The amount of cubes @', such that |Q’'| < |Q| is bounded above by |Q|3

Using set C we reintroduce the definition of M%? and M2 from [10]:

Definition 1.2. Let p € [1,00),¢q > 0. We have f € MJ? if

P oo = SU 1 )P de < oo
e = s g | W@ dor < oo (17)

QecC

If f € ME? and satisfies the following condition then f € ]\;[é)’q:
1
—g/|f|pdgc—>07 as |Q| — o0, Q €C (1.8)
Q3 Jg

Note that global existence and eventual regularity result [10] considers initial data from
MCQ’Q and improves the constructions in [9, 12, 11]. The goal of our project is to further
improve the result of Bradshaw, Kukavica and Tsai [10] for another set of initial data, using
the family of cubes C let us introduce the following spaces:



Definition 1.3. Let ¢ <2 and r > 2, we define spaces F:

r={r e b | Y (e [, 10 )" <o) (19)

n,kn

With the norm || f[7.e = 3225, (; Join 112 d:z:)§

1Qkn |3 J@n

Both spaces M7 and F? are equivalent to certain Herz spaces. Let Ay = Bart1 \ Bax
where Box is a ball in R? with radius 2. Let n € N, s € R and p, ¢ € (0, 0], we define the
non-homogeneous Herz space K (R™) as a space of functions f € L] (R™\ {0}) with the
following finite norm:

1
(D2 2590 a,) " 0 < o0,
[fllecs, =4 kMo (1.10)
sup 2% fl| Lr(a,) if ¢ = oo.
keNy

Then the space M[? is equivalent to Herz space K, 4, and F{ is equivalent to Ky Tor < +oo.
Local in time existence of mild solutions with initial data from some Herz spaces was proven
by Tsutsui [14] (in case p > 3). Global existence of local energy solutions for the case K, 2
follows from [10]. Our goal is to extend the construction of global in time local energy
solutions for initial data in Herz spaces K, !.

The following is our main theorem on global existence of the solutions with initial data
from FZ:

Theorem 1.1. Let ¢ <2, r > 2 and assume ug € F? is divergence free. Then there exists
u:R3 x (0,00) = R? and p: R x (0,00) = R so that (u,p) is a local energy solution to the
Navier-Stokes equations on R3 x (0,00) corresponding to initial data ug.

Additionally we will use the following sequence of norms F'™ using set of cubes C.

Definition 1.4. For m € N we denote Qo,m = Ry, and for any n > 1, k, = 1...56, Qfﬁm =

kn

mn, Where QFEn are cubes of family C. With respect to these sets we can denote norms

r _ 1 2 %
I = > (m /Qitlm |f] dw) :

n,kn m

We will denote C,, family of cubes in this definition that corresponds to space F2™. The
following lemma shows the relation between spaces F? and FI'™:

Lemma 1.2. Let u € FJ, then we have the following two properties

o Jullger = 0.
n— o0

o For anyn u € FI™ and there exists constant C' independent on n such that

[ull g < Cllullpg

Proof. Let us start with the first property, since the second one will follow from the proof.
For the first property we only have to prove the convergence of the first term, corresponding
to Qo,n, since we know that u € F)? and the rest of the sum converges to 0:

1 2

Bon



We denote anm ,, = (zu7 fQ’:,:n |u|? dw) 5, for m < n, k,, < 64, here Q¥ are cubes in the
family C with radius 2™, the following estimate holds

1 1 3 - s
ﬁ/wwd“’—ﬁZZ/ IUIde—ﬁzzﬁ U, =

km

m=0 k,, m m=0 k,,
n—1 1 1—1 1 _ (111)
2 2 2
= ZO kz —2(n_m)qam7km T S ZO kz 2(n_m)q am,k}m " ; Z ’ﬂ m)q m7k;m .

Where [ < n—1 is an integer that we will choose later. Next we will estimates last two terms
of (1.11) separately

-1
1 2 C 2
ZMZ S0imyg Cmokn T S 5D sup |an,k, |7 (1.12)

For the last term we will use Holder inequality:

n—1 1 :2 00 %
Z Z2(nfm)qamﬁkm% S( Z Z 7‘(77. k)q) ( Z Zam,km) <
m=Il—1 km, m=Il—1 k, m=Il—1 k.,
) (1.13)
(Y zam,km)ﬂ
m=Il—1 km

Next we choose n sufficiently large and [ =~ Z, with this both terms will be sufficiently small,
which implies the convergence:

1

— lul* de — 0
ong n—o0o

Bon

To check the second statement we again only need to estimate the first term for which we
will use (1.11) and apply Holder inequality similarly to (1.13)

1 2
2TqB |’u|2d.’II—ZZ nm)q m,m’%g

2 e (1.14)
— r—2 [e'e] B
(ZZ ) (X Same ) <0 (3 Y ame) = Cluly
1k 2 m=1 ky, 1 o
Here C' = C(q,r) is independent of n which finishes the proof. 0

Using Lemma 1.2 and a priori bounds we can establish the following regularity result:

Theorem 1.3. (Fventual Regularity) Take ¢ < 1 and ug € F? as divergence-free initial
data, and let (u,p) be a local energy solution on R3 x (0,00) corresponding to ug. Assume
additionally that:

flu(-, I\Fq+z |Q |// |Vu|? d:vdt)2<oo (1.15)

for all t < co. Then for any § > 0, there exists a time T depending on ug,d so that u is
smooth on
{(2,t),t > max{d|z|?,7}} (1.16)

The paper organized as follows. In Section 2 we prove a bound for pressure term, using
this bound in Section 3 we establish a priori estimate for the solution w in spaces F&™
In Section 4 we prove global existence of local energy solutions and in Section 5 we prove
Theorem 1.3.
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2 Pressure estimate

We use a similar representation of pressure as in [10], in this Section we fix some integer
N and family of cubes corresponding to the space FV take @) as one of the cubes in this
family:
p(a.t) = po(t) = (Gusu) (1) Vo € Q,
Where )
Gijf(z) = =38 f(2) + p-V-/ Kij(z —y)f(y) dy+
vee (2.1)
[ e y) ~ Kylea — )W) dy
yEQ™™

The following lemma will be the estimate of pressure in spaces F9

Lemma 2.1. Let ¢ < 2 and (u,p) be a local energy solution and associated pressure on
R3 x [0,T]. Then for any integer N and cube Q in a family of cubes corresponding to the
space 4N we have the following estimate:

q |p(x Q(t|2 dx ds <

IQI //

L 3 t

2 Tds+%// lul® dz ds,
QI Jo Jow

where Q** is a cube of radius %|Q|% and the same center as Q.

(2.2)

QI+ / Z

Q**)C

Proof. We separate G;; from (2.1) into two terms:

Inear = _%&'jf(x) + pV/ KU((E - y)f(y) dyu

yGQ**

Iar = / (Kj(z —y) — Kij(vg —y)) f(y) dy.
ygQ**

Next we apply Calderon-Zigmund estimates for the term I,,eq.:

1 t : t
|Q| 1 / / |Incar|% dI dS S |51 / / |’UJ|3 dx dS.
3 Jo * 3 Jo ok

This term is similar to the one we will have in local energy inequality and will be estimated
in the next Section. Now we will estimate the other term Ity :

1

T <CIQP [l dy <
R3\Q** |z —yl
c > |Q|1/ N el SR L e =
< 3 —|u|” dy + §/ ul® dy
Q'€ Q/Q(Q**)c |£C —y|4 Q'E€Ss QIQ(Q**)C |.’II — |4

Where 57 is the subset of cubes with |Q’| < 8|Q| and Sy are cubes with |Q’| > 8|Q|. There
is only finite amount of cubes in S; and we can also assume for them that |Q]s ~ lzg — x|
due to construction of our family of cubes C. Moreover, if x € Q and y € @', Q' € S; then
o —y| = |wq — 2¢/| ~ Q5. Hence,

1
SRt gt X

QeS Q’eS |Q| QN(@)°

IQI( IQ’ / '“'Qdy (Z 'QW%)#S (2.4)

Q€S

r 2
2 d 2
|Q|17§ ( % / |U| y

Q'eS1

lul? dy <




On the other hand for Q' € S5 we have a different relation for z € Q,y € Q" : |z —y| ~ |Q'|3

I L I Sl M

Q'eS: Q€S2
r 2 _r_ L;?
ccai( £ (g ], b)) -<Q§2<|Q,i4gq> )

The last term in the product is finite only for » > 2 and ¢ < 4 , since all of our cubes have
radius greater than |Q|3 we can calculate the multiplier, denote M = log,(|Q|?):

(2.5)

 M@A-—g)r

1 (4 q)7 27 302 _ (—o)r
S () -eX e Tet = YD
Q€S> Q'™ n>M 1—2 36—
Therefore, we get the estimate for Ip,,
l,(‘L; 9 TE 72
Ifar S C'|62|'g 3 |u|
QIESQ |Q |
F w)*)’ (2.7)
—37 Z/ = 2.7
Ni=-<
r 2
c|@|“( Z ( / uf dy)”)’
Q/ Q**)c |Q|

Take any cube @ in family of cubes corresponding to space F.@V and we get the following

estimate for Iy,
— |If(w|2 dx ds <
IQIL / /
3

0 q+1 34 1/ Z |Q1/|§ /Q’ ful? dy)%) ds= (2.8)

c(Q**)e
c .
—/( Z () / ul? dy) )" ds.
QI Jo N g, Gy M@
Combining the estimates for It,, and Inear we finish the proof of Lemma (2.1). O

3 Local Energy Inequality

In the Section we will prove a priori bound for solutions of (1.1) in spaces F4V

Lemma 3.1. Assume ug € F? is divergence free and let (u,p) be a local energy solution with
initial data up on R x (0,T). Let us assume that for some N we have the following

T

[l )l rg. +Z O / / Vul? da dt P < o0 WE<T. (3.1)

Then for all t € (0,T) we have an a priori estimate
T = 1 ' 2 2 T
IOl + 3 (@—% IVl do dt)” <l 0)n

Cot Clti
o [ oM s S [t i s

Where k1, ko, Cy,C1 are global constants that dont depend on N and @, are cubes of the
family C corresponding to the space F4N

(3.2)




Proof. Similarly to previous Section we choose arbitrary integer N and denote @,, as one of
the cubes in the set corresponding to the space F4V. The solution satisfies the local energy
inequality for any compactly supported positive test function ¢ < 1 such that ¢ =1 on @,
supp{¢} C QF and t < T

/|u|(:vtdac+// |Vu|2dxdt</¢x0|ux0)|2dx+

// [u]?A¢ da dt+//|u|2u Vo +2(p— (p)o, Ju- Vo de dt. (3.3)

Dividing by |@,|3 and taking to the power % we proceed to:

(ﬁ/@ [uf*(2,1) dx) N |Qn|3// Val do ) 2
(z,0)|? d:z:)2+0(|Q / /|u| A¢ dx dt)%
O(|Qn|’* / /|U|2u Vo+2(p—(p)u- Vo dx dt)2 < (3.4)
- ; .
C(IQilg /Q* fu(z,0)F d$)2 +C W/ / |ul? da dt)2+
|Q |q+1 / /*|U|3 dwdt +C qﬂ / /|p o, |2 du dt)%,

Here C = C(r) is a uniform constant. For the non-linear term we apply Gagliardo-Nirenberg,
Holder and Young inequalities:
3
e / |u|? dw) dt+

/ / uf® dz dt < C(e )|Qn|q-*/ (
|Qnl® Q .
o ) 5 (3.5)
€ |Vu|? dz ds+C’|Qn|%7%/ —/ luf? dz)” ds
Plugging the above estimate together with pressure estimate in the equation (3.3) we get
1 2
( 7 |u| (z,t) dx [Vul® dx dt
|Qn3 |in3
1 / 9 % / / 9 3
z,0)|* dx —_— ul” dx ds) +
(|in§ s ) m# o Jo )
t r
29—4 1 9 E
+(C(e)1Qul™s /(m/ Jul da:) ds) "+
r (3.6)
l / / |Vul? d ds) 4+
|Qn|3 o
1 %
@ [ / ul? dr) " ds
+( (|Qn| ) )
C t
(o3
Qnls Jo

o

I /\

IN

M

ry 3
T

dy 2 3)5

Q'C Q**)c



Next we use Holder inequality in time
%
—|— / / |Vu|? dx dt <
|Qn| g

1
(G [, w0 de)
1 / 2 2 r—2 2 %
|u(z,0)| dx ) +t2 / 7q/ |u| dx )™ ds+
; ) 0 MQal" Jay )
1 3r
/ |u|? da:) © ds+
(3.7)

< (@t Jos
t
<M%W““2/(@ﬁ
/ /** |Vul? de ds)

%
|Qn|3
r(g=5) r— 1 e
+|Qnl (125)1572/ ( q/ |u|? dw) Y ods+
|Qn|§ W
/ |u|? dy)§)2 ds

- f;/(z(@|

Q'eC

1/) 3
| n| n
3r

|Qn| 7
All of the cubes @, have radius at least 2V and we substitute |Q,| by 23V in the following
3
S 27‘—N

(G [, v )" [l as)’

C
Q] (o

terms:

N
1
(g [ lul ds
|5 Jqxs

Every Q" intersects with a fixed amount of cubes from the family Cn, which is independent
of n, therefore we can substitute integrals over @Q* with sum of integrals over @/, such that

Q' NQ** # (). Therefore after taking sum over all Q,, we get the following estimate
r ' O ,
3

oo 1 t T
I m+215?//WWMﬁ < (- 0)
< |u|? dx 7 dst

|Qn| /n )
(3.9)

C r2
/nu wa+cmym2q
1 2
|Vul® dx ds)
|62n|3 Qn

2T‘N
> [* 1 1
/ (—|Q E /Q** |u|? d:c) s+
/|P@§§&

+Ce? Z
n=1

C =
T‘N(qu) Z t 2
4

Z ﬁ 7 / B
11Qnl Q’ec E
Next we choose e sufficiently small to cancel the gradient term and apply the following
(3.10)

algebraic inequalities:
|u|? da:)T ( ( / |u|? dx)f)
/ 2 |Qnl3

s 1
> (o

n=1



Where a equals to 3 or —, we can also calculate the multiplier Y > | 9(57 o~ TNCZS —
|Qn| ™ 12 2 1
and plugging it into (3.9) we get:

(-, qN+Z IQn // [Vl d:vdt) <
0 O + 5 r—/nu i ds+

(3.11)
r—2 t 1 3r 1 T T
Ct ; WHU( ) aN T WHU(',S)HF;; ds < [lu(-, 0)[% a.n+
C()t 2 Olt
o [t HWN%+TM2q/Hu 2 ds.
In the last line we also used Young inequality and Cy, C are global constants. [l

4 Global Existence

The idea of the proof relies on getting a-priori estimates with help of a variation of Gronwall
which we will apply to the norm of u in spaces F, ™. We use the same lemma as in [10]:

Lemma 4.1. Suppose f(t) € L>([0,T];[0,00)) satisfies, for some m > 1,

f) <a +/0 (bLf(s) + baf(s)™) ds for0<t<T, (4.1)

where a, by, by > 0 then for Ty = min(T,Ty), with

a

TN =
te 2aby + ( )mbg

we have f(t) < 2a fort € (0,Tp).

Remark 4.2. In our case we will apply this lemma for arbitrary large T,m = 3 and f(t) =

r—2 r—2
[lu(-, )||Fq s a=f(0), by = Ll 2 by = &2 which will guarantee the uniform apriori
bound up to the time min{7y, T}, where

1

r—2
20T ¢ (2ol x)? G

T =

We can take T' = n for some large integer n and find N such that 77 > n, as will be shown
in the next lemma. For eventual regularity Theorem 1.3 we will take T = 22V and therefore

Tl 1 ,\,22]\77
Co2 2N 4 N DN (g 7, )2

ifg<1

Lemma 4.3. Assume ug € F? is divergence-free, and let (u,p) be a local energy solution
with initial data ug on R3 x (0,00), we also assume that (u,p) satisfies the following for all
N:

[lu(-, qN+Z |Q E // Vu|2d:cdt) <oo Vt< oo (4.2)
Where Qp, are cubes in Cn. Then for any n € N there exists N and such that

[l FqN + Z |Q B / / |Vul? do dt)§ < co||uo||;ﬂ,N Vi <n (4.3)

Here cq is a global constant that does not depend on n.



Proof. We will combine Lemma 3.1 and Lemma 4.1, take some integer n and 7" = n in
Lemma 3.1. From local energy estimate for all N we have the following

T - 1 K % T
||u(.,t)||Fﬂ,N + Z (|Q 7 /0 / [Vul? da dt) < ||u(-,0)||F§,N+

C()?’L 2 ClnT
o [ st s [ i

For all ¢ < n, therefore we can apply Gronwall lemma with f = [Ju(-,?)|| ze.~. Since we know
that up € F? and J\}im lug|| pa.~ = 0 we can find N such that
—00 "

(4.4)

1
T = — >N
2087 1 (fugl ) STy
Here T; is given to us by Lemma 4.1 and therefore we have a uniform bound (4.3) O

Lemma 4.4. Assume f € FY is divergence free then for any € > 0 there exists a divergence
free g € L? such that ||f — g||ps < e and || f — g||pam < e for anym € N

Proof. Let e > 0and f € F? is divergence free, we choose R > 0 such that || fxgs\p,||re < €.
Then we can find smooth cut-off radial function ¢ < 1 such that supp¢ C Bsgr and ¢ = 1
on Bg. Then we can use Bogovskii map [3] to construct function h such that

divh = —fVé, supph C Bag\ Br, |Ih] (4.5)
Moreover, we can estimate the following norm:
[ wrarscm [ ypwepasc [ e @)
B2r\Br Bar\Br B2r\Br

For some universe constant Cy. Next we choose g = f¢+ h, from (4.5)we get that divg = 0.
Now we only need to check that || f — g[| ¢ is small, indeed

If = gllre < | fxre\Brllre + |2 Fe <

1 1
3 . q+ h2 d T/Q G (4.7)
Ixensalles + (% <—/Q| 2 da)’?)

q/3
QEC| QNB2r\Br#0 |Q|

Notice that there are only finite amount of cubes in C intersecting Bag \ Br and the amount
does not depend on R due to properties of C' moreover all such cubes have comparable radius
to R, therefore for some universe constant C' we have the following

1 C
(—/ |h|? da)™/? < ( / h|? dz)™/? <
q/3 q/3
occl anBanvnzo 19177 Jo |BRI? By p\ B ws)

C s
(W/B \B |f|2 dx) /2 < Cll fxro\BgllFps < Ce.
2R R

Here we used (4.6). Therefore g satisfies all the conditions of the lemma. O
Next we will prove the main theorem:

Proof. Taken € N, from Lemma 4.4 there exists uf € L*(R?) such that [[uo—uf||ps < L and
l|uo — uf|| pe-m < L for any m € N. Let (u™,p") be a global Leray solution for initial data ug.
By Lemma 4.3 there exists a sequence N, such that N, > n and u" is bounded uniformly
on By, x [0,n]. Hence, there exists a sub-sequence u'* that converges on By, x (0,1) in
the following sense:

ut* 5wy in L°°(0,1; L2(Buy,)),

ub* =y in L°°(0,1; H(By,)), (4.9)
¥~ uy in L3(0,1; L*(By,)).

10



By Lemma 4.3 the sequence u'* is also uniformly bounded on By, x [0,n] for any n €

N. Therefore by induction we construct a subsequence {u™*}ien from {u”~1F}, ey which
converges to a vector field u, on By, X (0,n) as k — oo in the following sense:

u™* 5, in L=(0,n; L*(By,)),
u™* — w, in L>=(0,n; H*(By,)), (4.10)
¥ = u, in L3(0,n; L3(By,)).
Denote 1, as a 0 extension of u, to R x (0,00). From our construction 1, = u,_; on
By, _, x (0,n—1). Let u = limy, 00 Up,. Then, u = u,, on By, x (0,n) for every n € N.
Let u®) = u®* on By, x (0, k) and 0 elsewhere. Then for any n € N we have the following

as k — oo:
u® Xy in L°°(0,n; L*(By,)),

u® — yin L>(0,n; HY(By,)), (4.11)
u® — win L3(0,n; L3(By,)).

Using Lemma 4.3 we have the following bound for w:

s [uf- ||FqN+Z (Gt | [ 1wukasar)’ <l @1

The pressure is dealt similarly to [12], indeed we know that there is weak limit p(*) — p in
L3/2((0,n) xQn,, ), we will check the pressure decomposition formula and strong convergence.
Take Q € C, T > 0, then for any k& (u®), p(¥)) are global Leray energy solutions and there

exists pg) such that for all (z,t) € Q x [0,T7:
k k) (k 1 k) (k
P (e, = py) = GHw ) = =0 u+
k) (k
p-V-/ Kij(z = y) (" uf?)(y) dy+ (4.13)
yeQ**
k
o [ U ) = Kytrg =) ) 0) dy
v EQ"

Choose m > T so that Q** C @,, = Q(0,2™) and separate Gg(uzuj) into two terms

P (1) = ——czgu““ Wy pv. / Kij(e — ) (uPul™) (y) dy+
yeQ**
Kiilx — ) — K _ k), (k) d
+p.v. 00 (Kij(r —y) ij(zq y))(uz U )(y) dy (4.14)

P (z,1) = p.v. / (K (2 — ) — Kij(za — 1) @Pul)(y) dy
YEQm

We denote pq, p2 as similar terms but where u(*) is substituted by u. To prove convergence
we choose € > 0 arbitrary small and estimate the difference

k k k
|p2—p§>|s/ (i)~ Kilag — o)l — wal(0) dy <

S s - Ko - )l s lt) dy <

Qec |Q|t/3>2m-1 (4.15)

1/3
> [ i) a

QGC |Q~|1/3227n71 Q |Q|4/3
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Here we used that Q** C Q,, and therefore |K;;(z —y) — K;j(zg — y)| < C:g:i;z Next we

will apply Holder inequality

> ks Sl — g (y) dy <
dec 101 Trzam 1@ QI

e Y aEE)T

QEC |Q~|1/3227n 1

3\ 2/7 4.16
/QIUE’”ué’”—uiumy) ay)*) " < (4.16)

>

QEC |Q~|1/3227n71
QY 1) T (i + 02 <
Qec |Q/3>2m -t

(e k
CIQP 25 o B + [ [2gem).

(g

Here we used (4.3), since we have uniform bound for u,u(®) up to time T with our choice

of m. Notice that ¢ < 4 and u((Jk)

that [|u§” |20 < €+ [[ug|Zem and

converges to ug, therefore we choose m, k large enough so

CIQIM 2™ (flug g + 1t [am) < 26 (4.17)
Next we apply (4.11) to get large enough k so that

k
Ip$") — 'l re20x o) < € (4.18)

This proves that Gg( (k) (k)) - GY 5 (uiuy) in L3/2(Q x [0,T)). Lastly, in any fixed domain
Q x [0,T] pair (u, Gij (usuj) solves (1.1). Therefore, Vp = VGin (uju;) in D'(R3) at every
time ¢ and so there exists a function of time pg(¢) such that

p(x,t) = G2 (uuy) (@) + po(t), for (z,t) € Q x [0,T]

Also from this identity we get pg(t) € L%(O,T). The rest of the proof follows from the
similar argument to [12], because we have the same convergence of u*, p* on any Q x Ty for
any fixed Ty > 0.

O

5 Eventual regularity

In this Section we will prove Theorem 1.3 , we will use one of Caffarelli-Kohn-Nirenberg
epsilon-regularity criteria variations, see [4]

Lemma 5.1. For any o € (0,1), there exists a universal constant £.(c) > 0 such that, if a
pair (u,p) is a suitable weak solution of (1.1) in Q, = By,(wg) x (to — r%,t0), and satisfies
the bound

1
e = —2/ (JuP + |p|?) da dt < e,, (5.1)
"~ Jer
Then u € L®(Qyr). Moreover, there is L™ estimate
IV¥ul| e (q,,) < Crer ™71, VEk € Zy (5.2)

for universal constants Cy, = Ci(0).

Next we will prove Theorem (1.3)

12



Proof. Choose sufficiently large T', Ny such that ||ug||pem < 1 for all m > N; and Lemma
4.3 holds for N > N; and t < T. We take some N > N; and denote the following:

Q= (—2V,2M)3. (5.3)

Note that @ € Cy. From Lemmas 2.1,4.3 we have that

1 t .
B W/o /Q<'“|3+ p— (p)o(s)|? do do <

/ > 1 / : ) : , (5:4)
- | dy) ds+ — / / |u|” dx ds,
IQI— ez QT o QI -
here cubes Q" are part of family Cy. Next we apply (3.5):
I s [f1 3
—/ / uf® de dt < 0(5)|Q|q*§/ ( ] / 2 d:c) dt+
|Q|§ 0 M@IF Je 55
/ / ) . (Pl s\ 3 (55)
|[Vu|® de ds + C’|Q|§_§/ ( Z / | da:) ds
QI3 o M@E Jg
Since ¢ < 1 we can apply Lemma 4.3 to get the following:
I 3 3
=— (lul” + p = (P)@(s)]? dx dx < |luol| 1., VE <T. (5.6)
Q5 Jo Ja N

Take 0 < 1 from Lemma 5.1 arbitrary small. From Lemma 1.2 we can choose m large enough
so that [lugl|p1.- < e(0). Then by Remark 4.2 we can take 7' = ¢,2™ with ¢, < 1 and get
that

1 ¢, 22m N
“oom / / ([ul® + Ip = (p)ql?) dz dt < &(0) (5.7)
Cx Bam (0)

By epsilon-regularity Lemma 5.1 we get that u is regular in
Zm = By jemam X [(1 — 0%)c,2°™, ¢.2°™], (5.8)
and ||ul| g (z,,) < C27™. Take 6 < 1 and choose c., o so that Z,, contains
Py ={(z,t) e R} : §|z> <t, (1—0%)c, 2™ <t <4(1—0%)c, 22"} (5.9)

After taking the union by m > N; we prove the statement of (1.3).
O
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