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Abstract
Using the elementary axioms of special relativity and quantum mechanics we
construct a wave equation which generalizes the Schrodinger equation. We also
solve the general second order differential equation (y′′(x) = V (x)y(x)).

1 Introduction

Einstein belived that the complete equivalence of mass and energy is given from
the equation

E = m0c
2, (1)

where m is the mass of a moving particle and E the total energy (c is the
velocity of light in vacum). This formula is not completely right. It has to
do with error terms of series representing the mass of a moving particle (see
relation (5) below) and restrictions using Newton formula to write

m = m0γ(v) = m0 +
1

c2

(
1

2
m0v

2

)
+ . . . (2)

Taking the first two terms of (2) the energy of a moved particle E = mc2 can
divided into E0 = m0c

2 (which m0 is the rest mass) and 1
2m0v

2 is the kinetic
energy.

In 1927 Klein and Gordon manage to constuct a relativistic quantum mechanical
equation for moving particles using the following equation

E2 = p2c2 +m2
0c

4. (3)

Here p is the momentum of a moving particle and m0 is the rest mass. By
attaching where E and p the quantum operators +ih̄∂t and −ih̄∂x respectively
(energy and momentum), they arived to an equation which bear their names
(Klein-Gordon equation):

∂2xxY − 1

c2
∂2ttY − m2

0c
2

h̄2
Y = 0. (4)
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In some cases the above equation holds good. But in general is not satisfactory.
However the folowing formula for the mass of a traveling particle is reliable

m = m0γ(v) =
m0√

1−
(
v
c

)2 (5)

In this article, under the same axioms used by Klein and Gordon and not using
energy cuts and avoiding the square in energy we arive to a generalized equation
similar to that of Schrodinger. Below we state the two axioms we need:

Axiom 1.
Relation (5) holds for every moving particle.

Axiom 2.
i) In the energy E corespond the quantum operator Ê = ih̄∂t
ii) In the momentum p corspond the quantum operator p̂ = −ih̄∂x.

2 Main Results

The form of the equation we looking for must read as

ÊY =

(
(p̂)2

2m0
+ E0Î

)
Y, (6)

where E0 = m0c
2, with m0, c the rest mass and the velocity of light in vacum

respectively.
We shall work with simple single-valued calculus and not operators to arive to an
equation formed by (5) (Axiom 1), then we will use the quantum corespodence
(Axiom 2) to reduce the desired diferential equation.
Starting right away we have:

E =
p2

2m
+m0c

2 =
m2v2

2m
+m0c

2 =
1

2
mv2 +m0c

2 =
1

2
m0γ(v)v

2 +m0c
2 =

=
m0c

2

2

√
1−

(
v
c

)2
(v
c

)2
+m0c

2. (7)

But
v

c
=

p

mc
=

p

m0c

√
1−

(v
c

)2
(8)

We interested to expand E in a form of E = f(m0, p) and then use Axiom (2).
As someone can see this is quite dificult because of the nature of the relation
v = p/m in which m depends by v (relation (5)) and v by p/m again. In this
point we mention that we can solve (8) with respect to v

c to get

ξ =
v

c
=

p

m0c

√
1− ξ2. (9)
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Hence
ξ =

v

c
= ± p

m0c
√
1 + p2

m2
0c

2

. (10)

Seting this in (7) we get

E =
m0c

2

2

ξ2√
1− ξ2

+m0c
2 =

E0

2

p2

m2
0c

2
√
1 + p2

m2
0c

2

+ E0. (11)

Hence from the expansion

x2√
1 + x2

=

∞∑

n=0

(
−1/2
n

)
x2n+2

we get

E = E0 +
E0

2

∞∑

n=0

(
−1/2
n

)
p2n+2

(m0c)2n+2
.

Replacing the arithmetical quntities of p and E with operators (Axiom 2), we get

Theorem 1.

ih̄
∂Y

∂t
= E0Y +

E0

2

∞∑

n=0

(−1)n+1

(
−1/2
n

)(
h̄

m0c

)2n+2
∂2n+2Y

∂x2n+2
. (12)

For solving (12), we use the folowing Lemma’s found in [3]:

Lemma 1.
If

f(x) =
∞∑

n=1

Ane
−nx,

then

f(x) =
∞∑

n=1

1

enx − 1

∑

d|n
Adµ(n/d)

and the oposite.

Lemma 2.
If x > 0

f(x) =

∞∑

n=1

1

enx − 1

∑

d|n
Adµ(n/d),

then

f (ν)(x) =

∞∑

n=1

1

enx − 1

∑

d|n
Ad(−d)νµ(n/d).
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Set now

Y (x, t) =

∞∑

k=1

∑
d|k Ad(t)µ(k/d)

ekx − 1
.

Then

ih̄

∞∑

k=1

1

ekx − 1

∑

d|k
A′

d(t)µ(k/d) = E0

∞∑

k=1

∑
d|k Ad(t)µ(k/d)

ekx − 1
+

+
E0

2

∞∑

n=0

(−1)n+1C−1/2,nl
2n+2
0

∞∑

k=1

1

ekx − 1

∑

d|k
Ad(t)d

2n+2µ(k/d). (13)

Rearaging the double series in the above equation and summing with respect to
n we get

ih̄

∞∑

k=1

1

ekx − 1

∑

d|k
A′

d(t)µ(k/d) =

= E0

∞∑

k=1

1

ekx − 1

∑

d|k
Ad(t)µ(k/d)

(
1− l20d

2

2
√
1− l20d

2

)
. (14)

Hence it must be

ih̄

m0c2
A′

d(t) =

(
1− l20d

2

2
√
1− l20d

2

)
Ad(t),

or

An(t) = fn exp

(
− iE0t

h̄
+

iE0l
2
0n

2t

2h̄
√
1− l20n

2

)
, for n = 1, 2, . . .

Hence

Y (x, t) =
∞∑

n=1

1

enx − 1

∑

d|n
fd exp

(
− iE0t

h̄
+

iE0l
2
0d

2t

2h̄
√
1− l20d

2

)
µ(n/d).

Returning to Taylor series and assuming that An = χn≤1/l0A
∗
n, where χn≤1/l0

is the characteristic function (1, if 1 ≤ n ≤ [1/l0] and 0 otherwise), we arive to

Theorem 2.

Y (x, t) = exp

(
− iE0t

h̄

) 1/l0∑

n=1

fn exp

(
i

E0tl
2
0n

2

2h̄
√
|l20n2 − 1|

)
e−nx, (15)

where it is Y (x, 0) =
∑1/l0

n=1 fne
−nx = f(x) and l0 = h̄

m0c
is the Compton’s

wavelength of the particle.
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Notes.
i) The Plank’s lenght l0 has the following meaning: If l0 ≥ 1, then we can not
interchage the double series in (13), as also the series becomes no convergent
and equation (12) is no loger valid. For particles such as the neutrino’s we have
Compton length l0 = h̄

mνc
≈ 0.000164 cm . Electron have l0 = 3, 86×10−13 cm .

This in literature is called Compton wavelength of electron.
ii) Taking the first term of the sum in (12) we arive easily to Schrodinger’s
equation

ih̄
∂Y

∂t
= E0Y − h̄2

2m0

∂2Y

∂x2
. (16)

Set now

Cm,n :=

(
m
n

)
. (17)

Y (t;x, y, x) =

∞∑

k,l,m=1

∑
d1|k

∑
d2|l
∑

d3|mAd1d2d3(t)µ (k/d1)µ(l/d2)µ(m/d3)

(ekx − 1)(ely − 1)(emz − 1)
.

Hence
∂2ν+2
x Y (t;x, y, x) =

∞∑

k,l,m=1

∑
d1|k

∑
d2|l
∑

d3|mAd1d2d3(t)d
2ν+2
1 µ (k/d1)µ(l/d2)µ(m/d3)

(ekx − 1)(ely − 1)(emz − 1)
,

∂2κ+2
y Y (t;x, y, x) =

∞∑

k,l,m=1

∑
d1|k

∑
d2|l
∑

d3|mAd1d2d3(t)d
2κ+2
2 µ (k/d1)µ(l/d2)µ(m/d3)

(ekx − 1)(ely − 1)(emz − 1)
,

∂ρzY (t;x, y, x) =

∞∑

k,l,m=1

∑
d1|k

∑
d2|l
∑

d3|mAd1d2d3(t)d
2ρ+2
3 µ (k/d1)µ(l/d2)µ(m/d3)

(ekx − 1)(ely − 1)(emz − 1)
.

Hence as in the one dimensional case we have

ih̄
∞∑

k,l,m=1

1

(ekx − 1)(ely − 1)(emz − 1)

∑

d1|k,d2|l,d3|m
A′

d1d2d3
(t)µ(k/d1)µ(l/d2)µ(m/d3) =

= E0

∞∑

k,l,m=1

1

(ekx − 1)(ely − 1)(emz − 1)

∑

d1|k,d2|l,d3|m
Ad1d2d3(t)µ(k/d1)µ(l/d2)µ(m/d3)×

×
(
1− l20d

2
1

2
√
1− l20d

2
1

− l20d
2
2

2
√
1− l20d

2
2

− l20d
2
3

2
√
1− l20d

2
3

)
.
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Hence it must be

ih̄

E0
A′

d1d2d3
(t) =

(
1− l20d

2
1

2
√
1− l20d

2
1

− l20d
2
2

2
√
1− l20d

2
2

− l20d
2
3

2
√
1− l20d

2
3

)
Ad1d2d3(t),

or
Ad1d2d3(t) =

fd1d2d3 exp

[(
−iE0t

h̄
+ i

E0l
2
0d

2
1t

2h̄
√
1− l20d

2
1

+ i
E0l

2
0d

2
2t

2h̄
√
1− l20d

2
2

+ i
E0l

2
0d

2
3t

2h̄
√
1− l20d

2
3

)]
.

Hence the equation

ih̄
∂Y

∂t
= E0Y+

E0

2

∞∑

n=0

(−1)n+1C−1/2,n

(
h̄

m0c

)2n+2(
∂2n+2Y

∂x2n+2
+
∂2n+2Y

∂y2n+2
+
∂2n+2Y

∂z2n+2

)
,

admits solution

Y (t;x, y, z) = exp

(
− iE0t

h̄

)
×

×
1/l0∑

k,l,m=1

fklm exp

[
iE0l

2
0t

2h̄

(
k2√

|l20k2 − 1|
+

l2√
|l20l2 − 1|

+
m2

√
|l20m2 − 1|

)]
e−kx−ly−mz.

QED

Theorem 3.
Assume the equation

ih̄
∂Y

∂t
=
E0

2

∞∑

n=0

(−1)n+1C−1/2,n

(
h̄

m0c

)2n+2
∂2n+2Y

∂x2n+2
+ E0Y + V (x)Y. (17.1)

If the potential V (x) is zero, then

Y (x, t) =
exp

(
− iE0t

h̄

)

2π

∫ 1/l0

−1/l0

f̂(γ) exp

(
− iE0t

2h̄

l20γ
2

√
1 + l20γ

2

)
eiγxdγ. (18)

If the potential V (x) is a function of x (2π−periodic) i.e.

V (x) =

∞∑

k=0

akx
k =

∞∑

k=1

cke
−ikx,

then

ih̄
∂

∂t
Ŷ (γ, t) =

(
E0 +

E0

2

l20γ
2

√
1 + l20γ

2
+D

)
Ŷ (γ, t), (19)

where

D(.) =

∞∑

k=0

aki
k

(
∂

∂γ

)k

(.) = V

(
i
∂

∂γ

)
(.) (20)

6



and

Ŷ (γ, t) =

∞∑

m=−∞
Λm exp

(−iCmt

h̄

) ∞∑

n=1

{ck − gm(log2 γ)δk,1}
(−1)
2 (n)ein2

γ

.

(20.1)

For the symbol {cn}(−1)
2 (n) see relations (24.01),(24.1),(25) below.

Proof.
Assuming the equation

ih̄
∂Y

∂t
=
E0

2

∞∑

n=0

(−1)n+1C−1/2,n

(
h̄

m0c

)2n+2
∂2n+2Y

∂x2n+2
+ E0Y + V (x)Y, (21)

where Y = Y (x, t) and V (x) =
∑∞

k=0 akx
k. Then taking the Fourier transform

in both sides of (21), we get

ih̄
∂Ŷ (γ, t)

∂t
=
E0

2

∞∑

n=0

(−1)n+1C−1/2,nl
2n+2
0 (iγ)2n+2Ŷ (γ, t) + E0Ŷ (γ, t)+

+

∞∑

n=0

ani
n

∫ ∞

−∞
Y (x, t)(−ix)ne−ixγdx, |γ| ≤ 1/l0

and Ŷ (γ, t) =
∫ +∞
−∞ Y (x, t)e−ixγdx. Hence

ih̄
∂Ŷ (γ, t)

∂t
=

(
E0 +

E0

2

l20γ
2

√
1 + l20γ

2

)
Ŷ (γ, t) +

∞∑

n=0

ani
n ∂

nŶ (γ, t)

∂γn
. (21.1)

Hence if we denote the differential operator

D(.) =

∞∑

n=0

ani
n

(
∂

∂γ

)n

(.) = V

(
i
∂

∂γ

)
(.), (22)

we get the result.
For to solve (21) we write Ŷ (γ, t) = An(γ)Bn(t). Then

ih̄An(γ)B
′
n(t) =

(
E0 +

E0

2

l20γ
2

√
1 + l20γ

2

)
An(γ)Bn(t) +Bn(t)DAn(γ).

Hence

ih̄
B′

n(t)

Bn(t)
= Cn and DAn(γ) =

(
Cn − E0 −

E0

2

l20γ
2

√
1 + l20γ

2

)
An(γ).

Hence

Bn(t) = Λn exp

(−iCn

h̄
t

)
(22.1)
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and

∞∑

k=0

aki
k

(
∂

∂γ

)k

An(γ) =

(
Cn − E0 −

E0

2

l20γ
2

√
1 + l20γ

2

)
An(γ) ⇔

V

(
i
∂

∂γ

)
An(γ) = An(γ)gn(γ), (eq)

where

gn(γ) = Cn − E0 −
E0

2

l20γ
2

√
1 + l20γ

2
. (22.2)

This equation (eq) is hold for general potential V (x). Assuming that

V (x) =

∞∑

k=1

cke
−ikx,

we have

V

(
i
∂

∂γ

)
An(γ) =

∞∑

k=1

ck exp

(
k
∂

∂γ

)
An(γ) =

∞∑

k=1

ckAn(γ + k).

Hence it is intersesting to solve the equation

∞∑

k=1

ckAm(γ + k) = gm(γ)Am(γ), m ∈ Z. (23)

We solve the equation:

∞∑

k=1

ckAm(γ + k) = gm(γ)Am(γ) + 1. (24)

Setting A∗
m(γ) =

∑∞
l=1 bm,le

ilγ and Am(γ) = A∗
m (2γ), we get

∞∑

k=1

ckAm (log2(γ) + k) =

∞∑

k=1

ckA
∗
m

(
γ2k
)
=

=

∞∑

k,l=1

ckbm,le
i2klγ =

∞∑

n=1

einγ
∑

2k|n
ckbm,n/2k .

Hence ∞∑

n=1

einγ
∑

2k|n
ckbm,n/2k = gm(log2 γ)

∞∑

n=1

bm,ne
inγ + 1.

Hence ∑

2k|n
bm,n/2k (ck − gm(log2 γ)δk,0) = δn,1, (24.01)
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where δn,1 is 1 when n = 1 and 0 otherwise and δn,0 is 1 when n = 0 and 0
otherwise. Hence using the deffinition of the inverse of an arithmetical function,
in the sense ∑

2k|n
akbn/2k = δn,1 ⇔ an = {bk}(−1)

2 (n), (24.1)

we get

bm,n = bm,n(γ) = {ck − gm (log2 γ) δk,0}
(−1)
2 (n). (25)

Setting Am(γ + k) = Bm(γ + k)− hk, with h0 = 0 in (24) we get

∞∑

k=1

ck (Bm(γ + k)− hk) = gm(γ) (Bm(γ)− h0) + 1 ⇔

∞∑

k=1

ckBm(γ + k)−
∞∑

k=1

ckhk = gm(γ)Bm(γ) + 1

If we choose hk such that
∞∑

k=1

ckhk = −1, (26)

we get the equivalence of (23) and (24). Hence

Am(γ) =
∞∑

n=1

{ck − gm(log2 γ)δk,0}
(−1)
2 (n)ein2

γ

. (27)

Then then solution Ŷ (γ, t) of (21.1), is

Ŷ (γ, t) =

∞∑

m=−∞
Λm exp

(−iCmt

h̄

) ∞∑

n=1

{ck − gm(log2 γ)δk,0}
(−1)
2 (n)ein2

γ

. (28)

QED

Hence we also get the next

Theorem 4.1
Assuming the equation

y′′(x) = V (x)y(x), (29)

where V (x) =
∑∞

k=1 cke
−ikx, we have

ŷ(γ) =

∞∑

n=1

{ck + log2(γ)
2δk,0}(−1)

2 (n)ein2
γ

, (30)

where {bk}(−1)
2 (n) is the arthmetic inverse of bk in the sense of (24.1).
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Proof.
We have ∞∑

k=0

bky
(k)(x) = V (x)y(x) ⇔

∞∑

k=0

bk

∫ ∞

−∞
y(k)(x)e−ixγdx =

∫ ∞

−∞
y(x)

( ∞∑

n=0

anx
n

)
e−ixγdx⇔

∞∑

k=0

bk(iγ)
k

∫ ∞

−∞
y(x)e−ixγdx =

∞∑

n=0

an

∫ ∞

−∞
y(x)xne−ixγdx⇔

B(iγ)ŷ(γ) =
∞∑

n=0

ani
n dn

dγn

(∫ ∞

−∞
y(x)e−ixγdx

)
⇔

B(iγ)ŷ(γ) =

∞∑

n=0

ani
n dn

dγn
ŷ(γ) ⇔

B(iγ)ŷ(γ) = V

(
i
d

dγ

)
ŷ(γ). (30.01)

Assume now that V (x) =
∑∞

n=−∞ cne
−inx.

B(iγ)ŷ(γ) =
∞∑

n=−∞
cn exp

(
n
d

dγ

)
ŷ(γ). (30.02)

Or equivalent

B(iγ)ŷ(γ) =

∞∑

n=−∞
cnŷ(γ + n). (30.03)

Hence working as above we get for B(x) = x2 and cn = 0, if n = 0,−1,−2, . . ..

ŷ(γ) =

∞∑

n=1

{ck + log2(γ)
2δk,0}(−1)

2 (n)ein2
γ

.

QED.

The equation
∞∑

n=0

gn(−i)ny(n)(x) = V (x)y(x), (30.1)

where gn = g(n)(0)
n! , can be written in the form

∞∑

n=0

gnγ
nŷ(γ) = V

(
i
d

dγ

)
ŷ(γ).
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Hence

V

(
i
d

dγ

)
ŷ(γ) = g(γ)ŷ(γ).

which have solution ∞∑

n=−∞
cnŷ(γ + n) = g(γ)ŷ(γ).

Hence one solution is

ŷ(γ) =
1

g(γ)

∑

n1

cn1

g(γ + n1)

∑

n2

cn2

g(γ + n1 + n2)

∑

n3

cn3

g(γ + n1 + n2 + n3)
. . . .

Hence holds the next

Theorem 4.2
The equation

∞∑

n=0

bn
dn

dxn
y(x) = V (x)y(x),

where

V (x) =

∞∑

n=−∞
cne

−inx.

Have solution

ŷ(γ) =
1

B(iγ)

∑

n1

cn1

B(iγ + in1)

∑

n2

cn2

B(iγ + in1 + in2)

∑

n3

cn3

B(iγ + in1 + in2 + in3)
. . . ,

where

B(x) =

∞∑

n=0

bnx
n

and

ŷ(γ) =

∫ ∞

−∞
y(t)e−itγdt,

is the Fourier transform of y(x).

Set An(z) and θl(z) such that

θl(z) =

∞∑

n=−∞
An(z)θl(z + n) (eq1)

and ∞∑

k=−∞
ckAn−k(z + k) = δn,0g(z), (eq2)

11



we have

∞∑

k=−∞
ckθl(z + k) =

∞∑

k=−∞
ck

∞∑

n=−∞
An(z + k)θl(z + n+ k) =

=

∞∑

k=−∞
ck

∞∑

n=−∞
An−k(z + k)θl(z + n) =

=
∞∑

n=−∞

( ∞∑

k=−∞
ckAn−k(z + k)

)
θl(z + n) =

=

∞∑

n=−∞
δn,0g(z)θl(z + n) = g(z)θl(z).

Hence we search for functions θl(z) and An(z) such that (eq1) and (eq2) hold.
But equation (eq2) can be written as

∞∑

n=−∞

∞∑

k=−∞
ckAn−k(z + k)einx = g(z)

∞∑

n=−∞
δn,0e

inx. (31)

Hence ∞∑

n,k=−∞
ckAn(z + k)einxeikx = g(z).

Taking in both sides the Fourier transform we find

∞∑

n=−∞

∞∑

k=−∞
ckÂn(γ)e

iγkeinxeikx = ĝ(γ) ⇔

V (x+ γ)
∞∑

n=−∞
Ân(γ)e

inx = ĝ(γ) ⇔

∞∑

n=−∞
Ân(γ)e

inx =
ĝ(γ)

V (x+ γ)
.

Hence

Ân(γ) = ĝ(γ)
1

2π

∫ 2π

0

e−itn

V (t+ γ)
dt ⇒

An(x) =
1

4π2

∫ ∞

−∞
ĝ(γ)

(∫ 2π

0

e−itn

V (t+ γ)
dt

)
eixγdγ.

Hence knowing An(x), then from (eq1) we can find θl(z) by iteration i.e.

θl(z) =
∑

n1

An1(z)
∑

n2

An2(z + n1)
∑

n3

An3(z + n1 + n2) . . .
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and we have the next

Theorem 5.
I. Assume that

V (x) =
∞∑

n=−∞
cne

−inx (32)

and g(x) is a given function. Then equation

V

(
i
d

dw

)
ŷ(w) =

∞∑

n=−∞
cnŷ(w + n) = g(w)ŷ(w), (33)

have solution

ŷ(w) =
∑

n1

An1(w)
∑

n2

An2(w + n1)
∑

n3

An3(w + n1 + n2) . . . , (34)

where An(x) is such that

An(x) =
1

4π2

∫ ∞

−∞
ĝ(γ)

(∫ 2π

0

e−itn

V (t+ γ)
dt

)
eixγdγ. (35)

II. When

V (x) =

∞∑

n=−∞
cne

−inx (36)

and g(x) = −x2, then equation

y′′(x) = V (x)y(x), (37)

have solution y(x) such that its Fourier transform is

ŷ(w) =
∑

n1

An1(w)
∑

n2

An2(w + n1)
∑

n3

An3(w + n1 + n2) . . . , (38)

where

An(x) =
1

2π

∫ ∞

−∞
δ′′(γ)

(∫ 2π

0

e−itn

V (t+ γ)
dt

)
eixγdγ. (39)

Remarks.
1) The Fourier transform of f(x) is defined as

f̂(x) =

∫ ∞

−∞
f(t)e−itxdt ⇔ f(x) =

1

2π

∫ ∞

−∞
f̂(γ)eiγxdγ. (40)

2) The function δ(x) is the Dirac delta function, while δk,ν is the Kronecker’s
delta symbol, i.e. δk,ν = 1 if k = ν and δk,ν = 0 if k 6= ν.
3) From

1

2π

∫ ∞

−∞
δ′′(w)F (w)eiwxdw =

1

2π

(
−x2Fn(0) + 2ixF ′

n(0) + F ′′
n (0)

)
,
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we get

An(x) =
1

2π

∫ 2π

0

(
− x2

V (t)
− 2ixV

′
(t)

V (t)2
+

2V
′
(t)2

V (t)3
− V

′′
(t)

V (t)2

)
e−itndt.

Example 1.
Assume V (x) = 1, then cn = δn,0. Hence from (39) we get

An(x) =
1

2π

∫ ∞

−∞
δ′′(γ)2πδn,0e

iγxdγ = −x2δn,0. (a)

Hence θ(z) = −z2θ(z). Hence one leads to θ(z) = δ(z−i). Hence ŷ(z) = δ(z−i),
which gives y(x) = 1

2π

∫∞
−∞ δ(z − i)e−izxdz = ex

2π : (a). Hence indeed one solu-

tion of y′′(x) = V (x)y(x), with V (x) = 1 is y(x) = ex

2π . However one observes
that working with functions of L2(R) is better than working with distributions.
In this example the Fourier integral (a) is over the real line and the distribution
is δ(x− i). Hence x− i is never 0 at the real line. However many books use this
Fourier pair (actually we need here a generalization of the Fourier transform or
the notion of distribution functions).

Example 2.
Assume V (x) = e−ix. Hence cn = δn,1. In this case V (x) = eix and

1

2π

∫ 2π

0

e−itn

ei(t+γ)
dt = 2πe−iγδn,−1.

Hence

An(x) =
1

2π

∫ ∞

−∞
δ′′(γ)2πe−iγδn,−1e

iγxdγ = −(x− 1)2δn,−1.

Hence from

∞∑

n=−∞
cnθ(z + n) = −z2θ(z) ⇔ θ(z + 1) = −z2θ(z),

we get easily
θ(z) = e−iπzΓ(z)2.

Therefore, there exists a solution of y′′(x) = e−ixy(x) such that its Fourier
transform is

ŷ(w) = e−iπwΓ(w)2.

However this evaluation is not in L2(R).

Remarks.
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If we assume that y(it) = (Mg)(t), where (Mg)(t) is the Mellin transform of
g(t), then the Fourier transform of a function is

ŷ(x) =

∫ +∞

−∞
y(t)e−itxdt =

∫ +∞/i

−∞/i

y(it)e−i(it)xidt =

= −i
∫ +i∞

−i∞
y(it)etxdt = −i2πi 1

2πi

∫ +i∞

−i∞
Mg(t)

(
e−x

)−t
dt =

= 2πg
(
e−x

)
.

Hence if ŷ (x) = 2πg (e−x), then y (ix) = (Mg)(x).

Example 3.
Assume that

g(x) =
1

x2 + 1
,

then
(Mg)(s) =

π

2
csc
(πs

2

)
, 0 < Re(s) < 2.

Thus

ŷ(γ) =
2π

1 + e−2γ

and

y(x) =
π

2
csc

(−iπx
2

)
.

3 Some notes on y′′(x) = V (x)y(x).

Assume now that
1

V (x)
=

∞∑

n=−∞
c∗ne

−inx. (41)

Then

1

2π

∫ 2π

0

e−itn

V (t+ γ)
dt =

1

2π

∫ 2π

0

( ∞∑

k=−∞
c∗ke

−itneik(t+γ)

)
dt =

=

∞∑

k=−∞
c∗k

(
1

2π

∫ 2π

0

eit(k−n)dt

)
eikγ =

∞∑

k=−∞
c∗kδk,ne

ikγ = c∗ne
inγ

and

An(x) =

∫ ∞

−∞
δ′′(γ)c∗ne

inγeixγdγ = −(n+ x)2c∗n.
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Theorem 5.1
If we denote c∗n such that

1

V (x)
=

∞∑

n=−∞
c∗ne

−inx, (41.1)

then
I. If g(x) = −x2, then

An(x) = −(n+ x)2c∗n. (41.2)

II. If g(x) is any analytic function, then

An(x) = g(n+ x)c∗n (41.3)

and the solution of ∑

n

cnŷ(z + n) = g(z)ŷ(z), (41.4)

is
ŷ(z) = lim

N→∞

∑

n1

∑

n2

. . .
∑

nN

g(n1 + z)g(n1 + n2 + z) . . .

. . . g(n1 + n2 + . . .+ nN + z)c∗n1
c∗n2

. . . c∗nN
. (41.5)

Using (38) we get

ŷ(w) = lim
N→∞

∑

n1

∑

n2

∑

n3

. . .
∑

nN

(−1)N (n1+w)
2(n2+n1+w)

2(n3+n2+n1+w)
2 . . .

. . . (nN + nN−1 + . . .+ n2 + n1 + w)2c∗n1
c∗n2

. . . c∗nN
=

= lim
N→∞

∫ ∞

−∞

∫ ∞

−∞
. . .

∫ ∞

−∞
δ′′(t1)δ

′′(t2) . . . δ
′′(tN )×

× 1

V (t1 + t2 + . . .+ tN )

1

V (t2 + t3 + . . .+ tN )
. . .

1

V (tN−1 + tN )

1

V (tN )
×

×e−it1we−it2w . . . e−itNwdt1dt2 . . . dtN ⇒

ŷ(w) = lim
N→∞

∫ ∞

−∞

∫ ∞

−∞
. . .

∫ ∞

−∞
δ′′(t1)δ

′′(t2) . . . δ
′′(tN )×

× 1

V (t1)

1

V (t1 + t2)
. . .

1

V (t1 + t2 + . . .+ tN )
×

×e−it1we−it2w . . . e−itNwdt1dt2 . . . dtN =

= lim
N→∞

∂2

∂h21

∂2

∂h22
. . .

∂2

∂h2N

(
fN(h1, h2, . . . , hN )e−ih1w−ih2w−...−ihNw

)
h1=h2=...=hN=0

,
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where

fN (t1, t2, . . . , tN ) =
1

V (t1)V (t1 + t2) . . . V (t1 + t2 + . . .+ tN )
.

Also if we denote

ǫn1,n2,...,nN
:= 2n1mod2+n2mod2+...+nNmod2.

and

f
(n1,n2,...,nN )
N =

(
∂n1+n2+...+nN

∂tn1
1 ∂tn2

2 . . . ∂tnN

N

fN (t1, t2, . . . , tN )

)

t1=t2=...=tN=0

,

then

ŷ(w) = lim
N→∞

2∑

n1,n2,...,nN=0

(−1)n1+n2+...+nN ǫn1,n2,...,nN
f
(n1,n2,...,nN )
N ·(iw)2N−n1−n2−...−nN .

Hence

ŷ (w) = lim
N→∞

(iw)2N
2∑

n1,n2,...,nN=0

ǫn1,n2,...,nN
f
(n1,n2,...,nN )
N ·(−iw)−n1−n2−...−nN .

ŷ(w) = lim
N→∞

2N∑

k=0




∑

0 ≤ n1, n2, . . . , nN ≤ 2
n1 + n2 + . . .+ nN = k

ǫn1,n2,...,nN
f
(n1,n2,...,nN )
N


 (−iw)2N−k.

ŷ(w) = lim
N→∞

2N∑

k=0




∑

0 ≤ n1, n2, . . . , nN ≤ 2
n1 + n2 + . . .+ nN = 2N − k

ǫn1,n2,...,nN
f
(n1,n2,...,nN )
N


 (−iw)k.

(42)
But
(

∂n1+n2+...+nN

∂xn1
1 ∂xn2

2 . . . ∂xnN

N

fN (P )

)

P=(0,0,...,0)

=
1

(2π)N

∫

R

∫

R

. . .

∫

R

f̂N(γ1, γ2, . . . , γN )×

×(iγ1)
n1(iγ2)

n2 . . . (iγN )nNdγ1dγ2 . . . dγN . (43)

Hence

ŷ(w) = lim
N→∞

2N∑

k=0




∑

0 ≤ n1, n2, . . . , nN ≤ 2
n1 + n2 + . . .+ nN = 2N − k

ǫn1,n2,...,nN
f
(n1,n2,...,nN )
N


 (−iw)k =
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= lim
N→∞

2N∑

k=0




∑

0 ≤ n1, n2, . . . , nN ≤ 2
n1 + n2 + . . . + nN = k

ǫn1,n2,...,nN
f
(2−n1,2−n2,...,2−nN )
N


 (−iw)k =

= lim
N→∞

1

(2π)N

∫

RN

f̂N (γ1, γ2, . . . , γN )×

×
2N∑

k=0




∑

0 ≤ n1, n2, . . . , nN ≤ 2
n1 + n2 + . . . + nN = 2N − k

ǫn1,n2,...,nN
(iγ1)

n1(iγ2)
n2 . . . (iγN )nN


 (−iw)2N−k×

×dγ1dγ2 . . . dγN .
Hence we get the next

Theorem 6.
Assume the equation

y′′(x) = V (x)y(x). (44)

Then

ŷ(w) = lim
N→∞

(
∂2

∂h21

∂2

∂h22
. . .

∂2

∂h2N

e−ih1w−ih2w−...−ihNw

V (h1)V (h1 + h2) . . . V (h1 + h2 + . . .+ hN)

)

h1=h2=...=hN=0

.

(45)
Also if we set

ŷN(w) :=
1

(2π)N

∫

RN

f̂N(γ1, γ2, . . . , γN)(γ1−w)2(γ2−w)2 . . . (γN−w)2dγ1dγ2 . . . dγN ,
(46)

then
ŷ(w) = lim

N→∞
ŷN(w) (47)

and

ŷ(w) = lim
N→∞

2N∑

k=0




∑

0 ≤ n1, n2, . . . , nN ≤ 2
n1 + n2 + . . .+ nN = k

ǫn1,n2,...,nN
f
(2−n1,2−n2,...,2−nN )
N


 (−iw)k.

(47.1)
However

d2N

dw2N
ŷN (w) = costant.

Hence exists costants CN,k, such that

ŷN (w) =

2N∑

k=0

CN,kw
k.
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Set

Y (x) :=
1

V (x)
.

We have

f̂N(γ1, γ2, . . . , γN) =

∫

RN

Y (t1)Y (t1+t2) . . . Y (t1+t2+. . .+tN )e−it1γ1−it2γ2−itNγNdt1dt2 . . . dtN .

(47.2)
Also

Ŷ (x) =

∫

R

Y (t)e−itxdt.

Then from (46) we get

ŷN(w) =
1

(2π)N

∫

RN

Ŷ (t1−t2)Ŷ (t2−t3) . . . Ŷ (tN−1−tN)Ŷ (tN+w)t21t
2
2 . . . t

2
Ndt1dt2 . . . dtN .

Hence

ŷN(w) =
1

(2π)N

∫

RN

Ŷ (t1+w)Ŷ (t2−t1)Ŷ (t3−t2) . . . Ŷ (tN−1−tN−2)Ŷ (tN−tN−1)×

×t21t22 . . . t2Ndt1dt2 . . . dtN =

=
1

(2π)N

∫

RN

Ŷ (t1+w)Ŷ (t2−t1) . . . Ŷ (tN−1−tN−2)Ŷ (tN−tN−1)t
2
1t

2
2 . . . t

2
Ndt1dt2 . . . dtN .

Hence

1

2π

∫

R

ŷN (w)eiww′

dw =
1

(2π)N

∫

RN

Ŷ (t1 − t2)Ŷ (t2 − t3) . . . Ŷ (tN−1 − tN )×

×
(

1

2π

∫

R

Ŷ (tN + w)eiww′

dw

)
t21t

2
2 . . . t

2
Ndt1dt2 . . . dtN .

Hence

yN (w′) =
1

(2π)N

∫

RN

Ŷ (t1 − t2)Ŷ (t2 − t3) . . . Ŷ (tN−1 − tN )×

×
(

1

2π

∫

R

Ŷ (w)ei(w−tN )w′

dw

)
t21t

2
2 . . . t

2
Ndt1dt2 . . . dtN .

Hence

yN (w′) =
1

(2π)N

∫

RN

Ŷ (t1 − t2)Ŷ (t2 − t3) . . . Ŷ (tN−1 − tN )×

×Y (w′)e−itNw′

t21t
2
2 . . . t

2
Ndt1dt2 . . . dtN ⇒

yN(w′) = Y (w′)
1

(2π)N

∫

RN

Ŷ (t1−t2)Ŷ (t2−t3) . . . Ŷ (tN−1−tN )e−itNw′

t21t
2
2 . . . t

2
Ndt1dt2 . . . dtN .
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Hence

yN(w)

Y (w)
=

1

(2π)N

∫

RN

Ŷ (t1−t2)Ŷ (t2−t3) . . . Ŷ (tN−1−tN)e−itNwt21t
2
2 . . . t

2
Ndt1dt2 . . . dtN .

Hence

yN(w)

Y (w)
=

1

(2π)N

∫

RN

Ŷ (t2−t1)Ŷ (t3−t2) . . . Ŷ (tN−tN−1)e
−it1wt21t

2
2 . . . t

2
Ndt1dt2 . . . dtN =

=
1

(2π)N

∫

R

∫

R

. . .

∫

R

ei(t2−t1)wŶ (t2 − t1)t
2
1dt1e

i(t3−t2)wŶ (t3 − t2)t
2
2dt2 . . .×

×ei(tN−tN−1)wŶ (tN − tN−1)t
2
N−1dtN−1e

−itNwt2NdtN .

Hence if we define the operator Fn(x,w) such that

Fn+1(x,w) =
1

2π

∫

R

Fn(t, w)e
(x−t)iwŶ (x − t)t2dt, (47.2)

then

F̂N+1(γ, w) = − 1

2π
eiγwŶ (γ)

d2

dγ2
F̂N (γ, w)

and

yN (w)

Y (w)
=

[∫

R

FN (t, w)e−itγ t2dt

]

γ=w

= −
[
d2

dγ2
F̂N (γ, w)

]

γ=w

.

Hence

y∞(w)

Y (w)
=

y(w)

Y (w)
= − d2

dγ2

[
− 1

2π
eiγwŶ (γ)

d2

dγ2

[
− 1

2π
eiγwŶ (γ)

d2

dγ2
[. . .]

]]

γ=w

and we get the next

Theorem 7.
Assume the equation

y′′(x) = V (x)y(x), (48)

where the potential V (x) is of the form

V (x) =

∞∑

n=−∞
cne

−inx. (49)

If

Y (x) :=
1

V (x)
, (50)

then it holds

y(x) = −Y (x)
d2

dγ2

[
− 1

2π
eiγxŶ (γ)

d2

dγ2

[
− 1

2π
eiγxŶ (γ)

d2

dγ2
[. . .]

]]

γ=x

. (51)
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Also and obviously one can see that immediately from (48):

y(x) =
1

V (x)

d2

dx2

[
1

V (x)

d2

dx2

[
1

V (x)

d2

dx2

[
1

V (x)
. . .

]]]
. (52)

It is of very interest to find the Fourier transform f̂N (γ1, γ2, . . . , γN ). From
relation (47.2) and discusion below of it, we find (setting t1 = t′N , t2 = t′N−1,
tk = t′N−k+1 and then t′1 = h1 − h2, t

′
2 = h2 − h3, . . ., t

′
N−2 = hN−2 − hN−1,

t′N−1 = hN−1 − hN , t′N = hN ).

f̂N (γ1, γ2, . . . , γN ) =

∫

RN

Y (t′N )Y (t′N + t′N−1) . . .×

× . . . Y (t′N + t′N−1 + . . .+ t′2)Y (t′N + t′N−1 + . . .+ t′2 + t′1)× . . .

× exp
(
−it′Nγ1 − it′N−1γ2 − . . .− it′2γN−1 − it′1γN

)
dt′1dt

′
2 . . . dt

′
N =

=

∫

RN

Y (hN )Y (hN−1) . . . Y (h2)Y (h1)×

× exp (−iγ1hN − i(hN−1 − hN )γ2 − . . .− i(h2 − h1)γN−1 − i(h1 − h2)γN )dh1dh2 . . . dhN =

=

∫

RN

Y (hN )Y (hN−1) . . . Y (h2)Y (h1)×

× exp[−ihN(γ1 − γ2)− ihN−1(γ2 − γ3)− . . .×
× . . .− ih3(γN−2 − γN−1)− ih2(γN−1 − γN )− ih1γN ]dh1dh2 . . . dhN =

= Ŷ (γ1 − γ2)Ŷ (γ2 − γ3) . . . Ŷ (γN−2 − γN−1)Ŷ (γN−1 − γN )Ŷ (γN ).

Hence we get the next

Theorem 8.
Assume

fN(x1, x2, . . . , xN ) = Y (x1)Y (x1 + x2) . . . Y (x1 + x2 + . . .+ xN ). (52.1)

Then

f̂N(γ1, γ2, . . . , γN) = Ŷ (γ1−γ2)Ŷ (γ2−γ3) . . . Ŷ (γN−2−γN−1)Ŷ (γN−1−γN )Ŷ (γN ),
(52.2)

where

Y (x) =
1

V (x)
.
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4 Some interesting solutions

We know that equation

∞∑

n=0

gn(−i)n
dn

dxn
y(x) = V (x)y(x),

can be written in the form

∞∑

n=0

cnŷ(z + n) = g(z)ŷ(z),

where g(x) =
∑∞

n=0 gnx
n, when

V (x) =

∞∑

n=0

cne
−inx.

Also if

Y (x) =
1

V (x)
=

∞∑

n=−∞
c∗ne

−inx,

then
ŷ(z) = lim

N→∞

∑

n1≥0

∑

n2≥0

∑

n3≥0

. . .×

× . . .
∑

nN≥0

An1(z)An2(z + n1)An3(z + n1 + n2) . . . AnN
(z + n1 + n2 + . . .+ nN ),

(52.3)
where

An(x) = g(n+ x)c∗n.

Also

g(z) =
∑

k

ck

k−1∏

j=0

fk(z + j)

Hence θ(z) is solution of (30.1) and consequently

ŷ(z) = θ(z),

where

θ(z + k)

θ(z)
=

k−1∏

j=0

fk(z + j).

Hence if f(z) = z, then we get θ(z) = Γ(z). If f(z) = z2, then θ(z) = Γ(z)2. If

f(z) = z2

z−1 , then θ(z) = (z − 1)Γ(z) . If f(z) = 2z+1, then θ(z) = 2zΓ(z + 1
2 ).

If f(z) = 2z2 + z, then θ(z) = 2zΓ(z + 1
2 )Γ(z). If f(z) = 2z2 + z + 1, then

θ(z) = 2zΓ(z− ρ1)Γ(z− ρ2), where ρ1 = −1−i
√
7

4 , ρ2 = −1+i
√
7

4 . By this way we
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get the next

Theorem 9.
Suppose P (z) = A

∏ν
j=1(z−ρj), Q(z) = B

∏µ
j=1(z−σj) and R(z) =

∑τ
j=0 ajz

j,
aτ > 0, are three polynomials of degree ν, µ, τ resp. and P,Q, have no common
roots and H(z) = Czme−R(z)P (z)/Q(z). Then if

g(z) =

∞∑

k=0

ck

(
A

B

)k k−1∏

j=0

H(z + j) =

∞∑

k=0

(
A

B

)k k−1∏

j=0

c∗jH(z + j), (53)

where
∏k−1

j=0 c
∗
j = ck, the equation

∞∑

n=0

gn(−i)ny(n)(x) = V (x)y(x), V (x) =
∞∑

n=0

cne
−inx, (54)

can be set in the form

∞∑

n=0

cnŷ(z + n) = g(z)ŷ(z) (55)

and a solution of (55) is

ŷ(z) =

(
A

B

)z

CzΓ(z)me−R1(z)

∏ν
j=1 Γ(z − ρj)∏µ
j=1 Γ(z − σj)

. (56)

The function R1(z) is a polynomial of degree τ + 1.
Notes.
I. Actualy if R(z) = z, then R1(z) = z2

2 − z
2 . If R(z) = z2, then R1(z) =

z3

3 − z2

2 + z
6 . If R(z) = z3, then R1(z) = z4

4 − z3

2 + z2

4 , . . . etc. In general

if R(z) = zτ and pτ (n) =
∑n−1

j=0 j
τ =

∑τ+1
k=0 hkn

k, then R(z) =
∑τ+1

k=0 hkz
k.

Obviously this procedure is linear i.e. if for example R(z) = z2 − 2z, then

R1(z) =
z3

3 − z2

2 + z
6 − 2

(
z2

2 − z
2

)
= z3

3 − 3z2

2 + 7z
6 .

II. FromWeierstrass factorization theorem we have that ifH(z) is meromorphic,
with {ρj}j∈Z roots and {σj}j∈Z poles, then exists polynomial R(z) such that
(provided that the products converge):

H(z) = Czme−R(z)

∏∞
j=1

(
1− z

ρj

)

∏∞
j=1

(
1− z

σj

)

and if

g(z) =
∑

k

ck

k−1∏

j=0

H(z + j), (56.00)
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then a solution of

∑

k

gk(−i)ky(k)(x) = V (x)y(x), V (x) =
∞∑

n=0

cne
−inx,

is

ŷ(z) =

(
A

B

)z

CzΓ(z)me−R1(z)

∏∞
j=1 Γ(z − ρj)∏∞
j=1 Γ(z − σj)

.

Also it holds
ŷ(z + 1)

ŷ(z)
= H(z) ⇔ ŷ(z) =

∞∏

n=0

1

H(z + n)
. (56.01)

III. Note that if H(z) is 1−periodic, then

g(z) =
∑

k

ck(H(z))k.

Hence given the ck of the potential V (z) and gn of g(z) we get: g(z) is 1−periodic.

For example if g(z) = cos(2πz) and V (z) =
∑∞

n=1
e−inz

n , then cos(2πz) =∑∞
n=1

H(z)n

n = − log(1−H(z)). Hence H(z) = 1− e− cos(2πz). Hence

ŷ(z + 1)

ŷ(z)
= 1− e− cos(2πz). (56.1)

However we can not solve with iteration this equation because it is 1−periodic
and

ŷ(z) =

∞∏

n=0

1

1− e− cos(2π(z+n))
=

∞∏

n=0

1

1− e− cos(2πz)
.

IV. If we assume the equation y′′(x) = V (x)y(x), where V (x) =
∑N

n=0 cne
−inx,

is a trigonometric polynomial, then under certain conditions we have

N∑

n=0

cnŷ(z + n) = −z2ŷ(z).

This equation is a simple special functions functional equation and we can as-
sume is taking known solutions. For example, with N = 2 the equation

c0f(x) + c1f(x+ 1) + c2f(x+ 2) = −x2f(x)

gives a solution f(x) and hence the equation

y′′(x) =

(
2∑

n=0

cne
−inx

)
y(x),

have solution ŷ(x) = f(x) ⇔ y(x) = 1
2π

∫∞
−∞ f(t)eitxdt.
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Theorem 9.1
Assume that en(z) is a base in A sunbset of R and g∗n = 〈g(z), en(z)〉, where
g(z) =

∑∞
n=0 g

∗
nen(x). Also

V (z) =

∞∑

n=0

cne
−inz

and ∞∑

n=0

gn(−i)n
dn

dxn
y(z) = V (x)y(x).

For to solve the above equation, set Jn,k(a(.)) to be an operator such that:

exp

( ∞∑

k=0

akBk,n(z)

)
=

∞∑

k=0

Jn,k(a(.))Bk,n(z),

where

Bk,n(z) =

k∑

l=0

Ck,lpk−l(n)z
l, pτ (n) =

n−1∑

j=0

jτ .

If en(z) is a certain base, we write

Bk,n(z) =

∞∑

l=1

Sk,n,lel(z).

and S∗
k,n,l is the matrix inverse of Sk,n,l, in the sense

∞∑

l=1

Sk,n,lS
∗
k′,n,l = Rnδk′,k,

where δk′,k = 1, if k = k′ and δk′,k = 0, if k′ 6= k. Also we define a′n,k to be the
arithmetic inverse of

∑
d|n cdµ(n/d), in the sense

∑

d1|A


∑

d|d1

cdµ(d1/d)


 a′A/d1,B

= δA,1δB,1.

Then with a suitable choise of Rn, we get

y(x) =
1

2π

∫ ∞

−∞

∞∏

n=0

exp


−

∞∑

k=0

J
(−1)
n,k




∞∑

l=1

g∗l
∑

d1|n,d2|l
S∗
k,d1,d2

a′n/d1,l/d2


 (z + n)k


 eizxdz.

Proof.
We write

g(z) =

∞∑

n=0

cn

n−1∏

j=0

H(z + j),
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where

H(z) = exp

( ∞∑

k=0

akz
k

)

Hence if Cn,k denotes the binomial function i.e. Cn,k = n!
(n−k)!k! , then

n−1∏

j=0

H(z + j) = exp




∞∑

k=0

ak

n−1∑

j=0

(z + j)k


 =

= exp




∞∑

k=0

ak

n−1∑

j=0

k∑

l=0

Ck,lj
k−lzl


 =

= exp




∞∑

k=0

ak

k∑

l=0

Ck,l

n−1∑

j=0

jk−lzl


 =

= exp

( ∞∑

k=0

ak

k∑

l=0

Ck,lpk−l(n)z
l

)
.

Hence if we denote

Bk,n(z) :=

k∑

l=0

Ck,lpk−l(n)z
l,

then

g(z) =

∞∑

n=0

cn exp

( ∞∑

k=0

akBk,n(z)

)
.

Now we assume the transformation J such that

exp

( ∞∑

k=0

akBk,n(z)

)
=

∞∑

k=0

Jn,k(a(.))Bk,n(z).

This equivalently give (if we denote hn,k = Jn,k(a(.))):

exp




n−1∑

j=0

∞∑

k=0

ak(z + j)k


 =

n−1∑

j=0

∞∑

k=0

hn,k(z + j)k ⇔

n−1∏

j=0

exp

( ∞∑

k=0

ak(z + j)k

)
=

n−1∑

j=0

log

(
exp

( ∞∑

k=0

hn,k(z + j)k

))
⇔

n−1∏

j=0

exp

( ∞∑

k=0

ak(z + j)k

)
= log




n−1∏

j=0

exp

( ∞∑

k=0

hn,k(z + j)k

)
⇔
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exp




n−1∏

j=0

exp

( ∞∑

k=0

ak(z + j)k

)
 =

n−1∏

j=0

exp

( ∞∑

k=0

hn,k(z + j)k

)
.

Hence the problem reduces to find if for any function X(z) exists function Yn(z)
such that

n−1∏

j=0

X(z + j) =

n−1∑

j=0

Yn(z + j), ∀n ∈ N.

However

g(z) =

∞∑

n=1

cn

∞∑

k=1

Jn,k(a(.))Bk,n(z) =

∞∑

n=1

∞∑

k=1

cnJn,k(a(.))Bk,n(z). (a)

Assume now en(z) is any base function in a set A subset of R, then

Bk,n(z) =

∞∑

l=1

Sk,n,lel(z)

and relation (a) becomes

g(z) =
∞∑

l=1

g∗l el(z) =
∞∑

n=1

∞∑

k=1

cnJn,k(a(.))
∞∑

l=1

Sk,n,lel(z) =

=

∞∑

l=1




∞∑

n,k=1

cnJn,k(a(.))Sk,n,l


 el(z).

Hence

g∗l =

∞∑

n,k=1

cnJn,k(a(.))Sk,n,l.

If ∞∑

n=1

In,lcn = g∗l ,

where

In,l =

∞∑

k=1

Jn,k(a(.))Sk,n,l

and ∞∑

l=1

Sk,n,lS
∗
k′,n,l = Rnδk,k′ ,

then ∞∑

l=1

In,lS
∗
k′,n,l =

∞∑

k=1

Jn,k(a(.))

∞∑

l=1

Sk,n,lS
∗
k′,n,l =
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=

∞∑

k=1

Jn(ak)Rnδk,k′ = Jn,k′(a(.))Rn.

Assume ∞∑

n1,l1=1

Inn1,ll1bn1,l1 = φ(n, l)

Then ∞∑

n1,l1=1

Inn1n2,ll1l2bn1,l1 = φ(nn2, ll2)

∞∑

n1,l1=1

Inn1n2,ll1l2bn1,l1a
′
n2,l2 = φ(nn2, ll2)a

′
n2,l2

∞∑

n2,l2=1

∞∑

n1,l1=1

Inn1n2,ll1l2bn1,l1a
′
n2,l2 =

∞∑

n2,l2=1

φ(nn2, ll2)a
′
n2,l2

∞∑

A,B=1

InA,lB

∑

d1|A,d2|B
bd1,d2a

′
A/d1,B/d2

=

∞∑

n2,l2=1

φ(nn2, ll2)a
′
n2,l2

Assume ∑

d1|A,d2|B
bd1,d2a

′
A/d1,B/d2

= δA,1δB,1. (b)

Then

In,l =

∞∑

n2,l2=1

φ(nn2, ll2)a
′
n2,l2

Assume now that bn1,l1 = δl1,1cn1 , then

∞∑

n=1

∞∑

n1,l1=1

Inn1,ll1bn1,l1 =

∞∑

n=1

φ(n, l) ⇒

∞∑

n,l1=1

In,ll1
∑

d|n
bd,l1 =

∞∑

n=1

φ(n, l) = g∗l .

Hence if ∑

d|n
bd,l1 = δl1,1cn ⇔ bn,l = δl,1

∑

d|n
cdµ(n/d),

then ∞∑

n=1

In,lcn = g∗l .

Also a′n,l is the inverse arithmetic function of bn,l in the sense (b), then

∑

d1|A,d2|B
δd2,1



∑

d|d1

cdµ(d1/d)


 a′A/d1,B/d2

= δA,1δB,1 ⇔
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∑

d1|A



∑

d|d1

cdµ(d1/d)


 a′A/d1,B

= δA,1δB,1. (c)

From equation (c) we get the a′n,l. Finaly

Bk,n(z) =

∞∑

l=1

Sk,n,lel(z)

∞∑

l=1

Sk,n,lS
∗
k′,n,l = Rnδk,k′

Jn,k(a(.)) =
1

Rn

∞∑

l=1

In,lS
∗
k′,n,l

and

In,l =

∞∑

n2,l2=1

φ(nn2, ll2)a
′
n2,l2 ,

∞∑

n=1

φ(n, l) = g∗l .

Assuming further that φ(n, l) = φ1(n)φ2(l), we get

∞∑

n=1

φ1(n)φ2(l) = g∗l .

Hence

φ2(l) =
g∗l
G
, G =

∞∑

n=1

φ1(n)

Hence there exists constant G such that

φ(n, l) = φ1(n)
g∗l
G

and

In,l =
1

G

∞∑

n2,l2=1

φ1(nn2)g
∗
ll2a

′
n2,l2

Also then

Jn(ak) =
1

GRn

∞∑

l,n2,l2=1

φ1(nn2)g
∗
ll2a

′
n2,l2S

∗
k,n,l

g(z) =
1

G

∞∑

n,k=1

cn
Rn

∞∑

l,n2,l2=1

φ1(nn2)g
∗
ll2a

′
n2,l2S

∗
k,n,lBk,n(z).
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g(z) =
1

G

∞∑

n,k=1

cn
Rn

∞∑

l=1




∞∑

n2,l2=1

φ1(nn2)g
∗
ll2a

′
n2,l2


S∗

k,n,lBk,n(z).

Assume that ψ(n) is such that

∞∑

n=1

Jn,k(a(.))ψ(n) =
∞∑

n=1

ψ(n)

GRn

∞∑

l,n2,l2=1

φ1(nn2)g
∗
ll2a

′
n2,l2S

∗
k,n,l.

Hence if ψ(n) = GRn, we get

∞∑

n=1

Jn,k(a(.))ψ(n) =

∞∑

n=1

∞∑

l,n2,l2=1

φ1(nn2)g
∗
ll2a

′
n2,l2S

∗
k,n,l ⇒

∞∑

n=1

Jn,k(a(.))ψ(n) =

∞∑

n,l=1

φ1(n)g
∗
l

∑

d1|n,d2|l
S∗
k,d1,d2

a′n/d1,l/d2
=

=

∞∑

n=1

φ1(n)

∞∑

l=1

g∗l
∑

d1|n,d2|l
S∗
k,d1,d2

a′n/d1,l/d2
.

If we set now φ1(n) = ψ(n) = zn, then

Jn,k(a(.)) =

∞∑

l=1

g∗l
∑

d1|n,d2|l
S∗
k,d1,d2

a′n/d1,l/d2
,

where the a′n,m is given from (c). Using now

H(z) = exp

( ∞∑

k=0

akz
k

)
,

we get

y(x) =
1

2π

∫ ∞

−∞

∞∏

n=0

exp


−

∞∑

k=0

J
(−1)
n,k




∞∑

l=1

g∗l
∑

d1|n,d2|l
S∗
k,d1,d2

a′n/d1,l/d2


 (z + n)k


 eizxdz.

Theorem 10.
Given a potential

V (z; τ) =
∞∑

n=0

cn(τ)e
−iτnz

and

B(z; τ) =

∞∑

n=0

bn(τ)z
n = g(−iz; τ) =

∞∑

n=0

(−i)ngn(τ)zn,
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we form the equation

∞∑

n=0

bn(τ)
dn

dzn
y(z; τ) = V (z; τ)y(z; τ),

which may be formed as

V

(
i
d

dz

)
ŷ(z; τ) = g(z; τ)ŷ(z; τ),

where

ŷ(z; τ) =

∫ ∞

−∞
y(x; τ)e−ixzdx.

Also this may be written as

∞∑

n=0

cn(τ)ŷ(z + τn; τ) = g(z; τ)ŷ(z; τ). (56.1a)

I. If we assume that

ŷ(z; τ) =

∞∑

l=1

Cl(z; τ), (a)

where
Cl(z + nτ ; τ) = An(z; τ)Cl(z; τ), n ∈ Z,

then it must be

g(z; τ) =
∞∑

n=0

cn(τ)An(z; τ). (b)

From where we find An(z; τ). In this case also

ŷ(z + nτ ; τ) = An(z; τ)ŷ(z; τ). (c)

II. If H(z; τ) is such that

ŷ(z + τ ; τ)

ŷ(z; τ)
= H(z; τ), Im(τ), Im(z) > 0 (d)

and H(z + τ ; τ) = A∗(z; τ)H(z; τ), then

H(z + jτ ; τ) =

(
j−1∏

l=0

A∗(z + lτ ; τ)

)
H(z; τ)

and from (d):

ŷ(z + nτ ; τ) =




n−1∏

j=0

H(z + jτ ; τ)


 ŷ(z; τ). (e)
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Hence from (c):

An(z; τ) =

n−1∏

j=0

H(z + jτ ; τ). (56.2)

Hence
III.

A1(z; τ) = H(z; τ)

and from (b) we get

ŷ(z; τ) =

∞∏

n=0

1

A1(z + nτ ; τ)
. (f)

Proof.
For the proof of (II), we have

g(z; τ) =

∞∑

n=0

cn(τ)

n−1∏

j=0

H(z + jτ ; τ). (56.4)

Hence from (56.2), we get

g(z; τ) =

∞∑

n=0

cn(τ)




n−1∏

j=0

j−1∏

l=0

A∗(z + lτ ; τ)


H(z; τ)n.

Hence given the (−i)ngn(τ) = bn(τ) of B(z; τ) and cn(τ) of the potential, we
get H(z; τ) from (56.2) and the solution of (eq) is

ŷ(z; τ) =

∞∏

n=0

1

H(z + nτ ; τ)
.

We have ∞∑

k=0

bk(τ)y
(k)(x; τ) = V (x; τ)y(x; τ) ⇔

∞∑

k=0

bk(τ)

∫ ∞

−∞
y(k)(x; τ)e−ixγdx =

∫ ∞

−∞
y(x; τ)

( ∞∑

n=0

cn(τ)x
n

)
e−ixγdx⇔

∞∑

k=0

bk(τ)(iγ)
k

∫ ∞

−∞
y(x; τ)e−ixγdx =

∞∑

n=0

cn(τ)

∫ ∞

−∞
y(x; τ)xne−ixγdx⇔

B(iγ; τ)ŷ(γ) =

∞∑

n=0

cn(τ)i
n dn

dγn

(∫ ∞

−∞
y(x; τ)e−ixγdx

)
⇔

B(iγ; τ)ŷ(γ; τ) =

∞∑

n=0

cn(τ)i
n dn

dγn
ŷ(γ; τ) ⇔
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B(iγ; τ)ŷ(γ; τ) = V

(
i
d

dγ

)
ŷ(γ; τ). (57)

Assume now that V (x; τ) =
∑∞

n=0 cn(τ)e
−inτx. Hence

B(iγ; τ)ŷ(γ; τ) =

∞∑

n=0

cn(τ) exp

(
τn

d

dγ

)
ŷ(γ; τ). (58)

Or equivalent

B(iγ; τ)ŷ(γ; τ) =

∞∑

n=−∞
cn(τ)ŷ(γ + nτ ; τ). (59)

Assume that Im(z), Im(τ) > 0 and

ŷ(z; τ) =
∞∑

l=1

Cl(z; τ). (60)

Then if n is integer, we have

Cl(z + nτ ; τ) = An(z; τ)Cl(z; τ).

Hence for almost all an(τ) we have

∞∑

n=0

an(τ)ŷ(z + nτ) =

∞∑

n=0

an(τ)

∞∑

l=1

Cl(z + nτ ; τ) =

=

∞∑

n=0

∞∑

l=1

an(τ)An(z; τ)Cl(z; τ) =

∞∑

n=0

an(τ)An(z; τ)

∞∑

l=1

Cl(z; τ) =

=

( ∞∑

n=0

an(τ)An(z; τ)

)
ŷ(z; τ).

Hence we can write

∞∑

n=0

an(τ) (ŷ(z + nτ ; τ) −An(z; τ)ŷ(z; τ)) = 0

and it must be
ŷ(z + nτ ; τ) = An(z; τ)ŷ(z; τ). (61)

Hence if an(τ) = cn(τ) and

g(z; τ) = B(iz; τ) =

∞∑

n=0

bn(τ)(iz)
n =

∞∑

n=0

cn(τ)An(z; τ),

then from (d) ŷ(z) is given from (f) and satisfies (56.1a) and y(x; τ) is solution
of ∞∑

n=0

bn(τ)y
(n)(x; τ) = V (x; τ)y(x; τ), (62)
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where

V (x) =
∞∑

n=0

cn(τ)e
−inτx.
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