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Abstract. We look into the problem of stochastic resetting with refractory periods.
The model dynamics comprises diffusive and motionless phases. The diffusive phase
ends at random time instants, at which the system is reset to a given position—where
the system remains at rest for a random time interval, termed the refractory period.
A pathway formulation is introduced to derive exact analytical results for the relevant
observables in a broad framework, with the resetting time and the refractory period
following arbitrary distributions. For the paradigmatic case of Poissonian distributions
of the resetting and refractory times, in general with different characteristic rates,
closed-form expressions are obtained that successfully describe the relaxation to the
steady state. Finally, we focus on the single-target search problem, in which the
survival probability and the mean first passage time to the target can be exactly
computed. Therein, we also discuss optimal strategies, which show a non-trivial
dependence on the refractory period.
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1. Introduction

Stochastic resetting [I—3] has become a very prolific topic within the field of non-
equilibrium statistical mechanics. Stochastic resetting or restart can be thought of
as one of the most elementary examples of an intermittent search strategy [1-7], simple
enough to analytically address the study of many physical quantities of interest. On
the one hand, it has been successfully used in many different applications, ranging from
economics [$—11] to biochemical reactions [15—19] or ecology [20-23], mostly motivated
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by the beneficial effect of restart for lowering the first passage time [1,2,21-29]. On
the other hand, it constitutes an excellent test bench for performing non-equilibrium
research, providing comprehensive models to study non-equilibrium steady states
(NESS) [30-37], stochastic thermodynamics and fluctuation theorems [17,38-12], large
deviations [13—18], or quantum restart [19—54], to name just a few.

Originally, stochastic resetting was introduced as instantaneous events that restart
a given natural dynamics without any respite [1,2]. Nevertheless, this instantaneousness
cannot represent a real physical situation, since the resets are cost-free—and any actual,
physical, implementation thereof must involve some cost. This has led to investigate
more refined and realistic models, where resetting ceases to be a costless operation for
the system. Depending on the phenomena, different strategies—mainly, the insertion
of new phases—have been proposed to tackle this flaw in the simplest resetting model.
On the one hand, return phases that alternate with the natural dynamics have been
introduced [37,42,55-59]. On the other hand, a motionless phase [00, (1], termed as
refractory period, may be introduced after the resetting, which can be envisioned as
a recovery time payed after performing the reset. Even though the latter strategy
still involves an instantaneous reset, models of instantaneous resetting with refractory
period phases are physically sound approaches to describe certain chemical and biological
reactions. A paradigmatic example is that of the action potential in neurons, where its
firing is followed by a quiescent state, i.e. an ineffective time to any stimulus [62,63].

In particular, the study of stochastic resetting with refractory periods has been
shown to be useful in the context of enzymatic reactions following the Michaelis-Menten
scheme [15—18]. Therein, an enzyme binds to a substrate in a reversible binding-
unbinding reaction, which, in a second step from the bound state, release a certain
product. Here, the unbinding step may facilitate the production of products, i.e.
interruption of a task may improve its accomplishment—which is the essence of optimal
restart strategies.

This work focuses on the detailed analysis of stochastic resetting with refractory
periods. Specifically, we provide a pathway formulation based on the statistics of any
possible reset history of the system. Such a formulation is related to renewal theory
[34,64=60], being inspired by similar techniques in different resetting setups [42,64]. We
prove the validity of our pathway approach in a very broad framework, which allows
us to obtain general results for the case of stochastic resetting with refractory periods.I
Moreover, exact results for the case of Poissonian resets with Poissonian refractory
periods are derived. For that relevant situation, the evolution of the probability density
distribution (PDF) of a resetting Brownian particles in an infinite domain with refractory
periods is explicitly worked out. Also, we obtain the mean first passage time (MFPT)
as a function of the rates governing the exponential distributions for both dynamical
phases. Interestingly, the minimization of the MFPT that we carry out reveals that the
optimal restart rate depends on the typical duration of the refractory periods after the

1 Our general framework reproduces the specific results derived for some particular cases already
considered in the literature [60,61].
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interruption.

The rest of the article is organised as follows. The fundamental ingredients of the
model are described in section 2. Section 3 is devoted to the detailed analysis of the PDF
of the system through our pathway formulation. We explicitly obtain the whole evolution
of the system, which reaches a NESS in the long-time limit. Section 4 deals with the
MFPT. In addition to reobtaining a general expression for the MFPT wih refractory
periods within our framework, an explicit formula in the case of both Poissonian resets
and refractory periods is derived. Additionally, the optimal resetting rate is obtained as
a function of the rate governing the duration of the refractory periods. The conclusions
of our work are summarised in section 5. Finally, extensions of our results and some
technicalities are discussed in the appendices.

2. Stochastic model

We consider a quite general stochastic resetting process. Let the system be represented
by a particle that, in absence of resetting, stochastically propagates following a
distribution p®—governed by a Fokker-Planck equation, which we call “natural” or
“propagation” dynamics. On top of this natural dynamics, random resets to a certain
position x, occur. Time events at which the particle instantaneously goes back to z,
are named resetting events, and denoted by t;, where the subscript ¢ = 1,2, ..., stands
for the order of occurrence. The probability that a resetting event takes place in the
time interval (¢,t + dt), is dt f(¢), so the integral

F(t) = / At f(), 1)

is the probability that no resetting events have occurred up to time ¢. In other words,
F(t) is the probability of having an uninterrupted propagation phase lasting ¢ at least.

In the simplest resetting process, the particle is instantaneously reset to z, and
carries on its natural dynamics—described by p)—right after. Instantaneous resets
are difficult to motivate within the context of a realistic dynamics, since they involve
an infinite energetic payment which is followed by no recuperation phase. With this
problem in mind, we thoroughly analyse herein the effect of refractory periods—random
resting times after the reset [00,01]. Specifically, the particle is assumed to be at rest
at x, after the i-th resetting event up to time 7;, for an independent random time
0; = 7; — t;. It is handy to introduce the number of renewals n that the system has
completed up to time t: specifically, n = ¢ when 7, < t < 7;,1, where 79 = 0 is defined
for consistency. The refractory period duration o is characterised by the PDF w(o),
and the integral

W(o) = /OO do’ w(o’), (2)

is the probability of having a refractory period longer than o. In other words, W (o)
is the probability of having a minimum refractory period equal to o. An illustrative
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Figure 1. Single trajectory for stochastic resetting with refractory periods. The labels
t;, i =1,2,..., mark a new reset to xy where the propagation phase (blue line) ends
with an instantaneous reset (dashed black line) and the refractory period begins (red
line). Analogously, 7; marks the end of the refractory phase after ¢;, ¢ = 1,2, ... Herein,
n stands for the number of times the system is renewed, n =i for 7; < t < 7;41. The
duration o of each propagation (refractory) phase comes from the PDF f(o) (w(0)).
For the sake of simplicity, the initial condition is equal to the resetting position z,, = xg.

portrayal of this resetting dynamics for a one-dimensional model is shown in figure 1,
where blue and red stand for the propagation and refractory phases, respectively.

In the following, we take the renewal structure of the resetting mechanism into
account, where the first resetting event at ¢; and the first renewal at 7 are considered.
The PDF p(x,t|zo) of finding the particle in z, starting from z, after a time evolution
of duration ¢ can be built as

p(x,tlwo) = F()p' (x, tlzo)

Dy

+/0 dty f(tl)/t dryw(n —t1) plz, t — 71|,). (3)

1
where p®) (., t|z¢) is the free propagator of the natural dynamics in absence of resetting
and d(x) is the Dirac delta distribution. This is the renewal equation, which is an
implicit equation for the PDF p(x,t|x¢). Note that our writing for the renewal equation
relies on the approach based on the first resetting, in opposition to approaches relying on
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the last resetting event, which are often used [3]. The first term on the right hand side
in equation (3) is the contribution from trajectories where there has been no resetting
up to time ¢, thus weighted by the probability F'(¢). The second term stems from paths
for which there has been a resetting event in the interval (0,¢) and the subsequent
refractory phase has not ended at time ¢; therefore it contributes with d(z — x,.). The
last term comes from trajectories where the particle has been reset at t; € (0,¢), has
had a subsequent refractory period finishing at 7 € (¢1,t), and has reached z at time ¢
following its renewed dynamics in the interval (71,t¢). For the sake of simplicity, we are
going to take x, = xy in the remainder of the paper, i.e. the particle starts at the very
beginning of the process from the resetting location.

3. Pathway formulation for the probability density function

3.1. General framework

We aim at working out an explicit expression for p(z,t|xg) for all times, thus going
beyond the solution of the PDF in the Laplace domain that can be found in the

literature [60,61]. First, the density probability can be split into different pathways,
based on how many renewals of the dynamics have occurred from the beginning,
pla,tlze) =Y [P (, tlao) + pi (2, tzo)] - (4)
n=0

On the right-hand side (rhs) of equation (4), we have distinguished between the
contribution of each phase—propagation (p) and refractory (r), depending on the final
stage of the evolution at time ¢. Specifically, they are defined as follows: ps ) is the
joint probability density function of observing the particle at position = after exactly n
renewals of the dynamics, being s € {p,r} the current phase at time ¢.

The particular case n = 0 corresponds to the no-renewed evolution,

PP (x, tag) = F(O)p® (x,t|zo),  p (2, t|z0) = 8(x — o) / At f(t — )W (t—t1), (5)

T0

where the system has not undergone the first resetting yet or has not finished the first
refractory period, respectively. For generic n > 0, both p%p) and pg) can be built in a

systematic way,

P, t|o) — H[/ dt, f(t, Ti_l)/t;dnw(n—ti)]

i=1 Ti—1

F(t —7,)p0 (z,t — 7| 0) (6a)
P (z, t|zo) = x—xoﬁ[/ dt; f(ti — 7 1)/tjdn ( tz)}
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where we recall that 7y = 0 has already been introduced for the sake of a compact
notation.§

The construction of our solution is physically guided by the concept of resetting
pathway: the total probability is the sum of the probabilities corresponding to each
possible resetting pathway, weighted by the probability of that pathway. Pathways that
are in propagation and refractory period phases at time ¢ contribute with the conditional
evolution during this last phase: the free propagator p\)(z, ¢ —7,|z¢) and the Dirac delta
distribution §(z — zg), respectively. These contributions are weighted with the product
of the having finished all the previous phases and having not finished the last one. Thus,
our pathway formulation allows us to obtain an explicit solution of the renewal equation
in the time domain, which constitutes an advantage with respect to previous approaches
that rely on Laplace transforming the implicit renewal equation to find the solution in
the Laplace domain.

The equations above can be simplified if we rewrite them as convolutions,

P (@, tlao) = {[f % w™ % pfP} (o), (72)
P @, tlro) = 8z — @) {[f +ul ™« f + W} (1), (7b)

where p(()p) is defined in equation (5). Note that we have introduced the asterisk notation

for the convolution product

[Ax B](t) = /0 AW B(t — 1) (8)

and the convolution power A*2 = A x A.
Taking advantage of our expressing p(p) and p,(f) as convolutions, their Laplace
transforms are written in a straightforward way:

~ N ~
PP, slwo) = (F)a(s)) o (@, 5l0), (9)
~ (Y nn Y
PG, sheo) = (Fo)() " F6 W5 — o) (90)
The sum over n gives us the total contribution,
o
N " (x, s|ao)
PP (x, s|o) PP (x, s|xo) N—, (10a)
Z 1 — f(s)w(s)
;9\} (x,s|zo) = Zp x, s|xo) Mé(w—xo). (10b)

1— f(s)w(s)
This expression, obtained within our pathway formulation of the resetting process with
refractory periods, was obtained in [(1] by a different approach.|| Note that, in order

§ Note that (6a) and (6b) admit a recursive relation between two consecutive renewals, specifically
t t

p (@, tleg) = [odty f(ty) [ driw(n — t)pl) (2.t — 71lx0).

|| This general expression reduces to equation (4) in [60] when diffusive propagation and Poissonian

resetting are assumed.
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to derive equation (10), we have considered that resetting and refractory periods are
independent. However, our pathway framework can also be used to address the case
in which resetting and refractory periods are correlated. Although we focus on the
uncorrelated case, we show how to apply the introduced framework in the following
subsection.

3.1.1. Correlated PDF of resetting and refractory period Above, we have considered
the time interval between resetting events and the refractory periods to be independent.
Nevertheless, we may consider a more general situation, as done in [60], in which
resetting events and refractory periods are correlated.

With the just described perspective, we define h(Aj, As) as the joint PDF of having
a propagation phase of duration A; and a subsequent refractory period of duration A,.
Clearly, the marginal distributions correspond to those introduced before,

F(A) = /OOO dAs h(Ar, Ay), w(Ay) = /OOO dAL (AL D). (11)

Now, the probabilities for the corresponding phases lasting a time interval shorter than
t can be rewritten as

F(t)z/toodAlf(Al):/toodAl /OoodAgh(Al,Ag), (12)
W(t)—/toodAQw(AQ)—/toodAZ/ooodAl h(Ay, As). (13)

In the correlated case we are considering, the probability density of finding the
particle at position z at time ¢ follows a renewal equation

p(z, tlxg) = F(t)p( (x,t|xo)

—|—(5 l'-l'r / dt1/ dTl tl,Tl—tl)
+/ dtl/ dry h(ty, 7 — t1) p(a, t — 7lz,), (14)
0 t1

which we underline that is an implicit equation for the PDF p(x,t|z). Analogously
to the uncorrelated case, here we apply our pathway formulation to explicitly compute
p(z,t|zg). Therefore, p(x,t|xg) is split into the sum (4), with the n-th order propagation
and refractory contributions given now by

p7(1 (Z’ t|x0 |:/ dt / dTZ — Ti—1, T4 —tz):|

X F( 7'7;3])( x,t — T,|T0), (15a)
P, t|zo) = 8z — 20 211 {/ dt; / dr; h(t; — 1i_1, 7 —ti)]

X / dtn+1/ A1 h(thsr — To, Tag1 — tatr), (15b)
Tn t
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which provide explicit expressions in the time domain, with no need of resorting to
Laplace transformation.

In this case, we do not have a clear convolution structure because of the correlation.
Notwithstanding, it is possible to simplify these expressions going to the Laplace domain,
as shown below. We do so in order to compare with previous results [(60]. Let us start
with the propagation phase

Y t t
pq(lp) (l’, S|ZEO) dt G_St [/ dtz/ dTZ' h(tz — Ti—1,T; — tz>:|
Ti—1 ti

X F(t Tn) ]0f (x,t — Ty|x0),
H / dtl/ dTi h(ti_Ti—laTi_ti)]

X dt e ' F(t — 7,)pV (x,t — 7 |20). (16)

Tn

Introducing a new integration variable ¢ =t — 7,,, the last integral turns to

—~~

/ dt’ e+ F(t)pD (x, ' |20) = e Fp(z, 5). (17)
0

Afterwards, introducing 7/, =7, — t, and t/, = t,, — 7,1,
o0 [e%¢} T ~ ~~—
/ dtn/ dr, h(ty — The1, Tn — tn)e_STFp(f) (x,s) = e ™ 1h(s, S)Fp(f)(:v, s), (18)
Tn—1 tn
where we have employed the notation

h(s,m) = / dt et / dr e ™ h(t, 7). (19)
0 0

for the bivariate Laplace transform of the joint probability h(¢,7). Note that ,J\"j(s) =
h(s,0) and W(s) = h(0, s). Iterating this procedure n times, we obtain
Y ~ (a4
pP (a,s) = h"(s, ) Fp® (@, 9), (20)
and the Laplace transform of p®)(z,¢) is given by
Y 1 -
PP (@, 5) = ————FpD (). (21)
1 — h(s,s)

A similar procedure can be carried out for the refractory contribution. The Laplace
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transform of equation (15b) is
~

pﬁl)(x slzg) =d(z —xo)/ dte*St {/ dt; / dri h(t; — Tic1, 7 —t,-)}
t
X / dtn+1/ dTn+1h(tn+1 — Tns Tntl — tn+1)
Tn+1
_(5 l’ — .1'0 |:/ dt / d7'Z — Ti—1,T; — tl):| / dt 678t
i=1 tnt1

n+1 fo%e) 00 —st — 8T,
e n+l __ e n+1
—(5 :1:—:50 | | [/ dti/ dTih(ti_Ti—laTi_ti):| s :
i=1 Ti—1 ti

(22)

Integrating in an iterative way as before, one gets
~J ~J ~J ~U nJ ~J

P (e, ) = i — ) OO ) e, ) = i ) D

s s [1 — h(s,s)] .

(23)

Taking both contributions into account, the Laplace transform of the total PDF p(z, 1)
results to be

I et h(s,0) — h
Pz, s) = ——— | FpP(z,s) 4+ 6(x — x0) (5,0) = hls. S)] : (24)
1—h(s,s) 5
which exactly agrees with equation (26) in [60]. This alternative derivation illustrates

that our pathway formalism provides a powerful tool to address the study of physical
quantities of interest in intermittent dynamics.

3.2. Poissonian resetting and refractory period

Let us consider now that the resettings events and the refractory periods both follow
exponential distributions, but with a different rate:

ft) =re™™ = F(t) =e ™, (25a)

w(t) =ree " = W(t) =e ™" (25b)
The Laplace transform of f(t) and its integral are, respectively, f(s) = r1/(r1 + s) and
F(s) =1/(ry + s), with analogous expressions for @ and W with the change r; — rs.

With these choices, the Laplace transforms of p® and p™ in equation (10) turn

out to be
< N

p(p)(x7 S|l’0) = p(f)<m7 s+ Tlle)
Yl

e z,S8+1r1|To), 26a
1+ 79 (3 s+r1+r2)p ( 1| 0) ( )

1

(2. slzo) = <1 _ ;> 5z — o), (26b)

T+ 79 \ 'S S+ 11+ 19
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which can be readily inverted,

p(p) (I‘, t|1‘0) - e_rltp(f) (l’, t|$0)

t
T2 —rit LT —roT ()

re dr ("™ —e™ "™ x,t —T|x) (272

T+ T2 ! /o ( )p ( | 0)( )

O (2, tlag) = —— (1 — e~ 128 62 — ). 27h

P, o) = s (1= e ) oo ) (21b)

Therefore, we have obtained the exact evolution of the system in the time domain—
although still in terms of an integral term. Later on, specifically in section 3.2.3, an
approximation leading to a closed-form expression is provided. Note that the “standard”
expressions—i.e.  those corresponding to the case without refractory period—are
reobtained by taking the limit ro — oo in equation (27).

3.2.1. The case ry =1y When the Poissonian rates for resetting and refractory periods
are equal, r; = r9 = r, the above expressions become especially simple,

¢
PPz, t|zo) = e "tpD (2, txo) + re_”/ dr sinh (r7) pB (z,t — 7|z0)(284)
0

P (x, t|zo) = e "t sinh (rt) 6 (x — x0). (28b)

We would like to highlight that these expressions may be directly obtained in the time
domain, without resorting to the Laplace transform. Let us go back to equation (6) and
substitute the exponential distributions therein,

pé )(x tlzo) = e "tp®(x, t|zo) (29a)

pqu)(x,t|x0): n _”/ dtl/ dTl/ dits .. /dTnp — Tu|o),

2n ,—rt Tn (f)
=re /0 dTn—(Zn — 1)'p (x,t — T|zo), n>1, (29b)

(r) —rt (rt)QTH—l
py(x,tlxg) =€ mé(w — xp). (29¢)

Summing over all n yields equation (28).

3.2.2.  Non-equilibrium steady state. Now, the asymptotic long-time behaviour is
derived. For doing so, we assume a specific functional form of the free propagator
p®(z,t|xg). Specifically, we consider the most usual case, which is pure diffusion.
Therein, p* is the Green function for the diffusion equation,

o[- 5] "

O (i, tzg) = ——
vVAar Dt

with D being the diffusion coefficient.
The long-time behaviour of p(z, t|xy) can be found by making use of the final value
theorem
lim z(¢) = lim s Z(s). (31)

t—o00 s—0



Stochastic resetting with refractory periods 11

1 1 I I 1 I I I I 1
N NESS
J ‘«"
v o t=05
9) “'
—~ -3 ,“.
(=} 1 0 — /

= /

+~ ’/

) /
~— '{"’
~~ ’”
2 a

SH

| |

1
-20 -15 -10 -5 O

X

Figure 2. PDF of the propagation phase. Numerical integration of p®)(z,t|z)
(colourful dashed lines), given by equation (27a), at different times and the infinite
time NESS (32a) (solid black line) are shown. All the results are shown using xo = 0,
D =1, r; =ry =1 as parameters.

Hence, taking into account equation (26), the long-time behaviour for arbitrary (rq,72)
is achieved,

Y
1
tgr?op(p)(x,t\xo) = E_{%Sp(l’)(x, slxo) = o :f o / % exp {_N / %\x — x0|] . (32a)

~
lim p (z, t|ze) = lim s p¥(x, s|zg) =
t—ro0 s—0

™
1+ 7o

Iz — xp). (32b)

Of course, these results are consistent with those obtained by taking the infinite time
limit in equation (27), as well as with the results found in [60,61]. Note that the
normalization of propagation and refractory phases in the stationary are given by the
fraction of the average time spent in the corresponding phase, as physically expected.
In figure 2, the convergence of the integral expression (27a) of p® to its NESS (32a) is
shown.

3.2.3.  Relaxation to the steady state. We have already obtained exact expressions
for the PDFs of each phase in the time domain, equations (27a) and (27b), as well
as their long-time behaviour, equations (32a) and (32b). Still, equation (27a) is not
particularly illuminating, since one cannot infer how the relaxation to the NESS occurs
in the propagation phase in a transparent way. Figure 2 provides a hint on this issue, it
can be observed that p®)(z,t|x() reaches the steady state gradually in a central region
|z — x9| < Z(t). The typical length around the reset point in which the NESS has been
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already reached, (t), grows as t increases, establishing a dynamic separation between
a transient outer region, |x — zg| > Z(t), and the aforementioned relaxed inner region,
|z — x| < Z(t). Similar phenomena have already been observed in other resetting
setups [30,35].

In order to obtain the long-time behaviour of equation (27a), we start by rewriting
it as

1 r—x
®) (¢ td [ 1; 0
p (.T, ’.To) mexp |: 1 ( ) P

172 r — X
N S N PR —
1“1 +re \V 47D / P l ! (w, t )}
172 —(r14ra)t T — Zo
\/ tP —_— 33
Tt 47TD / exp{ 2( t )] (33)

where we have introduced the change of variable w = 1 — 7/t, and defined

2 2
Dy (w:y) = — .
4Dw’ Z(Ma y) Tow 4Dw

Note that we assume pure diffusion, as stated in equation (30), for the sake of simplicity.

Dy (wyy) = mw +

(34)

For long times, taking constant (x — z)/t, the main contribution to the integrals over w
stem from the maximum of the exponents, i.e. the minimum for ®;(w; (z — x¢)/t) and
the maximum for ®o(w; (x — x)/t)—as given by the so-called Laplace method for the
asymptotic evaluation of integrals [67]. In the following, we give a simplified picture of
the derivation of the dominant behaviour of equation (27a)—or (33)—stemming from
the Laplace method, emphasising the intuitive ideas. A rigorous derivation of a more
complex, but still explicit, formula for the long-time behaviour, which properly takes
into account all the terms involved in equation (33), as well as the subtleties stemming
from the correct application of Laplace’s method when the maximum is close to the
boundaries of the integration interval, is relegated to Appendix A.

For long times, taking constant (z — z¢)/t, the main contribution to the integrals
over w in equation (33) arises from the maximum of the exponents, i.e. the minimum
for ®(w; (x — x¢)/t) and the maximum for ®9(w; (x — x¢)/t). On the one hand, P, is
a monotonically increasing function of w and its maximum is always at the upper limit
of integration. The corresponding contribution is thus always subdominant against
the first, non-integral, term in equation (33), i.e. the one involving trajectories with no
resetting events, as shown in Appendix A. On the other hand, ®;(w;y) is not monotonic
and has a single absolute minimum at wy = |y|/+v/4Dry, since r; and D are strictly
positive. The minimum of ®; within the integration interval (0,1) is wp if wy < 1, and
direct application of the Laplace method gives

T1T9 / D T — X 1 7y 71 7‘1’ |
—eX W, ———— || ~ = —exp | —/=|z—=z
ri+ry V47D P T\ 21y +ry | D P D ot
(35)

which corresponds to the NESS (32a). However, if wy > 1, the minimum of ®; within

the integration interval is reached at the boundaries. Similarly to the situation with &5,
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this entails that the corresponding contribution is subdominant against the first term
in equation (33).
Summing up, the PDF of the propagation phase can be roughly estimated as

1 —
— T2 |: ’QJ :| , M<1/4D7’1’
27’1+T’2 \/ \/ t

1 — _
NZTT TR [‘“t‘ x4pﬁ0> ] g tm0| > VAaDr.

The above discussion explains the observed separation into two regimes: the system has

PP (x, tlag) ~ (36)

relaxed to the NESS within a certain spatial region, which increases linearly with ¢, as
given by the condition |z — x|/t < v/4Dry, whereas the transient behaviour is observed
outside, i.e. for |z — x|/t > v/4Dry.

The comparison between simulations and the exhaustive analytical approach,
obtained in Appendix A, in figure 3 shows an excellent agreement. We remark that,
despite the model and the derivation of the large deviation function in equation (36)
is considerably more involved than in the simpler case of resetting without refractory
periods, the change of behaviour of the large deviation function corresponds to a second-
order dynamical phase transition, where the second derivative of the Large Deviation
Function is discontinuous at the matching point 2=%0 = \/2Dr; [30]. Therefore, the

t
inclusion of the refractory periods does not affect this interesting feature.

4. First passage time with refractory periods

In this section, we consider the first passage time problem to a target point z;. In
the absence of refractory period (ry — o0), it is known that there appears an optimal
resetting rate 7** that minimises the MFPT [1,2]. Here, we are interested in the analysis
of the effect of the refractory period on the MFPT. On a physical basis, it is clear that the
MFPT will increase as 9 decreases, i.e. as the time spent at rest increases. Still, since
the probability distributions of resetting events and refractory periods are independent,
one might naively think that the optimal resetting rate " would remain unaffected by
ro. The analysis below shows that this expectation is not fulfilled: in fact, the optimal
resetting rate r‘fpt presents a non-trivial dependence on 7s.

4.1. General formulation

Including an absorbing boundary at x; in our system makes the former expressions
invalid: normalisation to unity is not preserved anymore. For the sake of clarity, we do
not explicitly add the parametric dependence on z;, but it is important to keep in mind
that all functions depend on it from now on, e.g. p'f)(x, t|z() refers to the propagator in
absence of resetting of a particle starting at xy with an absorbing boundary at z;. For
every propagation phase prior to a resetting event, we have to consider that the particle
has not reached the target point x,. Let Q®)(z,t) denote the free survival probability,
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p(p) (CL'? tle)

Figure 3. Comparison of the numerical and analytical PDF's of the propagation phase.
Parameter values are D =1, r; = 1, ro = 2 and ¢ = 0. Symbols stand for numerical
simulations for ¢ = 1.5 (light blue circles) and ¢ = 3 (red squares), while solid black lines
stand for the analytical approximation obtained in Appendix A, which asymptotically
converges to the rough estimation given by equation (36). Vertical dashed lines at
|z|/t = \/4Dr; indicate the separation between the inner region, where the NESS
has already been reached, and the outer region, where the transient behaviour is still
observed.

i.e. the probability of not being absorbed by the target for a time interval ¢ in the
absence of resetting, provided that the particle started propagating from zy at t = 0.
The probability of finding the particle in x at time ¢ fulfills the renewal equation

p(I,t|IO) = F(t)p(f)(x,ﬂxo)
+ / dtl f(t1>Q(f)(.’L'0, tl)W(t - tl)d(l‘ - IL‘())
+/0 dt, f(t1)Q(f)($o,t1)/ driw(m — t) p(@,t — 71]20)(37)

t1
Its integral over x gives us the renewal structure of the survival probability with resetting

Qr(x[)at)a
Qr(z0,1) = F(1)QW (0, 1)
+ / dty f(t1) QD (wo, t1)W (t — t1)

+/0 dtlf(tl)Q(f)(illo,tl)/ dle(Tl—t1>Qr(I0,t—T1)

t1

= F(H)QW (z0,1) + [(fQ(f)> xw x Q| (wo, 1) + [(fQ(f)) * W1 (20,)(38)
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Note that now the resetting distribution is weighted with the survival probability when
compared to the expressions obtained before.

To emphasise the power of our pathway formulation, we carry out an analysis
completely similar to that in Section 3. That is, we expand the PDF in a series of terms

p,(lp)’(r) corresponding to a given number of renewals n,

pflp) (z,t|z0) = H {/ de; f(t; — Ti—l)Q(f)(anti - Ti—l)/ drw(m — tz):|
i Ti—1 t;

=1
x F(t — Tn)p(f) (x,t — T|zo)
= {1(QO) )™ « (Fp9) } (2, 8), (392)
pg) (ZE, t|ZEO) = rn[ |:/t dtz f(tl — Ti_l)Q(f)(xo, tz — Ti—l) /t de' UJ(TZ' — tz):|
i=1 L/ 7i-1 ti
X / dtn-‘rl f(tn—H - Tn)Q(f) (I07 tn—i—l - Tn)W(t - tn—i—l)d(aj - ZL'())
= {[(£Q) xw] ™+ (FQU) + W } (1)0(x — o). (39b)
With this approach, we get
UEN — Q0 5) + QU T (0)| . ()

I fQ(f) (ZE07 S)@J<S)

Of course, this general result for arbitrary f and w is consistent with the results in the
literature [60,61].

4.2. Poissonian resetting and refractory period

Now we consider the same model as in subsection 3.2, the resetting time and refractory
period distributions are both Poissonian and given by equations (25a) and (25b). The
propagator in the presence of the absorbing boundary is

fo [ Co] o [ tmm2etl)

p(f) (LE, t‘x(]) =

1
Var Dt

which is valid for all z; € R. The free survival probability and its Laplace transform are

A 1 - eV
Q(f)(lU?t) = erf <§ ?d> y Q(f)(x07 S) = <42)

5
where we have defined the characteristic diffusion time between the initial position and
the target as

@ —z0) (43)

Td = D =
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-
Note that 74, and thus Q) and Q), only depends on the distance |z; — 20| between the

initial position and the target. As a consequence, equation (40) becomes
-

a:(xo, s)=(s+r;+ry) Qv (x(l’.f_j_ r) (44)

S+ 1y — T1T2Q(f)(x07 s+r1)
1 — efy/Td(S+T1)
s(s+ 1y +13) +1rree”V Ta(s )

=(s+r +1mr) (45)

4.2.1. Mean first passage time. Equation (45) for a:(:po, s) cannot be easily inverted to
time domain, but it represents an excellent resource to compute some relevant physical
properties in an exact way. Let us introduce the first passage density of the particle
being absorbed by the target:

i 8Q7»<5U0, t)

frpr(t;ma) = ETR

(46)

where we have introduced explicitly in the notation the parametric dependence on 7.
Therefrom, we derive the MFPT as the mean absorbing time,

T(ry,72;Ta) = / dtt fepr(t; a) = 1i_I>l%Qr($o;S)7 (47)
0 S
which is thus easily computable from equation (45),
1 1
T(r,79;74) = (eVT‘i” — 1) <— + —) . (48)
(&1 T

Since we are interested in the dependence of the MFPT on the parameters controlling the
typical duration of the reset events, r1, and the refractory periods, ro, we have introduced
them explicitly in the notation. As expected on a physical basis, two contributions
appear in the MFPT coming from the two summands in the second parenthesis. The
first one, which depends exclusively on 7, corresponds to the instantaneous resetting
without refractory period [1,2]. The second one stems from the refractory period that
we have introduced after each resetting event.

Despite its simple functional form, equation (48) exhibits atypical and rich
behaviour. We are interested in how the MFPT changes as a function of r; and ro—
clearly, it monotonically increases with 74, that is, it increases with the distance |z; — x|
and the inverse of diffusion coefficient D. With this knowledge, we are able to write
equation (48) as a function which only depends on r; and 79 introducing dimensionless
parameters r; = r} /74, ro = r3 /74 and T = T*714. Therefore, the MFPT is

T(r1,ra) = (¥ — 1) <i + i) , (49)

r T2

where we have dropped the asterisk in order not to clutter the formulae. This
result was also obtained in an apparently different context [68], when considering and
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Figure 4. Mean first passage time T(r1,72) as a function of the resetting rate ry
for fixed refractory rate ro. An excellent agreement between simulations (symbols)
and theory (solid lines) is found. The optimal resetting rate rP', represented by
five-pointed stars, monotonically increases with ro—in the limit 7o — oo, the value
Tgo) = (2- W(*2672))2 = 2.53964 is reached. Inset: Optimal resetting rate as
a function of the refractory period rate. We show the numerical solution of the
implicit equation for r(fpt, as given by equation (52) (solid line), and the analytical

approximation for small 7o, as given by equation (54) (dashed line).

intermittent V-shaped potential that was randomly switched on and off with different
rates. Reasonably, in the limit of the stiffness of the potential going to infinity, the
stochastic resetting with refractory periods is recovered.

4.2.2. Optimal resetting rate r{*(ry) Let us first look for the minimum of T'(r1,75) as
a function of r, for fixed 1. We clearly get that ro — oo for the best choice, reobtaining
the MFPT in the absence of refractory period [1,2],

lim T e -1 50
A, D) === i
As a function of ry, the minimum of T'(ry,re — o0) is reached at r; = rf” =

(2 + W (—2¢72))?, where W (z) corresponds to the Lambert W function, which is the
inverse function of equation f(z) = ze®, i.e. the solution of W (x)exp[W (z)] =z [1,2].

Now we focus on looking for the minimum of 7'(r1, 75) as a function of r; for fixed 5.
In figure 4, we show a couple of instances of T'(r,r2) as a function of r for ro € {1,5},
finding an excellent agreement between theory and simulations. The figure highlights
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the existence of a certain optimal curve r$** = 7**(r,), which is obtained by solving

. (9T(7’1, 7"2)
N 87’1

C2ry (T —eV™) + frieVT (r 4 13)
r(l)pt o 27”%7”2

0

(51)

opt
1

Then, rP" is implicitly given as a function of r, by
219 (1 —eV Ti)pt) 4 /roPte VI (riP +1y) = 0. (52)

Now we analyse the limiting behaviour of 7** for both r, — oo (no refractory
period) and ro — 0 (infinite refractory period). On the one hand, for ry — oo, we
obtain that the limiting value lim,., . 7{""(73) is determined by

lim 2 [Tfpt(rz)}_lm [1 —e V Ti)pt(”)] =1, (53)

ro—00

fe. limy, e P (1) = r%o)—which is consistent with the optimal resetting strategy

without refractory period previously introduced. On the other hand, it is clear from
equation (52) that lim,,_,or$*"(ry) = 0, which is logical from a physical point of view:
for infinite refractory period, the best strategy for the MFPT is to avoid resetting. A
dominant balance argument shows that r*" ~ r, in this limit.

In order to further investigate the dependence of 7" on ry for long refractory
periods (small 7y), it is handy to expand r{™ in a power series of ,/75. Substituting this
expansion into equation (52), one gets after a little bit of algebra

rPt =y — rg’/Q + grg +0 (rg/2> : (54)
A comparison between the expansion (54) and the numerical estimate for 7** is shown
in the inset of figure 4.

Our result shows that there appears a “resonance” phenomenon, which optimises
the MFPT—making it minimum—for a resetting rate that is linked with the refractory
period rate. When the resetting point zy and the target x; are close, in the sense that
o7y < 1, 79PY ~ 1y, As 1y is increased, 7** consequently increases but it asymptotically
saturates for large enough values of ro: for ro7; > 1, the optimum MFPT asymptotically
tends to its limiting value r§°) corresponding to stochastic resetting without refractory
periods.

5. Conclusions

In this work, we have carried out a thorough analysis of the effects of introducing
a time cost to stochastic resets in a one-dimensional Brownian searcher. First, we
have exploited a pathway formulation to derive general results. This puts forward an
alternative, appealing from a physical point of view, methodology to address the study
of intermittent dynamics. Second, we have particularised the results for the relevant
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case of Poissonian resetting events and refractory periods. Therein, not only have
we obtained the non-equilibrium stationary state, but also a detailed solution of the
transient dynamics in the time domain. Finally, we have studied in depth the single-
target search problem with refractory period. Specifically, we have investigated the
optimal strategy for resetting, in the sense of minimising the mean first passage time
to the target, finding that the optimal resetting rate depends on the typical duration of
the refractory phase.

From a physical perspective, the final result on the optimal resetting rate to find
a target is especially interesting. The dependence of the optimal resetting rate on the
refractory period is somehow counterintuitive, since the duration of the time intervals
between resetting events and the duration of the refractory phase are independent in
our model. The optimal strategy entails a non-trivial, resonance-like behaviour in
which the optimal resetting rate equals the inverse of the characteristic time of the
refractory period. This phenomenon is reminiscent of resonant activation [69,70] where,
when considering the escape problem in a two-well potential mediated by a fluctuating
barrier, an optimal fluctuation rate that minimises the escape time emerges. Indeed,
our resetting setup with refractory periods can be thought of as a fluctuating potential
that switches between a totally confining potential trap and zero. Just recently, the
potential connection between optimal resetting and resonant activation has started to
be explored [71], which provides an interesting perspective for further research.
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Appendix A. Asymptotic analysis of the PDF for the propagation phase in
the long-time limit

In this appendix, we derive an approximate explicit expression for the different integrals
appearing in equation (33). For the sake of compactness, in the remaining of this
appendix, we take xo = 0. The general result can be reobtained at the end with the
substitution r — x — 9.

We start by focusing on the first integral term in equation (33),

1 1 *
I = / dw w12 gt lota®/(ADwrit%)] _ / dw w172 e“"t*_iti ) (A.1)
0 0

where we have introduced the following dimensionless variables ¢* = rit and x* =
x/y/4Dr; . In the following, we drop the asterisks for the sake of a clearer notation.
For long times, Laplace’s method tells us that the integral is dominated by the maximum
of the exponent, i.e. the minimum of ¢; (w) = wt+z?/(wt) inside the integration interval
(0,1). Since the function ¢;(w) has a relative minimum at wy = |z|/t, how to estimate
the integral depends on the value of wy, specifically on whether wy is larger or smaller
than unity. Then, it is handy to introduce the change of variable w = wyv,

[ Lo du /2 gm0t (v) A
1= Wy vy e , (A.2)
0

where we we have introduced ¥ (v) = v + 1/v, which attains its relative minimum at
1o = 1. Now we asymptotically estimate I; in the long-time limit ¢ > 1, with wy = O(1),
i.e. x = O(t). We must discriminate between different cases:

(i) The relative minimum of ¢(v) at v = 1 lies inside the interval (0, 1/wy), i.e. wp < 1
or |x| < t, and, in addition, it is far enough from the upper limit, in a sense that is
clarified below.

The idea of Laplace’s method is to expand 1 (v) around the relative minimum at
v=1,
woth(v) ~ 2wt + wot(v — 1), (A.3)

which leads to a Gaussian centred at ¥ = 1 and very small width, proportional to

(wot)"Y/? <« 19. Therefore, the dominant behaviour of the integral comes from a

narrow interval around v = 1. Here, we consider that wqg is such that the whole

Gaussian belongs in the integration interval (0, 1/wy), i.e. the integral is dominated

by the contribution from (1 —e,1 + ¢), with € < 1, because we can choose ¢ such
that

O = 1wy — 1 > &> (wot) V2. (A.4)

€ Note that the following term in the Taylor series of wgty(v) is —wot(v — 1)3, which is negligible

against the retained quadratic term wot(v — 1)? where the Gaussian contributes to the integral, i.e. for
v—1=0(wet) /2.
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(iii)

With this line of reasoning,

1+e +ev/wot
I ~ Il(i) = wé/262“’0t/ dy e~wot ("=1* — ieQWDlt/ i dze ™ ~ \/Eezlxj
l—¢ \/7_f —ev/wot t
(A5)

where condition (A.4) allows for the integration limits in the last integral be
extended to +o00. Note that the obtained expression corresponds to the first case
in equation (36) if we reintroduce dimensions, i.e. the NESS behaviour (32a).

The relative minimum of ¢(v) at v = 1 lies outside the interval (0, 1/wy), i.e. wy > 1
or |x| > t and, in addition, it is far enough from the upper limit, in a sense that is
also clarified below.

In this case, the minimum of ¢ (r) within the interval occurs at the upper limit
1/wg. Hence, Laplace’s method tells us to expand (v) around v = 1/wy,
V(v) = wy+ 1wy + (1 —wd)(v — 1/wy) + wi(v — 1/wp)? and restrict the integral
to a narrow interval (1/wo —€,1/wy), with ¢ < 1. The quadratic term is negligible

against the linear one if

2
wy—1
. Al
" > € (A.6)

Assuming this “far enough” condition holds, we have

g 1/wo
I ~ 11(“) = Wwo e~ t+e)) / dy e?o! (w8 =1)(w=1/wo)
1/wo—e
e—t(1+w3) /0 e—t(1+12/t2)
= —— dze* ~ ————, (A.7)
t(w(% - 1) fwot(wgfl)s t(% - 1)

provided that the extension of the lower limit to —oo can be justified, i.e. we can
choose € such that
wot (wg —1)e> 1. (A.8)

Conditions (A.6) and (A.8) can be fulfilled without problems when wy — 1 = O(1),
since they tell us that we have to choose € small but much larger than (wgt) ™' < 1.
As wy approaches unity, 1/wy = 1 — dgy, With o < 1, conditions (A.6) and (A.8)
entail that

Oout > €, Woldoute > 1 == Goue > (wot) 2. (A.9)

This “far enough” condition makes sense: it is telling us that the separation of the
upper limit from unity (the position of the relative minimum of ) must be much
larger than the width of the Gaussian, analogously to condition (A.4).

Equation (A.7) has the same dominant contribution in the exponent that the non-
resetting term p®(x,¢|xq). However, the tails of the PDF are dominated by the
non-resetting term, as expressed by equation (36), since the coefficient of equation
(A7), (z%/t)7", is subdominant compared to that in p®, t=1/2 for x/t = O(1).
The relative minimum of ¢ () at v = 1 lies inside the interval (0,1/wy), i.e. wy < 1
or |xz| < t, but it is close to the upper limit, 1/wg = 1 + 03, with d;, not fulfilling
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(iv)

condition (A.4), i.e. 6, = O(wot)~ /2. Herein, we have

(i) 1/2  —2wgt 1 0in t(v—1)2 L ot Foim Vit 2
L ~ 177 =wy e ™0 dy gm0t =07 — =20 dze™
1—e \/g —e/wot

1 |r |z —t)
~ = Derfe [ L0 g2l A10
e () 0

where we have considered that ¢ can always be choosen such that e/wyt > 1. Note
that this expression asymptotically converges to Il(l) in equation (A.5) when the
limit d;,+/wot > 1 is considered. Thus, this expression may be used to approximate

I for wy < 1, ie. |z| < t, regardless of the value of 6.

The relative minimum of ¢(v) at v = 1 lies outside the interval (0, 1/wy), i.e. wy > 1
or |z| > t but it is close to the upper limit, i.e. 1/wy = 1— oyt With doye not fulfilling
condition (A.9), i.e. dou = O(wot)~ /2.

Following the general idea of the Laplace method, we expand v (v) around 1/wy =
1 — dout in a narrow interval (1 — doup — &, 1 — out). In (ii), € <K douy, but here we
consider that ¢ is at least O(dyy). Therefore, we get

woth(v) =~ wot [2 + 02+ 2000 (V — 14 o) + (v — 1+ 5out)2] , (A.11)

neglecting O(wtd? ), O(wotd?,.), O(wotdouie?), and O(wpte?) terms.™ Introducing

out
this expansion, we obtain

1-6oyu
I ~wy 6_(2+6gm)w0t/ t dv €7th[260‘“(VflJr‘sout)Jr(V*HéO“t)ﬂ. (A.12)
1

—dout—¢
The change of variables 20ouwot(v — 1 4 dour) = 2 allows us to write

1

I; ~
! 25011t75

0

e(2+5gut)”0t/ dz 272"/ (4050t (A.13)
—2(50utw0t€

Now we choose € such that d,uwote > 1, which makes it possible to extend the

lower limit of the integral to —oo, similarly to the other cases we have analysed.™

Finally, the explicit approximation we get is

v 1 0
[1 ~ [1( ) — 55 . €(2+5(2)ut)w0t/ dz ezfz2/(463utw0t)
— % e 0wt | /162 ot ontoterfc (\/ 5§utwot>
out

_ VTl o |z — ¢
- o (E1=1) e

+ Recalling that douy = O(wot)~ /2, we have, on the one hand, O(wotd3) = O(wet) '/? <« 1,

out

O(wotd2,4e) = O(e) < 1. On the other hand, both O(wotdoute?) = O((wot)/?e?) and O(wyte®)

must be much smaller than unity, so € < (wot)

~1/3

* Taking into account, once again, that dous = O(wot)~'/2, this implies that € > (wot) /2. So our

small parameter € must verify (wot) /3 > e > (wot)

—1/2 —-2/5

, e.g. we may take £ & (wot)
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The other integral term involved in equation (33) has a simpler analysis. We employ
again dimensionless variables, but now those stemming from the natural units evidenced
by ®,, i.e. x* = x/y/4Dr," and t* = ryt—and drop the asterisks once more. The
exponent ®(w;y) is a monotonically increasing function of w. Thus, the local maximum
of the exponent within the integration interval occurs for all cases at the upper limit.
Similarly to the case (ii) for Iy, direct application of Laplace’s method gives

1 5 t(1—z2/t?)
I = /0 dw w12 et G ~ m = (*/t + t)_l et1=7*/8%) (A.15)

In figure 3, the evaluation of the theoretical prediction (33) is performed by
computing the approximated expressions in this appendix for I; and 5.4 For the inner

) is used, while Ifw) and ]fii) are used for the outer region. The change

between [1(w) and [1(u‘) is made at the crossing point xc..ss > 0 where Il(w) =1 1(“), which

region, [ f

has been numerically obtained. Hence, the plotted line stands for:

pO (@, tlze) + I — I, 2] <t,
P @, tz0) ~ { pO(a tlao) + 10 — I, t < [2] < Turem (A.16)
p(f)(l’,ﬂl’o) + ]1(”) - ]27 Teross < |{L‘|
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