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Abstract

In this paper, we establish the proof of general Kastler-Kalau-Walze type theorems for conformal perturba-
tions of dirac Operators on even dimensional compact manifolds with (respectively without) boundary.
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1. Introduction

The noncommutative residue plays a significant role in noncommutative geometry, which has been ex-
tensively studied by geometers |1, |2]. Adler discovered the noncommutative residue for one-dimensional
manifolds in [3], where he explored the geometric aspects of nonlinear partial differential equations. Wodz-
icki introduced the noncommutative residue for arbitrary closed compact n-dimensional manifolds in [2]
using the theory of zeta functions of elliptic pseudodifferential operators. In 4], Connes used the non-
commutative residue to derive a conformal 4-dimensional Polyakov action analogy. Furthermore, Connes
claimed the noncommutative residue of the square of the inverse of the Dirac operator was proportioned to
the Einstein-Hilbert action in [5]. Kastler provided a brute-force proof of this theorem in [6], while Kalau
and Walze proved it in the normal coordinates system simultaneously in [7]. Moreover, Ackermann proved
that the Wodzicki residue of the square of the inverse of the Dirac operator Wres(D~2) in turn is essentially
the second coefficient of the heat kernel expansion of D? in [§].

On the other hand, Fedosov etc. definied a noncommutative residue on Boutet de Monvel’s algebra and
proved that it was a unique continuous trace in [9]. Schrohe established a relationship between the Dixmier
trace and the noncommutative residue for manifolds with boundary in [10]. In [11, [12], Wang computed
Wres[rT D! o 7+ D~1] and Wres[r* D=2 o 7+ D~2], where the two operators are symmetric, in these cases
the boundary term vanished. But for Wres[r+* D=1 o 77 D~3], J. Wang and Y. Wang got a nonvanishing
boundary term [13], and give a theoretical explanation for gravitational action on boundary. In others
words, Wang provided a kind of method to study the Kastler-Kalau-Walze type theorem for manifolds with
boundary.

In [17], Wang established a Kastler-Kalau-Walze type theorem for perturbations of Dirac operators on
compact manifolds with (respectively without) boundary. In [16], Wei and Wang establish two Kastler-
Kalau-Walze type theorems for conformal perturbations of modified Novikov Operators on 4-dimensional
and 6-dimensional compact manifolds with(respectively without) boundary. In [14], J. Wang and Y.
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Wang computed Wres[(r+D~2) o (x+D~"+2)] for manifolds with any dimension and boundary, and es-
tablished a general Kastler-Kalau-Walze type theorem. The motivation of this paper is to estab-
lish the proof of general Kastler-Kalau-Walze type theorems for conformal perturbations of dirac Oper-
ators on even dimensional compact manifolds with (respectively without) boundary. In this paper, the
leading symbol of dirac operator is ic(§). At the moment, the leading symbol of conformal perturba-
tions of dirac operators is not ic(§), which motivates the study of the residue of conformal perturba-
tions of dirac operators. That is, we want to compute Wres[rt P, o 71 ], where orders of P;, P, are
ai,az and —a; — az + 2 = m for even dimensional manifolds with boundary. Motivated by [14, [16], we

compute the generalized noncommutative residue Wres [W* (fDYfIDHont ((flelDl)”)] and

Wres [w*(fDl) om™ ((flefl) (fD~t. lel)")} on even dimensional manifolds. Our main theorems

are as follows.

Theorem 1.1. Let M be an m = 2n + 4 dimensional oriented compact spin manifold with boundary OM ,
then we get the following equality:

Wies |7 (/0 D 0nt (D7 D7)

2 2n+6 1
_ 7E2Z)+ - / 22n+6{ — 55 = 2/ AW — £ [lgrada, 2 + 20()] }dVolM
; /8 ) {%va(s%m%}d\/olw, (L1)

where Qo are defined in (342).

Theorem 1.2. Let M be an m = 2n + 4 dimensional oriented compact spin manifold with boundary OM ,
then we get the following equality:

Wies[x (D) o (172D - (107 D7)

(27r)2n+6

= @t /M 227%{ - %8 =21 TNA(S) = 7 |lgradyy /12 + 2A(F)] }dvolM

(=) (O)m (=)™ +1)f 10, (f)m (i—1)f 0x,(f71)
+ /6M {3 x 2n+6(3 + n)!YO + gn+2 Yi+ [ gn+3

W}Yz}d\@lakﬂ (1.2)

where Yy, Y1, Ys are defined in (£.52).

The paper is organized in the following way. In Section Pl we review some basic formulas related to
Boutet de Monvel’s calculus and the definition of the noncommutative residue for manifolds with bound-

ary. In Section [3] we prove the general Kastler-Kalau-Walze type theorem for Wres |:7T+( fD7tf~tb=1YHo
T (( fD7Lf _1D_1)")} on even dimensional manifolds with boundary. In Section B, we prove the gen-

eral Kastler-Kalau-Walze type theorem V\/}I‘_G/S|:7T+(fD_1) on™ ((f_lD_l) -(fD7t- f‘lD_l)")} on even

dimensional manifolds with boundary.



2. Boutet de Monvel’s calculus and the definition of the noncommutative residue

In this section, we recall some basic facts and formulas about Boutet de Monvel’s calculus and the
definition of the noncommutative residue for manifolds with boundary which will be used in the following.
For more details, see Section 2 in [11].

Let M be a 4-dimensional compact oriented manifold with boundary 0M. We assume that the metric

g™ on M has the following form near the boundary,

1
M oM 2
- d

9 )’ +dzy,
where g?M is the metric on M and h(z,) € C>([0,1)) := {/f\L|[071)|/f\L € C*((—e&,1))} for some ¢ > 0 and
h(zy,) satisfies h(zy,) > 0, h(0) = 1 where x,, denotes the normal directional coordinate. Let U C M be a
collar neighborhood of OM which is diffeomorphic with OM x [0, 1). By the definition of h(x,) € C*°([0, 1))
and h(z,) > 0, there exists h € C°°((—¢,1)) such that h|jg 1) = h and h > 0 for some sufficiently small ¢ > 0.

Then there exists a metric ¢ on M = M |J,,, OM x (—¢,0] which has the form on U J,,, OM x (—¢,0]

BN
h(zn)

(2.1)

/

9 = (22)

such that ¢'|ps = g. We fix a metric ¢’ on the M such that JIv=g
Let the Fourier transformation F’ be

Fo 2R — L2(RY): F'(u)(v) = / et (t)dt
R
and let
rt: C®R )—>C°°(R+) f—>f|RJr R+—{x>0x€R}
We define H+ = F/(®(R*)); Hy = F/(®(R-)) which satisfies H* LH; , where ®(R+) = rt®(R),
®(R-) = r~®(R) and ®(R) denotes the Schwartz space. We have the following property: h € HT

(respectively Hy ) if and only if » € C°°(R) which has an analytic extension to the lower (respectively
upper) complex half-plane {Im¢ < 0} (respectively {Im& > 0}) such that for all nonnegative integer [,
dlh
d«fl Z dfl gk

as €] = +00,Im¢ < 0 (respectively Im& > 0) and where ¢, € C are some constants.
Let H' be the space of all polynomials and H~ = Hy, @ H'; H = H* @ H~. Denote by 7T (respectively
7~) the projection on H (respectively H~). Let H = {rational functions having no poles on the real axis}.

Then on H,
_ L h(§)
ThiEo) =55 m /m L (2.3)

where ' is a Jordan closed curve included Im(§) > 0 surrounding all the singularities of & in the upper
half-plane and & € R. In our computations, we only compute 7w+ h for h in H. Similarly, define 7’ on H,

1

/ = — . 24
w'h o7 Jos h(&)d¢ (2.4)
Son/(H™)=0. For he HNL'(R), m'h = 5= fR (v)dv and for h € HT LY (R), 7’h = 0.
An operator of order m € Z and type d i 1s a matrix
_ P+ G K C>®(M,Ey) C>(M, Es)
A: T § . @ — @ ,
C>(0M, Fy) C>(0M, F»)
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where M is a manifold with boundary OM and E;, E> (respectively Fi, Fy) are vector bundles over M
(respectively OM). Here, P : C3°(2, E1) — C*(Q, Ey) is a classical pseudodifferential operator of order m
on ), where ) is a collar neighborhood of M and E;|M = E; (i = 1,2). P has an extension: &'(Q, Ey) —
D'(Q2, Es), where £'(2, E1) (D'(€2, E3)) is the dual space of C>=(2, E1) (C§° (€2, E3)). Let et : C*(M, Ey) —
&'(Q, B1) denote extension by zero from M to Q and 7+ : D'(Q, Ez) — D'(£, E2) denote the restriction from
Q to X, then define
7t P =rtPet :C®(M, E) - D'(Q, Es).

In addition, P is supposed to have the transmission property; this means that, for all j, k, o, the homoge-

neous component p; of order j in the asymptotic expansion of the symbol p of P in local coordinates near
the boundary satisfies:

0k 9gp;(a,0,0,+1) = (1) ~1*19F dgp;(2’,0,0,-1),
then 7t P : C°(M, E1) — C*(M, E3). Let G, T be respectively the singular Green operator and the trace
operator of order m and type d. Let K be a potential operator and S be a classical pseudodifferential
operator of order m along the boundary. Denote by B" ¢ the collection of all operators of order m and type
d, and B is the union over all m and d.

Recall that B™? is a Fréchet space. The composition of the above operator matrices yields a continuous
map: B™% x B™d _ grtmimax{m’+d.d} \rite

~ TP+G K ~ TP+ G K ’
A(; + §>€Bm,d7A/<;l + gl)eBm,d.

The composition AA’ is obtained by multiplication of the matrices (For more details see []). For example
7t Po G’ and G o G’ are singular Green operators of type d’' and

7t Pont P =at(PP')+ L(P,P).

Here PP’ is the usual composition of pseudodifferential operators and L(P, P’) called leftover term is a
singular Green operator of type m’ + d. For our case, P, P’ are classical pseudo differential operators, in
other words 7T P € B> and 7+t P’ € B>~ .

Let M be a n-dimensional compact oriented manifold with boundary 0M. Denote by B the Boutet de
Monvel’s algebra. We recall that the main theorem in [9, [11].

Theorem 2.1. [9](Fedosov-Golse-Leichtnam-Schrohe) Let M and OM be connected, dimM = n > 3,
and let S (respectively S’) be the unit sphere about £ (respectively £') and o(§) (respectively o(£')) be the

~ TP+G K
corresponding canonical n — 1 (respectively (n — 2)) volume form. Set A = ( ; + 3 ) € B, and
denote by p, b and s the local symbols of P,G and S respectively. Define:

Wres(A) = / /~ traces [pn(x, )] 0(£)dz
x J§
+ 27r/ | {traceg [(trb—y) (2", &)] + tracep [s1—n(2',&)]} o (&) da’, (2.5)
ax Js

where Wres denotes the noncommutative residue of an operator in the Boutet de Monvel’s algebra.
Then a) Wres([A, B]) =0, for any A,B € B; b) It is the unique continuous trace on B/B~>°.

Theorem 2.2. [18] For even m-dimensional compact spin manifolds without boundary, the following equality

holds:

Wres [fo_lD_l] . gﬂi/ trace{ - is —2fTA(f) — f2|grad,, f2 + 2A(f)]}dvolM, (2.6)
(5 =2 12

—2)!
where s is the scaler curvature.



3. The noncommutative residue m[ﬂ+(fD_1f_1D_1) on™t ((fD_lf_lD_l)")] on even
dimensional manifolds with boundary
Firstly, we recall the definition of the Dirac operator. Let M be an m = 2n + 4 dimensional oriented

compact spin Riemannian manifold with a Riemannian metric ¢™ and let V* be the Levi-Civita connection
about g™

Set €, = 6%, e; = +/h(rm)e; (1 <j<m—1), where {e1,---,em—1} are orthonormal basis of TOy;.
In the local coordinates {z;;1 < ¢ < m} and the fixed orthonormal frame {€j,---,€,}, the connection
matrix (ws,) is defined by
VL(gla"' agm) = (glv"' 7€m)(w51t)' (31)
Let c(€;) denotes the Clifford action, which satisfies
c(@)e(@)) + e(E)e(@) = ~20M (@, ;). (3.2)
In [19], the Dirac operator is given
D=3 c(@)[E - 1 S wn@el@el@) (33)
= c(e)|e — =) wsi(€)c(Es)e(er)]. )
1=1 4 s,t ! t

Set a Clifford action ¢(X) on M and X = Y aneo = X7 + X,,0,,, = > X;0; is a vector field. We define
a=1 j=1
v = x4 1 Z(Vxez,eﬁ ¢(€:)¢(€;), which is a spin connection, where L(X) = L S (VE &, &)c(@;)e(E;).
i

And let g% = g(dzz, dzj), £ = > &;dx; and vgiaj = ZFfjﬁk, we denote that
k i

1 _ y . 3
0i = = D wetl@)e@)e@)e@); € =gt T =giTh; ol = gio, (3.4)

Then by [11] and o(0,,) = i&;, we have the following lemmas.
Lemma 3.1. The following identities hold:
01(D) = ic(§);
1 e\~ g~
D)=-7 D wer(@)e(@)e(E)e(@r)

2,8,t

oo (VR ™) = L(X);

VS(TM) Z X,

By the composition formula of pseudodifferential operators, we have



Lemma 3.2. The following identities hold:

0’_1(D_1) — \/EZ(E)y

o_a(fDfTIDTY) =0 o(D7?) = |¢]7%
oo [(fDT DT = (D7) = €72
O_on—1(D72"71) = V/=1e(§)[€] 72

7-a(D~") = LTI 4 LS clan) o, )T - c(c10, (6]

o_3(D72) = —/=1[¢| 71 (TF — 20%) — V=1|€| 75267 €,£450; 97
n—2
T—on1 ((flelDl)"> =n-o8 o s(fD DT i Y 0,08 N, 05 (03, (35)
k=0
where o9 = (1 +§,2n)2.

Since © is a global form on M, so for any fixed point g € OM, we can choose the normal coordinates U
of g in M (not in M) and compute O () in the coordinates U = U x [0, 1) and the metric -~ g™ +dz2,.

) h(@m)
The dual metric of g™ on U is h(x,,)g?M + da2,. Write g = gM(a%i, 3%); g3y = gM(dxi, dxj), then
1 oM i,
g} = | FGm) lg5"] 0], [g%9] = h(zm)[gza] 0
“J 0 1]’ M 0 1|’

and

Let {e1, -+ ,em_1} be an orthonormal frame field in U about g?™ which is parallel along geodesics and
€; = %(zo), then {€1 = \/h(zm)e1, s ém—_1 = \/h(xp)em—_1,€m = dz,, } is the orthonormal frame field in

U about g™ Locally S(TM)|U = U x Ne (%) Let {f1,---, fm} be the orthonormal basis of AE(%). Take
a spin frame field o : U — Spin(M) such that 7o = {&1,--- , &} where 7 : Spin(M) — O(M) is a double
covering, then {[o, f;],1 < i < m} is an orthonormal frame of S(T'M)|5. In the following, since the global
form © is independent of the choice of the local frame, so we can compute trg(ras) in the frame {[o, f;], 1 <
i <m}. Let {é1,---,én} be the canonical basis of R™ and c(¢;) € clg(m) = Hom(A5 (%), A&(%)) be the
Clifford action. Then

0 0

c@) =llo,e(@))l; - elello: fi)l = lo (ele) fils - 5= =l 5=)),

then we have %c(é}) = 0 in the above frame. By Lemma 2.2 in |11, we have

Lemma 3.3. With the metric g™ on M near the boundary

if j <mg

azj(|§|52]M)(1'0) { 2/,(0)|§/|2mm ifjjim. (3.6)
0, if j <m;

8Ij [C(f)](l‘o) = { 8mn(c(£’))($0), if j=m, (37)

where £ = &' + &dxy, .



In the following, we will compute the residue \%[w*‘(fD_lf_lD_l) onm™t ((fD_lf_lD_l)”)] for
nonzero smooth functions f, f~! on even dimensional oriented compact spin manifolds with boundary and
get a general Kastler-Kalau-Walze type theorem in this case. By Theorem 2.1l we have

v”v?&{ﬂ(flelDl) o w*((flelDl)")}
/ / traces(rarn) [o—n (fD7 f7'D™H) )]0 (€)da +/ P, (3.8)
M Jig=1 oM
where
B \O¢|+]+k+f a a a 1 1 1 / /!
= ———trace ; D~ f~" D~ 0, &m
- L] szoza,ﬁkﬂ)r scan [02,080% 0 (FD 71D 0.6 6n)
x0g, 0L au((fDTL DT ) (@,0,€', 6n) | démor(€))da, (3.9)
and the sum is taken over r —k+|a|+ 4 —j—1=—2n+4),r < -2, < —2n.
Then, by Theorem and direct computations, we have the following theorem.

Theorem 3.4. If M is a 2n+4-dimensional compact oriented manifolds without boundary, then the following
equality holds:

n+1
Wres (fD_lf_lD_l) 1
_ %/Mf”%trace{%sQflA(f)f2[|grade|2+2A(f)]}dVolM, (3.10)

where s is the scalar curvature.

Locally we can use Theorem B4 to compute the interior term of (B8], then

/ / traceg(rar) [a_n((fD1le1)”+1)]a(§)d$
M Jig=1

(27T)2n+6

= Gnra /M 22”*“{ - 11—25 —2f7'A(f) - f_Q{IgradeF + 2A(f)} }delM, (3.11)

so we only need to compute [, ®
When m = 2n + 4 is even, then traceg(ranlid] = 2%, the sum is taken over r — k + |a| + £ — j =
—2n —3,r < —2,¢ < —2n, then we have the faM ® is the sum of the following five cases:

case (&) M) r=-2,1=-2n, k=35=0, |o| =1

By 39), we get
case (a) (I
/5 " 1/ Z trace [8,?,7T;m0_2(fD_1f_1D_1) X 095 0¢,, T—an ((fD_lf_lD_l)")] (x0)
* lal=1
Xdémo(&)da', (3.12)

By Lemma [3.3] for ¢ < m, then

. <o ((flelDl)”)> (20) = 00, (16172 ) o) = (-mlel 2201, (6P )am) =0, (313

7



so case (a) (I) vanishes.
case (a) (II) r=-2,l=-2n, k=a| =0, j=1
By @), we get

case (a) (IT)

1 +oo el 1p-1p-1yn
= §/|§'|_1 /700 tracel@zmwgmag(fD Ly=iD 1) ><852m02n<(fD Ly=ip 1) )](xo)

xd&mo(€)da'. (3.14)
By Lemma B3] we have
11y R (0
ame',Q(fD 1f 1p 1)(1'0)“5/':1 = ﬁ (315)
By the Cauchy integral formula, then
1 el e , 1 . nLi?i,Lz'u—m
700,02 (IO TID o) = <R (O0) g [ Sy,
_ P(0)(E&m +2)
el (3.16)
From Lemma B.2] we have
02, 020 (1D 17070 ) au) = &, (17"} 00)
= n(n+1)(€7) 729, [¢1) (o) — n(lg?) 102, (1€ (x0))
- ((4n +2)E2 2)n(1 +€2)(n=2), (3.17)
We note that
o0 h/ - m o
/OO {% X ((4n +2)€2 — Q)n(1 +&)n 2)]d£m
_ NW(0)-n / (4n + 2)i& + (44 8n)&2, — 2i&m — 4d§
I S ) [ [ e
_N(0)-n 2w [(4n +2)i€3 + (4+ 8n)E2, — 2ik,, — 4] (n+3) o (318)
IR (&m + )"+ o |

Since m = 2n + 4 is even, traceg(ran)[id] = dim(A*(2%5t)) = 2772, Then we obtain

case (a) (II) =

_onp/(Q) . i €3 2~ 2ig,, — 4]
—9"/(0) - i [(4n+2)z§m+(4+8n)5m 2im 4} e mida’, (3.19)

Vol(Sa,
where Vol(Sa,,42) is the canonical volume of So, 2.

case (a) (III) r=—-2, 1 =—-2n, j=|a| =0, k=1



By (E3), we get

case (a) (III)

= ,l/ /+ootrace O, 5 o_o(fD fID™Y) x O, 0, 02n<(fD1f1D1)") (x0)
2 Jigr1=1J oo e o

xdémo(€')da’

+oo
= %/5’—1 [m trace [8§mngma_2(fplflpl) X Oy, 0_on ((fplflpl)n)l(xo)

xdémo(€)da . (3.20)

By Lemma 3.2, we have

02, s o o(fDTHFTID T (o) |jer=1 =

€0 320

and
Or.n <azn(<fD1f1D1>”)> (20) = O, <<|§|2>") (w0) = H'(0)(=n)(1 +€2) ™", (3.22)
Then
/_O; trace [ﬁ x h'(0)(—n)(1 + §3n)_"_1}d§m
SO N L on+2 1
i-n-h (0) 2 /p+ (fm —’i)("+4)(€m +Z‘)(n+1)d§m
/ n+3 m 1 (%)
Then (ns3)
272/ (0 1 " ,
case (a) (III) = (7117”3)!()%1(“%”*” [m} e, —ida’. (3.24)
case (b)r=-2,l=-2n—-1, k=j=|a|=0
By (39) and an integration by parts,, we get
case (b)
= 71-/ /+OO trace lﬂ; o o(fD7 fTIDTY) X O, 0—0n1 <(fD_1f_1D_1)”>] (xo0)
g/ ]=1J —o0 "
X o (€)da’
—+o0
= i/.f’_l [m trace [8§m7r§mog(flelD1) X 0_op—1 ((flelDl)">] (x0)
xd&mo (& da'. (3.25)
By Lemma 3.2, we have
O, 8 o o(fDHfTID T (o) jerj=1 = ‘ (3.26)
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Using the recursion formula (4.20) in [7], we get

T3 n (D7) (@,8) = 05 n (D" Yoyt + 08 T o y(D72) = Ve, 08 F0, 05 (3.27)

n

Then we obtain by induction
s (1071707 ) 0
= 0o ((fD‘lf‘lD‘l)”‘l)Ugl +o Mo s(fDTTIDTY) i 008 0y, 05!

= n-o™o_s(fD D! Zagu S N Coa (3.28)

In the normal coordinate, g%/ () = 67 and 0u,(9°%)(20) = 0,if j < m; 0y, (9%7) (o) = h'(0)og, if j =m
So by Lemma A.2 in [11], we have I'(zo) = 2% 1/(0) and ['*(xg) = 0 for k < m. By the definition of 6*
and Lemma 2] we have 6™ (z¢) = 0 and 6% = 1h’(0)c(éx)c(em) for k < m. So
o_s(fD fFTIDT ) (o)l er)=1
= —z‘|§|‘4sk<rk = 26) (o)l =1 — 1l€]7°27€a€p0; 97" (w011 =1 — 7l€] €k [e(D) - £ - e(df )]

B ' @) 43, 2ih/ (0)em i - _
B (1+§2 ( 0) 3 &uel@)e(En) — =5 (06m) - (T+e)p (At ng [ete)
< f - e(df )] (3.29)
We note that flf/\zl & - &og+10(E') = 0, so the first term and the fourth term in (3229) has no contribution

for computing case (b).
On the other hand, we have

o8 (o) = (14 €2,)0-™), (3.30)

and
Ou, (|€]7%)(0) =0, j<m. (3.31)

Then

n—2
~iY " 0,08 "M, 05 (031) " (20)
k=0

n—2 n—2
= =Y O, [(ER) 0, (7)1 1ED 72 = 3 (P T — n+ k)26alel T (0)(1+ €2) 7
= k=0
n—2 n—2
= i) (1+&)TA+E) TN 0)E(—2n+2k+2) =i > W (0)(—2n + 2k +2)€, (1 + €2)
k=0 k=0
= iR'(0)(—n? +n)E, (1 +£2) 2, (3.32)

In conclusion, we obtain

oot (D7D ) )

—i(2n + 3N (0)&m 20l (0)ém
2(1+€2,)2 (1+&2)°

= n(+e)( ) =i O)(n? = mgn(1+€2) "D, (3.33)

10



From ([3.28) and [3.33), we obtain

. e i o ien( i 2n+3
case (b) = 2/5/_1 /_oo trace{ T x [n(l+&5) ((1+§72n)2 X — R(0)&m
2ih' (0 Em .1 —n— /
- < 0)( e (1 €)Y }d§m0(§ )do
_ zh’(O) —2n(2n + 3)& + (—8n? — 10n — 4)&, ,
= V01(52n+2> /IUr (fm — i)"+4 (Em T i)n+2 dénd:c
B m/(()) nio 2m [=20(2n+3)€3 — (8n® +10n+4)6, 1"
- g VollSans2)2™ (n +3)! { (&m + 1) 2 } =i
27 (0) —2n(2n + 3)€3 — (8n2 + 10n + 4)&, 1" ,
= o) Vol(Sapn+2) [ (Em )P } le,,=idz". (3.34)
case (¢) r=-3,l=-2n, k=j=1a|=0
By @), we get
case (¢) = fi/ /+OO trace [ﬂgngg(fplflpl) X O, 0_opn <(fD1f1D1)n>‘| (xo0)
|€"|=1J —o0
Xd&mo (&) dx' (3.35)
By Lemma 3.2, we have
9%, [o—_%((fD-lf-lD-l)")] (20) = 2, ((61)™ ) (o) = —20n (142077 (339
By the Cauchy integral formula, we obtain
m _ 1 Nm
wwvar) = e G
- o]
(Em = nm) (07 + )% ] Ina=i
i
T A 02 (3:37)
and
—+ gm _ *i . 1
A =) Rl T e (3:35)

In conclusion, we obtain

mé (0D o)) = i (), (

(2n + 3)§m 26m )
20+&,)*  1+&)°

= —il’(0) [(2” +3)me, ((1 f’an)z) o (ﬂfﬁ)}

i(2n+2) 1
S =i+ e )

- ih’(O)[ (3.39)

11



Therefore, by (3.36) and [339), we have

. Hoo —2 €m 27/ (2 +2 1
case (¢) = —z//l_l /_oo trace @ X 1 (0)[25((521))2 +4(§m7i)

= (—n)2"Vol(S2n42)h'(0) /p+ (ZL”:SZ?Z(;QTBQ%

. ” dmo(€')da’

démda’

. (n+3)
o on , 27 (2i(n+ 1)&, + 2n + 4)&, o
= (—n)2"Vol(Sap12)h'(0) CF R le, =idx (3.40)
Since ® is the sum of the case (a), case (b) and case (c), so
271/ (0)mni {471@'53 —4(2n+2)€2, + (dni + 8i)§m} (n+3)
® = ————Vol(Sm " “n ~m —i
(n+3)! ol(San-2)dx (Em + 1) 12 &
2"h/(0)mni
= ﬁvol(52n+2)d$/ . Qo, (341)
where
-3 2 . . (n+3)
Q0 = [—4m£m —4(2n +2)&2, + (4ni + 8z)£m} et
- (Em + 1) F2 b=t
= (=1)"(n+3)!(1+ 4"+ [(2 +2i)nC”, 5+ (L+i)(n—2)C™FL, — 34+4)C™F2,
—Ccme 2} (3.42)

Combining (BI1) and (B41]), we obtain Theorem 1.1.

4. The noncommutative residue \m[ﬂ+(fD_l) o7r+((f_1D_1) . (fD_lf_lD_l)")] on even

dimensional manifolds with boundary

In the following, we will compute the residue Wres [w*(fDl) ont ((f’lD’l) : (flelDl)”)] for

nonzero smooth functions f, f~! on even dimensional oriented compact spin manifolds with boundary and

get a general Kastler-Kalau-Walze type theorem in this case. By Theorem 21l we have
Wres [w*(fDU ort (/71D (fD1f1D1>")}
/ / traceg(ran [0—n ((fD' ' DY 1] 0(&)dx + / U, (4.1)
M Jlgl=1

oM

where

+oo0 \a|+]+k+€ aj 5 ak +rp1 , ,
= -t A - 0 m
/£/| 1/ ZOZ Oé' ] T k+ 1 raceS(TM)[ T YE fm,ar (f )(‘T ) a€ a€ )
%02, 0508 ai((F7I D7) - (FDTTIDT) ) (@,0,€ ) | d6ma(€)da (4.2)
and the sum is taken over r —k+ ||+ —j—1=—2n+4),r < -1, < —2n—1.

12



Locally we can use Theorem [3.4] to compute the interior term of (3.8)), then

/ / traceg(rar) [on((flelDl)”H)]o(f)dz
M Jg|=1

2n—+6
% /M 22n+6{ - %s —2f7IA(f) - f72 [|grade|2 + QA(f)} }dVOhVI’ (4.3)

so we only need to compute [y, ¥
When m = 2n + 4 is even, then traceg(ranlid] = 2%, the sum is taken over r — k + |a| + ¢ — j =
—2n—3,r < -1, < —2n — 1, then we have the faM ¥ is the sum of the following five cases:

case (1)r=-1,l=-2n—-1,=k=0,|a| =1.

By (E2), we get

case

+oo
= / / trace 8g‘/7rg:no,1(fD*1) X 051 0¢,,0—2n—1 <(f1D1) -(fD~*- lel)">1 (20)
l¢’|=1

\a|1 L

xd&mo(&)d
+oo
- / / trace ag,wgm (fa_l(D_l)) x 0% 0k, (f_la_gn_l(D_Q"_l))] (w0)démo(&)da'
/‘ 1

— _//_1 /_:o o%_:ltrace{f -0gmd (0-1(D7h) x {(ag,(f—l))agm (U—2n—1(D_2"_1)) s

x 0% 0k, <02n1(D_2"_1))} }(zo)dgma(g’)d:c’

)T
lgr]=1 \a|1

y Za% /El-l /+OO > trace [83/7@; (0-1(D71)) x O, (02n1(D2"1)>] (o)

* al=1

xd&mo(€)dx'. (4.4)
By Lemma 2.2 in [11] and (3.12) in [14], we have for j < m

Oz;0 201 (D" 1) (o) = Bay [V—=1c(€) €] 77
= V=1[0s,¢(&)](x0)|€| 2" 7% + V=1c(€)0s, (€] ) (20) = 0, (4.5)

trace |f?§i7r§n (0_1(D71)) x 8%0e,, <02n1(D2”1))] (x0)dEémo (&) da'

SO

“+o0
/|5r|—1/ Z trace [8?#2; (01 (DY) x 0%, (U on_1 (D2 1)>] (20)démo(€)da’ = 0. (4.6)

* lal=1
By Lemma [3.2 and direct calculations, for ¢ < m, we obtain

0gm o_1(D™1)(xo)ljerj=1 = 0,7l o-1(D7H)(o0)ljer =1
c(dwi)  &i(m — 20)c(€) + Gic(dam)
2En 1) 2&n i) | o

13




and we get

) (204 VT [6e(€) + (i)
O, (U—2n—1(D_2n_1)) = \/;;(wi ) [|§|2n+4 } (4.8)
Then for i < m, we have
trace l@g‘ﬂrgnol(Dl) X O, (Jin(D2n1)>] (z0)
dz,,)? ) dx;)? ) )
= —¢trace [2(€m6£ ;E)2|?€|2”+2} — digm&itrace [—2(67”6(_ f)|?f|2”+4} + 4i&m&i (Em — 21)
c(&)’ : c(dam)®
xtrace[2(§m — i)2|§|2”+4} + 41572n&trace{2(§m - i)2|§|2"+4] (4.9)
We note that i < m, f‘g,‘:l &o(€)=0,so
—f O, (f trace | 0, (D7) x O, (o n— (D_2"_1))] (z0)
j;n /51/ ;lr lgﬁgol ‘ o ’
xdgmo(¢')da’
_— (4.10)
Then we have case (1) = 0.
case (2)r=-Ll=-2n—1,|la|=k=0,j=1.
By ([@2), we have
case (
+oo
= ——/ / trace azmﬂ'grma_l(fD_l) X agma_%_l ((f_lD_l) . (fD_1 . f_lD_l)")] (x0)
1€ =1
xd&po (€ )dx

+o0 I
= 75/ / trace 8Im7rg:no,1(D*1) X 0F 0_on—1 <D2"1>] (z0)déma(E)da’
¢/=1 J o0 i

*lfflaxm(f)/ /*00 trace [W? o_1(D7") x 0 o_on—1 (D%zl)] (x0)démo(&)da’
2 j&/1=1J—c0 " ’

+o0 1
= 7%/ / trace lagmammwgmal(Dl) X 0_on_1 <D2"1>] (20)démo(&)da — 3
er=1J oo

~1 e + -1 2 —2n—1 N7
X7 0s,, (f) /|§/|1/ trace lﬂgmd_l(D ) X O¢, 0—an-1 (D )] (x0)d&ma(E)da'.  (4.11)

By (2.2.23) in [11], we have

e e, o1 (D7) (@0 1erj=1

_ Oen[dE)](0) ' ic(¢) (&) +ic(dzy)
= e +\/_h()[(§m_i)+ T } (4.12)
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So

02, mg 0z,,0-1(D™H)(w0)]jer =1

_ O, [0(51)] (330) 4 \/—_lh/(()) ic(¢) 4 c(&') +ic(day,) .

4(6m —1)° 8Em 07 T 246, — i) (4.13)

We know that

Con1y _ VI[e(E) + Ene(dam)]
U—Qn—l(D ) - (1 +§72n)n+1 ’ (414)

By the relation of the Clifford action and traceAB = trace BA, then we have the equalities:
trace[c(¢)e(dzm)] = 0; trace[c(dzm,)?] = =22 trace[c(€')?] (20)| 1121 = —2"%;
trace[ds,, c(&)c(dzm )] = 0; trace[ds,,c(&)c(€)] (zo)|jer=1 = —2"T'h/(0).
By (@10), @I3) and (£I4), we have
trace {8§mamm7rgno,1(D_1) x U,gn,l(D_Q"_l)} (@0)jer/=1
! . / / . . 7
t{ [6 ENw0) | ) A | )+ w(de  ile(€) + Emeldan) }

4(&m —1)? 8(6m — )% 24(&m —1)* (1+&3)m !
o [ [P e@] ) | (36 )W(O) L K O)eldrn)] | VIIE) T Encldrn)
- {[ i R i (G i 1 L (AT }
_ 2" LR (0)d
= 20+ 1) (6 = i)”+4- (4.15)
Thus, we have
1 oo 2 -1 —2n—1 A
-3 /|§r_1 /700 trace [85m’81m7r?m’01(D ) X 0—on—1 (D )] (x0)dEmo(Eh)dx
n+1p/ T (n+3)
= V01(52n+2)% [(E’m + i)_n_l +3 le,,—ida’, (4.16)

where Vol(Sa,,+2) is the canonical volume of S, 12 and denote the p-th derivative of f(&.,) by [f(fm)](p).
By (4.14) and direct calculations, we have

72(” + 1)Z§m [C(§/> + gnc(dxm)]

O¢,, 0—on_1(D7271) = T2y (4.17)
and
02 0_op 1 (D727
_ A+ D0+ 2)(e(€) +meldim))  6me(dan)(n+1) +2(n + De(@) ] (4.18)
(14 &,)m*3 (1+&5,)m+2
On the other hand, by calculations, we have
w0 (D) o)l = 0(5;)(2m_rjc_(—‘f§”M)- (419)

15



By (@.11), (418) and [.19]), we get
trace {ﬂ'gmo_l(D_l) X agma—%—l(D_%_l)} (o)

22+ 1) [20€2, (0 + 2)(1 + &m) — (26m — i — i) (1 + &3]
= , , , (4.20)
(&m — )" H4(&m + 073

then we have

_lf—lamm (f)/ /+OO trace lﬂ'g o 1(D7") X 0F 0_om (D_Q”_l)] (w0)dépo(&)dx'
2  lgl=1d o0 " "

—rif10, /
= WTg))’?vausMﬁ)Godx, (4.21)

where
22(n + 1)[(2n + 30 + 2)€3, + (2n + 3)i€2, + (2 — )&y — 1] 1Y
(&n + 1) o e

o

Combining (1)), (@I6) and @Z1]), we obtain

27t p (0) 1 (nt3) - wif 0., (f)
12(n + 3)! ((gm +i)”+1) lem=i = (n+3)!

case 3)r=—-1,l=-2n—1,|la|=j=0,k=1.

case (2) = { Go | Vol(Say42)dx’.

By ([4.2), we have
case (a) (3)

+oo
_%/l | / trace [afmﬂ'g'moq(fD*l) X O, Ox,,0—2n—1 ((lel) (/D7 lel)”>} (o)
gl=1J-00
xd&mo (&) da’

—+oo
= %/| | / trace l@gmwgﬂal(Dl) X O¢,, 0z, 0—2n—1 <D2"1>] (20)d&mo (&) da'
¢'=1J -0

+oo
f%f + 0, (f71) /E | / trace [&mﬂg’mal(Dl) X O, 0_an_1 <D2n1)] (20)dEm o () da
"N=1J -0
1 +oo
- 5/ / trace 852m7r§m0*1(D71) x ‘9zm02n1<D2"1> (xo)démo(&)da!
[¢']=1J~c0

+oo
_%f -y, (7Y /m_l [m trace [Ggmﬂgmo_l(Dl) X O, 0—on—1 (Din)l (z0)
xd&mo(€)da'. (4.22)

By (2.2.29) in [11], we have

B2 1t o1 (DY) (o)l = ST IADTm), (4.23)
e (&m —0)°
By Lemma (3.2]), direct computations show that
e 0-1an (D1 )y = Yozl w) _ L DN (O)clE), (4.24)

(T+€2) T+e)
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According to the above three formulas and the Cauchy integral formula, we have

1 Foo
3 /§/|1/ trace l@gmﬂ;mo_l( ) X Oy, 0_op—_1 (D2n1)

= o] e lzfié’x“ D) L0t DO g, 10

oo 2 2 1)&m + 2 ,
- /§| 1/ 2n+1h/ Zf (n+ )5 +n+75nd§m (5 )d:L'

02 (En — i)
k(0 0)2"+1Vol(Say,12)dz’
- TR G, (4.25)

(w0)d&mo(£')da’

where
—i€2 — 2+ )& + 2ni] "

@= G T =

By (2.2.29) in [11], we have

’ ic(da,
O, 74, 0-1(D o) = L) (1.26)
Combining (£I7) and [@26]), we have
on+2 1), (1 m
trace[agmwgno,l(pfl) x O, (o,gn,l(pf%*l))](zo)hf,‘:l =G E"Z;H?fé (Jj)fw), (4.27)

then we obtain

—%f O, (f // B /+OO trace [agmwg o_1(D7) % O, 0-2n—1 (D_2"_1)] (w0)d&ma(&)da'
[0z, (f )W

= L Im 7 Vol(Sopio)dz’ - Ga, 4.2
(n +3) Vo (SQ +2) X GQ ( 8)

where

o[22 Dign(1+ ) ("+3)| _

T (Em + )72 b
Then

hl 0 2n+1 . am —1 ]
case (3) = ﬁGl + %%I)GQ - iVol(Sap42)dx’

case (4)r=—-1,l=-2n—-2,|a|=5=k=0.
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By ([@2), we have

case (4)
+oo
= —q /|g/—1 /_oo trace{ﬂgrma_l(fD—l) X afmd_zn_g((f_lD—l) (fD1. f_lD—l)n)} (=0)
Xd&ma(fl)dl'/
+oo
-, / e laf”?m‘”(f D) 0 (707 (D7 lel)n)] (w0)
|€’1=1
Xdémo 2!
+oo .
= /5 N / trace{agmﬂ'g fO' 1( )) X |:(f—10_2n_2(D—2n—1) + Zafj(|§|_2n_2)
1 2

X(Ul(D)@zj(f))]}(:Co)dﬁma(&')dw'
= /§| 1 / = trace agmwgm a,l(Dfl)) x o,gn,z(pf%*l)} (20)dEmo (€')dz'

—f—z/g 1/+ootrace[3§mﬂg o_1( Zaﬁy €| ~2n— 2){01(D)3 (f)ﬂ(xo)

Xdemo (€)da (4.29)

By (3.8) in [14], we have:

0 —2n-1(D7") = noy(D?) "o _y(D7?) - szj Oe, 05 " (D?)d,,05 (D) (02(D%) F. (4.30)
By Lemma 2.2 in [L1], we have 7
_il Be, (1€]72"2), (c(€)) (o) jer =1 = —2(n + D (1 + €2,)7"720,., [e(€)] (o), (4.31)
and
—z’gé@@%“k(D%%ag1<D2)<02<D2))-ﬂ iel©oo)erms = HPECEI a
By (3.26) in [14], we have
- 4 ;52 ) (lh'<o>c<s Jeld) " 1h’(0)§m) AT 525;” (433)
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So by (£30), we have
O—2n—2(D7*" M) (20) 7|21 = O—2n—2(D7** 7% D)

= 1
= Z(—i)‘”"JGE[U(D‘Q”‘Q)]C'??[U(D)]

|a|=0

= 0 o a(D7P")o0(D) + 0_2n-3(D7 o1 (D) + Y (=)0 [o—an—2(D " 2)]0%[01(D)]

la|=1
2n+4 n—12n+4
= [¢7"200(D) + Y O, (1€17 ), c(€) + {(m Doa(D*) Mo 5(D72) =iy > 0,
j=1 k=0 p=1

xa—2"+’“<D2>%og1<D2><02<D2>>-k] V=Te(g)

(20— 3 (0)c(da) 2\ one2p roe e
= Ry 20 (1 €00 el€))(w0) + (Vi1 4 6) T IE) + 6

xc(dzm)] % Zh;(t)l)c—i(_g;;:)(gxm) . (27127(13—3_}2/72(”0));&71 . ?ih—;_((;;f)rg + [0(5/) +§mc(dzm>]h/(0)§m
x(n? +n)(1+&,) "% (4.34)

By (4.26) and ([4.34), we have

trace[agmﬁg;p,l(Dfl) X 0'7271,2(D72n71)]($0>|‘5/‘:1

2n+1h/(0) L , , .
- A(Em — i) (€ + 1) X {(2” +3)(2n + 1)i&), + (27 — 2n — 1)&2, + (8n” + 161 + 7)i&,,
(n+3)
+(2n+ 3+ 2#)] le, =i (4.35)

Then by the Cauchy integral formula, we get

+oo
/g| / trace agmwg o 1(D7)) X 0 90 a(D7?"Y) | (w0)dEmo(€')da’
1

—7T2"h/ VOI(SQnJ,_Q)
= G . 4.36
(n +3)! s (4.36)

(n+3)
Gs:= {m [(2n+3)(2n+ 1)igd + (2m—2n— 1), + (8> +16n+7)i&,, + (2n+3+2ﬂ')} } le=i-

And we have

m

e, (1> 2) (m(D)azj (f)> (ol = 3 (sjamj (f>> (@n )i (@41 ofe). (4.37)

j=1 j=1

We note that i < m, flf’lzl &o(&') =0, s0 &0, (f)trace[id] have no contribution for computing case
J
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(4). Then we obtain

+oo
Y R Za@ €17272) (01D, ()] (0} (€ )
oo ic(dxy, . h—o
=il ] {- L) ij’) L[ (6000 0) - o 2 €+ 10772 9)] o)
xd&o(E')da’
_ _2n+4amm (f)lﬂ-(n + 1) /
= (n i 3)' V01(52n+2)G4d.T . (438)
where (ns3)
_ [ +&n)em 1™ _
Gy = {2(5771 —l—i)""'Q} |Em:1'
Then
[ =m2"h'(0) 7 2n+49, (f)im(n +1) 5 ,
case (4) = { 13 3 (n13) G4] Vol(San+2)dx
case (B)r=-2,1=-2n—1, k=j=|a|=0.
By ([&2), we get
+oo
case () = —i /|§'1 /700 trace |:7T2;LO'2(fD1) X O, 0—an—1 ((f*lpfl) (fD~*- lel)n):| (20)
X o (€)da!
= —i = race |7 o _o(D7Y) x O, 0 (Din)} (wo)démo (&) da' (4.39)
- /|§/1/ t |: Em —2( €m0 —2n—1 0)A<m . .
By (2.2.34)-(2.2.37) in |11}, we have
F;U_Q(Dil)(wo)hngl =J, — Jo, (4.40)
where
H, H,
STy R I b (4.41)
and
Hy =ic(¢)oo(D)c(&) + ic(dzn)oo(D)c(dry,) + ic(€)c(dxn, )0y, [c(€)]; (4.42)
Hy = [c(&) + ic(dzy)]oo(D)[c(&) + ic(dzn)] + c(€)e(dwy)Os, e(€') — i, [c(€))]; (4.43)

R(0) [ c(dzy) c(dxy,) —ic(€) n 3¢, — Ti
2 4Z(€n - 'L) 8(5’@ - i)2 8(5’@ - i)3

Similar to (2.2.38) in [11], we have

Jo =

[m@chﬂm]. (4.44)

e, 0201 (D27 ) (o) |jerj=1 = V-1 uﬁ% —(n+1)x 2€mc((§1 )Jrz;ﬁgfgdxm)] - (4.45)
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By (4.39), (@44) and (£45]), we have

tr[Jy X Be, 0120 (D™ ") (20)]|jer=1

e race 1 1 3 T olde —1 3&m — Ti
= T Mo {[(41-(5,”2-) S T S ) )+ (8(5mi>2 +8(§mz'>3)

(2n + 1)&3, — 2i(2n + 1)&2, — (6n + 5)&m + 4i
(Em — )2 (1 +&3,)"+2 '

= K(0)2" ! x

(4.46)

By (2.2.40) in [11], we have

4(5%2)2[(2 +i&m)c(€)oo(D)e(€) + i&me(dzm)oo(D)e(dem) + (2 + i€ )e(€)e(dm )

X0y, c(&") + ic(dzm)oo(D)c(€') + ic(€)oo(D)c(dzy) — iy, c(€))]. (4.47)

Similar to Lemma 2.4 in |11], we have

S =

o0(D)(z0) = coc(dzym), where co = %h’(oy (4.48)
By the relation of the Clifford action and traceAB = trace BA, then we have the equalities:
trace[c(¢)ao(D)e(€)e(drm)] = —co2™ T2 trace[c(da, )oo(D)e(dr,)?] = o2,
trace[c(¢')c(dan )0y, (&) e(dam ) (z0)]jerj=1 = —2" TR (0); trace[c(dam )oo(D)e(€')?] = o2 2.
By (4.47) and (4.48), considering for ¢ < m, fl§,|:1{odd number product of & }o(¢) = 0, then

tr[Jy X O, 0—1-20 (D7 72") (20)]|jer1=1

= 2N (0) - (m— n 2 _2i(n — — n)i€3, — n)E2
Y7 T SRR {( D20+ 1)€2, — 2i(n + 1)&p — 1] + [ (1 + 2n)i€3, — 2(1 + 2n)€2,
+(2n + 3)i&m + 2]} (4.49)

By combining (£.46]), (£49) and the Cauchy integral formula, we have
case (5)

+oo
= 72/ / trace[(J1 — JQ) X agmgflfgn(Diliwl)](1‘0>d§m0(§/)d$/
€]=1—o0

+0 [4n2 4 8n + 3]€2, — [4n? + 14n + 8]i&y, — (m + 1)

= 2n+1h/ 0 / / [ m a : m démo' é-/ dSC/

(0) |&']=1J —oc0 A& — 1) (& + 1) F2 &
27+2R/(0)Vol(Sayp o) mide’

B ( )(n +(3§! G, (4.50)

where
o . [[4n® 4 8n + 3165, — [4n? + 1dn + 8i&, — (m + 1) (n-+3) -

o 4(&m + i) +2 Em=1-

Since ¥ is the sum of the case (1)-case (5), so

v { (=1) W' () YJr(1)"(n+1)f181n(f)ﬂyl+{(i1)f~<9zn(f1)

3 % 27+6(3 4 p)! 0 gn+2 gn+3
e L+
_%} E}V01(52n+2)d$/, (451)
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where

Yo = —24(1+1) [(4n +8n+3)C", s+ (6n® +13n+5—m)C™ L+ (n® +3n — 7+ 1)C™ 12,
—2n(1+i)(1 4+ n)C"H3, + 240712, — 240713, — 60"242} X (34 n)! 4+ A3 .

Vi = (n+4+60)C", 5+ (9 +8n+9)C" L+ (i4+n+ 1)[ cmt2, 4 omts ]

Yo = (n4 D" 204N + (3 )02, 4 O . (152)

Combining (BI1) and ([@5I]), we obtain Theorem 1.2.
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