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Abstract. We study the two-qubit asymmetric quantum Rabi model (AQRM) and
find another hidden symmetry related to its dark-state solution. Such a solution has
at most one photon and constant eigenenergy in the whole coupling regime, causing
level crossings in the spectrum, although there is no explicit conserved quantity except
energy, indicating another hidden symmetry. We find a symmetric operator in the
eigenenergy basis to label the degeneracy with its eigenvalues, and compare it with
the well-known hidden symmetry which exists when bias parameter € is a multiple
of half of the resonator frequency. Extended to the multimode case, we find not
only hidden symmetries mentioned above, but also symmetries related with conserved
bosonic number operators. This provides a new perspective for hidden symmetry
studies on generalized Rabi models.
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1. Introduction

The quantum Rabi model (QRM) [1] describes the interaction between a single-mode
cavity and a qubit. It has wide applications in quantum optics [2-7], circuit quantum
electrodynamics (QED) [8-12], cavity QED [13-18], quantum information [19-21] and
so on [22-24]. Its semiclassical form was first introduced by Rabi [25,26]. In 1963,
Jaynes and Cummings [1] carried out the rotating wave approximation (RWA) [27] for
the QRM under the conditions of near resonance and weak coupling, and obtained the
analytical solution. However, the ultrastrong [28] and even deep strong coupling [29] has
been realized in experiments, where the RWA fails. The analytical solution to the QRM
was found by Braak [30] in 2011 in the Bargmann [31] space, and then retrieved by Chen
et al with Bogoliubov operator approach [32]. There are many interesting studies on
QRM and its generalizations [33-47] recently. Since there is no closed subspace in the
photon number space, the eigenstate normally consists of infinite photons, making the
dynamics in the ultrastrong coupling regime quite complex. However, there are special
dark states with finite photons for the multiqubit and multimode case [48-51], since
the coherent superposition of basis with N-photon will cancel the population of higher
photon number states when applied by the Hamiltonian. Such solutions exist in the
whole qubit-photon coupling regime with constant eigenenergy when N = 1. Taking
advantage of such special dark states, one can fast generate W-states [51] and high-
quality single photon sources [52] in the ultrastrong coupling regime deterministically
through adiabatic evolution.

Meanwhile, the AQRM has attracted much interest recently. It has an additional
static bias term eo,,, which was considered physically as a spontaneous transition of the
qubit [30]. Moreover, the AQRM widely appears in circuit QED systems, where the
static bias of the superconducting flux qubit can be tuned externally [53-56]. This
provides more options for precise quantum control of the system. For the AQRM
Hamiltonian, the presence of the static bias breaks the Z, symmetry R = exp (ira'a)o,
of the QRM. Hence, generally there is no level crossing in the spectrum. However, recent
studies [30] have found that level crossings are restored when € takes half-integer value of
w, indicating a hidden symmetry in the AQRM [57-59]. In addition, many works [59,60]
have rigorously constructed the hidden symmetry operators using different methods, and
inspired people to study the hidden symmetry of generalized AQRMs [61-64].

Recent hidden symmetry studies of the ARQM focus on the case of € is a multiple
of w/2 [58-61,65]. However, it is interesting to explorer whether there are other kinds of
hidden symmetries. In this paper, we first study the two-qubit AQRM and find a special
dark state with at most one photon and constant eigenenergy in the whole coupling
regime, corresponding to a horizontal line in the spectrum. Apparently, this horizontal
line will bring in level crossings, indicating the existence of a hidden symmetry. However,
this symmetry is different from the hidden symmetry mentioned above [61], because the
level crossings here only happen between the one-photon solution and other energy levels.
This symmetry brought about by the dark-state solution still exists even when e = 0.
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We analyze this new level crossing and find another hidden symmetry with explicit
expression given in the eigenenergy basis, and compare it with the hidden symmetry
operator [61] when € is a multiple of w/2. We extend AQRM to the M-mode case
and introduce a Bogoliubov transformation [50] to rewrite the Hamiltonian, so that
the dark state solution and hidden symmetry operator can be directly obtained. These
two hidden symmetries still exist and are described explicitly. Moreover, there are other
M —1 symmetries related with conserved bosonic number operator b;r-bj forj=2,..., M.

The paper is structured as follows. In section 2, we study the two-qubit AQRM and
find a special dark state. It corresponds to a horizontal line in the spectrum, indicating
a hidden symmetry. We analyze this hidden symmetry and compare it with the case
when € is a multiple of w/2. In section 3, we extend our study to the multimode AQRM
and find a series of new symmetries. A brief conclusion is given in section 4.

2. Special dark state solution and another hidden symmetry of the
two-qubit AQRM

The Hamiltonian of the two-qubit AQRM reads (h=1)

H =wa'a+ gi01,(a’ + a) + gao9.(a’ + a) + A101. + Do0o. + €101, + €209, (1)

where a' and @ are creation and annihilation operators with cavity frequency w,
respectively. The two qubits are described by Pauli matrices o, and o, with the energy
level splitting 2A. ¢; and g, are the qubit—photon coupling constants for the two qubits,
respectively. €; and e are the static bias of the two qubits, respectively.

For this Hamiltonian, the presence of the static bias breaks the Zs symmetry
R = exp(ira’a)oi,09,. The eigenstates generally consist of infinite photon number
states. However, finding certain special solution with finite photons will be interesting
and useful [51,52] for fast quantum information protocols using ultrastrong coupling.
Supposing there is an eigenstate with at most one photon [1) = ¢y1]0, g, g)+co.2|0, e, €) +
co3]0,e,9) + c4l0,9,€) + c11]|1,9,9) + c12|l,e,e) + 13|l e,9) + c14]|1,9,€), then the
eigenenergy equation reads ( w is set to 1)

A1 —Ay—FE 0 €1 €2 0 0 g1 g2
0 A1+As—F e €1 0 0 g2 a1
€1 e A1 —A2—FE 0 g1 g2 0 0 co,1
€2 €1 0 —A1+A2—FE g9 g1 0 0 Co,2
0 gi g 1-A1—As—FE O €1 €2 €o,3
0 g2 g1 0 1+A1+A2—F e €1 Co,4 —0
g1 g2 0 0 €1 e 1+A1—-—As—FE 0 c11 ’
g2 g1 0 0 €2 €1 0 1-A1+Ax—F 1,2
0 0 0 0 0 0 V29 V292 c13
0 0 0 0 0 0 V2gs V29 oW
0 0 0 0 V2 V292 0 0
0 0 0 0 V292 V2g1 0 0
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which requires
0 0 \/591 \/592
0 0 V29 V2¢
V291 V295 0 0
\/592 \/591 0 0

Such that go = £¢1 = g, c11 = Fc12, €13 = Fc14, and equation (2) reduces to

—0. (3)

—A1—A—FE 0 €1 €9 0 0

0 Al + AQ - F €2 €1 0 0 Co,1

€1 €2 Al — AQ —F 0 0 0 Cp,2

€2 €1 0 —-A1+Ay—F 0 0 co3 | 0
0 0 +g g 1-A1—Ay—F €1 F €9 €o,4

0 0 g +g FA+A+A;—F) €2 F €1 €11

+g g 0 0 €1 F €2 1+A1—Ay—F c1,3

g +g 0 0 €2 F €1 F1-A1+Ay—FE)

(4)
If there are less nonzero rows than columns in the above 8 x 6 coefficient matrix after

elementary row transformation, then there are nontrivial solutions. This can be done
AT+ (=14 A2)2 —2A%(1 + A2
WhenE:]—792:iglzga62::|:€1:€762: 1+< * 2)4 1(+ 2)207

and the coefficient matrix becomes

F(AL — Ag)(=1+ A1 + Ag)

1 0 0 0 O %
01000 (A1 — Ag)(1+ Ay + Ay)
2g
—E(Al—AQ)
0O 01 0O
g(j_;l(ZAl ZA)Q)
€A1 — A2 . 5)
00010 (
g(1+ A1 —Ay)
00 0 0 F2e(A1 — Ag)
(—1+A1—A2)(A1+A%+A2—A%)
0O 0 0 0 0 0
0O 0 00O 0
0O 0 0 0O 0

Therefore, the eigenstate reads

I (A — A)(—1+ A1+ Ay) (A1 —A))(1+ Ay + Ay)

[Vre) =571 5 10,9.9) — 5 0,¢,¢)
G(Al — AQ) E(Al — Ag)
+ T e ) F LR 0 ) (o) Flae) (O
2€(A1 — Ag)

T A T A AT Ay Ay o) F o))

Since it has constant energy and exists independent of the relation between ¢ and
other parameters, it corresponds to a horizontal line in the spectrum, as shown in figure
1(a), while still being a qubit-photon entangled state. Obviously, this horizontal line
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Figure 1. The spectrum of the two-qubit AQRM with (a) A; = 0.6, Ay = 0.3,
V1729
€1 = €3 = €= 200 ,and (b) g1 =3g2=g, A1:A2:0.8, 61:1/27 62:0.

will bring level crossings, although there is no explicit conserved quantity except energy.
This indicates the existence of a hidden symmetry. Its prominent characteristic is that
the level crossings only happens between [ig.) and other energy levels; therefore we
can label this degeneracy sufficiently with the eigenvalues of |¢gr.)(¥ge|, 0 and 1. This
operator obviously commutes with H, and has an analytical form.

Actually, symmetric operators can be expressed in the eigenenergy basis as S =
> i Silthig) (Wi |, where 4; ; is the j-th eigenstate of S with eigenvalue s; [58]. We can
obtain the information of S from the spectrum. If level crossings only happen between
two groups of energy levels, then we only need two s to label the degeneracy. If s; = +1,
then S can be a parity operator, e.g., exp (ira’a)o, = 3 ([t40) (Wym| = [0—n) (W n])
for the standard QRM. Or in some cases, s; is dependent on parameters, and then
so does S, e.g., the hidden symmetry operator J obtained in [59,60] for the AQRM.
If level crossings happen between N groups of energy levels, then S should have N

eigenvalues. E. g., for the standard Jaynes-Cumming model, the conserved excitation
number operator C' = a’a+(0.41)/2 = 35,y 55 i(|ti 1) (i1 |+t ) (i ) is obtained
by choosing s; = 0,1,2,3.... Here level crossings only happen between |1)g.) and other
energy levels, so it is convenient to study its symmetric operator in the eigenenergy
basis. We can easily write S = |Wgc) (Wre| + f(A12, €, 9) > g, [0 (Y] The simplest

choice is f(A1,2,€,¢9) = 0, where S can have an analytical form, which is still dependent

on parameters. Whether it can be written in terms of a and a' still needs to be explored.
As discussed in [61], there is another kind of level crossings in the two-qubit AQRM,
where €, = 1/2, ¢ =0, g1 = ga, Ay = Ay, which is depicted in figure 1(b). This level
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crossings is brought about by the hidden symmetry operator [61], which reads

A
al —a+4g+ — 0 a' +a 0
g
A
. 0 —al+a—— —4g —a' —a
eimala g A (7)
—a’ —a —4g —a'+a+ — 0
g
A
0 a' +a 0 al —a+4g9 — —
[

in the qubit basis {|e, e), |e, 9),|g,€), |g, g)}. Different from the former case, here level

crossings happen between different energy levels, so it is impossible to label all the
degeneracies with a certain |E,)(E,|. This operator is written in the qubit basis and
contains a and a'.

Actually, hidden symmetries of generalized Rabi models do not only exist in
the above cases. There are hidden symmetries in the asymmetric N-qubit [61], two-
mode [63], two-photon [62, 66], anisotropic and the Rabi-Stark model [57,64]. These
level crossings are all brought about by the qubit bias. However, they can also present
even in the absence of the bias. Choosing ¢ = 0 in equation (6), |¢'g.) reduces to

V) = 751082 = A)[0,€,€) + g1} (e, g) F 1o, D), ®)

with the condition Ay + Ay = 1, g0 = +£91 = g, and EF = 1, which has been found
in [67]. This solution still corresponds to a horizontal line in the spectrum and obviously
cause level crossings in the parity subspace. So although the parity exp (ira'a)o;.o9.
is restored, we still need another conserved quantity (hidden symmetry) to label such
level crossings within the same parity subspace. We can construct such operator by
S = [Yr)(r|+ f(AL2, 9) > s [0) (W] in the eigenenergy basis, because level crossings
only happen between [¢r) and other energy levels. Such results shed new light on current
hidden symmetry studies which focus on the qubit bias.

3. Extended to the multimode case

The multimode two-qubit AQRM reads

M M
Hy = sz‘alai + Aoy, + Agog, + Zgilalw(a;r + a;)
i=1 i=1
M
+ Z 912022:((12 + a;) + €101, + €209, (9)
i=1
f

frequency w;, respectively. ¢;; and g;» are the qubit-photon coupling strength between

where a; and a; are the i-th photon mode creation and annihilation operators with

the i-th mode and two qubits, respectively.
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When w; = w and g;1/gi1 = gia/gir2, we can introduce similar Bogoliubov operators
as proposed in [50]
M

= LI (10)

[~ ~M

Zz‘:1 91'21
N W A
b] — Zz 1 gllgjla'l Zz—l gzlaj , ] — 2’ 37 e M (11)
1
\/Zz 1 gzl z 1 9121

to transform equation (9) into

H;\/[ = Wbibl + Alalz + AQO'QZ

Zgﬂ )2, Zgﬂ )20u, | (b] +01) (12)
M

+ €101 + €209, + W Z b}bj.
=2

Hj, is a combination of the two-qubit AQRM and M — 1 free bosonic modes.
So its solution takes the form of |y, H]{Q ny,). |ny,) is the eigenstate of b;bj and
|1y, ) can be obtained from the solution of the single mode case by replacing ¢; with
(Zf‘il gil)%, go with (Zi]\ilgig)% and a by b;. Dark-state solution to the two-qubit
AQRM |¢g.) exists when g; = g = ¢, so a similar solution [¢%,) for the multimode
case also requires (Zf\il gﬂ)% = (Zf\il gig)% = gp. Considering g;1/gi1 = Gia/gira, We
arrive at g;; = g = ¢}, and |i/;;.) can be obtained by replacing |1) = af|0) with
W) = bij0) = (XM g3 2 oM 610405 ... 1,0, ... Opr), and g with g, in [¢r)
(equation (6)), and choosing ny, = 0, as shown in figure 2 (a). Such a horizontal line
will obviously cause level crossings. Its degeneracy can be labelled by the eigenvalues
of [k)(Wk|, 0 and 1. Meanwhile, the dashed lines with n,, # 0 are translations of
the same-color solid lines with n,, = 0 by ny,w, which will cause another kind of level
crossings between energy levels with different n;;, as found in the multimode QRM
without bias [50]. The corresponding symmetry operator reads b}bj, and can be used to
label the degeneracies by its eigenvalues n,, = 0,1,2, .. ..

On the other hand, the spectrum of the multimode AQRM is the same as the single
mode AQRM except for the energy levels with nonzero ny, if we choose g, = g, according
to equation (12). For the two-mode case, if ¢/ = g, = ¢/, then g = v/2¢’, as shown in
figure 2 (b). Similarly, if we choose A; = Ag, €1 = 1/2, €5 = 0, the level crossings in the
single mode AQRM also appears in the multimode case, as shown in figures 2 (c) and
(d). The hidden symmetry operator can be obtained simply by replacing a with b; and
g with g, in equation (7). There is also another kind of level crossings between dashed
lines and other energy levels, caused by the symmetry operator b;r-bj, since it commutes
with the Hamiltonian.
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Figure 2. (a) and (c) Spectrum of the two-qubit two-mode AQRM with w; = ws =
4641
w=1, g; = g5 =g The former has Ay = 0.5, Ap = 0.2, ¢; = €3 =€ = 6 . The

latter has Ay = Ay = 0.3, ¢ = 1/2, 2 = 0. (b) and (d) Spectrum of the two-qubit
single-mode AQRM with parameters the same as in (a) and (c) respectively, except

g=12g.

4. Conclusion

We study the two-qubit AQRM and find its dark-state solution with at most one photon
and constant energy in the wholde coupling regime, which cause level crossings and
indicates another hidden symmetry beside e = 1/2 [61]. We find a symmetric operator in
the eigenenergy basis to label the degeneracies and compare it with the hidden symmetry
operator found in [61]. The hidden symmetry brought about by the dark-state solution
still exists even when there is no qubit bias. When extended to the M-mode AQRM,
both kind of level crossings (hidden symmetries) still exist, and there are M —1 conserved
bosonic number operator b}bj for y = 2,3,..., M. Such symmetries also cause level
crossings in the M-mode AQRM. This work develops new perspectives on the hidden
symmetry studies of generalized Rabi models.
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