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Abstract

It has recently been understood that the complete global symmetry of finite group topological gauge theories
contains the structure of a higher-group. Here we study the higher-group structure in (3+1)D Z; gauge theory
with an emergent fermion, and point out that pumping chiral p + ip topological states gives rise to a Zg 0-form
symmetry with mixed gravitational anomaly. This ordinary symmetry mixes with the other higher symmetries
to form a 3-group structure, which we examine in detail. We then show that in the context of stabilizer quantum
codes, one can obtain logical CCZ and CS gates by placing the code on a discretization of T° (3-torus) and
T2 Xcy S E (2-torus bundle over the circle) respectively, and pumping p + ip states. Our considerations also imply
the possibility of a logical T' gate by placing the code on RP? and pumping a p + ip topological state.
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1 Introduction

A key distinguishing feature of topologically ordered phases of matter is the universal structure that arises from their
topological defects. For example, anyons in (241)D topologically ordered phases of matter [I] can be thought of
as codimension-2 topological defects, which exhibit universal braiding and fusion properties that form the structure
of a unitary modular tensor category (UMTC) [2, 3, 4, B]. Over the last 10-15 years, it has been understood that,
in addition to anyons, (241)D topological phases of matter host other classes of codimension-1 and 2 topological
defects with non-trivial universal properties [6} [7, [8] [0 10, 111, 12} 13}, 14} 15l 16l 17, 18]. These include topologically
distinct classes of gapped codimension-1 defects, and codimension-2 domain walls between distinct codimension-1
defects. Altogether, the universal properties of these topological defects of varying codimension is expected to form
the structure of a unitary fusion 2-category [19, 20]. In higher dimensions, (d + 1)D topologically ordered phases of
matter can host topological defects of varying codimension, which are expected to form a unitary fusion d-category.

In modern language, the topological defects are interpreted as defining a “higher symmetry” of the corresponding
topological quantum field theory (TQFT) [21] 22 23] 24]. From the perspective of quantum many-body systems,
the topological defects can be understood as defining emergent higher symmetries of the ground state subspace of
a topological phase of matter. The higher symmetries arise from sweeping the topological defects through lower
dimensional submanifolds of the space on which the system is defined. They are in general emergent symmetries
because they keep the ground state subspace invariant, but do not necessarily commute with the microscopic many-
body Hamiltonian.

A special class of topological defects are invertible, which means they possess an “inverse” defect with which they
fuse to the trivial defect. The invertible codimension-k defects are associated with (k — 1)-form higher symmetries
[21]. The complete algebraic structure defined by the invertible defects defines an invertible subcategory of the higher
fusion category of defects [25]. This invertible subcategory forms the mathematical structure of a higher-group. Such
higher-group symmetry has appeared in the study of (2+1)D topological phases [I7, 26, 27] and in quantum field

theories more generally [28] 291 301 BT, 32], B3], B2, 34}, 35}, B6}, 37, 38, [39].

Recently, it has been observed that finite group gauge theories in (d 4+ 1)D generally possess a d-group symmetry
[33, [40], which arises by considering gauged invertible topological phases [41], 42} (43, [44], [45], 46], (47, 48] decorated on
lower dimensional submanifolds, in addition to the usual electric and magnetic defects. The interaction between the
magnetic defects and the gauged invertible phases causes the higher form symmetry to mix into a non-trivial higher
group.

These topological defects and corresponding emergent higher symmetries have two important applications. One
is in characterizing and classifying symmetry-enriched topological phases of matter; roughly speaking, topological



phases of matter with a symmetry group G can be characterized by a certain map from G to the higher fusion
category that defines the emergent higher symmetry [17) 49].

The second major application, which is the primary focus of this paper, is for fault-tolerant quantum computation.
Topologically ordered phases of matter can in principle provide a physical substrate for fault-tolerant quantum
computation [50} [51] 52, [I]. Moreover, most, if not all quantum error correcting codes can be understood in terms
of topologically ordered states of matter with qubits defined on an appropriate cellulation of some manifold [50} 53]
54, 55, [56, [57]. The code subspace corresponds to the topologically degenerate ground state subspace of the parent
Hamiltonian. It is well-known that one way to obtain fault-tolerant logical gates is through mapping class group
operations, e.g. braids and Dehn twists in (241)D, which can be viewed as sweeping geometric defects through
the system. The emergent higher symmetry operations corresponding to sweeping topological defects of varying
codimension give rise to another class of fault-tolerant logical gates on the code subspace [58, 59, [60, [6T), B3]. This
insight has led to new ways of implementing logical gates even in the well-studied Zs toric codes [40, [62]. Remarkably,
Ref. [33] showed that the non-trivial algebraic relationships among various logical gates in (3+1)D Zs toric codes
can be understood as fundamentally arising from the higher group structure defined by the topological defects:
logical gates that correspond to sweeping codimension-k defects have group commutators that produce logical gates
corresponding to higher codimension defects. As such, understanding deeply the nature of topological defects and
corresponding emergent higher symmetries is crucial for understanding the possible fault-tolerant logical gates that
a given quantum error correcting code admits.

In this paper, we focus on the case of Zs gauge theory in (3+1)D where the Zy electric charge is a fermion, which
we refer to as fermionic Zy gauge theory. Such a theory can arise from the fermionic toric code model [63] 64 [65].
The theory can also arise as a description of superconductors, where the condensation of Cooper pairs breaks the
dynamical electromagnetic U(1) gauge group to Zs subgroup [66]. It can also arise in color superconducting phase
of non-Abelian gauge theory [67].

The (341)D fermionic Zy gauge theory hosts a codimension-1 topological defect, which arises by decorating
codimension-1 submanifolds with a p + ip invertible topological phase prior to gauging Zs fermion parityE| As we
discuss, this topological defect defines a Zg emergent O-form symmetry. In addition to this Zg 0-form symmetry, the
theory also has a 2-form symmetry generated by the Wilson line, and 1-form symmetries generated by the magnetic
flux and gauged Kitaev chains [68], [33]. We discover that these symmetries form a 3-group, which corresponds to the
fact that the generators of the symmetries obey intricate commutation relations. By exploiting submanifolds with
different topologies that support the symmetry generators, we discover various logical gates in the fermionic Zs toric
code. This includes a fault-tolerant logical CCZ gate when the system is defined on a discretization of the 3-torus
T3 [69], and a new fault-tolerant Controlled-S gate when the system is placed on T2 x S'. Our considerations also
imply the possibility of a T (i.e. 7/8) gate when the system is placed on a discretization of RP3.

This work is organized as follows. In section we investigate the symmetries in Zs gauge theory with an
emergent fermion in (3+1)D. Using such symmetries, we derive the corresponding logical gates in section 3| From
section [ to section [6] we discuss various examples of logical gates obtained by taking different topologies of the
symmetry generators. In Appendix [A] we derive the logical gate for the 1-form symmetry generated by surface
operator decorated with Kitaev chain. In Appendix [B] we derive the logical gate for the symmetry generated by the
domain wall decorated with p+ip topological superconductor. In Appendix [C]we summarize the details for pumping
a Chern insulator. In Appendix [D] we review the fermionic toric code lattice model. In Appendix [E] we give details
for the partial rotation used in pumping the p+ip phase.

2 3-group symmetry of (3+1)D Z, gauge theory with emergent fermion

In this section, we describe the higher symmetries of the (3+1)D fermionic Zs gauge theory, their 3-group structure,
and the associated 't Hooft anomaly. In the fermionic Zo gauge theory, the Wilson line is a fermion instead of a
boson as in ordinary Z, gauge theory. We can view the gauge field as a “dynamical spin structure,” where magnetic
flux corresponds to defects in the spin StructureEI The theory can be obtained from the trivial fermionic invertible
phase by gauging the fermion parity symmetry without additional local counterterm. After this gauging process, the
fermion becomes topologically non-trivial, meaning there are no local operators that create an isolated fermion.

We can also describe the theory in terms of the low energy properties of the fermionic toric code model in (3+1)D
on cubic lattice [63] (see also [70] for similar construction for U(1) gauge theory with electrons). The vertex term is

11n this paper, a p+ip superconductor refers to a fermionic invertible phase with Zg symmetry carrying chiral central charge c— = 1/2,
where no spontaneous U(1) symmetry breaking is implied. Also, in this paper a Chern insulator refers to a fermionic invertible phase
with Zg symmetry carrying c— = 1, where U(1) global symmetry is not implied.

2More precisely, magnetic flux defects can be understood as a cutting out a neighborhood of a codimension-2 submanifold and changing
the spin structure (fermion boundary conditions) on the linking circle from bounding (anti-periodic) to non-bounding (periodic).



the same as ordinary toric code, given by the product of the Pauli X operator on the six edges that meet the vertex.
The plaquette term is modified compared to the ordinary toric code, and it is given by the product of Z on the
four edges surrounding the plaquette, as well as X on the two edges that are perpendicular to the plaquette at two
diagonal corners (the choice depends on the branching structure) and on two sides of the plaquette (see Appendix
D] for a review).

2.1 Electric and magnetic symmetries

The theory has the following (emergent) global symmetries, generated by invertible topological operators of various
dimensions. We will organize them according to whether they carry magnetic flux (magnetic vs. electric operators)
and the dimension of the subspace that supports the operator (a line, a surface or a domain wall). The electric
operators supported on subspace M of dimension n are obtained by gauging the fermion parity of the fermionic
invertible phase in n spacetime dimension. The list of symmetries are as follows:

e 75 1-form symmetry generated by the codimension-two magnetic surface operator, around which the Zs gauge
field has nontrivial holonomyEI

e Zs 2-form symmetry generated by the electric Wilson line of the Zs gauge field. We can also view the line
operator as gauging the fermion parity symmetry in the fermionic invertible phase in (0+1)D (see e.g. [44]).

e 75 1-form symmetry generated by the electric surface operator given by gauging the fermion parity symmetry
in the Kitaev chain fermionic invertible phase in (14-1)D [68], 4T, 44} 33]E|

e Zg 0O-form symmetry generated by the electric domain wall operator given by gauging the fermion parity
symmetry in the chiral p+ip fermionic invertible phase in (2+1)D [7I]. This is related to the 16-fold way
[72, [73] as we will explain below.

To sum up, the theory has Zg O-form symmetry, Zy X Zo 1-form symmetry, and Zy 2-form symmetry. We will
specify how these symmetries interplay with one another in subsequent sections.

2.1.1 Reduced classification of symmetries: nontrivial symmetries in Hilbert space

The above symmetry groups generated by the electric operators can differ from the classification of fermionic invertible
phases. In particular, (2+1)D fermionic invertible phases with Zg fermion parity symmetry have a Z classification,
generated by the p+ ip state, but in the above discussion, this gives rise to a Zg 0-form symmetry of the (34+1)D Zy
gauge theory.

Moreover, since we can consider the subspaces that support the electric operators to be unorientable, it is appro-
priate to consider the classification of fermionic invertible phases with time-reversal or spatial reflection symmetry,
which would naively give us a Zg 1-form symmetry for the Kitaev chain [T4]. However, this symmetry is actually
reduced to Zs and, as we will see, the symmetry generator squares to the electric Wilson line when it has support
on a unorientable surface. This indicates a non-trivial mixing between the Zs 1-form symmetry of the Kitaev chain
defect, the Zg 2-form symmetry of the Wilson line, and space-time orientation reversing defects.

The larger symmetry groups are extensions of the above minimal symmetries, but the extra symmetries act
trivially on the Hilbert space, i.e. the code space, up to an overall phase, and so we do not consider them as
symmetries any more than multiplication by complex numbers is a symmetry. In what follows we will explain in
more detail the origin of these reductions of the symmetry. The details are technical and can be safely skipped for
readers only interested in the application to logical gates.

Reduction of the p+ip symmetry As mentioned above, the symmetry generated by the electric domain wall
operator decorated with p+ip is Zg instead of the classification Z (where the domain walls are labelled by the
half-integer chiral central charge c_ = v/2 for integer v).

Let us first explain the reduction of the Z symmetry to Z;¢. The domain wall with v = 16 differs from v = 0 by
a bosonic Eg phase (i.e. an invertible bosonic phase described by (Fs); Chern-Simons theory). Thus the difference
does not depend on the spin structure, which means that such defects do not interact with magnetic efects or electric
defects, and thus act trivially on the ground state subspace up to an overall phase.

3Since the Wilson line is a fermion, on top of the magnetic defect the fermion does not have a well-defined spin structure.
4This surface operator is referred to as “electric” since it braids trivially with the Wilson line, in contrary to the “magnetic” surface
operator which braids with the Wilson line by a sign.



Furthermore, there is a refinement that reduces the Z,4s symmetry to Zg symmetry: the effective action for the
class ¥ = 8 does not depend on the spin structure. To see this, we can start with the description of the class v = 2
as a U(1) Chern-Simons theory [72]:

1
—udu + i

g 27Tuda , (1)

where the local fermion is described by the Wilson line etf % and a is the spin structure (da = wq). The equation
of motion for u implies that the Wilson line e % = ™ § @ [75] [76].

When we change the spin structure by a Zs background gauge field B, a — a + B (we take a lift to integer
1-cochain), the theory changes to
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where ©/ = v + 7B. Thus dependence of the theory on spin structure is captured by

(v=2): —%/BdB. (3)

The effective action of the v = 8 theory is 4 copies of v = 2, and it is independent of the spin structure:

4~<Z/BdB>27r/Bd2BOmod27r, (4)

where we used dB = 0 mod 2. Thus we conclude that the effective action does not depend on the spin structure,
although it requires a spin structure to be well-defined. This implies that the codimension-1 defect decorated with
v = 8 does not interact with the magnetic defect at all, from which we conclude that it acts trivially on the Hilbert
space, up to an overall phase. E| This expectation is borne out by our concrete computations in later sections, where
we see that all logical gates induced by sweeping the p+ip defect have order 8.

Reduction of symmetry in terms of mixed gravitational anomaly The higher symmetries have a mixed
gravitational anomaly that can be described by the (441)D topological term
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where Cj3 is the background 3-form gauge field for the Zo 2-form symmetry generated by the Zs Wilson line of the
emergent fermion, C; is a Zyg lift of the background 1-form gauge field C; for the Zg symmetry, and p; is the first
Pontryagin class. The first term describes the gravitational anomaly of the chiral p+ip state, while the second term
describes the fact that the Zo charge particle is a fermion. When the p+ip defect sweeps a closed 3-manifold M3
Poincare dual to Cy, we obtain an overall phase obtained by evaluating 21% fW4 p1/3 on a 4-manifold W* such that
oW = M3.

The reduction of the 0-form symmetry from Z to Zg requires that the above anomaly action be invariant under a
shift of C’l — C’l 481, with A\; an integer 1-cochain. This is indeed the case as long as we also shift C3 — C3+waUA;.
The effective action is invariant because of the property p;/3 = w3 mod 2 on orientable manifolds [78]. Such
transformation means that the Zg 0-form symmetry and the Zy 2-form symmetry combine into a 3-group symmetry
128, 311 [

Across a domain wall decorated with 16 copies of the p+ip phase, C; — Cy + d¢ where ¢ = 16 on one side of
the wall. The anomaly implies that on that side there is an extra term 27 [ ¢(p1/3), which can be written as the

50ne can also see the reduction to Zg symmetry by the following alternative argument. In general, the dependence of the theory
on the spin structure a is encoded in the additional Zg 0-form symmetry with the background gauge field B, since two different spin
structures a,a’ are related by a background Za gauge field as a’ = a + B. With this in mind, the spin structure dependence of the spin
invertible phase with a partition function Z(a) can be captured by the ratio of partition functions Z’(a, B) := Z(a + B)Z~'(a). The
partition function Z’(a, B) describes a spin invertible phase with the additional Z2 unitary internal symmetry, such that setting B = 0
leads to the trivial phase Z’(a,0) = 1. The spin invertible phases with partition function Z’ in D spacetime dimension are classified by
Qgpin(BZQ)/QSDpin (pt) [T7). In particular, setting D = 3 gives Zg, in agreement with the Zg faithful symmetry found here.

6 Another explanation for such correlated transformation is as follows. The v = 8 class in the 16-fold way [72] can be obtained from
the v = 0 class by shifting the background of the symmetry generated by the emergent fermion [79]. The emergent fermion generates
an 1-form symmetry on the wall, and if the background for the 1-form symmetry is shifted by wa, the particles that transform under
such 1-form symmetry will carry “additional projective representation” described by wsa, i.e. the spin of these particles will acquire
additional fermion spin, such as changing from boson to a fermion and vice versa. The shift of the background can be described by
C3 — C3 + w2 U A1, where A1 is the Poincaré dual for the wall with 8 copies of p+ip phase.



effective action 16CSgpay on the domain wall. This is the effective action of the bosonic Eg phase, as expected from
16 copies of the p+ip phase.

Similarly, if we perform the transformation with ¢ = 8 instead of 16, the first term in produces an extra
term 7 [(p1/3) on the side with ¢ = 8. However, there is a contribution from the second term in under the
accompanying transformation C3 — C3 + wo U d¢/8, which produces an extra term 7 [ws U ws on the side of the
domain wall with ¢ = 8. Using p;/3 = w3 mod 2, we find the side with ¢ = 8 has total term 27 [ p1/3 just as the
previous case. Thus 8 copies of the domain wall also produces a bosonic domain wall.

We remark that the Z,g two-fold extension of the Zg symmetry is obtained from another argument in [80, 81],
but the faithful Zg symmetry and the mixed anomaly with gravity are not discussed there.

Reduction of the Kitaev chain symmetry, and gravitational anomaly The symmetry generated by the
electric surface operator decorated with Kitaev chain is Zs instead of the classification Zg when the surface is
unorientable. This can be seen as follows:

(1) The middle class in Zg is bosonic, and thus the fourth power of the operator on an unorientable surface does
not depend on spin structure and produces a decoupled trivial operator that does not act on the Hilbert space.
There is a mixed gravitational anomaly corresponding to the (4+1)D topological term (see e.g. [40])

2 ~
%/CgUWg-Fﬂ'/CgUU)g, (6)

where C, is an integer cochain lift of the 2-form background C, for the Zy 1-form symmetry, and W3 = dibs /2
is the integral third Stiefel-Whitney class (w0, is an integer cochain lift of the second Stiefel-Whitney class). If
we change the lift (?2 — Cy + 2\, for some integer cochain lift of Zy 2-cocycle Ao, the first term changes by
T [ AUWs =1/ % Uws. Thus the change can be compensated by the transformation C3 — C3 + d—;‘Z. Such
a transformation indicates that the 1-form symmetry and the 2-form symmetry combine into a 3-group.

Under a transformation Cy — Co + 4\ where X is a lift of the Z, 2-cocycle A, the anomaly inflow produces a
boundary term 7 [ AUws =7 fPD(/\) Wy =T fPD(/\) w?, where PD denotes the Poincaré dual. This is the fourth
power of the operator, and the operator does not depend on the spin structure.

(2) The square of the operator on an unorientable surface reduces to the electric Wilson line operator on the
Poincaré dual of w; (See Appendix . Let us show this using the effective field theory description of Kitaev
chain given by the Zy gauge theory with the action [82] 44} B3] [36]

%”ABK(Z,@) , (7)

where ¥ is a closed 2d surface that supports a Kitaev chain (which may be unorientable), and where a is the
induced pin~ structure of the surface ¥ (and we identify it with the bulk gauge field). ABK(3, a) denotes the
Arf-Brown-Kervaire (ABK) invariant of the pin~ surface valued in Zg, which indicates the Zg classification
of the Kitaev chain in the presence of the time reversal or reflection symmetry. One can express the ABK
invariant in terms of a Zs gauge theory with support at X,

™
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where ¢ is the quadratic function that refines the intersection between Zs-valued 1-cocycles on the surface, and
b is a dynamical ordinary Zs gauge field with bosonic Wilson line, which is defined on the surface ¥ (instead of
the whole 4D spacetime). Summing over configurations of the dynamical gauge field b yields the ABK invariant
evaluated at the surface 3.

Taking two copies of the theory (denote the dynamical gauge fields by b,b’ in the two copies) gives the total
effective action:

%/Qa(b)—i-g/%(b/):g/Qa(E)+W/BUb+W/bUb:g/qa(6)+ﬂ/(g+wl)Ub’ (9)

where b = b+ ¥/, the first equality uses the property g(z+y) =q(z) + q(y) + 2z Uy mod 4 for any Z-valued
1-cocycles z,y [82] 44, [36], and the second equality uses bU b = wy Ub on the surface, where wy denotes the



1st Stiefel-Whitney class on the surface . Integrating out b imposes b = w1 (X), and thus two copies of the
Kitaev chain phase can be described by the effective action

™

5 Lo (10)

Let us examine how the effective action depends on a: if we write a = ag + s for some fixed reference pin~
structure ag, then the effective action reduces to m f wi U s up to terms independent of s. In other words, the
square of the electric surface operator decorated with the Kitaev chain phase produces an electric Wilson line
of a on the loop that reverses the orientation of the surface.

2.1.2 Symmetry generator with non-Abelian topological order can be invertible

We note that gauging the fermion parity symmetry in p+ip topological superconductor produces a non-Abelian
topological order [72], but the domain wall decorated with such topological order nevertheless generates an invertible
symmetry. Let us explain how the two properties coexist.

The closed magnetic defects are invertible, but once they end on the p+ip domain wall they give rise to non-
Abelian anyons on the domain wall. The reason is that invertible defects such as magnetic defects of Zs gauge theory
can become non-invertible once they have a boundary (such as ending on the gauged SPT defect) which can carry
additional degrees of freedom. In particular, the magnetic defect ending on the p+ip domain wall with additional
Majorana zero mode (see e.g. the lattice model for p+ip phase discussed in [72]).

Such examples are ubiquitous. For instance, the Zs electromagnetic duality in (2+1)D Zs gauge theory can end
on the boundary to become the non-invertible Kramers-Wannier duality defect [16] [84] [85], and similar examples in
higher dimensions discussed in e.g. [86, [87].

2.2 Zs p+ip O-form symmetry defines automorphism of 1-form symmetry

We will show that the Zg ordinary symmetry generated by the domain wall decorated with p+ip fermionic invertible
phase (we will refer to it as the “p+ip symmetry”) generates an automorphism transformation on the Zs x Zo 1-
form symmetry for the magnetic flux surface operator V(? and the electric surface operator U?) decorated with
Kitaev chain fermionic invertible phase. Conjugating by the p—+ip domain wall operator generates the following
automorphism transformation:

v -u®, v@ L y@ud (11)

The above automorphism can be derived by the charge-flux attachment argument [40]. Consider a magnetic flux
defect intersecting the domain wall decorated with p+ip. The intersection is a magnetic vortex defect on the p+ip
domain wall, and such vortex has Majorana zero mode [72]. Such Majorana zero mode is the boundary mode of
the electric Kitaev chain surface defect, and thus the magnetic flux surface defect intersecting the domain wall is
transformed into the “dyonic” defect with additional electric Kitaev chain surface defect, as in (L1]).

We remark that the charge-flux attachment also follows from twisted dimensional reduction of the fermionic
invertible phases on a circle with periodic boundary condition, similar to the reduction of bosonic SPT phases on
a circle with nontrivial holonomy as discussed in [40]. The p+ip phase can be described by a single free Majorana
fermion field theory in (2+1)D with a negative mass (where we choose a regulator such that fermion with positive
mass belongs to the trivial phase). Reducing the fermion theory on a circle by demanding the Majorana field to be
independent of the circle direction (which requires the periodic boundary condition on the circle, as in the presence
of magnetic defect) produces the theory of a single Majorana fermion with a negative mass in (14+1)D, and it is the
effective field theory for the Kitaev chain phase. The argument generalizes to any dimensions. An example of twisted
reduction of (1+1)D Kitaev chain phase to (0+1)D fermionic invertible phase is discussed in [88].

The automorphism is also obtained from another argument in [80].

We can describe such automorphism using the background gauge fields for the corresponding symmetries generated
by the defects. The background gauge fields satisfy

dCy = By U C}. (12)

where C is the background gauge field for the Zg 0-form symmetry, and Cs, Bs are the background gauge fields
for the Zy x Zo 1-form symmetry generated by the electric Kitaev surface operator and the magnetic flux surface
operator.
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Figure 1: Two fusion configurations for fusing the p+ip domain wall with (1) a pair of magnetic flux surface
operators indicated by the red lines entering the wall (black line), and (2) a pair of “dyonic” surface operators
indicated by the purple lines that carry magnetic flux and are decorated with the Kitaev chain phase due to the
automorphism . The dotted line in the configuration on the right is the trivial defect. One of the configurations
has additional 1 + ¢ defect due to the fusion rule o x ¢ = 1 + ¢ for vortex ¢ in p+ip phase [72]. We can relate the
two configurations by the “defect-valued associator” whose value is given by the non-invertible defect 1 + 1. Such
a (generalized) associator is similar to the 2-group symmetry, which can be regarded as an “F symbol” that takes
value in abelian anyons for fusing the domain walls that generate 0-form symmetry [17), 3T].

2.3 Non-invertible operator-valued associator

The electric Wilson line on the p+ip domain wall is the fermion . It obeys the following Ising fusion rule with the
magnetic vortex o: o x 0 =141, 0 X ¢ = o [(2].

The first fusion rule o x 0 = 1 4+ v implies that if there are two magnetic flux surface defects intersect the p+ip
domain wall, and we bring the intersection locus together, there will be the condensation 1 + 1 left behind at the
intersection locus. This also follows from the fusion of two open Kitaev chain defects. The extra condensation defect
can be viewed as an operator-valued associator for fusing magnetic flux surfaces and the p+ip domain walls as shown
in Figure [I} similar to the 2-group symmetry as operator-valued associator for domain walls [31].

Similarly, the fusion rule ¢ x ¥ = ¢ implies that the intersection locus of a single magnetic flux with the domain
wall can absorb an electric Wilson line.

2.4 74 C Zg O-form symmetry and 3-group

Let us consider the Z, C Zg symmetry, i.e. the even classes in the 16-fold way [72], indexed by v = 2§ mod 16 for j
integer. The topological order on the domain wall associated with such symmetries is Abelian. In particular, since
the vortex on such domain wall is Abelian (it obeys the fusion m x m = 1 when v = 4k + 2 and m x m = 1 when
v = 4k, for k integer) [72], the associator for the domain wall and the magnetic flux is also invertible.

In the following we will discuss in detail the 3-group structure that arises from the interplay between such Z,4
O-form symmetry generated by the domain wall with v = 2 in the 16-fold way (which we sometimes refer to as the
Chern insulator), the Zs x Zy 1-form symmetry generated by the magnetic flux surface and the surface decorated
with the Kitaev chain invertible phase, and the Zs 2-form symmetry generated by the Wilson line of the Z, gauge
theory. It turns out that the 3-group structure for the symmetries translates into the commutation relations obeyed
by the corresponding symmetry generators, allowing us to obtain logical Clifford gates implemented by the Z, 0-form
symmetry action.

2.4.1 3-group symmetry structure

The symmetries form a 3-group structure, where three stands for the highest codimension of the symmetry defects
(the Wilson line). The v = 2 generator of the Z4 0-form symmetry does not permute the 1-form symmetry. The
higher-group structure arises from the different junctions of the domain walls and the surfaces that can produce the
Wilson line.

The 3-group symmetry structure between the 2-form symmetry and the 1-form symmetries, i.e. the junctions of
surface defects that can produce the Wilson line, is discussed in [89, [33] [40]. Here we will focus on the three group
structure from the junctions that involve the domain walls (or both the domain walls and the surface defects). There
are two junctions that can produce Wilson line:



Junctions of domain wall and surface defects that produces Wilson line The first junction consists of
intersection of the domain wall with the tri-junction for the magnetic flux surface defects. We note that such tri-
junction can be described by background B, with nontrivial dB, /2. On the v = 2 domain wall, the magnetic flux
m obey the fusion rule m x m = ¢ [(2]. Thus then the junction of fusing two magnetic fluxes intersect with the
domain wall, there is additional Wilson line 1. See Figure [2] for an illustration. Such junction thus contributes to
the 3-group symmetry structure, and was also studied in other examples in [40].

The second junction consists of the intersection of the magnetic flux surface defect with the tri-junction of domain
wall that fuses two v = 4 domain walls into ¥ = 8 domain wall. We note that such tri-junction can be described by
the background C; with nontrivial dé’l /4. This can be understood from the fusion of two semion magnetic fluxes on
the two v = 4 domain walls into a fermion (and the 3 fermions in the v = 8 phase are all on equal footing) Another
way to understand such property is from the dependence of spin structure for the v = 4 domain wall, which can
be captured by twice of , and it is the effective action of the Levin-Gu phase. The junction is thus essentially
discussed in [32] [40] (see Figure [3), and when the magnetic flux intersect the junction there is additional electric
charge.

3-group symmetry structure as background fields relation We can also describe the 3-group symmetry
structure in terms of equations satisfied for closed (flat) background gauge field configurations for the higher sym-
metries. Let us introduce the following background gauge fields for the symmetries:

e Background 2-form gauge field By for the Zs 1-form symmetry generated by the magnetic flux surface defect.

Background 2-form gauge field C5 for the Zy 1-form symmetry generated by the electric surface defect decorated
with the Kitaev chain invertible phase.

Background 3-form gauge field C3 for the Zs 2-form symmetry generated by the electric Wilson line.

Background 1-form gauge field C; for the Z4 subgroup 0-form symmetry generated by the electric domain wall
defect decorated with the Chern insulator (i.e., ¥ = 2 phase which carries c_ = 1).

The 3-group symmetry structure can be described by the following relation among the background fields:

dB dc
dCs = Sq*(C3) + B U Cy + (22 + ’LU3> UC) + (By +w2) U Tl ) (13)

where the first two terms on the right hand side are discussed in [89, [40] and describe the fact that the intersection
of the Kitaev string and magnetic string nucleates a fermion.

The last two terms on the right hand side are a new contribution to the 3-group structure and corresponds to
the two junctions discussed above. In the last two terms, By is a lift of the Zy 2-form gauge field to Z, value, and
Cy is a lift of Z, 1-form gauge field to Zg value. The relation between the background fields does not depend on the
choice of lift The three-cocycle dBs /24 w3 is only nontrivial in the presence of the junction of fusing two magnetic
fluxes, and (dég /2 + w3) U Cy is nontrivial only when the junction intersects the domain wall that generates the
subgroup O-form symmetry. This is the junction that produces the electric Wilson line defect discussed above, and
it gives nontrivial background Cj.

3-group symmetry in effective field theory We can also derive the above equations for the closed background
gauge fields of the 3-group symmetry explicitly in the following way. We will focus on the 1-form symmetry generated
by the magnetic surface operator and the Z, subgroup 0-form symmetry. The 0-form symmetry is generated by the
domain wall decorated with the gravitational Chern-Simons term —2CSg;,y. Let us examine how the theory depends
on the spin structure a. The gravitational Chern-Simons term 2CS,;,, can be expressed in terms of an emergent
U(1) gauge field u as follows: (see e.g. [75], [@0])

1 d 1
—2CSgrav[a]  +— Eudu + W%a = Eu/du/ — %ada , (14)

where the left hand side includes [a] to remind ourselves the theory depends on the spin structure a; on the right
hand side we use the change of variables v’ = u+ma, and we take a lift of a to be an integer 1-cochain with holonomy

"The object dBs /2 is the image of Bz under the connecting homomorphism for the long exact sequence in cohomology from the
group extension short exact sequence 1 — Zo — Z4 — Z2 — 1. Similarly, the object dC1/4 is the image of C1 under the connecting
homomorphism for the short exact sequence 1 — Zo — Zg — Z4 — 1.



0,1. The equation of motion for u relates the holonomy e’ Jw = 41 with the spin structure. From the last expression,
the theory on the wall depends on the spin structure by

- / ga Uda . (15)
In the presence of background Cy, the action on the spacetime is modified with the term
’]T ~
—Z/aUdaUCl. (16)

where C} is a lift of the background C; to Zg value.

If we turn on background By for the 1-form symmetry generated by the magentic flux surface operator, the
quantization of the flux is modified to be da = ws + Bs. The action needs additional corrections that depend
on By in order to be invariant under the transformation a — a + 25\1, where 5\1 is an integer lift of a Zs 1-cocycle
A1. The transformation changes the action by

W/)\ludaucl:7T/)\1U(BQ+'[U2)U01. (17)
Thus the correction is
g/aU(B2+1D2)U017 (18)

where BQ, wo are lifts of By, wq from Zso value to Z4 value.

However, the theory with the correction term by itself is not well-defined: under a gauge transformation a —
a + d¢, the action is not invariant due to both the original action and the correction term. The original action
transforms under a — a + d¢ by

—%/d(bdaél:w/¢dau%:ﬂ/¢(32+wg)u%. (19)

The correction ([18]) transforms by
d - B ~
7T/¢U§((BQ+UJ2)U01) . (20)

We can compensate the transformation ¢ by including nontrivial background field C5 for the 2-form symmetry
generated by the Wilson line, which couples to the theory as

™ / aUCs . (21)
The total couplings are invariant under the transformation a — a + d¢ provided the background fields satisfy

d /- dC dB dcC
dCs = 5 ((Bz+w2)u01) +(Bg+w2)U71: (22+w3> UCl-i-(Bg-i-’wg)UTl mod 2 , (22)

where we used the property that dC; is a multiple of 8. This reproduces with Cy = 0, and w3 = dwy/2 mod 2
on orientable manifolds.

We note that although Cj is the background for Zy C Zg subgroup O-form symmetry, the coupling is not
invariant under changing the Zg value lift C’lz if we change the lift C’l — C’l + 4)\; with an integer 1-cochain A;, the
coupling changes by

ﬂ'/aUdaU)\l:w/aU(Bg—ng)U)\l. (23)

Thus for the coupling to be well-defined, the background C'5 must also transform as C5 — C5 + ws U A;. This is
consistent with the relation .

We note that the first term on the right hand side in can also be understood from the dependence on
the spin€ structure on the domain wall: if we turn on a spin® connection A, the domain wall theory becomes
—ﬁudu—l— %udA, and the dependence on A is the same as the insertion of the local fermion particle (i.e. the Wilson
line '/ *) at the Poincaré dual of dA/2m with respect to the domain wall. This is consistent with the transformation
wsz — w3 + dAg, C5 — C3 + Ay U Cy, where for global transformation Ay = dA/27 mod 2.
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Magnetic flux

Electric charge

Figure 2: A pair of magnetic vortices (orange dots) are placed at the codimension-1 domain wall defect (gray sheet)
that generates subgroup Z4 0O-form symmetry carrying the v = 2 phase. When two magnetic fluxes fuse on the
domain wall, it produces the Wilson line (red dot) from the fusion rules in the class two theory U(1)4 in the 16-fold
way [72].

Electric charge i Jv=8

| , .
Magnetic flux loop I ;
1 ’
,

Figure 3: A pair of Zs 0-form symmetry defects carrying the v = 4 phase fuses into a trivial symmetry defect carrying
the v = 8 phase. The arrow indicates the orientation of the defect. The magnetic flux at each of the v = 4 symmetry
defects behaves as a semion. The two semions fuse into a fermionic particle at the junction, which is identified as an
electric particle. This is one symptom of the 3-group structure of the symmetry.

3 Logical gates in (34+1)D Z, gauge theory with emergent fermion

In this section, we derive the action of the logical gates of (3+1)D Zs toric code with an emergent fermion, which
are implemented by the emergent global symmetry of Zs gauge theory discussed above. We consider the (3+1)D Zs
gauge theory with an emergent fermion, and derive the action of the emergent symmetry on the Hilbert space. The
3d space is taken to be a generic oriented 3-manifold M3. Recall that the (34+1)D Z, gauge theory has the following
global symmetries, all of which give rise to the logical gates of the (34+1)D toric code with an emergent fermion.

e Zs O-form symmetry; the generator is given by decorating the codimension-1 defect with the (2+1)D p+ip
superconductor with ¢ = 1/2.

e 75 1-form symmetry generated by the magnetic surface operator of codimension-2.

e 7o 1-form symmetry generated by decorating the codimension-2 defect with the (1+1)D spin invertible phase
given by Kitaev’s Majorana chain.

o Zo 2-form symmetry generated by the electric Wilson line operator of an emergent fermion.

First of all, when we have |H;(M?3,Zs)| = 2V there are N logical qubits. The Pauli X; operator for the j-th qubit
with 1 < j < N is implemented by the magnetic surface operator on a closed surface X;, where the set of surfaces
{%;} spans the basis of the 2nd homology Ha(M?3,Z>).

The Pauli Z; operator is then encoded by an electric Wilson line operator along the curve 7;, which is dual to
Y, by the intersection pairing satisfying #(vy;, Xx) = 0,5 (mod 2).

3.1 Logical gate from Kitaev chain defect

Let us denote the dynamical Zy gauge field for the (3+1)D Zs gauge theory on a 3d space as a € C(M3, Zy) satisfying
da = wa(M?3), which represents a dynamical spin structure of the 3d space. Each eigenstate of the logical Pauli {Z;}
operator can then be represented by a state |{a}), which is the state obtained by equal weight superposition over all
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gauge equivalent configurations of the Zy gauge field a. Each state |{a}) corresponds to a choice of spin structure
on M3. The Z; eigenvalue can be read by evaluating the holonomy (—1)f ¢ along the curve ;.

Let us now derive the action of the 1-form symmetry operator Wk (X,;) corresponding to the Kitaev chain
defect. We take {¥;}, for j =1, ,dimH2(M?,Zs) to define a representative basis for the second homology group
Hy(M3,Zs), where ¥; can be unorientable.

The surface operator Wk (3;) then evaluates the Arf-Brown-Kervaire (ABK) invariant of a pin™ surface X,

Wi(E)l(ah) = oxp (55 ABK(S.0) ) o), (24

Here, the ABK invariant evaluates the partition function of the Kitaev chain on the (14-1)D pin~ surface [44],[83] [36].
The pin~ structure on ¥; is induced by the spin structure of a 3-manifold M3, where the spin structure of M3 along
«y; is specified by the configuration of the Z, gauge field a. The above action of the logical gate can be expressed by
the following Clifford unitary (see Appendix |A|for derivations):

WK(EJ-) = H fz ooy H CZIZ oLOk ST)IE ThOk (6251 j)#(2j72j72j)
k,l
k<l,j#k,j#l J#
= H CZ]{AI/IB FITRIL | HCZ{]}C{S TITRTK (S};)st Oj0kOk | (ezgigj_)fm O'ja'jo'j7 (25)
k.l ' P ’
k<l,j#k,j#l Jj#k

where 0; € H'(M?3,Z5) is the Poincaré dual of the surface ;. The triple intersection is defined to be #(%;,%;,3;) =

Jus 00505

3.2 Logical gate from p-+ip defect

Now we want to derive the action of the 0-form symmetry arising from the p—+ip superconductor. For this purpose,
it is convenient to first consider the 0-form symmetry of (34+1)D Zy X Zs gauge theory with two emergent fermions.
This theory has a 0-form Zg symmetry generated by a decoration of (p+ip)x(p—ip) state on the codimension-1
defect. This state is regarded as (24+1)D Zo x Zg SPT phase with the Zg classification. Our strategy is to first derive
the action of this (p+ip)x(p—ip) defect on the Zy x Zs gauge theory in the form of the tensor product operator
V; ® Vi, where each V;, V3 acts on each Hilbert space of Zs gauge theory with a single fermion. The action of the
p+ip defect can then be obtained by V;.

The details of the computation is relegated to Appendix [B] The expression of the p+ip logical gate is given as
follows (up to overall phase):

Vp+ip(M3) = H (CCZj,k,l)fMB OjO0kOL H(CS;,]C)INIS 9i%kTk | H(Tj)fMg 9j0i0; (26)
jei<t L !

This p+ip logical gate indeed gives the order 8 operation, as its 8th power becomes the overall phase acting trivially
on the Hilbert space. This is consistent with our discussions in Sec. showing that the 0-form symmetry reduces
to Zg.

In the following sections, we will describe several examples of logical gates from the p+ip defects on different
spatial 3-manifolds: for M3 = T3 T2 x¢ S!,RP3, where T2 x¢ S' denotes a mapping torus of T2 twisted by the
modular §? = C transformation. For each choice of a spatial 3-manifold M3, the p+ip logical gate produces CCZ,
Controlled-ST and T gate, respectively.

4 Example: review of fault-tolerant CCZ gate in (3+1)D Z, fermionic
toric code

In this section, we review the microscopic realization for the the p+ip logical gate on a torus M3 = T3, which has
been studied in [69]. We will see that our formula for the p+ip logical gate Eq. (26 on M3 = T® reproduces the
results in [69].
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4.1 Pumping a Chern insulator through a 3d torus

We first recall the construction of a unitary Ucpern acting on a 3d fermionic system on a cubic lattice, which is
regarded as pumping the Chern insulator through the whole 3d space [69]. This unitary turns out to be an exact
O-form symmetry of a trivial atomic insulator state, so generates the 0-form symmetry of the (34+1)D fermionic toric
code after gauging the Zg symmetry. This 0-form symmetry corresponds to the symmetry defect obtained by a
decoration with the Chern insulator with integer c_ studied in Sec.

To construct this unitary, recall that the Chern insulator can be realized with a 2d free fermion Hamiltonian with
two energy bands:

Hcnern (kaa) = ¢ (F2a) X + ¢¥ (kaa) Y + ¢Z (Kgq) 2" (27)

where the Pauli matrices for the flavor index are denoted as X%, Y Z%. The real coefficient {c*,cY,c?} satisfies
()2 + (V)2 + (c?)? =1, and it is a map T? — S? with non-trivial winding number 1. An explicit choice of the
function {cX,c¥, c?} is made in Appendix

The inverse phase of the Chern insulator carrying the winding number —1 can be obtained by flipping the sign
of the second term:

— —

Henern(k2a) = ¢ (Faa) XT — ¢ (ko) Y™ 4 ¢7 (K2q) 2" (28)

By stacking the above two theories Hcpern and Hchern We obtain the paired Hamiltonian with four energy bands

—

Hopaie (Ka) = ¢ (F2a) X + €Y (kga) Z22Y " 4 ¢7 (Kgq) 2" (29)

where the Pauli matrices for the layer index is denoted as X'@er ylaver zlayer = A trivia]l atomic insulator can be
transformed into this paired Hamiltonian Hp.;, by a unitary U e obtalned in [69] (see also Appendix . C| for an
explicit definition of U™<!)

UnuclTH Unucl Zﬂ (30)

In other words, this unitary can nucleate a pair of topological insulators with the Chern number +1 starting with a
pair of trivial atomic insulators.

One can now construct a unitary pumping the Chern insulator through the 3d cubic lattice on a torus T° as
follows; we take the 3d system to be the 2N layers of 2d square lattices stacked along the z direction. Starting with
the 2N layers of the trivial atomic insulators, we first nucleate the pair of the Chern insulator and its opposite on
two layers (2j — 1,2j) by the unitary U™l Next, we annihilate the pair of the nontrivial insulators into the trivial
one by applying the unitary Uamih .= xlavergmuclt xlayer ¢ the pair of layers (27,27 + 1) (see Figure . The whole
process is summarized in the following single unitary

UChern - H UChern(EQd) 3 (31)
Eaa
with
Uchern(k2a) = H Uzt | (kaa) H U3l 5 (k2a)- (32)
1<j<N 1<j<N

4.2 Pumping a p+ip superconductor through a 3d torus

Since the above unitary is symmetric under the translation by two layers in the z direction, one can Fourier transform
in the z direction, which brings Ucpern into a 4 x4 matrix for the bilayer Ucnern (K24, k-). This operator Uchern (K24, k=)
is shown to commute with Z%, Uchern (kad, k) is expressed in the block diagonal form for each eigenspace of A

(_1)a7

- Vo (F2a, k- 0
UChern(k2dakz) = < 0(02d ) v _1(];_’2(1 k )> (33)

Focusing on each subspace for a = 0,1, each 2 x 2 matrix V,—g (Egd, k), Vazl(EQd, k.) is identified as pumping a
p-+ip superconductor [69]. To see this, one can check that the matrix V,—1 can be homotopically deformed into V,—q
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Figure 4: Pumping a Chern insulator through 2N layers of atomic insulators.

after performing the particle-hole conjugation acting on the a = 0 energy band, since both of the unitaries V,, turn
out to carry the same winding number 1 associated with the map V,, : T® — SU(2) = S3. The unitary can then be
regarded as two copies of the identical unitaries acting on each band « = 0,1, both together constitute the pumping
of a Chern insulator. This means that each of Vazo(lggd, k), Vazl(Egd, k.) carries a “half” of the Chern insulator,
which is a p+ip superconductor. Therefore, let us explicitly write the unitary pumping the p+ip superconductor as

Vp+ip: H Va:O(E2d;kz)~ (34)
ko k-

4.3 Fault-tolerant CCZ gate

Here we argue that the above unitaries pumping the Chern insulator or p+ip superconductor can be expressed as a
constant-depth circuit of quasi-local unitaries with at most exponentially decaying tails, following [69]. The unitaries
U 9;(kaa), U5 | (kaq) can be expressed as the time-ordered exponential for the Hamiltonian evolution,

t t
U™ (kgq) = T exp <z / dTKDUd(de,T)) . UM (kyg) = T exp (z / dTKannih(de,T)> : (35)

0 0
with K™ (kyq, 1) = —iU™ (koyq, 7) 710, U™ (kyq,7) a Hermitian operator. Here, a unitary U™ (koq,7) is a

function of 0 < 7 < t that smoothly interpolates between U“ud(lggd7 7=0)=1id and U“uCI(Egd, T=t)= Um‘d(lggd).
Such a smooth interpolation is possible, because U““Cl(Egd) is identified as a map T? — SU(4) which can be
homotopically deformed to an identity map since m1(SU(4)) = m2(SU(4)) = 0. A similar description also works for
Kannih(];zd, 7.>.

Since the Hamiltonians K““Cl(];gd, ), K nnih (Ezd,’r) are smooth functions of Egd,T7 this evolution is quasi-local
in real space in the sense that they have at most exponentially decaying tails. This implies that the pumping of the
Chern insulator Ucpern can be implemented by a finite-time evolution by a quasi-local Hamiltonian with exponentially
decaying tails. We expect that this can be approximated by a constant depth local unitary circuit and it can give a
fault-tolerant logical operation, but this requires further study to understand in detail.

The unitary Uchern acts within the Fock space of each flavor a = 0,1 with Z = (—=1)%, and focusing on one
flavor index we obtain the operator V,—g, V,—1 pumping the p+ip superconductor. By gauging the Zg symmetry for
each flavor distinctly, we obtain two copies of (3+1)D fermionic toric codes, where the local constant-depth circuit
Uchern acts as the diagonal fault-tolerant logical gate V,,1ip ® V44, on the copy.

The pumping of p+ip superconductor Vj4ip, realizes the logical CC'Z gate on a torus T3 [69]. This is understood
as a consequence of the permutation of 1-form symmetry generators by the action of the p+ip symmetry defect
discussed in Sec. leading to the group commutation relation between the emergent symmetries introduced in

Sec. 3]
Permutation action: [Vpyip, Xyz] = Wk g2, (36)

which corresponds to the permutation action where the magnetic surface operator X, . extended in y, z direction is
attached to the surface operator for the Kitaev chain. As discussed in Sec. the Kitaev chain operator Wk ,. on
a torus Tsz implements the CZ gate for the logical qubits on 7 with Pauli operators {Z,, X..},{Z., X4 }. The
above commutation relation is realized by V,1ip = CCZ involving all three logical qubits of the Z, fermionic toric
code on T3.
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5 Example: fault-tolerant controlled-S gate in (341)D fermionic Z,
toric code

Next let us consider the 3d space M2 = T? x¢ S, which is a mapping torus of T? twisted by the modular transfor-
mation S = C. As we will see below, pumping the p+ip superconductor through this mapping torus can implement
a fault-tolerant Controlled-ST gate.

5.1 Warm-up: Controlled-Z gate by pumping Chern insulator and 3-group

Before discussing the properties of the p+ip defect, let us first consider the 2Z subgroup of the 0-form symmetry
generated by the Chern insulator, generated by the unitary Vp2+ip~ As described in Sec. this 0-form symmetry
for the Chern insulator forms a non-trivial 3-group together with the other emergent invertible symmetries. The
3-group structure is characterized by the relation among the background gauge fields

dB dcC
dC3 = Sq*(Cy) + By U Cy + (22 + w3> UC) + (By + wy) U —= |, (37)

4

where the backgrounds of O-form symmetry, magnetic 1-form symmetry C; € Z'(My,Z), 1-form symmetry for the
Kitaev chain, and electric 2-form symmetry are denoted by C; € Z1(My,Z), By € Z*(My,Zs),Co € Z*(My,Zy),
C3 € C3(My,Z3). The last term for the 3-group d’;? U C; affects on the commutation relation between 0-form
symmetry generator Vp2 +ip and the magnetic surface operator X. To see this effect explicitly, let us consider a 3d space
given by a mapping torus M? = T2 x¢ S'. This 3d space can be filled by a cubic lattice with the boundary condition
along z direction twisted by Cy rotation of the square lattice, which makes up 177, ¢, S! (see Figure [5[ (a)). This
topology stores three logical qubits acted on by three pairs of the Pauli operators {X,,, Z.}, { Xy, Zo }, { X2, Zy }-
In this setup, the magnetic surface X, extended in yz direction is supported on a Klein bottle. Due to the above
non-trivial 3-group structure, the O-form symmetry for the Chern insulator acts on the junction of the magnetic
defects by attaching an electric charge. Noting that the junction here corresponds to the orientation-reversing defect
of the magnetic surface, the 3-group structure is reflected in the commutation relation between the generator of

0-form and 1-form symmetry giving that of the 2-form symmetry,

3-group equation: [V§+ip, Xy =2Z,. (38)
This implies that V132+ip acts by the C'Z gate on the two logical qubits with Pauli operators {X,, Z,.}, {Xy, Zs.}
encoded in the Zj gauge theory. This C'Z gate comes from the second term of the expression of Vi, in Eq.
that involves Controlled-ST between two qubits, where we get C'Z from the square of C'ST.

5.2 Lattice model for pumping Chern insulator through 72 %, S*

One can explicitly construct a unitary Vp2+ip on a cubic lattice defined on Tfy X, SL. This can be done by slightly
generalizing a unitary pumping a Chern insulator obtained in [69] to the case with twisted boundary condition by
C5 along the z direction.

In the presence of the C5 twisted boundary condition, we want the pumped Chern insulator to be symmetric
under the Cy rotation. Suppose that the Co symmetry acts on the complex fermion {f®, ft1 of the Chern insulator

by
FMk2a] = (Z%)ap - fP]—kaa), (39)

one can then see that this C action makes the Hamiltonian of the Chern insulator Hcperm explicitly defined in
Appendix [C] In the presence of the Cs twisted boundary condition, one can also define the unitary pumping the
Chern insulator in the same fashion as the untwisted case,

2 17 annih nucl
Uchem [T ¥c, S| = H Usjizjr H UsiSi05 | - (40)
1<j<N 1<j<N

To see directly how the Cy twisted boundary condition enables us to realize the Controlled-Z gate by pumping the
Chern insulator, let us evaluate the action of the pumping unitary Ucpern on the 3d trivial atomic insulator. This
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unitary acts by a phase on the atomic insulator given by

(trivial| Ucnem[T? %, S| [trivial) = (trivial| [ J] vspsh, |- | [] U, | [trivial)
1<j<N 1<G<N (41)
= (Chern[2N + 1]|Chern[1]) - H (Chern[j]|Chern[j])
2<j<2N

where the state |Chern[j]) is the Chern insulator state created at the j-th layer. Noting that the Cy twisted boundary
condition is introduced by the identification between (2N + 1)-th layer and the 1st layer by the C5 rotation, we can
further rewrite the expression as

(trivial| Ucher [T? % ¢, S*] [trivial) = (Chern[1]|Cy|Chern[1]) - H (Chernl[j]|Chern[j])

2<j<2N (42)
_ (Chern[1]] C5 |Chern][1]) o _
~ (Chern[1]|Chernl[1]) (trivial| Uchern[T] |trivial) ,

where the last equation shows that the difference between the unitaries Ucper[T? X ¢, S| and Ucphem[T?] is encoded
in the layer on which the Cs twist acts, where we have the C5 expectation value at the single Chern insulator. We
will see that this Cs expectation value gives rise to a non-trivial logical gate.

For the free fermion Hamiltonian Hcpern of the Chern insulator, one can explicitly evaluate the Cy expectation
value for each boundary condition of Zg symmetry. For simplicity, let us assume that the Chern insulator is defined
on a periodic square lattice with the length L, L, both even. In that case, the C expectation value taken on the
Chern insulator with each boundary condition is given by

(AP,AP|C, |AP, AP) = (P,AP|C, [P, AP) = (AP,P| C5 |AP,P) = 1,
(P.P|Co[P.P) =[] (Faa| Ca |Roa) = 1. (43)

koa=—kaa

where {AP,P} denotes the Zg boundary condition of the Chern insulator in x, y direction. The above relation can be
checked as follows. First, note that the C5 acts on the pair of complex fermions c%clf_g with & =+ —k by flipping the
sign. When both of L, L, are even, there are always even number of such pairs, so one can discard the contribution
of these pairs in the C expectation value. Hence, only the high symmetric momentum under C5 satisfying k=—Fk
contributes to the expression. Such high symmetric points exist only for {P,P} boundary condition. By evaluating
the Z% eigenvalue at each high symmetric momentum of Hcpem, one can see that (P,P|Cy|P,P) = —1. This
observation that this Cy expectation value becomes —1 when the 2d torus 72 has the periodic boundary condition
in both x and y direction, and 1 otherwise, implies that Uchern [T2 Moy S 1] in Eq. implements the CZ gate with
respect to the two logical qubits {X,, Z,.}, {X,, Z,.}.

At the level of effective field theory of the Chern insulator, one can also see that the Cs expectation value gives
the sign that corresponds to the CZ gate. To see this, we describe the state of the Chern insulator on 7?2 in terms
of the U(1)4 Chern-Simons theory, which is the bosonic dual of the Chern insulator under the sixteen fold way.
The U(1)4 theory has four anyons {1, v,, vt} including the trivial one, so it has four-dimensional Hilbert space on
T2, where each state is labeled by the anyon. The Chern insulator state for each boundary condition of 72 is then
expressed by that of the U(1)4 as

AP, AP) = 1) + |1},
AP, P) = 1) — [},
IPLAPY = o) + [v1) 44
PLP) = Jo) — ors)

The Cy rotation now acts by the S? modular transformation on the states of U(1)y theory, which turns to be
the charge conjugation permuting the anyons as v ¢+ vy). Indeed, S,S? matrices are expressed in the basis of

{11, [0}, 1), [vih) } as

1 1 1 1
- =1 g

1 1 -1 - 1 (45)
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Figure 5: Boundary conditions of the layered system. (a): Twisted boundary condition for Cs rotation symmetry
acting on the whole 2d torus, which makes the topology of T2 x¢, S'. (b): Twisted boundary condition for the
partial C, rotation acting on the disk within the 2d torus, which makes the topology of RP3 4173,

One can then immediately see that 82 acts on the state |P,P) by —1 sign, while acts as identity on the others. This
gives the alternative field theoretical explanation for why the above unitary Ucpern[T? X ¢, S1] implements the CZ

gate. E|

5.3 Controlled-S gate by pumping p+ip superconductor

Let us then study the logical gate implemented by pumping the p+ip superconductor. As we have seen in Sec.
the codimension-1 p+ip defect induces the permutation of the generators of the 1-form symmetry, by attaching
the Kitaev chain defect to the magnetic defect. This permutation action is expressed as the commutation relation
between the 0-form and 1-form symmetry generators on T2 ¢, S*,

Permutation action: [Vpyip, Xy2] = Wk y2- (46)
The expression of the Kitaev chain operator Wk . as a logical gate can be read from Eq. , and given by
Wk yz = CZy,.CZy,S]) (47)
we then have

Votip = CCZ,,, .CS]

Ty (48)
where the Controlled-ST logical gate C’SJW is enabled by the C5 twisted boundary condition. To explicitly see how
the Cy twist makes the pumping of p+ip superconductor a non-trivial logical operation, we again consider the 3d
system that consists of the 2N layers of the 2d trivial atomic insulators, and suppose of the process nucleating
the pair of p+ip and p—ip superconductors for the pair of layers (25 — 1,25), then annihilate them for each pair
(24,25 + 1). By repeating the same argument as the previous subsection, the unitary realizing the whole pumping

process Vj,4ip acts on the 3d trivial insulator by a phase, which is given by
(p+ip| Cs |[p+ip),
(p+ip[p+ip)1

where (p+ip| Cs |p+ip); is the Cy expectation value of the p+ip superconductor at the first layer.

We can again understand the origin of the Controlled-ST gate at the level of the effective field theory of p-+ip
superconductor. To do this, we describe the state of the p+ip superconductor on T? by that of the Ising TQFT
with the anyons {1, 0,4}, which is the bosonic dual of p+ip superconductor under the sixteen fold way. The state
of p+ip superconductor with each boundary condition is then expressed as [93]

|AP, AP) = [1) +[¢),
|AP,P) = [1) — [¢),
[P, AP) = |0},
P, P) = |os4)

8In general, the action of the crystalline Ca rotation can differ from the modular C transformation of effective field theory by an
internal Zs symmetry, as a result of the crystalline equivalence principle [91], [02]. Our setup corresponds to the case that the internal Zs
symmetry acts trivially on the Hilbert space, where the microscopic C2 action is identified as the modular transformation. It would be
interesting to study how the different action of crystalline C> symmetry gives rise to a distinct realization of the logical gates.

(trivial| Vptip [T? x¢, S']|trivial) = - (trivial] Vptip [T3] |trivial) , (49)

(50)
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where |o; 1)) is the state on a punctured torus, where the fermion 1) is inserted at the puncture and terminates at the
o line in the bulk of the solid torus. The modular & matrix of the punctured torus is computed in [93], and given by
Spp = e™™/%. The S§? acts on the other sectors in a trivial way, which is written in the basis of {|1),[)),|0)} as

(11 V2

501 1 =2, S§*=id (51)
V2 V20

The C5 rotation S? hence acts by the phase (—i) in the {P,P} sector, while it acts trivially on the other sector.

This means the logical gate involving two logical qubits {X,, Z,.}, {Xy, Z,.} is given by diag(1,1,1, —i) in the Z
basis, which is nothing but the Controlled-ST gate.

S:

5.4 Fault-tolerance of Controlled-S gate

Following the argument reviewed in Sec. one can immediately see that the pumping unitary Ucpern[T? X ¢, S1] for
the Chern insulator implements the fault-tolerant logical gate. Again, both of the unitaries U3, ,; (K24), Ugrgin | (K2q)
can be regarded as a finite-time evolution by the quasi-local Hamiltonian with at most exponentially decaying tail
regardless of the Cy twisted boundary condition. This unitary Ucpem[T? X ¢, S'] again acts within the Fock space
of each flavor o = 0,1 with Z% = (—1)®, and focusing on one flavor index we obtain the operator Vao—g, Vo= pump-
ing the p+ip superconductor, both of which implement the Controlled-ST gate. By gauging the Zg symmetry for
each flavor distinctly, we obtain two copies of (3+1)D fermionic toric codes, where the local constant-depth circuit
Uchern[T? %, S'] then acts as the diagonal Controlled-ST gate V},1ip ® Vi1 on the copy.

6 Example: T gate in (3+1)D fermionic Z, toric code

Finally we consider M3 = RP?, where pumping p+ip superconductor through M3 is expected to realize the logical
T gate according to Eq. . In order to realize the topology of RP? in a lattice model, we consider a boundary
condition of a 3d layered system twisted by “partial” Cy rotation [94], as shown in Figure [5| (b). To understand
how the partial rotation realizes the RP? topology, we recall that RP? is obtained by carving out a disk D? from a
3-sphere, and then identifying the north and south hemisphere of the boundary S? by the Cy rotation map. The
boundary condition implemented by the partial Cs rotation exactly does the identification of hemispheres to obtain
RP3. In the presence of this boundary condition, the 3d space for the layered system has the topology of T3#RP?,
where the partial rotation adds the RP? to the original torus topology 7.

In order to construct an explicit logical T' gate in this topology by a local constant-depth circuit, we would need
to obtain a unitary circuit which can nucleate a “bubble” of a p+ip superconductor enclosing the partial rotation
cross-cap. Then, one would be able to sweep the p+ip superconductor over the whole 3d space, resulting in an
emergent symmetry acting on the code space of fermionic Zs toric code. While we do not attempt to work out the
construction of such a unitary logical gate pumping a (241)D invertible phase through the partial rotation cross-cap,
we strongly expect that a constant-depth unitary circuit for this logical gate exists. Indeed, in (241)D one can
pump a (14+1)D Kitaev chain through a cross-cap for spatial reflection by a local constant-depth circuit to obtain
the logical gate of the (241)D Zs toric code on RP? [62]. A similar construction would work for pumping a (241)D
invertible phase through a cross-cap of RP? as well.

In this section, instead of explicitly constructing a logical T' gate using a local unitary circuit, we comment on our
expectation for a certain operator which is unitary in the whole Hilbert space of the 3d layered system, but does not
act within the ground state Hilbert space, so does not directly define the logical gate. Nevertheless, after projecting
onto the code space of fermionic Zsy toric code, it is expected to become a non-unitary operator proportional to the
logical T gate up to overall amplitude.

6.1 Warm-up: S gate by pumping Chern insulator and 3-group

Before considering the p+ip case, let us discuss the logical gate implemented by the Chern insulator defect, which
generates the 2Z subgroup of the 0-form symmetry. Due to the 3-group structure dCs5 = dBs /2 U (4 discussed in
Sec. the O-form symmetry for the Chern insulator acts on the junction of the magnetic defects by attaching the
electric charge. As discussed in Sec. 5} this implies that the O-form symmetry acts on the orientation-reversing defect
of the magnetic defect by attaching the Wilson line of the electric charge.

Let us now consider a 3d space RP?, where we can think of the magnetic surface operator supported at RP?
embedded in RP®. This surface operator implements the logical X gate of the Z; gauge theory. The 3-group
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structure discussed above is then reflected in the commutation relation between the 0-form and 1-form symmetry
generator,
3-group equation: [V, X] « Z, (52)

where Pauli Z corresponds to the Wilson line of a fermion extended along the orientation-reversing cycle of RP?,

which is a nontrivial cycle of RP®. This commutation relation is indeed realized by Eq. , which says Vp2+ip =S5.

6.2 Realizing RP? topology via partial rotation, and pumping Chern insulator through
RP?

Here we consider the process of pumping the Chern insulator discussed in previous subsections on a layered lattice
system defined on a 3d space with the topology of RP?. As we mentioned at the beginning of the section, to encode
the topology of RP? in the 3d space, we employ the idea of partial rotation, which is the spatial rotation acting
within a disk subregion. For the system of 2V layers of the 2d trivial atomic insulators, we consider the boundary
condition that identifies the (2N + 1)-th layer with the first layer by the partial Cs rotation acting on the disk inside
the 2d torus (see Figure [5| (b)). The partial-rotation twist works as a “cross-cap” making up the RP® topology, and
the resulting 3d layered system corresponds to a discretization of the 3-manifold T3#RP?.

Let us study the action of the operator pumping the Chern insulator in the presence of the partial Co rotation
twist. We can just define the pumping unitary in the same form as Eq. ,

UChern[Tg#Rng] = H Uéhﬁrzl;}itl H U;gufll,Qj . (53)
1<j<N 1<j<N

In the presence of the partial Cy twist, the state for the trivial atomic insulator is no longer an eigenstate of the
pumping operator Uchern, SO this operator does not directly give the logical gate of Zs gauge theory after gauging Zg
symmetry. However, after gauging Zg fermion parity symmetry, we can see that the projection of Ucpern onto the
ground state subspace for the Z, gauge theory behaves as the logical S gate on the logical qubit encoded by the RP3
topology. To check this, let us explicitly compute the expectation value of the unitary Ucpern on the trivial atomic
insulator,

(Chern| C5[D?] |Chern),

.. 3 3 .. o
(trivial] Ucphern [T° #RP?] [trivial) = [Chern|Chern),

- (trivial| Ucpern[T?] [trivial) , (54)

where Cy[D?] is the partial Cy rotation operator acting within the disk of the first layer. One can also get the
expectation value of the operator Ucpern in the presence of the Zg-twisted boundary condition for R]P’g, which
corresponds to shifting the spin structure of RP?. This Zg—twisted boundary condition is achieved by inserting the
Zg symmetry defect at the disk where we act by the partial rotation. The expectation value of Ucpern With the
Zg -twisted boundary condition is then given by

(Chern| Co(—1)¥[D?] |Chern),
(Chern|Chern),

trivial| Uchern , twisted| |trivial) = - (trivial| Uchern trivial) ,
ivial| U, T3H#RP?, twisted] [trivial ivial| U T3] |trivial (55)

where C5(—1)F[D?] is the partial Cy rotation associated with the partial ZJ fermion parity operator, acting within
the disk of the first layer. The expectation value of the partial rotation operator in the Chern insulator has been
computed in [94], and has the form of

27 27

(Chern| C2[D?] |Chern), = e~ & xx, (Chern|Cy(—1)"[D? |Chern), =e & x y, (56)

where x is a real non-universal value. See Appendix [E]for the detailed discussions about the evaluation of the partial

rotation. One can hence see that the operator U projected onto the state for a 3d atomic insulator is proportional
2mi .

to S = diag(1,e % ) up to the overall value e=27%/8 x x.

6.3 Pumping p+ip superconductor through RP? and T gate

Let us then study the logical gate implemented by pumping the p+ip superconductor in the presence of the partial
Csy twist. According to Eq. , the p+ip symmetry acting on a 3d space RP? generates the logical T gate on the
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Zo gauge theory. To explicitly see how the partial Cy twist makes the pumping of p+ip superconductor a non-trivial
logical operation, we again consider the process of nucleating the pair of p+ip and p—ip superconductors for the pair
of layers (2§ — 1,2j), then annihilating them for each pair (24,25 + 1), in the system of 2N layers. This pumping
unitary Vi, does not act by unitary on the ground state subspace for the Z, gauge theory, but acts by the logical
T gate once projected onto the ground state subspace.

Indeed, by repeating the same argument as the previous subsection, one can evaluate the expectation value of
the pumping unitary on the 3d trivial atomic insulator as

(p+ip| C2[D?] [p+ip),
(p-+ip|p+ip)1

(trivial| Vi, ip [T #RP?] |trivial) = - (trivial| V;, 3, [T?] [trivial) , (57)
where C[D?] is the partial Cy rotation operator acting within the disk of the first layer. Also, the expectation value
with the shifted spin structure on RP? is given by

(p+ip| Co(=1)F[D?] [p+ip),

trivial| Vi 4ip [T #RP?, twisted] |trivial) = : .
< | p+ P[ ] | > <p+1p|p+1p>1

- (trivial| Viypp[T?] [trivial) . (58)

The computation details of the expectation value of the partial rotation operator in the p+ip superconductor is found
in Appendix [Ef which largely follows the argument in [94] 5]. The result has the form of

27 2

(p+ip| C2[D?] [p+ip), = e~ 16 x x, (p+ip| C2(—1)"[D?] |p+ip), = e 16 x X, (59)

where x is a real non-universal value. This demonstrates that the unitary becomes proportional to the logical T' gate
27i .
T = diag(1,e”s ) up to the overall value e 2m/16 5y,

7 Discussion

In this paper we have developed an understanding of the emergent 3-group symmetry of (3+1)D Zs gauge theory with
a fermionic charge. The 3-group symmetry is mathematically encoded by the equations obeyed by flat background
gauge field configurations for the 3-group symmetry. Physically the 3-group symmetry describes the result of space-
time intersections and junctions involving topological defects of varying codimension.

The emergent 3-group symmetry in general can act non-trivially in the code subspace of a topological code,
and gives rise to fault-tolerant logical operations. In this paper we provided a general formula for the logical gates
obtained by sweeping the Kitaev chain defect and the p+ip superconductor defect. When we consider the code
defined on the torus 7%, the mapping torus 72 x S', and RP?, our results imply that one can realize CCZ, CS, and
T gates.

Our work raises several questions for further study. First, the unitary operators that we can define are in terms of
finite-time evolution of a quasi-local Hamiltonian. It would be of interest to write down explicit constant depth local
unitary circuits that approximate these unitaries and prove rigorously that they give fault-tolerant logical gates. For
the T gate on RP?, our microscopic realization required applying a partial Cy rotation, which took the system out
of the code subspace and required projecting back to the code subspace. As we discussed, we expect that there is
a unitary operator that leaves the code subspace invariant and implements the same transformation; it would be of
interest to explicitly find this operator.

Our results made use of the application of global and partial rotations to the topological states that are decorated
on the codimension-1 defect. As studied in [94] [96], O5] 7], the results of these operations might be modified by
non-trivial topological invariants protected by the crystalline rotation symmetry of the system, and may depend on
the Wyckoff position of the fixed point of the rotation. It would be interesting to investigate whether and how these
crystalline symmetry protected invariants affect the logical gates that are obtained.

As mentioned in the introduction, a large class of fault-tolerant logical gates can also be obtained in topological
codes using mapping class group operations, which can be viewed as sweeping geometric defects through the system.
The algebraic relationships between logical gates obtained from mapping class group elements and those obtained
from sweeping invertible topological defects presumably give rise to a larger emergent 3-group symmetry that mixes
the one studied here with the diffeomorphism symmetry of the code.

Finally, it would be interesting to place our results in the wider context of schemes for realizing universal fault-
tolerant quantum computation, and whether these results be utilized to improve the optimal space-time overhead
for universal quantum computation.
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A Derivations for logical gate of Kitaev chain defect

Here we derive the expression Eq. of the logical gate implemented by the Kitaev chain defect. We will present
two derivations, one based on property of the ABK invariant, the other based on commutation relation.

A.1 Derivation from factorization property of invariant

The ABK invariant on the surface ¥; can be described by Z; gauge field b with the effective action [82, 44} 83, [36]

™

5L . (60)

J

where b is a dynamical field that satisfies db = 0. Let us examine how the theory depends on the pin~ structure
a by writing it as a = ag + B for some fixed reference pin~ structure ag (the pin~ structure on the surface 3; are
the restriction of the spin structure in the 3-manifold M that contains X; [44]). Using the property go,+p(z) =
Gao () + 22U B and ¢(z + y) = q(z) + q(y) + 22 U y, we can rewrite the effective action as

3 ) @ =5 [ (61)

J
where o/ = b+ B. Thus the theory depends on the pin~ structure by the effective action

™

5 [ B (62)

J

Consider the operator acting on the state |{a}) (where the eigenvalue of (—1)¥ * = +1 labels the spin structure
of the 3-manifold M, which extends to pin~ structure on the surface ¥; inside the 3-manifold) as follows:

Wic(S5)[{a}) = e F J= 0@ gayy (63)

where ag is some fixed reference pin~ structure related to the choice of embedding of the surface 3; in the 3-manifold.
For instance, if the spin structure differs from the pin~ structure by w; of the surface it is the same as the embedding
with opposite orientation, since 5 [ Gagtw, () = 5ao(2) + 7 [ Uwy = =% [ qa, (). It is sufficient to pick a choice
of embedding; different choices are related by shifting a, i.e. a basis transformatlon that conjugates Wy by Pauli X
gates. We can set ag = 0, but in the discussion let us keep general ay.

Let us augment ¥; with additional surfaces such that {3;, £} forms a basis of Hay(M, Z2). We can parameterize
a as

a=n;PD(Z;) + Y _ nPD(Zk) (64)
k#j

where (—1)",(—1)™ = £1 are the eigenvalues of the Pauli Z gate on the corresponding qubits (we will take them
to be nj,ni € {0,1}), and PD denotes the Poincaré dual. In the notation of (25), PD(Z;) = 0.

Let us substitute into and using the property ¢(z +y) = q(z) + q(y) + 22 Uy mod 4:

fz: orUoy fz: UJUO'k fz;,- okUok _IE-UJU‘TJ'
Wi(E)Hah = I <z [Icz% Sp S; {a}) , (65)

k<l,k,l#j k#j
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where the CZ gates are from the contributions 7ngn; fzv or U oy and mn ng fz- oj Uoy, the S gates are from the
J J

contributions ny 4 fz:v q(ox) and njy fzv q(oj) where we used n? =ny, n% = ny, for nj,ni = 0,1. Using the property
J J

/ JjUUk:/MUjUJjUUk:/MSql(oj)Uok:/MJjUSql(Jk):/ or Uo, mod 2, (66)

J Z;

fzj ojUok . fzj orUoy .
we can replace the term CZjﬁk in (65 with Cijk . Then the operator reproduces the expression (25| up

2mi . . .
to an overall constant phase e s #(35:%;:%5)

A.2 Derivation from commutation relation

Here we present an alternative derivation for Eq. based on the commutation relations between the Kitaev chain
operator and the logical Pauli operators. First, the commutation relation between the Kitaev chain operator and
the logical Pauli X operator is given by

XWE(E) X0 () Ha) = ex (55 ABK (5. - ABK(Z;.a-+ o0) ) (e}

. (67)
— exp (247”/2%(%0 {a}) .

J

The phase exp (% - qa(ak)) measures the pin~ structure of a surface X; along a close loop « Poincaré dual to
J

0; Uoy. This implies that this phase is proportional to the action of the Wilson line of the fermion v along 7, which

Zf]\lg O’jO’kO'l
l

can be expressed as a product of logical Pauli Z operators as [, . Concretely, we have

XiWE () Xk Wi (85) = il siowon T ] Zihe e, (68)
l

The additional phase factor iJms 73919k reflects the property that the phase exp (% fE, qa(Uk)) becomes +i when
J

«y crosses through the orientation-reversing defect of the surface 3; odd times, which happens when f s 0i0k0k = 1.
Meanwhile, the commutators between the Kitaev chain operator and the Pauli Z operators become trivial,

ZWE(E5) ZiWk (25) = 1. (69)

The unitary is completely specified by the commutator between Pauli X and Z operators up to overall phase. In
our case, the above commutators fix the form of the Kitaev chain operator up to phase as

f 30j0k0] f 30j0kOk T f o;i0KO t f 000,

Wic(E5) = czfy e TL Ozl 27 (] v (1) s e,
[ ezl 1oz J "

k<l,j#k,j#l J#k
One can check this expression as follows.
1. When j # k, the commutation relation can be evaluated by
Xp, H C'Zlf,%3 0j010m | _ H Zlst 0joKO] (71)
l,m l
l<m,j#l,j#m 15,1k
and

XkaHOZj{leg Ujazaz(SlT)fMg ojoior | ijMs OjO0KOk « ZJMS gjgkng’{Ms Ujakm«. (72)

1
J#l

where [A, B] := A~!B~1AB. These two commutation relations together produce Eq. .
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2. When j = k, the nontrivial commutation relation comes from

x;, [[ ozl oo | =] 7l oo (73)
j;lﬁl j?lﬁl
and
[Xj, (SJT)IMS g'jg'jo']'} _ Z'fMg 0j0;0; ijMS 000, (74)

These two commutation relations together produce Eq. (68).

The additional phase factor appears when the surface ¥; satisfies fz- w? = 1, in which case the ABK invariant
. J
exp (%ABK(EJ-, a)) becomes the 8th root of unity. This happens when [ M3 033 = 1, where we must introduce a

phase factor exp (% / e 05’). Otherwise the eigenvalue of the above operator should match the ABK invariant of
the surface 3;, since the ABK invariant of ¥; with the choice of spin structure such that Z; = 1 for all k is expected
to be 1. So we get the expression ,

WK(Z]) — H CZ]{J;I?’ 90kl HCZ{A];IS Ujgko'k(sl];)fMg TjOKT | (eZériS;)fMS 0005
kil ’ A ' (75)
k<l,j#k,j#l J#k

For example, when the 3d space M3 is taken to be RP?, the fermionic toric code stores a single logical qubit. The
Kitaev chain operator on RP? embedded in RP? can then implement ST logical gate up to overall phase €2™/8 which
originates from the last term in the above expression. Such a logical ST gate in (2+1)D Zs toric code and honeycomb
Floquet code on RP? has been explicitly constructed in [62]. E

B Derivations for logical gate of p+ip defect

Let us write the Pauli operators of the Zy X Zy gauge theory as {Z¢ ;, Xt ;},{Z¢ j, Xt/ ;}, where Z¢, Zp denote the
Wilson line for fermions 1, v’ respectively. Each Zy gauge theory has the Kitaev chain defect, with corresponding
operators denoted by Wk (X;), Wk (%;).

To describe the expression of the symmetry operator corresponding to the (p+ip)x(p—ip) defect, let us first
express the Zy X Zo gauge theory in a different basis, by redefining the Pauli operators as

Zrj="Zsj, Zvj=ZiZ0 5 Xij=Xe;Xej, Xuj=Xe, (76)

The Pauli ZbJ- operator corresponds to the Wilson line for the bosonic particle b := 1), so the above expression
amounts to describing the Zs x Zs gauge theory as stacking of Zo gauge theory with a bosonic particle and that with
a fermionic particle. In this basis, we can describe the eigenstate of the Pauli Z operators as |{a,b}) with a,b Zs
gauge fields on M3, where the Wilson line of a corresponds to Z¢, and that of b corresponds to Z;,. On the eigenstate
[{a,b}), the action of the operator V' that corresponds to the (p-+ip)x(p—ip) defect is given by [98] [@9]

Vl{eth = exp (250,00 ) (0.0 = exw (5FABK(PD().)) a) ()

where PD(b) denotes a 2d surface Poincaré dual to the Zo gauge field b.

This operator V can be expressed in terms of a certain non-Clifford unitary. To see this, we compute the
commutation relation between V and Pauli operators. First, we obviously have [V, Z; ;] = [V, Zp, ;] = 1 since V is
diagonal in the Z basis. Then, the commutator involving the Pauli X operator can be computed by exploiting the
following property of the invariant S, (b) [98],

211

271 ’ / — ex “ane /
exp (221500 4 ) - 5a00 +1)) = p< iy >) (78)

91n [62], this logical gate for the Kitaev chain operator on RP? is presented as \/?Jr gate instead of ST = \/ZT, since [62] works in the
basis where the line operator of the fermion on RP? is identified as a Y gate instead of Z gate (up to overall phase).
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exp (28m(ﬁa+a(b) - Ba(b») = eXp <_247m AD(U) qa(b)) (79)

Here we introduced the function g, (b) defined on a pin~ surface 3. a is pin~ structure induced on the defect 2, and
b is the flat Zo gauge field for the bosonic electric particle. ¢, (b) is a Z4-valued quadratic function with the property

/Eqa(b)+/2qa(b’)z/zqa(b+b’)+2/2bub’ mod 4. (80)

The commutator between V and Pauli X operators are then computed by

2mi

XV SV o) = exp (<300 ) exp (55500 o) =exn (5 [ au) Motk s0)

- - 211 27
KoV Ko a0)) = exp (=2 000 + 0n) ) exp (255,00 ) o)
. . (82)
2 2
= exp (m/ qa(b)> - exp (—mABK(Zk,a)) [{a,b})
4 Js, 8
We then use the following relation between ¢, and the ABK invariant
ABK(X,a) — ABK(X,a+b) = 2/ qa (D) mod 8. (83)
b))
We then have
) } o o
X1 VIXe 1V [{a,b}) = exp (;”ABK(Ek,a)) exp (—;TZABK(Ek, a+ b)) {a,b}) s
= Wi (Se)Wh (S) [ {a, 0})
- i o 21
Xy 1 VI Xp 1V |{a7 b}> = exp —?ABK(ZI€7 a—+ b) |{a, b}> (85)
=Wk (i) Ha. b))
One can then obtain the commutation relation between V and Pauli operators in the original basis X¢, Xt as
XeaVIXenV = Wi(Sh),  XenVIXp xV = WL (30). (86)

By expressing V in the form of V; ® V4, the problem now reduces to finding a unitary V; acting within the Z5 gauge
theory with a single fermion, satisfying

Zf,kaTZf,ka =1, Xf,kaTXf,ka =Wk (Zk), (87)

where V; is regarded as the action of the p+ip defect. This commutation relation X j ‘/fTXﬁka = Wk (XZg) explicitly
shows that the p—+ip operator V; induces the automorphism of 1-form symmetries X, Wy, as discussed in Sec.

Since the unitary is completely specified by the commutator between Pauli X and Z operators up to overall
phase, it suffices to find a single unitary that satisfies the above commutation relations. We find an expression of
such a unitary V¢ (up to overall phase) as

Ve (M®) = H (CCZ; 1) w3 oiorar . H(OSj,k)fMg' TiOROk .H(T‘]T)flw:“ 050505 (88)
Jikl Jik J
j<k<l i<k

One can check this expression by the following commutation relations:

Xk’ H (CCZl:mvn)fM3 somIn | = H (CZl,m)st o'kdlﬂm’ (89)
l,m,n Lm
l<m<n k£l kstm, l<m
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Xy, H (CSl,m)st TLOmOm | — H(CZk,l)fMg Ly (SIT)IMS TROLOL (90)

l,m

l
I<m k#l

[Xk;H(ﬂT)fhfs azomz] _ (e2gz‘ S;DIM3 OkOKOk (91)
l

These three commutation relations together produce Xf7kaTXf,ka = Wk (Zg).

C Details of unitary pumping a Chern insulator

Here we describe the details for the lattice model of a Chern insulator and a unitary that pumps it, following the
definitions of [69]. As outlined in the main text, the Hamiltonian of the Chern insulator has the form of

Henern (Koa) = ¢ (k2a) X + ¥ (koa) Y™ + ¢Z (kaa) 2" (92)

To describe an explicit example of {c*,cY,c?} for a Chern insulator, we take two numbers 0 < k; < ko < 1 and
define a function 0(|kaq|), which satisfies (|kaq|) = O for |kaq| > ko, 6(|kaa|) = 7 for |kaa| < ki, and smoothly
interpolates between them for k; < |kag| < ko. Then {c¥,c¥, c?} is taken to be

(0,0,—1) for |kaa| < k1
(X, ¥, %) = (\5L| sin<0(|k2d|)), lgjsin(@(\kzgd\)),cos(0(|k2d|)>) for k1 < |Faq| < ko, (93)
(0,0,1) for |kod| > ks

which realizes a non-trivial winding number 1 associated with a map {c¢X,c¥,c?} : T? — 52, hence defines a Chern
insulator.
Next, we describe the details of the unitary that pumps a Chern insulator. Let us define ¢(kaq) = tan=*(ky/k,),

and the unitaries for \E2d| > ky,

Vi (Faa) = exp (i6(Faa) (1 + 2%)/2) exp (i6(za]) Y /2) (94)
V- (Faa) = exp (=ig(Faa)(1 + 2%)/2) exp (i0(|Faal) Y™ /2) (95)
Then, a unitary U™ that can nucleate a pair of Chern insulator and its opposite out of a trivial atomic insulator
is given by
(|E2d| /K1 exp (i¢(1€2d)zlayer(1 + 21 /2) +iy/1 = [Faq 2 /k%Xlayer) i for [kaa| < by
U™ (Fsa) =V, (Raa)(1 + 21257 /2 4 V_ (Faq) (1 — Z15°r) /2 for ky < [Faa| < ko (96)

r(JRzal) exp (i6(Foa) 22 (1 + 2)/2) + iy/1 = r(|Raal2/R3X 1200 for [Kzal > k2,

where r(|kaq|) is a positive function satisfying r(|kaq|) = 1 for |kaq| < ko, 7(Jka]) = 0 for |kzq| > 1, and smoothly
interpolates between them for ky < |E2d| < 1. U™l ig a continuous but not smooth function of Egd, while it is likely
that U n”CI(Ezd) together with the Hamiltonian of Chern insulator Hcpern can be slightly deformed homotopically so
that U™ ! becomes smooth. In the main text, we assume that U nuCI(EQd) can be taken to be a smooth function of
Ezd.

Similarly, we define the unitary for annihilating a pair of Chern insulators as UMb = Xlayergymuclf ylayer = Ag
outlined in the main text, the unitary pumping a Chern insulator through a layered system in 3d can be expressed
as

o annih nucl
UChern - H U2j,2j+1 H U2j_1,2j7 (97)
1<j<N 1<j<N

which can also be defined in the presence of Cy twisted boundary condition as discussed in the main text. In either
case, each of U™, 2k does not commute with Z% due to the presence of the factor that depends on Y, but they
cancel out with each other in the expression of Uchern. Uchern after all preserves the flavor index, and acts within
the Fock space of each flavor a = 0,1 with Z% = (—1)®. Each unitary acting within one specific Fock space for a
flavor is written as V,—q, Vo=1, each of which is identified as pumping a p+ip superconductor.
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Figure 6: The Hamiltonian terms for fermionic toric code model on cubic lattice.

D Fermionic Toric Code in (3+1)D

Let us review the fermionic toric code in (34+1)D [63], whose ground states describe Zs gauge theory with emergent
fermion.

It is more convenient to describe the theory using dual Zs 2-form gauge field instead of 1-form gauge field. In
terms of dual Zs 2-form gauge field b, which satisfies db = 0 mod 2, the theory for the ground states has the
topological term

w/bub. (98)

To see this is the correct topological term, we can rewrite it as 7 [ b U wy where ws is the second Stiefel-Whitney
class for the tangent bundle. We can restore the 1-form gauge field as a Lagrangian multiplier that enforces db = 0
by the action 7 [ bU da. Then integrating out b instead enforces da = wo, which implies that the Wilson line of a is
a fermion.

Let us construct a lattice model for the action. It can be obtained by gauging Z, 1-form symmetry in Zo 1-form
symmetry protected topological phase with the cocycle ¢(b) = bU b, the latter is discussed in [I00]. We introduce
qubit on each face, acted on by the Pauli operators X, Yy, Z;. The result is the Hamiltonian

H:_Z H Xf-(—l)beé+éUb—Z H Zy (99)

e fie€df ¢ feodc

where e are edges, f are faces and ¢ are cubes, € is the 1-cochain that takes value 1 on an edge e and 0 otherwise,
and Z; = (—1)*¥) where b(f) = 0,1 is the value of the 2-form gauge field on face f.

The above construction works on any lattice with a triangulation. For instance, we can consider the Hamiltonian
model on lattice with the topology of RP? by suitable twisted boundary condition.

For the special case of cubic lattice, we sketch the Hamiltonian terms in Figure [6] on the dual lattice, where we
dualize the surface variable Z P= (—1)*Y) into edge variable X, one the dual lattice. The magnetic flux membrane
operator is unmodified compared to the ordinary toric code, while the Wilson line needs modification with additional
X in order to commute with the plaquette terms, and the modification gives the particle nontrivial statistics.

E Detailed descriptions of the partial rotation

Here we review the properties of the partial C)y; rotation taken for a disk subregion of a (2+1)D fermionic invertible
phase, following the argument of [94] [95].

The partial Cjs rotation of the (241)D fermionic invertible phase within a disk can be analytically computed by
using the cut-and-glue approach established in [I0T], which describes the entanglement spectrum of the disk subregion
in the long wavelength limit by that of the (14+1)D CFT on its edge. That is, the reduced density matrix for the
disk subregion D is effectively given by pp = pcpr, where pcpr denotes the CFT on the edge of the disk. The edge
of the disk entangled with the complement subsystem is described by a thermal density matrix of a perturbed edge
CFT at high temperature [102]. The form of the perturbation in the entanglement Hamiltonian is not universal. In
the following, we assume that the entanglement Hamiltonian is that of the unperturbed CFT: pcpr = e, where
the validity of this assumption should be checked with numerics.

Due to the crystalline equivalence principle [91] [92], the Cj; rotation symmetry effectively acts as a translation
symmetry combined with an internal Z,; symmetry of the edge CFT on the boundary of D. For simplicity, here we
assume that the Zj, internal symmetry acts trivially on the state. See [95] for the discussions about the case with
the non-trivial Zj; action, where the partial rotation defines the invariants of the crystalline invertible phases.

The partial rotation then reduces to evaluating the expectation value of the translation operator within the
(14+1)D edge CFT. Let us write the state of a (241)D fermionic invertible phase as |¥), with chiral central charge
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c_. The partial rotation is then expressed as

(U] Cu[D?] W) =

i (100)
2mi Za:l,w Xa(f5 - ﬁ)

— e 24M i
(2
Za:mp Xa(f)

where we introduced the velocity v of the CFT, finite temperature correlation length of the edge theory £ := pv, the
length of the boundary L = |0D|. P is the normalized translation operator

P:= %(H — Ep) = 2% [Lo - ;i — (Lo — ;i>] (101)

so that P|vac) = 0 on the vacuum state |vac) of the CFT.
Also, x4 (7) is the chiral Virasoro character of Spin(2c_); WZW model that corresponds to the partition function
on a torus. That is,

Xa(T) — Tra[e%rif(Lo—Z—z)] (102)

where a labels the chiral primary field, which is valued in {1,%,0} when c_ € Z 4 1/2, and valued in {1,%,v,v'}
when c_ € Z.

Let us evaluate the above CFT characters in the case with even M. We perform the modular ST S transfor-
mation on the character as

D Xa (f - ]\14) D IP I <_1l>

T
a=1, a=12 b L M

_iME
> Z(STM)abXb< ML) (103)

& 1
a=1 b Tt

Z Z(STM)abSchc (1\726 + ]\14>

a=1,1 b,c

By plugging the modular S, T matrices of Spin(2c_); WZW model into the above expression, we get

i€ 1 _2miM 1L 1
ZXa(L—M)Ze 2 XC:XC<J\/[2§+M> (104)

a=19

At high temperature we have £ > 1, where we can approximate the character in terms of the highest weight state

3
|h0>:

. (AZL% N ;4) o o2 (oS T (he= ) (105)

_2mLp S
Due to the exponentially dropping factor e 3¢ (he=3 ), the lightest state with ¢ = 1 has the dominant contribution
at large system size. We hence get to the leading order

g — i e 27(21.4MC76_21€11.02*161\4%ﬁ
> Xa | 7737 (106)
a=1,

1V

5

™
o

Also, we have
i€ 1L
Z Xa (L) = Z ZsabXb <£> (107)
a=1,1 a=1, b

where the character can again be approximated by the contribution of the highest weight state

Yo (ZfL) w e, (108)
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Hence, to the leading order we get
Doxal g )me T (109)
a=1,

Combining the above results, we obtain the final expression of the partial rotation

2L © 2x L

<\I/| CM[DZ] \\Il> _ 672272(M+%)C76A{2§ﬁe—7

| 0
ENE

(110)

Similarly, the expectation value of the partial rotation followed by the partial Zg fermion parity symmetry is
given by

Tr[eiﬁﬁ(—l)Fe_%H]

(U] Cu(-1)7[D?]]¥) =

g
Tr[e=+H
| i | 1 i€ 1 (111)
_ e XUT —a7) = Xw(_? — )
Za:L'L/) Xll(f)
In that case, we have
i€ 1 i€ 1 M iL 1
= - =] - e S1o — Sub)Ty Seexe | == + —
X1<L M> Xw(L M) bZ( 16— Sy) T, bX(M2§+M (112)
By plugging the modular S, T matrices of Spin(2c_); WZW model into the above expression, we get
2mwiM _2miM c_ 7 .
N (lf 1 ) N (lf 1 ) _je s e Zc \@SJCXC (Migﬁ + ﬁ) ife e Z+% (113)
1\ 7 737 X\ 7T~ 77 ) T mi ni ; .
L M L M e2 SIW 67672 241W c_ Zb:v,vl ZC SbCXC (]\212/&. —+ ﬁ) lf c_ € Z
To the leading order with ¢ = 1, for any c_ we get
. <f - le) X (f - L) = e e W T (114)
We then obtain
(0] Ot (—1)F [D?] W) = 2548 e o 3 1+ e 37 57 =22 (115)
Summarizing, the results of the partial rotation are given as follows:
(U] Cor[D?)|0) = e S M sy, (U] O (~1) (D] 0) = e 550 I ey (116)
where the amplitude y = 61%47?& ﬁe_%% is a non-universal positive value. Taking M = 2, ¢ = 1,1/2 produce the

expressions Eqs. , respectively.
At large system size, a number of numerical results suggest that the phase of the partial rotation converges to the
universal value predicted by the CFT computation [94] [95] [T03]. Meanwhile, the amplitude ¥ is in general sensitive to

¢ 2rL C—

2nL “—
the microscopic detail of the wave function and is not expected to be simulated by the CFT result eM?¢ 21 ¢ "¢ 27,
However, we expect that the ratio between the partial rotations
(¥|Cu[D?]]9)
(U] Cu (-1)F[D?]|¥)

(117)

has the universal amplitude predicted by the CFT computation. In our case, the above ratio is the pure phase, which
implies that the non-universal amplitudes | (¥| Cps[D?]|¥) | and | (¥| Cps(—1)F[D?] |¥) | are expected to converge to
the exactly same value at large system size. This expectation has been verified numerically with the Haldane model
for a Chern insulator on a honeycomb lattice [104], with the rotation angle M = 2,6. |E|

10We thank Yuxuan Zhang for sharing unpublished results of this calculation.
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