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TWO VERTEX GEOMETRICALLY IRREDUCIBLE ALGEBRAS

GRZEGORZ BOBINSKI AND GRZEGORZ ZWARA

ABSTRACT. We complete a classification of the two-vertex geometrically irreducible al-
gebras. We also classify the algebras in new classes of hom- and ext-irreducible algebras.

1. INTRODUCTION AND MAIN RESULT

Throughout the paper k denotes an algebraically closed field of arbitrary characteristic.

Given a finite dimension k-algebra A and a nonnegative integer d we denote by mod 4(d)
the variety of d-dimensional A-modules, which consists of the k-algebra homomorphisms
A — Myyq(k) and parameterizes A-modules of dimension d. The algebra A is called
geometrically irreducible if the connected components of mody(d) are irreducible, for
all d. Geometrically irreducible algebras have been studied in [2-H4]. In particular, it
is conjectured in [4] that every geometrically irreducible algebra is a gluing (in a sense
explained in [4]) of algebras with at most two simples. This conjecture has been confirmed
for the algebras without shortcuts (J4, Theorem 1.2]). Consequently, the geometrically
irreducible algebras with at most two simples seem to be of particular interest. The aim
of this paper is to complete the classification of this class of algebras initiated in [2,4].

We introduce some families of algebras. For n > 0, let Q(n) be the quiver
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For [ > 1 (and n > 1), let

=0

For m > 2 and n,l > 1, let A(n,m,l) be the path algebra of the quiver Q(n) bounded

by 7, & and p). Similarly, for mg,m; > 1 and n > 0, let A'(n,mg,m;) be the path
mo

algebra of the quiver Q(n) bounded by ;" and 7.
The following theorem is the first main result of the paper.

Theorem 1.1. Let A be an algebra which has exactly two simples. Then A is geometri-
cally wrreducible if and only if A is Morita equivalent to one of the following algebras:
(1) A(n,m,1), for some m >2 andn > 1, or
(2) A(n,m,m —1), for some m >2 andn>1, or
(3) A'(n,mg,mq), for some mg,m; > 1 and n > 0.

The main result of [4] (Theorem 1.1) states that if A is a geometrically irreducible
algebra with exactly two simples, then (up to Morita equivalence) A is one of the algebras
listed in Theorem [LT. On the other hand, it is relatively easy to see that the algebras
A'(n,mg, mq), mg,m; > 1 and n > 0, are geometrically irreducible (see for example [4]
Proposition 3.3]). Moreover, [2, Corollary 2.1] implies that the algebras A(n,m, 1), m > 2
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and n > 1, are also geometrically irreducible. Thus in order to prove Theorem [Tl it
suffices to prove the following.

Theorem 1.2. If m > 2 and n > 1, then the algebra A(n,m,m — 1) is geometrically
wrreducible.

The paper is organized as follows. In Section 2l we recall basic definitions, while in
Section [3 we introduce classes of hom- and ext-irreducible algebras, which play crucial
role in our proof of the main result presented in Section [l The final Section [ contains
a classification of the hom- and ext-irreducible algebras.

The both authors gratefully acknowledge the support of the National Science Centre
grant no. 2020/37/B/ST1/00127.

2. PRELIMINARIES

Throughout the paper, by Z, N, and N, we denote the sets of integers, nonnegative
integers, and positive integers, respectively. If i,j € Z, then [i, j] denotes the set of all
l € Z such that 1 <[ < 5.

A quiver () consists of a finite set )y of vertices, a finite set (), of arrows, and two
maps s,t: Q1 — o, which assign to an arrow a € () its starting and terminating vertex,
respectively. An arrow a € )y is called a loop if s = ta. If a is an arrow in a quiver
@, then we define the degree dega of a by dega := 0, if « is a loop, and dega := 1,
otherwise. We denote by Qgi) the set of arrows of degree i, i = 0,1 (in particular, ng) is
the set of loops in Q). By a path of length [ € N in () we mean a sequence o = ay - - -
of arrows such that so; = tayyq, for all i € [1,1—1]. We put so := s and to := taq, and
call them the starting and the terminating vertex of o, respectively. By the degree deg o
of 0 we mean Zi‘:l deg a;. By an oriented cycle we mean a path o of positive length such
that so = to. For each vertex x of () we also consider the trivial path 1, at vertex z
(ie., s1, := x =: t1,) of length (and degree) 0. If X C Q, then we put 1x :=> _ 1,.

With a quiver ) we associate its path algebra k@), which as a k-vector space has a
basis formed by all paths in ) and whose multiplication is induced by the composition
of paths. By a relation p in ) we mean a linear combination of paths of length at least
2 with the same starting and terminating vertex (denoted by sp and tp, respectively). If
p =i, No;is arelation, where Ay, ..., A, are nonzero scalars and o7, ..., 0, pairwise
different paths, the by the degree deg p of p we mean min{dego; : i € [1,n]}. By a bound
quiver we mean a pair (@, I) consisting of a quiver () and an ideal I of k@) generated by
relations, such that there exists n € N, with o € I, for each path o of length (at least)
n. If (Q,I) is a bound quiver, then we call kQ/I the path algebra of (Q,I). If A is the
path algebra of a bound quiver (@, ) and the ideal I is generated by relations py, ...,
Pn, then we also say that A is the path algebra of () bounded by p1, ..., p,.

If A is an algebra, then there exists a bound quiver (@, I) such that A and kQ/I are
Morita equivalent. Moreover, it follows from [6] that A is geometrically irreducible if and
only if kQ)/I is geometrically irreducible.

Thus from now on we concentrate on path algebras of bound quivers. The quiver @ is
uniquely determined by A and is called the Gabriel quiver of A. The algebra A is called
weakly triangular, if there are no oriented cycles of positive degree in Q).

Let (@, I) be a bound quiver. By a representation of (@, I) we mean a collection V' of
finite dimensional k-vector spaces V,,, x € (), together with k-linear maps V,,: Vo, — Via,
a € @, such that V, (defined in a natural way) vanishes for all relations p € I. The
collection (dimy, V,) € N9 is called the dimension vector of V (and the elements of

N@ are called dimension vectors). If U and V are representations of (Q, ), then a
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homomorphism f: V — U is a collection of k-linear maps f,: V, — U,, © € Qq, such
that U, o fsa = fia © Va, for each a € Q1. If A is the path algebra of (Q,I) then
the category mod A of (finite dimensional left) A-modules is equivalent to the category
rep(Q, I) of representations of (@, ). By abuse of language we call objects of rep(Q, I)
representations of A. If x € @y then we denote by S4(z) the simple representation at
vertex z, i.e., Sa(x), ==k, Sa(z), =0, for y # z, and S4(z), := 0, for a € Q.

According to [6] the above equivalence has its geometric counterpart. Namely, let A
be the path algebra of a bound quiver (@, ). For a dimension vector d we denote by
rep 4(d) the set of representations V of A such that V, =k for each x € Qy. One easily
observes that rep,(d) can be identified with a closed subset of [] ., Ma,,xd..(k), thus
carries a structure of an affine variety. Then results of [6] imply that A is geometrically
irreducible if and only if rep 4(d) is irreducible, for each d € N%. More precisely, if d
is a nonnegative integer then the connected components of mod4(d) are (isomorphic to)
the associated fiber bundles GL(d) X ¢r,a) rep4(d), for the dimension vectors d such that
> weqo @e = d, where GL(d) =[], GL(d.).

Let A be the path algebra of a bound quiver (@, ) and d a dimension vector. The
group GL(d) acts on rep,(d) by conjugation, i.e., if g € GL(d) and V' € rep,(d), then
(9% V)a = GiaValmr, for a € Q1. Note that g € GL(d) can be viewed as an isomorphism
g:V—=gxV.

We finish this subsection by listing basic properties of geometrically irreducible algebras
proved in [3], Section 3].

Lemma 2.1. The following hold for a geometrically irreducible algebra A with the Gabriel
quiver Q).

(1) A is weakly triangular.

(2) For each vertex x € Qq there exists at most one loop o € Q1 with sa = x.

(3) If |Qo| =1, then A ~ klx]/(z™). O

3. HOM-, MONO- AND EXT-IRREDUCIBLE ALGEBRAS

Let A be an algebra. For dimension vectors d and e we denote by H,(e,d) the set
of triples (V, W, f), such that V' € rep,(e), W € rep,(d), and f € Homy(V,W). Then
Ha(e,d) has a natural structure of an affine variety. We denote by My (e, d) the subset
of Hx(e,d) consisting of the triples (V, W, f) such that f is a monomorphism. Note that
My (e,d) is an open subset of Hy(e,d). Moreover, M(e,d) is nonempty if and only
if e <d (ie., e, < d,, for each z € Q). We say that A is hom-irreducible (mono-
irreducible) if Ha(e,d) (Max(e,d), respectively) is irreducible, for all dimension vectors
d and e (such that e < d, respectively). We have the following obvious observation.

Proposition 3.1. If an algebra A is hom-irreducible, then A is mono-irreducible. O

In order to define ext-irreducible algebras we need to recall an interpretation of ex-
tensions of A-modules in terms of cocycles. Fix the path algebra A of a bound quiver
(@, I), dimension vectors d and e, and V € rep,(d) and U € rep,(e). Let Agd =
Hate My, xe.. (k). For each Z € Agd we have a representation W%V of @) defined by:
WYZU = kdates (= kd= @ ko), for v € Q, and W) 24U .= [‘6‘* 5;‘}, for « € Q1. Given an
exact sequence

0-vVvELwhuso
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of A-modules, there exists Z € Agd and an isomorphism g: W%V — W, such that the
following diagram is commutative

0—=V-LsWV2lU T — 50
|,k
f h
0 Vv w U 0
where p and 7 are the natural maps. Commutativity of the above diagram means in
particular that f = g o u. Moreover, if W € rep,(d + e), then g € GL(d + e) and

W =g W2V, Let ZV be the set of Z € Ag® such that W"'?Y € rep,(d + e). Then
Z € 7YV if and only if Zg’v = 0, for each relation p € I, where

n

l;
uyv _ § § ) - . ..
Zp - Alvam Vai,j—lzai,j Uai,j-u Uai,li7

i=1 j=1

provided p =" N1+ iy,

Given an algebra A and dimension vectors d and e we denote by Ex(e,d) the set of
triples (U, V, Z) such that U € rep,(e), V € rep,(d), and Z € ZYY. Obviously &, (e,d)
has a structure of an affine variety and we call A ext-irreducible if the varieties £, (e, d)
are irreducible, for all dimension vectors d and e.

The following proposition, whose proof uses a construction from [7], is the main result
of this section.

Proposition 3.2. An algebra A is ext-irreducible if and only if A is mono-irreducible.

Proof. Assume first that A is ext-irreducible and fix dimension vectors d and e such that
e < d. Consider the map ®: GL(d) x Ex(d — e,e) — M, (e, d) given by:

(g, (U, V,2)) = (V,gx WY gop),

for g € GL(d), V € rep,(e), U € rep,(d —e), and Z € ZYYV, where p: V — WV2U is
the natural inclusion. One easily checks that ® is a well-defined morphism of varieties.
We show that ® is onto and this will imply that M (e, d) is irreducible as an image of an
irreducible set, since GL(d) is irreducible and by assumption £, (d — e, e) is irreducible.

Let (V,W, f) € Mx(e,d) and U := Coker f. Without loss of generality we may assume
U € rep,(d — e). We have an exact sequence

0—>Vi>W—>U—>O.

By remarks preceding the proposition, there exists Z € Z%Y and g € GL(d) such that
W =gxWV%Y and f = go u. In other words, (V,W, f) = ®(g, (U,V, Z)).

Now assume that A is mono-irreducible and fix dimension vectors d and e. Let ) be the
set of tuples (V, W, f, h) such that (V, W, f) € Ma(d,d+e) and h € [],cq, M, te.)xe. (K),
and X be the subset of ) consisting of the tuples (V,W, f, h) such that the collection
£ h] = ([fes hal)eeqo € [lacgo Mdater)x(dates) (k) belongs to GL(e +d). Then Y is a
vector bundle over M (e, e+d) and X is a nonempty open subset of ), hence irreducible.

We have obvious maps 7 1: rep, (d+e) — Ag’d, T2 repy(d+e) — Ag’d, Tt repy(d+
e) — AdQ’e, and 7o repy(d +e) — AG®, where @Q is the Gabriel quiver of A. If
(V,W, f,h) € X, g:=[f,h], and W := g1« W, then 7 1(W') =V, ma1(W') = 0, and
m12(W') € ZYV | where U := myo(W). Consequently, we may define U: X — &, (e, d) by

\II<V7 VV? f7 h’) = (7T272<[f7 h’]ii * W)7 ‘/7 7T1,2<[f7 h’]il * W)>7



for (V,W, f,h) € X. Obviously V is a regular map, which is easily seen to be onto, hence
En(e,d) is irreducible. O

We formulate the following obvious consequence of Propositions B.1] and
Corolary 3.3. If an algebra A is hom-irreducible, then A is ext-irreducible. O

In Section Bl we classify the hom- and ext-irreducible algebras. In particular, we show
that the hereditary algebras, which are not semisimple, are ext-irreducible, but not hom-
irreducible.

4. PROOF OF THE MAIN RESULT

Throughout this section we fix m > 2. In order to simplify notation we put A :=
A(1,m,1) and B, := A(n,m,m — 1), for n € N,. Moreover, by A’ we denote the path
algebra of the quiver

EOCO<—1 €1

bounded by &', €, and goax — ae;. Finally, we put A := k[z]/(2™). Note that the
dimension vectors for A are the elements of N, while the dimension vectors for A, A" and
B,, are the pairs (d, e) with d,e € N. Furthermore, the correspondence given by

o Ep, X > (¥1,E1 — —€7q,
induces an isomorphism A’ ~ A. Since the algebra A is geometrically irreducible by
[2, Corollary 1.2], A’ is geometrically irreducible as well.
The crucial point in the proof is the following.

Lemma 4.1. Let d,e € N. Then the following hold.

(1) repy((d,e)) = Hal(e, d).

(2) repp, ((d, ) = Enle, d).
Proof. ([Il) Note that A is the path algebra of the quiver @ of the form

0 )e
bounded by £™. Consequently, rep,(d) consists of the matrices V' € My q(k) such that
V™ = 0. Similarly, rep,(e) consists of the matrices U € M,y.(k) such that U™ = 0.
Finally, if V' € rep,(d) and U € rep,(e), then Hom, (U, V') consists of the matrices
f € My (k) such that fU = V f. Consequently, we have an isomorphism rep 4, ((d, e)) =
Ha(e,d) given by
rep o ((d,e)) > M — (M.,, M.,, M,,) € Ha(e,d).

(@) Note that Agd = Myye(k), while Ex(e,d) consists of the triples (V,U, Z) with
V € repy(d), U € repy(e), and Z € Agd, such that Z% = 0. By easy induction one
shows that Zg’v =YLV ZU° for | € Ny Consequently the map

repg, ((d,e)) > M — (M, My, M,,) € Erle, d)
is easily seen to be an isomorphism. O
We have the following consequences.

Corolary 4.2. The algebra A is hom- and ext-irreducible.

Proof. It d,e € N, then H(e,d) = rep 4 ((d, e)) by Lemma [AT|(). Since A’ is geomet-
rically irreducible, H (e, d) is irreducible, thus A is hom-irreducible. Ext-irreducibility

follows from Corollary B.3] O
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Corolary 4.3. The algebra By is geometrically irreducible.

Proof. Fix a dimension vector (d,e). Since A is ext-irreducible by Corollary and
repp, ((d, e)) = Ex(e, d) by LemmaldTI[2), repp, ((d, e)) is irreducible and the claim follows.
O

Proof of Theorem[L2. Fix n € N,. If (d,e) is a dimension vector, then

repg, ((d, €)) = repp, ((d, €)) x [ [ Maxe (k).

1=2

Since B; is geometrically irreducible (Corollary B.3)), repy ((d, e)) is irreducible, thus B,
is geometrically irreducible. O

5. CLASSIFICATION RESULTS

It is natural to ask about a classification of the hom- and ext-irreducible algebras. We
solve this problem in this section.

We start with the following remark. One could define hom- and ext-irreducibility for
not necessarily basic algebras, using module varieties instead of representation varieties
— as usual one requires that the connected components of corresponding varieties are
irreducible. An analysis of these constructions, based on results of [6], shows that notions
of hom- and ext-irreducibility defined in this way coincides with these defined in Section
More precisely, let A be the path algebra of a bound quiver (@), /) and A an algebra
Morita equivalent to A. Assume also that S,, * € @y, form a complete set of pairwise
nonisomorphic simple A-modules such that the module S, corresponds to the vertex =z,
for each z € Qo. For nonnegative integers d and e we define H, (e, d) to be the set of
triples (V, W, f), such that V' € mod,(e), W € moda(d), and f € Homu(V,W). Then
one shows (using results of [0, Section 2]) that the connected components of H/, (e, d) are
the associated fiber bundles (GL(e) x GL(d)) X (aL(e)xar(a)) Ha(e,d), for the dimension
vectors d and e such that erQo dy - dimy S, = d and Zmer e, - dimy S, = e. A similar
statement also holds for ext-varieties, which in the module varieties case are defined
in [7, subsection 2.1]. We leave details to the interested reader.

Consequently, we will work further with the path algebras of bound quivers, but for-
mulate the results for arbitrary algebras.

For m € Ny, let A, := k[z]/(z™). We have the following classification of the hom-
irreducible algebras.

Theorem 5.1. Up to Morita equivalence, the algebras A,,, m € N, are precisely the
hom-irreducible connected algebras.

Proof. We already know that the algebras A,,, m € N,, are hom-irreducible (Corol-
lary [4.2). It remains to show that they are the only hom-irreducible connected algebras.

Let (@, 1) be a bound quiver such that A := kQ/I is a hom-irreducible connected
algebra. It is obvious that A is geometrically irreducible (rep,(d) = H4(0,d)). Suppose
there exists an arrow «a;: x — y in () with x # y. Since A is weakly triangular by
Lemma [ZT|(]), there are no arrows y — x in Q. Let ag, ..., a,: © — y be the remaining
arrows from x to y in (). Let d and e be the dimension vectors such that

d, =0y, +0,. and €y = 0y 2,

for z € Qo, where 0,,, is the Kronecker delta.
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Fix a loop « in ). Recall that there exists n € N, such that o™ € I. Consequently,
if W € repy(d), then W2 = 0. Since d, < 1, for each z € @y, this implies W,, = 0.
Similarly, V,, = 0, for each V' € rep4(e).

Thus H (e, d) is isomorphic to the variety

{(byay,...,ap) €K™ iayb=-- = a,b =0},

which is easily seen to be reducible.
The above implies that |Qg| = 1 (due to connectedness of A). Using again geometrical
irreducibility of A we get A ~ A,,, for some m € N, by Lemma 2.TI[3]). O

In order to classify the ext-irreducible algebras, we introduce the corresponding class of
algebras. We call an algebra A a loop extension of a hereditary algebra, if A is the path

algebra of a quiver () bound by relations of degree 0. Note that A/ <Q§O)) is isomorphic to

the path algebra of the quiver (Qy, le)) (hence hereditary). In other words, A is obtained
from a hereditary algebra (i.e., the path algebra of a quiver with no relations) by adding
loops and relations involving only these loops. In particular A is weakly triangular. If
additionally, for each vertex x of () there is at most one loop « such that sa = x, then we
call A a simple loop extension of a hereditary algebra. We show that the ext-irreducible
algebras are exactly the simple loop extensions of hereditary algebras.

We start with the following.

Lemma 5.2. Fvery hereditary algebra is ext-irreducible.

Proof. Let A be a hereditary algebra. Then A = k@), for some quiver ). Consequently,
if we fix dimension vectors d and e, then rep,(d) and rep,(e) are affine spaces, and
vV = Agd, for all representations V' € rep,(d) and U € rep,(e). Consequently,

Ea(e,d) =repy(e) x repy(d) x Ag’d is an affine space, thus irreducible. O
As a consequence we obtain the first part of our classification result.
Lemma 5.3. Every simple loop extension of a hereditary algebra is ext-irreducible.

Proof. Let A =kQ/I be a simple loop extension of a hereditary algebra. Let H be the
path algebra of the quiver (Q, le)). Next, for each loop ¢, let m. be the minimal m
such that €™ € I, and A, := k[z]/(2™). Note that [ = (g™ : ¢ € Q§0)>.

Let d and e be dimension vectors. Then

Eale,d) =Ep(e,d) x [ En(ew ds).

EGQY))
Since H is ext-irreducible by Lemma (5.2, and the algebras A. are ext-irreducible by
Corollary 2] £4(e, d) is irreducible, and the claim follows. O

In order to prove that the simple loop extensions of hereditary algebras are the only ext-
irreducible algebras, we need additional facts on relations in (geometrically irreducible)
algebras. Let @) be a quiver. Recall that a set R of relations is called minimal, if
(R) # (R\ {p}), for each p € R. If R is a set of relations, then for z,y € R we denote
by R, the set of p € R such that sp = x and tp = y. The first fact is the following
generalization of [5, Proposition 1.2].

Proposition 5.4. Let A = kQ/I be a weakly triangular algebra. If R is a minimal set
of relations generating I, then the cardinality # R, , of R, is independent of R, for all
x,y € Qo, r #vy. More precisely,

#R,, = dimy Ext’ (Sa(z), Sa(y)).
7



Proof. Let J be the ideal in k@) generated by the arrows. Then according to [5, Corol-
lary 1.2]
dimy Ext? (Sa(z), Sa(y)) = dimy 1,,(I/(IJ + JI))1,.
Next, let R® be the set of relations of degree 0 in R, A’ =kQ/(R®), I' = I/(R®), and
J' = J/{R). Since x # y,
dimy 1,(I/(IJ + JI))1, = dimy 1,(I'/(I'J" + J'IT'))1,.
Thus in order to finish the proof it suffices to show
#R,, = dimy 1,(I"/(I'J + J'I'))1,.
In other words, it is enough to show that the residue classes of the elements of R, , form
a basis of 1,(I'/(I'J" + J'I'))1,.

One easily sees that the residue classes of the elements of R, , span 1,(I'/(I'J'+J'I"))1,
as a vector space (see for example the proof of the corresponding statement in the proof
of [8 Theorem 4.1]). Thus assume the residue classes of the elements of R, , are linearly
dependent. This implies that there exists p € R,, such that p € K'+ I'J' + J'T',
where K’ := K/(R®) and K := (R\ {p}). Consequently, K' 4+ I'J' + J'I' = I'. Note
that I'J" 4+ J'I’ is the radical of A’ as an A’-A’-bimodule (here we use that A is weakly
triangular, hence there exists n € N with o € (R©®), for each path o in Q of length n).

Thus the Nakayama lemma (see for example [I, Corollary 15.13]) implies I’ = K’, i.e.,
I = K, which contradicts the minimality of R. O

Before we continue we formulate an easy generalization of the results of [3, Subsec-
tion 5.5].

Lemma 5.5. Let QQ be the quiver

€0 €1 ) €k
(Yau ( Vau () an an ()
0~ 1°— 92— ...~k

9

Qlng Qa2ng Q3ng Akny,

where k,ny,...,ng € Np. If A" is a geometrically irreducible algebra, whose Gabriel quiver
Q' is a subquiver of @, and R' is a minimal set of relations such that A" ~ kQ'/(R'),
then degp € {0,1}, for each p € R'.

Proof. We adapt arguments from the proof of [3, Corollary 5.5]: Let R'® be the set of
relations of degree 0 in R. Without loss of generality, we may assume R'© := {7 :
i € Qg}, for some m; > 2, i € Qf, where Qf is the set of i € [0, k] such that ¢; € Q).
Choose m; > 2, for each i € Qo \ Qp, and let R := R'U{e/" : i€ Qo \Qy}. If A:=
kQ/(R), then A’ being geometrically irreducible implies A is geometrically irreducible.
Consequently, the claim follows from [3, Proposition 5.4]. O

The proof of the following fact uses ideas from the proof of [4, Lemma 5.1].

Proposition 5.6. Let A be a geometrically irreducible algebra with Gabriel quiver Q, and
let R be a minimal set of relations such that A ~kQ/(R). If degp # 1, for each p € R,
then degp = 0, for each p € R.

Proof. Let R(® be the set of relations of degree 0 in R and I := (R®). Our aim is to
show that p € I, for each p € R\ R,

Forapatho =a;---a;in @, let suppo := {t(ay), s(ay),...,s(a;)}. Note that dego =
# supp o — 1, since A is weakly triangular by Lemma 2I|(). If p = Zle A;0; is a relation
in R, we write p = Y ycq, Px, Where px := >, oo Aoy, for X C Q. By induction
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on #X we show px € I, for each p € R\ R©. The claim is obvious if #X = 1
(indeed, weak triangularity implies that px = p € R® if #X = 1 and px # 0) and
there is nothing to prove if #X = 2 (if #X = 2 and px # 0, then degp = 1 by weak
triangularity).

Now fix X C Qo with #X > 2, and assume py € I, for each p € R\ R and YV
with #Y < #X. By replacing every p € R\ R” by p — 3y 4,y py (note that

(10 - Zy;#y<#x PY)X = px) we may assume
(*) py =0, for each p € R\ R and Y with #Y < #X.

We number the elements xg, ..., x; of X in such a way that there are no paths from
x; to x; in @, for i < j (here we use again that A is weakly triangular). Let ()} be the
union of the set of all loops at zg, ..., x; and the set of arrows o € ()1 such that sa = x;
and ta = x;_q, for some i € [1,1]. If Q' := (X,Q}), then px is a linear combination of
paths in @', for each p € R\ R®. Let A" :== A/{(1g,\x) + (@1 \ @;)). We show that A’
is geometrically irreducible.

First observe that A’ ~ k@' /I’, where I’ is the ideal in k@’ generated by the restrictions
plor of p € Rto Q. If p € RO then either p|g = 0 (if sp € X) or plor = p (if sp € X).
On the other hand, if p € R\ R, then assumption (&) implies p|o = px. Consequently,
I' = (R'), where

R :={peRY:s5peX}U{px:pe R\ROL

Now let A” := A/(1g, x). Then obviously A” is geometrically irreducible. Moreover,
A" ~ kQ" /1", where " is the full subquiver of () with the vertex set X and [” is the
ideal in k@" generated by the restrictions p|g» of p € R to Q". Obviously, plor = plo,
if p € RO, Furthermore, if p € R\ R, then p|gr = px, again by assumption (&). In
other words, I” = (R’). Consequently, rep 4,(d) is the product of rep 4 (d) and an affine
space, for each dimension vector d, hence A” being geometrically irreducible implies A’
is geometrically irreducible as well.

Now we apply Lemma to A’ (note that A’ being geometrically irreducible implies
that there is at most one loop at each vertex of Q' by Lemma 2.Ti[2))) and conclude that
px belongs to the ideal generated by the relations in R(®) N R/, for each p € R\ R©.
Consequently, px € I, for each p € R\ R, and this finishes the proof. O

Now we are able to conclude a classification of the ext-irreducible algebras.

Theorem 5.7. Up to Morita equivalence, an algebra A is ext-irreducible if and only if A
1s a simple loop extension of a hereditary algebra.

Before giving the proof we need some preparations. Let A be the path algebra of a
bound quiver (@, I). For each loop a, let m,, be the minimal m € N such that ™ € I. A
minimal set R of relations generating [ is called normalized if, for each loop «, o™ is the
unique element of R which has a summand containing a/™* as a subpath (in particular,
a™> € R). In general a normalized minimal set of relations generating [ may not exist
(this is, for example, the case for A = k[X,Y]/(X? — Y2, X%)). However, it obviously
exists if A is a quotient of a simple loop extension of a hereditary algebra.

Now let A = k@/I be a geometrically irreducible algebras. According to Lemma 2.T([2]),
for each vertex x there is at most one loop « such that sae = x. Moreover, A is weakly
triangular by Lemma 2.I[). Consequently, A is a quotient of a simple loop extension
of a hereditary algebra. In particular, there exists a normalized minimal set of relations

generating /.
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Proof. We already know from Lemma that the simple loop extensions of hereditary
algebras are ext-irreducible. Thus we need to show that if A = k@/I is ext-irreducible,
then A is a simple loop extension of a hereditary algebra. Recall from Proposition 3.2/ that
A is mono-irreducible. Moreover, A is geometrically irreducible (rep,(d) = £4(0,d)).
Let R be a normalized minimal set of generators of I. According to Proposition
it suffices to show degp # 1, for all p € R. Suppose this is not the case and fix p € R
with degp = 1. Put 2 := tp and y = sp. If B := A/(1gy\(ay}), then B is also
mono- and geometrically irreducible. Moreover, B has exactly two simples, hence by
Theorem [LT] (or [4, Theorem 1.1]) we may assume B = A(n,m, 1) or B = A(n,m,m—1),
for some n € Ny and m > 2 (the cases of n = 0 and B = A’(n, mg, m;) are excluded
by Proposition [5.4], since from R being normalized it follows that p induces a relation of
degree 1 in B, which cannot be generated by relations of degree 0). In order to treat the
above cases simultaneously, let [ := 2 in the former case, and [ := m in the latter one.
Let d := (1,{) and e := (1,1). Then Mp(e,d) consist of the tuples

(1]

oCk_: kW
[14n]
o w
|4t

ok _: HDU
Vn
where pi1, ..., pn, A €K, Vi, ... Vi, € Myy(k), U € My (k), W € My (k), such that

VUt =0, U'=0, M =ViW, ... A, = VW, UW =0,

and A and W are nonzero.

Let U, be the set of the tuples as above such that tkU = [ — 1 and Us be set of the
tuples such that p; # 0. They are easily seen to be nonempty open subsets of Mpg(e,d).
If Mp(e,d) were irreducible, U; and U, would have a nonempty intersection. However,
ViU = 0 and UW = 0, imply ImU""! C KerV; and ImW C KerU. Moreover, if
tkU =1—1, then U' = 0 implies Ker U = Im U'~!, hence Im W C Ker V;. Consequently,
A = ViW = 0. Since A # 0, py = 0, i.e., Uy NUy = &. Thus Mp(e,d) is reducible, a

contradiction. O
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