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Abstract

We introduce a Hamiltonian lattice model for the (14 1)-dimensional SU(V,) gauge the-
ory coupled to one adjoint Majorana fermion of mass m. The discretization of the continuum
theory uses staggered Majorana fermions. We analyze the symmetries of the lattice model
and find lattice analogs of the anomalies of the corresponding continuum theory. An im-
portant role is played by the lattice translation by one lattice site, which in the continuum
limit involves a discrete axial transformation. On a lattice with periodic boundary condi-
tions, the Hilbert space breaks up into sectors labeled by the N -ality p =0,... N.— 1. Our
symmetry analysis implies various exact degeneracies in the spectrum of the lattice model.
In particular, it shows that, for m = 0 and even N,, the sectors p and p’ are degenerate if
lp—p'| = N./2. In the N, = 2 case, we explicitly construct the action of the Hamiltonian on
a basis of gauge-invariant states, and we perform both a strong coupling expansion and ex-
act diagonalization for lattices of up to 12 lattice sites. Upon extrapolation of these results,
we find good agreement with the spectrum computed previously using discretized light-cone
quantization. One of our new results is the first numerical calculation of the fermion bilinear
condensate.
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1 Introduction

The (1 + 1)-dimensional SU(N,) gauge theory coupled to one adjoint multiplet of Majorana
fermions, sometimes referred to as adjoint QCDs, is an interesting model of non-perturbative
gauge dynamics. As in other models where all the dynamical fields are in the adjoint repre-
sentation of SU(N,), the Wilson loop in the fundamental representation serves as a precise
criterion for confinement [1]. Furthermore, similarly to the one-flavor Schwinger model [2],
this theory has only massive bound states even when the fermion is massless [3-5]; hence, it
is a model of non-perturbative mass gap generation (the list of such gapped 2D gauge the-
ories can be found in [6]). Surprisingly however, when the adjoint fermion is massless, the
fundamental Wilson loop does not obey an area law [7—10]. For these and other reasons, the
model with one adjoint Majorana fermion has been a nice playground for exploring various

Y

interesting phenomena. They include the existence of different “universes,” i.e. sectors of the
Hilbert space distinguished by the eigenvalue of a one-form symmetry generator [9, 11-14],
spontaneous breaking of a discrete chiral symmetry [12], confinement vs. screening [7—10, 14],
and, more recently, the role of non-invertible symmetries [9].

Following 't Hooft’s solution of the large N, limit of SU(N.) gauge theory with funda-
mental fermions [15], the bound state spectrum of adjoint QCD, was studied using light-cone
quantization. By now there are quite precise estimates for the masses of the low-lying bound
states (for recent progress, see [10,16,17]). However, it is difficult to study the vacuum struc-
ture in the light-cone approach. In addition, it is not clear whether the results obtained from
the light-cone approach can fully capture all the universes of the theory. For these reasons,
it is very useful to study adjoint QCD, on a spatial circle.! In this paper, we introduce
a lattice Hamiltonian formulation of this model, which builds both on the Kogut-Susskind
approach to lattice gauge theory [18] and on the lattice formulation of relativistic Majorana
fermions [19,20]. We show that our lattice model exhibits a number of desirable features,
such as the existence of different universes at any lattice spacing. For even N., we will see
that the translation by one lattice site relates different universes in a way that implies the
vanishing of the %—string tension.? This is somewhat analogous to the n-flavor Schwinger
model, where it was recently shown [21,22] that the one-site translation involves a discrete
axial transformation in the continuum limit and, when n is odd, changes the theta-angle by

.

'In the small circle limit, where the theory becomes weakly coupled, the Hamiltonian approach to adjoint
QCD; was implemented in [13, 14].

2The vanishing of the %—string tension was established using anomaly arguments in the continuum theory
in [14].



For N, = 2, there are two distinct universes, with the non-trivial universe corresponding
to excitations on top of a chromoelectric flux tube in the fundamental representation. We
carry out a numerical study using exact diagonalization and demonstrate good convergence
to the continuum limit by comparing the spectrum we obtain with that obtained using light-
cone quantization [16]. We also confirm the presence of a non-vanishing fermion bilinear
condensate, (tr), and calculate its numerical value. Apart from the numerical challenge of
an exponential growth of the number of states, the main difficulty we overcome is developing
a formulation of our lattice model purely in terms of the gauge-invariant states.®

The rest of this paper is organized as follows. In Section 2 we start with a brief review of
the SU(N,) adjoint QCD, theory in the continuum and a few properties of the spectrum as
obtained from DLCQ. In Section 3 we introduce our lattice model, explain its relation to the
continuum, and develop a formulation involving only gauge-invariant states and observables.
In Section 4 we discuss the symmetries of the continuum and lattice model and explore
some of their consequences. While so far the discussion is for general N, in the rest of the
paper we focus on the simpler case N. = 2. In Section 5, we use the lattice strong coupling
expansion to estimate the energy of the lowest-lying state and obtain good agreement with
the DLCQ. Section 6 contains results for the spectrum and other observables using exact
numerical diagonalization. We end with a discussion of our results in Section 7. Technical

details are relegated to the appendices.

2 Continuum Theory

Let us start by reviewing a few facts about the SU(N,) gauge theory coupled to an adjoint

Majorana fermion ¢. The Lagrangian density is

L=tr|— ! E F" +ipy" Db — mapy | | (2.1)
205 M

where F,, = 0,A, —0,A, —i[A,, A,] is the gauge field strength, and the covariant derivative
is defined to be D,y = 0,4 —i[A,,1]. For an adjoint-valued field X (such as A,,, ¢, or F),,),
we can write X = XAT4 where the T# are the Hermitian generators of SU(N,) normalized
so that tr (T4TP) = 1648 with A,B=1,...,N? — 1.

The definition of the gauge coupling constant used here differs from the convention used

in much of the light-cone quantization literature, for instance in [3-5,10, 16, 17]; the gauge

3See also [23,24] for gauge-invariant formulations of lattice models for SU(2) QCDy with fundamental
fermions.



coupling used there is gprcq = gym/ V2. We will use gym as defined in (2.1) throughout this
paper. Furthermore, let us take v° = 0y, v* = —io3, and ¥° = ;. In these conventions, the
Majorana spinor 1 is real and consequently ¢ = 1T+°, with the transpose acting only on
the spinor indices.

As pointed out in [14], it is of further interest to consider a modified model where the

double-trace 4-fermion interaction of Gross-Neveu (GN) type is present:
SLan = K(trnp)? . (2.2)

This term, which is forbidden by the super-renormalizibility of the theory (2.1), as well as
by a non-invertible symmetry [9], can make the model confining even when the adjoint mass
vanishes [14]. However, the resulting model has rather different UV properties from the
basic model with x = 0, because the coupling x undergoes a logarithmic running [?]. To
distinguish the model including the 4-fermion term from the basic adjoint QCDs, one may
refer to it as “adjoint GN-QCDs.” Our numerical diagonalizations in the N, = 2 case appear
to be consistent with k = 0.

The bound state spectrum of the adjoint QCD, theory with gauge group SU(N.) has
been studied using the method of discretized light-cone quantization (DLCQ), which was
introduced in [25]. In the large N, limit one can make a restriction to the single-trace
states, which simplifies the calculations [3-5,7,8,10,26-30]. Some results at finite N, are
also available [16,31].

A salient feature of the DLCQ spectrum is that it is gapped for all N. and m. In
particular, it is gapped at m = 0, with the lightest particle being a fermion of mass M; and
the second lightest being a boson of mass M;. The DLCQ spectrum of the SU(N..) theory
was found in [16]:*

2 2
Sulle gz g0 gilte (2:3)

=0: M? ~57
m f or 2

As m increases, My grows at a faster rate than M,, and for any N. the two meet at
m? = %. At this value of m, the theory becomes supersymmetric [4,30]. The exact
supersymmetry generators of the (1,1) supersymmetry are known in the light-cone quan-
tization of the theory [4,27,30]. Note that the light-cone Hamiltonian is invariant under
m — —m, so the spectrum obtained from DLCQ will have the same property. As already

mentioned in the Introduction, it is not clear, however, whether the DLCQ spectrum repro-

2
4For the squared masses of lightest bound states, the coefficients of % exhibit weak dependence on N,.



duces the spectrum of a single universe of the adjoint QCD; theory or of all the universes.

We will come back to this question in Section 6.

3 Lattice model

We will now formulate a Hamiltonian lattice theory corresponding to a discretization of
the continuum theory (2.1), defined on a spatial circle of length L with periodic boundary
conditions both for the fermions and the gauge field.

3.1 Lattice Hamiltonian

Let N be the number of lattice sites, taken to be an even positive integer, and a = L/N be
the lattice spacing. The lattice Majorana fermions live on the lattice sites. They satisfy the

At

reality condition x;, x2 and the canonical anti-commutation relation

{Xﬁu Xﬁ} = 5mn5AB . (3’1>

The lattice analog of the spatial component of the gauge field® are the unitary matrices U,
representing the parallel propagators in the fundamental representation of the gauge group.
The operators U, live on links where, for each link, the corresponding U, represents the
coordinate of a quantum particle moving on the group manifold. (For a brief review of a
particle moving on a group manifold, see Appendix A.) We use the convention where link n
joins sites n and n + 1, with the identification n ~ n + N. The conjugate variables to U,
are the left-acting and right-acting electric fields, which are Lie-algebra valued Hermitian

operators with SU(N,) components L and R4, respectively, obeying
[L7?7 Um] = 5anAUn ) [RA ] - 5nmU TA (32)

The L2 and R? are related via R2 = LBUPA, with U/ = 24(TAU,TPU ).

The lattice Hamiltonian is

N-1

Gym@ T, n
H = l DLy = 5 (a7 + (0" G U | (33)

n=0

5In the Hamiltonian formulation, the time component of the gauge field is eliminated and one has to
impose the Gauss law by hand.



with n ~ n + N identified, as mentioned above. The Hamiltonian (3.3) is invariant under

local gauge transformations parameterized by a gauge parameter V,, on every site

U, = VU, Vo

n

L, — V,L,V, !, (3.4)
X?’l — V’VLX’VLVn_l .

The Hilbert space that this Hamiltonian acts on is a tensor product of the fermionic
Hilbert space and the bosonic one, Hr ®H . For the fermionic factor, since we have N (N2 —
1) Majorana fermions x* obeying the Clifford algebra (3.1), Hr must form a representation
of this algebra. Since N is even, Hp will be the direct sum of the two spinor representations
of s0(N(N? — 1)), for a total dimension of QN(NfH. The bosonic factor Hp is the tensor
product of the space of square integrable functions on SU(N,) on each link. By the Peter-
Weyl theorem, on each link we can consider a basis consisting of matrix elements of the
SU(N,) group element in all possible irreducible representations.

As in any Hamiltonian lattice gauge theory model, the description of the model is not
complete without specifying the Gauss law. For us, the Gauss law takes the form

LA—RY =QF, foralln=0,...,N—1, (3.5)
where we defined the matter gauge charge Q; = —% fAP\E\S with f48¢ being the struc-
ture constants. The physical states are those states in Hp ® Hp for which (3.5) is obeyed.

Starting in Section 3.4, we will work directly with the gauge-invariant states.

3.2 Relation to the continuum theory

Let us now explain how the lattice Hamiltonian introduced in the previous subsection arises
from the continuum theory (2.1). Denoting the lattice sites as x,, = na, we make the

following staggered identification between the lattice fermion x, and the spinor field ¢ (z)

Xn =

V2ai),(x,), if nis even, where (x) = (q/;u(x)> | (3.6)
V2ay(z,), if nis odd, Ya(z)

where the upper and lower components of the fermions are discretized on alternating lattice

sites. For the gauge variables, we have link variables U,, and site variables ¢,, that are related,



respectively, to the spatial and time components of the gauge field.
Un = e—iaAl(a:n) ) ¢n = AO(mn) : (37)

It is then straightforward to check that the lattice Lagrangian

N-1 1 B : 1 9 .

L= | (000" + 60 = UnuiaUs )+ ixakn = Gnlos X
n=0 g-a

- (3.8)

* éXnUan_HUn_l + im(_l)anUan—I—lUn_l

is an approximation to (2.1) as a — 0.
One can introduce the left-acting electric fields L2 = _92% tr [TA (z’UnUrjl—l—¢n—Un¢n+1 Un_l)}
as the canonically-conjugate variables to the angles parameterizing U,,, and then pass to the

Hamiltonian

-1 9 . .
ga ) m n
H=Y :<TL£L2‘ = 5o XaUn Xl = 5 (=1) XﬁUfBXfH)

= o
—~
@
=)
~—

z 3

_I_

of (L — R, - Q) .

3
Il
o

It is then clear that on the gauge-invariant subspace where (3.5) is obeyed, our Hamiltonian
reduces to (3.3).

If we want to study the more general space of models which includes the 4-fermion term
(2.2), we should generalize this lattice Hamiltonian. The simplest corresponding term on

the lattice appears to be

N-1
0OH = —Kju Z(tr XnUnXns1U; 1) (3.10)

n=0
Even if we are interested in the basic adjoint QCDy model without the 4-fermion term in
the continuum, it is possible that on the lattice k1,4 needs to be turned on and appropriately
tuned in the large N limit. It is also possible that the sign of ks induced by the lattice
regulator is such that the 4-fermion coupling flows to zero at long distances. The study of

these issues is beyond the scope of this paper.



3.3 General properties of gauge-invariant states

As already mentioned, the 2Y®e=1/2_dimensional fermionic Hilbert space Hp is a sum of
the two spinor representations of so(N(N2 — 1)). These two spinor representations are
distinguished by the eigenvalues under the so(N(N? — 1)) chirality matrix

F=FoF - Fn_1, F, = (%)(NE—IWXI 2, .. XnN?—l‘ (3.11)

n/An

Up to an overall sign which is a matter of convention, the non-trivial normalization in
(3.11) ensures that F = F' and F? = 1. The operator F should be identified with the
fermion parity operator, because under conjugation by it the lattice fermions x” change
sign: FxAF ! = —xA. F can thus be used to split the Hilbert space into bosonic and
fermionic states.

The fermionic operators x: transform in the vector representation of so(N(N?2 — 1)).
In order to impose the Gauss law (3.5), we need to know how the states transform under
the charge operators Q, which generate an su(N.)" subalgebra of so(N(N2 — 1)). The
embedding of su(N.)" into so(N(N2—1)) is such that the vector representation of so( N (N?—

1)) decomposes as the direct sum
(adj,1,1,...)®(1,adj,1,...)®(1,1,adj,...)+ -, (3.12)

where adj is the adjoint representation of su(N.). The decomposition (3.12) follows from
the fact that the x7 transform in the adjoint of the su(N,) factor for site n.
A group theory exercise (see Appendix B) shows that under su(N.)", the fermionic

Hilbert space Hr decomposes as
oNINe-1)/2 _ oN(N-D/2(R R, ... R), (3.13)

where R is the su(N.) representation with Dynkin label [111...1]. The Young diagram of

R consists of one column of each length ranging from 1 to N. — 1,

‘ 3\

R="77.— N, —lrows,  dimR = 2N@e=1/2, (3.14)




and it has dimension 2V<(Ne=1/2 " We can interpret (3.13) as saying that Hp can be realized

as a tensor product

7-[F = 7-[qubits X Hspins (315)

of a vector space Hqupits of N(N. — 1)/2 qubits, which has dimension 2V®™e=1/2and the
Hilbert space Hgspins 0of N SU(N,) spins where each site hosts representation R of su(N,).
The N.-ality of the representation R is

Ne if N, is even,

N.(N.—1
N.-ality of R = Ne(Ne = 1) (mod N,) ={ (3.16)
2 0 if N, is odd,

a fact that will be useful later.

For example, when N, = 2, Hquis is the Hilbert space of N/2 qubits, and R = 2 is the
spin-1/2 representation of SU(2). In this case, we will make the decomposition (3.15) more
explicit in the next subsection. When N, = 3, Hqubits is the Hilbert space of N qubits, and
R = 8 is the adjoint representation of SU(3).

N
, so only

To construct gauge-invariant states, note that Hqupits is invariant under su(N,)
the Hspins factor participates non-trivially in this construction. In other words, the gauge-

invariant sector of the Hilbert space takes the form

H = Hqubits ® H, H C Hepins @ Hp (3.17)

where Hp is the bosonic Hilbert space.

The construction of H’ is as follows. Let us consider a basis for Hgpins to be
basis for Hepins: IR, mo) |R, M) - - R, min_1) (3.18)

where m,, is a multi-index used to label the states of representation R on site n. As already
mentioned, on each link n the bosonic Hilbert space Hp is that of L?>-functions on SU(N,).
Let |r,,m,,m,g) be a basis for this Hilbert space, with r, being an irrep of su(N,.) and
m,,;, and M,z being multi-indices each labeling the states in this representation. A basis for

the bosonic Hilbert space Hp on all N links is then

basis for H p: o, Moz, Mog) |1, Wiz, Mig) -« - [Tn_1, I'?1(1\7—1)1:, n_i(N—l)R> . (3.19)



A basis for the gauge invariant subspace H’ is then of the form

= R. 7 plsy Crn,ern |rn7 IﬁnL’TﬁnR>
Z H ‘ 7mn> @ J;J[:) M, 1) RMintlinL dimr, ) (320)

M, My L, Mg =0

where C’fﬁllr%r:mg = (r3miz|rymremiy) are su(N,) Clebsch-Gordan coefficients.® A basis for the
full gauge-invariant Hilbert space H is obtained by taking the tensor product of the basis
(3.20) for H' with a basis for Hqupits-

Note that after fixing rq, the set of possible representations r,, that can appear is restricted
by N.-ality. The r, must obey the property that for any adjacent links the tensor product
r,_1 ® R must contain the representation r,. Thus, the N_.-ality of the representations r,
must change by (3.16) when we move from one site to the next. For odd N, this means
we have N, universes of the Hilbert space where in each universe the N -ality of all the link
irreps is the same. When N, is even, we also have N, universes, but in each universe the
N.-ality of the link irreps alternates on even and odd links between values that differ by
N./2 (mod N.). This interplay between the N -ality and the translation by one site has

interesting consequences that we will explore in more detail in Section 4.

3.4 Gauge-invariant formulation for N, = 2

Let us now specialize the general discussion from the previous subsections to the case N, = 2,
and further determine the action of the Hamiltonian on the gauge-invariant subspace H'.
For N, = 2, we can take T4 = 04/2, where o are the Pauli matrices, and fA8¢ = 48¢
with A, B,C' =1,2,3.

The decomposition Hr = Hqubits @ Hspins it (3.13)-(3.15) can be made explicit with an
appropriate choice of gamma matrices. In this case Hqubits is the Hilbert space of N/2 qubits
and Hgpins is the Hilbert space of N spin-1/2 particles. Let Xy, Yy, Zj be the Pauli matrix
operators acting on the kth qubit, £k =0,..., % — 1, and let S7' be the Ath SU(2) generator
acting on the nth spin as 04/2, with n = 0,..., N — 1. With this notation, let us define

Xo = V2(ZoZy -+ Zp 1 Xi) ® S&

) M (3.21)
Xok+1 = \/5 (ZOZl T Zk—lyk) ® 52k+1 .

One can check that these operators obey the correct anti-commutation relations (3.1). This

6For N, > 2, the Clebsch-Gordan coefficients need an additional index to account for the multiplicity of
r, inr,_ ;1 ®R.

10



Clifford algebra representation has the nice property that the SU(2) generators on site n
QY = —%EAchf X&' and the fermion parity operator F defined in (3.11) each act in only

one of the two factors of the tensor product and take the simple forms
Qn=10S), F=2ZZy ®1. (3.22)

Thus, the SU(2) degrees of freedom are carried by the spins, while the fermion parity is
carried by the qubits. In particular, the fact that each spin transforms as a doublet under its
corresponding SU(2) and the qubits are SU(2)-invariant confirms the decomposition (3.13).

The construction of the gauge-invariant states is a simple specialization of the discussion
of the previous subsection, with the replacements R — 1, r — ¢, ni — m, and m — m,
reflecting the fact that su(2) representations are labeled by the spin ¢ and there is only one
quantum number (the magnetic quantum number) labeling the states of these representa-

tions. Thus, we have the bases

basis for Hqubits : |sost - .- s%_1> ,
basis for Hpins : |5, mo) [3,ma) - |5, mN—1) (3.23)
basis for Hp : 0o, oL, Mog) [{1, Mz, Myg) - [{n_1, M(N_1)L, M(N_1)R)

where s; € {—1,1} is the eigenvalue of Zy, m, € {—1,1} is the eigenvalue of S3, ¢, =

1 1
2)3
0, %, 1,..., and both m,; and m,x range from —/, to £, in integer steps. (In the position
representation, the wavefunction on the group manifold associated with |¢,, m,p, m,g) is

Uy, m,p.mne(Un), as defined in (A.17).) The gauge-invariant states in H are uniquely labeled

by the qubit quantum numbers (sg, $1, ..., s N _,) for the states in Hqupits and by a string of
SU(2) angular momenta (£, {1, ...,¢y_1) for the representations on the links for the states
in H':

‘80...5%71> ® |£0---€N71>

N-1 N—-1
i R Y ly, My, m
with |£0 o .£N71> - Z H ‘%’ m"> ® H <Cm(ni12)Rmnan | mot n_R>

(3.24)
V20, +1 )

My, My 1, M,z =0 n=0

with the condition that

‘£n+1 — gn’ = -, and 671 = €N71 . (325)

11



Crnax \N 4 6 8 10 12

2 40 224 1312 7808 46720
3 64 384 2432 15872 105472
4 88 544 3552 23936 164608

Table 1: The dimensions of the Hilbert space for various values of N and f,,,«. For the plots in
this paper we use up to N = 12 and . = 4.

The space of gauge configurations is of course infinite, but we can truncate it by requiring
l, < lhax for all n, for some /... In Table 1, we give the sizes of the truncated Hilbert
space for different N and £,,,.

Having established a basis for the gauge invariant subspace, we need to determine the
action of the Hamiltonian (3.3) on these states. The gauge kinetic term Hgpyge = g‘%TMaLﬁLﬁ

is diagonal in this basis, and it acts only on the H' factor:

9 N-1
a
Hyange [0 - - In_1) = <9YTM § Co(l, + 1)) [Co.. . In_1) . (3.26)
n=0

For each link, the second term in (3.3) is proportional to the operator —%XﬁUfofH. This
operator acts on both factors of the Hilbert space non-trivially. Based on whether n is even

or odd, the action is:

7
. 2
7
—§X§k+1U§£1X§k+2 = (=F)

Xk U Xoeyr = Zk @ Oo 0, = S}UrPSE || (3.27a)

6
kyé\/;ileXk-Jrl X O2k+1 . (327b)

It is straightforward to determine the actions of the first factors in (3.27) on the qubits since

the basis states |sg...s~ ;) are eigenstates of Z; with eigenvalue s, and X} simply flips
2

the sign of s,. The action of O,, on the states of H' is harder to determine, but we show in

Appendix C that this action is

Onlly. . In 1) = > F s bni s ) [ -+ lnrClnir - N1} o (3.08)

0, e{ln—1,0n,0n+1}

with the expression for f given in (C.13).
It would seem that this gauge invariant formulation of the lattice theory does not share
the symmetry of translating by two sites that is manifest in the Hamiltonian (3.3). However,

the insertion of the operator (—F) in x&_,UaZ,x¥ is unitarily equivalent to an insertion

12



of (—F) in any other hopping term x5 ,UsxX5,. Specifically, the unitary that moves (—F)
between a hopping term with a given k and that with k£ 4 1 is implemented by

Uy, — %(11 _F)+ %Zk(f+ 1. (3.29)

If we denote the naive translation by two sites as Tj then the genuine symmetry of the

Hamiltonian 75 can be written as Ty = Uy T5.

4 Symmetries

In this section, we discuss the symmetries of the adjoint QCD, theory. We start with a
discussion of the continuum theory (2.1) in Section 4.1, and then in Section 4.2 we proceed
with an analogous discussion for the lattice model (3.3) introduced in the previous section.
As we will see, the symmetries of the two models mirror each other very closely. The
consequences of the various anomalies on the spectrum, which we discuss in Section 4.3

below, will be the same in the two cases.

4.1 Symmetries of the continuum theory

As shown in [14], the internal (non-space-time) symmetries of the continuum theory (2.1)

are
ZN % (Zo)r, for N, = 2,
m#0: 21 (o) (4.1)
[ZEV}C . (ZQ)C] x (Zy)r, for N,>?2,
for generic m # 0, and
ZM X (Zo)p X (Zs), | for N, = 2,
L 1 % (Z)r % (Za) )

28] % (Za)e| % (Za)r X (Za)y, for Ne>2,

for m = 0. In particular, for every N, we have a fermion parity symmetry (Zs)r and a discrete
axial symmetry (Z,), (present only when m = 0) that act by sending ¢y — —1 and ¢ —
V5, respectively, while leaving A, invariant. We also have a Zy, one-form symmetry ZR,]C
corresponding to the center symmetry of SU(N,), under which the fundamental Wilson lines

274 /Ne

have charge e . Lastly, for N. > 2, we also have a charge conjugation symmetry (Zs)c,

which acts by sending ¢ — ¢* and A, — —A/{, where the transpose acts on the generators
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in the fundamental representation. (We will write this transformation more explicitly later in
the lattice model.) This charge conjugation symmetry does not commute with the one-form
center symmetry because it takes a fundamental Wilson line to an anti-fundamental one, so
the symmetry group involves a semi-direct product between these two symmetries. Lastly,
when N, = 2, the charge conjugation symmetry is absent because ¢ — 7 and A, — —AE
is a gauge transformation.

Let us restrict ourselves to the theory compactified on a spatial circle with periodic
boundary conditions, because this is what the lattice model introduced in the previous
section approximates.” Let us denote the generators of ZE\I,}C, (Zs)c, (Zg)p, and (Zg), by
u (), 5, F , and 17, respectively, where z is the coordinate parameterizing the circle. (We
use hats when denoting the unitary operators in the continuum theory in order to distinguish
these operators from those in the lattice model, for which we will not use hats.) These are
unitary operators that act on the Hilbert space, and they can be discussed regardless of
whether the corresponding transformations they implement are symmetries of the theory or
not. As shown in [14], the algebra obeyed by the non-chiral symmetries Zg\l,]c, (Z3)c, and

(Z3)F is the same at the classical and quantum levels, namely:

Ux)Ne=1, C=F=1,

SN PN FOON (4.3)
U(z)C =ClU(z)™ ", U(x)F = FU(x), FC=CF.

However, the algebra involving the axial symmetry V is realized projectively, and [14] found

that

V2 =1, Uz)Y = (=1)N"VU(z),

A~ A~ A (Ne—2)(Ne—1) -~ -~ (44)
FV=(—)N"DF, V= (-

The non-trivial signs in these expressions would not have been present classically and are sig-
nals of quantum anomalies. They show that the algebra of the unitary operators introduced
above is realized projectively on the Hilbert space.

Lastly, let us discuss how these unitary operators act on the Hamiltonian. Let us denote
the continuum analog of the Hamiltonian (3.3) by H,, so we can keep track of the mass m.
Since ZR,]C, (Z2)c, and (Zy) p are symmetries for all m, the corresponding generators commute

with the Hamiltonian, or, equivalently, the Hamiltonian is invariant under conjugation by

"It is possible to also study both the continuum theory and the lattice model with anti-periodic boundary
conditions for the fermions.
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these unitary operators:
U(x)H,U(z)" = H,,, CH.C '=H,, FH,F '=H,. (4.5)

On the other hand, the (Z,), axial transformation is a symmetry only for m = 0, so conju-
gation by it does not leave the Hamiltonian invariant for m # 0. Since the operator tr)
changes sign under the axial transformation, the conjugation of the Hamiltonian by V has

the simple effect of changing the sign of m:
VH,V'=H_,,. (4.6)

The relations (4.3)—(4.6) have important consequences for the spectrum and other observ-
ables. (See also the discussion in [14].) Let us postpone the discussion of these consequences
until after we present the analogous relations to (4.3)—(4.6) on the lattice, because the con-

sequences will be the same in both cases.

4.2 Symmetries of the lattice model

The lattice model (3.3) exhibits a very similar set of symmetries and anomalies as the
continuum model. In particular, there exist unitary operators representing a lattice one-
form symmetry U, fermion parity F, and charge conjugation C. The lattice analog of the
(Zy),, generator will be the translation operator by one lattice site, V, which in the continuum
limit reduces to the product between a (Z,), transformation and an infinitesimal translation.

Let us discuss these unitary operators one by one.

4.2.1 Definitions of unitary operators

The lattice one-form symmetry is defined as follows. Let Z,, be the generator of the Zy, center

of su(N,) acting on the bosonic Hilbert space on link n (before imposing the Gauss law). On

a basis state |r,,, M, 1, M,z), Z, acts as Z,, v, W,z, M, p) = 2 (Newality of r)/Ne

Iy, tﬁn[n TﬁnR> .
Clearly, ZNe = 1 because this relation holds on all basis states. In term of Z,, the generator

of the lattice Zy, one-form symmetry can be written as

Uy = (—1)r DD z, (4.7)
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Both Z,, and U,, commute with the lattice Hamlitonian (3.3) because acting with the Hamil-
tonian does not change the N.-ality of the states. However, only U, is a one-form sym-
metry for all N, because it further obeys the property that it is topological, namely that
U, = U, 1 when acting on gauge-invariant states. Indeed, this property holds because the
(—1)(*+DNe=D) factor in (4.7) accounts for the change in N,-ality when going from one link
to the next, as given by combining the Gauss law (3.5) with the N_-ality (3.16) of the states.
U, generates a Zy, symmetry because UNe = (—1)nFDNeNe=) ZNe — | after using ZNe = 1
and the fact that N.(N, — 1) is always an even integer.

The fermion parity operator F was already defined in (3.11). It commutes with the
Hamiltonian and it obeys F2 = 1.

The definition of the charge conjugation symmetry operator that most closely resembles

the continuum analog is that for which
CxnCt = —x1, cu.ct=whHr=ur, (4.8)

where the transpose acts on the color indices when Y, and U, are represented as N, x N,
matrices acting in the fundamental representation of su(N.). The minus sign in the first
equation is a matter of convention and can be removed by replacing C — FC. To make

4.8) more explicit, let us order the su(N,) generators T4 such that the first N7 = Ne(Ne=1)
2

generators are represented by pure imaginary anti-symmetric matrices in the fundamental

representation, while the last Ny = w

generators are represented by real traceless
symmetric matrices. In components, the transformations (4.8), as well as the corresponding

transformations of the electric fields can then be written as

Cer?Cil = _<_1)9AXA7 CUrA?Bcil = (_1)0A+OBU;?B7

n

CLyC' = —(-1)"L},  CRJC'=—(-1)"R],

n

(4.9)

where 0,4 = 1 for the anti-symmetric generators and 6, = 0 for the symmetric ones:

1 for1<A<Ng,
0 for N; <A< N;+Np.

When checking that the transformations (4.9) are consistent with the various commutation

relations (for instance (A.11)), it is useful to note that the structure constants f4B¢ obey

04+0p+0¢ fABC

the property (—1) = — f4BY  This property can also be used to check that
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CQAC™ = —(—1)%4Q4, which implies that the transformation rules (4.9) are also consistent
with the Gauss law (3.5). Furthermore, one can also see that (4.9) imply that conjugation
by C leaves the Hamiltonian invariant.

The unitary operator C that implements (4.9) can be written as a product of two unitaries
C = CrCp, where Cr acts on the fermions and Cg on the bosons. We will not need an
expression for Cg because for the bosons there are no non-trivial signs that can be generated
at the quantum level. However, let us write Cp explicitly because its expression will be

needed for computing the algebra of operators:

N,
CF :CFOCFl"'CF,N—la CFn = (Qi)TRXNI+1 I+2"'XNI+NR. (411)

n n n

This definition ensures that C% = 1 and Cp = C}, so if Cp is defined to obey the same
properties, then so will C. We will assume this is the case.
Lastly, we also consider the unitary operator V that implements lattice translation by

one site. For our purposes it will be enough to know that

VXV = Xns1, VUV =U,.,, VLV '=L,,, VRV '=R,., (412)

of course with understanding that the indices obey the identification n ~ n + N. The
operator V commutes with the Hamiltonian when m = 0, but when m # 0 it flips the sign
of m, just like in the continuum. Thus, if we denote the lattice Hamiltonian (3.3) by H,,
in order to keep track of m, then VH,,V~! = H_,,. With an appropriate normalization,
one can realize V on the Hilbert space in a way that V¥ = 1. This is the main difference
between the translation by one site and the (Z.), transformation in the continuum: while
in the continuum V2 = 1, on the lattice we have VN = 1 instead. In the language of recent
papers [20, 32], the (Z;), symmetry of the continuum theory “emanates” from the lattice

translation by one site, V.

4.2.2 Operator algebra

With the definitions above, we can determine the algebra obeyed by the various unitary
operators. The operators U,,, C, and F obey the same algebra that their hatted counterparts
obey in the continuum (see (4.3)):

Ube =1, CP=F’=1,

n

(4.13)
u.c=cu', U,F=ru,, FC=CF.
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Now also including the V operator, we have a lattice analog of (4.4),

V=1, Uy=_-nvu,,

(Ne=2)(Ne—1)

(4.14)
FV=(-)N"WF,  cv=(-1)"": v,

with the only difference being that VY = 1 instead of V2 = 1, as mentioned above.
Conjugating the Hamiltonian H,, by the four unitary operators, we obtain an exact

analog of the continuum relations (4.5)—(4.6):

U Hylhy ' = Hyy  CHWC'=Hy,  FHuF ' = Hy,

(4.15)
VH,V'=H_,,

4.3 Consequences for the spectrum

The consequences of the relations (4.13)—(4.15) are precisely the same as those of the con-
tinuum relations (4.3)—(4.6). Let us describe these consequences in the language of the
lattice model, but the exact same conclusions hold for the spectrum of the continuum theory
compactified on a circle with periodic boundary conditions for the fermions.

First, the lattice one-form symmetry can be used to split the Hilbert space into V.. distinct
universes. Let the pth universe be the sector of the Hilbert space where U, = e?™/Ne (p
is an integer identified modulo N.). Similarly, the fermion parity operator can be used to
split the Hilbert space into bosonic and fermionic states based on whether F = +1 or —1.
Since U,,, F, and H,, commute, they are simultaneously diagonalizable, so one can consider
a basis of eigenstates of H,, that are also eigenstates of U, and F.

If we act with V on a simultaneous eigenstate |¢) of U,, F, and H,, with eigenvalues
e?m®/Ne - f and E, the relations (4.14)—(4.15) imply that V' [¢) is a simultaneous eigenstate
of U,, F, and H_,, with eigenvalues (—1)Ne=te2™#/Ne (_1)Ne=1f and E. This means:

e If N, is even, then the bosonic/fermionic eigenstates of H,, in the pth universe (0 <

Ne

P <3

) are exactly degenerate with the fermionic/bosonic eigenstates of H_,, in the
(% + p)th universe. Note that this implies an exact degeneracy in the spectrum at

m = 0 between the pth and (4= + p)th universes.

e If N, is odd, then the bosonic/fermionic eigenstates of H,, in the pth universe (0 < p <
N.) are exactly degenerate with the bosonic/fermionic eigenstates of H_,, in the same

universe. Thus, the energy spectrum of each universe is invariant under m — —m.
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However, note that this statement does not necessarily imply a degeneracy in the

spectrum at m = 0.

Also note that since the mass operator Opass = 5 >, (=1)"x2U2PxE | changes sign when
conjugated by V, VOass V! = —Opmass, it follows that

<w|omass|w> = _<Vw|0mass|vw> . (416)

The same expression holds in the continuum where Oy, = tr ).

If on the same [¢)) as above we act with C, the relations (4.13) and (4.15) imply that
C |¢) is a simultaneous eigenstate of U,, F, and H,, with eigenvalues e 2"?/Ne_ f and E.
Thus:

e For any N, > 2, the bosonic/fermionic eigenstates of H,, in the pth universe are exactly

degenerate with the bosonic/fermionic eigenstates of H,, in the (N. — p)th universe.

For m = 0 and N, odd, V commutes with U,, F, and Hy, so the four operators are
now simultaneously diagonalizable. Let |1)) now be a simultaneous eigenstate of these four
operators with eigenvalues v, e?™/Ne f ‘and E. Then C |1) is also a simultaneous eigenstate
of the four operators, with eigenvalues (—1)M2(er>v, e~2m/Ne  f and E. When N, =
4k 4 1 for some integer k, then (—1)W = 1, and no additional conclusions can be
drawn. When N. is of the form N, = 4k + 3 for some integer k, then (—1)W =—1,

and we conclude that the eigenvalue of V changes sign upon acting with C. Then:

e When m = 0 and N, = 4k + 3 for some integer k, the bosonic/fermionic eigenstates of

Ne

Hy in the pth universe (0 < p < 5

) with V-eigenvalue v are exactly degenerate with

bosonic/fermionic eigenstates of Hy in the (V. — p)th universe with V-eigenvalue —v.

Lastly, one can make an additional statement about the p = 0 universe when N, = 4k +3
and any m. When restricted to this universe, C acts as a symmetry, so one can simultaneously
diagonalize F, C, and H,,. Let f, ¢, and E be the corresponding eigenvalues of a state |¢).
Then V |9) is also in the p = 0 universe and it is a simultaneous eigenstate of F, C, and H,,

with eigenvalues f, —c¢, and E. Thus:

e When p = 0 and N, = 4k + 3, bosonic/fermionic eigenstates of H,, with C' = £1 are
exactly degenerate with bosonic/fermionic eigenstates of H_,, with C' = F1. Note this
implies that when we further set m = 0, the spectrum of the p = 0 universe has an

exact double degeneracy between states with C'= +1 and C' = —1.
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Note that the exactly degenerate states related by the action of V have opposite expectation

values for Op.ss according to (4.16).

4.4 Supersymmetry

In addition to the massless point, which is distinguished by the presence of the axial sym-
metry discussed in the previous sections, adjoint QCDs has a special point
2 2 Q%MN c

Using the light-cone quantization, it was shown that at this point the model exhibits (1,1)
supersymmetry [4,30]. This very interesting result has been checked using DLCQ [5, 16,
27,33]. In this section, we briefly discuss the consequences of the supersymmetry for the
spectrum of the theory on a (discretized) spatial circle.

When m = 0, adjoint QCDs has several degenerate vacua, which we expect to be split as
we turn on the mass. At m = mgysy, we expect that the lowest vacuum will be annihilated
by the supersymmetry generator, while the other vacua exhibit spontaneous breaking of
supersymmetry. Thus, there will be massless Goldstinos in these higher vacua which contain
wound flux tubes [34], while the zero energy vacuum preserves supersymmetry.

There are two regimes in which we can understand the ordering of the vacua. For m >
gym we can integrate out the adjoint fermion, and so the vacuum energy will be given by
the energy of the flux tube wrapping the spatial circle. This energy is proportional to the
lowest value of the quadratic Casimir of a representation with N.-ality p. Thus, the vacua
of the universe with p = 0 will be the lowest in this limit, followed by p = 1, N. — 1, followed
by p =2, N, — 2, etc. In the opposite limit, when |m| < gyy, the vacuum energies will be
given approximately by m(Opnass). Thus, at m = mgsysy ~ gym, we expect that the vacuum
of the p = 0 universe that is continuously connected to the vacuum with the most negative
VEV of the mass operator at m = 0.

For N. = 2, this manifests in a simple manner: there are two universes, and it is the
vacuum of the p = 0 universe that preserves supersymmetry at m = gYTi‘f. The p =1
universe has a massless Goldstino at this point. This implies also that the p = 0 universe
has a massless excitation at m = —"YT;\FA. We can see this explicitly with our lattice model for
N, = 2, as in Figure 5. For a slightly more complicated example, we can take N. = 3. At
m/gym = %, we expect to see a massless Goldstino in the p = 1, 2 vacua (they correspond

to having a confining flux tube wound around the circle in one or the other direction), but
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not in the trivial sector p = 0.

5 Strong coupling expansion for SU(2)

With the lattice formulation (3.3) of adjoint QCDs, we can develop a strong coupling ex-
pansion analogous to the one performed extensively for the Schwinger model, for instance
in [35-37]. The lattice strong coupling expansion is an expansion in z = 1/(gyma)?. To
approach the continuum limit, one has to extrapolate this expansion to z — oo, which we
will do using appropriate Padé approximants.

In this section we set m = 0% and we study the p = 0 universe, which has half-integer
¢, on even links and integer £, on odd links. (Recall that the two universes are exactly
degenerate at m = 0, so it suffices to focus on one of them.) To facilitate the strong coupling
expansion, we rescale the Hamiltonian and then write it as the sum of a diagonal term hg

and a small perturbation V:

gym
H==—"7h h=nh \% 5.1
\/E ) 0+SU ) ( )
where
1 N—-1 Z.N*l
_ E AT A _ E A7rAB. B
ho = 5 2 Ln Ln s V = —5 2 Xn Un Xn—i—l . (52)

We will expand the eigenvalues and eigenstates of h around x = 0.

The unperturbed states are eigenstates of hg. Since hg is just the gauge kinetic term
and does not act on the qubit factor in H = Hyubits @ H', the eigenstates will be at least
dim Hqubits = 2% -fold degenerate. The lowest three energy levels €,, (defined by hq|¢,) =

€m |¥m)) are given in the following table.

m Um €m degeneracy
101 1 __ 3N N
0 |808%_1>®‘§0§050> GO_E 22
1 10111 1 __ 3N N_q
1 10111 10191 1 __ 3N N _

In particular, the lowest level is obtained by minimizing the SU(2) spins #,, on the links. The

8In the strong coupling expansion for the Schwinger model [35], it is possible to include a non-zero fermion
mass in the unperturbed Hamiltonian. This cannot be done for this model because, unlike in the Schwinger
model, the fermion mass term does not commute with the gauge kinetic term.
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first few excited levels are obtained by replacing some of the instances of ¢,, = 0 with ¢,, = 1,
and each such replacement increases € by 1.7

Let us now focus on obtaining corrections to the lowest energy level ¢5. To deal with the
2% -fold degeneracy, we will apply Brillouin-Wigner perturbation theory [38] which we will
now review in the context of our perturbation problem.

We define the projection operator onto the degenerate subspace of energy €, by

P=1®]|3,0,,0---,1,0) (3,0,

) 9

,0--+,2.0]. (5.3)

The Brillouin-Wigner perturbation theory starts with the observation that the eigenvalue
equation (hg+zV) [¢0) = & |1) can be used to reconstruct |¢) from its projection onto the de-
generate subspace of energy ¢y, provided that we know the eigenvalue £. The reconstruction

is given by!?
W) = (1 —aReV)'PlY),  Re=(E—ho) ' (1-P), (5.4)
Using this, we can recast the eigenvalue problem as
Pleg + 2V (1 — 2RV) P p) = EP W) . (5.5)

In this presentation, we can solve for the projection P |¢) rather than for the full eigenvector
|1)). The eigenvalue £ appears explicitly on the right and also on the left within Rg, so we
must solve perturbatively in z for both £ and P [¢). Once € and P [¢)) are known to the
desired order in z, one can recover the eigenstate in the full Hilbert space by applying (5.4).
Depending on the details of the perturbation V', the initial degeneracy may be partially or
fully resolved at higher orders in x.

To proceed, we consider the power series ansatz
E=E0+€0+2?EW 4+ PP) =) +xfpl) +2? )+ (5.6)

The projected operator in the eigenvalue equation (5.5) makes no reference to the gauge field

9The lowest level where we can replace an ¢, = 1/2 with ¢,, = 3/2 is the fifth excited level.

10(5.4) can be derived as follows. We first act with 1 — P on the eigenvalue equation and obtain (1— P)(€ —
ho) [¥) = (1 — P)zV |¢b). Making use of the fact that the operators 1 — P and & — hy commute, we have
(E—ho)(1—P) 1) = (1—P)xV |1b). Multiplying both sides by (€ —hg) ™!, this gives (1 —P) [1)) = xRV |1).
Separating out P |¢)) on the LHS, we then have P |¢)) = (1 — zRgV) |¢). Lastly, multiplying both sides by
(1 — xRegV)~! we obtain (5.4).
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configuration and can be viewed as an effective Hamiltonian for the factor Hqubits of the full

Hilbert space that describes the N/2 qubits. Indeed, we can write
Pleg + 2V (1 —2RV) P = P [eg + zh™ + 2?h®) + 2°h®) + 2*hW 1+ 0(2%)] @ 1, (5.7)

with the effective Hamiltonian given in the square bracket of (5.7), and

1-P

PV @1)=PVP, P(h@)@]l)zpvg -
— 10

VP, ete. (5.8)

In (5.8), we postpone expanding £ as in (5.6).

At first order, we need to determine PV P by projecting onto the ground states, acting
with V| and then projecting again onto the ground states. The projectors P and 1 — P both
act on Hqupits as the identity, so the nontrivial action on the qubits comes only from V. Let
us act with PV P on the state |y) @ [3030...10). Using the rules explained in Section 3.4,

the actions of the terms of the hopping operator are

Lo
A
1
2

0.0 =2z ) @l...0%0..) (5.92)

7
( X 2kU£€BX§k+1) IX)®]...0 .

log 1 \/g

7 n
(—§x§k+1U‘?ﬁlx§k+z) 1®l...L 0Ll )= T(Xka—i-l ) @] 21k 0 (5.9h)

For the first order term, PV P, the second factor of P will annihilate the right hand side of
(5.9b), so only (5.9a) contributes, and we find

N/2 1

B — 2 Z 7. . (5.10)

We can now proceed to compute the second order term PV%VP. This time, after
acting with V' P, it is only the right hand side of (5.9b) that survives the action of 1 — P.
We then have to get back to the ground state by applying the perturbation V' again, which

means we have to act with the same odd hopping operator. From

{ 1-P 1
kaﬂU k+1X2k+2 e X124k+1U1?£-1X2Bk+2 IX)®]... %O% c)
2 E—hy 2
3 1
T 168 -

(5.11)
\x>®| 305,
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we find in total

po 3N 1

A2
32 € — €1 (5 )

We can continue this program to higher orders. The third and fourth order terms are

N/2—-1 N/2—2
3(3N — 8) 3 5 1
p® = |22 TENT g 2N X X | 5.13
s 2 B g 2GR X (E—a)’ (5.13)
i k=0 k=0
[ g N2 9 |
W _ _9 _
MY =1 D0 XX ( > Zkf) g1 XvaXo | DL A |
| k=0 k£ k1 k#£N/2—1,0
ON(N — 2) | ON 1
ot 5.14
T2 E_alR(E-ea) 128(E-a) (5.14)
N/2—-1 N/2—1
9(3N — 16) 1 3 1
200 — ) Z| — 2N 4l
ST ; L E—ap a2 kz:; FERHE — )3

Note that the first-order term breaks the degeneracy of the ground state, but still leaves the
first excited state %—fold degenerate. The second-order term does not break any degeneracies,
and so it is only at third-order when the first excited state becomes unique. Using (5.5),
(5.6), (5.7), and the expressions for A"} above we can solve for the two lowest eigenvalues up

to fourth order:

3N 3N 3N, 3N, 5IN .
& = 16 g & 352 + 2% "B + O(z”), (5.15a)
3N 3 3N , 3(N-6) , 3(17TN —64)
A ) 3 _ 1 5. 15b
& 16 8:6( ) 32" + 55 % 30 " 4+ O(z°) (5.15b)

The bare eigenvalues are extensive in the system size, but the gap to the lowest excitation

is an intensive quantity

3 9 3
We can now extrapolate this result derived in the strong coupling limit z < 1 to the
continuum limit = > 1 using a Padé approximant. From (5.1), we see that the continuum
limit of the gap Fy — Ey = ‘7‘%55 is finite only when € scales as ~ +/z. This constraint

allows for several different approximation schemes. We found the most accurate result by
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applying a (0,2) Padé approximant to (%)4, giving

seN "' e A\
_ il - - 4 5.17
o0& x((x)) 5 <1+%) + O(2%). (5.17)

This gives a continuum estimate for the energy gap of

3 3/4
E1 — EO ~ gyM <§) ~ 1.355 gym - (518)

This result agrees well with the lattice results of Section 6, along with the results of DLCQ
given in (6.6).
We can also estimate the vacuum expectation value of the fermion bilinear operator,

(tr91p), using the strong-coupling expansion. In the continuum, we have

1 0Fy

(trpnp) = T om

(5.19)

m=0

On the lattice, this can be computed from the expectation value of the mass operator using

the identification

=

; —

- 1
(try) = — (O Hmasl0) . Huas = =5 D (D" Uil (5:20)

3
Il
o

To compute the expectation value (0| Hpass|0), we need the ground state in the full Hilbert
space, which can be computed using (5.4). To third order, we find
3 3 3., 3

3 + —1® — —2° + O(z"). (5.21)

N {0 Hunass[0) = 167 " 32 128

The identification (5.20) requires that N=! (0| Hpass|0) ~ /7 at large z if we are to have
a finite continuum limit. Hence, it is appropriate to approximate the sixth power of the
right hand side of (5.21) using a (0, 3) Padé approximant. Such an approximation gives an
estimate of (tri)) ~ —0.33gyw.

6 Numerical results for SU(2)

Here we use the formulation of Section 3.4 to explicitly calculate the low-lying spectrum

of the lattice Hamiltonian for the SU(2) theory. In Section 6.1, we show that we recover
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the expected energies for a pure SU(2) gauge theory on a circle when the adjoint fermion
mass is made large. In Section 6.2, we study the spectrum of the massless theory in detail,
showing good agreement with results obtained from DLCQ [16,31] and with the strong
coupling expansions given in Section 5. Finally, in Section 6.3 we turn on the adjoint mass
and show further agreement with DLCQ in the trivial universe, along with new results for
the nontrivial universe.

For all the exact diagonalization results shown in this section, we use PETSc and SLEPc
[39-42].

6.1 Large mass limit

In the continuum theory in the m — oo limit, we expect the adjoint fermion to decouple,
leaving behind a pure SU(2) gauge theory. The energy levels for this theory on a circle of
length L are given by

2
L

B, = ngﬂ 0+ 1). (6.1)

In the p = 0 universe we have ¢ = 0,1,..., and in the p = 1 universe we have ¢ = %, %, e

Therefore, the energy gaps above the vacuum will be

2
L
AE,=FE, — Ey= gygd n(n+1) (p = 0 universe), (6.2a)

Q%ML

n(n +2) (p = 1 universe), (6.2b)

where n =10,1,2,....

As explained in Section 4.3, the two universes of the N, = 2 theory are connected by
the chiral symmetry transform V which acts on the Hamiltonian by flipping the sign of the
mass. If we restrict to the p = 0 universe and take m — oo then one will recover the
trivial spectrum (6.2a). On the other hand the chiral transformation V ensures that the
limit m — —oo will result in the non-trivial spectrum (6.2b).

In Figure 1, we show that this behavior is reproduced in our lattice theory. We take the
lattice spacing to be gyya = 0.04 and use lattice sizes of N = 6,8, 10, for a large range of
masses. We find that the energy gaps precisely reproduce the sequences in (6.2) up to the
level with spin %, which is related to the link representation cutoff of ¢, = 4. For m > 0
we have the sequence for the trivial flux tube sector, and for m < 0 we have the sequence
for the nontrivial flux tube sector.

Note that the spin % level only has the correct continuum energy at m = —25gyy = —1/a.
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Figure 1: For the adjoint mass in a range of large values, the lowest energy gaps reproduce those of a
pure SU(2) gauge theory, given in (6.2). The lattice spacing is fixed to gynma = 0.04, and the energy
gaps are normalized by % g%ML so we can compare lattices of sizes N = 6,8, and 10. The maximum

link representation is £yax = 4, which allows us to see continuum energy levels corresponding to

representations up to spin % When |m| = a~!, we can understand this behavior analytically as

coming from alternating links of the lattice, with the types of representations appearing on the
links determined by the sign of m (see Appendix D).

1

In fact, we can understand all of these states at |m| = a~' via perturbation theory on the

lattice. This is discussed in Appendix D. Numerically, we find that the convergence away

1

from |m| = a~! improves rapidly with increasing N and £y,,y.

6.2 Massless theory

We will now set m = 0 and aim to study the spectrum of the SU(2) gauge theory on a
circle of length . = Na. In Figure 2, we give the spectrum for N = 12 sites as a function
of the circle length gyyL, for the p = 0 universe. (The spectrum of the p = 1 universe is
identical to that of the p = 0 universe, with bosons and fermions swapped.) We find that the
low-lying spectrum is fairly well-converged in N even on this small lattice, so that Figure 2
is representative of the large N spectrum.

The spectrum in Figure 2 can be understood analytically at small and large gyy L. First,
in the limit gy L < 1, the dynamics reduces to that of the gauge holonomy. In the con-
tinuum theory such an analysis was performed in [13] in the case where the fermions obey
anti-periodic boundary conditions and in [14] in the case of periodic boundary conditions.

In the case of periodic boundary conditions, one finds the spectrum of a harmonic oscillator
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Figure 2: The low-lying spectrum of the lattice Hamiltonian for m = 0 as a function of gym L, for

N = 12 sites with periodic boundary conditions. The spectrum on a small circle consists of equally

spaced levels of a harmonic oscillator with frequency w = %, and these levels are marked with

black lines. The Padé approximant (5.17) to the strong coupling expansion for the lowest fermion
mass is plotted in green.

with frequency \/%;QYM- This equally-spaced harmonic oscillator energy levels are marked
with black lines in Figure 2.
In the limit gyy L > 1, for fixed IV, we can use the strong coupling expansion developed

in Section 5. The Padé approximant (5.17), gives the gap estimate

3 1 1/4
Ey — Eq =~ gYM§ (W) ) (6.3)
which provides a very good approximation for the gap for all gyya = 0.5. In Figure 2, we
plot the estimate (6.3) using a dashed green line.

Between the small-circle and strong-coupling regimes, we see that the lowest fermionic
and bosonic excitations start developing approximate plateau regions. We found that these
plateau regions extend to larger and larger values of gymL as we increase N, as shown
in Figure 3a, and we believe that it is these regions that we should extrapolate to large
N in order to extract the infinite-volume continuum spectrum. For the lowest fermionic
excitation, a proxy for where the plateau occurs is the local maximum, while for the lowest
bosonic excitation, the analogous proxy would be a local minimum. The series of these local

maxima and minima for N = 6,8, 10,12 are marked with stars in Figure 3a. Extrapolating,
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universe of the m = 0 theory using local extrema of their energies as functions of the circle length.
These extrema are marked with stars.
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(b) The masses of the lowest fermion and boson for the p = 0 universe of the m = 0 theory
extrapolated to N — oo are as in (6.4) and (6.5) respectively.

Figure 3

we find
My/gym =~ 1.35 (6.4)

for the lowest fermion bound state mass in the continuum limit, and

My/gyn ~ 1.83 (6.5)

for the lowest bosonic excitation (see Figure 3b). The lowest fermion and boson masses were
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Figure 4: The vacuum expectation value of the mass operator tri in the p = 0 universe as a
function of the lattice spacing for N = 6,8,10, and 12. By extrapolating to gyma — 0 from the
region converged in N, we obtain a continuum estimate of (tr)/gym ~ —0.37.

also calculated using DLCQ in [16], and in these units were
MPYY fgon 2135, MPYY gy =185, (6.6)

so the two methods agree well.

One advantage of the equal-time quantization is that we have access to the vacuum state
and its properties. As an example, in Figure 4 we plot the chiral condensate (trv) in the
p = 0 universe as a function of the lattice spacing for several values of N. Extrapolating to
a — 0 from the region where the results are converged in N, we obtain a continuum estimate
of (try))/gym ~ —0.37. For the p = 1 universe, we would find the opposite sign. This is
in relatively good agreement with the value of —0.33 obtained from the strong coupling

expansion in Section 5.

6.3 Massive theory

Once we turn on a mass m for the adjoint fermion, we can continue to extract the lowest
excitations above the vacuum by extrapolating plateaus like those of Figure 3a to N — oo.

In Figure 5, we plot the mass of the lightest particle with fermion parity opposite that of
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Figure 5: For adjoint masses —gym < m < gym, we compute the energy gap in both universes
using the same method as for the massless theory. For m > 0 in the p = 0 universe, or m < 0 in the
p = 1 universe, we can compare this with the lowest fermion mass computed using DLCQ in [16].
We obtain excellent agreement, except at small (m/gyn)? where the mass dependence is known to
converge slowly in DLCQ. We also see the gap closing near m = mgysy in the p = 1 universe, or
m = —mguysy in the p = 0 universe.

I extracted from the lattice spectra as a function of the adjoint mass for both

the vacuum,
universes. For m > 0 in the p = 0 universe, we see that there is good agreement with DLCQ
at m = 0 and at sufficiently large mass. For m < 0, DLCQ instead agrees with the results
from the p = 1 universe. The discrepancy in either case near m = 0 can be attributed to
the light-cone Hamiltonian only depending on m?. Thus, when DLCQ is not completely
converged to its continuum limit, it will struggle to capture the linear behavior near m = 0
that is related to the non-vanishing expectation values of the mass operator.

We see in Figure 5 that the gap in the p = 1 universe closes at m/gyy = 7 V/2 ~ 0.56,
as expected from the presence of the massless Goldstino of spontaneously broken supersym-
metry [34].'2 Likewise, the gap closes in the p = 0 universe at m/gyy = —7~ /2. At these
points, the IR sector should be described by one free massless Majorana fermion on the

worldsheet of the confining flux tube.

1With our relatively small lattices, we do not yet have sufficient precision to extract the lightest particle
with fermion parity equal to that of the vacuum.

12The discontinuity of the derivative is because the ground state becomes fermionic for m/gyy > n1/2,
Had we plotted the energy difference between the lowest fermionic and bosonic states, there would be no
such discontinuity.
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7 Discussion

In this work, we introduced a new Hamiltonian lattice gauge theory model for adjoint QCDy
with gauge group SU(V,). As we explained in Section 3, this lattice model uses staggered
Majorana fermions. The resulting lattice Hamiltonian is given by (3.3), and it should be
supplemented by the Gauss law constraint (3.5).

In Section 4, we analyzed the symmetries and the anomalies of this lattice model. We
found lattice analogs of the ZQ] X (Z2)c X (Z3)r symmetries present for all m, and, for
m = 0, we also found a lattice analog of the (Z,), axial symmetry, which is represented
by translation by one lattice site. Interestingly, the lattice model exhibits analogs of the
mixed 't Hooft anomalies of the continuum theory, and these mixed anomalies have various
implications on the spectrum both for m = 0 and for m # 0. In recent literature, there have
been interesting investigations of lattice non-invertible symmetries [20,32]. We leave further
related studies of our lattice model for future work.

In Sections 5 and 6, we then studied the N, = 2 theory in more detail, both analytically
in the strong coupling expansion and numerically using exact diagonalization. For m > 0 in
the p = 0 universe, or for m < 0 in the p = 1 universe, our results are in good agreement
with the DLCQ spectrum computed in [16]. The m > 0 spectrum that we find in the p = 1
universe is new, and it would be interesting to reproduce it using DLCQ. Its main feature
is that the gap closes at m = mgusy as expected from the appearance of a massless particle
due to spontaneous supersymmetry breaking. As explained in Section 4, the spectrum of
the p = 1 universe for given m matches that of the p = 0 universe at —m (with bosons and
fermions swapped).

Stepping back, there has been renewed interest in the Hamiltonian formulation of lattice
gauge theory. One of the reasons is that, for theories in 1+1 dimensions, it is possible to apply
tensor network methods to achieve high numerical precision. Another reason is the possibility
of quantum simulations using specially designed experimental devices. Such simulators have
been constructed for the lattice one-flavor Schwinger model using, for example, trapped
ions [43]. This model contains one Dirac, or equivalently two Majorana, fermion degrees of
freedom per lattice site. The next-simplest model appears to be adjoint QCDy with gauge
group SU(2), whose lattice implementation we constructed in this paper. This model is
also gapped and contains only three Majorana degrees of freedom per lattice site. While
in this paper we carried out exact diagonalizations of this model on a periodic chain, it
would be interesting to also study our model using tensor network methods. Such a study

would hopefully lead to significantly better numerical precision. We also hope that the
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relative simplicity of the SU(2) model can eventually allow an experimental construction of
a quantum simulator.

Furthermore, it is highly desirable to carry out a numerical study of our lattice model
with gauge group SU(3). Here, in the continuum treatment of the massless theory, there are
4 topological sectors [9,14]. Two of them have zero triality; in our lattice model they are
related by a lattice translation by one site. The other two sectors have trialities 1 and 2;
they correspond to a flux tube wound around the circle in the two possible directions. On
a lattice, the ground states in these sectors are not degenerate with the ground state of the
zero triality sector. Therefore, unlike in the SU(2) model, the vanishing of the string tension
in the SU(3) theory with a massless adoint Majorana fermion [7,9,10] is not automatic in
our lattice model: it may require a careful numerical extrapolation to the large volume limit
and perhaps a fine tuning of the 4-fermion operators in the lattice Hamiltonian. In view of
having 8 Majorana fermions per lattice site, this model is certainly challenging numerically,

but we hope to carry out its initial studies in the future.
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A  Quantum particle moving on a group manifold

A.1 Lagrangian and Hamiltonian

Consider a quantum particle moving on a group manifold G, with Lagrangian
1 Trr—17rrr—1
£=—=ulovou], (A1)
g

where U is a group element. Suppose we parameterize U using angular coordinates 6*. Then
i(0,U)U! is a Lie-algebra-valued vector field on the group manifold, so it can be written

as a linear combination of the Lie algebra generators T4, with coefficients eﬁ being frame
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vectors on the group manifold:
(00U =elT?, el =2t [T(0,U)U"] . (A.2)

Similarly, ¢U'9,U is also a linear combination of the Lie algebra generators, with different

coefficients f:‘, which form another set of frame vectors on the group manifold:
U 0,U) = fi1*,  fr =20 [TU(3,U)] . (A.3)

With the normalization tr(TAT?) = §4% /2, one can then show that the two sets of frame

vectors are related to each other via the matrix U8 = 2tr(TAUTBU 1), in particular

ef = UABff, f/f = UBAef. (A.4)

We can rewrite the Lagrangian in terms of the angles 6* as

) . 1 ) .
L eAfreld =57 FAG FA0 . (A.5)

" 2%

As usual, we can define the canonical momentum (the minus sign is for later convenience)
oL
aor
operators (which in our lattice setup become the left-acting/right-acting electric fields) are

—m, = = g%efefé” = g% f!f‘ f;“é”. The left-acting/right-acting canonical momentum

defined by contracting m, with the corresponding inverse frame vectors. In particular, we

write 7, = ef}LA = f;fRA, from which we can solve for L4 and R*:
LA = e, RA = frir, (A.6)

where 4 and f#*4 are the inverse frames obeying é*4e” = 647 and fr4 7 = 547 respec-

tively. Because of (A.4), we also have

LA=UABRE RA=UBALB (A7)
The Hamiltonian is then given by the standard formula H = 8%9"‘ — L, which gives
g’ g’
H =LA = SRR (A.8)
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Canonical quantization requires [—m,, 0"] = 1.5;:. Using (A.6), this implies the relations

g

LA U] = TAU, [RY U =UT*. (A.9)

A.2 Properties of the operators L4, R4, and U4?

From (A.9), the definition UAP = 2tr(TAUTPUY), as well as the algebra obeyed by the

generator
[T4, TP =i fABOTC (A.10)

we can derive the various commutation relations

[LA, LB] _ —ifABCLC, [RA, RB] — 'ifABCRC,

(A.11)
[LA, UBC] — _/l.fABDUDC, [RA, UBC} — Z'fACDUBD )

Note that while R4 obey the same algebra as the generators, the L“ obey it with an extra
minus sign.

For the operators U4? we also have the relations
UACUBC _ 5AB _ UCAUCB fCDEUADUBE —_ fABFUFC. (A12)

These relations follow directly from the definition U4P = 2tr(TAUTBU 1) as well as the
completeness relation X4 = 2tr(XT4) for any quantity in the adjoint representation.
Using (A.12), one can show that L4 = UAPR® is consistent with the commutation

relations (A.11), and moreover that the left-acting and right-acting generators commute:
L4, RP]=0. (A.13)

A.3 Hilbert space for G = SU(2)

For a general group G, the Hilbert space consists of normalizable functions on the group
manifold, which, by the Peter-Weyl theorem, can be identified with the space of matrix

elements in all irreducible representations of the group. Let us focus on G = SU(2), where
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these are normalizable functions on the three-sphere. The Hilbert space splits as

H=D VOV,

Z
e

(A.14)

where V) denotes the 2¢ + 1-dimensional vector space corresponding to the spin-¢ represen-
tation.
To construct the states explicitly, let |¢,m) be the standard basis of simultaneous or-

thonormal eigenstates of T4T4 and T°:
TATA |0, m) = ((0+ 1) [¢, m) | T30, m) =m|l,m) . (A.15)

Note that for a general generator 7%, which in the spin ¢ representation can be written as a

matrix T4 , we have!®

mm’?

T4, m) = Ta |6 mw') . (A.16)

We can then consider the basis of functions on SU(2) to be

120+ 1
Upmpmp(U) = 2—772% mp|U¢, mpg) . (A.17)

It can be checked that these functions are orthonormal with respect to the Haar measure
du(U) on SU(2):

/ (0 it (U Wy () = G156y, O, (A.18)

Starting with 7, Vs, mp(U) = Yim, me(10,U), we can show that the angular momentum

generators act as
LA\IJZ,mLMR(U) = \ij,mLmR(TAU) ) RA\IIE,YHLNR(U) = \Pﬁ,mLMR(UTA) : (Alg)
Given (A.16), we then have

A A A A
L \Ijﬁ,mL,mR =T / \Ijz,m’L,mR ) R \Ifé,mme =T /RmR\If&mL’m;% . (AQO)

mpm} m

13If we write a general state in the spin-¢ representation as 1) = ay |¢,m), then T4y = T4

m/ Am’ |€, m>
Note that the ordering of the indices of T4 is swapped compared to (A.16).
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In particular, this relation with A = 3 shows that W, ,, w, are eigenstates of L? and R? with
eigenvalues my and mg, respectively. Note that the relations (A.20) are consistent with the

commutation relations in the first line of (A.11).

B Decomposition of the spinor representation

In our lattice model for the SU(N.) gauge theory coupled to Majorana adjoint fermions on
N sites, the Hilbert space of the fermions before imposing gauge invariance transforms in the
spinor representation of so(N (N2 —1)). This representation is reducible into the sum of two
half-spinor representations, which corresponds to the decomposition of the Hilbert space into
bosonic and fermionic states, as explained in Section 3.3. Here we will ignore the reducibility
of the spinor representation of so(M) when M is even, and denote this representation by
SPIN(M ). We denote the defining vector representation of so(M) by VEC(M ), and the adjoint
representation of su(M) by ADJ(M).

To construct gauge-invariant states, we need to understand how SPIN(N (N2—1)) branches

under
su(N)N < s0(N?2 — 1) < so(N(N? —1)). (B.1)

The embedding is fixed by requiring that VEC(N? — 1) branches into ADJ(N..), and that
VEC(N(N?—1)) = (VEC(N2—1),1,...,1)®(1,VEC(NZ —-1),...,1)@---®(1,1,...,VEC(N2 —1)).
(B.2)

We can start by understanding how SPIN(N(N? — 1)) branches under the embedding
50(N? —1)N < s0(N(N? — 1)). In an orthogonal basis, the weights of VEC(M) are

(0,0,...,i1,...,0), (B.3)

|M/2]

and additionally (0,...,0) if M is odd. The condition (B.2) tells us how to map the N(NTCQ_I)
weights of s0(N(N? — 1)) into the NL#J weights of s0(N2 — 1)V, The projection matrix

takes the form

P = <]1N[(N§71)/2j ONL(Ngq)/szN/z) (N. even), Pr=T1ywz-1y2 (Neodd), (B.4)

where 1, is the d x d identity matrix and 0,,,x, is the m X n zero matrix.
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In the same basis, the weights of SPIN(M) are

1 1 1

L4 i—). B.5

(\ 9’9y (B.5)
|M)2]

Using (B.4), we find

) oN/2 N, even ) N
SPIN(N(N; —1)) — -SPIN(NZ — 1)™. (B.6)
1 N, odd

Now we can work out the branching of SPIN(N? — 1) under the embedding su(N,) <
s50(N2—1). Since the vector of s0(N? — 1) has to branch into ADJ(XV,), the projection matrix

can be taken as

Pz:(o?l Qy =+ AN(N—1)/2 O(chl)XL(chl)/2j>7 (B.7)

where the @; are positive roots of su(N.) in the orthogonal basis. Using this projection, we
find that the weights of SPIN(N? — 1) map to

{ﬁﬁ_&l7ﬁ_&27"'7ﬁ_z&i}7 (B8)

where § = 13", @; is the Weyl vector of su(N,), each with multiplicity 2/(*~1/2 coming
from the zero columns in (B.7). Not counting this multiplicity, the set of weights in (B.8) are

precisely those of the representation R defined in (3.14) whose highest weight is p. (One can

(Ne—1)/2

check that this representation has dimension 2V and there are precisely this many

weights in (B.8). Thus, under the embedding su(N.) < so(N? — 1), we have
SPIN(N? — 1) s 2l(Ve=D/2IR | (B.9)
Combining (B.6) with (B.9), we find
SPIN(N(N? — 1)) = 2VWNeD/2(R R, ..., R) , (B.10)

as in (3.13).
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C The action of O, on gauge-invariant states

In this Appendix we explain the derivation of (3.28), namely how the operator O, =
SAUABSE | defined in (3.27a) acts on the gauge-invariant states (3.24). Since O,, only
involves the states on sites n and n + 1, let us strip out the factors from (3.24) that do not

involve m,, or m,.1, and define

’Q/)g(n DRA L _ |1 m > |1 m >C£n71%£n Cen%£n+1 wna anamnR>
Mn—1)RM(n+1)L E : 20 M/ 125 on+1/ MMy 1) RMnMp L~ My RMp+1M (0 41) I ey
My ,Mn41, 2gn + 1

MyL,MnR

(C.1)

In other words, we only impose the Gauss law on sites n and n+ 1 and consider the quantum
numbers m, 1) and m,_yy;, as fixed. The action of O,, on (3.24) can be straightforwardly
inferred from its action on this state.

In order to declutter (C.1), let us use the simplified notation

My, — My 5 Mp+1 — Mo

(b1, Mn—1)r) — (1, my)

(b, myp, mur) — (L, mp, mp), (C.2)
(bny1, Mnyyr) — (6, my),

U,—=U, 0, 0=S5U¥sE.

Thus, we consider the state

l,mp, mp)
Uity = Z |1, my) L, mg) C lfll?nm C'\iQEmm—" LR
mzm‘lr et 2 2 ymimp, RM2 2€+1 (CS)
mr,mgp

Writing the Clebsch-Gordan coefficients in (C.3) as matrix elements, passing to the po-

Zl ’eyzr

my,my Mla ml>, we have

sition representation for the bosonic state, and defining ¢4 = Do ¥

1
EWU) = o= D ) ) (e )
Eer ) o

X ({,mp|U|l, mpg) |1

£t

m2> <€7mR7 %7m2‘£r7mr> .

To simplify the following analysis, we can pass to a new basis [{,mg) — U~!|(,mg),

1L,me) — UL mg), [6.,m,) — U™, m,), where U™! acts in the appropriate SU(2)

39



representation. After this change of basis, we have (¢, m.|1|¢,mg) = 0m,mp, SO (denoting
m;, =mgr=m)
1
wé;ﬁér = \/ﬁ Z wl)ml>’%7ml> <£laml7%7m1wam>’%>m2> <£7m7%7m2’€ramr>- (05)

mi,m2,
m;,m

The operator O in (C.2) whose action we want to determine simplifies to O = S153'.

The equation (C.5) has the manifest structure of addition of three angular momenta, for
which (/,® 1) ® 1 — {® L — {,. In other words, denoting by fl, JZ, jg, f, J. the angular
momentum operators acting on the states with magnetic quantum numbers m;, my, mq, m,

and m,., respectively, we have
J=J+J, Jo=J+Js. (C.6)

In standard notation, (C.5) can also be written as

Y = |((63)€3) rmy) (C.7)

\/_
and we would like to determine the action of the operator O = J - Jo. Since O = %(JIQ2 —
J2 — J2) where Jis = Jy + J, there is another way of writing the state ¢y in which the
action of O is trivial, and where we first multiply together the spin-1/2 states into states of

angular momentum s: 4, ®@ (1 ® 1) = 4, ® s — {,:

bt — \/ﬁ D V@s+FD)REF W (il 3; L) | (G, (55)s) 6m,) (C.8)

s=0,1

where W are Racah coefficients. Acting with O on each term then gives a factor of

1 (s(s+1)—2), so in total we have
OYtr =3 " f(l, b €, " (C.9)
ZI

with

Fl0, 50,0 = Y (25 + 1)/ 20+ 1) (20 + 1)% [3(3+ 1) — 3} W (020, 2: 05\ W (£20,1;0's) .

s=0,1

(C.10)
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Note that for s = 0,1, we have 1(2s+1) [s(s + 1) — 2] = (=1)**'2. In terms of 6;-symbols,

the equation above can also be written as

f(el,er;e’,e):ZZ(_1)%+%+8+1\/<ze+1)(25/+1) {& : g} {6’ : gl}. (C.11)

1 1
g L 4 s 1L/

3
»

Note that 2¢; must have the same parity as 2., so (—1)29"2% = 1. Moreover, we can

insert inside the sum in (C.11) the identity

N DN
[

1:2(25—1—1){ |

S} . (C.12)

Then, using an identity that relates a sum over products of three 6j-symbols to a single

1 [
M e

This is the expression for f that should be substituted in (3.28) in the main text.

product of two 67-symbols, we can show that

N N
N NI

1
2
El

fll, 0 0,0) = (—1)KZ*M’“T§¢ (20+1)(20' +1) {

D Large mass limit on the lattice

We will now explain how the large mass limit m > gy considered in section 6.1 can also be
understood analytically in the lattice model, if we simultaneously approach the continuum

and heavy fermion limit as a*

= |m| > gym with L = aN fixed. Even for finite a, setting
a~' = |m| offers a significant simplification in the lattice Hamiltonian (3.3), because either
the odd or even hopping terms cancel depending on the sign of m.

We can begin with a positive mass m = a~!. The Hamiltonian reduces to

N/2-1 9 N
- : (gyma) -
H=a ! -t Z XQAkUé?CBXQBn—l-l + 92 Z LﬁLﬁ =a 1[‘/Veven + (gYMa)2Wgauge] .
k=0

n=0

(D.1)

In the limit @ — 0, we can treat the dimensionless gauge kinetic term Wy,yqe as a perturbation
of the sum of the fermion kinetic and mass terms, denoted Weyen.

Due to the cancellation between the fermion kinetic and mass terms for m = a~!, the
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degenerate ground states of Ween can be determined exactly. Writing out Weyen using the

basis (3.21), we find § terms

N/2-1
Weven = 2 Z Z ® S2A}.€U21?€BS2B;€+1 . (DQ)
k=0

AB _ 5AB

As detailed in Appendix C, we can effectively set U which leaves a simple Hamil-

tonian of decoupled terms 2Z; ® S41.53.., on every even link. The factor Si).S3,., has
3
1
ration. Thus, the ground states will have the SU(2) spins arranged pairwise in singlets, and

all qubits in the s = +1 state.

eigenvalues —= or }L depending on whether the spin—%s are put in a singlet or triplet configu-

This ground state space is infinitely degenerate because we also have to include the
representations on the links. If we fix the representation on one of the odd links to ¢ €
7,2, then the representations on all odd links are ¢ due to the Gauss law, and hence the
representations on even links are ¢ 4 % To find the explicit form of the state, we take the

2 x 2 Hamiltonian corresponding to the action of Sy U325 | on an even link in the basis

(ool b+ 3,0, ] 0e=1 0 )}

2043 £(441)
A77AB QB 4(26+1 20+1
SorUsk Sap1 = /—E((K—:_l)) 2;_1 ; (D.3)
20+1 T 4(20+1)

which follows from the matrix elements derived in Appendix C. The eigenvector with eigen-

value —% is

3 Co+ 1+7 12
gaga ) 2 (%) =y Y D.4
2k~ 2k+1 (C& A 6&7 Cf,Jr 1+2€ CE, 1+€ ( )

Using these coefficients, we can write down the full set of degenerate ground states parame-

terized by the representation ¢ on the odd link as

N Mn, N _ mn,
0= 3 e TE T  mo, L mge) L, 1) (D.5)

mn::l:%

These states all have unperturbed energies of

Weven | £> -

3N
-0 (D.6)
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The matrix elements of the perturbing term are simply

(Wil =105 e+ 1)+ 3] (.7
from which we can read off the perturbed spectrum. After restoring the factor of g2y;a, this
gives the spectrum (6.1) of the pure SU(2) theory. Since the ground states are parametrized
by odd link representations ¢ € Z, this gives the gaps (6.2a).

If we instead take m = —a~!, then we have a very similar problem, except the singlet
pairs are on sites (2n — 1,2n) and the degenerate ground state space is parametrized by a

representation ¢ € Z + % on an even link. We clearly recover the same splitting (D.7), except
with ¢ € Z + 5, which leads to (6.2b).
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