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Fate of the superconducting state in floating islands of hybrid nanowire devices
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We investigate the impact of transport current on the superconducting order parameter in su-
perconducting islands in full-shell epitaxial Al-InAs nanowires. Depending on a device layout, the
suppression of superconductivity occurs in three fundamentally different ways — by a critical current
in the case of superconducting reservoirs and by a critical voltage or by a critical Joule power in the
case of normal reservoirs. In the latter case, the collapse of the superconducting state depends on
the ratio of the dwell time and the electron-phonon relaxation time of quasiparticles in the island.
For low resistive and high resistive coupling to the reservoirs, respectively, the relaxation-free regime
and the strong electron-phonon relaxation regime are realized. Our results shed light on potential
shortcomings of finite-bias transport spectroscopy in floating islands.

Hybrid semiconductor-superconductor (semi-super)
nanowires (NWs) are a lively research topic on the su-
perconducting proximity effect, especially in its modern
forefront — the Majorana research [1-3]. Such devices
are investigated with the main focus on the semiconduc-
tor side and the quantities of interest include the induced
spectral gap in the NW [4-9] and Andreev bound states
energies [8, 10], the non-local response [11-20] and sub-
gap heat conductance [15, 17, 18, 21], the Josephson ef-
fect [22-29], the variety of zero bias conductance anoma-
lies [30-34] and Cooper-pair splitting [35-41]. Since typ-
ical currents in semi-super hybrids are orders of mag-
nitude smaller than the critical current of the super-
conductor, the order parameter (A) is rarely a target
for the experimentalists beyond the equilibrium char-
acterization [42]. As we show here, quasiparticle non-
equilibrium and relaxation are much more relevant than
current for the superconductivity in such devices.

In semi-super hybrids with a mesoscopic superconduc-
tor, which is not a part of the superconducting reser-
voir, referred to as the floating S-island below, the non-
equilibrium mediated by the finite bias voltage (V) leads
to a twofold complication. First, the quasiparticle pop-
ulation interplays with A, since they are bound in the
Bardeen-Cooper-Schrieffer (BCS) theory [43, 44]. Sec-
ond, this interplay may itself depend on the inelastic
relaxation, provided quasiparticles spend enough time
in the island [45-47]. Known in all-metal devices [48],
non-equilibrium effects are not discussed in semi-super
hybrids [49-55], with rare exceptions [56, 57]. Clear in-
dications of non-equilibrium effects were recently found
in hybrid NWs at high biases |V| > A/e [58, 59]. The
microscopic role of the energy relaxation in these exper-
iments, however, remains hidden.

In this article we investigate the interplay of quasi-
particle non-equilibrium, superconductivity and electron-
phonon (e-ph) relaxation in epitaxial full-shell Al-InAs
NWs. Two device layouts are used, one with the S-island

contacted directly (type-I devices) and the other with the
S-island placed between the InAs segments (type-II de-
vices). We demonstrate the suppression of superconduc-
tivity by critical current, critical voltage or critical Joule
power, as determined by the superconducting or normal
state of the reservoirs and the quasiparticle dwell time in
the island. Our experiments illuminate potential short-
comings of transport spectroscopy in floating S-islands
related to non-equilibrium superconductivity.

Samples used in this study are fabricated from nomi-
nally identical InAs NWs grown by molecular beam epi-
taxy, with an in-situ deposited Al shell fully surrounding
the NW. A scanning electron micrograph of the as grown
NW array is given in Fig. la with further growth details
provided in Supplemental Materials (SM [60]). Individ-
ual NWs are dry-transferred with a home-made micro-
manipulator onto pre-patterned ~ 150 nm thick Au pads,
which serve to align and suspend NWs above the Si/SiO2
substrate. Transport and noise measurements are per-
formed in a quasi-four point setup in a *He cryostat at
base temperatures of Tj ~0.45-0.5 K with the sample
immersed in liquid. Altogether we studied two type-I
devices and five type-II devices with very similar results
among each group.

We start from superconducting properties in equilib-
rium, characterized in type-I devices. Here, ohmic con-
tacts are established directly to the shell, see the sample
layout and contact cross-section in Fig. 1b. High qual-
ity interface between epitaxial aluminum (epi-Al) and
250nm thick e-gun evaporated aluminum (evap-Al) is
achieved via in-situ Ar milling. Fig. 1c is a color-scale
plot of the linear response resistance (R) in device IA as
a function of B and T (cooldown 2). Three regimes are
identified: normal high-T regime, superconducting low-
T and low-B regime (SSS) and intermediate regime with
the superconducting shell and normal contacts (NSN).
The regimes change at the transitions of the epi-Al and
evap-Al from the normal to the superconducting state,
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FIG. 1. Superconductivity in equilibrium in type-I devices.
a: scanning electron micrograph of the as-grown Al-InAs NW
array. b: schematic layout of a type-I device and cross-section
in the contact region. c: color-scale plot of R(B,T) in device
IA (cooldown 2). Dotted line is the fit to T.(B) of the epi-Al.
d: R(T) traces at fixed B-fields, corresponding to the vertical
dashed lines in panel c. e: depairing factors I', I'| and I', as
a function of the B-field, calculated to fit the data in panel
c. f: superconducting order parameter in dependence of I" at
two different temperatures (see legend). Discrete points A(T")
marked by stars are the same as in Fig. 2d.

with representative R(T') curves displayed in Fig. 1d. In
B=0 (red line) R(T') exhibits two steps at the critical
temperatures (T.) of the epi-Al (T2 ~ 1.23K) and evap-
Al (T, = 0.95K). In the latter case, the reduced T is a
result of inverse proximity effect from the Au layer. At
lower T the resistance saturates at Ry = 0.26 €2, which
we attribute to the wiring contribution. Two other traces
taken above the critical B-field of the evap-Al show only
a single step on the R(T) at the T, of the epi-Al. This
data gives the resistances of evap-Al/epi-Al interfaces
Riny = 1.3Q and of the epi-Al shell Ry, ~ 3.3Q. As
shown in the SM, a series contribution of the contact
pads in Rj, is negligible.

The T of the epi-Al in Fig. 1c exhibits the Little-Parks
(LP) oscillations in the B-field, which enables to extract
microscopic parameters of the shell. The dependence of
T.(B) is controlled by the depairing factor I' = T'y +T',
which has contributions from parallel (B ~ B) and per-
pendicular (B, =~ «B) components of the B-field. Here
« is a small angle between the NW axis and the B-field,
which is not controlled in the experiment and treated as
a fit parameter, separately in each device and in each
cooldown. In our calculations we closely follow the Us-

adel theory in the formalism of Ref. [61], see the SM
for the details. The T,(B) is found from the Abrikosov-
Gorkov equation [42, 59] (dotted line in Fig. 1c). T is
derived in the approximation of a cylindrical shell with
the inner radius of p; and thickness of ¢, without the as-
sumption that t < p;. The best fits provide p;=80+4 nm,
t=42nm and diffusion coefficient D=69 cm?/s. The or-
der parameter Ag =&~ 187 ueV and the superconduct-
ing coherence length ¢, = /hD/Ay = 156nm in the
limit of B=0, T=0 are obtained from the BCS relation
Ag ~ 1.76kgT?. The calculated dependencies I'(B) in
device TA (cooldown 2) in different LP lobes and A(T)
for T=Ty and T'=0 are plotted, respectively, in Figs. le
and 1f.

Next we investigate the fate of shell superconductivity
in response to transport current (/). Here, three differ-
ent scenarios can be expected. In devices with super-
conducting reservoirs directly contacting the shell, the
superconductivity breaks down in a conventional way at
the shell critical current I.. This is realized in type-I de-
vices in the SSS regime. In devices with normal reser-
voirs, the resistance is always finite and quasiparticle
non-equilibrium plays crucial role [43]. The electronic
energy distribution (EED, f(¢)) is then determined by a
competition of finite V' and energy relaxation. With-
out relaxation, f(e) is a non-equilibrium double-step
NeQ(V) = [fole = V/2,To) + fo(e + V/2,Tp)] /2, where
fo(e,T) is the Fermi-Dirac EED at a given T'. This EED
implies symmetric coupling to the reservoirs [43, 44], that
agrees with the experimental data. For strong relaxation,
local equilibrium is achieved with firq(Te) = fo(e, Te),
where T, > Tj is the electronic temperature in the island.
In the first case the superconductivity is destroyed at a
critical voltage [43, 44, 48, 57] |Vc| ~ A/e, whereas in the
second case it collapses at T,=T.. The two limiting cases
are realized, respectively, in type-I and type-II devices.

Fig. 2 summarizes the non-equilibrium response in
type-I device TA (cooldown 1). Fig. 2a is a color-scale plot
of the differential resistance Ragir = dV*/dI at T=T} in
dependence on B and I, with the current sweep direction
indicated by the arrow. Here, V* = V —IR,, is the actual
bias on the device with subtracted wiring contribution.
Vertical dashed lines correspond to I-V* curves displayed
in Fig. 2b for both sweep directions. A superconducting
behavior with V* & 0 is found in the SSS regime (up-
per panel), whereas finite-resistance superconductivity is
evident in the NSN regime (lower panel). In both cases,
the usual huge hysteresis is found [48]. We are interested
in a suppression of the superconducting state, which oc-
curs at increasing |V*| and is manifested by a single jump
on the I-V* curves. Critical voltages V3 measured right
before this jump are exemplified by circles in Fig. 2b.
Symbols in Fig. 2c display the B-field evolution of V¢ in
device TA (two cooldowns) and in device IB. In the SSS
regime, a small residual voltage is measured, possibly
originating from phase-slips or vortices in B, # 0, thus



a b
@, v ®
E 15/ =—0mT
8 1 “ ?
=05
6 0
€ < 0 02 0.4
= '3
¥ . —30mT
Eo0s5f —55mT 4
2 -
>
WA .
0
0 005 01 015
1, mA
(c) (d) T=045K
% 1A (cooldown 1) X =0T mevt
1A (cooldown 2) 3 0.15 3 =0.2 meV 1
0.2 1B € o1 * =04 meV
- — fit (cooldown 1) < =06 mev & 1
I
o015 - fit (cooldown 2) 0.05 =08 mev H
e l
5 0 v
3 ] e 0 0.1 02 Ve
> o : 3 (e) vV, mv
: i 04 0.45K
0.05 2 —n 0K
i : H -~ 02 =4 "
5
H >
0 : 0 ®
0 50 100 150 0 0.05 0.1
B, mT I, meV

FIG. 2. Non-equilibrium in type-I devices. a: color-scale plot
of Raig (B, I) in the device IA (cooldown 1) for current sweep
direction indicated by an arrow. b: I-V™* curves taken at fixed
B-field values in the SSS and NSN regimes for both current
sweep directions (arrows). The B-fields are indicated in leg-
ends and correspond to the vertical dashed lines in panel a. c:
critical voltage extracted from the I-V™* curves for the device
IA in two cooldowns and device IB (symbols). Dashed lines
are fits to the data in device [A. d: calculated dependencies
A(V) for a set of ', used to obtain the equilibrium order pa-
rameter (stars) and critical voltage (diamonds). Dashed line
represents Ve for I' = 0.1 meV. e: Calculated Ve (T') at T=Tp
and T=0, reproducing the data from panel d (diamonds).

the superconductivity is destroyed in a conventional way
at a critical current. The value of I.(B = 0) ~ 0.35 mA
is a factor of two smaller compared to the thermody-
namical critical current of the epi-Al, the difference most
likely coming from the interface resistance (see the SM).
By contrast, in the NSN regime the superconductivity
collapses at smaller I and at V% ~ A/e. The measured
V& (B) is consistent among the devices and cooldowns,
with deviations at higher B-fields caused by variations of
a.

We explain the evolution of V{%(B) in the NSN regime
by the Usadel theory, taking into account the non-
equilibrium EED in spirit of Ref. [43]. We find the solu-
tion in the depth of the S-island, at distances larger than
&o from the ends, where the charge-imbalance decays and
the non-equilibrium EED is of the form fxgq(V). Self-
consistent numerical procedure to find A(V) is detailed
in the SM. Fig. 2d shows the results for a set of I" (solid
lines). Data in equilibrium (V'=0) is the same as in Fig. 1f
(stars). At increasing V', A gets suppressed, so that no
solution exists above certain V¢ (diamonds, dashed line).
At small T" the solution is bistable just below V(, consis-
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FIG. 3. Non-equilibrium in type-II devices. a,b: electron
micrograph of the device ITA (false colors) and schematic lay-
out of type-II devices. c¢: color-scale plot of Raig(B,I) in
device ITA. d: bias dependencies of Rgig at fixed B-fields,
corresponding to the dashed lines in panel c. e: I-V curve
measured at B = 0, showing tiny voltage jumps at high bi-
ases V &~ 2mV. Insets magnify these features, demonstrating
weak hysteresis with respect to current sweep direction. f:
noise spectral density in devices ITA, IIB and IIC as a func-
tion of I in the normal transport regime at high enough B
(symbols). Two upper traces are shifted upward for clarity,
with zero levels marked by thin solid lines. Dashed and dot-
ted guide lines have slopes corresponding to Fano factor of
F=0.2 and Fb = 1/3, respectively. Solid lines are fits taking
into account the relaxation in the S-island (see the SM).

tent with previous results [43, 44, 48, 57]. Calculated
Ve (T) is shown in Fig. 2e along with the symbols from
Fig. 2d. Using the I'-B correspondence the dependencies
Ve (B) are obtained and plotted in Fig. 2¢ for the device
TA in two cooldowns (dashed lines). Near perfect agree-
ment with the experiment ensures that the relaxation-
free scenario of non-equilibrium superconductivity is re-
alized in type-I devices.

We now switch to type-II devices, where the selec-
tively etched shell forms a floating S-island of the length
L = 0.5 - 2 um, see the micrograph and sketch in Figs. 3a
and 3b. Ohmic contacts are defined via evaporation of
Cr/Au with ex-situ passivation of the native oxide in
ammonium polysulfide [6, 25, 62]. Thanks to the InAs
segments, the device resistance is about four orders of
magnitude higher than R;, in type-I devices and is con-
trollable by the back gate voltage V,. Figs. 3c and 3d
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FIG. 4. Critical Joule power in type-II devices. a: color-scale
plot of Raig(B,V) in device ITA (V; and « indicated in the
legend). b: B-dependencies of the critical Joule power for the
same device (symbols) and the fit to the e-ph relaxation model
(dashed line). Gate voltages and the e-ph cooling power are
indicated in the legend. c, d: the same in device IIB.

show, respectively, the color-scale plot Rgig(I, B) in de-
vice ITA and representative traces Rqir(V) at fixed B,
corresponding to vertical dashed lines in the color-plot.
Low bias behavior of Rgig is a combination of the su-
perconducting proximity effect in diffusive NS junctions
with non-ideal interface [7, 15, 18], observable at low B-
fields, and Coulomb effects [63-65], which contribute a
broad zero-bias resistance maximum, observable at high
B-fields. We do not discuss these device specific and V-
dependent properties and concentrate on a sharp resis-
tance peak observed in all devices at much higher V. The
LP oscillations of the peak position (Fig. 3c), and the tiny
voltage jump the peak originates from (Fig. 3e), show
that this feature is associated with the collapse of su-
perconductivity. Corresponding voltage jumps are most
pronounced at B=0 and demonstrate weak hysteresis, see
the insets of Fig. 3e. At increasing B they smear out and
the visibility of the LP oscillations reduces (Fig. 3c).

The observation of superconducting state at voltages
|[V| > A/e implies strong energy relaxation. Other-
wise, as found in type-I devices, the double-step EED
JneqQ(V) in the S-island would not be compatible with
the superconductivity. Although in the type-II devices
a moderate asymmetry of the couplings to the reser-
voirs can affect the EED and reduce the effect of non-
equilibrium [44, 57], it is too weak to maintain the su-
perconducting state at mV-range biases. A direct test of
the relaxation is achieved via shot noise measurements
in the normal state, shown in Fig. 3f, see SM for the
details. The noise spectral density (symbols) exhibits a
shot noise behavior S; ~ 2eF'I with Fano factors F ~ 0.2
(dashed line). This value is considerably reduced com-
pared to the universal Fp = 1/3 in diffusive conduc-
tors without relaxation [66, 67], usually found in InAs
NWs [18, 68, 69] (dotted line). The reduction of F is a
result of strong e-ph relaxation in the S-island [70]. We
assume local equilibrium EED fipq(Te) with the elec-

tronic temperature, which obeys the heat balance equa-
tion %PJ = Va1Xe—ph (Te5 — T05). Here, Py = IV is the
Joule power released in the semiconducting segments,
half of which is dissipated in the S-island, Vj; is the vol-
ume of the epi-Al and ¥._pp, is the e-ph cooling power.
Note a conceptual difference from Ref. [59], in which the
Joule power flows into the reservoirs by the electronic
heat conduction, while the e-ph relaxation is neglected.
The above equation simultaneously explains the shot
noise in Fig. 3f (solid lines) and the suppression of super-
conductivity by transport current. In the latter case, the
superconductivity collapses at the critical Joule power
(PY), which corresponds to Tc=T,(B). The dependen-
cies P§(B) in devices ITA and IIB are shown in Figs. 4b
and 4d (symbols) and correspond, respectively, to the
color-plots in Figs. 4a and 4c. We fit the data in these and
other devices with similar ¥, ~ 4.8+ 1nWum 3K ™°,
see the dashed lines (more data in the SM). This value
corresponds to the e-ph relaxation time of 7._,n ~ 60ns
at T=Ty, in agreement with independent measurements
in aluminum [71].

The origin of different behavior in type-I and type-II
devices is in the ratio of quasiparticle dwell time in the
S-island Tqwen, controlled by the coupling to the reser-
voirs, and Te_ph. Type-I devices are strongly coupled to
reservoirs and the dwell time is mainly limited by dif-
fusion 73 ., ~ L?/D =~ 1ns for the typical L ~ 3 um.
In type-II devices L is smaller, however, the coupling to
reservoirs is very weak owing to highly resistive InAs seg-
ments. Thus, the dwell time is renormalized by the ratio
of the numbers of the eigenmodes in epi-Al and in InAs
or, roughly, by the ratio of semiconductor and supercon-
ductor resistances in the normal state (~ 10%), giving
i~ Lus. The relation 7} ), < Te—ph < 7L natu-
rally explains the relaxation-free regime in type-I devices
and strong relaxation regime in type-II devices. Semi-
super research usually deals with superconducting islands
analogous to our type-II devices [49-52, 54, 55, 72]. It is
illuminating to discuss how such systems could fall in the
non-equilibrium regime observed in type-I devices. Siz-
able decrease of the Tqwen by populating more conduction
channels is not feasible in semiconducting NWs. Figs. 4b
and 4d demonstrate a weak V, dependence of Py, indicat-
ing only minor deviations from local equilibrium in our
experiment. Note, however, that lowering the tempera-
ture leads to the increase of 7epn o T3 so that energy
relaxation slows down significantly. Critical voltages on
the order of A/e found at mK temperatures in the recent
study [73] may indicate the relevance of non-equilibrium.

In summary, our results illuminate the way in which
the superconducting order parameter and the bias and
relaxation controlled quasiparticle population are bound
with each other in floating S-islands. This binding indi-
cates a general shortcoming of the transport spectroscopy
in semi-super hybrids, since the quasiparticle excitation
spectrum becomes dependent on the bias voltage and re-
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NANOWIRE GROWTH

The InAs-Al nanowire (NW) array is grown by molec-
ular beam epitaxy (MBE) via a position-controlled selec-
tive area growth (SAG) approach on SiO2/Si(111) sub-
strates [1, 2]. First, the InAs NW cores are grown for
50min in a non-catalytic (entirely droplet-free) growth
mode at a temperature of 540 °C under high V/III ratio.
For the given SAG pattern (pitch of 2 um, see Fig. la in
the main text) the resulting NW-length and -diameter of
the InAs NWs is about &~ 4 4+ 0.5 gum and = 160 4+ 10 nm,
respectively. Subsequently, the as-grown InAs NW array
is cooled down under arsenic (As4) atmosphere to 300 °C.
Once this temperature is stabilized, the Asg-supply is
switched off and the MBE chamber pumped until a back-
ground pressure of 9 x 10! mbar is reached. Afterwards
the sample is incrementally heated up to ~ 450 °C, in or-
der to desorb any residual As; from the NW sidewall
surfaces. In the next step, the NW array is once again
cooled down, but to a very low temperature of -40 °C, at
which a &50-nm thick Al shell is conformally deposited
in-situ onto the InAs NWs under constant substrate ro-
tation (20 rpm). Hereby, a nominal Al-flux of 1.74 A/s
is employed, as supplied from a conventional Al Knudsen
effusion cell. Due to the NW-geometry and the orien-
tation of the incident Al-flux, the growth rate on the
NW-sidewalls is, however, by a factor of ~ 5 less than
the nominal, planar Al-rate [3]. The Al shell layer is de-
posited in 12 consecutive steps (2 min-long Al deposition
with 60-min pauses in between), to avoid any excessive
heating of the NW array imposed by the hot Al Knudsen
cell (cell temperature of 1200 °C). This way the substrate
temperature is kept constant between -40 °C and -20 °C
upon completing the entire Al shell growth.

THEORETICAL FRAMEWORK
Depairing factor

Following previous work on full-shell nanowires [4, 5],
we employ a hollow cylinder model for the Al shell (epi-
Al) in arbitrary magnetic field, taking into account the
finite shell thickness (t). We assume that the thickness
of the superconducting film is less than the correlation

length (t < &), so that the depairing factor will include
only the radius-averaged square of the superconducting

velocity [6]: T = %(17?9), where s = D (6907 2—;[()
We admit that the magnetic field is not directed strictly
parallel to the nanowire, but it has a small perpendic-
ular component. Therefore, in a cylindrical coordinate
system (z,p,a), we determine a calibration of the vector
potential as (A, A,, Ay) = (BLpsina,0, Bjp/2). With-
out current, the phase gradient has only the azimuthal
nonzero component and the integral of its gradient along
a closed contour inside the cylinder is a multiple of 2m:

—

%ﬁ(pdé': 27n, 6(,0 ="a
p

where n is the winding number, @ is the unit vector, p is
intermediate radius of the shell. The averaging operation
is carried out over the entire cross-sectional area of the
shell. The thickness of the shell is t = p, — p;, where p;

and p, are the inner and outer radii of the shell:

o [27 ) —
L2y (08) pdpda
m(p2 — p?)

(%)

We find the depairing factor as a function of the winding
number and B-field, which can be divided into parallel
and perpendicular components: I'(B,n) =", +T':

hD o \2 2
L= 1||ln—— +n? p—;lnp——l ,
2p3 0 p= i

where D is the diffusion coefficient, p3 = (p? & p?)/2,
® = mp3 B and n = 0,1,2 is the number of the Little-
Parks lobe, ®; = h/2e. The depairing factor for the
device IIA in the cooldown 2 is shown in the Fig. le of
the manuscript.

Critical temperature

The dotted line fit on the Fig. lc of the manuscript
is the solution of well-known Abrikosov-Gorkov equation



for the critical temperature of a superconductor with fi-

nite I':
T. 1 1
In{=2\|=0(=)-0(=
()= (3) v 3+

where W is the digamma function, 7° ~ 1.23 K is the B =
0 critical temperature, directly measured in the device
IA.

F(B,n)) M

27T,

Critical voltage

In our theoretical calculations we use the Usadel for-
malism (dirty limit) following Ref. [6], supplementing
it with non-equilibrium electronic energy distribution
(EED) when necessary. A full treatment of the non-
equilibrium problem has been carried out in Ref. [7],
where a self-consistent solution was found for the con-
version of quasiparticle current into Cooper pair current
near the NS interfaces. Here we solve a much simpler
problem and only find the order parameter in the depth
of the epi-Al, at distances much larger than £ from the
NS interfaces. Under these conditions, the charge-mode
quasiparticle non-equilibrium is absent and the order pa-
rameter is determined by the longitudinal (heat-mode or
energy-mode) non-equilibrium, which is independent of
the coordinate [7, 8]. We also neglect the depairing fac-
tor due to finite supercurrent, which is justified by the
fact that typical currents in the NSN transport regime are
a factor of 4 smaller compared to the thermodynamical
critical current (see below). Hence, the Usadel equation
reads:

cosf

E +il'cosf =iA (2)

sin 6
where 0(E) is a complex energy-dependent pairing angle.
The order parameter is found from self-consistent BCS
equation, which can be written in the form:

Ep
A=In"! (2ED> / dEfi,(E)Im(sinf)  (3)
Ap 0
where Ep = kg©Op is the Debye energy of aluminum
(Op = 429K), Ay is the superconducting gap in the
zero temperature and B = 0 limit. The longitudinal
component of the non-equilibrium EED is even func-
tion of energy defined as fr(E) = 1 — f(E) — f(—E)
[7]. In type-I devices the EED has a double-step shape
fneq(E) = [fo(E—V/2,To) + fo(E+V/2,Tp)] /2, so

that fL(E) = 3 [tanh (gk"’BPTZ) + tanh (fk;‘}‘gﬂ Here

fo(E,Tpy) is the Fermi-Dirac EED at the base temper-
ature Tp. In type-II devices the local equilibrium EED
fo(E, T,) with the electronic temperature T, is assumed,
so that fL(E) = tanh (E/2kgT,). Corresponding EEDs
in the center of the superconducting shell in type-I and
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FIG. S1. (a) The supercurrent as a function of phase gradient
at several temperatures is plotted for the IA device. (b) The
critical current for the IA device. (c¢) Distribution functions in
the middle of the epi-Al for both types of devices and nanowire
layouts.

type-II devices are shown in Fig. Slc for the case of
B — 0 and Ty = 0.45K, right before the collapse of
the superconducting order parameter.

The joint solution of equations (2)-(3) makes it pos-
sible to determine the order parameter for a given EED
and I'. In type-I devices the solution A(V) is found. We
pay attention to the bistability of solutions, which is de-
tailed in previous works [7, 8]. The procedure to find the
critical voltage V¢ is described in the main text. In type-
IT devices the procedure is simpler. Here A vanishes at
T. = T¢(T') and the solution of Egs. (2)-(3) is equivalent
to that of equation (1).

Critical current

Within the framework of the Usadel formalism, it is
possible to directly calculate the supercurrent of the epi-
Al Is = jn%(po — p;). The supercurrent density is re-
lated to the charge density (ps) and the phase gradi-
ent as j = pgDVe, where ps = eN(0)Us and Us =
JoT dEfu(E)Im(sin®§). The pairing angle is obtained
from the equation (2) with I' = 5 (¢2). The density of
states is convenient to express via conductivity and dif-
fusion coefficient N(0) = o/(e?D). We find the critical
current in thermodynamic equilibrium and in the limit
of B = 0, so that the phase gradient is directed along the
NW axis. Thus, the supercurrent reads:

_ 2mop® [y o0 L
Is = . (83@)/0 dE f1,(E)Im(sin® 0)

Note that 2rop? = (Rgn/L)™!, where L is the length



of the shell and Rgy, is the shell resistance. The dependen-
cies of Is on Op/0x at various bath temperatures are dis-
played in Fig. Sla. For each temperature, the thermody-
namical critical current I. corresponds to the maximum
of Is and is marked by a diamond. The T-dependence of
the 1. is plotted in Fig. S1b for the device IA. At the base
temperature Ty = 0.45K we find I, =~ 0.7mA, which is
higher than the experimental I, measured in B = 0. We
attribute this discrepancy to the effect of finite interface
transparency between the epi-Al and evap-Al layers. In
the device IA I. ~ 0.35mA and Rij,; ~ 1.33€2, whereas
in the device IB I, =~ 0.49mA and R, =~ 1.15€), sup-
porting a correlation of I. and Rjy.

Consistency of numbers

In our calculations we use a standard number for the
density of states in aluminum, N(0) ~ 2.2x 107 J=!m~3.
The diffusion coefficient D = 69 cm? /s is obtained from
the fit of T¢.(B), which allows to compare a theoretical es-
timate of the shell resistance per length Ry, /L = 1Q/um
with the experimental data. In devices IA (Ry, =~ 3.3Q
and L =~ 3.1 um) and IB (Rg, ~ 2.86 Q and L ~ 2.7 um)
we find similar values of Rg,/L ~ 1.068/pm, which
demonstrates a consistency of our approach.

Electron-phonon relaxation

The e-ph relaxation length is found in a standard way
\/UE/(nEe_phT£_2),
where n = 5 is the assumed exponent in the heat bal-
ance equation and X._p, = 4.8 nVV,um_?’K_5 is taken
from measurements of the critical Joule power in Type-
IT devices in B = 0. £ = (72/3)(kp/e)? = 2.44-1078
V2K~? is the Lorenz number. In this way we obtain
le—pn = 20 pm at T, = 0.45K, which corresponds to
Te—ph = lg_ph/D = 62 ns.

from the cooling rate as l._pn, =

ADDITIONAL EXPERIMENTAL DATA

Type-I devices

Here we supplement the description of the type-I de-
vices by adding device images and differential resistance
data in Fig. S2. Scanning electron micrographs of the de-
vices TA and IB are shown in Fig. S2a. Color-scale plots
of the differential resistance are shown in Figs. S2b, S2d
and S2e for different samples, cooldowns and/or current
sweep directions (see legends). Representative dependen-
cies Raig(B) corresponding to the data of Fig. S2b are
shown in Fig. S2c.

We also performed a cross-check experiment to test
the resistivity, critical temperature and critical current of
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FIG. S2. (a) Scanning electron micrographs of the devices TA
and IB. (b),(e) The differential resistance versus current and
B-field for the IA device in different cooldowns. (d) the same
for the device IB. Black arrows indicate the direction of the
current sweep. (c) Representative Rgig-B curves measured at
the fixed current, corresponding to the cross-cuts in panel (b).
The wiring resistance of Ry = 0.262 is subtracted from all
data. The horizontal dashed lines correspond to Rint = 1.332
and Rine + Ren = 4.62Q. (f) R(T) dependencies in B = 0
for the device IA in cooldown 2 (red line) and for the test
structure (blue line).

the contact pads in type-I devices. Here, we fabricated
four-terminal devices consisting of 100 nm thick Au layer
and 350 nm thick Al layer evaporated on top. The test-
structure had a rectangular shape of the length of 300 pm
and the width of 2 um. The measured T-dependence of
the linear response resistance is shown in Fig. S2f by the
blue line. The measured resistance per square equals
RO ~ 5.5 x 1073 Q. This allows to estimate the normal
state resistance of two contact pads in type-I devices at
~ 0.15€), which is negligible compared to the interface
contribution Rj,; = 1.33€2. The measured critical tem-
perature of the test structure is T, &~ 1.05 K. This T is
slightly higher than that of the evap-Al in type-I devices
(= 0.95K), see the low-T step on the R(T') curve in the
device TA (red line in Fig. S2f). This discrepancy reflects
the fact that the Au layer was thicker in type-I devices
(=~ 150 nm), which resulted in stronger inverse proximity
effect. The critical current of the test structure exceeded
20 mA and was even difficult to measure because of the
self-heating of the wiring.
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FIG. S3. Scanning electron micrographs of devices IIB-IIE
with false colored InAs parts.
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FIG. S4. (a) the color-scale plot of Raig (B, V) for the device
IIC. The gate voltage on the right most local back gate Vyr
and the angle a between the NW axis and the magnetic field
are indicated in the legend. (b) The B-dependence of the
critical Joule power for the same device (symbols) and the
model fit to the heat balance equation (dotted line). (c)-(d)
the same for the device IID. The global back gate voltage V,
and the angle a are indicated in the legend. (e)-(f) the same
for device IIE. The global back gate voltage Vg and the angle
« are indicated in the legend.

Type-II

Fig. S3 present the scanning electron micrographs of
the devices IIB-ITE with partially etched shell. The
device IIB is equipped with the global back gate, see
Fig. S3a, whereas other devices have both the global
back gate and several local back gates, represented by
thin metal strips underneath the NW, see Figs. S3b- S3d.
In the device IIC, the right most local back gate was
used to tune the resistance (Figs. S3b), while other gates
were grounded. In all other devices the local gates were
grounded and the global back gate was used.

Figs. Sda, S4c and S4e present color-scale plots of Rqig
as a function of the B-field and bias voltage, respec-
tively, in devices IIC, IID and IIE. The critical Joule
power PY(B) is extracted from this data and plotted in
Figs. S4b, S4d and S4f (circles). The dotted lines rep-
resent the fits of PC(B) to the heat balance model, de-
scribed in the main text.

The fit procedure is performed as follows. We deter-
mine the volume of the epi-Al V4 from the device im-
ages and obtain the electron-phonon (e-ph) cooling rate
Ye—ph from the value of the critical Joule power in B = 0:
Se—ph = P§(B = 0)/2Va1 [(T?)® — T§]. This allows to
get rid of the uncertainty related to the unknown angle
«a between the NW axis and the magnetic field. Next,
the same heat balance equation and the obtained value
of ¥_pn are used to obtain the B-dependence of the su-
perconducting critical temperature of the epi-Al:

Py (B)

—_— 4
2 e—ph VAl “

T.(B) = \/ 5+

The dependence T.(B) is fitted with the Abrikosov-

Gorkov equation (1) using « and p; as the fit parameters.

The final step is to calculate PS(B) from the inverted

expression (4). The fit parameters for all our type-II
devices are summarized in Table I.

TABLE I. Parameters of the type-II devices.

Device|pi, nm|L, pm| Va1, pm?®|a,’[Se_pn, %
1A 76 1.0 0.026 | 6 4.8
1IB 84 1.85 0.051 5 4.3
I1iC 76 097 | 0.025 | 6 4.8
11D 80 0.82 0.022 | 3 5.8
11E 76 1.55 0.040 | 8 3.7

Shot noise measurements

Shot noise measurements in type-II devices were car-
ried out in a setup schematized in Fig. S5. The NW
device is embedded into a resonant tank circuit at the in-
put of a home-made low-temperature amplifier (LTAmp).
The resonance frequency is determined by the inductance
(= 3uH) and cable capacitance (~ 20pF) at the input
of the LTAmp and is about 20 MHz, slightly varying
in different setups used. Apart from the NW device,
the scheme includes four load resistors (RF grounded on
one side by means of 10 nF capacitors). These resistors
serve for DC measurements. The key part of the setup is
the commercial transistor ATF-55143, which is used to
calibrate the gain of the noise measurement scheme via
Johnson-Nyquist thermometry. This procedure also al-
lows to determine the input current noise of the LTAmp,
which has a typical value of ~ 2 x 10727 A2 /Hz. The cal-
ibration is performed at two bath temperatures of 4.2 K
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FIG. S5. The transport and shot noise measurement scheme.

and Ty = 0.5 K. The details of the calibration and data
analysis are similar to those described in supplemental
materials of Refs. [9, 10].

Here we explain the fitting procedure of the shot noise
data in type-II devices, presented in Fig. 3f in the main
text. In this experiment, the central epi-Al island is in the
normal state. Strong e-ph relaxation is assumed, which
results in the local equilibrium EED with the electronic
temperature of T,. The electronic temperature is deter-
mined from the heat balance equation of the kind (4) with
T, substituting the T.(B) and Joule power substituting
PE(B). In this way, the dependence T,(V) is obtained
in each device. The spectral density (S1) of the current
noise of the NW device is obtained from the spectral
densities of current noises of the left (S&*) and right (SR)
InAs segments in a usual way [11]:

 SMR 4 SRRL  a?SE+ SR

St R? (a+1)2

()

where resistances Ry, Rr correspond to the to left and
right InAs segments of the NW device, R = Ry, + Ry is
the total device resistance and @ = Ry,/Rg. As discussed
in the main text, the device resistance changes at finite
bias, as a result of Coulomb interaction effects [12-14].
For simplicity, we assume that the resistance ratio a is
bias-independent. The spectral density of the current
noise of the left and right InAs segments reads:

F
Ry r

GLR _ 2kp (T, + Tp) n
: Ry r

/ dE [fa(E) — fLr(E)]?,

where fa1(F) = fo(E,Te) is the EED in the epi-Al island,
JL(E) = fo(E 4+ aV/(a + 1),Tp) is the EED in the left
terminal and fgr(F) = fo(E —V/(a+1),Tp) is the EED
in the right terminal. In this equation the change of
NW resistance with bias voltage is taken into account
as R, = aV/(a+ 1) and Rgr = V/(a + 1)I, where V
and I are, respectively, the measured bias voltage and
the current in the NW device. For simplicity, we assume

that the Fano factors F' of both InAs segments are the
same, but allowed a slight variation of F’ among different
samples. The fits in Fig. 3f in the main text are obtained
with F'=1/3 and a = 0.485 in device ITA, F = 0.25 and
a = 0.36 in device IIB and F = 1/3 and a = 0.4 in device
IIC. The choice of F' = 1/3 seems reasonable, since our
devices are usually close to the diffusive transport regime.
The choice of a is justified by the quality of the shot noise
fits, however, it is difficult to verify independently in our
two-terminal configuration.
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