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Abstract

The thermodynamic entropy of coarse-grained (CG) models stands as one of the most important
properties for quantifying the missing information during the CG process and for establishing
transferable (or extendible) CG interactions. However, performing additional CG simulations on
top of model construction often leads to significant additional computational overhead. In this
work, we propose a simple hierarchical framework for predicting the thermodynamic entropies of
various molecular CG systems. Our approach employs a decomposition of the CG interactions,
enabling the estimation of the CG partition function and thermodynamic properties a priori.
Starting from the ideal gas description, we leverage classical perturbation theory to systematically
incorporate simple yet essential interactions, ranging from the hard sphere model to the generalized
van der Waals model. Additionally, we propose an alternative approach based on multiparticle
correlation functions, allowing for systematic improvements through higher-order correlations.
Numerical applications to molecular liquids validate the high fidelity of our approach, and our
computational protocols demonstrate that a reduced model with simple energetics can reasonably
estimate the thermodynamic entropy of CG models without performing any CG simulations.
Overall, our findings present a systematic framework for estimating not only the entropy but also
other thermodynamic properties of CG models, relying solely on information from the reference
system.

TOC Graphic
| |!deal gas — § a
i |Hard sphere l 2
' |Generalized vdW = ===|%[0 Z.
| Reference (CG) e 0a
|
|
'

Pair Potential

Pair Distance



1. Introduction

In order to gain insights into chemical and physical processes at an atomistic level, computer
simulations have become an essential tool in the fields of chemistry, physics, and biology.
Conventionally, this entails performing molecular dynamics (MD) or Monte Carlo (MC)
simulations!"” using effective Hamiltonians designed to capture a range of interactions at the
atomistic level, i.e., non-bonded, pair-bonded, angular, and dihedral interactions.®!* However,
such a description at the fully atomistic level is often computationally expensive to simulate for
complex systems over long length and time scales.'* !> To surmount this limitation, coarse-grained
(CG) modeling has emerged as a strategy to reduce the number of complex atomistic degrees of
freedom, yielding a simpler system that can be simulated for effectively long times.!>?> Thus,
eliminating unnecessary degrees of freedom can greatly enhance the spatiotemporal scales
explored in computational simulations.?¢-3?

Since simplified CG systems should exhibit behaviors that are as close as possible to their
corresponding fine-grained (FG) counterparts, bottom-up CG approaches have been designed to
derive CG interactions based on FG statistics.!> 1719 21.22,24,33, 34 Thege bottom-up approaches are
rooted in statistical mechanical methodologies designed to recapitulate important structural
correlations®> 3¢ rather than relying on an empirical determination from top-down approaches.>*
3740 Tn pursuit of designing bottom-up CG models, however, we note that the thermodynamic
properties of CG systems deviate from those of the FG systems in practical scenarios—an
inconsistency commonly known as the representability problem.?! In principle, the “exact” CG
potential, determined by accurately integrating over the FG degrees of freedom, should be able to
faithfully reproduce the FG free energy and thermodynamic properties through appropriate
derivatives of the free energy. However, due to the approximate nature when determining the
many-dimensional CG interactions and their dependence on thermodynamic variables,
inconsistencies between the FG and the CG properties often arise. To address this issue, numerous
attempts have been made.*!#4

Among various thermodynamic properties, our particular focus in this paper is on entropy. In CG
modeling, the entropy holds privileged importance as it directly accounts for the reduced
information resulting from the coarse-graining process. For example, relative entropy
minimization formally demonstrates that the entropy is the target object to be optimized when
deriving CG models.’® 47 Additionally, given that bottom-up CG interactions are essentially a
many-body potential of mean force (PMF), which is a free energy quantity,*>* the difference
between the FG and CG entropies amounts to the temperature dependence of the effective CG
potentials. Therefore, a correct understanding of the so-called “missing entropy” is pivotal for
achieving transferability of CG interactions.?!> 2% 4. 30. 51 While steady effort has been directed
toward elucidating the physical nature of this missing entropy through the development of
theoretical and computational methodologies,** 4> 5254 relatively little attention has been paid to
the CG entropy itself. Due to the non-trivial and many-body nature of CG interactions, calculating
the CG entropy requires not only parametrizing the CG interactions but also conducting CG
simulations and subsequently employing existing free energy methods to determine the entropy in
a post-processing step. Such an extensive undertaking may appear contradictory to the reductionist
philosophy inherent in CG modeling.



Motivated by the need to overcome this computational overhead for arbitrary CG systems, our
primary goal in this paper is to develop a statistical mechanical framework capable of estimating
the correct thermodynamic entropy of the CG system without necessitating CG simulations. In
other words, we aim to develop a predictive theory that can reasonably estimate the entropy of
complex CG molecules based solely on their model characteristics. This objective may seem
challenging given the complexity of bottom-up CG models; however, this difficulty can be
overcome. In particular, despite the intricate form of the parametrized CG interaction, if one could
effectively decompose it into separate and analytically tractable CG interactions, additional CG
simulations would become unnecessary. Since this partitioning is highly non-trivial and varies
across different systems, we attempt to approach this problem in a systematic manner inspired by
the classical perturbation theory of liquids. As initially proposed by Zwanzig> and elaborated later
by Barker and Henderson,’® °7 as well as Weeks, Chandler, and Andersen,’®% the effective
structure of liquids is primarily determined by their short-range repulsions, often conceived as
“hard sphere” repulsions. In the perturbation approach, the hard sphere repulsions serve as the
main reference interaction, while less significant long-range interactions (usually attractions) are
treated as perturbative terms. Early efforts in computer simulations of simple, analytical liquid
models successfully calculated thermodynamic and dynamic properties based on the hard sphere
contributions,®"> 62 with further improvements achieved by carefully incorporating perturbative
terms. However, it is less clear if this perturbative approach can be faithfully applied to molecular
CG models.

Our starting reference is the ideal gas system, where particle interactions are absent. The entropy
of an ideal gas is exactly determined from simple properties (number density and molecular
weight), providing a basic estimate of the expected entropy under specific conditions. This
assessment helps gauge the practicality of using the ideal gas approximation to estimate the
entropy of non-ideal CG liquids. Yet, the ideal gas description has a fundamental limitation in
describing liquid phases, given an ideal gas occupies no volume. In order to address the concept
of free volume in condensed phases,®>%° we estimate the effective free volume by considering the
repulsive contribution from hard spheres, allowing for the incorporation of the non-trivial volumes
of CG liquids. While a hard sphere description may seem an extreme one for modeling CG systems
with complex many-body interactions, we are particularly motivated by the recent findings
indicating that a hard sphere treatment of bottom-up CG systems offers an efficient and accurate
way to determine dynamical properties.®¢-%® Building upon this research, our work extends beyond
investigating the dynamics of CG systems to the determination of the thermodynamic properties.

Despite the effectiveness of hard sphere models in reproducing structural and dynamic properties,
they may yield inaccurate thermodynamic properties due to the absence of attractive perturbations.
For example, if we only consider repulsions and neglect attractive forces, internal energies will
consistently appear positive, whereas in realistic systems with non-negligible attractions, they can
be negative. In this light, hard sphere models may not be the most suitable choice for evaluating
thermodynamic properties. Therefore, we assess the performance and necessity of addressing these
long-range attractions within the hard sphere description. As we will discuss, incorporating long-
range attractions is considerably more complex than addressing short-range repulsions. As CG
interactions in liquids often exhibit relatively simple interaction profiles with a few attractive or
repulsive wells at long ranges, it becomes reasonable to approximate these contributions as
simplified well-like interactions. Therefore, as part of our predictive framework, we will



incorporate attractive contributions into the van der Waals equation.®® In the generalized van der
Waals theory,”®7” partition functions and related thermodynamic properties can be analytically
derived, similar to the hard sphere case, assuming relatively simple attractive interactions.
Compared to simple and commonplace atomistic force fields, such as those in molecular
mechanics,®!3 the bottom-up nature of CG interactions makes this mapping less straightforward,
given that CG interactions become effective free energy quantities and vary with system conditions.
Hence, we will leverage our understanding of the temperature dependent nature of CG interactions
to correctly capture the renormalized FG partition function. This approach aims to accurately
approximate the CG entropy by parameterizing over different thermodynamic state points.

Our hierarchical approach, ranging from the ideal gas to the hard sphere and the generalized van
der Waals models, is designed to predict the CG entropy of molecular liquids. However,
approximating these simplified models often requires knowledge of additional thermodynamic
parameters in advance to estimate the thermodynamic properties from the FG statistics.
Alternatively, a different theoretical approach, based on the work by Green’® and Wallace,””-%? can
overcome this limitation by examining the residual entropy (sometimes referred to as “excess
entropy” in the literature). The residual entropy is the difference between the system’s entropy and
that of an ideal gas under the same conditions. Baranyai and Evans further pursued this direction,
expressing the residual entropy directly as an ensemble average of many-body functions using the
multiparticle correlation expansion.®? Since the multiparticle expansion approach avoids the need
for strong model approximations, it is of great interest to explore whether this approach can further
refine the generalized van der Waals treatment.

Altogether, our objective in this paper is to assess the accuracy of each step in our systematic
approach by comparing the estimated entropy with the reference (“actual”) CG entropy obtained
from the CG simulations. Through this process, we aim to identify the most efficient and accurate
method for evaluating the thermodynamic properties of CG models a priori. The remainder of this
paper is organized as follows: Section 2 discusses how to map the reference CG system to the
approximate models and how to evaluate the CG entropy within these models. Subsequently, in
Sec. 3, we will apply this framework to the cases of liquid methanol and chloroform, respectively.

2. THEORY

2.1. Estimating the CG Entropy: Systematic Approach

In this section, we will demonstrate the systematic nature of the proposed approach by deriving an
expression for the CG entropy. Our focus here is on the single-site CG resolution, which
establishes a physically intuitive correspondence between entropy in the CG and FG systems.

The total entropy in the CG system S can be exactly expressed as
Scq = S8%ns = —ks | [ dPYARYp(P, RV Inl 2k p(PY, RV)],

(1)
where p(PY, RY) is the probability distribution function for the CG phase space variables. We also
note that the Gibbs definition of the entropy [k [ dPdR p(P,R) In p(P, R)] does not explicitly
contain the In[(2wh)3N] term, but one should include this factor for the quantum and
indistinguishability corrections when integrating over phase space.®* However, since this
correction term is constant, the remaining sections will primarily consider the Gibbs definition of



entropy. Since PV and R" are not coupled in our CG simulations of interest, these two terms can
be separated as
SE8 s = —kg(In[exp(—BTcc(PM))]) — kz(In[exp(—BUcc(RM))]) + ks In Qcg,

)
where Teg(PY) = YN P2/ 2M,, Ucg(RY) is the CG configurational energy, and Q¢ is the full CG
partition function. Even though the momentum contribution can be separated from the
configurational contributions and expressed analytically as

N
1 P}
—kp f dP¥dRVp(PY,RY) In[exp(—BTcq(PM))] = = (Z !
1

3
2_M,> = ENkB'

3)
the analytical form for the configurational part —kB(ln[exp(—,B Ucg(RY ))]) is practically
impossible to determine due to the non-trivial nature of the CG interactions Ucg(RY). Our
proposed framework approaches this problem by dividing Uz (R") into a set of simple potentials
using a perturbative argument; in the simplest case, where there is no interaction, we can derive
the entropy term by sequentially including the strongest interaction and other small perturbations
in a systematic way to account for the full S$$_ ¢ contribution.

Equation (2) suggests that this perturbative treatment will result in additive corrections to the
entropy. We decompose Uq(RY) into the following sub-interactions:
Ucg(RY) = 0 + Ups(RY) + Ug_yaw(RY),

4)
where 0 corresponds to the ideal gas interaction, Uy (R") denotes the hard sphere interaction, and
Ug—vaw (RY) is the generalized van der Waals potential. Since Eq. (2) has a In[exp(—p Ucg(RY))]
term, the perturbative decomposition given in Eq. (4) yields

1
—kp(In[exp(—BUcc(RM))]) = T [€0) + (Uns(RM)) + (Ug—vaw (RM))],
)

and the free energy contribution can also be decomposed according to the classical perturbation
argument. We will later examine the decomposition of the free energy in more detail. Altogether,
the separability of Eq. (5) indicates that the CG entropy can be estimated in a systematic manner.

2.2. Ideal Gas: Sackur-Tetrode Equation
As discussed earlier in the Introduction, the simplest approximation one can make for the CG
system is the ideal gas approximation, where there are no interactions between the CG particles.
In the case of a single-site CG system, the ideal gas approximation leads to a CG entropy following
the Sackur-Tetrode equation,3>: 86
3
; V (2mmkgT\2 5
S50 = Nieg [In (Z772) +3

(6)
where N denotes the number of the CG particles at volume V and temperature T, with the
constants kp (Boltzmann) and h (Planck). Equation (6) describes all possible microstates that the
CG particle can explore under a given system condition. This approach completely ignores the
effective CG interactions. Therefore, the configurational integral Zcg, defined as



[ dRY exp[—BUcc(RM)], reduces to the volume term (VV), and the ideal gas partition function is

expressed as
N

e = mias)
(7)

where A denotes the thermal de Broglie length, /h?/2mmkgT , which includes only the
momentum contribution from the ideal gas description. In Sec. 3, we will assess the reliability of
this crude approximation for estimating entropy.

2.3. Estimating the CG Entropy: Mapping to Hard Sphere

A realistic model for predicting the CG entropy should account for the non-ideal gas nature of CG
systems. Based on our recent findings, one possible direction would be to interpret CG particles
as hard spheres. In this context, attractive interactions, which are typically more long-ranged than
the repulsive ones, are effectively canceled out due to the uniformly distributed molecules in dense
conditions. As initially proposed by Widom?’ and subsequently developed by Barker and
Henderson’% >’ as well as Weeks, Chandler, and Andersen,*8® a hard sphere description for dense
fluids serves as a powerful approximation for understanding various static and dynamic properties
of dense liquids.®-!

In this section, we will briefly review how to faithfully capture the hard sphere nature of CG liquids.
Since hard sphere liquids can be defined solely based on their packing fraction n, our primary
objective is to determine 7 in a way that accurately recapitulates the structural and thermodynamic
characteristics of the reference CG model. The simplest way to determine 7 is to find the effective

hard sphere diameter (or radius) of a CG system from the definition of the packing fraction
s

n= gO-E3HSpr'

(8)
where ogygp 1S the effective hard sphere diameter, and py, is the bulk number density. Introducing
an additional “hard sphere layer” to CG models allows us to simplify the many-body nature of CG
systems into a straightforward hard sphere description, and thus various complex CG properties
can be expressed as analytic functions within the hard sphere framework.5’

One of the most straightforward approaches to determining the effective hard sphere diameter is
based on the interaction profile of the CG models. Hard spheres exhibit infinite repulsions when
the pair distance is shorter than ogysp. Therefore, a physically sound method is to extract the
“short-range repulsive interactions” from CG models that have finite repulsive interactions. Barker
and Henderson showed that, within their perturbation theory, this amounts to the vanishing of the
first-order correction in the free energy term of hard spheres.>®>” This method can be extended to
CG systems, where the effective hard sphere diameter ogy can be defined using the effective CG
potential U(R)

Gopt = f 11 - exp(—BUR))] - dR,
©)

where R, is the minimum distance at which the CG interactions are no longer repulsive [U(Ry) =
0].



Equation (9) can also be understood as the effective repulsion weighted by its Boltzmann factor.
Unlike simple analytical potentials, our CG model approximates the many-body CG PMF as a pair
potential, denoted as U(R) in Eq. (9). Due to the limited expressiveness of pairwise basis sets, this
approach necessitates different CG pair potentials at various state points. Consequently, in order
to represent the hard sphere nature in the reference atomistic system, we would like to emphasize
that a thermodynamically consistent approach should estimate a temperature dependent hard
sphere diameter from different CG pair potentials. A similar idea has been applied in describing
CG dynamics, where temperature dependent CG potentials were utilized to estimate effective hard
sphere diameters for an accurate recapitulation of dynamical properties.®*® We also note that
extracting the temperature dependent nature of interaction model parameters should be applied
throughout this section for different hierarchies of descriptions. In this context, the difference in
entropy between the FG model and its CG counterpart should correspond to the FG degrees of
freedom eliminated by the CG mapping, as well as the entropic effects arising from the temperature
dependence of U(R). Further analyses investigating this aspect can be found in Refs. 43 and 53.

2.4. Estimating the CG Entropy: Hard Sphere Entropy

There are two main advantages to approximating CG systems as hard spheres. Firstly, unlike the
ideal gas approximation, the CG energetics (and other properties) are no longer zero, which makes
this approach more realistic. Furthermore, due to the relatively simple nature of hard spheres, their
thermodynamic properties can be expressed in an analytical form. %!

2.4.1. Residual Entropy of Hard Spheres. To evaluate the thermodynamic properties from the CG
partition function introduced in Eq. (7), a common approach in perturbation theory is to separate
the ideal gas contribution Q;4 from the non-ideal contribution Q.y

Qcq = (% (%)N> (g [ 4RY expl-BUCG®R]) = 010NV, T

VN
(10)
Then, the CG free energy W can be divided into ideal and non-ideal contributions:
Wee = —kgTInQcc = —kpT InQiq — kpT In Qey = Wig + Wex.
(11)

Note that this decomposition of Wg demonstrates the consistency of our approach with Eq. (5) in
Sec. 2.1.

While the ideal gas contribution to the thermodynamic properties can be exactly described, the
residual thermodynamic properties of hard spheres are often approximated using equations of state
(EOSs). EOSs are simple relationships that describe pressure, volume, and temperature and are
often expressed as a function of the compressibility factor

P

2=t

(12)
Among the numerous empirical EOSs proposed in the literature, we specifically choose to
employ the Carnahan-Starling EOS,”® denoted here as Zg, because it provides an accurate
description over a wide range of packing densities, spanning from stable to metastable regimes,
with a relatively simple functional form?®- 1%
1+n+n*-n3

des =18

90, 92-97




(13)
For a more detailed discussion of the EOS choices for various CG systems, interested readers may
refer to Ref. 67. Using the Carnahan-Starling EOS, the residual thermodynamic properties can be
calculated as follows. Since the thermodynamic properties X of interest primarily depend on V and
T, the residual property can be calculated as

Xeu(V,T) = f: [(Z—i)T - (Z—i):] av.

In order to compute the residual entropy from the hard sphere contribution, one needs to determine
Wex (V,T) and Uy (V,T) since TSex(V,T) = Uex(V,T) — Wi (V,T) . These thermodynamic
properties can be obtained from the residual pressure, which is calculated by applying Egs. (13) to
(14), resulting in

(14)

Pex(Vr T) _ 47] - 2712
pksT 1-m3

(15)
Using Eq. (14), the residual Helmholtz free energy and internal energy functionals are derived as
VVeX(V' T) _ 4'77 - 3772

RT — (1-n)?’ o
a
V[ (0P (V,T 9 V24 2m—n21
Uer(V,T) = f [T (a(—T)> —Pex(V,T)l dV = 2RT? (%)V f (1+7)4UV‘W'
[0/0) T (o0
(16b)

In Eq. (16b), the temperature dependence of the packing fraction (dn/0T), can be alternatively
expressed as the linear coefficient of expansion:

- 1 <GUEHSD) 1 (617)
' OEHSD oT /Jy 3n\aT/y

(17)
Using [, the expression for the residual internal energy U, (V, T) can be simplified to
Uex(Vr T) _ 772 - 277
RT?l (1-n)*
(18)
Combining Eqgs. (16a) and (18), we arrive at the final expression for the residual entropy term
Sex(V,T) 312 —4 2-2
x(V,T) _ 37 " e~ 21
R (1 —mn) (1-mn)
(19)

Therefore, the overall thermodynamic entropy for hard spheres is expressed as the sum of the ideal
gas entropy from the Sackur-Tetrode equation Siq [Eq. (6)] and Sy [Eq. (19)]
Shs = Sid + Sex-
(20)

2.4.2. Free Volume Treatment for Condensed Phases. While Eq. (20) accounts for the hard sphere
correction (Sey) to the ideal gas entropy obtained from the Sackur-Tetrode equation (Sjq), the
intrinsic limitation of the Sackur-Tetrode equation implies no physical volume occupied by



molecules. Therefore, even though this decomposition might provide a reasonable description of
gas phase systems, it has been suggested that in condensed phases, a realistic correction to this
ideal scenario is necessary for a better estimation of translational entropy.!°! In particular, building
on the findings from Refs. 70 and 101, 102, we introduce the free volume approach derived from
the estimated hard sphere volume in order to correct the ideal gas volume V to its “effective
volume,” Vj,4, by taking into account the influence of hard sphere repulsions. At low densities, it
is reasonable to approximate V},s as the free volume in the system after subtracting the excluded

3 3 '

1)
However, this approximation may not be valid for liquids with higher number densities. In such
cases, we adopt a one-dimensional approximation for high densities based on the approach of

Eyring and Hirschfelder,'® i.e.,
1 3

V\3
Vio(p > 0) = 8N (—) —5
N
(22)
Equation (22) can be intuitively understood as a three-dimensional generalization of the effective
volume element calculated from the one-dimensional effective distance between the three hard
sphere molecules. When both ends (1 and 3) are fixed at an averaged distance of (V/N)/3, the
central molecule (2) is only accessible to non-repulsive regions, giving a distance of dyg =
2[(V/N)/? — &]. The effective volume Vi(p > 0) is then obtained as djg, resulting in Eq. (22).
Finally, with this volume correction, the hard sphere entropy is expressed as a sum of the corrected

ideal gas entropy using V},5 and the hard sphere correction:
3

S.. = |—R1 Y Rl (N)+5R +3"2_4"R+6RT1"2_2"
hs =1 T 2, T " T2 T a e a-—m3

(23)

2.5. Estimating the CG Entropy: Generalized van der Waals Theory

In order to account for the attractive nature of CG interactions at large distances, the generalized
van der Waals theory is formulated by defining an effective CG interaction potential using the
pairwise approximation. This pairwise CG interaction, denoted as U(R), gives rise to the
configurational energy Ucone(RY) = Y;5, U (RU)- Alternatively, U.y,nr can be expressed as a

structural average over the CG ensemble
2

N
Ucont(N,V,T) = ﬁf U(R)g(R) dR,

(24)
where R = R;;. For liquid systems, the pairwise approximation [U(R) and g(R)] typically
provides an accurate estimation of thermodynamic quantities. Yet, as discussed in Sec. 2.3,
limitations in pairwise basis sets necessitate the parametrization of distinct CG potentials [U(R)]
at different temperatures to correctly capture the temperature dependence of Uon¢(N,V, T) from
the FG reference. From the definition of the CG partition function, the internal energy can be
alternatively expressed as



Jdln
U(N,V,T) = kT2 (ﬂ) .
N,V

oT

(25)
Since the thermodynamic quantity in Eq. (25) is the configurational energy, Ucons(N,V,T) =
U(N,V,T) — Ujq(N,V,T), we arrive at

T Uy N,V,T
InZ(N,V,T) — InZ(N,V,T = o) = f Lz)dT
T=00 kBT
NZ T
=37 | | [ vwe@ar]ar.

(26)
For clarity, from now on we denote Z(N,V,T) as Z(T) (since there is no change in N,V) and
Z(N,V,T = o) as the hard sphere Zys(n) (since only the hard-core repulsion term remains at
T — o). We also define the mean potential ® as

2kBT Tuconf(T)
P=y L kpT? af,
(27)
which results in
L(T) = Tys(n) ex (— NCD)
Hs\1) exp 2k,T)"
(28)

The thermodynamic quantities deduced from Eq. (28) can be complicated since the mean potential
@ encodes complex many-body interactions. To simplify this term further, we coarsen the
attractive perturbations to a more reduced level. For example, it is reasonable to coarsen the CG
interaction potential U(R) to that of hard spheres with a single square-well form, Usy (R), as a
perturbation:
o (if R < 0gnsp)
Usw(R) = {—€ (if ognsp < R <R0gnsp),
0 (otherwise)

(29)
where R, defines the width of the square-well potential. This single square-well perturbative
model has been utilized in other studies,’® 7193104 and its feasibility will be discussed in Sec. 3.3.

Using Ugw (R), Ucone(T) can be directly computed by defining the attractive coordination number

N, =N [ g(R) dR/V that considers only ogysp < R < R.Ognusp:
2 2¢ ReJEHSD €

N N N
Ucont(T) = _ﬁf Usw(R)g(R) dR = T g(R)dR = — >
OEHSD

N c (pbr T)-

(30)
Note that N, is not a conventional coordination number but rather the coordination number
originating from the attractive interactions only, as we assume that hard-sphere repulsions do not

significantly contribute to any coordination value. Then, from Eq. (27), the mean potential
becomes ® = kzTe f:; N,/kgT?dT. In principle, since N, is still dependent on temperature and

directly related to dg(T)/dT, it is difficult to simplify @ any further. Following its original
derivation and demonstration by Sandler et al.,”> 73 we strictly adhere to the introduction of the

10



low-density limit and derive the necessary expression here, i.e., lim0 9d(R; pp, T) = exp(—BU(R)).
Pb=

This approximation allows us to determine the coordination number as
N 4m
_ T 3(p3 _
N. = 55-0* (R — 1) explBe],
€1y
where a detailed derivation is provided in the Appendix. Equation (31) can be an alternative
starting point for reformulating Eqgs. (27)-(30) in an analytical manner. If we make the further

approximation that dN.(p,, T)/0T = 0, we arrive at the thermodynamic quantities expressed as

NeN,
Uconf = 2
(32a)
2U,
®=—Ne= ]:;’“f
(32b)

Therefore, under this limit, we can interpret U, as the effective “averaged” interactions between
neighboring molecules within the coordination shell, accounting for double-counting, while ®
represents the mean potential derived from U, . Altogether, the approximated configuration
integral can be simplified as

N N Uconf
BT) = Tus() exp |~ | = Zus ) exp |- 2201].
B B

(33)

We now discuss how to obtain the thermodynamic properties under the generalized van der Waals
framework. Since the hard-core part of the system is faithfully mapped to Zys(n), the separability
of partition functions [Eq. (5)] makes this tractable. The complete CG partition function is
recovered by incorporating the momentum as

1 Uconf
Oco =y Lus(n) exp [~ 7] - [ @™ expl—pT(PY))
(34)
We note that the result from the previous subsection [Sec. 2.4] is valid for
1
Ons (1) =y s () | dPY expl=pTP))
(35)

Then, combining Egs. (34) and (35) allows us to rewrite the CG partition function as Q¢g =
Qus(m) exp[—Ucons/kgT]. Since the free energy is the logarithm of the partition function, this
decomposition gives

WCG = WHS + Uconf-

(36)
Finally, the thermodynamic entropy can be formulated from Qg as
kgT 0Q
SCG = kBan +7ﬁ
(37)
Inserting Q¢ into Eq. (37) gives
aUconf
Scg = Sus — .
CG HS aT

11



(38)
In other words, the hard sphere entropy description can be improved by including this additional
term —0U ons/0T, which is the temperature derivative of the configurational energy originating
from the attractive interactions.

2.6. Multiparticle expansion of the CG Entropy: Pairwise Approximation

Up to this point, we have formulated the hard sphere description of the CG entropy and
progressively improved the hard sphere treatment by introducing a square-well attraction through
the generalized van der Waals framework. However, these approaches are built upon several strong
assumptions about the molecular CG interactions. Additionally, they require approximating
several variables beforehand, e.g., n, [, and U.y,¢ for each system in order to compute the
correction for the hard sphere entropy.

Alternatively, as demonstrated in pioneering work by Green, the exact formulation of the residual
entropy can be derived based on the multiparticle correlation expansion without any
approximation.’® 7%-83. 105106 For 4 more in-depth discussion of residual entropy in CG modeling,
readers can refer to Ref. 66. In brief, the residual entropy S.y is expressed as

1
Sex =5 —Sia = _EP ff [g.(R1,Ry) In[g, (R, R;)] — g2(Ry, R,) + 1] dR;dR,
1
- gpz fff 93(Ry, Ry, R3) In[6g3(Ry, Ry, R3)] dR dR,dR;

1
+ gpz ff [93(R1, Rz, R3) — 3g9,(Ry,R3)g2(Ry, R3) + 3g2(Ry, Ry)

— 1]dR{dR,dR; + 0(g.),

(39)
where g, (R4, -+, Ry) represents the k-body distribution functions defined by the center-of-mass
coordinates of k different molecules (vector). Note that we still denote the residual entropy as Sey,
where the subscript is consistent with the one used in literature as the excess entropy. The radial
distribution function (RDF), g(R), corresponds to the scalar component of the pairwise
distribution: g(R) = g,(|[R;y — R,|). The three-body correlation function §gs;(R,,R,, R3) is
defined as g3(R;, Ry, R3)/g92(Ry,R3) g2 (R, R3) g, (R4, R3). By grouping contributions from #-
particle terms, Eq. (39) can be presented in a more concise form as

Sex = )5S,

nz2

(40)
where Sg? involves g, (R, -+, Ry) terms with k < n. Typically, higher-order terms O(g,) are
considered negligible due to the dominance of Séi) and SS(). In particular, in simple liquids, it is

known that S& accounts for the majority of the residual entropy (nearly 80-90%),5 106199 gince

the pair correlations are dominant in these cases. Therefore, at the simplest level of Eq. (39), we
can approximate Sey by focusing solely on the translational component from g, (R4, R;),

Sex ~ S& = —2mp f "R Ing(R) - [g(R) - 1R - dR.
0
(41)
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We will later assess whether this pairwise description [Eq. (41)] is adequate for representing the
entire residual entropy and then evaluate its performance against the (approximate) generalized
van der Waals approach. Since the residual entropy only accounts for configurational phase spaces,
the overall entropy approximated at the pairwise level is given as
S =S4+,

(42)
2.7. Computational Details
Based on previous studies of CG entropy in liquid systems, we select the same molecular systems
for this study: methanol and chloroform.* In Ref. 43, both liquids exhibit a liquid phase at a
temperature of 300 K, and we chose this same temperature as our target temperature for this work.
Our computational protocol closely follows the protocol used in our prior studies. To outline the
procedure, we initially generated the FG configurations. These configurations consisted of 1000
molecules and were created using the Packmol program package!!?, and the topology was
generated by the Visual Molecular Dynamics (VMD) program.!'!! Starting from these initial
configurations, we proceeded to relax structures by employing the energy minimization techniques,
and we gradually annealed the system up to 300 K with the Nosé-Hoover thermostat!!> '3 using
Tnvr = 0.1 ps over 0.1 ns. We then equilibrated the target system under constant NPT dynamics
at 1 atm using Typr = 1.0 ps, where the Andersen barostat!'* was used. Finally, we sampled the
constant NV'T configurations at every 1 ps over a duration of 5 ns of additional production
dynamics steps using the Nosé-Hoover thermostat for constructing the CG model. Nevertheless,
several different temperatures are needed to be sampled to calculate temperature dependent
properties, such as [ defined in Eq. (17). The additional computational details for obtaining the [
values will be discussed in Sec. 3.2.2-3.2.3.

From the produced constant NVT runs at the FG level, we constructed the CG model by employing
a center-of-mass mapping. From the manually mapped FG trajectories, the effective CG
interactions were parametrized using 6™ order B-splines at a resolution of 0.20 A. We used the
publicly available open-source software OpenMSCG.!'!> In order to enhance the sampling of the
inner-core region, we additionally fitted the polynomial to a form A - r~Z at short distances.!'¢
Using the parametrized CG interactions, the CG simulations were performed under constant NVT
dynamics using the Nosé-Hoover thermostat for 5 ns, and we collected the CG configuration every
I ps.

3. Results

3.1. Ideal Gas Approximation

The estimation of the CG entropy in the ideal gas approximation can be readily made utilizing the
Sackur-Tetrode equation [Eq. (6)]. We applied this equation to methanol and chloroform. Table 1
compares the estimated CG entropy with the actual CG entropy computed using the two-phase
thermodynamic (2PT) method for the CG trajectories. In brief, the 2PT methodology can
efficiently compute the thermodynamic properties of a given system in a relatively short time (~
20 ps) while maintaining near-identical accuracy compared to other conventional free energy
methodologies.!!”- 118 Reference 118 provides a detailed comparison of the 2PT method with other
free energy approaches to estimate thermodynamic properties.

Remarkably, the ideal gas entropy provides values of a similar order of magnitude as the reference
CG entropy. While the entropy values are overestimated by about 1.5 — 4 cal-mol!-K™! for both
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systems, we believe that this agreement suggests that the ideal gas approximation can be a
reasonably useful method for a rough estimation of CG entropy, suitable for quick back-of-the-
envelope calculations. In other words, since the Sackur-Tetrode equation only requires information
about the system density and molecular characteristics, the ideal gas description can serve as an
initial check to provide a rough estimate of the CG entropy, offering insight into the mapping
entropy. The overestimated value of the entropy in the ideal gas description can be attributed to its
definition, where an ideal gas is assumed to occupy all available configurations, resulting in higher
entropy values compared to molecular systems with non-zero interactions.

Table 1. Thermodynamic entropy for methanol and chloroform estimated using the ideal gas approximation
in comparison with the reference entropy values obtained by 2PT calculations from CG trajectories.

Thermodynamic Entropy Quantity (cal'mol '-K™)

Molecule Actual CG Entropy Ideal gas estimation
Methanol 21.110 23.710
Chloroform  24.938 28.894

3.2. Hard Sphere Theory

3.2.1. Hard Sphere Mapping. To enhance the ideal gas description, we now map the CG system
to an effective hard sphere system. The estimation of ogy was performed using Eq. (9) with the
parametrized CG PMFs, which were obtained through force matching and are illustrated in Fig. 1.
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Figure 1. Pairwise CG interactions obtained from force matching for (a) methanol and (b) chloroform at
300 K. The corresponding hard sphere diameters are marked with arrows. Note that the additional repulsive
ordering in methanol results in an unphysical Barker-Henderson diameter (red arrow), and this
overestimated diameter can be corrected by employing the Weeks-Chandler-Andersen perturbation theory
[Eq. (42)], which gives correct repulsive behavior at short distances (magenta arrow).

Note that the methanol interactions depicted in Fig. 1(a) are slightly different from conventional
hard sphere systems. Unlike traditional hard sphere systems, the effective CG interactions here do
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not monotonically decay to zero after the short-range hard-core regime. This behavior in methanol
can be attributed to additional structuring caused by its non-trivial interactions, as observed in its
RDF. In this context, directly applying Eq. (9) yields a nonphysical hard sphere diameter value, as
it considers contributions beyond R > R, resulting in a value of 4.54 A. To address this issue, we
use the Weeks-Chandler-Andersen approach>®° to adjust this repulsive region by shifting the CG
interactions according to

UHS(R) = U(R) — U(Rpin),

(43)
where R;, represents the distance where the effective force is near zero, i.e., Rpi, = 3.46 A, as
observed in Fig. 1(a). This adjustment is often referred to as the hybrid Barker-Henderson
approximation in the literature.!'- 120 Using this shifted CG interaction, depicted as dashed lines
in Fig. 1, we obtained an adjusted Barker-Henderson diameter of 3.119 A. This value is much
closer to R, and is expected to more accurately represent the hard sphere nature of methanol.
Nevertheless, the discrepancy between the Barker-Henderson and Weeks-Chandler-Andersen
approaches implies that employing the hard sphere description for estimating methanol’s
thermodynamic properties may not be straightforward. We will investigate this further in Sec. 3.

Conversely, for chloroform, no such pathologies are observed in the estimate of CG interactions.
This is consistent with the relatively spherical profile of chloroform when compared to methanol,
giving a Barker-Henderson diameter of 4.988 A. From the obtained hard sphere diameters, we can

relate them to the effective packing fraction ngy through the definition ngy = %agH Pb-

3.2.2. Temperature Dependence of Hard Sphere Diameter: Proof-of-concept. In order to
correctly account for the hard sphere contribution to the CG entropy, one must determine the
temperature dependence of the hard sphere diameter, denoted as [ := (dogy/0T)y /ogy- Since [ is
defined under constant volume conditions, we constructed the CG systems at different
temperatures while maintaining the equilibrium volume at 300 K, our target temperature.

Since ogy encodes the many-body nature exhibited by the many-body CG PMF U(R), the
analytical determination of ogy and [ is practically impossible. Instead, we compute ogy values
over a wide temperature range and approximate the partial derivative through finite differences. It
is noteworthy that, to our knowledge, such an attempt to compute the temperature response of the
hard sphere diameter extracted from CG systems has not been reported in the literature. Thus, we
first validate our approach with a proof-of-concept system. A similar proof-of-concept study was
proposed to investigate the nature of the pairwise entropy contribution from the CG PMF to the
CG entropy in Ref. 43.

To ensure the isotropic symmetry of the CG site resulting from the center-of-mass mapping, we
constructed four tetrahedral-like structures based on CCls while varying the non-bonded
interactions between the FG particles. We first generated a system, which we call Xo4, where the
non-bonded interactions are described using the Lennard-Jones (LJ) interaction with harmonic
bonded interactions. Then, we modified one of the X-a pair interactions to be much weaker and
shorter, i.e., from 6 =4.5 A t0 3.0 A and € = 0.32 kcal/mol to 0.2 kcal/mol, as detailed in Table 2.
For these four altered systems (Xou, Xz, XazBy, and Xapyd), the bonded interactions between
X and other atoms are modeled as d = 1.90 A and k = 200 kcal/mol. In order to solely consider
LJ interactions with harmonic bonds, we set the charges on each atom to zero.
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Table 2. Imposed non-bonding interaction parameters (LJ ¢ and ¢) for the proof-of-concept systems based
on the tetrahedral motif (Xou), where we altered X-a interactions in order to introduce heterogeneously
bonded molecular systems.

Svst LJ Non-bonding interaction
YSI coefficient  X-o  X-8 X X-B XX
c (A) 4.5 2.50
Xo4 ¢ (kcal/mol) 0.32 0.05
s (A) 4.5 3.0 250
XasB - (keal/mol) 0.32 02 005
Xoop c (A) 4.5 3.5 3.0 2.50
L ¢ (keal/mol) 0.32 024 02  0.05
xopp D 45 40 35 30 250

g (kcal/mol) 032 028 024 0.2 0.05

We conducted the FG simulations of these systems and constructed the CG models using the MS-
CG methodology. These CG trajectories were propagated at temperatures of 225, 250, 275, and
300 K, where all systems exhibit liquid-like behavior. From the parametrized CG interactions, the
Barker-Henderson diameters for the test systems were readily determined, as shown in Fig. 2.

Upon introducing shorter non-bonded pair interactions, we observed a gradual decrease in the ogy
values from Xoy4 to XafByo. Also, for all four systems, ogy decreased at higher temperatures, in
line with the typical behavior of hard spheres, where each hard sphere can overcome repulsions
more readily at higher temperatures. The monotonically decreasing trend of ogy with respect to
temperature in Fig. 2(a) allows us to compute the temperature derivative term. Figure 2(b)
compares different [ values across the test systems at 300 K, evaluated via finite difference,
revealing that the monotonic trend persists, with the magnitude of [ increasing as the system
becomes less strongly bound. This aligns with our design principle: the ogy value of Xou should
be less flexible than that of XaBy0 because the altered interactions are relatively stronger than other
X-B (x or 8). Consequently, we find that the hard sphere diameter obtained from the Barker-
Henderson approach provides a reasonable description of the test systems, with their temperature
responses reasonably captured using the finite difference method.
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Figure 2. Temperature dependence of the hard sphere diameters from the prototypical tetrahedral systems:
Xou (blue), Xosp (purple), Xaxpy (red), and Xapyd (orange). (a) Hard sphere diameters ogy for four test
systems at different temperatures. (b) Temperature derivative of gy at 300 K for the four test systems.

3.2.3. Temperature dependence of Hard sphere diameter: Molecular Liquids. In order to
calculate ! for molecular liquids, we considered the following temperature ranges: 300-400 K at
intervals of 25 K for methanol and 250-350 K at intervals of 25 K for chloroform. Note that similar
to the test systems, our target temperature was set at 300 K, and the volume was held constant,
resulting in a cubic box length of 41.301 A for methanol and 51.050 A for chloroform.

The ogy values for the molecular liquids were subsequently determined by employing Eq. (9) for
each PMF. For methanol, the Weeks-Chandler-Andersen treatment based on Eq. (43) was applied,
as depicted in Fig. 3. Like the test systems, we observed a monotonically decreasing trend in opy
with respect to temperature for both liquids. Notably, this trend appears almost linear for all
temperature conditions, which is expected from previous studies on hard spheres. This linearity
also indicates the numerical stability of estimating [ using finite differences. It is worth noting that
the non-linear trend seen in Fig. 2 might be due to the test systems not precisely representing the
real molecular liquids, particularly in terms of missing charge interactions. Nevertheless, from the
linearly-varying feature of oy in methanol and chloroform, we computed the temperature
derivative of oy value, yielding

1 aGBH o
I ( ) = . (—4.944 x 1034 - K1) = —1.585 x 10~3K"1,
MeOH ™ gou \ 0T /J, ~ 3.119A ( )
(44a)
1 aO-BH o
I ( ) = . (—6.964 x 10734 - K1) = —1.396 x 10~3K.
(44b)

The obtained [ values fall within the range derived by Ben-Amotz and Herschbach.!?!
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Figure 3. Temperature dependence of the hard sphere diameters at different temperatures: (a) methanol
(red) and (b) chloroform (green).

Note that the packing fraction for each system can also be determined from ogy and the number
density,

T a\3 1000
Mveon = ¢+ (3119 A)" - ———— = 0.2256,
(41301 A)
(45a)
T N 1000
Ncezn = 6 (4-988 A) m = 0.4883.
(45b)

We can now calculate each term in Eq. (23) to evaluate the CG entropy using the hard sphere
description. As discussed earlier, in the presence of strong repulsion from the hard-core at short
distances, an ideal gas contribution needs to be corrected using Eq. (23). For methanol, both the
free volume and one-dimensional approximations yield similar corrected volume terms, with

Vhs(p < 1) = (19.023 &)* and V(o > 0) = (20.216 &)’ . However, for chloroform, we
observe that the naively estimated free volume approximation does not hold: Vj,s(p < 1) gives a
value of —1.174 x 10725 A3 | indicating an overestimation of the excluded volume. This
discrepancy can be attributed to the high packing fraction of chloroform, which is more than twice
that of methanol. While the free volume approximation fails in this case, Eq. (22) can correctly

describe the high-density behavior of chloroform, yielding V;,s(p > 0) = (4.7125 A)S.

3.2.4. Results: Thermodynamic Entropy. The corrected ideal gas entropy values are presented in
Table 3. As expected, the changes upon including hard sphere repulsions are much more
pronounced in chloroform, with a difference of 10.248 cal:-mol !-K™!, whereas the changes in the
methanol value are relatively smaller, approximately 1.659 cal-mol !'K™!. While the ideal gas
entropy term itself decreased significantly, the hard sphere correction term compensates for this
entropy loss. For methanol, this correction term was determined to be 2.418 cal'mol "K',
resulting in a final entropy value of 21.506 cal'-mol '-K™!. When compared to the actual CG
entropy, the absolute error is within half a cal-mol !-K™!, indicating that the hard sphere description
significantly enhances entropy estimation.
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Table 3. Thermodynamic entropy for methanol and chloroform estimated using the hard sphere approach
in comparison with the reference entropy values obtained by 2PT calculations from CG trajectories. Note

that ideal gas contributions are slightly different from those in Table 1 due to changes in volume, suggested
by Eq. (22).

Thermodynamic Entropy Quantity (cal-mol "K ™)

Molecule Actual CG Hard Sphere Approach
Volume-corrected Hard sphere
Entropy . . Overall
ideal gas term correction
Methanol 21.110 19.451 2418 21.506
Chloroform  24.938 14.690 13.839 28.530

We arrived at a similar conclusion for chloroform. While more than 10 cal'mol™!-K™! are lost in
the ideal gas term due to hard sphere repulsions, the hard sphere correction term is larger than this
loss, yielding a final value of 28.530 cal-mol !-K™!. However, as expected given the high-density
condition of chloroform, the hard sphere correction only marginally enhances the ideal gas
description. The relative error for chloroform decreases from 15.86 % to 14.40 %, while for
methanol, the relative error decreases significantly from 12.32 % to 1.877 %.

In summary, we find that the CG entropy can be reasonably described by the hard sphere model
derived from classical perturbation theory. While this approach necessitates the inclusion of
several additional parameters beyond solely the hard sphere diameter, it allows us to avoid
introducing any stronger assumptions and effectively recapitulates the entropy at relatively low
densities, outperforming the ideal gas description. Overall, we believe that this approach holds
promise for efficiently estimating the entropy of complex molecular CG liquids.

3.3. Generalized van der Waals Theory

3.3.1. Mapping the Attractive Interaction. In Table 3, we observe that the hard sphere entropies
still exceed the reference CG entropies, and one might expect that considering the attractive nature
of CG interactions could help mitigate this overestimation. As described in Sec. 2.5, we now
explore this additional effect by including the perturbative attractions within a generalized van der
Waals framework. This framework allows us to approximate the attractive part of the effective CG
interactions as a step potential.

Repulsive cores coupled with attractive stepwise potentials have been widely utilized to model
liquids and their phase transitions.>¢ 37103104 In particular, the width and depth of a step potential
plays a critical role in influencing phase transitions, as seen in pressure-temperature phase
diagrams. A notable approach in this context is the Stell-Hemmer Hamiltonian, which originates
from the occupied and unoccupied cells of a lattice gas model. This Hamiltonian introduces core-
softened potentials, effectively capturing second critical points.'?> 23 Furthermore, core-softened
potentials with long-range attractions have been successfully employed to investigate liquid
systems, e.g., water, at the atomistic level.!?*126 Given the extension of core-softened potentials to
CG water,'?"12% it is reasonable to expect that approximating long-range attractions as step
potentials should yield reasonably accurate results for systems such as the molecular CG liquids
pursued in this work.
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We note that the generalized van der Waals approach, as outlined in Eqgs. (26)-(32), was derived
under the assumption of the low-density limit [Eq. (31)].!*° To appropriately address this
assumption, the square-well interaction is estimated from the pair potential of mean force
(PPMF),"! which can be obtained by the FG RDF using the inverse work theorem: Up,ir(R) =
—kgT In g(R). It is important to highlight that the PPMF does not necessarily reflect the true
physical attraction between CG molecules, as it includes environment-mediated forces along with
pair interactions. A comprehensive discussion and analysis of the non-trivial contributions of
higher-order environment interactions in CG interactions can be found in Refs. 132-134, and more
recently in Ref. 135. However, in this section, we closely adhere to the low-density limit proposed
by Refs. 72 and 130. From the obtained Upair(R) at different temperatures, we extracted the well
depth parameter, denoted as €. Table 4 lists the € values computed based on the pair contributions
of the methanol and chloroform CG interactions.

Table 4. Mapped well depths and their mean temperature derivative computed by finite difference of the
CG interactions of (a) methanol and (b) chloroform.

(a) Methanol

Temperature € value (cal/mol) Ae /AT (cal/mol/K)
300K -190.421
325K -208.609
350K -228.539 -0.817
375K -249.540
400 K -272.073

(b) Chloroform

Temperature € value (cal/mol) Ae /AT (cal/mol/K)
300K -315.977
325K -343.963
350K -371.565 -1.124
375K -399.603
400 K -428.348

3.3.2. Results: Thermodynamic Entropy. Next, we estimate the effective coordination number
due to the attraction, N., from the FG RDF by numerically computing

Ry
N, ~ pf 4mR?g(R)dR,
Ry
(46)
where R; and R, correspond to the leftmost and rightmost distances, respectively, in the square
well potential. In practice, these distances are determined from the minimum and maximum
distances in the attractive regime where the pair contribution to the CG PMF is zero: Upy;r(Ry) =
Upair (R;) = 0 and R; < R,. Even though Eq. (46) accounts for the contributions from long-range
attractions, the estimation of N, relies on utilizing g(R) from the FG system in a bottom-up
manner. Hence, we anticipate some deviations due to the complex interaction profiles embedded
in the FG g(R). This may have a more significant impact on non-hard sphere systems, such as
methanol. These distances were computed to be R; = 4.04 A and R, = 5.36 A for methanol, and
R, = 4.58 A and R, = 6.52 A for chloroform.
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In order to estimate the thermodynamic entropy using the generalized van der Waals approach in
a tractable form, Eq. (32) assumed N, to be independent of temperature, and hence we estimated
at the target temperature of 300 K for both methanol and chloroform. With the estimated € and N,
we then computed approximate U, values at different temperatures. The temperature derivative
of Ucons, denoted as dU.q,¢/0T, was calculated using finite differences. With these introduced
approximations in Egs. (26)-(32), we observe that dU_,,¢/0T is essentially identical to

0U ons NN, oe NN, Ae

aT ~ 2 OoT 2 AT

(47)
Notably, the € values obtained for methanol and chloroform at different temperature intervals, as
reported in Table 4, indicate a nearly constant Ae /AT under these conditions. Unlike the effective
CQG interaction, where its temperature derivative becomes the effective entropic contribution, € in
Eq. (47) represents the PPMF, making the physical meaning underlying Ae/AT is less clear.
Nevertheless, it is interesting to note the nearly identical Ae /AT values for the liquids studied here,
and further investigation in future work along this line is expected to provide a clearer
understanding of the microscopic origins underlying the PPMF and its temperature variation.

Table 5. Thermodynamic entropy for methanol and chloroform estimated using the generalized van der
Waals approach in comparison with the reference entropy values obtained by employing 2PT calculations
on actual CG trajectories. Note that for the generalized van der Waals approach, we only listed the
correction factor AU q,r/0T that can be combined with the results from Table 3 to estimate the overall
estimated entropy values.

Thermodynamic Entropy Quantity (cal'mol '-K™)
Molecule Actual CG  Hard Sphere Generalized van der Waals approach

Entropy Approach Correction Overall
Methanol ~ 21.110 21.506 -1.301 20.206
Chloroform  24.938 28.530 -2.398 26.132

Finally, the correction factor from the generalized van der Waals theory was computed using
d Uconf AUconf NNC Ae
corr ~ — ~

g-vdw = T 5 AT 2 AT

(48)
as presented in Table 5. In both cases, we observe that the generalized van der Waals treatment
provides a negative correction to the hard sphere reference. This is expected due to the attractive
nature predicted by the generalized van der Waals theory according to Eq. (48). However, due to
the non-hard sphere nature of methanol, the generalized van der Waals approach slightly
underestimates the attractive contribution by 0.9 cal-mol !-K™! compared to the reference CG
entropy value. In contrast, the correction for chloroform is greater in value, with the final corrected
entropy that is in closer agreement with the reference value compared to the hard sphere entropy
reported in Table 3. The van der Waals treatment thus reduces the discrepancy from 14.40 % to
4.79 %. Based on these findings in Table 5, we conclude that the generalized van der Waals
approach can rectify the overly estimated entropy values from the hard sphere nature by accurately
addressing the attractive part of the CG interactions. Nevertheless, given the simplified nature of
the square-well interaction, this framework may be more suitable to systems exhibiting hard sphere
characteristics akin to chloroform. In this light, we note that an additional improvement to this
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approach is possible in which the attraction can be generalized to a more complicated shape beyond
the square-well interaction form.

3.4. Multiparticle Expansion

3.4.1. Pairwise Contribution: CG System. Unlike the aforementioned approaches, an alternative
expression rooted in the statistical mechanical definition of residual entropy can circumvent the
limitations posed by model assumptions, such as hard sphere or generalized van der Waals theory.
Equation (39) asserts that these limitations are not necessary to estimate the overall thermodynamic
entropy of the CG system as long as one has correct structural correlations of the target system.
Nevertheless, the aforementioned hard sphere and generalized van der Waals theory can be
effectively folded into Eq. (39) as well, such that these two models give rise to approximate
correlation functions such as g, (r;, ;) and g5 (ry, 1y, 1r3). Therefore, the multiparticle expansion
is expected to further enhance the fidelity of entropy estimation by directly employing more
accurate correlation functions.

Even though an accurate determination of Eq. (39) requires these correlation functions from the
CG simulations, the bottom-up nature of CG models asserts that there is no need to run CG
simulations, since the CG correlation functions can be approximated using the FG references. For
example, if we aim to calculate the pairwise contributions only [Eq. (41)], the residual entropy
portion can be readily estimated from the FG statistics, given that pairwise distribution functions
are well-captured using the MS-CG methodology. Additionally, the single-site CG model greatly
benefits from evaluating Eq. (41) since, at the CG resolution, the R vector is equivalent to the
magnitude of R, |[R| = R. This is because the CG pair distances do not contain any orientational
information, which is already integrated out during the CG process. We note that a correct
estimation of the FG entropy is highly challenging even for the pairwise contribution because one

needs to calculate the orientational contribution, Séi), of molecular pairs

« 1
s ==2mp | gP®): (- gz | [ 3@ 0910, 1) n gl @, IR0, dw, ) R,
0

(49)
where w;, w, are the angular variables of the molecular pair, and J(w;, w,) denotes the Jacobian
associated with the angular variables. For homogeneous liquids, Eq. (49) reduces to the integration
of five!*¢ or six angular variables.!’” Hence, while numerical integration is generally highly
challenging, even for small molecules (e.g., water),!37-140 this is not the case here. Using the FG

RDF, we can estimate Séi) for the single-site CG system as
s = ~2nRp [ {gR)Ing(R) - [g(R) — 1R - dR,
0

(50)
without the need for additional CG simulations.

3.4.2. Pairwise Contribution: Results. Inserting Eq. (50) into Eq. (42), we arrive at the overall CG
entropy
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In Eq. (51), the ideal gas contribution S;4 does not need to be adjusted based on the hard sphere
volume, as the entropy correction term effectively accounts for the residual entropy originating
from the ideal contribution. Therefore unlike the situations with hard sphere and generalized van
der Waals models, we can systematically incorporate the correction term directly into the values
presented in Table 1. However, as noted earlier, Eq. (51) only considers the pairwise contributions
to the residual entropy.
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Figure 4. Computed pair residual entropy for (a) methanol and (b) chloroform. We depict ng() (R)asa
function of the pair distance R, which is the upper limit of the integration of Eq. (50). The general profile
is consistent with the reported behavior from Ref. 141. The converged values are listed in Table 6.

Ideally, the total residual entropy should be smaller than S®) due to the negative value contributed
by higher-order residual entropy (note that the residual entropy is always a negative quantity).
Under the pairwise approximation, the contribution from this higher-order entropy term can be

obtained through an approximation proposed by Laird and Haymet!4? 143
1
Spair =5@ — E:R.

(52)
where R is a gas constant. Since both methanol and chloroform can be regarded as pair-dominant
liquids, we also apply Eq. (52) to see if the pairwise approximation could estimate the CG entropy

term correctly. As shown in Fig. 4, numerical integrations of Sé)z() were performed over the radial
domain, and we utilized the in-house code employed in Ref. 43 to estimate the correction for the

entropy. Sé)z() and Sp,ir from the FG RDF at 300 K were chosen as the converged values at large
distances, as shown in Fig. 4 and listed in Table 6.
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Table 6. Thermodynamic entropy for methanol and chloroform estimated using the multiparticle expansion
approach in comparison with the reference entropy values obtained by employing 2PT calculations on
actual CG trajectories. Here, the systematic expansion up to the second order, Spair, was considered with
the additional correction term given by Eq. (52).

Thermodynamic Entropy Quantity (cal-mol '-K™)

Molecule Actual CG Entropy  Ideal gas estimation Pairwise correction Spair
Methanol 21.110 23.710 -0.714 22.002
Chloroform 24.938 28.894 -2.244 25.656

As previously discussed, the contribution solely from the ideal gas approximation consistently
overestimates the entropy, because there are no interactions between particles. While the pairwise
correction Séi) can significantly enhance this description, having only Sé)z() value still results in a
slight overestimation of the overall CG entropy. For methanol, Sjq + Séi) gives 22.996
cal-mol !"*K™!, which exceeds the actual CG entropy by 1.886 cal-mol !*K™!. A similar situation
arises with chloroform, where Sq + S'2 exceeds the reference value by 1.712 cal-mol K. By
approximating the remaining higher-order entropy contribution as —R/2, roughly 0.994
cal-mol "K™!, the final pairwise CG entropy offers much more accurate values. As displayed in
Table 6, S,y estimates the CG entropy within 1 cal-mol™-K™' in comparison to the references for
both liquids. Nevertheless, Sy, is slightly larger than the actual CG value, suggesting that

explicitly calculating the higher-order entropy contributions might be needed to reduce the
overestimated pairwise entropy.

3.4.3. Three-body Contribution. The next step in the systematic framework is to explicitly include
the three-body contribution. The three-body correction for the CG entropy can be extracted from
Eq. (39), originally derived by Wallace and Evans.’”®-82 Note that the three-body correction shown

in Eq. (39) assumes the symmetry over the triplets, i.e., Séi) can be written as

1
Séi) = - gpz fff 93(R1, Ry, R3) In[6g5(Ry, Ry, R3)] dR;dR,dR;

1
+ gpz ff [93(R1, Rz, R3) — 3g,(Ry,R3)g2(Ry, R3) + 3g2(Ry, Ry)

- 1]dR1dR2dR3.
(33)

Ideally, one can generate the three-body histograms from FG statistics and compute the three-body

correlations, which would provide an accurate estimate for S éi) Alternatively, several papers have
also reported computing Eq. (53) by defining an H function based on the work by Egelstaff!*
where R = |R| = |[R; —R,|, S =|S| = |R; —R3|,and T = |R — S|. An analytical advantage of
H is that its Fourier-transformed counterpart 4 (Q) decouples the triple correlations, and H(Q) can
be computed in reciprocal space Q.'% Yet, obtaining a converged H(Q) requires sufficient
sampling and various numerical techniques, and we will leave this as a direction to pursue for
future work.
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Given our primary focus on simple homogeneous liquids at ambient temperatures and densities,
we introduce the Kirkwood superposition approximation!#> asserting that §g;(R;, R, R3) =1
and therefore g;(R{, R, R3) = g,(R;,R;)g,(Ry, R3)g2 (R4, R3) .16 This approximation is
known to hold at not too low temperatures and not too high enough densities, and it is conceivable
that our liquid systems are suitable for employing this approximation, similar to previous work in
CG systems of linear polymers.!4’ Additionally, in line with Eq. (54), the homogeneous and
isotropic nature of single-site CG models implies that the scalar variables (R,S,T), or
(R,S,|R — S|), are spatial variables that can effectively represent the vectors of triplet
configurations (R;, Ry, R3). Since the first term on the right-hand side of Eq. (53) vanishes, then

Séi) is reduced to

8m2p? (® [®
SS() ~ Tf f [92(R)g2(S) g2 (IR — S1) — 392(R)g2(S) + 39,(R) — 1]R?S?dRdS.
o Jo

(55)
It is worth noting that due to the symmetry in Eq. (55), one practically needs to include all
contributions from (R, S, T) pairs as written in the brackets [-]. Also, T can be determined from R
and S. Numerically evaluating the two-dimensional integral [[ dRdS can be done in a similar
manner to Eq. (50) using Simpson’s rule.

Yet, even with the existence of three-body corrections, higher-order terms beyond three-body
effects are not accounted for in Eq. (55). Similar to Laird and Haymet’s treatment of the pairwise
entropy, we consider another correction factor proposed by Singh et al. to estimate the three-body
CG entropy!?”

1
Striplet = S(Z) + 5(3) - §R

(56)
Using Eq. (56), the evaluated S ®3) and Siriplet Values for methanol and chloroform are listed in
Table 7. It is immediately apparent that the three-body correction term S® is much smaller than
the pairwise correction term S(?), The pairwise contribution takes up 78.74% of the overall entropy
for methanol and 60.65% for chloroform, which aligns with trends reported in the literature.®3 106-
109, 148, 1499 Namely, the three-body correction effect is more pronounced in chloroform than in
methanol.

Table 7. Thermodynamic entropy for methanol and chloroform estimated using the multiparticle expansion
approach in comparison with the reference entropy values obtained by employing 2PT calculations on
actual CG trajectories. Here, the systematic expansion up to the third order, Siripler, Was considered with
the additional correction term given by Eq. (56), while the Kirkwood superposition approximation was also
introduced.

Thermodynamic Entropy Quantity (cal-mol '-K™)

Molecule Actual CG Entropy  Ideal gas estimation Three-body correction  Siriplet
Methanol 21.110 23.710 -0.193  22.141
Chloroform 24.938 28.894 -1.456  24.531

The performance of Sipjpjer in methanol and chloroform reflects how the higher-order correction
term compares to the pairwise contribution. In the case of methanol, which is dominated by
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pairwise correlations, Siripiet 18 quite close to Sp,r, differing by only 0.1 cal'mol !-K™!. However,
for chloroform, where higher-order correlations play a more significant role, the three-body
correction greatly enhances the accuracy of CG entropy estimation. When considering only the
pairwise correction for chloroform, there was an absolute error of 0.7-0.8 cal-mol™'-K™!, but this
error was halved when accounting for the three-body correlations. Also, we would like to note that
our estimation of Siypje is primarily based on the Kirkwood superposition approximation, and
thus we anticipate further improvements when considering non-trivial three-body correlations. In
summary, the systematic treatment based on multiparticle correlation functions offers an
alternative to the hard sphere framework and the generalized van der Waals approaches. This
systematic approach has the potential to enhance entropy evaluation in a practical manner by
gradually including higher-order contributions.

4. Conclusions

Amidst the ongoing effort to better understand the role of entropy in CG modeling, our work is
specifically aimed at developing an efficient framework for efficiently predicting CG entropy
using only the FG statistics. This eliminates the necessity for CG simulations and additional
sampling procedures. Drawing inspiration from classical perturbation theory of liquids, we
designed two different approaches, as illustrated in Fig. 5.

Correlation-based Interaction-based
approach approach
Pair g, Ideal gas

> Higher-order Hard-core
% correlations repulsion
S
=]
(O]
o
< Triplet g3 Hard sphere
b0
£
n
o
Nl Higher-order Long-range
g \ 4 correlations v attraction

Multiparticle Generalized

expansion van der Waals

Higher-order Complex
correlations interactions

v

Figure 5. Overview of the systematic framework proposed in this work. In the pursuit of the accurate
estimation of the entropy and other thermodynamic properties of CG models, two distinct approaches are
possible. First, one can incorporate important interactions through a perturbative treatment of CG
interactions (interaction-based approach). Alternatively, one can also decompose the target thermodynamic
property via a many-body expansion and incorporate higher-order contributions to the model description
(correlation-based approach).
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For the interaction-based approach, starting from the simplest ideal gas approximation, we
gradually incorporate important physics to correctly describe the entropy of non-ideal CG systems.
This is achieved through a perturbative approach, ranging from adding hard-core repulsions, then
adding generalized van der Waals interactions, and finally utilizing multiparticle expansion.
Within each model, accuracy can also be enhanced by improving the model descriptions. For hard
spheres, accurate EOSs would improve the fidelity of hard sphere models, and similarly, an
accurate description of long-range attractive interactions or even complex interaction profiles
using a multi-basin interaction form is expected to enhance the performance of the generalized van
der Waals model. Alternatively, we can estimate the thermodynamic properties of CG models
using the multiparticle expansion. In this approach, we can improve the model description by
including higher-order contributions. A major advantage of this approach is that these structural
correlations can be estimated from the atomistic reference, greatly reducing the computational
overhead. In summary, we claim that achieving high fidelity predictions of thermodynamic
properties can be accomplished by incorporating key physical descriptions of the system with
accurate information.

Furthermore, while developing this framework, the perturbative treatment raises an important
question: What are the features necessary to represent complex, many-body CG PMFs? Our
approach addresses this problem by focusing on two fundamental yet simple interactions: hard
sphere repulsion and square well attraction. For more complicated CG systems, the resultant CG
PMF may contain other non-negligible interaction terms with complex profiles that differ strongly
from that of a simple square well. Recently, we have demonstrated that many-body CG PMFs can
be faithfully described as a sum of hard-core repulsion and Gaussian interactions by combining
classical perturbation theory and integral equation theory. Therefore, one possible direction would
be to extend the generalized van der Waals framework to CG models with Gaussian basis sets,
which is expected to describe more complex energy landscapes of bottom-up CG models,
including polymers and biomolecules.

Our findings provide valuable insights into the reliability of different physical approximations
when estimating the entropy and other thermodynamic properties of molecular CG models. We
have demonstrated here that the ideal gas description provides a reasonable prediction, while the
hard sphere description performs better and yields accurate predictions for CG liquids. This is a
noteworthy discovery considering the challenges posed by the non-trivial nature of CG interactions.
Our proposed approach demonstrates that it is possible to construct an approximate CG partition
function, incorporating the essential physics based on the FG statistics, through a bottom-up
methodology. Notably, this framework’s versatility allows for a straightforward extension to
compute other thermodynamic properties. In summary, our work underscores the significance of
adopting minimal representations of CG PMFs when predicting thermodynamic properties.
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We begin with the definition of the attractive coordination number, N, introduced in Eq. (30):

N
Ne = —f g(R)dR,
14 attr

(57)
where fattr dR integrates only the attractive part of the underlying potential. For example, in the
case of a square-well potential, as defined in Eq. (29), fattr dR corresponds to the volume integral

Reo 47.’_.
f dR:?Oﬁ(Rg—l),
o

(58)
due to spherical symmetry. Then, Eq. (58) can be simplified as
4N (R)dR
Ne =—-0%(RE = 1) Jaws (RVR
fattr dR
(39)

Under the low-density condition, fattr g(R)dR / fattr dR can be further simplified to be an
effective Boltzmann weight applied to the average potential of mean force over the coordination

volume, which can then be approximated as the PPMF (ef€). Combining these equations, N, is

reduced to

4N
Ne = =7 0°(RE = 1/,

(60)
corresponding to Eq. (31).

REFERENCES

1. MacKerell Jr, A. D.; Bashford, D.; Bellott, M.; Dunbrack Jr, R. L.; Evanseck, J. D.;
Field, M. J.; Fischer, S.; Gao, J.; Guo, H.; Ha, S. All-atom empirical potential for
molecular modeling and dynamics studies of proteins. J. Phys. Chem. B 1998, 102 (18),

3586-3616.

2. Karplus, M.; McCammon, J. A. Molecular dynamics simulations of biomolecules. Nat.
Struct. Biol. 2002, 9 (9), 646-652.

3. Adcock, S. A.; McCammon, J. A. Molecular dynamics: Survey of methods for simulating

the activity of proteins. Chem. Rev. 2006, 106 (5), 1589-1615.

4, Shaw, D. E.; Maragakis, P.; Lindorff-Larsen, K.; Piana, S.; Dror, R. O.; Eastwood, M. P_;
Bank, J. A.; Jumper, J. M.; Salmon, J. K.; Shan, Y. Atomic-level characterization of the
structural dynamics of proteins. Science 2010, 330 (6002), 341-346.

5. Schlick, T.; Collepardo-Guevara, R.; Halvorsen, L. A.; Jung, S.; Xiao, X. Biomolecular
modeling and simulation: A field coming of age. Q. Rev. Biophys. 2011, 44 (2), 191-228.

6. Frenkel, D.; Smit, B. Understanding molecular simulation: From algorithms to
applications; Elsevier, 2001.

7. Allen, M. P.; Tildesley, D. J. Computer simulation of liquids; Oxford university press,
2017.

8. Allinger, N. L.; Yuh, Y. H.; Lii, J. H. Molecular mechanics. The mm3 force field for
hydrocarbons. 1. J. Am. Chem. Soc. 1989, 111 (23), 8551-8566.

9. Mayo, S. L.; Olafson, B. D.; Goddard, W. A. Dreiding: A generic force field for
molecular simulations. J. Phys. Chem. 1990, 94 (26), 8897-8909.

28



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Rappé, A. K.; Casewit, C. J.; Colwell, K.; Goddard III, W. A.; Skiff, W. M. Uff, a full
periodic table force field for molecular mechanics and molecular dynamics simulations.
J. Am. Chem. Soc. 1992, 114 (25), 10024-10035.

Scott, W. R.; Hiinenberger, P. H.; Tironi, I. G.; Mark, A. E.; Billeter, S. R.; Fennen, J.;
Torda, A. E.; Huber, T.; Kriiger, P.; van Gunsteren, W. F. The gromos biomolecular
simulation program package. J. Phys. Chem. A 1999, 103 (19), 3596-3607.

Case, D. A.; Cheatham III, T. E.; Darden, T.; Gohlke, H.; Luo, R.; Merz Jr, K. M.;
Onufriev, A.; Simmerling, C.; Wang, B.; Woods, R. J. The amber biomolecular
simulation programs. J. Comput. Chem. 2005, 26 (16), 1668-1688.

Brooks, B. R.; Brooks III, C. L.; Mackerell Jr, A. D.; Nilsson, L.; Petrella, R. J.; Roux,
B.; Won, Y.; Archontis, G.; Bartels, C.; Boresch, S. Charmm: The biomolecular
simulation program. J. Comput. Chem. 2009, 30 (10), 1545-1614.

Kubelka, J.; Hofrichter, J.; Eaton, W. A. The protein folding ‘speed limit’. Curr. Opin.
Struct. Biol. 2004, 14 (1), 76-88.

Scheraga, H. A.; Khalili, M.; Liwo, A. Protein-folding dynamics: Overview of molecular
simulation techniques. Annu. Rev. Phys. Chem. 2007, 58, 57-83.

Miiller-Plathe, F. Coarse-graining in polymer simulation: From the atomistic to the
mesoscopic scale and back. ChemPhysChem 2002, 3 (9), 754-769.

Voth, G. A. Coarse-graining of condensed phase and biomolecular systems; CRC press,
2008.

Peter, C.; Kremer, K. Multiscale simulation of soft matter systems—from the atomistic to
the coarse-grained level and back. Soft Matter 2009, 5 (22), 4357-4366.

Murtola, T.; Bunker, A.; Vattulainen, I.; Deserno, M.; Karttunen, M. Multiscale modeling
of emergent materials: Biological and soft matter. Phys. Chem. Chem. Phys. 2009, 11
(12), 1869-1892.

Riniker, S.; van Gunsteren, W. F. A simple, efficient polarizable coarse-grained water
model for molecular dynamics simulations. J. Chem. Phys. 2011, 134 (8), 084110.
Noid, W. G. Perspective: Coarse-grained models for biomolecular systems. J. Chem.
Phys. 2013, 139 (9), 090901.

Saunders, M. G.; Voth, G. A. Coarse-graining methods for computational biology. Annu.
Rev. Biophys. 2013, 42, 73-93.

Pak, A.J.; Voth, G. A. Advances in coarse-grained modeling of macromolecular
complexes. Curr. Opin. Struct. Biol. 2018, 52, 119-126.

Jin, J.; Pak, A. J.; Durumeric, A. E.; Loose, T. D.; Voth, G. A. Bottom-up coarse-
graining: Principles and perspectives. J. Chem. Theory Comput. 2022, 18 (10), 5759-
5791.

Noid, W. G. Perspective: Advances, challenges, and insight for predictive coarse-grained
models. J. Phys. Chem. B 2023, 4174-4207.

Grime, J. M. A.; Voth, G. A. Early stages of the hiv-1 capsid protein lattice formation.
Biophys. J. 2012, 103 (8), 1774-1783.

Grime, J. M. A.; Dama, J. F.; Ganser-Pornillos, B. K.; Woodward, C. L.; Jensen, G. J.;
Yeager, M.; Voth, G. A. Coarse-grained simulation reveals key features of hiv-1 capsid
self-assembly. Nat. Commun. 2016, 7 (1), 11568.

Pak, A.J.; Grime, J. M. A.; Sengupta, P.; Chen, A. K.; Durumeric, A. E. P.; Srivastava,
A.; Yeager, M.; Briggs, J. A. G.; Lippincott-Schwartz, J.; Voth, G. A. Immature hiv-1

29



29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

lattice assembly dynamics are regulated by scaffolding from nucleic acid and the plasma
membrane. Proc. Natl. Acad. Sci. U.S.A. 2017, 114 (47), E10056-E10065.

Pak, A.J.; Grime, J. M. A.; Yu, A.; Voth, G. A. Off-pathway assembly: A broad-
spectrum mechanism of action for drugs that undermine controlled hiv-1 viral capsid
formation. J. Am. Chem. Soc. 2019, 141 (26), 10214-10224.

Yu, A.; Skorupka, K. A.; Pak, A. J.; Ganser-Pornillos, B. K.; Pornillos, O.; Voth, G. A.
Trim5a self-assembly and compartmentalization of the hiv-1 viral capsid. Nat. Commun.
2020, 71 (1), 1307.

Yu, A.; Lee, E. M.; Jin, J.; Voth, G. A. Atomic-scale characterization of mature hiv-1
capsid stabilization by inositol hexakisphosphate (ip6). Sci. Adv. 2020, 6 (38), eabc6465.
Gupta, M.; Pak, A. J.; Voth, G. A. Critical mechanistic features of hiv-1 viral capsid
assembly. Sci. Adv. 2023, 9 (1), eadd7434.

Liwo, A.; Czaplewski, C.; Oldziej, S.; Scheraga, H. A. Computational techniques for
efficient conformational sampling of proteins. Curr. Opin. Struct. Biol. 2008, 18 (2), 134-
139.

Marrink, S. J.; Tieleman, D. P. Perspective on the martini model. Chem. Soc. Rev. 2013,
42 (16), 6801-6822.

Noid, W. G.; Chu, J.-W.; Ayton, G. S.; Voth, G. A. Multiscale coarse-graining and
structural correlations: Connections to liquid-state theory. J. Phys. Chem. B 2007, 111
(16), 4116-4127.

Chaimovich, A.; Shell, M. S. Coarse-graining errors and numerical optimization using a
relative entropy framework. J. Chem. Phys. 2011, 134 (9), 094112.

Barker, J.; Fisher, R.; Watts, R. Liquid argon: Monte carlo and molecular dynamics
calculations. Mol. Phys. 1971, 21 (4), 657-673.

Duncan, J.; Kelly, R.; Nivellini, G.; Tullini, F. The emprical general harmonic force field
of ethane. J. Mol. Spectrosc. 1983, 98 (1), 87-110.

Marrink, S. J.; Risselada, H. J.; Yefimov, S.; Tieleman, D. P.; De Vries, A. H. The
martini force field: Coarse grained model for biomolecular simulations. J. Phys. Chem. B
2007, 7111 (27), 7812-7824.

Lindorff-Larsen, K.; Maragakis, P.; Piana, S.; Eastwood, M. P.; Dror, R. O.; Shaw, D. E.
Systematic validation of protein force fields against experimental data. PloS one 2012, 7
(2),e32131.

Dunn, N. J. H.; Foley, T. T.; Noid, W. G. Van der waals perspective on coarse-graining:
Progress toward solving representability and transferability problems. Acc. Chem. Res.
2016, 49 (12), 2832-2840.

Wagner, J. W.; Dama, J. F.; Durumeric, A. E. P.; Voth, G. A. On the representability
problem and the physical meaning of coarse-grained models. J. Chem. Phys. 2016, 145
(4), 044108.

Jin, J.; Pak, A. J.; Voth, G. A. Understanding missing entropy in coarse-grained systems:
Addressing issues of representability and transferability. J. Phys. Chem. Lett. 2019, 10
(16), 4549-4557.

Dannenhoffer-Lafage, T.; Wagner, J. W.; Durumeric, A. E. P.; Voth, G. A. Compatible
observable decompositions for coarse-grained representations of real molecular systems.
J. Chem. Phys. 2019, 151 (13), 134115.

Shell, M. S. The relative entropy is fundamental to multiscale and inverse
thermodynamic problems. J. Chem. Phys. 2008, 129 (14), 144108.

30



46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Chaimovich, A.; Shell, M. S. Relative entropy as a universal metric for multiscale errors.
Phys. Rev. E 2010, 81 (6), 060104.

Shell, M. S. Coarse-graining with the relative entropy. Adv. Chem. Phys. 2016, 161, 395-
441.

Noid, W. G.; Chu, J.-W.; Ayton, G. S.; Krishna, V.; Izvekov, S.; Voth, G. A.; Das, A.;
Andersen, H. C. The multiscale coarse-graining method. I. A rigorous bridge between
atomistic and coarse-grained models. J. Chem. Phys. 2008, 128 (24), 244114.

Noid, W. G.; Liu, P.; Wang, Y.; Chu, J.-W.; Ayton, G. S.; Izvekov, S.; Andersen, H. C.;
Voth, G. A. The multiscale coarse-graining method. Ii. Numerical implementation for
coarse-grained molecular models. J. Chem. Phys. 2008, 128 (24), 244115.

Allen, E. C.; Rutledge, G. C. Evaluating the transferability of coarse-grained, density-
dependent implicit solvent models to mixtures and chains. J. Chem. Phys. 2009, 130 (3),
034904.

Jin, J.; Yu, A.; Voth, G. A. Temperature and phase transferable bottom-up coarse-grained
models. J. Chem. Theory Comput. 2020, 16 (11), 6823-6842.

Rudzinski, J. F.; Noid, W. G. Coarse-graining entropy, forces, and structures. J. Chem.
Phys. 2011, 135 (21), 214101.

Foley, T. T.; Shell, M. S.; Noid, W. G. The impact of resolution upon entropy and
information in coarse-grained models. J. Chem. Phys. 2015, 143 (24), 243104.

Giulini, M.; Menichetti, R.; Shell, M. S.; Potestio, R. An information-theory-based
approach for optimal model reduction of biomolecules. J. Chem. Theory Comput. 2020,
16 (11), 6795-6813.

Zwanzig, R. W. High-temperature equation of state by a perturbation method. 1.
Nonpolar gases. J. Chem. Phys. 1954, 22 (8), 1420-1426.

Barker, J. A.; Henderson, D. Perturbation theory and equation of state for fluids: The
square-well potential. J. Chem. Phys. 1967, 47 (8), 2856-2861.

Barker, J. A.; Henderson, D. Perturbation theory and equation of state for fluids. Ii. A
successful theory of liquids. J. Chem. Phys. 1967, 47 (11), 4714-4721.

Weeks, J. D.; Chandler, D.; Andersen, H. C. Role of repulsive forces in determining the
equilibrium structure of simple liquids. J. Chem. Phys. 1971, 54 (12), 5237-5247.
Andersen, H. C.; Weeks, J. D.; Chandler, D. Relationship between the hard-sphere fluid
and fluids with realistic repulsive forces. Phys. Rev. A 1971, 4 (4), 1597.

Weeks, J. D.; Chandler, D.; Andersen, H. C. Perturbation theory of the thermodynamic
properties of simple liquids. J. Chem. Phys. 1971, 55 (11), 5422-5423.

Verlet, L. Computer" experiments" on classical fluids. I. Thermodynamical properties of
lennard-jones molecules. Phys. Rev. 1967, 159 (1), 98.

Verlet, L.; Weis, J.-J. Equilibrium theory of simple liquids. Phys. Rev. 4 1972, 5 (2), 939.
Frank, H. S. Free volume and entropy in condensed systems i. General principles.
Fluctuation entropy and free volume in some monatomic crystals. J. Chem. Phys. 1945,
13 (11),478-492.

Pierotti, R. A. A scaled particle theory of aqueous and nonaqueous solutions. Chem. Rev.
1976, 76 (6), 717-726.

Abraham, M. H. Relationship between solution entropies and gas phase entropies of
nonelectrolytes. J. Am. Chem. Soc. 1981, 103 (22), 6742-6744.

Jin, J.; Schweizer, K. S.; Voth, G. A. Understanding dynamics in coarse-grained models:
I. Universal excess entropy scaling relationship. J. Chem. Phys. 2023, 158 (3), 034103.

31



67.

68.

69.

70.

71.
72.

73.

74.

75.

76.

77.

78.
79.

80.

81.

82.

&3.

&4.

85.

86.

87.

88.
&9.

Jin, J.; Schweizer, K. S.; Voth, G. A. Understanding dynamics in coarse-grained models:
Ii. Coarse-grained diffusion modeled from hard sphere theory. J. Chem. Phys. 2023, 158
(3), 034104.

Jin, J.; Lee, E. K.; Voth, G. A. Understanding dynamics in coarse-grained models. Iii.
Roles of rotational motion and translation-rotation coupling in coarse-grained dynamics.
J. Chem. Phys. 2023, 159 (16), 164102.

Van der Waals, J. D. Over de continuiteit van den gas-en vioeistoftoestand; Sijthoff,
1873.

Vera, J.; Prausnitz, J. Generalized van der waals theory for dense fluids. Chem. Eng. J.
1972, 3, 1-13.

Lebowitz, J. Exact derivation of the van der waals equation. Physica 1974, 73 (1), 48-60.
Sandler, S. I. The generalized van der waals partition function. I. Basic theory. Fluid
Phase Equilib. 1985, 19 (3), 238-257.

Lee, K.-H.; Lombardo, M.; Sandler, S. The generalized van der waals partition function.
Ii. Application to the square-well fluid. Fluid Phase Equilib. 1985, 21 (3), 177-196.
Abbott, M. M.; Prausnitz, J. M. Generalized van der waals theory: A classical
perspective. Fluid Phase Equilib. 1987, 37, 29-62.

Sandler, S. I. Award lecture: From molecular theory to thermodynamic models: Part 1.
Pure fluids. Chem. Eng. Educ. 1990, 24 (1), 12-19.

Sandler, S. I. Award lecture: From molecular theory to thermodynamic models: Part 2.
Mixtures. Chem. Eng. Educ. 1990, 24 (2), 80-116.

Sandler, S. I. An introduction to applied statistical thermodynamics; John Wiley & Sons,
2010.

Green, H. S. The molecular theory of fluids; North-Holland, 1952.

Wallace, D. C. Correlation entropy in a classical liquid. Phys. Lett. A 1987, 122 (8), 418-
420.

Wallace, D. C. On the role of density fluctuations in the entropy of a fluid. J. Chem.
Phys. 1987, 87 (4), 2282-2284.

Wallace, D. C. Statistical theory for the entropy of a liquid. Phys. Rev. A 1989, 39 (9),
4843.

Wallace, D. C. Entropy of liquid metals. Proc. R. Soc. London, Ser. A 1991, 433 (1889),
615-630.

Baranyai, A.; Evans, D. J. Direct entropy calculation from computer simulation of
liquids. Phys. Rev. A 1989, 40 (7), 3817.

Ben-Naim, A. 4 farewell to entropy: Statistical thermodynamics based on information,
World Scientific, 2008.

Sackur, O. Die anwendung der kinetischen theorie der gase auf chemische probleme.
Ann. Phys. 1911, 341 (15), 958-980.

Tetrode, H. Die chemische konstante der gase und das elementare wirkungsquantum.
Ann. Phys. 1912, 343 (7), 434-442.

Widom, B. Intermolecular forces and the nature of the liquid state: Liquids reflect in their
bulk properties the attractions and repulsions of their constituent molecules. Science
1967, 157 (3787), 375-382.

Hansen, J.-P.; McDonald, 1. R. Theory of simple liquids; Elsevier, 1990.

Sengers, J. V.; Kayser, R.; Peters, C.; White, H. Equations of state for fluids and fluid
mixtures; Elsevier, 2000.

32



90.

91.
92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

Mulero, A. Theory and simulation of hard-sphere fluids and related systems; Springer,
2008.

Santos, A. 4 concise course on the theory of classical liquids; Springer, 2016.

Boublik, T.; Nezbeda, 1. Pvt behaviour of hard body fluids. Theory and experiment.
Collect. Czech. Chem. Commun. 1986, 51 (11), 2301-2432.

Baus, M.; Colot, J.-L. Thermodynamics and structure of a fluid of hard rods, disks,
spheres, or hyperspheres from rescaled virial expansions. Phys. Rev. A 1987, 36 (8),
3912.

Mulero, A.; Galan, C.; Cuadros, F. Equations of state for hard spheres. A review of
accuracy and applications. Phys. Chem. Chem. Phys. 2001, 3 (22), 4991-4999.
Guerrero, A. O.; S. Bassi, A. B. On padé approximants to virial series. J. Chem. Phys.
2008, 729 (4), 044509.

Pieprzyk, S.; Bannerman, M. N.; Branka, A. C.; Chudak, M.; Heyes, D. M.
Thermodynamic and dynamical properties of the hard sphere system revisited by
molecular dynamics simulation. Phys. Chem. Chem. Phys. 2019, 21 (13), 6886-6899.
Tian, J.; Jiang, H.; Mulero, A. Equations of the state of hard sphere fluids based on recent
accurate virial coefficients b5-b12. Phys. Chem. Chem. Phys. 2019, 21 (24), 13070-
13077.

Carnahan, N. F.; Starling, K. E. Equation of state for nonattracting rigid spheres. J.
Chem. Phys. 1969, 51 (2), 635.

Kolafa, J.; Labik, S.; Malijevsky, A. Accurate equation of state of the hard sphere fluid in
stable and metastable regions. Phys. Chem. Chem. Phys. 2004, 6 (9), 2335-2340.
Fernandez, L.; Martin-Mayor, V.; Seoane, B.; Verrocchio, P. Equilibrium fluid-solid
coexistence of hard spheres. Phys. Rev. Lett. 2012, 108 (16), 165701.

Mammen, M.; Shakhnovich, E. I.; Deutch, J. M.; Whitesides, G. M. Estimating the
entropic cost of self-assembly of multiparticle hydrogen-bonded aggregates based on the

cyanuric acid © melamine lattice. J. Org. Chem. 1998, 63 (12), 3821-3830.

Eyring, H.; Hirschfelder, J. The theory of the liquid state. J. Phys. Chem. 1937, 41 (2),
249-257.

Alder, B.; Young, D.; Mark, M. Studies in molecular dynamics. X. Corrections to the
augmented van der waals theory for the square well fluid. J. Chem. Phys. 1972, 56 (6),
3013-3029.

Singer, K.; Smith, W. Perturbation theory in classical statistical mechanics of fluids. In
Statistical mechanics, 1973; pp 71-133.

Mountain, R. D.; Raveché, H. J. Entropy and molecular correlation functions in open
systems. i two-and three-body correlations. J. Chem. Phys. 1971, 55 (5), 2250-2255.
Baranyai, A.; Evans, D. J. Three-particle contribution to the configurational entropy of
simple fluids. Phys. Rev. 4 1990, 42 (2), 849.

Errington, J. R.; Truskett, T. M.; Mittal, J. Excess-entropy-based anomalies for a
waterlike fluid. J. Chem. Phys. 2006, 125 (24), 244502.

Chakraborty, S. N.; Chakravarty, C. Diffusivity, excess entropy, and the potential-energy
landscape of monatomic liquids. J. Chem. Phys. 2006, 124 (1), 014507.

Singh, M.; Dhabal, D.; Nguyen, A. H.; Molinero, V.; Chakravarty, C. Triplet correlations
dominate the transition from simple to tetrahedral liquids. Phys. Rev. Lett. 2014, 112
(14), 147801.

33



110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

Martinez, L.; Andrade, R.; Birgin, E. G.; Martinez, J. M. Packmol: A package for
building initial configurations for molecular dynamics simulations. J. Comput. Chem.
2009, 30 (13),2157-2164.

Humphrey, W.; Dalke, A.; Schulten, K. Vimd: Visual molecular dynamics. J. Mol.
Graphics 1996, 14 (1), 33-38.

Nosé, S. A unified formulation of the constant temperature molecular dynamics methods.
J. Chem. Phys. 1984, 81 (1), 511-519.

Hoover, W. G. Canonical dynamics: Equilibrium phase-space distributions. Phys. Rev. A
1985, 317 (3), 1695.

Andersen, H. C. Molecular dynamics simulations at constant pressure and/or temperature.
J. Chem. Phys. 1980, 72 (4), 2384-2393.

Peng, Y.; Pak, A. J.; Durumeric, A. E. P.; Sahrmann, P. G.; Mani, S.; Jin, J.; Loose, T.
D.; Beiter, J.; Voth, G. A. Openmscg: A software tool for bottom-up coarse-graining. J.
Phys. Chem. B 2023, 127 (40), 8537-8550.

Das, A.; Lu, L.; Andersen, H. C.; Voth, G. A. The multiscale coarse-graining method. X.
Improved algorithms for constructing coarse-grained potentials for molecular systems. J.
Chem. Phys. 2012, 136 (19), 194115.

Lin, S.-T.; Maiti, P. K.; Goddard III, W. A. Two-phase thermodynamic model for
efficient and accurate absolute entropy of water from molecular dynamics simulations. J.
Phys. Chem. B 2010, 114 (24), 8191-8198.

Pascal, T. A.; Lin, S.-T.; Goddard III, W. A. Thermodynamics of liquids: Standard molar
entropies and heat capacities of common solvents from 2pt molecular dynamics. Phys.
Chem. Chem. Phys. 2011, 13 (1), 169-181.

Nezbeda, I.; Aim, K. Perturbed hard-sphere equations of state of real fluids. Ii. Effective
hard-sphere diameters and residual properties. Fluid Phase Equilib. 1984, 17 (1), 1-18.
Kolafa, J.; Nezbeda, 1. The lennard-jones fluid: An accurate analytic and theoretically-
based equation of state. Fluid Phase Equilib. 1994, 100, 1-34.

Ben-Amotz, D.; Herschbach, D. R. Estimation of effective diameters for molecular
fluids. J. Phys. Chem. 1990, 94 (3), 1038-1047.

Hemmer, P.; Stell, G. Fluids with several phase transitions. Phys. Rev. Lett. 1970, 24
(23), 1284.

Stell, G.; Hemmer, P. Phase transitions due to softness of the potential core. J. Chem.
Phys. 1972, 56 (9), 4274-4286.

Sadr-Lahijany, M. R.; Scala, A.; Buldyrev, S. V.; Stanley, H. E. Liquid-state anomalies
and the stell-hemmer core-softened potential. Phys. Rev. Lett. 1998, 81 (22), 4895.
Franzese, G.; Malescio, G.; Skibinsky, A.; Buldyrev, S. V.; Stanley, H. E. Generic
mechanism for generating a liquid—liquid phase transition. Nature (London) 2001, 409
(6821), 692-695.

Franzese, G.; Stanley, H. E. Liquid-liquid critical point in a hamiltonian model for water:
Analytic solution. J. Phys.: Condens. Matter 2002, 14 (9), 2201.

Chaimovich, A.; Shell, M. S. Anomalous waterlike behavior in spherically-symmetric
water models optimized with the relative entropy. Phys. Chem. Chem. Phys. 2009, 11
(12), 1901-1915.

Jin, J.; Han, Y.; Pak, A. J.; Voth, G. A. A new one-site coarse-grained model for water:
Bottom-up many-body projected water (bumper). I. General theory and model. J. Chem.
Phys. 2021, 154 (4), 044104.

34



129.

130.
131.
132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

147.

148.

Jin, J.; Pak, A. J.; Han, Y.; Voth, G. A. A new one-site coarse-grained model for water:
Bottom-up many-body projected water (bumper). Ii. Temperature transferability and
structural properties at low temperature. J. Chem. Phys. 2021, 154 (4), 044105.

Reed, T. M.; Gubbins, K. E. Applied statistical mechanics; McGraw-Hill, 1973.

Hill, T. L. An introduction to statistical thermodynamics; Courier Corporation, 1986.
Noid, W. G. Systematic methods for structurally consistent coarse-grained models.
Methods Mol. Biol. 2013, (924), 487-531.

Hamelryck, T.; Borg, M.; Paluszewski, M.; Paulsen, J.; Frellsen, J.; Andreetta, C.;
Boomsma, W.; Bottaro, S.; Ferkinghoff-Borg, J. Potentials of mean force for protein
structure prediction vindicated, formalized and generalized. PloS one 2010, 5 (11),
el3714.

Kalligiannaki, E.; Harmandaris, V.; Katsoulakis, M. A.; Plechac, P. The geometry of
generalized force matching and related information metrics in coarse-graining of
molecular systems. J. Chem. Phys. 2015, 143 (8), 084105.

Jin, J.; Hwang, J.; Voth, G. A. Gaussian representation of coarse-grained interactions of
liquids: Theory, parametrization, and transferability. J. Chem. Phys. 2023, 159 (18),
184105.

Lazaridis, T.; Karplus, M. Orientational correlations and entropy in liquid water. J.
Chem. Phys. 1996, 105 (10), 4294-4316.

Zielkiewicz, J. Two-particle entropy and structural ordering in liquid water. J. Phys.
Chem. B 2008, 112 (26), 7810-7815.

Zielkiewicz, J. Structural properties of water: Comparison of the spc, spce, tip4p, and
tipSp models of water. J. Chem. Phys. 2005, 123 (10), 104501.

Zielkiewicz, J. Entropy of water calculated from harmonic approximation: Estimation of
the accuracy of method. J. Chem. Phys. 2008, 128 (19), 196101.

Armstrong, J.; Chakravarty, C.; Ballone, P. Statistical mechanics of coarse graining:
Estimating dynamical speedups from excess entropies. J. Chem. Phys. 2012, 136 (12),
124503.

Arai, T. Calculations of two and three-body correlation entropies at the freezing points of
soft-core fluids: Effect of the softness on the correlation entropy. Phys. Chem. Lig. 2003,
41 (2), 177-188.

Laird, B. B.; Haymet, A. Calculation of the entropy from multiparticle correlation
functions. Phys. Rev. A 1992, 45 (8), 5680.

Arisawa, T.; Arai, T.; Yokoyama, 1. Pair and triplet correlation entropies based on the
hard sphere solution of the percus—yevick equation. Physica B 1999, 262 (1-2), 190-198.
Egelstaft, P.; Page, D.; Heard, C. Experimental study of the triplet correlation function
for simple liquids. J. Phys. C: Solid St. Phys. 1971, 4 (12), 1453.

Kirkwood, J. G. Statistical mechanics of fluid mixtures. J. Chem. Phys. 1935, 3 (5), 300-
313.

Watanabe, S. Information theoretical analysis of multivariate correlation. /BM J. Res.
Dev. 1960, 4 (1), 66-82.

Voyiatzis, E.; Miiller-Plathe, F.; Bohm, M. C. Do transport properties of entangled linear
polymers scale with excess entropy? Macromolecules 2013, 46 (21), 8710-8723.
Dhabal, D.; Singh, M.; Wikfeldt, K. T.; Chakravarty, C. Triplet correlation functions in
liquid water. J. Chem. Phys. 2014, 141 (17), 174504.

35



149. Dhabal, D.; Nguyen, A. H.; Singh, M.; Khatua, P.; Molinero, V.; Bandyopadhyay, S.;
Chakravarty, C. Excess entropy and crystallization in stillinger-weber and lennard-jones
fluids. J. Chem. Phys. 2015, 143 (16), 164512.

36



