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ABSTRACT: We study the linear stability of holographic homogeneous solids (HHS) at
finite temperature and in presence of a background shear strain by means of a large scale
quasi-normal mode analysis which extends beyond the hydrodynamic limit. We find that
mechanical instability can arise either as a result of a complex speed of sound — gradient
instability — or of a negative diffusion constant. Surprisingly, the simplest HHS models are
linearly stable for arbitrarily large values of the background strain. For more complex HHS,
the onset of the diffusive instability always precedes that of the gradient instability, which
becomes the dominant destabilizing process only above a critical value of the background
shear strain. Finally, we observe that the critical strains for the two instabilities approach
each other at low temperatures. We conclude by presenting a phase diagram for HHS as a
function of temperature and background shear strain which shows interesting similarities
with the physics of superfluids in presence of background superfluid velocity.
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1 Introduction

A crystalline solid is a phase of matter characterized by translational long-range order: the
spontaneous breaking of translational invariance, possibly down to a discrete sub-group [1].
Holographic solids [2, 3] are not different in this perspective, as they are also built upon
the same symmetry breaking pattern. The long-range order endows solids with their rigid-
ity and with their ability to respond elastically to mechanical deformations'. Phonons, or
sound-waves, are the corresponding emergent Goldstone modes [4]. Despite the behavior
of crystalline solids under infinitesimal mechanical deformations is well described by linear
elasticity theory [5], their mechanical response beyond the linear regime, i.e., for finite
deformations, is more difficult to be rationalized. Nonlinear elasticity [6] is then usually
constructed in terms of empirical models based on phenomenological assumptions and a
unifying picture is still missing. These problems become even more severe in presence of
finite temperature and dissipative effects, which render the response of the material vis-
coelastic rather than purely elastic [7]. On top of that, irreversible plastic deformations are
inevitable for sufficiently large deformations, and they are indeed fundamental to describe
the failure of solid materials. Once again, apart from phenomenological elasto-plastic mod-
els [8], a complete understanding of the non-linear behavior of complex solids has not been
achieved yet.

To be precise, this statement is correct only for crystalline ordered solids. In amorphous systems, the
emergent rigidity and the associated elastic response have a more complex, and still not well understood,
origin.
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Figure 1. A visual representation of different types of mechanical failure in solid materials.

From a material science and engineering perspective, understanding the mechanical
failure of solid materials is a question of primary importance. The main concern of material
failure theory [9] is to predict under which conditions a solid fails under external loads.
Failure is necessarily connected to some sort of instability of the system and it is inevitable
for large enough deformations. The instability, and therefore the failure, could be either
microscopic or macroscopic. We define an instability macroscopic if it can be derived from
the macroscopic effective equations of the medium, i.e., when it concerns the collective
long-wavelength dynamics. A macroscopic failure is global and it could in principle be
derived from simple arguments related to thermodynamics, energetic considerations or even
nonlinear elasticity theory. On the other hand, a microscopic instability, usually associated
to crack initiation and propagation, pertains to the structure of the material at short scales,
and could be somehow invisible within the homogeneous effective description.

In addition to the above classification, which is based on the length-scale of interest,
mechanical failure can be also divided into brittle and ductile (see Fig. 1 for an illustra-
tion). Brittle failure is usually accompanied by an extremely rapid propagation of cracks,
so quickly that no plastic deformation has time to take place. Brittle failure causes a catas-
trophic fracture which destroys the structural integrity of the whole material. On the other
side, ductile materials deform plastically and they have the ability to support more stress,
slowing the fracture process and avoiding a catastrophic failure. Their failure is anticipated
by a necking instability in which the cross-sectional area of the sampled diminishes when
undergoing deformation. Necking and ductility are also often associated to yielding, the
breakdown of the elastic response in a solid and the onset of plastic deformation.

All in all, whether a material displays a ductile or brittle behavior, and which is
the stress/strain at which the failure appears, depend on several factors related to the
composition of the material and to the external conditions as well (e.g., temperature).
A long list of criteria have been proposed in the literature, but it is hard to encompass
such a vast and complex phenomenology under a few simple assumptions. Nevertheless,
a perhaps naive differentiation of the two phenomena can be anticipated looking at the
behavior of the stress-strain curve for finite deformations (see Fig. 2). Brittle materials are



stress

M yielding

@ breaking

6/7/ f/@

o

strain

Figure 2. A cartoon of the stress-strain curves for ductile and brittle materials. The black dots
indicate the breaking strength and the black square the yielding point, defined as the maximum of
the stress-strain curve.

characterized by a quick increase of the stress which suddenly ends at the breaking point.
Ductile materials, on the contrary, are able to support larger strains. The induced stress
diminishes with increasing the strain and the stress-strain curve bends down approaching a
plateau-like form. The yielding point usually appears right before that regime and it marks
the end of the elastic response. After the yielding point, the response is purely plastic and
the stress becomes almost independent of the strain up to the breaking point, which in
ductile materials is located at much larger values of the strain than in brittle ones.

Holographic models with spontaneously broken translations, i.e., holographic solids,
have attracted great interest in the last years [3], as a possible novel route to tackle the
notoriously hard problem of strange metals and spontaneous orders in strongly correlated
phases of matter. A particularly simple sub-class of models is given by the so-called “ho-
mogeneous holographic solids”, in which translational symmetry is spontaneously broken
while retaining homogeneity, owing to the existence of an internal global symmetry. Among
the various possibilities, the holographic solid axion model [10, 11], which was found as an
extension of the same model for momentum dissipation [12] (see [13] for a review), is the
only one which provides an analytical solution, and therefore allows for extensive com-
putations. The holographic model displays propagating phonons as dictated by elasticity
theory [2], and its low-energy effective description is in perfect agreement with viscoelastic-
ity [14, 15], both at zero and finite charge density [16—18]. The linear viscoelastic dynamics
[19, 20] and nonlinear elastic response [21-23] of this holographic model have been studied
in detail in the past.

In this work, our task is to make a step further and perform a failure analysis of these
holographic solids under large static shear deformations. From a more technical perspec-
tive, this amounts to investigate the instabilities of these holographic models upon applying
a background external static shear strain. In [22, 24], some general criteria based on the



stress-strain curves and the dispersion relations in the decoupling limit have been provided.
Nevertheless, a full-fledged analysis is still missing. Here, we study the dynamical stability
of the model based on a quasi-normal mode analysis in presence of large background shear
strain. In other words, we linearly perturb our system around a state with a large shear
strain and check its linearized dynamics. Since the background shear strain breaks rota-
tional symmetry, the dispersion relation of the low-energy modes will depend on the angle
of propagation. In a way, this is similar to the case of a holographic superfluid model with
superfluid velocity [25], where the latter plays the role of our external shear strain?.

The concept of ideal strength of a material, which defines the onset of mechanical
instability, is indeed closely related to the dispersion of the phonon modes in the solid,
and possible phonon instabilities. Those happen whenever the energy of one mode be-
comes negative, or more in general when the imaginary part of its frequency w(k) becomes
positive. In the case of an “elastic instability”, the instability appears for small values of
the wave-vector k, and can be in principle detected by inspecting the elastic moduli of
the system or looking at its hydrodynamic (or even thermodynamic) description. Never-
theless, instabilities can appear for arbitrary, and even large, values of the wave-vector,
and in that sense being more microscopic (e.g., holographic charge density waves [26-29]
or pair density waves [30-32]). Phonon instabilities under mechanical deformations have
been explored in several materials (e.g., [33—-39]). Interestingly, these elastic instabilities
often appear before the peak in the stress-strain curve [33], at which the elastic response
is completely destroyed into the plastic flow regime. Also, these instabilities are frequently
related to soft modes and structural phase transitions [40-43], the classical example being
the Kohn anomaly precursor of the formation of charge density waves [44].

In the rest of this work, we will observe that holographic homogeneous solids display
a complex structure of instabilities which can be nevertheless classified into two types:

1. Sound instability (or gradient instability). This instability manifests itself in a
speed of sound which becomes complex, i.e., v < 0.

2. Diffusive instability. This second type corresponds to a diffusion constant which
becomes negative, i.e., D < 0.

In both cases, the instability occurs when the imaginary part of the frequency of a certain
mode becomes positive, destabilizing the initial background solution. As we will see, the
diffusive instability will always be the first to appear (i.e., the one with the lowest criti-
cal strain) in the holographic models considered in this work. In other words, the sound
instability will appear only beyond a specific threshold for the background shear strain.
As a general remark, the mechanical failure of a solid material involves the creation,
and proliferation of inhomogeneous structures such as defects, cracks and voids. Mechanical
failure is often the result of complex microscopic inhomogeneous processes. In an effective
description, that is agnostic of the microscopic physical processes, and it is natural to

2In this analogy, the failure of the solid corresponds to the instability of the superfluid phase, i.e., the
Landau criterion.



assume that those inhomogeinities correspond to inhomogeneous instabilities as the ones
just mentioned.

The manuscript is organized as follows. In Section 2, we describe the homogeneous
holographic solid models considered in this manuscript and briefly recap their viscoelastic
linear dynamics and their static nonlinear elastic properties. In Section 3, we study the
mechanical stability of the simplest of these models under background finite shear strain.
In Section 4, we generalize our analysis to a larger class of models and display a complex
structure of instabilities. We end up this section by drawing a phase diagram for the dual
solid system. Finally, in section 5, we summarize our results and conclude with a few
comments for the future and some analogies with the instabilities appearing in superfluids
with finite superfluid velocity.

2 Holographic setup and its viscoelastic description

2.1 Axion model and homogeneous solids

We start with the most general 4-dimensional Einstein-axion action [11],

S = /d%\/?g [R—2A-m*V (X, 2)], (2.1)

with
1
X1g = 0,010"¢;, X = §Tr (X7y), Z=det(X;y), I=12. (2.2)

Here R is the Ricci scalar, m?

is a parameter related to the graviton mass, V' is an arbitrary
scalar function and A is the cosmological constant. The action in Eq. (2.1) is invariant
under global internal shifts ¢! — ¢! + ¢!, since it only involves derivative terms. The

general equations of motion are given by

V. (Vx VHOL + 2V, VH6I X2 — 2V, VHe2X12) =0,
V, (Vx VHG? 4 2V, VHEg2XM — 2V, VFet ) = 0

’ (2.3)
1
Ry — §Rg;w + Mgy = m* Ty
with T, the energy-momentum tensor
1 Vy
T = —50mV (X, Z) + > 0,0"0,0"
I=1
+ Vz(X*8,0'0,0" + X110,0%0,¢° — X128,6°0,¢" — X*10,0'0,4°), (2.4)
and
_IV(X,Z) _IV(X,Z)

Remarkably, many previous studies [13] have shown that this large class of holographic
models allows to break spatial translations while retaining the homogeneity of the dual



boundary system as long as the bulk profile of the axions is chosen to be
ol = Mo, (2.6)

where Mf is a 2 x 2 matrix whose physical meaning will appear clear later. Previous studies
made the simplest choice

MIZ' = aéli, (2.7)
which fully preserves the SO(2) rotation in the z-y plane. Within the isotropic setup, the

background metric of the black hole takes the following form,

L2

ds® = = {— f(u)dt* + L

f(u)

where the square of the AdS radius L? = —3/A. Here, u is the radial coordinate ranging

du? + dz* + dyQ] , (2.8)

from the AdS boundary, u = 0, to the black hole horizon, u = uy. The blackening factor
f(u) can be easily calculated by inserting (2.8) into the the Einstein equations, and it is

flu) =u? /uuh ds (i — W) ds, (2.9)

where the “bar” denotes the background value of the respective functions. For the simplest

given by

case (2.7), we have X = o?u? and Z = a*u*. Furthermore, the Hawking temperature is
given by o
f'up) 3 —m?V(Xy, Zp)

T=—
4 dmuy,

: (2.10)

and the entropy density reads
27

=,
up,

s = (2.11)
Considering the case of a monotonic power law function®, V(X, Z) = XN ZM  the asymp-
totic behavior of the axion fields near the boundary takes the general form

O (0, 7,1) = 6lo)(7,0) .+ Sl (70w N (2.12)

where (Z,t) denote the space-time coordinates on the boundary. In the standard quan-
tization scheme, the coefficient of the leading order term in the expansion is interpreted
as the external source for the boundary operator Of, while the other corresponds to its
expectation value, (97). Therefore, by tuning the exponents, N and M, we can achieve
different scenarios [2] :

o [f5—2N—4M > 0, ¢{0) (x*) is the leading term in the above expansion and the profile
(2.6) corresponds to source the dual field theory with a space-dependent coupling

which breaks translations explicitly. This leads to momentum dissipation in the dual
field theory [12, 45].

3Tt is sufficient to have this power-law behavior close to the boundary uw — 0 and not in the entire bulk.



o If 5—-2N —4M < 0, qﬁ{o) (z*) is now the subleading term in the above expansion
and the same profile (2.6) should be interpreted as a space-dependent expectation
value (O7) o ¢, in absence of any source, which corresponds to the onset of sponta-
neous symmetry breaking (SSB) in the boundary field theory [2]. This second route is
analogous to introducing a boundary kinetic term for the scalar fields [14], and there-
fore dynamical elastic interactions in the boundary field theory. In this sense, it is
very similar to the procedure to introduce dynamical electromagnetism and Coulomb
interactions in holography using mixed boundary conditions (see, e.g., [46, 47]).

In the rest of this paper, we will focus on the later case. The holographic renormalization
of axion models with spontaneously broken translations was already considered in previous
studies. All the models corresponding to the SSB case (in the standard quantization) are
less UV relevant than the standard linear axion model. Therefore, no extra counterterms
are needed. For more details about the holographic renormalization for this type of models,
please refer to the appendices in [17, 48].

2.2 Viscoelasticity and linear response

In order to compute the linear response of the system upon external deformations, we
introduce the fluctuating fields

Sxalu,w, k) (2.13)

[T dwdk (s
dxalu,t, ) :/ @n)? et (k t)

on top of the background solution described in the previous section. Here, A is just a
collective label. We remind the reader that the boundary has two spatial dimensions, and
therefore k = (kz, ky). Because of isotropy, one can always divide the complete set of the
fluctuating modes into longitudinal and transverse sectors which include respectively,

oxL = {09, 09z, d9yys 09tu, OGuu, do"}, (2.14)
6XT = {5gty7 5ga:y7 5guy7 5¢y} (215)

Without loss of generality, the wave vector k has been taken along the z-direction, k=
(k,0). Then, the dispersion relations (which are poles of retarded correlators) of long-lived
excitations on boundary can be extracted from the low-lying quasi-normal modes of the
black hole in the bulk.

In linear response theory, and in absence of finite background shear deformations, the
homogeneous solids (in absence of finite charge density) exhibit the following hydrodynamic
modes:

transverse sector: w = tourk — %FT K, (2.16)

longitudinal sector: w = vk — %I‘L k*, w=—iDyk?, (2.17)

where k is the magnitude of the wave vector k. In the transverse sector, one obtains a
pair of propagating shear sound modes with speed vy and attenuation constant I'z. In the



longitudinal sector, one has a pair of longitudinal propagating sound modes with speed vy,
and attenuation constant I'z, and a diffusive mode with diffusion constant Dg. For more
details, see [14, 15, 17].

For a relativistic neutral conformal solid, the various transport coefficients appearing
in the dispersion relations are given by [14, 17]:

G 1 n G s°T?
2 2 2
vp = ——, vi =—-+vp, I'p=—+— ,
T Xrm L 2 r Xnm o X72rTr
T?52G? Ts’/c B+G—7P
Ip=— 4" Dy= / . (2.18)
Xrr  OXonpV7f $+ 0rP Xnr + 2G

The relation between the transverse and longitudinal sound speeds is a result of conformal
invariance [49]. Here, xzr = €+ p—+ P is the momentum susceptibility and other coefficients
are derived in terms of the following thermodynamic relations and Kubo formulas,

e=(T", p=—Q, P=(T")4+Q, xprvs = lim lim Re GFrorpus ,

w—0 k—0
G = lim lim Re G¥.ypuy, 1 = — lim lim limGh,, .
w0 k0 Tevrey s w0 k—0 W vy s
2
B = (3P -TorP)/2, @ = lim lim wIm G¥ 40 , (2.19)
O X w—0k—0

where € is the free energy density, 7 the boundary stress-energy tensor and ®° the Gold-
stone operator associated with the spontaneously translation symmetry breaking. Notice
that the shear modulus G, the shear viscosity 1, and the dissipative parameter o can be
obtained from the Kubo formulas. Finally, the lattice pressure P quantifies the difference
between the thermodynamic and mechanical pressures and represents an additional con-
tribution to the mechanical pressure as a result of working around a state which does not
minimize the free energy [3, 50].

In Fig. 3, we show a concrete example of the dispersion relations of the hydrodynamic
modes for the simplest potential which implements the SSB of translations, V (X, Z) = X3.5
We observe a pair of sound modes in the transverse channel, a pair of sound modes with
larger speed and a single diffusive mode in the longitudinal channel. Furthermore, one can
verify quantitatively that, at long distances (small k), the dispersion relations are in perfect
agreement with the analytic relations (2.16)-(2.19) shown with solid lines in Fig. 3.

2.3 Beyond linear response

Whenever the external strain applied to an ideal solid (with no dissipation) is infinitesimal,
linear elastic response theory implies a simple relation between the strain £g; and the

41t was found that, in the axion model, there is no well-defined melting temperature, intended as a
first-order thermodynamic phase transition between a liquid phase and a solid phase. Instread, the shear
modulus just decreases smoothly to zero as T/a — oo [2].

5In the simple case of monomial potentials, only one of the dimensionful parameters, m or «, is necessary
to characterize the strength of the spontaneous breaking of translation. In the rest of this paper, we always
fix m = L =1 and treat « as a free parameter.
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Figure 3. Dispersion relation of the lowest excitations at zero background strain € = 0. The rest
of the parameters are fixed to mL =1 and T'/ae = 0.8. The bullets are the numerical data and the
solid lines the predictions from hydrodynamics of Eq. (2.18).

induced stress o;;
oij = Cijri €p + -+, (2.20)

where Cjjp is the elastic tensor, determined by the elastic constants of the material. How-
ever, when the system undertakes a finite, and eventually large, strain, a richer behavior
emerges and the stress-strain relation is in general no longer linear,

o1 = S(ER). (2.21)

In this case, the system enters into the nonlinear elastic regime, where the perturbative
linear approximation in Eq. (2.20) breaks down. Recently, the nonlinear response within
the holographic axion model has been studied [22] (see also [23, 48, 51]).

In order to introduce a finite and static background shear strain in the holographic
model, one can choose a more general profile for the bulk axion fields,

M = a ( 1:;262/4 1612/4) . (2.22)

From the perspective of effective field theory [24], o characterizes the variation of the vol-
ume (or area in two spatial dimensions) of the system, hence corresponding to a background
bulk strain. On the other hand, ¢ corresponds to an anisotropic mechanical deformation
which preserves volume, but not angles, i.e., an external shear strain.

Because of the introduction of off-diagonal terms in (2.22), the background solution
has to be modified into the more general form

1

_ —x(u)
flu)e™* dt2+f(u)

ds® = 1

=2 du? + i (u)dz'da? | (2.23)



where v;;(u) = d0;; in the absence of shear deformation. For later convenience, we further
introduce the following notations,

[ cosh h(u) sinh h(u)
7= ( sinh h(u) cosh h(u) > (2:24)

and

B cosh (§2/2) sinh (£2/2)
M =a (sinh (€/2) cosh h(Q/2)> (2:25)

with the unstrained reference configuration corresponding therefore to {2 = 0. Then, the
background shear strain can be expressed as

¢ = 2sinh (Z) . (2.26)

We refer to [51] for a detailed discussion about the meaning and the interpretation of the
holographic setup in comparison to standard non-linear elasticity theory.5
For the above ansatz, the background equations of motion read

2y — uhk®> =0, (2.27)
flux +6)+ [m*V(X,Z) — 2uf — 6] =0, (2.28)
y , o2 1 5  o?sinh(Q—h)m?Vx(X,Z)

where the background values of X and Z are given by X = a?wu?cosh (2 — h) and Z =
a*u*. Finally, the Hawking temperature and entropy density now read

f/(uh)e—X(Uh)/Q _ 3—m?V(Xn, Z) o x(un)/2

T=-
4 dmuy,

(2.30)

and s = i—%, both evaluated at the event horizon u = uy,.

To solve the equations above, we need to impose additional boundary conditions. At
the black hole horizon, one has that f(u = wup) =0 and h(u = up) = hy,. Close to the UV
boundary u = 0, we impose that f(u = 0) =1, x(u = 0) = 1 together with the asymptotic
expansion,

h(u) = Ho + ... + Hzu® +.... (2.31)

Following the holographic dictionary, Hy is identified as the source of the stress tensor
operator Ty, in the dual system and will be set to zero hereafter i.e., Ho = 0, Hz corre-

50One can also choose a base that diagonalizes the matrix M/ in Eq. (2.22) as well as the spatial
components of the spatial metric v;; in Eq. (2.24). This new coordinate system is nothing but the one
aligned with the principle axis of the shear. This alternative choice is equivalent to the one presented in
this work.

~10 -



sponds to its VEV (17, ). Within this setup, the source of T}, is solely contributed by the
mechanical strain deformations induced by the axion fields. After solving the equations of
motion numerically, one can analyze the nonlinear response by looking at shear stress [48]
3
o = <T$y> = 5 9{3
as a function of the external mechanical strain (2.26).

In the case of monotonic potential V (X, Z), the nonlinear elastic regime and its main
properties (e.g., associated scaling behaviors) have been first explored in [22]. For illustra-
tion, we show the stress-strain curves for shear softening (red) and hardening (blue) cases
in Fig. 4. For the potential V(X,Z) = XN ZM the non-linear stress-strain scaling law is

3N/(M+N) for large e. Furthermore, the thermodynamic and mechanical

given by o ~ €
properties of strained holographic systems have also been computed and compared with
the results from effective field theory and numerical simulations of amorphous solids in [23],
which unveiled some remarkable similarities between the two systems. The real-time non-
linear viscoelastic response has also been studied in [21, 52]. Finally, the DC thermoelectric
transport properties of the normal phase and the dynamics of superfluid/supersolid phases

under finite strain have been discussed respectively in [48] and [51].

T T T

104§ V:XZZl/Z
F V:X1/225/4
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Figure 4. The nonlinear elastic stress-strain curve for monotonic potential V (X, Z) = XNZM,
Here we choose T'/aw = 0.2. The blue curve exhibits shear hardening as evidenced by a rapid
increase in the shear modulus G = do/de, while the red one corresponds to the shear softening cae
characterized by the decrease of GG as the shear deformation is increased. For sufficiently large shear
3N/(

deformation €, a non-linear stress-strain scaling law of the form o ~ 3N/ZM+N) emerges.

Despite all the aforementioned efforts, a systematic and complete stability analysis of
the nonlinearly strained background is still missing. This will be the primary task of this
work.

- 11 -



3 A simple holographic solid evading mechanical failure

In the following, we consider linear perturbations around backgrounds with a finite shear
strain for different holographic models. As a consequence of the breaking of the SO(2)
rotational symmetry induced by the external shear strain, the dispersion relations of the
low-energy modes now become angle-dependent. In order to capture this effect, we replace
the ansatz (2.13) for the fluctuating fields with the more general form,

dxa~exp(—iwt + ikxcosd + ikysinb), (3.1)

where 6 denotes the angle between the wave vector k and the z-axis. In this more compli-
cated case, the fluctuations cannot be decomposed anymore in two decoupled longitudinal
and transverse sectors and we need to solve all linearized equations at once. The resulting
equations of motion for perturbations are obtained by substituting (3.1) into (2.3). They are
too lengthy to be presented here ”. To compute the quasi-normal modes, we impose ingoing
boundary conditions at the horizon and turn off all source terms at the AdS boundary.

Our numerical analysis indicates that, at least qualitatively, the dispersion relation of
the hydrodynamic modes is not modified by the background strain. In particular, we verify
the existence of two pairs of sound modes and one diffusive mode in the hydrodynamic
regime (small & limit) whose dispersions can be expressed as follows,

sound modes: w = +v12(6,€)k — %I‘Lg(ﬁ, €)k?, (3.2)

diffusive mode: w = —i Dy (0, €) k*. (3.3)

Here, we have denoted the sound mode with larger speed by the subscript “1” and the
one with lower speed by the subscript “2”. Following our notations, in the limit of ¢ — 0,
the mode number “1” becomes the longitudinal sound mode, and the “2” the transverse
one. Finally, let us notice that all the hydrodynamic coefficients (sound speed, attenuation
constant and diffusion constant) depend explicitly on # and e. The same phenomenon
appears in zero temperature field theory as well [24]. Clearly, in the limit of € — 0, the
angle dependence disappears and the dispersion relations recover the well-know results
presented in the previous section, Eqgs. (2.16)-(2.17).

For the simplest model with V(X) = X3, the dispersion relations of the low-lying
modes along the z-direction (i.e., # = 0) have been depicted in Fig. 5. For small values of
the background shear strain e (top left panel), the sound mode number “1” and the diffusive
mode remain almost unaffected. On the contrary, the sound mode number “2” presents
a strong softening at an intermediate value of the wave-vector. This softening becomes
stronger and moves to larger k£ by increasing the background strain €. The softening of a
phononic mode is typically a precursor for a structural instability and has been investigated
in many situations, see e.g. [33-39]. Notice that despite this softening mechanism, the
low-k regime of the sound dispersion remains linear, even if with modified sound speed.

"There are twelve coupled complex equations, ten of which come from the Einstein equations and two
from the axion scalar sector.
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Figure 5. Top panels. The real part of the dispersion relations upon increasing the shear strain
e = 1.28,2.05,3.01 from left to right in the simplest model V(X) = X?3. Bottom panels. The
corresponding imaginary parts. Here, we have set T/a = 0.8 and 6 = 0.

Furthermore, we observe a strong interaction between the sound mode number “2” and
the diffusive mode in the region below the softening.

Beyond a critical value of the strain (see central panel in Fig. 5), the interactions
between these two modes become very complex and give rise to a propagation gap in the
real part of the sound mode number “2”. The “propagation gap” is a known phenomenon
in the context of liquids and has been experimentally observed in liquid argon [53, 54],
neon and in molecular dynamic simulations of Lennard-Jones liquids [55]. Interestingly, it
arises because of the strong intereference between elastic forces and dissipative effects [56],
which is at least qualitatively similar to what we observe.

Finally, for very large values of the strain (right panels in Fig. 5), the propagation gap
closes and we see that the dispersion relations greatly simplify and return to a shape similar
to the case with zero strain. Importantly, we see that all the modes in the system (including
the non-hydrodynamic ones which are not shown in Fig. 5) have negative imaginary parts
independently of the strength of the background strain e. This implies that this simple
HHS is stable upon linear perturbations even when subjected to a very large background
shear. Notice that this does not guarantee the stability of the system beyond linear order.

In the long-wavelength limit (small k), we can compare our numerical results for dif-
ferent values of # and e with the dispersion relations presented in Egs. (3.2)-(3.3). Doing
so, we can extract all the hydrodynamic coefficients whose behavior is shown in Figs. 10-11
of Appendix A. As anticipated, we find that

V1,2 > 0, FLQ > 0, D¢ >0 (3.4)

for all #’s and sufficiently large €. A detailed analysis of the various coefficients as a function
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Figure 6. Left: v? — v as a function of the shear strain € for § = 0 and different values of the

temperature T'//ca.. Right: the angular dependence of v — v3 for different values of the background
shear strain e with T'/a = 0.8.

of the angle 6 and € can be found in Appendix A. Here, we limit ourselves to one single
important observation. As a consequence of the conformal symmetry of our system, in
absence of background strain, the two speeds of sound are related to each other by the
following identity:

1
v? = v + 3 (3.5)

which has been derived in [49] and confirmed numerically in several instances. Here, we are
interested in examining how this relation is modified when the velocities v1 2 are considered
and when the longitudinal and transverse excitations mix with each other.

The results are shown in Fig. 6. For simplicity, let us start from the behavior at § = 0
(left panel). We observed that for small values of the shear strain e, the identity (3.5)
still holds. With the increase of the strain, the difference deviates from the 1/2 value in
a non-monotonic way. For very large strain, it becomes very anisotropic. As shown in
Appendix A, the effect of the background strain is to render the system anisotropic, by
increasing one of the two speeds of sound and decreasing the other one. Furthermore,
we observe that the effects of background strain are stronger for smaller temperatures.
The larger the temperature, the larger the background strain which produces noticeable
deviations from the € = 0 state. Looking in more detail into the angular dependence of this
difference (right panel of Fig. 6), we observe that the anisotropy created by the background
shear is of quadrupolar form corresponding to a discrete rotational invariance (see [48] for
similar results regarding thermo-electric transport coefficients) and it is most pronounced
in the diagonal direction § = 7 /4, § = 57 /4. This is simply a consequence of the geometric
structure of the shear deformation and it is independent of the strength of the latter. This
discrete rotational symmetry, which also defines the principle axis of shear, is the only
symmetry left in the problem since continuous rotational invariance is broken by the shear
deformation. Interestingly, for the class of models with potential of the form V(X) = XV
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(N > 3), we find that they are all linear stable independently of the value of the background
shear strain. One common feature for V(X) = XV from the stress-strain curve is that the
shear modulus G ~ € for large shear deformation.
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Figure 7. Dispersion relation curves for the V(X, Z) = X2 Z'/2 model with ¢ = 2 (left panels)
and € = 6.5 (right panels). Here, we have fixed T/a = 0.158, 8 = 0. It is found that critical values
of the strain corresponding to a zero diffusion constant and a zero sound speed along the z-direction
are given by eéd) (0) ~ 1.75 and eés) (0) ~ 5.55.

4 A holographic solid exhibiting mechanical failure

In this section, we turn to considering HHS with a more complex potential of the form
V (X, Z) where an explicit dependence on the scalar quantity Z is added. The main reason
to do so is twofold. First, following an effective field theory logic, there is no argument to
avoid such a dependence. Indeed, there is no symmetry principle which protects the poten-
tial not to depend on Z (while there is one for having a V(Z) without X dependence, i.e.,
volume preserving diffeomorphisms). On the other hand, from a more phenomenological
perspective, it is necessary to add such a dependence to encompass a broader spectrum of
stress-strain curves including both strain hardening and softening behaviors.

Explicitly, we will consider the benchmark model V (X, Z) = X222, We will com-
ment at the end about another choice which gives qualitatively similar results. We have
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performed a detailed analysis of the quasi-normal mode spectrum as in the previous sec-
tion. A complete report of such analysis can be found in Appendix A. Differently from the
previous simpler case, we have found that this setup exhibits two types of instability. The
first type, which we denote “diffusive instability”, is signaled by the diffusion constant D
becoming negative. And the corresponding critical strain is denoted as egd) (0). An example
of that sort is shown in the left panels of Fig. 7 for the case § = 0. There, we observe the
presence of a mode with dispersion:

Wunstable = +Z|D¢|]€2 > (41)

which signals the appearance of a hydrodynamic instability for arbitrarily low values of
the wave-vector k. As we will see in more detail later on, this type of instability is the
dominant one for small values of the background shear strain e.* We notice that the QNM
spectrum presents five gapless modes as mentioned in (3.2) and (3.3). Each sound mode
has two branches of dispersion relation that are mirror symmetric, i.e. one I' corresponds
to two real parts with +v, see (3.2). To avoid clutter, in Fig. 5 and Fig. 7, we only show
the Re[w] > 0 branch.

—— diffusive instability

——— diffusive instability

= = .sound instability = = :sound instability

EU(H)

1 L 1 L L 1 L L 1 L L 1 L 1
-0.6 -04 -0.2 0 0.2 0.4 0.6 -0.6 -04 -0.2 0 0.2 0.4 0.6
0 0

Figure 8. The angular dependence of eéd) and egs) for T/a = 0.158 (left) and T/ = 0.025 (right).
The critical strain that the system can sustain can be defined as the minimum of e(()d).

For larger values of the background shear strain, a second type of instability appears
in the spectrum. We denote this second case “sound instability” since the dispersion of the
unstable mode is given schematically by:

Wunstable = +i|U|unstablek7 - irunstablekQ- (42)

This second situation is shown in the right panels of Fig. 7 and it appears as the dominant
instability for very large values of the background strain e. Intuitively, it corresponds to a
speed of sound squared becoming negative. And we denote this critical strain as eés)(ﬂ).

8Note, however, that this instability was not observed in the previous effective field theory analysis at
T =0 [24].
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In Fig. 8, we study in more detail the onset of these two instabilities by tracking the
corresponding critical strain as a function of the angle 6 for two characteristic temperature
values, representing the low and high temperature regimes respectively. At high tempera-
tures (left panel), we observe that the critical strain for the diffusive instability is always
lower than that for the sound instability. The two approach each other only for large values
of the angle, § — 7/4. Interestingly, for the leading diffusive instability the most unstable
angle is 6 ~ —m/36. As shown in the right panel, the critical strain for the diffusive in-
stability depends very mildly on the temperature. On the contrary, the one for the sound
instability is strongly affected by thermal effects. In particular, by decreasing T" we see that
the critical strain for the sound instability becomes smaller and approaches the one for the
diffusive instability.

stable
unstable diffusion
unstable sound

100 F 0.1

S 3
~= ~
> &~
<
A 0.05 -
e
107" —_—=-0.79
——0=-063
0= —047
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Figure 9. Left: The difference between the diffusive critical strain and the sound, Aeg = eés) - e(()d)

as a function of temperature for different angles 6. The dashed lines illustrate the low temperature
scaling Aeg oc (T/a)?/? as T/a — 0. Right: The phase diagram as a function of temperature T’ and
background shear strain e for the HHS model with V' = X2Z'/2. The instabilities are determined
by the most unstable mode as a function of the angle 6.

In order to investigate the temperature dependence of the critical strains, in the left
panel of Fig. 9 we show the difference between the critical strain corresponding to the sound
instability, eés), and that corresponding to the diffusive one, eéd), for different values of the
angle 6. There, we observe that independently of the angle 6, the difference between the
two critical values approaches zero following a power-law which is extracted numerically to
be Aey ox T3/2.

We are now in the position to draw a phase diagram for our HHS at finite temperature
T and with background shear strain e. We show a representative result for the potential
V = X2Z'2 in the right panel of Fig. 9. At low temperatures and low background strain
(blue region), the holographic solid is stable and all excitations decay in time. By increas-
ing the background strain €, the system becomes unstable since the diffusive mode moves
in the upper half of the complex plane. This diffusive instability becomes more and more
pronounced at large temperatures where dissipative effects are more important. As a con-

sequence, the unstable diffusion region (pink color) is very thin at small 7" and becomes
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larger and larger for higher T'. By increasing the background shear strain e further, the
dominant instability is not anymore related to a diffusive mode but rather to a sound mode
(red region). This instability is the dominant one at low temperatures and the only one
surviving at T' = 0. By increasing the temperature, larger values of the strain are necessary
to make this second instability the dominant one.

Interestingly, our phase diagram shares strong similarities with that obtained in [57] for
a relativistic superfluid with background superflow and weakly broken translations (Fig. 2
therein). The background shear strain e plays the role of the superfluid velocity ¢ as it
similarly acts to destabilize the long-range order of the initial system. This analogy might
suggest that also in our case the origin of the instability might be thermodynamics — a
thermodynamic susceptibility becomes negative at a critical value of the background strain.
Qualitatively similar results are observed for V(X,Z) = XNZM with 5 — 2N —4M < 0

and M # 0. In contrast to the previous case with M = 0, at large strain deformation, the

3N
2M+N*

Therefore, our work shows that the same instability pattern emerges both in the shear

stress-strain relation now displays a rich power law behaviour G ~ € with v =

softening v < 1 and shear hardening v > 1 cases.

5 Outlook

In this work, we have performed a numerical study of the linear excitations in holographic
homogeneous solids with background shear strain e. We have considered a large class of
systems [13] and analyzed in detail the behavior of the quasi-normal modes at finite tem-
perature, zero charge density and finite €. Surprisingly, we have found that the simplest
HHS with potential of the form V(X) = XV (N > 3) [2] are stable under linear per-
turbations independently of the value of the background shear strain. This suggests that
instabilities under mechanical deformations can arise only at nonlinear level and would
require a more sophisticated analysis which goes beyond the linearized equations of motion
and quasi-normal modes.

On the contrary, for more complicated potentials of the form V(X,Z) = XN ZM we
have found a rich structure of instabilities which can be either diffusive or sound-like.
The first type corresponds to a diffusion constant becoming negative; the second, to a
speed of sound becoming complex. For small values of the shear strain €, we observed that
the diffusive mode is the most unstable excitation and this becomes more prominent by
increasing T', which naturally enhances dissipative effects and diffusive processes. On the
other hand, for larger values of the shear strain, the dominant instability concerns a sound
mode, as previously envisaged in the zero temperature field theory analyses [24].

Interestingly, the phase diagram constructed in this work (right panel of Fig. 9) shares
intriguing similarities with that of a relativistic superfluid with weakly broken translations
and background superflow [57], where the superfluid velocity ¢ plays the role of the shear
strain e. It is feasible that also the instabilities revealed in this work have thermodynamic
origin, and correspond to a thermodynamic susceptibility getting negative at a critical
value of the strain e.
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There are several open questions and point which deserve further attention and future
investigation.

e Our analysis has been mainly focused on the numerical study of the quasi-normal
mode frequencies. In order to understand in more detail the origin of the revealed
instabilities, it is necessary to write a hydrodynamic theory for systems with sponta-
neously broken translations under background shear strain. This would represent a
generalization of the hydrodynamic framework reviewed in [3] in presence of a back-
ground shear strain € which breaks the underlying rotational symmetry. Such analysis
would clarify whether the aforementioned instabilities have a thermodynamic origin
as in the case of superfluids with superflow [57].

e We have limited ourselves to the study of the linear dynamics. This does not allow
to identify the endpoint of the instabilities and the resulting final equilibrium phase,
which is expected to be inhomogeneous. In the same direction, we do expect that the
linearly stable models V(X) = X will develop nonlinear instabilities which are not
visible in the linear regime. In this sense, the XV models could be driven to inhomo-
geneous phases by the background shear strain but only under finite, and eventually
large perturbations. It is plausible that the unstable dynamics related to these mod-
els are similar to bubble nucleation processes [58-61], with a finite activation energy,
while those related to the linearly unstable models (with either diffusive or sound
instabilities) are more akin to spinodal decomposition (see for example [62-64]).

e A physical interpretation for these instabilities is still missing. In particular, the
question whether these instabilities are related to any emergent plasticity or to the
formation/dynamics of defects in these solids is still open. Here, we limit ourselves
to notice that the same unstable dynamics are observed for holographic potentials
corresponding to brittle and ductile stress-strain curves. This suggests that these
instabilities do not depend on the UV microscopic physics (which is certainly very
different for brittle and ductile materials) but only on some more universal IR fea-
tures.

e In this work, we have limited our discussion to a benchmark potential of the form
V(X,Z) = XNZM_ This gives a monotonic stress-strain curve that has a linear
regime for small shear deformation and displays a power law behaviour G ~ €’
with v a constant for large strain deformations. It would be interesting to con-
sider more complex mechanical responses, such as mixed effects of shear softening
and shear hardening and a case with a “yielding” point, characterized by a maxi-
mum on the stress-strain curve. Moreover, our study can be extended to the case
of three-dimensional materials by introducing three massless axions and extending
the effective theory description appropriately. Despite we do not foresee fundamen-
tal difficulties, from a technical point of view the analysis is expected to be more
cumbersome.
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A Extended analysis

It is manifest that the effect of the background strain is to render the system anisotropic.
For completeness, in this appendix we show in more detail how sound speeds v 2, sound
attenuation constants I'; » and diffusion constant Dy in (3.2) and (3.3) depend on the shear
strain € as well as the propagation angle 6.

A.1 Model 1

For the simplest model V = X? that evades mechanical failure, all the hydrodynamic
coefficients as functions of 6 and € have been plotted in Figs. 10-11 with a fixed T'/ac = 0.8.
One finds that the anisotropy created by the background shear is of quadrupolar form and
it is most pronounced in the diagonal direction 6 = /4, # = 57 /4. This could be simply a
consequence of the geometric structure of the shear deformation.

In Fig. 10, we find that v; is enhanced in all directions and vy is enhanced in most
of the directions as the strain increases. More precisely, v; is enhanced most along the
diagonal direction, i.e., § = /4,57 /4. On the contrary, vy is only reduced close to the
diagonal direction. The attenuation constants I'y and I'y depend on € and the # in a more
complicated way. But anyway, we conclude that v;o and I'1 o are always positive, and
therefore the system evades the sound instability no matter how large the strain is.

For the diffusion mode, the behavior is similar to the attenuation constant I'; (see
Fig. 11). Importantly, the system also evades the diffusive instability.

A.2 Model 2

For the model with V = X2Z'/2 all the hydrodynamic coefficients in this model as a
function of 6 and e are presented in Figs. 12-13 with a fixed T'/a = 0.158. Similar to
the case above, the anisotropy has a quadrupolar form and is most pronounced along the
principal axis due to the geometric structure of the shear deformation. Nevertheless, the
angle dependence of those hydrodynamic coefficients are quite different from the previous
model.

For the sound mode labelled as number “1”, we find that v; and I'y are both positive
in all cases. For the sound mode number “2”, it is found that, when e ~ 4.91, vy approaches
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to zero firstly along 6 =~ 24°,66°,204° and 246°, suggesting the development of the sound
instability. Whereas, I'y always retains positive (even though it becomes very small when
the applied strain is large).

The diffusion is strongly affected by the shear strain. When ¢ ~ 1.74, the diffusion
constant vanishes firstly along 6 ~ 95°,175°,275° and 355°, which indicates the onset of
the diffusive instability.

U1
90°

Figure 10. The simplest solid model with V' = X3 at T//a: = 0.8: sound speeds v1 2 (top panels)
and sound attenuations I'y 5 (bottom panels) for different values of strain and angle. In all cases, it
is found that v 2 > 0 and I'; 3 > 0, which means that there is no sound instability.
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Figure 11. The simplest solid model with V' = X3 at T'/a = 0.8: diffusion constant Dy, for different
values of strain and angle. In all cases, we find that D4 > 0 which implies that there is no diffusive
instability.

180°

180°

Figure 12. The solid model with V = X2Z1/2 at T/a = 0.158: sound speeds v; » (top panels) and
sound attenuations I'i o (bottom panels) for different values of strain and angle. It is found that,
when € & 4.91, the sound mode number “2” becomes unstable along 6 ~ 24°,66°,204° and 246°
firstly.
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Figure 13. The solid model with V = X2Z1/2 at T/a = 0.158: diffusion constant D, for different
values of strain and angle. It is found that, when e ~ 1.74, the diffusive mode becomes unstable
along 0 = 95°,175°,275° and 355° firstly.
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