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THE CONTINUUM LIMIT OF NON-LOCAL
FOLLOW-THE-LEADER MODELS

HELGE HOLDEN AND NILS HENRIK RISEBRO

ABSTRACT. We study a generalized Follow-the-Leader model where the driver
considers the position of an arbitrary but finite number of vehicles ahead, as
well as the position of the vehicle directly behind the driver. It is proved that
this model converges to the classical Lighthill-Whitham—Richards model for
traffic flow when traffic becomes dense. This also underscores the robustness
of the Lighthill-Whitham—Richards model.

1. INTRODUCTION

We study a generalized Follow-the-Leader (FtL) model for unidirectional traffic
of My vehicles on a single lane road given by

(1) = i( ! )

Tigjr1(t) — @ig; (1)

(1.1) +r %M)-%M) =1, M,

Here the position of the ith vehicle, each of length ¢, is x;(t) at time ¢. The system
(1.1) is closed by posing appropriate periodic boundary conditions, see later.

The velocity function v is a decreasing function that vanishes at maximum ca-
pacity of the road. Each driver considers the distances to the N vehicles ahead
and the one vehicle right behind. The impact of more distant vehicles is less pro-
nounced, and thus we assume that the constants c; decrease, i.e., ¢; > ¢j41 > 0. In
addition, the driver considers the distance to the vehicle right behind, and if that
becomes too short, the driver will speed up, and the coefficient x measures this
influence.

We show that as the length of each vehicle becomes smaller, £ — 0 and the
number of vehicles increases, My, — oo, while N is kept fixed, the distribution
of vehicles will approach the solution of the classical Lighthill-Whitham—Richards
(LWR) model [16, 17]

(1.2) pt + (pv(p))z =0,

where the density, or rather saturation, p is approximated by £/(z;+1(t) — z;(t)).
This is of course a scalar hyperbolic conservation law [13]. The result is independent
of the finer details given by /N and the coefficients c;, x, and shows the robustness
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2 HOLDEN AND RISEBRO

of the LWR model. As long as N remains unaltered in the limiting process, this
limit is distinct from the widely studied problem of non-local to local limit for
conservation law, see, e.g., [4, 5].

The model (1.1) is based on the following anticipated behavior: In general, the
longer the distance to the vehicle in front, the faster the drivers are willing to drive.
However, each driver considers the distance between successive vehicles ahead of
the driver. More weight is given to the vehicles close to the driver. By the same
token, the driver can look in the rear mirror and assess the distance to the vehicle
immediately behind. If that distance is shorter than the distance to the vehicle just
in front, the driver will speed up. This generalization of the FtL model is more
realistic than the traditional one, as it takes into account finitely many vehicles
ahead of the driver, and includes the observed fact that also the behavior of the
vehicle right behind you influences your actions.

More specifically, we are given coefficients c; > 0 that indicate the weight given to
the velocity between the jth and (j+ 1)th vehicle (as counted from the ith vehicle).
We assume that the influence drops with the distance, thus ¢; > ¢j41 > 0. The
driver is willing to consider IV vehicles. We have Z;‘v:o ¢; =1, and for convenience
we put ¢y = 0. Similarly, if the distance to the vehicle immediately behind is
shorter than the distance to the vehicle directly in front, the driver will speed up.
The impact of this is scaled by the numerical parameter £ > 0. This results in the
model (1.1).

There are two main classes of mathematical models for traffic flow, namely dis-
crete models based on car-following on the one hand, and, on the other hand,
continuum models based on the assumption of dense traffic for which the flow can
be described by a density, resulting in “traffic hydrodynamics” models. The di-
chotomy between microscopic and macroscopic models, or discrete and continuum
models, is of course one of the fundamental outstanding problems of mathematical
physics. The problem here is a considerably easier than the general problem, how-
ever, it allows for a rigorous analysis of the limit, as the number “particles” tends
to infinity.

There is a wide range of car-following models dating from the late fifties and
early sixties, see [3]. We here generalize a Follow-the-Leader model based on what
is called safety-distance models or collision avoidance models, as a feature of this
model is that it is collision-free. On the other hand, the LWR model [16, 17] has
been, and still is, the prevalent continuum model. A consequence of the analysis
in the present paper is that even for the generalized FtL model presented here, the
scaling limit remains the LWR model, and this offers yet another justification for
the LWR model.

By now there are several ways to show that the standard FtL. model converges to
the LWR model, the first one being [10]. The realization that the Follow-the-Leader
is nothing but a semi-discrete approximation of the LWR in Lagrangian coordinates
simplified the proof considerably, see [14, 15]. See also [I, 2, 7, 9, 18, 12, 19, 11]
and references therein. There are also proofs in the setting of traffic on a network

[6, 5].

Let us now describe the content of this paper. We introduce the short-hand no-
tation Aya; = £(a;41 —a;) and @; = Z;V:O cja;qj. If we define v; = v(¢/(z;41(t) —
z;(t))) = v(¢/Ayx,(t)), the model (1.1) takes the compact form
(13) ZL’Z(t) =0; + HA,’UZ'.

It turns out that it is convenient to introduce the Lagrangian variable y;(t) =
A z;(t)/¢, and then we find the following equation
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with V(y) = v(1/y), and hence V; = V(y;) = v;. Note that for N = 1 we recover
the traditional FtL model.

The proof that the FtL model converges to the LWR model proceeds as follows:
To avoid technical complications associated with boundary terms, we consider the
periodic case. More precisely, we impose in equation (1.4) that

YitM, =Yi, 1€ L.
We first analyze the equation for y;. By introducing a spatially piecewise con-

stant function y, using the values y; and a fixed grid in space of size M, = 1/¢,
cf. (3.7), we can show that

|ye(t, ')‘BV([OJ]) < 1ye(0, ')|BV([071])a llye(t, -) — (s, ')”Ll([o,l]) <Clt—s|.

Furthermore, if we have another solution z;(t) of (1.4), we get stability in the sense
that
It ) = 2eCts Mg o.y < e ) = 2600, )l e oy -

This suffices to obtain strong convergence y, — y in C([0,77]; L*([0,1])) as £ — 0.
However, as we are interested in the Eulerian formulation in terms of the den-
sity p, we simply define p;(t) = 1/y;(t), and derive the corresponding equation
for p;(t), and translate the properties from y; to p;. We introduce the function
pe(t,x) = wal pi(®)I;(t,x) where I;(¢,z) is the indicator function of the time-
dependent spatial interval [x;(t),z;+1(t)). Since y; is periodic, the corresponding
pi will be periodic in Eulerian coordinates, with some period P, see equation (2.7).
We ensure that we stay away from vacuum by assuming that pg > v > 0. Then we
can prove, cf. Lemma 3.1,

inf po < pe(t, ) < sup po,

1
|pe(t, )|BV ([0,P)) = |P0\Bv([o P
et ) — pets, s opy < Cli— sl

Observe that we get the somewhat unexpected constant 1/v? in the estimate for
bounded variation. This is the case provided N > 1; in the classical case N =1
the constant is replaced by unity.

These estimates establish the existence of a limit p € C([0,T]; L*([0, P])) N
L*>([0,T]; BV ([0, P))), cf. Corollary 3.4, as £ — 0. Here L*([0,T]; BV([0, P]))
denotes the set of functions u = u(¢, z) with

sup [u(t, - ) gy (j0,p)) < ©-
t€[0,T]

It remains to show that the limit equals the unique weak entropy solution of the
LWR equation (1.2), which means that it satisfies, cf. Theorem 4.1,

/ / p)er + q4(p)er) dxdt+/opn(p0)<p(0,x) dz >0

for any non-negative P-periodic test function ¢ € C2°(]0,00) x [0, P]). Here n is a
convex (entropy) function and ¢ is the entropy flux, satisfying ¢’'(p) = n'(p)(pv(p))’.
This shows that p is indeed the unique weak entropy solution of the LWR equation.

2. THE MODEL

Consider M, identical vehicles on a unidirectional, single lane road with initial
positions z1(0) < x2(0) < -+ < xp,(0) where x;11(0) —z;(0) > ¢, with £ > 0 being
the length of each vehicle. The velocity v is assumed to be a decreasing Lipschitz
function of a single variable. The “non-localness” enters the model in the following
way.
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Given constants c; for j =0,...,N
N
(2.1) dYei=1, > >eno120, ey =0,
§=0

we define for any sequence a;

N
(22) a; = chaiJrj'
7=0

Furthermore, we define the traditional shift operators as follows
(23) Aiai = :l:(ai:tl — (Li).

Observe that we have, by applying summation by parts, that

N
Aya;=Ara; = Z ¢j (aipjr1 — @irj) = —coa; + Z Cj—1 — Cj) Gitj

j=0

(2.4) .
Z —¢j-1) — Qi) ZA cj(aivs — ai).

Jj=1

Given a Lipschitz continuous non-increasing velocity function v: [0,1] — [0, 1]
with v(0) = 1 and v(1) = 0, we assume that the dynamics of the ith vehicle is given
by

.i‘i(t):ZCjU( — ¢

Tigjr1(t) — @it (1)
/ /

(2.5) N H(v(xi+1(t) —w) "G xi_l(t)))’ 1€ 2

with Z, = {1,..., M}, and & is a positive constant. With the introduced notation
we can write (2.5) compactly as

(26) I’Z(t) =v; + KZA_’UZ',

with v; = v(¢/A;z;(t)). To avoid technicalities connected with boundary condi-
tions, we assume periodicity. More concretely, we assume the existence of a positive
P such that

(2.7) Ziym, (t) = x;(t) + P for all i € Z and all ¢.
As in (1.4) we write y;(t) = Aya;(t)/¢, which implies that (2.6) takes the form
(2.8) Cy(t) = ALV + kALALY;, Q€ Zy,

where V(y) = v(1/y), and hence V; = V(y;) = v;. Note that y;4a, = y; for all 4.
This gives a finite-dimensional system of ordinary differential equations, and (local
in time) existence of a unique solution follows from standard theory. Clearly, V is
increasing and V': [1,00) — [0, 1].

3. THE CONTINUUM LIMIT

Next we will study the limit when ¢ — 0.
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3.1. Entropy estimates. Inspired by conservation laws, let (1, Q) be an entropy/entropy
flux pair, i.e., 7 is twice continuously differentiable and convex, and @ is defined by
Q' =n'V’'. We multiply (2.8) with n’(y;) and use (2.4) to obtain
d
(oo =1 (W) A Vi 4 50 (i) A+ AV

=ALQi+ 7 (1) ALV — ALQ;
+ &AL (10 (y) A-V;) — K (An (y:) (A+ Vi)

=

=ALQi+ Y (e — ) [ W) Vi — Qi) — (0 (i) Vi — Q)]
i—1

+rAL (0 () A-Vi) — & (A (y:) (AL V)

=

=ALQi+ Y (¢ —cj1) Hyi,yirj)
i=1

+ Ay (1Y) A-V;) — k5 (Ayn'(y:) (AL Vi)
where
H(a,b) = [('(a)V(a) - Q(a)) — (' (a)V(b) — Q(D))]

b

- / "0 (@) — o (0))V'(0) dor / (1 (@) — 7/ (0))V"(0) do
0

:/( (o) — 1 (@)V'(o da—// 1) duV' (o) do > 0.

Here we have written, in obvious notation, n; = n(y;), @i = Q(y;). Furthermore,
we get

N
=D (Acy) H{yi, yiy)+r (Ay (1) (Ay Vi)

j=1

d
2,
(3.1) "
= A+@ + I{AJr (n/(yz)Af‘/z) )

and since ¢; < ¢j_;1, we see that the second term is non-negative. Furthermore,
since ' and V are both increasing functions, also the third term is non-negative.
This entropy equality immediately implies the entropy inequality

d _
(3.2) b < AQi+ kAL (' (yi) A-V3)

and by an approximation argument, this is valid for any Lipschitz continuous convex
entropy 1. Hence

(33) SO () <0

1€Zy
Choosing

00 = (v intu®) " and 1) = (5 -s0)

where a* = (|a| + a)/2, implies that

inf 3;(0) < yi(t) < sup y;(0),

€2y i€,
for any positive t. Incidentally, this shows that the systems of ordinary differen-
tial equations, (2.6) and (2.8), both have unique global solutions for ¢ € (0, c0).
Furthermore, it shows that the model does not allow for collisions.
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Consider next another solution z;(t) of (2.8) with initial data z;(0). Subtract the
equation for z; from the corresponding equation for y;, and multiply by sign (y; — z;)
to get

f% lyi — 2i| = Csign (y; — 2) % (yi — zi)
= sign (yi — 2) A4 (V (i) — V(21))
+ wsign (y; — zi) A_AL (V(yi) — V(2))
N
= sign (y; — 2) Y (¢ — ¢ 1) [(V(wi) = V(2:) = (V(yins) = V(zi45))]
=1
+ kAL (sign (i — 20) A (V(y:) — V(2)))
=k (Aysign (yi — 2:)) (Ap (V(yi) — V(2:)))
N
<Y (e =) (V) = VI(z)| = [V (©ies) = V(zigs)]
i=1
+ kA (sign (yi — 2i) A—(V(yi) — V(2)))
(3.4) = A4V (yi) = V()| + cAq (sign (i — 2z:) A-(V(yi) — V(21))) ,

where we used the fact that ¢; < ¢;_1 to get the inequality. In addition, we used
that

(A sign (yi — 2)) (A4 (V(y:) — V(2i))
= (Aysign (V(yi) — V() (A (V(3:) = V(2:))) 2 0,
as both the signum function and V are increasing functions. This immediately gives
the stability estimate

(3.5) Y lyit) — (D] < £ i(0) = 2:(0)]
1€EZy €2y

for any t > 0.
Choosing z; = y;—1 yields a bound on the variation of y;, viz.

(3.6) S nit) — gia (0] < 3 19:(0) — i (0)].

1€y 1€EZy
It is convenient to view y; as a spatially 1-periodic function. Define fori =0, ..., M,
the quantities ¢; = i/My and I; = [(;, (;+1). Then we let
(3.7) ve(t,Q) = Y (D11, (C)
€2y

where 4 is the indicator function of the set A. Using this, (3.5) and (3.6) read
lye(t, ) = ze(t, ooy < Nye(0, ) = 2e(0, )l o,y and [ye(t, gy oy <

19¢(0, )| Bv((0,1]), Tespectively.
Next we consider the time continuity of the approximate solution. Let now
t > s > 0, and calculate

lyet, =) = yels, M prgoy) =4 Z lyi(t) — yils

1€Zy
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V(yi(r)) + 5D AV (yi(7))| dr

1€,
<Vl Z/ 5| + 2612 ()] dr
€2y
(38) <Vl (0 4+ 26 [0, gy (¢ 9).

so that the map ¢ +— y,(t, - ) is Lipschitz continuous in L!. Here we used that

N N
lalpy = Z |Ayai| = Z’ZCjA+ai+j’ < Z ch |ALaiqj]

i€ Ze i€Zs j=0 i€Zy j=0
N N

(3.9) => > |Avai| =Y cilalgy = lalgy -
j=1 i€z, =0

Note that the total variation is computed on Dy.
Recall that ¢M, = 1, from the estimates (3.5), (3.6), and (3.8) we can conclude
the strong convergence

ye — y in C([0,T]; L*([0,1])) as £ — 0,

as £ — 0, see [13, Thm. A.8].

At this point we could have shown that the limit y is the unique entropy solution
of the conservation law y; — V, = 0, subsequently transfer the result to Eulerian
coordinates, and finally show that the corresponding density, or rather saturation,
is an entropy solution of the LWR model.

However, we shall do this directly for p in the Eulerian setting. To this end, we
define p;(t) = 1/y;(t). Applying equation (2.8) we find
. A_._@i A+A_Ui
pi == i<A+LUZ' Tt AJF.’L‘,L‘ )’

(3.10)

for t > 0, using p;(t) = ¢/Ax;(t). Observe the straightforward transition between
the Lagrangian formulation (2.8) and the Eulerian formulation (3.10), sharply con-
trasting the cumbersome transition in the continuum case.

Next we define the appropriate initial data. Assume that we are given a non-
negative P-periodic function py € L1([0, P]) N BV ([0, P]), such that po(z) € [v,1]
for all z, where v is some small positive number. This last assumption excludes

vacuum.
Choose

1 P
My, € N, and define ¢ = —/ po(x) dx.
]»12 0

Let x0(0) = 0 and define z;11(0) inductively by

i+1(0)
(3.11) / po()dé=¢, i=0,...,My,— 1.
mi(O)

Next, we set
14 1
7i41(0) — xz(()) yl(O)’
extending it periodically by p;1as,(0) = p;(0) for ¢ € Z. Finally, we define p;(t)
(

as the solution of (3.10) with initial data p;(0) defined by (3.12). We can then
introduce

(3.13) pet, ) = pi(t)Li(t,

1€Z

(3.12) p:i(0) = i=1,..., M,
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where I;(t,7) = Ijz,(6),2.,.(¢))(2). Note that I; and I, are distinct. Observe that
at this point the variable y; is superfluous; it is used only as a tool to obtain the
convergence. Converting the above calculations we get the following result.

Lemma 3.1. Let p; fori € Z; be defined by (3.10), and pe(t,z) by (3.13). Assume
also that ps(0,x) = peo(x) > v >0 for all £ >0 and x. Then

(3.14) inf po < pe(t, ) < sup po,
- 1 -
(3.15) > pilt) = pilt)] < = > lpio = piol,
i€Z, i€Z,
1
(3.16) lpe(t, ')‘BV([O,P]) < 2 |P0|BV([0,P])7
(3.17) lpe(t, ) = pe(s, lpaqo,pp < 201+ 28) [[0]| o (¢ = 5),

for all0 < s <t. Here p; and p; are two solutions with P-periodic initial data pgo
and pg,o, respectively.

Remark 3.2. Estimate (3.15) follows directly from the corresponding estimate
(3.5). However, this estimate cannot directly be expressed in terms of the L'-norm
in Eulerian coordinates.*

Proof. The inequalities (3.14), (3.15), and (3.16) all follow from the corresponding
inequalities for y,, using that p; > v.
To prove (3.17), let w. be a standard mollifier and define

(3.18) Xt x) = / " (a0 — 2t) — welo — 2541 (1))) dor

and
pi(tx) = pilt)x; (1, @).
Using that
O E(a) = Ay fwnle — ) (74 RA )],
we get

Opf(z,t) = Z o (pix; (t,x))

. £ 8 £
= Z pix; (1) + pig X (1 )

K2
AT + KALA _v; _
= Z _Pi( + + )Xf(t,x) + pi Ay [we(x — 2;)(T; + KA_v;)].

A+1L’i

Consequently

t
£ t, ) A€ , = H/ a ° y * d ‘
et ) = pe(s, Murgo.ep = || | derilor -)dof| | o

t P
s// 0upi (0, )| o
s 0
t P _
|[ALT; + KALA ;| .
g/z/ L gt

+ pi |A4 [we(z — 24)(T; + /@A_vi)ﬂ} dzdo.

We are grateful to Halvard O. Storbugt for pointing this out.
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Now we can send ¢ to zero to obtain
t
loett, ) = pelsy Mz oy < / S [ (183 + 516 A wi)

¥ i (AT + 5 |A+A_vi\)] do
<2(1426) V']l (t = s),
where we have used that p; <1 and (3.9). O
Remark 3.3. It is natural to ask whether (3.14), (3.15), and (3.16) can be proved
directly from the scheme for p;, i.e., from (3.10). Using elementary techniques, this
is easily accomplished for (3.14). For (3.15) and (3.16) one would hope to eliminate
the constant 1/v? (in fact, one would surmise that the constant would equal unity).

However, we only managed to prove (3.15) and (3.16) with constant unity if N = 1.
To do this we rewrite the equation (3.10) for p; as

tpi = —p; Ay (v; + KA_v;),
where we have used p; = {/Ayx;. Then we have

d : .
C— |pi — pi—1] = sign (A_p;) A_p;

dt
= sign (A_v;) A_ (p?Ayv;) + wsign (A_v;) A_ (P AL A ;).

We sum over i € Zy, and consider each term on the right separately. For the first
term we get

Zsign (A_v;) A (piALv;) = Zsign (A_v;) (pFA4v; — pi_ 1 A_v;)

= Z sign (A_v;) p?A v — p? | Ay v 0.

As to the second term

Zsign (A_v;) A (pfALA_v;) = Zsign (A_v;) (PFALA_v; — p? [ A_A_v;)
= Zsign (A_w;) (pf (Ayv, — A_v;)

— iy (A-v; — A,vi,l))
(3.19) = Z P2 [A v, — A_w;] (sign (A_v;) —sign Ay v;) < 0.

Thus J
pn lpe(t, ) gy <0,

and (3.16) holds with constant equal to 1. We investigate the general case N > 1
numerically. A natural numerical scheme consists in solving (2.6) by the FEuler
method, i.e., replacing (2.6) by

(3.20) é (@i(t + At) = ;(t)) = vi(t) + KA _v;(2),

where we must choose At < ¢ in order to avoid collisions. We choose k = 0,
N =10, ¢; =1/10 for j =0,...,4, L =1/45, At = { and initial data given by

(z) = 1.0 |z| < 0.5,
ro ~]0.05 otherwise,

for x in the interval [—2,2], and extended periodically. From Figure 1 we see that
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Saturation/position of cars, t = 1.00 Total variation of py(t,-)

FIGURE 1. Left: pg(1, ), the red circles at the bottom indicate
the position of the vehicles. Right: The total variation of py as a
function of ¢ € [0, 4].

pe develops large oscillations, and that it most likely is not true that |pe(t, - )| gy <
lpo| gy for the model specified by (2.6) when N > 1.

Corollary 3.4. Under the same assumptions as in Lemma 3.1, for any T > 0
there exists a function p € C([0,T]; L*([0, P])) N L>=([0,T]; BV ([0, P])) such that
(up to a subsequence)
lim pe = p.
4. THE LIMIT

Having established the existence of the limit of p; to a function p as £ — 0
in Corollary 3.4, we now need to show that the limit is the unique weak entropy
solution of the LWR equation, that is,

(4.1) /000/0 (n(p)et + a(p)ez) dxdt—i—/o 1n(po)p(0, ) dz >0

for all non-negative P-periodic test functions ¢ € Cg°([0,00) x [0, P]). Here n is a
convex (entropy) function and ¢ is the entropy flux, satisfying ¢’(p) = n'(p)(pv(p))’.

Theorem 4.1. Let v be a Lipschitz continuous non-increasing velocity function
v: [0,1] — [0,1], with v(0) = 1 and v(1) = 0. Let P > 0 and py € L'([0, P]) N
BV ([0, P]) be P-periodic such that po(z) € [v,1] for all x for some v > 0. Define
x;(0) by (3.11) for i € Zy, and let z;(t) be defined by (2.6).

Define p; fori € Z; by (3.10), and pe(t,x) by (3.13) for £ > 0. Denote the limit
as £ — 0 of pe(t, ), granted by Corollary 3.4, by p with p € C([0,T]; L*([0, P])) N
L*>=([0,T]; BV (][0, P])). Then p is the unique weak entropy solution of the scalar
conservation law

(4.2) pr+ (pv(p))e =0,  pli=o = po-
Proof. Let (1, q) be an entropy/entropy flux pair. We define

ne(t,z) = Zm(t)ﬂi(tw),
n?(tvr) = Zni(t)X?(tvx)a

where, in the obvious notation, n; = n(p;), and x5 is given by (3.18). The dynamics
of n; is given by

ALT; + kA LA _v;
O ) ) + Vs + [
7i n' (pi)pi Ao :
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Fix a nonnegative test function ¢ and calculate

e’} P
/ / ngpr dadt
0o Jo

P %) P
:—/ 75 (0, 2)(0, x) dx—/ / Onip dadt
0 0 0
P e’} P a
__ e da — XE 4 iy S ) o dasdt
/O 1z (0,2)¢(0,z) dx /0 /O Z(n Xi + 1 atx7,><p T
P
[ i 0.2)00.0)do
0

- /Ooo /OP Zz: [(—n’(m)pi 4% Zii:A_% )Xf

(4.3) + Ay (we(z — ;) (T; + ﬂA,vi)}} pdxdt.

Next we want to take the ¢ — 0 limit. To that end, we consider some of the terms
separately. We have

P AT + KALA v, c
/O Z(—n’(m)pi Az, )Xﬂﬂdﬂ?

=y /MI (—n’(m)m B4 Z'ﬁfAvi ) pdx

= Z(-U/(Pi)Pi(AJﬁi + %A+A—%‘)>%+1/2

where

1 Tit1
Pit1/2 = A / pdz.

+Z4
Furthermore, we will use

P
0

P
= / DA [we(x — 2;) (U; + KA_v;) @] da
0

e—0

— Ay (Ui + KA_v;) i]

with o; = @(t,2;(t)). Note that while ¢; /; is defined by a spatial average, ¢; is
given as a pointwise value. This yields that the limit as ¢ — 0 in (4.3) satisfies

e’} P
/ / Newy dxdt
0 0
P
= —/ 1¢(0,2)(0, ) dx
0
_ /O (Z(_n’(pz)pz(A+@Z + HA+A,UZ‘))()OZ-+1/2
+ iy [+ KA_v;) 64]) dt
P
=~ [ 0.0)p(0.2) ds
0

+/ > (Pm/(Pi)A+@90i+1/2 — iDL Vipit1 — iV AL
0y
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K (AL A ;) (pin (pi)iv1s2 — Nipi) ) dt.
Next we want to replace ;12 and ;11 with ¢;, and by doing so, we will

introduce an error term of order O(f). First observe that

|<Pi+1/2 wi| < 5 02lloo Atzs < 2 ||<Px\|oo,
AL = [pi — piv1| < Mlpalloo Arws < ; ¢zl oo

since ’

Ajzi(t) < supyi(t) < —

i 14

where [|¢z[oo = 02l oo ((0,00)x [0, P])-
For the relevant terms we add and subtract ;. Thus

| S oot (03 Filpiaaya = @) di] < s 1 DIT Y 1847 ol

pE|O0,

T¢ _
< sup |7 (p)] — ll¢zllo [l 5y
p€[0,1] v

TC
< sup [0 (p)| = N@allo 1Vl 10e(ts )| gy
p€E[0,1] v

IN

T¢
sup [17'(0)] =5 llpzlloo 1Vl [P0l 5y = O(8),
pE[0,1] v

where we used that p, € [0,1], (3.9), (3.16), and T > 0 is such that ¢(t,z) = 0 for
t > T and all z. Next, we find

o _ T¢
[ S masntom - eod| < sup )] 35 el 191 ol = 00
0 P p€l0,1] v
by the same estimates as above. Finally, we consider

TY
. S (A A )l () = @) ] < s 0 gl 2l

p€[0,1]
T/
< sup [ (p)] V']l [P0l gv — = O(0),
p€[0,1] v

as in the estimates above. Thus

o) P P
/ / Nespr ddt = —/ 1e(0,2)(0, z) d
0 0 0

+/0 > (pm’(m)Aﬂiwi — iDL Vi — ViDL

(4.4) + 1 (AL Av) (i (i) =) 1 ) dt + O(0).

Define h(p) = pn’(p) — n(p) and note that h'(p) = pn’'(p) > 0. Using this, the last
term above equals

Z(AJFA_%) pih; = — Z A_v;A_(hipi)

i

= — Z (A,’UiAfhi Wi—1 + hiAfviAfQOi)

==Y A A_pil!(pi) i1+ O0)

> O(Z),
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for some p; between p; and p;_1. We used the nonnegativity of the test function
and that A_v;A_p; < 0 since v is non-increasing in p.

We want to replace the term n;7; by (70);, and this invokes an error of O(¢), as
the following computation reveals.

‘/ Z 1V — N, A+<Pz dt' = ’/ ZZC] = Nitj UH—JA+901 dt‘

N j—1

o0
- ‘/ ZZZCJ‘ (771’+k - 77i+k+1)vi+jA+(Pi dt)
0 i j=0k=0
= ””Hoo/o ZC] ZZ Ntk — Nitrt1| [Dgs| dt
k=0 1

¢ .
<Pollclieal [ b0l Y ey
0 =0
¢ T l
< ol Bl 3 W [ 10005y 3 s
=0

N
l ,
STl Iealloo — 17 Nl lo0l 5y D des

5=0

(4.5) =0(0).

Thus we find that (4.4) can be re-written as

oo P P
/ / Nepr dxdt > —/ 7¢(0, 2)p(0, z) dx
o Jo 0
[e§] o) P
(4.6) [ o) = m) dsmipit = [ [ ) e dudt + 00)
0o 5 o Jo

In order to understand the convective term we compare this with the term involving
the entropy flux. We define

q(t, ) qu qi(t) = q(pi(t)),

which implies that

e’} P o) oo
/ / qggpxdxdt:/ Zinerdt:/ S 04 prdt+ O(0)
0 0 0 f 0 p
(4.7) = / > ALgupidt+0O(0),
o

where we have replaced ¢; by g;, resulting in an error of order O({), from the
following computation

‘/ Z A+<pzdt’—‘/ ZZCJ )]
/ ZZC] @i — Qitj| [Ay il dt

1 g=0
N

¢ .
< Tlerlloo 16 lloc o0l D des
=0
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= 0(0),

similarly to (4.5). The observant reader will also have noticed that we have replaced
©Yit+1 by @; in (4.7), which also yields another O(¢) error.
Adding (4.6) and (4.7) we get

o) P P
/ / (Wgﬁt + qupx) dxdt + / 1¢(0, ) (0, z) dz
o Jo 0

> /000 ; [(pm’(m) —ni) AL — A+§Z} i dt — /000 /OP (M0), oz dzdt + O(F),

€4

and it remains to estimate the term e;. To that end we find, using the formula
(2.4), that

€ = — Z A_c;[(pin' (pi) = mi) (Wivj — vi) = (Givs — @)

== A /M <(p“7/(ﬂz'> — i) v'(s) =/ (s)sv'(s) — n’(s)v(s)) ds
P ;
N Pit
= Z A_g; / (U/(S) (pin'(pi) — sn'(s)) — miv'(s) — n'(s)v(s)) ds
=— i A_c; /ppi+j (U'(s) /spi di(an’(a)) do —n'(p;)v'(s) — n’(s)v(s)) ds
T ﬁ: A-gj / - (v /sm o' (o) + /(o) dor =1 (pi)0! (5) = 1 (s)(s) ) ds
= i A_c; /:Hj /ps v'(s)on” (o) dods
]71N Pitj
- Z Acj / 0'(8)(mi — n(s)) — miv' (s) — 0 (s)v(s)) ds
Sy [ )+ vl ) as
J;[l
= Z A_cj (VigjNivs — vini)
j=1
= —A4 (),

In the inequality we used that A_c;v'(s) > 0, as both ¢; and v are non-increasing,
pi and p;; are positive, and finally (o) > 0.
Therefore

e8] P P
/ / (nepr + qepa) dadt + / 1¢(0, ) (0, z) dz
o Jo 0
e oo P
> / Z eipidt — / / (M0), pu dadt + O(L)
0o o Jo

oo o oP
S 7/0 ;AJr (@7); i dt*/o /0 (770) 4 o dazdt + O(X)
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) co pP
:/0 XZ_:(UW%A—% dt */O /O (70), ¢ dazdt + O(L)
=0(0),

and by taking ¢ — 0, we obtain (4.1). By standard theory, see, e.g., [13, Thm. 2.14],

it follows that p is the unique weak entropy solution. O
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