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Abstract

In this paper, we introduce the spectral Einstein functional for perturbations of Dirac operators on manifolds
with boundary. Furthermore, we provide the proof of the Dabrowski-Sitarz-Zalecki type theorems associated
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1. Introduction

An eminent spectral scheme, yielding geometric objects on manifolds, including residue, scalar curva-
ture, and various scalar combinations of curvature tensors, is the small-time asymptotic expansion of the
(localised) trace of heat kernel |4, |5]. The theory exhibits profound and rich structures, spanning both
physics and mathematics. In the recent paper |2], Dabrowski etc. introduced bilinear functionals of vector
fields and differential forms, the densities of which yield the metric and Einstein spectral functionals on
even-dimensional Riemannian manifolds, and they obtained certain values or residues of the (localised) zeta
function of the Laplacian arising from the Mellin transform and the coefficients of this expansion.

Consider E as a finite-dimensional complex vector bundle over a closed compact manifold M with
dimension n, the noncommutative residue of a pseudo-differential operator P € W DO(FE) can be defined as

res(P) := (2#)7"/ trace(of (z,€))dadE, (1.1)

S*M

where S*M C T*M represents the co-sphere bundle on M and of, is the component of order —n of the
complete symbol

ol = Zof (1.2)

of P, as defined in [6+9], and the linear functional res : ¥DO(FE) — C is, in fact, the unique trace (up to
multiplication by constants) on the algebra of pseudo-differential operators Y DO(E).

In [10], Connes used the noncommutative residue to derive a conformal 4-dimensional Polyakov action
analogy. Connes proved that the noncommutative residue on a compact manifold M coincided with Dixmier’s
trace on pseudodifferential operators of order -dimM[11]. Furthermore, Connes claimed the noncommutative
residue of the square of the inverse of the Dirac operator was proportioned to the Einstein-Hilbert action
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in |11). Kastler provided a brute-force proof of this theorem in [13], while Kalau and Walze proved it in
the normal coordinates system simultaneously in |14], which is called the Kastler-Kalau-Walze theorem
now. Building upon the theory of the noncommutative reside introduced by Wodzicki, Fedosov etc. [15]
constructed a noncommutative residue on the algebra of classical elements in Boutet de Monvel’s calculus
on a compact manifold with boundary of dimension n > 2. With elliptic pseudodifferential operators
and noncommutative residue, it is natural way for investigating the Kastler-Kalau-Walze type theorem
and operator-theoretic explanation of the gravitational action on manifolds with boundary. Concerning
Dirac operators and signature operators, Wang performed computations of the noncommutative residue and
successfully demonstrated the Kastler-Kalau-Walze type theorem for manifolds with boundaries [16-18].

Jean-Michel Bismut [19] previously established a local index theorem for Dirac operators on a Riemannian
manifold M, specifically those associated with connections on T'M with non zero torsion. In [20], Ackermann
and Tolksdorf demonstrated a generalized version of the well-known Lichnerowicz formula. This extended
formula applies to for the square of the most general Dirac operator with torsion D on an even-dimensional
spin manifold, associated to a metric connection with torsion. In |21, Pfiffle and Stephan focused on
compact Riemannian spin manifolds without boundary equipped with orthogonal connections, and delved
into the induced Dirac operators. Furthermore, Pfaffle and Stephan investigated orthogonal connections with
arbitrary torsion on compact Riemannian manifolds, they computed the spectral action for the induced Dirac
operators, twisted Dirac operators and Dirac operators of Chamseddine-Connes type, as detailed in their
work|[3]. In [22], J. Wang, Y. Wang and C. Yang calculated the lower dimensional volume \/R};e/s[w*‘(D})_pl o
7t D;P?] and derived a Kastler-Kalau-Walze type theorems associated with Dirac operators with torsion on
compact manifolds with boundary. In [28], the authors generalized the results in [2], [17], [21] and obtained
spectral functionals associated with Dirac operators with torsion on compact manifolds with boundary. In
[1], Wang considered the arbitrary perturbations of Dirac operators, and established the associated Kastler-
Kalau-Walze theorem.

The aim of this paper is to extend and generalize the results in [2], [28] and focusing on obtaining
the spectral Einstein functional for perturbations of Dirac operators on compact manifolds with boundary.
Specifically, for lower dimensional compact Riemannian manifolds with boundary, we compute the non-

commutative residue Wres [ﬂ'*‘V}I'(V;I}D;Q o 7T+D;2] and Wres [W+V}I’(V$D\;1 o 7T+D;3:| on 4 dimensional
manifolds. Our main theorems are as follows.

Theorem 1.1. Let M be an 4-dimensional oriented compact spin manifold with boundary OM , then we get
the following equality:

_ An? m S(TM)

=— | EGX,Y)vol, + 5 trace | c(X)Vy (c(1))

Wres [ﬁv%vgpy o 7r+Dg,2]
M M

b TR o)) X) = o)A ) — TR (e ol + 5 [ tracel g

+ Z %c(\lf)c(ej)c(\ll)c(ej) - (c(\I/))Q]g(X, Y)dvol +/ D, (1.3)

oM

where ® are defined in 743

Theorem 1.2. Let M be an 4-dimensional oriented compact spin manifold with boundary OM , then we get
the following equality:
47{'2 2

EG(X,Y)vol, + % trace [C(X)vi(”“ (c())

Wres [W"’V}I’(VEIiD‘I,l o 7r+D‘1,3] =3
M M

+ Vi(TM) (c(\I/))c(X) — c(Y)Vf((TM) (e(P)) — Vi(TM) (c(\Il))c(Y)} dvolys + % / trace[is

b3 eIl )e(Peles) — () I (X Vvl + [ B (14)
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where ® are defined in ([5.43).

The paper is organized in the following way. In Section 2] we review some basic formulas related to the
spectral Einstein functional for perturbations of Dirac operators. In Section [ we prove the Dabrowski-

Sitarz-Zalecki type theorem for Wres TTVEVYEDL? o 7T+D\P2:| on 4-dimensional manifolds with boundary.

In Section Bl we prove the Dabrowski-Sitarz-Zalecki type theorem m{ﬁ*‘V}I’(VgD\Pl ortDy?| on 4-

dimensional manifolds with boundary.

2. Boutet de Monvel’s calculus and the noncommutative residue

In this section, we recall some basic facts and formulas about Boutet de Monvel’s calculus and the
definition of the noncommutative residue for manifolds with boundary, which will be used in the following.
For more details, see Section 2 in [17].

Let M be a 4-dimensional compact oriented manifold with boundary dM. We assume that the metric

g™ on M has the following form near the boundary,

1
gM = ——¢"M +da3,

W) 21)

where g™ is the metric on M and h(z,) € C=([0,1)) := {/f;|[071)|/f; € C*°((—e&,1))} for some € > 0 and
h(zy) satisfies h(zy,) > 0, h(0) = 1 where x,, denotes the normal directional coordinate. Let U C M be a
collar neighborhood of OM which is diffeomorphic with OM x [0, 1). By the definition of h(x,) € C*°([0, 1))
and h(z,) > 0, there exists h € C*((—e, 1)) such that ?L|[011) = hand h > 0 for some sufficiently small & > 0.
Then there exists a metric g’ on M = M Jgps OM x (—¢,0] which has the form on U Jy,, OM x (—¢,0]

1

96]\/1 4 dZCQ

n n 2.2
) (2.2)

g:

such that ¢'|ps = g. We fix a metric ¢’ on the M such that JIm =g
Let the Fourier transformation F’ be

F': L*(Ry) = L*(Ry); F'(u)(v) = /Refi”tu(t)dt

and let - o
rt:C®R) = C®R"); f— fIRT; Rt ={2x>0;z € R}.

We define HT = F'(®(R*)); Hy = F/(®(R~)) which satisfies HT LH; , where ®(R*) = rT®(R),
®(R-) = r~®(R) and ®(R) denotes the Schwartz space. We have the following property: h € H*
(respectively H ) if and only if h € C°°(R) which has an analytic extension to the lower (respectively
upper) complex half-plane {Im¢ < 0} (respectively {Im& > 0}) such that for all nonnegative integer [,

as €] = +00,Im¢ < 0 (respectively Im& > 0) and where ¢, € C are some constants.

Let H' be the space of all polynomials and H~ = Hy, @ H'; H = H* @ H~. Denote by 7 (respectively
7~) the projection on HT (respectively H™). Let H = {rational functions having no poles on the real axis}.
Then on H,

w*h(go)zi hm/F &dg (2.3)

27T’L'u—>0* +§0+Z.’LL7§
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where I'" is a Jordan closed curve included Im(§) > 0 surrounding all the singularities of h in the upper
half-plane and & € R. In our computations, we only compute 7tk for h in H. Similarly, define 7/ on H,

1

mh=—
2T r+

h(&)d¢. (2.4)

So /' (H™) =0. For h € HNL*(R), 7'h = 5= [ h(v)dv and for h € HF L'(R), 'h = 0.
An operator of order m € Z and type d is a matrix

C>(M, Ey) C>(M, Es)

~ +

i_ ( 712 P+ G Ig{ ) _ N S ’
C>(OM, F) C=(OM, F»)

where M is a manifold with boundary dM and E;, E> (respectively Fi, Fy) are vector bundles over M
(respectively OM). Here, P : C§°(2, E1) — C(Q, E2) is a classical pseudodifferential operator of order m
on §, where € is a collar neighborhood of M and E;|M = E; (i = 1,2). P has an extension: &'(Q, Ey) —
D'(Q2, E), where £'(2, E1) (D'(€2, E3)) is the dual space of C= (2, E1) (C5°(2, E3)). Let et : C(M, Ey) —
E'(Q, Ey) denote extension by zero from M to Q and 7+ : D'(Q, Ey) — D'(£, E3) denote the restriction from
Q to X, then define

7t P =rtPet : C®(M, Ey) — D'(Q, Es).

In addition, P is supposed to have the transmission property; this means that, for all j, k, o, the homoge-
neous component p; of order j in the asymptotic expansion of the symbol p of P in local coordinates near
the boundary satisfies:

8£na?/pj(:cl, 0,0, Jrl) = (*1)j7‘a|a§na§t’pi(xlv 0,0, *1)7

then 7t P : C°(M, E1) — C*(M, E). Let G, T be respectively the singular Green operator and the trace
operator of order m and type d. Let K be a potential operator and S be a classical pseudodifferential
operator of order m along the boundary. Denote by B"¢ the collection of all operators of order m and type
d, and B is the union over all m and d.

Recall that B™? is a Fréchet space. The composition of the above operator matrices yields a continuous
map: B™% x B™d — grtmimax{m’+d.d} \Write

~ TP+G K -~ tPP+G K’ "
A:(;T_, + g)EBm’d,AI:(;I + S;,)GBm’d.

The composition AA’ is obtained by multiplication of the matrices (For more details see [13]). For example
7t Po G’ and G o G’ are singular Green operators of type d’' and

atPontP =77 (PP + L(P,P).

Here PP’ is the usual composition of pseudodifferential operators and L(P, P’) called leftover term is a
singular Green operator of type m’ + d. For our case, P, P’ are classical pseudo differential operators, in
other words 7T P € B> and 7+t P’ € B>~ .

Let M be a n-dimensional compact oriented manifold with boundary 0M. Denote by B the Boutet de
Monvel’s algebra. We recall that the main theorem in |15, [17].

Theorem 2.1. [15] (Fedosov-Golse-Leichtnam-Schrohe) Let M and OM be connected, dimM = n > 3,

and let S (respectively §’) be the unit sphere about & (respectively &) and o(§) (respectively o(&')) be the

~ TP K
corresponding canonical n — 1 (respectively (n — 2)) volume form. Set A = < ; G 5 > € B, and



denote by p, b and s the local symbols of P,G and S respectively. Define:
Wres(A) = / /~ tracer [p_n(z, )] o(€)dx
xJS

+ 27r/ | {traceg [(traceb_,) (2", &)] + tracep [s1—n(2', &)} o (¢")da, (2.5)
ax Js

where Wres denotes the noncommutative residue of an operator in the Boutet de Monuvel’s algebra.
Then a) Wres([A, B]) =0, for any A, B € B; b) It is the unique continuous trace on B/B~>°.
3. Spectral Einstein functionals for perturbations of Dirac operators

Firstly, we recall the definition of the Dirac operator. Let M be an n dimensional oriented compact spin
Riemannian manifold with a Riemannian metric ¢™ and let V be the Levi-Civita connection about gM.
In the fixed orthonormal frame {ej,--- ,e,}, the connection matrix (ws,) is defined by

VEi(er, + yen) = (e1,- yen)(Wst)- (3.1)
Let ¢(X) be a Clifford action on M, where X is a smooth vector field on M, which satisfies
clei)e(e;) + clej)elei) = —29" (i, €5). (3.2)

In [25], the Dirac operator is given

D = 2 cle;) [61 — i ;ws t(ez)c(es)c(et)} (3.3)
Set N N

X=> aaa=X"+Xu0:, = > X;0;,

a=1 j=1
1
L(X) = 5 > (Ve ej)cles)cle;)
ij

and

G(X,0) = —%[C(X)c(q/) +e(W)e(X).

Let V}q{(TM) denotes a spin connection, defined as and
vIIM = X 4 L(X).
And let V¥ = VT 1 (X, 0) and V¥ = V"™ 4 GV, 1), (V) = o(X1) - o(Xp), Xi (1< i < k) are

tangent vector fileds, g9 = g(da;, dx;), £ = Y &;dx; and V5 9; = > I'¥,0y,, we denote that
k k

0i = =7 waileeleeles)eler); & =g¢;  TH=g"Tl; ol =gYo;. (3.4)
s,t

Then, perturbations of Dirac Operators is defined as

n

Dy =D+c(¥)=> cle) [ei - i > werleie(es)elen) | + (D), (3.5)

=1
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and
o1(Dw) =ic(§); (3.6)

o0(Dy) = — i S waalen)eles)elen) + o), (3.7)

1,8,t

where 0;(A) denotes the I-th order symbol of an operator A.
In addition, we obtain

ViIVY = (X + L(X) + G(X, q/)) (Y +LY) + G(Y, \1:))
= XY + X[L(Y)] + L(Y)X + L(X)Y + L(X)L(Y) + G(X, ®)Y + G(X, ®)L(Y)
+ X[G(Y, )] + G(Y, W)X + L(X)G(Y,¥) + G(X, V)G(Y, ¥), (3.8)

where X = Y~ X;0,,,Y = > Yi0,,.
j=1 =1
Let p1, p2 be nonnegative integers and p; + p2 < n, an application of (3.5) and (3.6) in |16] shows that

Definition 3.1. Spectral Einstein functional of spin manifolds with boundary for perturbations of the Dirac
operator are defined by

Wres[n VY Vy Dy ot DG, (3.9)
where ﬂ*V}I’(VgﬁD;pl, 7t Dy are elements in Boutet de Monvel’s algebra[17].

The following lemma derived from Dabrowski et al.’s Einstein functional plays a crucial role in our
demonstration of the generalized noncommutative residue for the spectral action for perturbations of Dirac
operators on compact manifolds with boundary.

Lemma 3.2. [2] The Finstein functional equal to

~ ~ _n n— n n— 1
Wres(VxVyAg?) = - ; 1o% s EG(X,Y yvol, + - 5 ! /M F(X,Y)voly + 5 A ) (traceE)g(X, Y )volg,

where EG(X,Y) denotes the Finstein tensor evaluated on the two vector fields, F(X,Y) = Tr(X,YsFop)

n

and Fyy is the curvature tensor of the connection T, TrE denotes the trace of E and v,_1 = 1%?—5)
2

Consider X and Y as a pair of vector fields on a compact Riemannian manifold M with dimension n.
By employing the Laplace operator Ay = D32, = A + E, which acts on sections of a vector bundle S(T'M)
with a rank of 22. The purpose of this section is to demonstrate the following.

Theorem 3.3. For the Laplace (type) operator with torsion Ay, the Einstein functional equal to

7Un71

Wres(VEVEAL?) = : 23 /MEG(X,Y)volﬁ%

trace [C(Xwi(”” (c())
M

VI (1)) e X) — 1) T (e(0) — TS (())e(¥) dvolay

1 1 1 n
+ 5/ trace[zs + Z §C(W)c(ej)c(\lf)c(ej) +(1- 5)(c(\11))2]g(X, Y)dvolyy,
M =
where s is the scalar curvature.
Proof. Let X = 5 X%,, Y = _ Y%, Considering that
a=1 b=1
F(X,Y) = trace(Xo Vs Fop) = > XY'trace®™™(F,, ,,). (3.10)

a,b=1

6



Set A(X) = L(X) + G(X, ¥), then we acquire

Fe, e, :(ea + Z(ea))(eb +Z(eb)) - (eb + Z(eb))(ea +Z(ea)) - ([ea, ea] +Z([€aa eb]))
=e, 0 Aley) + A(eq) 0 ey + Aleq) Aley) — ey 0 Ale,) — A(ep) 0 €q

=A(ep)eq + ea(Aley)) + Aleq) o ey + Alea)Aler) — Aleq) o e — ep(A(eq))
— Aer)ea — Alen) Alea) — Al[eas es))

=eq(Aley)) — ep(A(eq)) + Aleq)Aley) — A(ep) Aleq) — A(leq, €))- (3.11)
We note that trace[A(e,)A(ep) — A(ep)Aleq)] = 0 and e, (c(es)) = 0. If s = ¢, we have ws ¢(ep) = 0 ; if 5 # ¢,
we have trace[c(es)c(e;)] = 0. Then we obtain trace[e, (ws i(ey))c(es)c(er)] = 0, so there is the following
formula

trace(eq(A(ep))) =trace [e( - i 3 welen)eles)eler) - %[c(eb)c(\ll) + c(\Il)c(eb)])]
- %trace [c(eb>ea (c(\Il)) +ea (c(\P))c(eb)} (3.12)

and

trace(A([eq, es]))
e ( - i S walear enl)eles)eler) - %[c([ea,eb])c(\lf) + c(w)c([ea,eb]))(xo)

1
=— §trace(c([ea, es])c(¥) + ¢(P)c([ea, eb])). (3.13)
Fix a point xg, wst(eq)(xg) = 0, then e, = VESG(TM) (z0) and let e, = ) Hq;0j, then we have
J
[eq; €v](20) = [Ha, 0;, Hp, 01 (x0)

= Hy;0;(Hy,)0i(20) — Hy, 01(Ha,)0; (o)
=0 (3.14)

we therefore draw the following formula

i XaYb{ - %trace {c(eb)ea (c(\P)) +eq (c(\Il))c(eb)} + %trace {c(ea)eb (c(\P))

a,b=1

+ep (c(\ll))c(ea)] + %trace (c([ea, ep])c(¥) + ¢(P)c([ea, eb])) }
__ %trace (cONVETM (e(w)) + V5 (c(w))e())

+ %trace (C(X)v;i(”“ (c(®)) + VT (c(\Il))c(X))

=F(X,Y). (3.15)
Let Ay = A + E, as the formula (2,28) in [1], we have

trace(E) :trace[is + %\pc(ej)\pc(ej) . g)(c(\ll))2]

:trace[ls + Z 1c(\If)c(ej)c(\I/)c(ej) +(1- E)(c(\I/))2] (3.16)
4 — 2 2

Taking all the above conclusions into consideration, we ultimately complete the proof of the Theorem. [
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4. The noncommutative residue Wres W+V‘}I’(V1‘I,'D;2 o 7T+D;2 on manifolds with boundary

In this section, we calculate the spectral Einstein functional for 4-dimension compact manifolds with
boundary and derive a Dabrowski-Sitarz-Zalecki type formula in this case.

For perturbations of Dirac Operators V}I’(V%}DE,Q and DE,Q, let 0;(A) denote the l-order symbol of an
operator A. Then, based on o(0,;) = i¢; and ([B.)), we can establish the following lemmas.

Lemma 4.1. The following identities hold:

o0(VEVY) =X [L(Y)] 4+ L(X)L(Y) + X[G(Y, )] + G(X, V) L(Y) + L(X)G(Y, ¥)
+ G(X, \I/)G(Y 0);

o (VEVY) _ZZ Ja zfl—i—zZA VX6 +1 Y AL+ Y G(X, 0)Y;ig;
T 1 j

7,l=1

+Y G(X, W)ingj;
J
a2 (Vx Vy) = Z X;Yi654. (4.1)
7,l=1
Next, we present the following lemmas.

Lemma 4.2. The following identities hold:

oa(D3) = s (42)
-1 c(§)ao(Dw)c c(§) 2 2y 1.
a4%>=—iwr——z—; () [0, ()€ = (€)%, (1€2)] (4.3)
o-2(D3?) = o-a(D7%) = [¢| (4.4)
<7AD$)MI%AW’2W)iMI%€&&@¢”<d® @>H4><>>m SR

According to Lemma 1] and Lemma [£2] we obtain

Lemma 4.3. The following identities hold:

oo(VEVYDy?) == Y X;Vigal¢[™ (4.6)

j,1=1
o_1(VXVyDy?) =02(VX Vy)o_3(Dg?) + 01 (VX Vy)o_2(Dy?)
+ )0, [02(VEVY)] Doy [0-2(Dy?)]. (4.7)
j=1

Since © is a global form on M, so for any fixed point 2o € 9M, we can choose the normal coordinates U
of ¢y in M (not in M) and compute ©(x() in the coordinates U = U x [0, 1) and the metric h(i )gaM +dx2.

The dual metric of g™ on U is h(x,)g?™ + dz2. Write g = g" (6%, 6%) g% = gM(dx;,dx;), then

wﬂpaﬁﬁlﬂ;wﬂwﬁm%1ﬂ,

1 M 0 1

and
O, g0M(x0) =0, 1<i,j<n—1; g(xo) =0y

8



Let {e1, - ,e,_1} be an orthonormal frame field in U about ¢g? which is parallel along geodesics and
e; = a%i(zo), then {e1 = v/h(zn)e1, -+ ,en_1 = /h(xn)en_1,€n = dx,} is the orthonormal frame field
in U about g™. Locally S(TM)|U = U x Ne(%). Let {f1,---, fn} be the orthonormal basis of A (F).
Take a spin frame field o : U — Spin(M) such that 7o = {é1,--- ,e,} where 7 : Spin(M) — O(M) is a
double covering, then {[o, f;],1 < i < n} is an orthonormal frame of S(T'M)|5. In the following, since the
global form © is independent of the choice of the local frame, so we can compute traceg(ras) in the frame
{lo, fi],1 <i < n}. Let {é1,---,é,} be the canonical basis of R™ and ¢(é;) € clc(n) = Hom(NE(5), A& (%))
be the Clifford action. Then

(@) = . c@ls @l ] = o (@)l 5 = [0 3o,

then we have 57-c(€;) = 0 in the above frame. In accordance with Lemma 2.2 in [17], we obtain

_0_
dx;

Lemma 4.4. With the metric g™ on M near the boundary

0 if j <m;
2 o ’ )
P o) = { W (O0)[€ Eons. it j = n. (48)
0, if j <mng
Oz = _ 4.9
fi [C(E)](‘TO) { ascn(c(f’))(xo), if j=n, ( )
where £ = &' + &, dx,,.
An application of (2.1.4) in [16] shows that
Wres [W‘FV}I'(V)‘I;D;’“ o 7T+D‘I_,p2]
— / / traces(ran [0—n (VY Vy D" o DgP?]o(&)dr + / P, (4.10)
£l=1 oM
where
oo |a\+]+k+€ - »
/g ‘ 1/ Z Z ol TETT) o traces () [0 85,65 FVYVYDG)(2',0,¢,&,)
x 8ﬁnagjlainoz(D;p2)(x 0, &n)]dgno(¢)da’, (4.11)

and the sum is taken over r — k+|a|+ € —j—1=—n,r < —p1,£ < —pa.
In the following, we will compute the residue Wres TtV V;I;DE,Q o 7T+D\P2:| on 4-dimensional oriented

compact spin manifolds with boundary and get a Dabrowski-Sitarz-Zalecki type theorem in this case. By

(£I0) and (I1), we have

Wres [ﬁvgvmz o m;]

:/ / traceS(TM)[a_zl(V%VgD;QODQQ]U(f)d:E—i—/ 3, (4.12)
M Jjgl=1

oM

where

+o00 ©O© \CV|+J+/€+€ v / I
/g = 1/ Z Z (G +E+ traceS(TM (02, 0808, 0/ (VX VyDy?)(2',0,€, )
=0

x Oy 8J+18k al( H(a',0,¢ ,fn)]dfno(f’)dx’, (4.13)

9



and the sum is taken over r — k + ||+ £ —j—1=—4,r <0,{ < —2.
Locally we can use Theorem to compute the interior term of (£.12), then

/ / traces(ran [0-4(Vx Vy Dg® 0 D3 %o (¢)dx
M J|g|=1

Ar? ™ S(TM)
= = | BGOX.Y)vol,+ % trace[c(X)vY (c())
M M

VT () e(X) = () TR () = VI (e(w))el(Y) | dvolay

+3 [ wracelgs + 2 Fe)ele;Je(W)ele;) = (W) lg(X. ¥ )dvoln,

so we only need to compute [y, P.

(4.14)

When n = 4, then traceg(ran [id] = 4, the sum is taken over r — k4 |a| + £ —j = =3,r < 0,£ < -2, then

we have the | o P is the sum of the following five cases:
case (&) I)r=0,1=-2, k=4j=0, |o| =1

By (£13)), we get

~ oo
b, = —/ / Z trace[0gme o0(V Vy Dy?) x 03/0¢,0-2(Dy*)|(0)déno (&) da'.
&1=1J-

©al=1

By Lemma 2.2 in [17], for ¢ < n, then

_ _ 0, (1€]?
00.9-2(D3?)a0) = O, 167 (an) = ~ =LV o

so ®; = 0 and case (a) (I) vanishes.
case (a) II) r=0,1=-2, k=|a| =0, 7=1.
By (I13), we get

~ 1 +oo

Dy = *5/ / trace[axnﬂ;JO(V?(Vg;D;Q) X 8§no,2(D;Q)](:co)dfno(fl)d:c’.

[€'1=1J —oc0
By Lemma [£2] we have
_ _ 662 — 2
352”072(19\1/2)(5”0) = agQTL(|§| 2)(%) = m

It follows that

S XV ah (0))¢'?

ji=1
(1+&2)?

0:,00(VX VYD) (w0) = 0a, (— Y X;Yig;61€72) =

jl=1
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(4.15)

(4.16)

(4.17)

(4.18)

(4.19)



By integrating formula, we obtain
e 0,00(Vx Vy Dg®) (o)
=0y, ¢ a—o(v“/ V$D—2)

— i

= R (0) 4 ——" n
4@" ﬂleYm (0)+ %_ T Xn Yol (0) = g ZXY@
_ 4(§ni_ AE Z X, Vi, (4.20)
=1

We note that ¢ < n, f\g/\:l &ir&in - &ina0(§) = 0, so we omit some items that have no contribution for
computing case (a) (II). From [@I8) and ([@.20), we obtain

trace[@mnﬂaao(vqj VgD_Q) X 852 o_2(Dg?)](20)

24 26,1 — 6830 2+ 2&,0 — 6£30 — 2i

22 , )
S lelx YiGEN (0) + P i X, Y, h'(0)
2(1 - 367)
(€ — 1)5(En +1)° ZXY@ 5 H ZX Yig. (4.21)

Therefore, we get

_ 1 +00 2+ 28,0 — 6£30 — 2i , 2+ 26,0 — 6£37 — 2i /
oL e e ZXYZW‘” o o)

x d&po (&) dx'

n-1 ) 14 &pi— 3630 — i , 1+&ni— 30—
~ 3 KO [ T e R — X0 [

Gl=1
x d&,dz’
2 1 i — 3, (4) 1 i — 35 (4)
:fﬂhf (ZXYI{ tEnt — 38,0 } +XnYn[ tEni = 3600 ] >diz’
ji=1 (& +14)° En=i (&n + 1) En=i
n—1
13 1
:gh/(O)TFdim/ g > XY+ XY | (4.22)
j=1

where 3 is the canonical volume of S2.
case (a) (III) r =0, [=-2, j=|a| =0, k= 1.
By @.13), we get

1 +oo
by = ——/ / trace[agnﬂaao(V§V$D;2) x ¢, Or, 0—2(Dg?)](20)dEno (&) da’
/‘ 1

+oo
/ / trace[dF, g 00(VY¥VyDy?) x 0., 0_2(Dg?)](20)déno(€)da’. (4.23)
l¢1=1
Based on Lemma 2] we can express the equation as follows:
_ h'(0)
2
Oz, 0-2(Dy ") (0)jer=1 = Tt (4.24)
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A straightforward computation yields

n—1

_ ) 1
e 00(VXVy Dy ?)(wo)|jer=1 —2(5 Z X;Yi§& — anYn
n ]71 1 n
1 n—1
Z e T > XuYig (4.25)
26 —1) 13
Additionally, simple calculations provide
1
02 & 00(VXVy Dy ?)(wo)ljerj=1 = (5 7 Z X; Vi€ — WXnYn. (4.26)
7,l=1
From ([@24) and ([d.20]), we obtain
trace[ﬁgnﬁaJO(V?(VgD_Q) x ¢, 0z, 0—2(Dg?)](x0)
I - I
=4 h (0)2 Z X;Yi€& + 4 r{0) X, Y. (4.27)

(§n —)%(§n +i (§n —1)°(&n +14)?

7,l=1

Hence, we obtain

1 +o0 h/( ) h/(o) / /
5/'—1 /—oo (_ 4( Z XnNg&& +4 i ; QXWY")dEnU(E )dx

i)5(§n + (§n —1)°(&n +1)

1

n—1 .
! 1 ! ! !
~2 2 XYk 0% /F G D, Tt 4 2Xa X (0)2; /r © 5@, T it

=1
n-1 : @ : ()
2m 1 2m 1
=-2 X, YR (03— | —— '+ 2X, Y, (03— | ———— !
jlz::l JYih' (0)Qs = {(énﬂ-)g] En:idw +2X, Yo' (0)2 {(énﬂ_)g] En:idw
e 1
— / / . . —
= LW (0)7Qsdz gjglxjyj + XY | - (4.28)
case (b) r=0,1=-3, k=j=|a|=0.
According to equation (£I3]), we get
~ +oo
Py = —i/ / trace[ﬂ;'n JO(V}I/(VgD;Q) X 8&0,3(D;2)](xo)dfno(f/)dz/
1€1=1 '
—+o0
= z/ / trace[agnﬁaao(V?(VgD@Q) x 0_3(Dg?)](20)déno(&)da’. (4.29)
&|=1
According to Lemma [£2] we have
7D )1 = — g —57 O X Gncleneten) + 006, | - A
el =T gy o et ") ey
- [etwiete) + ic(&)c(\m] e (4.30)
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In the (£30]), we set

i 1, 5., 2ih'(0)&n
Bo= T am <§h 0) 2 enclew)elen) + 31 (0)5"> aray

and
By - - [c@)w(@ i ic(‘f)c(‘l’)] s

thus we obtain
U_g(DQQ)(.To)hg/‘:l := By + Bj.

By ([£.29), we have
trace[agnﬂglao(V%VgD;Q) x o_3(Dg?)] = trace [agnwgn o0(VYVy Dy?) x (Bo + Bl)] (x0). (4.31)

By Lemma [£3] we have

3§nW;UO(V§V$D$2)(iEO)||£’|:1 =- 2(€n B Z X; Y66 — ﬁXnYn
Gi=1
pIE—T Z Ybi + 5y ZX V. (4.32)
We observe that i <1, [l €& Einysy0(€) = 0 and
trace[c(¥)c(€)] = trace[c(dzy, )c(P)]E, + Strace[c(dzj)c(\ll)]fg,
j=1

so we omit some items that have no contribution for computing case (b). Then, we have

trace [agn ﬂ'g'n 00(VE¥VYDy?) x BO] (o)

/ 2 n—1 ’ . 3
_ _h (0)(5¢: — 5+ 4¢&,) Z Yie, 6 R (0)i(5E — &)

(&n —0)°(&n +1)° NZIXj EGEDEEE i)3X"Y"' (4.33)

Therefore, we get

+oo
z/ / trace {8&7@1 oo(VYVyDy?) x BO] (20)d&no(&)da!
1€ 1=1 '

+oo / 2 , . 3
_Z/g 1/ ( h5 (5¢2 5+4§n ZXYZ«EJ@ L O8]~ &) XnYn)dgna(g’)dx’

i)5(&n +i (§n —9)2(En +1)?

n—1 2 3
=—i Y X;Yih'(0)Q3 /F+ (555 — o+ &6 dEndr’ +iX,Y,h (0 )93/ Sen —&n S d,da’

=1 n ) (5 + ) T+ (fn ) (5 +Z)
= ) 2mi [5¢2 — 5+ 4&, L ) 2mi [5€3 — &, ,
B Rl [W] Y 0T [(& T } o
. n—1 .
:ih’(())ﬂﬂgdz/ ((1%)“ > XY+ %XnYn) : (4.34)
j=1

13



Similar to (£.33) and (£34), we have

+oo
z/ / trace [8§HW;JO(V}I’(V$D\P2) X Bl} (w0)d&no (&) da'
1€71=1

n—1 27TZ €n (3)

7,=1

2 n—1 .
B v ™ : /
= (E Zl XY -3 XnYn) trace[c(W)c(dz, )| Qsdr’.

- 2trace[c(P)c(dzy,)]

En=i

From all of this, we get

~ ™ —5271'2n ! 117m T2 — !
q>4={ ZXY—i— Y, 12ZXY XY,

X trace[c(\ll)c(dxn)]}ﬂgdx’.

case (¢) r=-1,¢=-2 k=j=la|=0.

By (13), we get

~ Foo
o5 = —i/ / trace[ﬁaa,l(v)‘y{VgD;Q) x ¢, 0_o(Dg?)|(x0)déno (€ )da' .
g=1

By Lemma [£2] we have

- 28n
afn,0—2(D\p2)||§/\:1 = —W-

By Lemma [£3] we get

_1(VXVYDG?) =02(VXVy)o_3(Dg?) + 01(VX Vy )o_2(Dg?)

+ Z 3, [02(VEVE)| Dy, [0-2(DG?)].

j=1

First, we present the explicit expression for the first term in equation ([&39)

02

(VX Vy)o_3(Dg®) (o) j¢r=1

> XYigi& z‘|§|—4§k<rk26k)i|§|—62§j5a§a8jga5(c(\lf) c(€) +ic(€)e(V >)|§| ]
7,l=1

n h'(0)q ncler)eley) — 5ih/ (0)E, ] . .

3 XYigE O freteeten) B0 o), e@icle) +iel@el®)
= 2[¢[* (1+&)3 €

Next, we present the explicit expression for the second term in equation (39,

o1 (VX VY)o—2(Dg?) (o)l jer =1
i lz Xw z§l+zZA( )ngj+i;A(Y)Yz§z+2G(X,\p)yj¢§j+2G(Y,\p)xjigj
J,=1 J J

€12
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(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)



Finally, we present the explicit expression for the third item of (£39) in equation (£39]),

> 0 [oa2(VEV)] D2 o (D3] g |\z|1—255 Y X via] (i), [

7,l=1

M-

<
Il
—_

Zz 2 Vi + 21Y;)60:, (|€]73) (4.42)

pllqz

<.
Il
—_
—_

We observe that i < n, flf/lzl £ir&in Cing0(&') = 0, so we omit some items that have no contribution
for computing case (c). In addition, we have trace L(Y) = 0 and trace [G(X, ¥)] = —trace [¢(X)c(T)]. A
straightforward computation yields

tracelr, <oz<vq“ V$>073<D;2>> x 0¢,0_2(D3?))(x0) i1

1(0)(262 — & — 20i) ()(17§nz—52+4§3 -
En i)l 5 ) Zanjszéekcek ) + ny@gl
—2i€2
RGeS ZXY@& 2tracelc(W)c(dz) (4.43)

Additionally, simple calculations provide

trace[rf, (o1 (VEVY)o_2(Dg?)) x 9e,0-2(Dg?)) (o) 111

— _gn
(€n +1)%(§n —9)3

Y,
- trace (zX

o T L)X + L)Y, + GX, W)Y, + G(Y, \P)Xn), (4.44)

and

+oo
—i/ / trace[r, (01(V§V$)U_2(D;2)) x ¢, 0_o(Dg*)|(x0)déno (€ )da!
|§|=1J —o0

j Y,
:%Qg,d:ﬂ - trace (zXna—

Tn

+ L)X, + L(X)Y, + G(X, )Y, + G(Y, \Il)Xn)

50’ (trace(iX, 51%) - tracele( X)WV, ~ tracee(¥ (W)X, ). (@.45)

0z,

In addition, we have

tracel, (323 08 [o2(VE V] D2 r-2(D5")) 05, 0-2 D3 e

(& +1)*

Substituting ([@43),([@44) and (£46) into (£3T) yields

=2i X, Y, b (0)&, - (4.46)

-~ /5i—13%2 3 96i r2 el 7
o5 =( > XY+ T X Yo ) ()72 Qada’ — ( Z §YiQada’ + £ XnY, Q)
j=1

x trace[c(V)c(dz,)] + %diz/ . (trace(ang—YZ) — trace[c(X)e(P)]Y,, — trace[c(Y)c(\Il)]Xn>.
(4.47)
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n—1 ~
Let X = X7+ X,0,, Y =Y7T +Y,0,, then we have Y X;Y; = g(XT,Y7). Now ® is the sum of the cases
j=1
(a), (b) and (c). Therefore, we get

5 .
b — Z o; = (anyn + Mg(XT, YT))h’(O)ﬁdix’
i=1

24
i an Y; +Z X Y, | - trace[c(¥)c(dx,,)]Qsda’
T % <trace(ang%) — trace[c(X)e(¥)]Y, — trace[c(Y)c(\Il)]Xn) - Qada’ (4.48)

Combining (£I4) and ([4])), we obtain Theorem [[11

When ¢(¥) = f, we can calculate trace [c(dz,)f] = 0 and trace [¢(X)f] = 0, then we can straightfor-
wardly assert the following corollary:

Corollary 4.5. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
gM as above, and let ¢(¥) = f, then

VVP&[HV%VE&D;Q o Dy?

2 1 1
:i/ EG(X,Y)vol, + —/ trace[—s — 3f2]g(X, Y )dvol ps
M 2J/m 4

15— 362i (10i —27)7 g 2\ -, Y,
Ty, S EOT T YT R(0)r s + Ltrace( i X, - Q3 LdVolan,
+/6M{( 32 S va— )) (0)0s -+ g A\ gy, ) Yoo

where s is the scalar curvature.

When ¢(¥) = ¢(X), we can calculate
trace[c(dr,)e(¥)] = —g(dx,, X )tracelid], (4.49)
then we can straightforwardly assert the following corollary:

Corollary 4.6. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
g™ as above, and let c(¥) = ¢(X), then

4 2 _ _
Wres[rtVEVED,2 o nt D2 = % / EG(X,Y)volg+% / {—8g(X, VIMX) — 8g(Y, V};MX)}dvolM
M M

1 1 15 — 362i

+§/M trace[ ;5 X)ele;) + X2 g(X, Y)dvon+/aM {(Txnyn
n—1

(10i — 20) 7 op 2 _
o XY ))h( ) Qs — ZX Y+ T X v | g0, )0

i . 0Y,
+§trace zXna— +49(X, X)Y,, +49(Y, X)X, | - Q3 pdVolap, (4.50)

Tn

where s is the scalar curvature.
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When ¢(¥) = ¢(X1)e(X2), we have
trace[c(dzy )e(¥)] = 0, (4.51)

and we can compute Wres[r VY V¥D;% o 7+ Dy,
Corollary 4.7. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
gM as above, and let ¢(¥) = c¢(X1)ce(Xa), then

—~ 472
Wres[nt VY Vy Dg? onT Dy = %/ EG(X,Y)vol,
M

- % /M trace[is + ; %C(\If)c(ej)c(‘l’)C(ej) — (e())"]g(X, Y)dvolyy

15 — 362¢ (102’ — 27)7r T T ,
22D Y+ T (X T YT W (0)7 02
N /aM {( 32 + 24 9l )) (O)m2a

i . 0Y,
+ gtrace(zXna)Qg}dVolaM, (4.52)

where s is the scalar curvature.
When ¢(¥) = ¢(X1)e(X2)e(X3), then we have
trace[c(dxy, )e(P)] =g(0xy, X1)g(Xa, X3)trace[id] — g(0zp, X2)g(X1, X3)trace[id]
+ g(0zn, X3)g(X1, Xo)trace[id], (4.53)
and we compute that:

Corollary 4.8. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
g™ as above, and let ¢(¥) = c¢(X1)e(X2)e(X3), then

et oV oV =2 4+ 1—2 4r® ™ ™

Wres[n "V Vy Dy on™ Dy = =/, EG(X,Y)vol, + 5/, S[g(X,Xl)(g(VY X, X3)

+ (X2, VM Xa) ) — (X, Xa) (9(VIM X1, Xa) + g(X1, VI Xg) ) + 9(X, Xa) (V7 X1, X)
+9(X1, VIM X)) — g(X, VI X1)g(Xa, Xs) — g(X, VEM Xa)g(X1, Xs) + g(X, VI Xa)g(X1, Xo)|
= 8[g(Y. X1) (9(VEY Xz, X3) + 9o, VEY Xa) ) — 9(¥. Xa) (9(VEY X1, Xa) + 91, VEV X))

+g(Y, X3) (g(v?(MXh X3) + g(Xq, V§MX2)) — 9(Y, VIM X1)g(Xa, X3) — (Y, Vi Xo) (X1, X3)

+g(Y, ViM X3)g(X1, XQ):| }dvolM + % /M trace[is + Z %c(\ll)c(ej)c(\ll)c(ej) - (c(\II))Q]g(X, Y)dvol py

15 — 362i (100 = 2) 7 o o\ o, 72 3 T — i
XY+ ————g(XT YD) )W (0)r Qs + (— ) XY+ ——X,.Y,
v {55 B2 ey Yoy + (5 30 x50 + X,

j=1
X <49(3$n, X1)9(X2, X3) — 49(0zpn, X2)g(X1, X3) + 49(850n7X3>9(X1,X2>>93
i . 0Y,
+3 trace(zXnaT) - 4(9(X, X1)9(X2, X3) — 9(X, X2)g(X1, X3) + g(X, X3)g(X1, X2))Yn
- 4(9(5/, X1)g(Xa, X3) — g(Y, X2)g(X1, X3) + g(Y, X3)g9(X1, X2))Xn) : 93}dV016M, (4.54)

where s is the scalar curvature.
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5. The noncommutative residue Wres [77+(V}I’(V;I,’—D;1) o7r+(D;3)] on manifolds with bound-

ary

In the following, we will compute the residue Wres |7+ (VEVEDGort (Dy 3)} on 4 dimensional oriented

compact spin manifolds with boundary and establish a Kastler-Kalau-Walze type theorem in this case. By

#10), we have
v”v;gs[ﬁ(vgvg%lmwp@]
= / / traceg(rar) [0_4((V}I’(V$D;1)o(D;?’))]a(f)dac—l—/ 3, (5.1)
M J|g|=1 oM
where
d / = i > (*i)‘aHMHt ace [af' OLOF aH(VEVEDGH (20,8, €,)
= g ’ a Z,U,6,8n
=10 Sy A+ k1) ST [Fan BB, T AEX TV Hy
X2 10k o1(Dg?) (. 0,¢, gn)] déno(€)dz' (5.2)

and the sum is taken over r — k+ ||+ £ —j—1=—4,r <0,/ < —2.
Locally we can use Theorem to compute the interior term of (5.1J), then

/M /|§|—1 fraces(an [‘” (VXV¥Dy') o <D;3>)} o(¢)da

- dr? EG(X,Y)vol, + ﬂ; trace [c(X)Vi(TNI) (c(¥))
+ VI () e X) = e VR (e(w)) = VI (e(@))e(Y) | dvolas

- % /M trace[is +3 %C(\If)c(ej)c(‘l’)c(ej) — (e())*1g(X, Y )dvolys (5.3)

j=1
From Lemma [£.1] and Lemma [£2] we have
Lemma 5.1. The following identities hold:

o1 (VEVY D) =—i Y X;Vig&e(€)lE ™2 (5.4)

=1
oo(VXVyDg') =02(VX VY )o_2(Dy") + 01 (VX Vy)o_1(Dg")

+ > 9, [02(VEVY)] Dy, [0-1(DG1)]. (5.5)
j=1
Write
Dy = (=i)l0g; o(A%) = ps +p2+p1+po; (A7) = Y q-y. (5.6)

3

J
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By the composition formula of pseudodifferential operators, we have
l=o Z 080 o(A%)] Ao (A7)

= (ps +p2+p1+po)(q-3+q-a+qgs5+---)
+ Z(agjm + Og,;p2 + +0¢,p1 + O¢,po) (Az;q—3 + Az;q-a + Ag,q-5+ )
J
= p3q-3 + (P3g—4 + p2g-3 + Z O¢;p3Da;q-3) + -+, (5.7)
J
SO
¢-3=p3"5 qa=—p3 ' [P2p3" + Y O¢,p3Da, (p73)]. (5.8)
J
Then it is easy to check that

Lemma 5.2. The following identities hold:

o_3(Dg%) = ic(&)lEl™
ooa(Dg?) = LB D) (e, )0, ) — 20 (0)cldrn)ele) + 26ncl€)0rncl€)
+4§nh’(0)) , (5.9)
where

o2 (DY) =c(€)(40* — 2T7)g; |«s| Zwém (er)e(€s)e(er) — 2[€[Pe(¥) — 2¢(€)e(W)c(€). (5.10)

Next, we need to compute [y, U. When n = 4, then traceg(ran[id] = dim(A*(R?)) = 4, the sum is
taken over r + 1 — k — j — |a| = =3, r <0, | < —2, then we have the following five cases:
case (1) r=1,1=-2, k=5=0, o] =1.
By B2, we get

/'| 1/ trace 65/71'5 o1 (VYVY DY) x 0206, 0_3(Dg*)|(x0)déno (€ )da' . (5.11)

* Jal=1

By Lemma 2.2 in |17], for ¢ < n, then

0r.7-2(D3) ) = O, (c(€) €~ o) = 125 <xo>+i%§5'4><xo>o, (5.12)
so ®; = 0.
case (2) r=1, 1= 3, k=|a] =0, j=1.
By (52), we get
N 1 +oo
b= /5/ 1 / traceld,, ¢ o1 (VEVEDGY) x 82, 0_3(Dg®)|(wo)deno(€)ds’.  (5.13)
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By Lemma [5.2] we have

92.-5(D3)a0) = 22, (6] *)(ag) = o~ DA T B - icldn)

Are | o1
In addition, by Lemma Bl we get
Lel€) | ()¢
D, 01 (VEVEDG! ;:1)( DAIE { e + 01e) } (5.15)
Then, we have
e 00,01(VXVy D) (20) = 0s, 7 01 (VX Vy Dy ') (w0)
N v ez [ € el€) + icldw) Or,c(€) D, (&)
= 32 sonccnopr [ty - GGG - 5 oo et - o {1
onten [ 2ie(€) = 3e(dn) [e(€) + ic(dea)][i(n — 1) + 1] L)
e oe |22 I |} - E:XY@[ 2, 1)
il (0)|¢][e(€) + 2ic(daa)]  [ie(€) = eldwn)[i(En — i) +1]] S 0u,c(€)
16— 1) € —1)? } ;X"“&{%sﬂ)
i (0)[¢][e(€) + 2ic(daa)]  [ie(€) — e(dra)][i(én — i) + 1]
i© ) @ } (5.16)

We note that i < n, f\5'|:1 &i1&is + Cinry0(§') = 0, so we omit some items that have no contribution for
computing case (2). Then there is the following formula

trauce[@acnwE o1(Vy¥VyDy') x 55 o-3(Dg”)] (o)

2 _ 2 _ s(¢3
=3 xvigan o) [ S o1 A6, - D) 4 12, 5")]

Si=1 (En - 'L) (En + i)4 (gn - 'L)G(En + i)4
s [(4i = D)(E — 1) +48(63 — &) 4(5€2 — 1) +12i(E3 — &)
*mﬁ“m[ 6 PG 1)t (6 — )5 1 i)t ]
S, [(6 =3 (0)(€8 — &) — 20(562 — 1) | 2(562 —1) +6i(€3 — &)
*8;XM@{ (&n = 1)°(&n +19)* T - )0 + }

53 x g [CINONE _6) 661D | WGV LG 8] g

2 (En — 0P (60 + 01 T G =i+
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Therefore, we get

G, 1 e . 5e - A(5€2 — 1) + 12i(3 — &)
5 o] {lzX v (0 iz o + e
/ ( )(62 - 1) + 48(57?; - gn) (55721 - 1) + 12@'(62 - gn) / /
T XnTuh'(0) [ (€ —0)5(€n + )" T (& )& i) ] }d's”“(g )

= / . 55721 —1 4(55721 - 1) + 12i(€73z - En) /
= 3 vin 0 | [8’ GGt (Gt ] St

ji=1
, (i —4)(E -1 +48(5 — &) 4056 — D) + 12i(6; — &) /
O B S e . = L
n—1
__ {592 >+ (421 + 2 )X y] W (0)eyda, (5.18)

where 3 is the canonical volume of S2.
case (3)r=1,1=-3, j=|a|=0, k=1.

By (6.2), we get

o~

“+o0
O3 = ——/E 1/ tlrace[agnﬂ'g o1 (VY VY DY) x 0¢, 0r, 0-3(Dg?)](x0)déna (€ )da!

+oo
—/§/| 1/ trace[afnﬂ'gnol(vxvy Y X% 0., 0-3(Dg?)](20)dEno(€)da. (5.19)

By Lemma 5.3, we have

iazn [C(«E/)] Qih/(O)C(€)|§/|§6M -

0z,0-3(Dg”)(wo)|jerj=1 = A+ AT a2)e (5.20)
By integrating formula we obtain
(dxy, ! ic(dxy,
¢ ol (VEVEDG!) = — (’5)(2# lZ X;Yi€6 — %mn
7,l=1
ic(¢') — c(dxy) ic(¢') — c(dxy)
— —2(§n ) Z X,Y,6 — —(én Z X Y& (5.21)
Then, we have
08t (VDG = - LELE i) S g - Ay G2
7,l=1 n

We note that ¢ < n, fli/\zl £ 6in - &innyy 0(€') = 0, s0 we omit some items that have no contribution
for computing case (3), then

_2h/( ) n—1
(€n — )5 (&, +1)2 ]lleYngEzwLX WYn). (5.23)

trace[@inyﬂaal(vg’(nggl) x ¢, Oz, 0—3(Dg™))(w0) =
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Therefore, we get

+oo _ h/ n—1
/f = 1/ ( 2 JF i)? ( Z G Xnyn)) Ao (&)’

Jl=1

1
X,V &déndr’ — X, Y, 5dénd
( ”21 / aF s S R ”"C)
= 2mi 1 W .
— ( z:: Y 42X, )h (O)ng {7@” H.)Q} En:idm
(% i XY, + X Y) 1 (0)7Qsda’. (5.24)
case (4)r=0,1l=-3, k=j=]a|=0.
By (.2), we get
o~ JFOO
by =—i /g | 1/ trace[ﬂ;JO(V}%VgD;l) x ¢, 0_3(Dg®)|(x0)déno (€ )da' . (5.25)

By Lemma 5.3, we obtain

ic(de,)  4iuc(€)

Trapr 1+ap (5-26)

D¢, 0-3(Dy*)(w0)jerj=1 =

By Lemma 5.2, we have
a0(Vx Vy Dg') =02(VXVy)o—2(Dg') + o1(VX Vy)o-1(Dg")

+ 30, [02(VEVI)] Dy, [o-1(DGh)]. (5.27)

j=1

(1)First, we present the explicit expression for the first term in equation (5.27])

o2(VXVy)o_2(Dg")(x0)ljer=1

S [M 5_520 dz;) ( L le(O))lEf? — ele )a$j(|g|2))] : (5.28)

4
P g
By integrating formula, we obtain

N v [AEPDE)AE) + Q) €] o)
- 3 i 1+G7 /)

jl=1

n—1
> XiYVig& - Ky Z X;Yi§& - Ko
__ di=t _gl=1 " K3
A(&n — 1) 4(&n — )2 4(&, — )%’

(5.29)
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where

Ky =ic(§)oo(D)e(€) + iC(dwn)(—%h'(O)C(dwn))C(dwn) +ic(§)e(den)Oq,, [e(€)], (5.30)
Ky =[e(&') + ic(dan)]oo(D)[e(S') + ic(dan)] + (&) e(den)Ox,, ¢(€) — i0z,, [c(€)]; (5.31)

K3 = 2 X;Yi66 ((—2 —i&n)c(€)e(W) () —ic(dry,)c(P) (&) — ic(€)e(P)c(dxy,)

Jil=1
- ignc(dzn)c(\mc(dzn)) XY, ( —iEne(€)e(W)e(€) — ic(dmn)e(W)e(€)
—ic(&)e(W)e(dzy) + c(dzn)c(\ll)c(d:cn)). (5.32)
Using a similar approach, we derive

+ [C(ﬁ)C(dwn)C(ﬁ) (

nt 1 [ c(dzy,) N c(dxy) —ic(&)  3& —Ti ..

_ = "o
(1+&,)3 $0)|£/|_1] =3 |36, — i) 8(E, 1) + EHE [ic(&)
(2)Next, we present the explicit expression for the second term in equation (5.28)

o1(VXVy)o_1(Dg") (o)l jer=1

( Z X; gyl O, + i ZL(Y)XJEJ- +iy LY)Yig+ Y iG(X, 0)Yj¢

c(dzy)]| . (5.33)

7,1=1 l J
c(§
- T )’ §<|J; (5:3)
By integrating formula we get
it ((Z’LG(X U)YjE; + ZzG (Y, ) X;¢; ) |§(|2))
j j
n—1 n—1 ( )
—rf ((Z’LG(X V)YE + D iGY, W)X e )
j j
+l ((iG(X, U)ol + GV, ) X ) |«£(|§2)>
n—1
ic(§') — c(dwn)
+ (iG(X, )Y, &, +iG(Y, \I/)Xngn) W (5.35)
We note that i < n, flé/lzl §ir&in - Cing 0(&') = 0, and trace[c(¢')] = trace[c(dxy)] = —4, then
+oo
—i/ﬁ/ 1/ trace (7‘(‘;; (al(V}I’(Vg)a_l(Dgl)) X agna_3(D;3)) (o) (wo)dEn o (&) da'!
3; [ZX % + L(Y) X + L(X)Y, + trace|G(X, U)]Y,, + trace]G(Y, \P)]Xn} . (5.36)
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(3) Finally, we present the explicit expression for the second term in equation (5.28)

2.2 iag [02(VX V)] Ds,s [o-1(Dy )] (o)l 1=1

= Z ¢, [02(VX V)] (—1)0s, [0-1(Dg")]
SN o[- Y Xvia] (i), ["fg(ﬁ)}
j=1 J,l=1
=3 >l ¥y, (D, (5.37)

=t N i(z T ie(¢) e, (il z o
= En( (2, Y] + 21Y3) 60, (|§|2 )>+ En(( Yo+ 20 V)0, (L2 BE ))

00, (c(€)) | o (F2—i€)e(€) o ic(day)
(G =0 + PO O )

)
0., €) _yio) 2(@)_(52))2 _w) Qéi(_df)ﬁ ) (5.38)

Substituting ([G.26]) and ([E.38) into (B.239) yields

+oo n
/s| 1 / trace (Zzéag[@(v%vg)w% [ol(Dgl)}) agna,g(pﬁ)} (z0)

Jj=1 «

X d&,o (& dx’

-1
T - O X, Y (0)Qsda (5.39)

Combining (1), (2), and (3) yields the desired equality

n—1 . n—1
~ 55T 150 — 60 + 2 ,
3, :(ﬂ j}i:Xij + anYn)h (0)7Qda’ — ( § j XV + X Y, )trace[c(dzn)c(\ll)]ﬂgdz
- %XnYntrace[c(dzn)UO(D)]di:c’ + 31—6trace[—c(X)c(\P)Xn —c(Y)e(P)Y,,|Qsda’. (5.40)

case (5)r=1,¢=—-4, k=j=|a|=0.
By (B.2), we get
+oo
—/ / trace[ﬂ;al(vg’(ng;l) x ¢, 0_4(Dg®*)|(x0)dEna (€ )da!
gl=1
+oo
:/ / trace[agnﬂglal(V%Vg}D;l) x o_4(Dg?)](20)déno(€)da. (5.41)
&|=1
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By Lemma [5.2] we have

1
(& + 1)

+ |2 6k - T04€) 4 T+ )| W(Oeldan)
B+ €204, e(€) + (1 + E)el€)eldr)0s, o€

{(1_21571(1 +E2)+ 8i£n) h'(0)e(€)

o-4(Dy”)(@o)igrj=1 =

c(&)e(W)e (U
+2[ (&) |(§|6) © |(§|4)}’ (5.42)
and
agnwg Ul(vaY ($0)||§\ 1= (‘fz;‘w Z X166 — WX"Y"
+ . —c dxn Z Yl + ()g—c(lc)lf") ZX"%& (5.43)
n =1

We note that i < n, f|§,|:1 §ir6in  Cingn0(&') = 0, s0 we omit some items that have no contribution
for computing case (5). Here

trace[c(&")c(&)c(dxy,) Oy, c(€)] = 0; trace[c(dxy,)c(E)c(dxn )0y, c(€)] = —21(0). (5.44)

Also, straightforward computations yield

1 11 N
trace {8§H7T2;01(V}P(V$D;1) X W ((?gn(l + 5,,21) + 87/5”)}7, (O)C(g )
(=204 60— 21+ ) + L€+ ) (O)cldan)

= B6(1+ €001, e€) +i(1 + E)ele eldn )0, (€)oo

h'(0)(7 + 67 — (20 — 150)&, — (7 — 6i)&2 + 15i€3)

ﬂle e € — P (En + )"
(3i — 11)&, (1 — €2) — 16i&, + (13 + Li) (1 + €2) — 16 — B2 (1 + &2)
n¥n , 5.45
A (6 07 i) (547
and
_ §)e(¥)c(§) o)
trace[afnﬂgr o_1(VYVyDg') x 2(0( )c|(§|6 ) _ c|(§|4 )}
= Z X;Yi€6—— trace[ (dxp)c(P))] + X, Y, . trace[ (dxy)e(P))]. (5.46)
7,l=1
From (&41),([545) and (&44), we get
n—1
o5 ZNZ:1 XY, _2ﬁ2trace[c(dacn) (9)]Qsdz’” + X, Y 5 trace[ (dxy,)c(P))|Qzdx’
+ > Xleh’(O)(;—z 8254’) 2Qada’ + X Yo (— 501—27i)7r(23dx' (5.47)

jl=1
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n—1 ~
Let X = X7 + X,,0,, Y = YT +Y,0,, then we have > X;V; = g(XT,Y7T). Now & is the sum of the
j=1
cases (a), (b) and (c¢). Combining with the five cases, this yields

~ ~ —4681 5t 95 851 451 T
(I) = (I)’L = — 2 _ — XT YT h/ Q d 12 291 . ™ h/
50 +7i

[371' + 2
16

— %h/(O)WdiSC/ + ?;—Ztrace[fc(X)c(\Il)Xn —c(Y)e(P)Y,,|Qsda’. (5.48)

XoY, +72g(XT, Y] trace[c(day, ) ()] Qsda’

} XnYnﬂ'Qz;d.T/ —

So, we are reduced to prove the following.
Combining (53) and (5.48]), we obtain Theorem 1.2.

When ¢(¥) = f, we can calculate trace [¢(dx,)f] = 0 and trace [¢(X)f] = 0, then we can straightfor-
wardly assert the following corollary:

Corollary 5.3. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
gM as above, and let ¢(¥) = f, then

—~— 472 1 1
Wres[r T (VEVEDGY) o nt(DG?)] = % / EG(X,Y)voly + 5 / tracel s — 3f%]g(X, Y )dvolys
M M

—4681  Hi, 4 55 851 T < T/ 451 T,
5 2+ 2D g(XT YT (0)2 + [(—= + i + = )1 (0
+/6M{[( 5 o)™ (g 5 le(X YN (0)0s + [(—= + Ti 4 2)'(0)
50 + 74 9
_ l‘g @}XnYnﬂ'Q3—1—6h’(0)7rQ3}dV015M, (5.49)

where s is the scalar curvature.

By [@49), when ¢(¥) = ¢(X), then we can straightforwardly assert the following corollary:

Corollary 5.4. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
gM as above, and let ¢(¥) = ¢(X), then

— 472 — —
Wres[r ™ (VEVEDZY) o 7t (D)) = % /M EG(X,Y )vol, — 472 /IV [ [g(X, VIMT) + g(Y, V};MX)} dvol

n

1 1 1 — - —4681  5i 55 85i
+ 3 /M trace[zs + Jz:; §C(X)C(€j)C(X)C(ej) + |X|2]g(X, Y)dvoly + /6M { [( 51 E)WQ (% ﬂ)]
451 50 + 7
x g(XT, YT)R' (0)Q3 + [(T +7i + g)h’(()) - 1+6 Z]Xnynmg + [(37 + 2mi) X, Yy, + w2g(XT, YT
9 3 - -
x 90, X)Qs = 1o H (0)7Qade’ + %trace[élg(X, X)X, + 4g(Y, X)Yn]Qg}dVolaM, (5.50)

where s is the scalar curvature.
By (&51), when ¢(¥) = ¢(X1)c(X2),we compute \Xf;e/s[ﬂ'Jr(V}I'(V;IiD;l) ot (Dg?)].

Corollary 5.5. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
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gM as above, and let ¢(¥) = c¢(X1)c(Xs), then

Wres[rt (VY VY Dy') o 7t (Dy?)]
_ 472

=/, EG(X,Y )vol, + % /M trace[is + ; %c(\ll)c(ej)c(\ll)c(ej) - (c(\I/))2]g(X, Y)dvoly

AG8L | Bi, 55 85y ryr 451 T
+AM{[( 51 +6)7r +(26+24)]9(X YR (0)Q3 + [( n +7z+8)h(0)

5047
16

9
| X0 Yoms — Eh’(O)ﬂQg,dx'}dVolaM, (5.51)

where s is the scalar curvature.
By [@353), when ¢(¥) = ¢(X1)c(X2)e(X3), we compute that:

Corollary 5.6. Let M be a 4-dimensional oriented compact manifolds with the boundary OM and the metric
gM as above, and let ¢(¥) = c¢(X1)e(X2)c(X3), then

. 4 2 2
Weeslr* (VEVEDG 1) 0w (D)) = 5= [ BG(X. Yool + 7 [ {8[g<x, X0 (9(VEY X, X)
M M

+ (X2, VEM X3)) — (X, Xa) (9(VEY X1, Xa) + g(X1, VI Xo) ) + 9(X, Xa) ((TFY X1, X2)
+ (X1, VIMXa) ) = g(X, VI X1)g(Xa, Xo) — g(X, VFM X)g(X1, Xs) + (X, VM Xa)g (X, Xa)|
— 8[g(v, X1) (9(VEY Xo, Xo) + 9(Xe, VE X)) — 9V, Xo) (9(VEY X1, Xo) + (X1, VEY X))

+ (¥, Xa) (9(VEY X1, X2) + 9(X1, VEM X2) ) = g(Y, VI X1)g(Xa, Xa) — g(¥, VI Xa)g (X1, X3)
{[(—4681 i 55 85t
M

+ —)]g(XT, YR (0)Q3

Y. VIM X g(X1, X 24 (=
+9(Y, Vi X3)g(X, 2)}dU01M+/ o1 6)7T (26 o4

7]
451 50 + 71 3 27
(55 47+ DH(0) = ] X Yarfls — [T XY+ ng(XT, Y] (4g<ascn,xl>g<xz,x3>
9 37
— 4g(8xn,X2)g(X1,X3) + 49(850»”, Xg)g(Xl, XQ)) Qg — 1—6h/(0)7Tdi.fC/ + T |:<g(X, Xl)g(XQ,Xg)

—9(X, X2)g(X1, X3) + 9(X, X3)g9(X, Xz))Xn + (Q(Yv X1)9(X2, X3) — g(Y, X2)g(X1, X3)

+9(Y, Xs)g(X1,X2))Yn] Q3}dV016Ma (5.52)

where s is the scalar curvature.
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