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FLOWS OF PIECEWISE ANALYTIC VECTOR FIELDS IN

CONVEX POLYTOPE DECOMPOSITIONS

TIANQI WU

ABSTRACT. We prove that for a convex polytope decomposition of a domain
in R™, an integral curve of a piecewise analytic vector field is chopped by
the decomposition into finitely many pieces. As a consequence, we prove the
finiteness of the number of the edge flips in a discrete Yamabe flow.
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1. INTRODUCTION

Gu et al. [4 introduced a discrete Yamabe flow with edge flips, which are
combinatorial changes of triangulations. It would be theoretically interesting and
practically useful to know if there are only finitely many edge flips during the flow.

In this paper we prove that for a convex polytope decomposition of a domain
in R™, an integral curve of a piecewise analytic vector field is chopped by the
decomposition into finitely many pieces. As a consequence, we prove the finiteness
of the edge flips in a discrete Yamabe flow mentioned above.

1.1. Setup and the main theorem. (a) A subset H of R" is called a half space
if
H={zeR":a121 + ... + anx, > b}

for some nonzero (a1, ...,a,) € R™ and b € R. A subset D of R™ is called a convex
polytope if D has nonempty interior and is the intersection of finitely many half
spaces.

(b) Given U C R™, a vector field on U is a function from U to R™.

(¢) Given U C R™, a function f on U is called analytic if there exists an open
superset U of U and an analytic function f on U such that f = f on U.

(d) Given M C R™, a flow on M is a continuous function from [T, 00) to M for
some T' € R.

Here is our main theorem.

Theorem 1.1. Let U be an open domain in R™ and U C U;D; be a finite closed
cover such that each D; is a convex polytope. Suppose M > 0 is an analytic sub-
manifold in U and V(x) is a C* vector field on U such that
(i) V(z) is analytic on each D; N U,
(i) DV (z)(TyM) C TpM for allx € M,
(i11) V(0) =0, and
(iv) DV (0)|1,ar is diagonalizable and has only negative eigenvalues.
Suppose z(t) is a flow on M such that
(i) «'(t) = V(x(t)) on [0,00), and
(i) limy_ o0 z(t) = 0.
Then there exists a sequence of finitely many increasing numbers 0 = to < t1 <
e <tpo1 <ty =00 such that for all i € {1,...,n}, ([ti—1,t:)) C D, for some j.

To prove Theorem 1.1, by compactness we only need to prove Theorems 1.2 and
1.3, describing the local behavior and the limiting behavior respectively.

Theorem 1.2. Let U be an open domain in R™ and U C U;D; be a finite closed
cover such that each D; is a convex polytope. Suppose V(x) is a C' vector field on
U and is analytic on each D;NU. If 2'(t) = V(x(t)) near 0, then there exists € > 0
such that z([0,€)) C D; for some i.

Theorem 1.3. Let U be an open domain in R™ and U C U;D; be a finite closed
cover such that each D; is a convex polytope. Let M > 0 be an m-dim analytic
submanifold in U. Suppose V() is a C* vector field on U such that
(i) V(z) is analytic on each D; N U,
(i) DV (z)(TuM) CTpM for all x € M,
(i1i) V(0) =0, and
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(iv) DV (0)|1,n is diagonalizable and has m negative eigenvalues Ay > ... > Ap,.
Suppose z(t) is a flow on M such that
(i) «'(t) = V(x(t)) on [0,00), and
(i) lims—s o0 x(t) = 0.
Then there exists T > 0 such that ([T, 00)) C D, for some j.

1.2. Finiteness of the edge flips in the discrete Yamabe flow. As a conse-
quence of Theorem 1.1, we prove the finiteness of the number of edge flips in the
discrete Yamabe flow introduced in [4]. One may refer [4] for backgrounds. Other
related work on discrete conformality and geodesic triangulations could be found
in [IHI7]. Here we give a very brief explanation.

A discrete conformal class in [4] is parametrized by R™ and has a natural finite
cell decomposition R” = U;U;. A discrete Yamabe flow u(t) is an integral curve of
a C! vector field F(u) on R", satisfying that

(a) F(u) is analytic on each U,

(b) F(u) € 1 = {(z1,...,7,) ER" : 21 + ... + 7, = 0} for all u, and

(c) DF(u) is always symmetric and negative definite as a transformation on 1;-.

(d) F(u) = 0 for some 4 € u(0) + 1;-.

A discrete Yamabe flow u(t) always exists on [0, 00) and satisfies that

(a) u(t) —u(0) € 1.

(b) w'(t) = F(u(t)), and

(¢) limy—yo0 u(t) = @.

Furthermore, the analytic change of coordinates (u1,...,u,) — (e~241,...,e~2%n)
will map each cell U; to D; NRY for some convex polytope D;.

If we let M be the image of u(0)+1;- under this coordinate change, then Theorem

1.1 implies the finiteness of the number of switches in the new coordinates.

1.3. Notations and a convex geometric estimate.

) Given z € R™ (or Z"™), denote x = (21, ..., Tn).

Given z € R™ (or Z"™), denote |z| = |z|1 = |x1| + ... + |znl.
Given x € R™ (or Z"), denote |z|]z = /27 + ... + 22.
Given z € R™ (or Z™), denote |r|eo = max; |z;].

Given z € R", I € Z", denote z! = :v{l...x,];l.
) 1,, denotes (1,...,1) € R™.

) Given U C R™ and p € R, denote d(p,U) = inf,ecu |p — ¢l2.

) Given a half space H C R", ds(x, H) denotes the singed distance from x to
H. To be specific, ds(-, H) is a linear function on R™ such that ds(z, H) = d(z, H)
whenever d(z, H) > 0.

Lemma 1.4. Suppose D = N2, H; is a convex polytope in R™, and H;’s are half
spaces. Then for all p € int(D) and x ¢ D we have that
min; d(p, 0H;)
|z — pl2
Proof. The second part of the inequality is obvious. Denote g as the intersection
of 0D and the straight arc from p to . Assume ¢ € 0H; and then

|$—q|2 . d(vaJ) d(vaJ) max; d(vaZ)
|z —pla  d(p,0H;) +d(x,H;) — d(p,0H;) — min,; d(p,0H;)
Notice that |z — ¢|z > d(x, D) and we are done. O

-d(z, D) < maxd(z, H;) < d(x, D).
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2. LOCAL FINITENESS

Proof of Theorem 1.2. Without loss of generality, assume x(0) = 0. It suffices to
show that for any D; there exists € > 0 such that x([0,¢]) C D; or z([0,¢]) N D; =

{0}
Fix D = D;. Let V, be an analytic vector field on an open superset of D N U
such that V. (x) = V(x) on DNU. Let y(t) be the local analytic solution to

{ y(0) =0

y'(t) = Va(y(®))

If there exists € > 0 such that y([0,¢]) C D, then by Picard’s uniqueness theorem
x(t) = y(t) € D on [0, €].

So we may assume that for all € > 0, y([0,¢]) € D. Suppose D = N72; H; where
H,’s are half spaces. For a fixed j, d(y(t), H;) = 0 for all small ¢ or d(y(¢t), H;) =
at® + o(t*) for some a > 0 and k € Z>1. Since we cannot have that d(y(t), H;) = 0
for all small ¢ and for all j, we have that

max d(y(t), H;) = at® + o(t")

for some @ > 0 and k € Z>;. By Lemma 1.4, there exists constants a;,as > 0 such
that a;t* < d(y(t), D) < ast® for small ¢.

We will prove z(t) = y(t)+o(t*), and then z(t) ¢ D for small t > 0. We will prove
x(t) = y(t) + o(t?) inductively for all j = 0,1,...,k. Obviously z(t) = y(t) + o(1).
Now we assume z(t) = y(t) + o(t?) and j < k — 1. Denote . (t) as the closest point
to y(t) in D, and then y.(t) = y(t) + o(t’) = z(t) + o(t’) and

V(x(t) = V(y«(t) +o(t’) = Va(y«(t)) + o(t?)
= Vi(y(t)) + o(t?) = y'(t) + o(t?)
and

z(t) = /0 V(x(s))ds = y(t) + o(t' ).

3. A-SERIES AND CONVERGENCE

3.1. n-dim analytic functions. An n-dim analytic function f(x) near 0 in R™
can be written as
= Z b],TI.

1€27,
where by € R™ and
|bl| < M|I|+1
for some constant M > 0.
Suppose f(z) =", brz! is an n-dim analytic function near 0 in R™, and g(z) =
> ;esz’ is an m-dim analytic function near 0 in R¥ with ¢o = 0. Then (f o g)(z)
is an n-dim function near 0 in R*, defined as

(f o g)(x) = flg(x))-

Furthermore, f o g is analytic near 0 and

(fog)(x) Zblzm T=>"da’
J
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where

(31) dj = Z br Z H(CJi,j)i'
I Ji g oy Sy Ji = B
Here we let dg = by as a convention and denote (cy, ,); as the i-th component of

cy, ;- Notice that the summation in equation (3.1) is well-defined since it contains
only finitely many nonzero terms. This is because ¢g = 0 and if |I| > |J| then

> 2521 J;.; = J forces some J; j to be 0.

3.2. A-series. P(t) = Zf:o a;t' is called an n-dim polynomial if a; € R™ for all i.
Given X € R”, we define an n-dim A-series as a formal expression

x(t) = z(t; A) = Z Py(t)ert

Jery,

where each Pj(t) is an n-dim polynomial. To be rigorous, such an n-dim A-series
could be represented by a map J — P; from ZZ, to the space of n-dim polynomials.
However, we will always represent a \-series as the above infinite summation for
better intuition. The formal derivative of a A-series is also a A-series naturally
defined by

(> Pi®)eMty = 37 (Py(t)+A- JPs())er".

Jern, Jerr,

If f(z) = EIGZ’;O brz! is an analytic function in n variables and

x(t) = Z PJ(t)e)‘"]t

Jern,

is an n-dim A-series with Py(¢) = 0, we can heuristically formally expand f(z(t))

f(x(t))z Z b[( Z PJ(t)e)"Jt) = Z QJ(f)@XJt

Iezy, JELT, Jezy,

where

(3.2) Qs(t)= Y br > [1(Ps,)i).

< =
T€8%0  Jigiyop, SOy Jig=d B

Here we let Qo = bg as a convention and denote (Py, ;);i(t) as the i-th component
of the n-dim polynomial Py, ;(t). So given such analytic function f(z) and A-series
z(t), we define (f o x)(t) as a formal A-series

(Fox)t) = 3 Quit)e™"
J

where Q(¢) is defined as in equation (3.2). Notice that the summation in equation
(3.2) is well-defined since it contains only finitely many nonzero terms. This is
because Py(t) = 0 and if |I| > |J| then Y I, 2521 Ji; = J forces some J; ; to
be 0. Also notice that equation (3.2) is similar to equation (3.1). This is because
a A-series could be viewed as a power series with m variables e*M?, ..., e*m? and
polynomial-valued coefficients.
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Proposition 3.1. Suppose f(z) = >, bz’ is a k-dim analytic function in n
variables, g(z) = >, crz’ is an n-dim analytic function in m variables with co = 0,
and z(t) =Y, Pr(t)e* 't is an m-dim \-series with Py = 0. Then

(folgox))(t) = ((fog)ox)(t).
Proof. This can be shown by a routine but tedious computation, using equations

(3.1) and (3.2). O

3.3. Convergence of a A-series. We have a simple sufficient condition for a A
series to converge.

Proposition 3.2. Given A € R, and a A-series z(t) = >, P;(t)eM7t, suppose
there exists T > 0 and q € Rxq such that |Py(t)| <t for all J € Z2y and t > T.
Then B

(a) the series x(t) converges absolutely and uniformly for sufficiently large t, and
(b) for any a € R, as a real-valued function

zty= > Pit)eM +o(e™)
JGZ’Z"O:XJZa
as t — oo.

Proof. (a) Without loss of generality, we may assume that T is so large that t9eit
is decreasing and less than 1 on [T, c0) for all i =1, ..., m.

For t € [T, )
Z |Py(t)ert| < Z palT ATt < Z T4l A-IT
[J]oo>n [J] oo >N | 7]oo>n
= ZquJleA-JT _ Z TalJ| AIT
J ‘]‘oogn
m o0 ) m n -
— H Z(qu)\iT)] _ H Z(quAiT)J
=1 \j=0 i=1 \ j=0

i
which is independent on ¢ and goes to 0 as n goes to infinity, since for all 4

n

> (RN Y (TN = S SN

1 —TaeNT
=0 =0

as n — oo.
(b) Pick a large n such that A - J < a for all J with |J|s > n. Then

Z R](t)e)\-,]t _ Z PJ(t)e)\-Jt + 0(€at).
Then we finish the proof by showing that for sufficiently large ¢

Z R](t)e)thS Z tq\J\e)th

[J]oo>n [J]oo>n
_ thmexh _ Z Al Il ATt
J [J|oo<n

o0 m n

:H (tquit)j _H Z(tqe)‘it)j

i=1 \ j=0 i=1 \j=0
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= Z O((t7eX )"y = o(e™).
O

Proposition 3.3. Given A\ € R and an n-dim \-series x(t) = > ; Ps(t)e™’!
with Py(t) = 0, suppose there exists T > 1 and q € Rsq such that |P;(t)| < t4l7]
for all J € Z7) and t > T. If f(z) = Y, brx! is a 1-dim analytic function on a
neighborhood of 0 in R™, then there exists v > 0 such that the \-series

(fom)(t) =) Qut)e".
J
satisfies that |Q (t)| < t"1! for all J and t > T. Furthermore, for sufficiently large
t,

(3:3) (fox)(t) = f(x(t)).

Here (f o x)(t) and z(t) are viewed as two functions induced by taking the limit
of the corresponding \-series. Equation (3.8) means that the limit of the \-series
(f ox)(t) is equal to the analytic function f evaluated at the limit of the A-series

x(t).

Proof. Without loss of generality, assume f(0) = 0. Suppose ¢ > T and by equation
(3.2),

Qs <Qut) == > |bi] > |JIEEBIGI

- "y o
T€2%0 3 Sp, Tihy Jig=d M

=3 3 T2

TeZ%, Ji A0y Sy i y=d I

< > b 3 ]!

p B C
1€2%0 Ji #0307 XLy Jig=T M)

= ¢alJl Z |b1] Z 1

n n I;
Iezs, Ji #0307y STy Jig=J

cy = Z b7 Z 1

1€z, Tig A0y Sy Jig=J

where

is the coefficient of 27 in the local analytic function

S Ibil(Ln Yo ) = fu(7=—14)
I

=1

where f.(x) = >, |br|z’ is analytic near 0.
So c¢; <RI for some R > 0, and for all J € ZZ; and t > T

Q)] < Q](t) < RIpalJl < la+logr R)|J|
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Suppose t is sufficiently large so that x(t) and (f o x)(t) and 3, Q e/t all
converge absolutely and f is analytic near x(t). To prove (f o x)(t) = f(a:(t)) we

need to show that
SNCERES S SRR
J

Let

AN,M: Z b[( Z PJ(t)eA'Jt)I

II<KN  J:|J|I<M

Z QJ(t)e)"Jt.

J:|J|<N

and

If N < M, then

|An.m — By| = Z Mt Z br Z H(R]i,j)i(t)

J:|J|>N BIIISN g, j£0:00 S0 Ji =] Ji 5| <M B3
A A-Jt
< E Qu(t)e
Ji|J|>N

which is independent on M and goes to 0 as N goes to infinity. Let M — oo and
then N — oo, and then we get

1> 61> Prt)er) ZQ] et = 0.
i 7

4. LIMITING BEHAVIOR FOR ANALYTIC VECTOR FIELDS

4.1. Formal \-series solutions to ODEs. Let V(z) = Y, b;2’ be an analytic
vector field on a neighborhood of 0 in R™ such that V(0) = 0 and

A :=DV(0) = diag(A1, ..., Amm)
for some A = (A1,...; Am) € R7y. A A-series

— Z R](t)e)\-,]t
J
with Py(t) = 0 formally satisfies 2’ = V' (x) if and only if for all J # 0,

Py +X-JP;=Y b > 1@,

I; 1.1
I Jigid i Ej:l Jij=J "I

which is equivalent to that

(4.1) (5-@-rn)r-a

where

(42) Qr= > b > 1P

ElZ2 g, e Sk, Jig=J ™I



FLOWS OF PIECEWISE ANALYTIC VECTOR FIELDS 9

4.2. Construction of A-series solutions. Given u € R and a 1-dim polynomial
Q(t), define

(1) = —u (1 o)
i =—u U T s ,
if u # 0 and
d t
(5 - = [ Qs
0
if u=0. It is straightforward to verify that
d d ~1 -
(5 —w(Z — ) Q) = Q).

Given an m-dim diagonal matrix U = diag(uq, ..., u,,) and an m-dim polynomial

Q(t)7

is defined to be such that

PO = (5 — ) @)

for all ¢ = 1,...,m. Clearly we have that

(&) ) = Q).

Denote
é1 = (1,0,...,0) e R™,

&m =(0,...,0,1) € R™.

Given any ¢ € R™, we construct a formal A-series solution

z(t;c) =y Pylt;c)er!
J

to 2’ = V(z) as follows.

(43) Po(t; C) = 0,
(4.4) Pz, (t;¢) = c;€5,
-1
(45) PJ(t;C): (%—(A—AJ)) Qj(t;c),

if |J| > 2 where

46) Qo= S b ) 1P, )it ).

: = e
TEZZ: 122 gy > SOTE ) Js =g B

It is easy to verify such z(¢; ¢)’s are formal A-series solutions to ' = V(z) parame-
terized by ¢ € R™.
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4.3. Dominating functions. Given a 1-dim polynomial in one variable

q
P(t) =) ait,
i=0

we denote
q

q *
P*(t) = (Z a#’) =D lait'
i=0 i=0
as a 1-dim function in one variable. Given an n-dim polynomial in one variable

P(t) = (Pyi(t), ..., Py(t)), then denote
deg(P) = max deg(F;)

and
P*(t) = max P (t).

It is routine to verify the following property.

Proposition 4.1. Suppose t € R and a € R and P, P are two n-dim polynomials
in one variable. Then R

(a) (P+ P)*(t) < P*(t) + P*(t),

(b) (aP(t)" = |a|P*(t), and

(c) (PU)P(1))* < P*(0)P* (1) if n = 1.
Lemma 4.2. Suppose u > 2 and Q(t) are 1-dim polynomial and

d

P(t) = (5~ w7'Q()

Then

P (t) <Q*(t) foradl t> MeTg(Q).

Proof. Assume Q(t) = aqt? + ... + a1t + ag and denote

_ 4 -1 _ -1 1 d —2d2
A_(dt W =—u""(14+u prinal dt2+"')'
Ifo<i<gandt>2q/u>2i/u,
. iy i i(i—1) 1. 1 1 .
) =u (1 + — L)<t (l4 =4+ =+.)<t
(At)" = u (+ut+(ut)2+ )SGtl+ g+ g+ <

and then

Pi(t) = (Z az—A(ti)> <D lail(AE)T <D lailtt = Q ().
1=0 1=0 i=1

We have a similar result for n-dim polynomials as a direct consequence.

Corollary 4.3. Suppose U = diag(u1, ..., un) is a diagonal matriz such that u; > 2
for alli. If P(t),Q(t) are n-dim polynomials such that
d
— —U)P(t) =Q(t
(&~ 0)P() = Q).
then
2deg(Q)

min; u;

P () <Q*(t) foral t>
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4.4. Convergence of \-series solutions.

Lemma 4.4. Let n € Z~o and M > 0 and ay € R for all J € ZZ. ay is defined
inductively as follows. B

(47) apg = 0

(4.8) ay=1 if1J] =1

(4.9) aj= Y M > IIa., if |J] > 2.
I€Zg0:|l|22 Ji i, Zjl:l Jig=J i,

Then there exists R > 0 such that |as| < RV

Proof. Consider the following analytic function F'(x1, ..., Zm, y) of (m+1) variables.
1

(1= My)"

We have that F'(0) = 1 and F(0) = —1 # 0. Then by the analytic implicit function

theorem, there exists an analytic function f(z) =), bsz’ near 0 € R™ such that
f(0) =0 and

F(z1, .y Tim,y) = (Mn+1)y+ (z1 + ... + ).

F(x1, oy @m, f(T1, 00y m)) = 1,

ie.,

atézﬂzz(Lfo+UWﬁ2+mW.

It suffices to show that by = a; for all J. Clearly we have that by = 0 = a¢ and
by =1=ay for all J with |J| = 1. Then it suffices to show that

b(] = Z M|I| Z Hb‘]"’j

Tezg p:11=2 Tigi iy iy Jig=d I

(4.10) 1—(z1+ ...+ xm)+ (Mn+1)f =

for all J with |J| > 2. Now we fix J € Z%, with [J| > 2. The coefficient of x’ on
the left-hand side of equation {I0) is

(Mn +1)by.

Denote C;(P) as the coefficient of 27 in the power series P. Then the coefficient
of 7 on the right-hand side of equation ([@I0) is

s <H(Mf)li> = > Mg, <Hfli>
Iezz, i=1 = i=1
where
o) (iswr)- T
=t =17 Jig iy Yy Jig=J W

It remains to show that

Mnby= > M > I1bs..

Tergoil=1 Tig iy Sy Jig=d W
This is a consequence of that for all T with [I| =1

Z Hin,j:bJ.

n I; .. J
Ji g e Xk Jig=d
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O

Theorem 4.5. Let U 5 0 be an open set in R™ and V' be an analytic vector field
on U such that V(0) = 0 and
DV (0) = diag(A1, ..., Am)
for some A = (A1, ..., \m) € RZy. Suppose the n-dim \-series
I(t) — Z PJ(t)e)\.Jt
JELT,

formally satisfies that Py = 0 and z'(t) = V(x(t)) as A-series. Then we have the
following.

(a) There exists T > 0 and r > 0 such that |Ps(t)| < t"I'! for all J € 27, and
t>T.

(b) z(t),a'(t) converge and satisfy «’'(t) = V(x(t)) as functions for sufficiently
large t.

(c) If N > max; \; and C € R™ is nonzero and z(t;c) denotes the formal
solution defined as in Section 4.2, as t — oo we have

x(t;e+ C) — x(t;¢) = Z Cietite; + o(e(ACJr)‘O)t)
i=1
where Ac = max{\; : i € {1,...,m},C; # 0}.
Proof. (a)

Without loss of generality, we may assume 0 > A; > ... > \,,. Denote A =
diag(A1, ..., Ay) = DV(0) and suppose

Viz) =Ax+ Z bral.
1€z |1]>2

Since formally 2/(t) = V(x(¢t)) we have that
Py(t) + X+ JPy(t) = APs(t) + Qs (1)

where
Q)= >, b > 115w
IEZSO:\I\Z2 T 1130y 21121 Jra=J ool
So
Q)< D bl > [1®5 )@
1€2Zo: 1122 g i STk gy =g kil
and
d
(4.11) E—(A—)\-J) Pr=Qy
Here A — X\ - J is a diagonal matrix whose smallest diagonal entry is
A — A+ J).
Pick s € Z>¢ sufficiently large such that for all J with |J| > s,
=M1/

Am —A-J > —5 > 2.
Then for any J with |J]| > s, deg(Py) = deg(Q ).
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Let p € R>¢ be a constant such that
deg(Py) <plJ| and  deg(Qs) <pl|J]|
for all J € 2%, with [J| < s. Then by induction it is straightforward to see that
deg(Py) <plJ| and  deg(Qs) <p|J|
for all J. By Corollary 4.3, for J € ZZ,, with |J| > s and

oo 2] 2des(Qy)
TN A2 T A=A

we have Pj(t) < Q%(t).
Pick a sufficiently large ¢ such that
Py(t) < 1]
for all t > 2 and J € ZZ, with [J| < s. Suppose [b7| < MW/ for some M > 0 and
all I € Z%,. Let a; be defined as in Lemma 4.4. By induction it is straightforward
to see that P3(t) < astd”! for all

4
t> max{—f\?ﬂ}
A1

and J € ZZ,. By Lemma 4] there exists R > 0 such that ay < RI. So
|R](t)|oo < P;(t) < RVl < 9lJ|logy R 4qlJ] < t(atlogs R)|J|

for all J and A
t> max{—p, 2}.
—\

(b) By Propositions 3.2 (a) and 3.3, z(t), V(z(t)) converge uniformly. Since any
partial sum of 2/(t) = V(z(t)) = (V o z)(t) is the derivative of the corresponding
partial sum of z(t) as functions, 2’(t) = V' (x(t)) is the derivative of z(t) as functions.

(c) By Proposition 3.2 (b), we only need to compare the coefficients of e*/* for
nonzero J satisfying A\ - J > Ac 4+ Ag. Such J could either be €; or satisfy that
J; = 0if C; # 0. The first case is immediate from the definition. In the second case
of J, we can straightforwardly show that P;(t;¢) = Ps(t,c+ C) by induction. O

5. LIMITING BEHAVIOR FOR PIECEWISE ANALYTIC VECTOR FIELDS
5.1. Preliminary estimates.

Lemma 5.1. Let U 5 0 be an open domain in R™ and U C U;D; be a closed finite
cover. Suppose V(z) is a C vector field on U such that V(z) is analytic on each
D;NU. Then

V(z) =V(y) = DV(0)(z —y) + O((|=[ + [y)|z — y])-

Proof. On a small neighborhood Uy of 0, DV (z) is Lipschitz continuous on each
D; NUy, since V(z) is analytic on D; N Uy. Since DV (z) is continuous on Uy, it is
easy to see that DV (z) is Lipschitz continuous on Up. So on Uy we may assume
that

|DV (z) — DV (0)| < Clx|.
for some constant C' > 0. Then

V(z) = V(y) = DV(0)(z —y)
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1
_ (/0 DV(tz + (1 — t)y)(x — y)dt) _ DV(0) (@ — )
1
= / (DV(tx + (1 -ty — DV(O)) (x —y)dt
0

< </01 C|(tz + (1 — t)y)|2dt) |z — ylo

= O((l=[ + [yD]z = y|)-
O

Lemma 5.2. Suppose V(x) is a C' vector field on a neighborhood U of 0 in R™,
such that

V(z) = Az + O(|z|*)
where
A = diag(A1, ..., )
and
0> >...2 .

If ' (t) = V(x(t)) on [0,00) and z(t) = o(1) as t — oo, then x(t) = O(e*?) as
t — oo.

Proof. Ast — oo,
(|z3) =2z -2’ =2z -V (x)
=2z (Az + O(|z]*)) < 2X\1|2[3 + O(Jzf).
If Ao > A1,
(=2 af3) = ~2hge~ 2 faf} + (2N} + O((of"))e 2"
< (2M\1 = 2Xg)e 2oz |2 4 e 72t (|2])3.
So (e=2*t|z|2)" < 0 if ¢ is sufficiently large, and then
e af} = O(1)
and
2| = O(e™").
So
(e a3y = 2o af} 4 (2Nifa} + O((of))e 2!

— 6_2)\1t0(|$|)3 — 0(6(3)\0_2>\1)t).
So if /\0 = 3/\1/4 > )\1
t
e M x5 = |2(0)[3 +/ O(M*/*)ds = [2(0)3 + O(1) = O(1)
0

and |z| = O(eM?). O
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Lemma 5.3. Suppose V(x) is a C' vector field on a neighborhood U of 0 in R™,
such that
DV (0) = diag(M1, ..., Am)
where
0> >...>2 M\

Suppose

on [0,00) and

z(t) = o(1), y(t) =o(1)

ast — oo. If y(t) — x(t) = O(e*?) for some Ao < A, then z(t) = y(t).
Proof. Let f(s) = sy+ (1 — s)x. Then

and

V() - V() < /0 (Vo £)(5)]ads

1
Ao + Am
- / DV (F)l - |f(8)lods = nax, [DV (7l ly — o < =5=ly — b
0 <s<
if |x|, |y| are sufficiently small. So for ¢ sufficiently large,
(ly—=[3)" = 2(y—2)-(V(y) = V(2)) = =2ly—zl2-[V (1) = V(@)l2 = (Ao+Am)ly—zf3.

So |y — x|3 > ePotAm)t|y(0) — 2(0)|2. So we must have y(0) = z(0) if y(¢) — x(t) =
O(eo?).
]

Lemma 5.4. Suppose a < 0,b < 0,a # b, and x(t), h(t) are two functions on
[T, 00) for some T € R, such that

Z'(t) = ax(t) + h(t)
and
h(t) = o(e")
ast — oo. Then
z(t) = Ce® + o(e’)
as t — oo for some constant C.

Proof. If a < b,

t
x(t) = e“t/ e *h(s)ds + Ce™
T

t
= e“t/ e . 0(e?)ds 4 Ce
T

t
= e“t/ o(e(b_“)s)ds + Ce
T

— ot . O(G(b_a)t) + Cleot
= o(e’) 4 Ce™

for some constant C.
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If a > b,

t
= / o(e(b_“)s)ds + Ce

— et O(S(bfa)t) + Ce™
_ O(Sbt) —|—O€at
for some constant C.

5.2. Proof of Theorem 1.3.

Proof of Theorem 1.3. It suffices to prove that for any cell D in the finite cover,
x(t) € D for sufficiently large ¢ or x(t) ¢ D for sufficiently large ¢. Let us fix a cell
D and assume 0 € D without loss of generality.
By a linear transformation, we may assume that ToM is tangent to the (z1...2m )-
plane and
A= DV(O)|TDM = diag(/\l, ceey )\m)

Without loss of generality, we may assume that

M ={(z1,..;zn) : (X1, s Zm) € Uo, (X1, ey Tn) = f(X1, 0y Tin) }

for some open set Uy C R™ and analytic function f on Uy. Then f(0) = 0 and
Df(0) = 0. Denote
Zf(t) = (Il(t)a ,Im(t)), and
V(z) = (Vi(z), ..., Vin(2)).

~—

Then - ~
7'(t) =V(z, f(2)) = V().
where V(Z) is C! in a neighborhood of 0 in R™. Furthermore,

DV (0) = (A, a(xmflv... In)(0)> (Idm, Df(0))T = A.
So by Lemma 5.2 #(t) = O(e*?) and then x(t) = O(eM?).

Suppose
P (X1 ooy Tn) = (T1, ooy Tin)
is the projection from R™ to R™. Then V() is analytic on p,,(M N D;) for each
cell D; in the finite cover. Then by Lemma 5.1,
(5.1) V(z) = V(y) = Mz =) + O((lz + ly))|z —y]).
Let Vi be the analytic vector field on an open superset of D N U such that
Vi(z) = V(x) on DNU. Denote
Vi(z) = (Vi1 (x), ..., Vi (2))
and 3
V(@) = Vi(z, f(2)).
Given ¢ € R™, let (t; ¢) be the formal A-series solution to 3’ = V, (%) as constructed
in Section 4.2.
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Pick Ao € (A1,0) such that kAo # A; for all k € Z>op and i = 1,...,m. Let
A = {k € Z>q : there exists ¢ € R™ such that Z(t) — §(t; c) = o(e*") as t — oo}
A is nonempty since 0 € A. Suppose D = N;H; where H;’s are half spaces, and
denote y(t; ¢) = (g(t;¢), f(G(t;¢))) as a n-dim A-series.

(a) If A has no maximum, then we can find k¥ € A and ¢ € R™ such that kg < Ay,
and z(t) — §(t;c) = o(ef*!). Then by Lemma 5.3 Z(t) = g(t;c) as R™-valued
functions. Then by Proposition 3.3 x(t) = y(¢; ¢) as R™-valued functions. Then for
each H;, the signed distance ds(y(¢; ), H;) is a A-series and converge for sufficiently
large t. Furthermore, by Proposition 3.3 the limit of the A-series dq(y(¢;c), H;) is
indeed the signed distance from y(¢;¢) to H;. For each H;, d(y(t;c), H;) = 0 for
sufficiently large ¢ or d(y(t;c), H;) = atle™ + o(at%e™) for some a > 0, ¢ € Z>g
and r < 0. So z(t) = y(t;¢) ¢ D for sufficiently large t or z(t) = y(t;¢) € D for
sufficiently large ¢.

(b) If k = max A, let ¢ be such that

z(t) = gt;c) + o(e™™").
If
d(y(t;c), H;) = atle" + o(atle™)
for some H; and @ > 0 and ¢ € Z>o and r > kg, then
d(x(t), H;) = at%e™ + o(atle™).
If not, d(y(t; c), H;) = o(eF*o?) for all H;, and then
d(y(t; ), D) < d(y(t; c),0) = O(e™")
and by Lemma 1.4
d(y(t;c), D) = o(e").
Denote y.(t) as the closest point to y(¢;¢) in D. Then
y«(t) = O(y(t)) = O(eM)
and
w(t) = y(t;0) + o(e"™") = yu(t) + o(e"™),
and by Lemmas 5.1 and 5.2

= V(@) = V() + Vil V.
= Az —g.) + O((|2| + [9:D)|Z — 9:|) + MG — 7) + O(|9] + [9]) |7« — 9])
= AT — ) + O(eM! - Fl) = Az — ) + o(eFFTDoF),
Then by Lemma 5.4 for all : = 1,...,m,
Ti(t) — §a(t; ¢) = Cyetit + o(elFH1Aot)

for some constant C;. Let C' = (C4,...,Cy,), and then C' is nonzero by the maxi-
mality of k. Since Z(t) — g(t;c) = o(ekrot), C; = 0 if \; > kXg. So

Ac = max{A; :i € {1,...,m},C; # 0} < kXo.
By Theorem 4.5 (c),

o(e!

gltic+ C) = g(tic) + > Cieti'e; + o(ePre o))

=1
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=Z(t;c) + O(e()\c+>\o)t) =z(t;c) + O(e(k+1))\0t)'

This contradicts the maximality of k. (Il
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