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Abstract

We construct a homomorphism from the affine Yangian Yy . (;[(n)) to the standard degree-
wise completion of the affine Yangian Y -(sl(n + 1)). We also give the relationship between

this homomorphism and the one from the affine Yangian Y3 . (s{(n)) to the universal enveloping
algebra of the rectangular algebra W*(gl(2n), (2")) constructed by the author [19].

1 Introduction

Drinfeld ([6], [7]) introduced the Yangian associated with a finite dimensional simple Lie algebra
g in order to solve the Yang-Baxter equation. The Yangian is a quantum group which is a
deformation of the current algebra g ® C|[z]. The Yangian of type A has several presentations: the
RTT presentation, the current presentation, and so on. By using the current presentation of the
Yangian, we can extend the definition of the Yangian Y (g) to a symmetrizable Kac-Moody Lie
algebra g. For general symmetrizable Kac-Moody Lie algebra g, it has not been resolved whether
the Yangian Y3 (g) has a quantum group structure or not. However, in the case that g is of affine
type, this problem has been affirmatively resolved ([2], [13], and [16]).

Recently, relationships between affine Yangians and W-algebras have been studied. A W-
algebra W¥(g, f) is a vertex algebra associated with a finite dimensional reductive Lie algebra g
and a nilpotent element f € g. It appeared in the study of two dimensional conformal field theories
([20]). We call a W-algebra associated with gl(n) (resp. gl(in)) and a principal nilpotent element
(resp. a nilpotent element of type of (I")) a principal (resp. rectangular) W-algebra. The AGT
(Alday-Gaiotto-Tachikawa) conjecture suggests that there exists a representation of the principal
W-algebra of type A on the equivariant homology space of the moduli space of U(r)-instantons.
Schiffmann and Vasserot [I5] gave this representation by using an action of the affine Yangian
associated with gA[(l) on this homology space.

In the rectangular case, the author [19] constructed a surjective homomorphism from the Guay’s
affine Yangian ([11] and [I2]) to the universal enveloping algebra of a rectangular W-algebra of
type A: R

D" Yy o (sl(n)) — UWF(gl(In), (I"))).

The Guay’s affine Yangian Yh7€(£,A[(n)) is a 2-parameter affine Yangian associated with si(n). The
Guay’s affine Yangian has a quantum group structure and is the deformation of the universal
enveloping algebra of the central extension of sl(n)[u™!,v]. It is known that the Guay’s affine
Yangian has a representation on the equivariant homology space of affine Laumon spaces ([§] and
[9]). Similarly to principal W-algebras, we expect that we can construct geometric representations
of rectangular W-algebras by using the homomorphism ®".
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In non-rectangular cases, it is conjectured in Creutzig-Diaconescu-Ma [4] that a geometric
representation of an iterated W-algebra of type A on the equivariant homology space of the affine
Laumon space will be given through an action of an affine shifted Yangian constructed in [9].
Based on this conjecture, we can expect that there exists a non-trivial homomorphism from the
affine shifted Yangian to an iterated W-algebra associated with any nilpotent element. However,
tackling this issue is very difficult and has not been resolved. R

In [18], we constructed a homomorphism from the Guay’s affine Yangian Y3 .(sl(n)) to the
universal enveloping algebra of a non-rectangular W-algebra. This is the affine version of De
Sole-Kac-Valeri [5]. In [5], De Sole, Kac and Valeri constructed a homomorphism from the finite
Yangian of type A to a finite W-algebras of type A by using the Lax operator. The homomorphism
in De Sole-Kac-Valeri [5] is a restriction of the one from the shifted Yangian to a finite W-algebra
given by Brundan-Kleshchev in [3]. We expect that we can extend the homomorphism given in [I§]
to the affine shifted Yangian and this extended homomorphism coincides with the homomorphism
conjectured in Creutzig-Diaconescu-Ma [4].

For this purpose, it is helpful to give a homomorphism from the affine Yangian to the affine
shifted Yangian. As a first step, in this article, we construct a homomorphism

U: Vo (sl(n)) = Yie(sl(n+1)),

where Y, . (sl(n+1)) is the standard degreewise completion of Yh_rs(;[(n +1)). In finite setting, by
using the RTT presentation, there exists a natural embedding from the Yangian associated with
gl(n) to the one associated with gl(n + 1). However, the Guay’s affine Yangian Yy, .(sl(n)) does
not have the RTT presentation. For the construction of ¥, we use the finite presentation called
the minimalistic presentation given by Guay-Nakajima-Wendlandt [13].

As for one of the rectangular cases, we can construct a relationship with ¥ and ®”. There
exists an embedding

e WEH (gl(2n), (27)) — W*(gl(2n + 2), (27F1)).
In the last section of this article, we show the following relation:
Pl oW =10 D"

We expect that the similar relation holds in the non-rectangular case.

2 Affine Yangian

Let us recall the definition of the affine Yangian of type A (Definition 3.2 in [I1] and Definition 2.3
of [I2]). Here after, we identify {0,1,2,--- ,n — 1} with Z/nZ.

Definition 2.1. Suppose that n > 3. The affine Yangian Yz, ., (sl(n)) is the associative algebra
over generated by x;fr,xifr,hi,r (i € {0,1,---,n—1},7 € Z>o) with two parameters 1,65 € C

subject to the following defining relations:

[hi,rs hjs] = 0, (2.2)

[x:;‘, x;s] = 5i,jhi,r+57 (23)

[hi, 23,) = £a; a7, (2.4)
+ + €1+ €2 + €1 — €2

[hi,’l‘-‘r17 .%'ij] - [hi,T7 .’L'j75+1] = iai,jT{hi,h .%'ij} — Myj T[hi,rv ‘T;'lfs]v (2'5)
g1+ €2 €1 — €2

[Iii,’r‘-‘,-l’ xfs] - [Iij,:’r‘7 xfs-‘rl] = ia"‘] 2 xii,’l‘7 xfs} - mZJ 2 [xii,r’ Ifs]? (26)

+ + + + _ o .
EGZ [xww(l), [xww(z) ey [ximw(maij\)’xj,s] =0 if i £ g, (2.7)
WEOLta;;]



where {X,Y} = XY 4+ Y X and

2 if 1 = j, -1 ifi=j5-1,
a;;=q—1 ifj=i+1l,m; =41 ifi=j+1,
0 otherwise, 0 otherwise.

Guay-Nakajima-Wendland [I3] gave the new presentation of the affine Yangian Y, ., (;[(n))
whose generators are
{hip,af, |[0<i<n-—1r€Z}

Proposition 2.8. Suppose that n > 3. The affine Yangian Y, ¢, (s:\[(n)) is isomorphic to the
associative algebra Yy o(sl(n)) generated by X\, X, H;, (i € {0,1,--- ,n—1},7 = 0,1) subject
to the following defining relations:

[Hir Hjs) =0, (2.9)
(X%, X0 = 6iHip, (2.10)
(X3 Xjol = 0 Hip = [Xfo, X 4], (2.11)
[Hio, X3] = +a;; X7, (2.12)
[H; 1, X = +ai; (X77), if (i,) # (0,n— 1), (n — 1,0), (2.13)

~ n
[HO,laX;zt—l,O] =7F (X:zt—l,l +(e+ §h)Xf—1,o) ) (2.14)

~ n
(1,0, Xii) = F (X7 — (6 + 50X (2.15)
[XflaXfO] - [XanX]:,tl] = iaijE{Xi%mX;,tO} Zf (’Lv]) 7£ (O,H - 1)5 (n - 150)7 (216)

h n
[Xoi,la Xfﬂ,o] - [X(TOerim] = :Fg{Xoi,Oeril,o} + (e + Eh)[X(f()a Xyil,o]a (2.17)
(ad X5) 419 (X ) = 0 if i # (2.18)
_ ho,
where Hi71 = Hi11 — EHLO’ h = €1+ €2 and € = —Nner.

Proposition is a little different from the presentation given by Guay-Nakajima-Wendland
[13]. The isomorphism Z: Yz, ., (sl(n)) — Y5 (sl(n)) is given by

E(hio) = Hip, E(%{[o) = Xij,[m
Hoa if i =0,

Z(hi1) =
( 71) Hi11 — %(61 - SQ)HLO if 4 }é 0.

Thus, Proposition 2.8l is derived from Guay-Nakajima-Wendland [13]. By this corresponding, we
find that

(X5, X5 =0if|i—j| > 1, (2.19)

i,r?

[Xfl’ [Xi%07 in+l,'r]] + [X'L%O’ [Xi%P in+1,'r]] =0. (220)

Remark 2.21. In [I7], the author gave the similar presentation for the affine super Yangian. We
note that (2.29) in [I7] contains a typo. We should replace (2.29) with

) P n
[X(Ji,leni—l,O] - [X$07Xf—1,1] = F(—1)pimt )i{X(fo?Xf—l,o} —(e+ §h)[X(anXf—1,o]-

We also note that ¢ = —neg in [I7]. This makes the difference between (Z14), (Z15) and (217)
in Proposition 2.8 and (2.26), (2.27) and (2.29) in [I7].



~

By the definition of the affine Yangian Y -(sl(n)), we find that there exists a natural homo-
morphism from the universal enveloping algebra of 5A[(n) to Yhs(f:\[(n)) In order to simplify the
notation, we denote the image of z € U(sl(n)) by .

We take one completion of Yhs(;[(n)) We set the degree of Yh_rs(:?[(n)) by

+1 ifi=0,

deg(H;,) =0, deg(X: ) =
eg(Hir) eg(X;,) {o i 20,

We denote the standard degreewise completion of Yh,a(gl(n)) by ?ha(gl(n)) Let us set A; €
Y5 e(sl(n)) as

_ h —s s h —s—1 s+1
Ai - 5 Z Eu,vt [Ei,iu E’U,ut ] + 5 Z Eu,'ut [Ei,i7 Ev,ut ]

5>0 5>0
u>v u<v
h h
s>0 s>0
u>1i >V
h e h e
+ 5 ZEu,zt s lEi7uts+1 _ 5 ZEi,vt s 1E'U)its+1,
s>0 s>0
u>1 1>

where E; ; is a matrix unit whose (a,b) component is d4;0 ; Similarly to Section 3 in [I3], we
define

J(hz) = ﬁi,l —A; + Ai+1 S ?ﬁ)a(;[(n))
+ 1
We also set J(z7°) = :|:§

o~

Yh,s (5[(71)) by

[J(hi), x;t] Guay-Nakajima-Wendland [13] defined the automorphism of

7i = exp(ad(a]y)) exp(— ad(z;)) exp(ad(zy)).

Let a be a positive real root. By definition of the Weyl algebra, there is an element w of the Weyl
group of sl(n) and a simple root «; such that @ = wa;. Then we define a corresponding root

vector by

If = TiyTig ** .Tipfl(xji)’

where w = s;, i, -+ + s;,_, is a reduced expression of w. We can define J(xk) as

J(:vf) = T Tig * 'TipilJ(,Tji).

Lemma 2.22 (Proposition 3.21 in [I3]). The following relation holds:
[ (he), 2] = (0, 0) () + ca gt
for some cq; € C.

~

3 A homomorphism from the affine Yangian Y;.(sl(n)) to
the affine Yangian Y; .(sl(n + 1))

In this section, we will construct a homomorphism from the affine Yangian Yh,a(gl(n)) to the
degreewise completion of the affine Yangian Yj . (sl(n + 1)).



Theorem 3.1. There exists an algebra homomorphism
U: Yy o(sl(n)) = Yio(si(n+1))
determined by

\IJ(H ) o HO,O+Hn,O le:O,
"7  Hio if i #0,

FE, 1t if1=0, By t7t if 1 =0,
W(xp) = Pt TR0 gy Pt
’ Eiiv1  ifi#0, ’ Eit1, if i #0,

and
W(Hip) = Hipn — ﬁz Byt By it®t + flz Eip1 g1t By t®t
s>0 s>0
U(X) = X5 hZEz i1t " Byttt
s>0
\Ij(ijl) = X;l - hZEH-l,n-i-lt_s_lEn 1, zts+1
s>0

for i # 0. In particular, we have

U(H;1)=H;1 — ﬁz Einiit S E it 4 ﬁz Eivinpit ' Epy it
s>0 s>0

for i #0.
By Theorem 31} we can easily compute ¥(X,) and W(Ho,1).
Corollary 3.2. The following equations hold:

‘P(Xéfl) (X .00 X hZEnn+1t n+1,1lfs+17
s>0

U(Xy,) =X, X hZEl np1t T Epy ot
s>0

h
‘IJ(HO,l) = HO,l + Hn,l + (5 + gn)Hn10 + th10H070

=B Eppat T Eppnt™ + B Byt T By attt

5>0 5>0

In particular, we obtain

_ L h
U(Ho1) =Ho1+ Hpa1+ (e+ §H)Hn,0

=B Eppgat T Eppnt™ + B Byt T By attt

5>0 5>0
Proof. By the definition of ¥ and ([2I3]), we have

\IJ(X(Il) = _[‘I’(ﬁl,l)a ‘I’(Xc—)to)]

= —[Hy 1, (X0, Xgoll + h[z Bt 1t B 1 t°t Bt
s>0

- h[z By i1t 5 By ot™ T By 1]

s>0



= [X 0, Xg] — hZEn,nqutisEnqu,ltSle,
s>0

where the second equality is due to E,, 1t = [Xf{ 0>
By (2II)), we obtain

U(Ho,1) = [W(XgH), ¥(Xg,)]
= [[X,0: Xg1) [X0.0, X 0l] — [hZEn,nJrlf_sEnH,ltSHaEl,nf_l]

X({O]. Similarly to \IJ(Xafl), we can compute

s>0
= [[X;{,O’ HO,l]erZO] + [X(IO, [Hn,Oa X(;Tl]] - [hZEn,n+1t_sEn+1,lts+lv El,nt_l]v (3-3)
s>0
where the last equality is due to (Z10) and (ZI1). By 2II)) and 2.12)), we have
[Xo_,m [Hn,Oa X(j:l]] = _[XO_,Ong:l] = Ho,1. (3-4)
By (2I1)) and (ZI3)-(2I5), we have
(X0, Hoal, X, 0]

~ h B
= —[[Ho1 + EHg,OerJLr,O]a X, ol
h _ h _
= X0+ e+ 5+ 1)) X0, X ol + 5 H{Ho0, X0} Xoro)
h Reol wiy K
= Hpa+ (e + 5(n+ 1) Huo + 5{Xp 0, X0} + 5 {Ho.0, Hao}
h h
=Hp1+ (5 =+ E(n + 1))Hn10 + hXIOX;,O — an,O + hH())O, Hn,07 (35)

where the second equality is due to (ZI4]) and (ZI2)), the third equality is due to 2I0) and (2TTI)
and the last equality is due to (Z9) and the relation

h h
S{Xa X ol =hX X o — 5 Hno-

n,00 “*n,

By a direct computation, we obtain

- [h Z En,nJrltisEnJrl,ltSJrl; El,ntil]

s>0
==Y Epnirt "Engint® + 7Y Bipgat " Byttt (3.6)
s>0 s>0

Applying (B4) and (B6) to (B3), we obtain
h
U(Hop1) = Ho1+ Hpa1 + (e + §n)Hn,O + hH,, 0Hoo

Y Enniat T Eapant™™ by Byt T Byttt
s>0 s>0

We complete the proof. O

In order to prove Theorem B.1] it is enough to show that ¥ is compatible with (2.9)-(2I8). By
the definition of ¥, ¥ is compatible with (ZI0), (Z12) and (2ZI8). We will prove the compatibility
with other relations of Proposition in the following subsections.



3.1 Compatibility with (21T

The case that ¢ = j = 0 has already been proved in the proof of Corollary 3.2l We only show the
case that i, j # 0. Other cases are proven in a similar way. We obtain

[P(X55), U(X )]
=[x - hzEz',n+1fs*1En+1,i+1tS+1vEj+1,j]

s>0
=85, Hig = 0igh Y Byt Epgrit*™ 48150 Eiprnat™  Bngy it
5>0 5>0
=0V (Hiq),

where the first and last equalities are due to the definition of ¥ and the second equality is due to

1D

3.2 Compatibility with (ZI3)

We only show the case that ¢ = j = 0 and the sign is 4+, The other cases are proven in a similar
way. By the definition of ¥, we have

[W(Ho ), ¥(Xq)]
- ~ h
=[Ho1 + Hp1, Epat] + (e + 5”)[Hn,07 B 1t]

— B Ennat T Bt Eat] 4 (B Eypgrt ™ B at* By at]. (3.7)
s>0 s>0

By a direct computation, we obtain
h h
(e + 5”)[Hn,o, Epat] = (e+ En)Enylt (3.8)

and

— [0 Banrat ™ B ot Enat] + [0 Bt Ensa 1t Epaf]

s>0 s>0
= _hz Eﬂn,n+1tiSilE177,+1,1tsjL2 - hz En,nJrltisEnJrl,ltSJrl
s>0 s>0
= =21 Eppi1t " Enpat™™ + XX (3.9)
s>0

By ([Z13)-(2TH), we have

[Ho,l + ﬁn,la E, 1t = [ﬁo,l + ﬁn,la [X;F ngo]]

n,0’
= X X — (e P o) 1+ e P X X

= [X:{,Oa X({ﬂ + [X:{,v X(;fo]

= Z[X:zr,on(Il] - S{X(IOerto} + (e + nt 1h)[X(IO’ X:zr,o]

= 20X 0 X] — (X0 Ko} — (e + a Bt

= 9Ny Xif] - WX o Xy — g‘[xgo, Xl — (e + ”T“h)En,lt, (3.10)



where the first equality is due to [X;', X o] = En,1t, the second equality is due to (ZI3)-(ZI5),

n,0?

the 4-th equality is due to (2IT). Applymg B3)-@BI10) to B.1), we obtain

[0 (Ho.1), U(Xdo)] = 20X, 0, Xy] = 20> Eppgat™ "By t*?
s>0

= 2‘IJ(X(1_1).
3.3 Compatibility with (214

We only prove the + case. The + case can be shown in the same way. By the definition of ¥, we
have

[W(Ho), U(X,_10)]
. . h
= [HO,l + Hn,ler—l;L()] + (5 + 5”)[Hn,07 Enfl,n]

- [hZEn,n—i-lt_S_lEn-l-l,nt n 1, n hZEl n—i—lt n 1,1t5+17En—1,n]

>0 >0

h e
==Xt Bt Ry Eniniat " Bt
s>0

= (WX ) + (4 UK ),

where the first last equalities are due to the definition of ¥ and the second equality is due to
2.I13).
3.4 Compatibility with (ZTI5)
By the definition of ¥, we have
[W(Hp—1,1), ¥(Xgp)]
= [ﬁn—l,la E,at] — hz Ep_ini1t ' Epipo1ttTh Byt

s>0
+ B Enpiat ™" Epgy ™ Enat]. (3.11)
s>0
By a direct computation, we obtain
- [hz Ejnf1,n+1t7571E’n+1,nfltS n 1t hz En n+1t n+1 nt +1 En,lt]
s>0 s>0
=0+ hZEn)n_Htisi En 1, 1ts+2
s>0
=hY Epnprt *Bupat™™ = RXF X (3.12)
s>0
By 213) and 2.I8]), we have
[Hy—1.1, Bnat] = [Haor 1, (X))o, Xooll = = (X1, X0l

h h
[X:m X(j:l] + i{X(;TmXIo} + (e + 5(” + 1))[X:07X6t0]

—[X;

n,0?

h h
X(;H] + hX:zr,oX(io + g[X(io’Xrto] + (e + 5(” + 1))[X:Oa Xo, o’ o) (3.13)



By applying 312) and BI3) to (BI1), we have
(W(Hpo1.1), U(Xg)]

—S S h
= —[X.F0, Xd] + h§ Epniit *Epp 1t + (e + §n)[ano, X0l
s>0

= —(U(Xgy) — (e + gn)‘IJ(X({o)),

3.5 Compatibility with (2.16)
We only show the case that ¢ = 0 and the sign is +. The other cases are proven in a similar way.

Case 1: i =0, #0,n—1
By the definition of ¥ and the assumption that j # 0,n — 1, we have

(@ (X o), U (X))

= [[X,50, Xgol, X3h] = [Bnnt, hzEj,n+1fs*1En+1,j+1ts+l]
s>0

= [[X,5 0. Xl X = 010> Epngat™ " Enga jpat™
s>0

and
[W(Xg1), U(X)]
= [[X:,m X(j:l]v X;,_O] - [hz En,n-i-lle_sEn-i-l,lﬁs-i_1 ) Ej»j-i-l]

s>0

= [[X;{,Oa X({l]a XIQ] - 5j,1hz En,nJrltisEnJrl,QtSJrl-
s>0

Thus, by a direct computation, we have

[W(Xg1), U(X;0)] = [P(Xgp), T(X])]
= [[X:,O’ngl]ng-{_O] - [[XJF,OaX(;to]vX;ﬂ-

n

We obtain
[[X7er,07 X({l]v XJJ,FO] - [[X7er,07 X({O]v X;Tl]
= [X:{,Oa ([X(-)EMXJTO] - [Xéfo,Xjfl])]
h

= 5a0,j [Xf:,o’ {XSth X;,ro}]

h
= 5(107]‘{[X»,-:07 XJ:OLX;_O}

= Do AU, WK ), (3.14)

where the first equality is due to (2-19) and the assumption that j # 0,n — 1, the second equality
is due to ([ZI6) and the last equlity is due to the assumption that j # 0,n — 1.

Case 2: i=35=0

In this case, [2I6]) is equivalent to

[(Xoh, Xl = h(X ) (3.15)
We will prove the compatibility with (BI5]). By the definition of ¥, we have

(@ (X)) U (X))



[[Xn 07X ] [ nO’ hZEn n+1t n+1,1ts+17En,lt]
s>0

= [[X 0, Xolus X705 Xoo]] = 0. (3.16)

By (2I8)), we obtain
[[X:,Ov X(jjl]? [X:m X(IO]]
= [Xf:,o’ [X(Il? [X:m X(Iom [[X:m [X:m X({o]]a X(Il]
= [X; 00 [X0 1 [Xoh 0, Xool]] + 0, (3.17)

where the last equality is due to (ZI8]). We obtain
[X(Ilﬂ [X:,Ov X(;’:O]]
1
= E[X(j:lv [XIOaXc—)to]] ([[Xo 17X ] Xo 0] [X:m [XS:DX(IO]])

1
= 5([X(;T17 [X;zi_O?X(IO]] [[Xo 1 X ] Xo 0]) [X:m [X(IpX(IO]]

=0+ DX o, (X))
= DX 0 Xl X, (3.18)
where the third equality is due to (Z20) and B.I3). By applying BI7) and BI]) to B.I6]), we
obtain
(X, (X))
= (X0 o (1K, 00 Xfol, X))
Z{[XJO,X&)] X0 X} = B (X))?
by @I8).

3.6 Compatibility with (2.17)

We only show the + case. The — case can be proven in a similar way. By the definition of ¥, we
have

[P (Xgo) (X1 1)]

= [[X;_,Oa X({O]v Xr-l_fl@] - [En,ltv hz Enfl,n+1t7571En+l,nts+l]
s>0
= (X, 0 Xl X )]+ 0 Enyngat " B 1 t°? (3.19)
s>0
and
(W (X)), (X, 10)] (3.20)
= [[Xn0, Xo1l, X 1,0] hz Enmiat *En11tt By ) (3.21)
s>0
= [[X7 0, Xoals Xa_10] + ﬁZEn—l,n+1t_sEn+1,1ts+l. (3.22)
s>0

By comparing the right hand sides of (B19) and ([B:22]), we have
(W), WX 0)] = [U(X ), U(X 0 ,)]

10



=[x}

n,0’

X1l X o)+ hEn 1 n1EBnyaat — [ X0, Xd ol X1 1] (3.23)
We obtain
[1X:F0r Xoals X1 0l

n,0’

n,l»

h h
=[x, X(;To] + g{X(j,_OvX:,O} —(e+ 5(” =+ 1))[XJ07X:—1,0L X:—l,o]

h h
= [[X:{,u X(fo]vXﬁLfl,o] + g{X(fo’ [X:{,Oa X:LLO]} —(e+ 5(” + 1))[[X(fo, X:,o]vXﬁLfl,o]
h h
= [[XF 1, Xl Xy o] — 5{Enﬂ,lt, En-1n1}— (e+ 5(n +1))En_1.1t, (3.24)

where the second equality is due to (ZI7). By the similar way to ([B14]), we have

[[Xrtlv X(IO]? XrJerl,O] - [[X;{,O’ X(;TO]a X:—l,l]
h
= —5{[Xrt0aX(i0]vXﬁL71,o}- (3-25)

By applying (3:25) to (3:23), we have
[P (1), U(X, 0 0)] = [(Xo) O(X, )]

n,0’

h h
= —5{[X+ Xgol, X 10} — g{EnJrl,lt;Enfl,nJrl}
h
—(e+ 5(” +1)Ep_11t+ hEn_1nt1Ent1 1t

h h
= _5{[X:,07X(I0]7X:—1,0} —(e+ in)En—l,lt

_ _g{\p(ngo), (X, o))+ (e + gn)[\I/(XJTO% (X0

3.7 Compatibility with (2.9
By the definition of U(H; 1), ¥ is compatible with (Z3)) in the case that r + s < 1. Thus, it is

enough to prove [U(H; ), ¥(H, )] = 0. We only show the case that 4, j # 0. The case that i = 0
or j = 0 can be proven in a similar way. By the definition of ¥, we have

[W(H;n), U(Hjq)| = [Hig, Hjt) = [Hiq, Py — Piga] + [Hj1, Py — Piga] + [P — Pig1, P — Py,

where P; = hz Ei7n+1t_s_1En+17its+1. By the definition of J(h;), we have
s>0

= [Hig, Py — Pipa] + [Hj1, P — Piga]
= —[J(hi), Pj = Pja] + [J(hy), Pi — Piya] + [Ai — Aig1, P — Pja] — [Aj — Aja, Py — Pj(+1]-
3.26)

By Lemma [2.22] and the definition of P;, we find that the sum of the first two terms of the right
hand side of ([B:26]) are equal to zero. Thus, it is enough to show that

[Ai, Pj] — [Aj, Pi] + [Pi, Pj] =0. (3.27)
By a direct computation, we obtain

[P;, Pj) = I Z Ejpyrt™ " BtV By 5
s,v>0

— 1Y Eingat " Bt Byttt (3.28)
s,v>0
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By the definition of A;, we can divide [A;, P;] into four pieces:

h _
[Ai, Pj] = ZEU it B t®, Pj [§ZEi,ut Byt P}]
s>0 s>0
u>i >u
h e h el
+[§ZEW¢ TR, 5T P —[§ZEWL‘ sSTIE, 5T Pyl (3.29)
s>0 s>0
u<t <u
We compute the right hand side of (329). By a direct computation, we obtain
h —S S
[5 Z Eu,it Ei,ut an]
s>0
u>1
j > Z Z EJ zt7 i n+1t lEn+17jtv+1
s,v>0
Z En+1 i J n+1t 1Ei,jts+v+1 Z 51 gEu 1t J n+1t En+1,uts+v+1
s,v>0 s,v>0
u>z
§ 1 1 h? 1 1
— Z i jBuni1t VT Epg jtUT Bt — b} Z Ej it U By jt" T By gt
s,v>0 s,v>0
] > Z Z E; )n+1t En+1)itv+l_sEi)jtS, (330)
s,v>0
h —S S
-5 > Eiut " Eyit*, P
s>0
1>u
2
- Z 5i,jEi,ut_sEu,n+1ts_v_lEn+1,jtv+1
s,v>0
h? 1
+0(i > j)— 5 Z Ei jt *Ejnpat " Epgq i t* Tt
s,v>0
h? 1 1
—0o(i > j)7 Z Ei 1t VT By VT E; it
s,v>0
2
= Y 0iiEjnat T gy ot B, it (3.31)
s,v>0
h E 7571E s+1 P
5 Y Buit iut™, Pyl
s>0
u<lt
8(j < i) Z Ejit 5 B 1t U Byt
s,v>0
Z i ,]Eu zt ] n+1t En+1,uts+v+1
s,v>0
2
= Y GijBuniat T R B it T B
s,v>0
u<i
8(j < i) Z Ejni1t U Byt B it (3.32)

s,v>0

12



h
-5 > Eiut B, ittt Pyl

s20
<u
2
Y Z 6,]Ezut_s 1Eun+1t v n+l,]fv+1+_ Z Ezn-i—lt E] zts v 1E‘n—i-l ]tv+l
s,v>0 s,v>0
Z < .7 Z E; ,]t_ B ] n-i-lﬁ 1-En-l-l,iLLS_HH_2

s,v>0

h2
—0(i < j)7 E Ejprt 2Byt B o
s>0

2 h2
§ : —v—1 — 1 E : —v—1 - 1
—_ Ej)rn+1t v Ei’jtv SEnle)itSJr +7 5i,jEj,n+1t v EnJrl,utv SEu,itSjL .
s,v>0 s,v>0

(3.33)

Here after, we denote (equation number),; means that the value of (equation number) at i =
a,j = b. Moreover, we denote the r-th term of the right hand side of (equation number) by
(equation number),..

By the definition of A;, we have

[Ai, Pj] — [4;, Bi] = B30), ; + B.31), ; + B.32), ; + B.33),
- (13311')“ - (BE])JZ - (m)” - (1333)“ (3'34)

By the definition, we find that the terms containing J; ; in the right hand side of ([3.34]) vanish.
By a direct computation, we can compute the sum of the terms containing 6(j > ) in the right

hand side of ([B.34):
Mi,j,l + mz',j,e - (BBIDJ',M - (BB:D)j,i,,S
- (Bﬂ)” - B32),,,+ B33, 5+ B3I, ;4
=6(j > i) Z Ejit 5 T B, 1t Byt

s,v>0

] > Z Z E; )n+17f 1En+1)if_sEi7jtS+U+l

s,v>0
—8(i < §) 2 Z Ei it 5 VT B i 1t* By it
s,v>0
Z < j Z Ez n+1f En+1)jfisEj)its+v+1. (335)
s,v>0

Similarly, we can compute the sum of the terms containing 6(j < 4) in the right hand side of
B34):
- mj',i,l - mg‘,i,e + (13331)1-,3-,2 + mz',j,3
+ m)',j,1 +B32),,;, - B33, ,; - B33),,,
(i > j) = Z Ei itV B i 1t* By it

s,v>0

h2
+4(i < j)g > Einpat U Epp it Bttt

s5,v>0

+4(j <) Z Ejit S T B 1t Byt

s5,v>0
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] < Z Z E; )n+1t n+17it_sEi)jts+U+l. (336)

s5,v>0

By a direct computation, we obtain
B.33), + (13333')4 +B30), ;.

( 7é j) Z [En—i-l,zt SaE],n-l-ltivil]Ei,jtSJerrl = 0.

s,v>0

Similarly, we have

), + @), - ), ; =
Then, we find that [A;, P;] — [4;, P;] + [P;, P;] is equal to the sum of the following four terms:

B.35), + B.36), + B.30), 5,
B.35), + B.306), — B.30);; 5,
M)1 - (m)j,i,2 + M)i,jﬁv
B.28), + B33), ;, — B33, 5-

By a direct computation, these four sums are equal to zero. We complete the proof of the com-
patibility with (Z3]).

4 The rectangular W-algebra W*(gl(2n), (2"))

Let us set some notations of a vertex algebra. For a vertex algebra V', we denote the generating
field associated with v € V' by v(z) = Z vz~ """, We also denote the OPE of V' by
nez

) ~ 3 (10

s>0

for all u,v € V. We denote the vacuum vector (resp. the translation operator) by |0) (resp. 9).

We denote the universal affine vertex algebra associated with a finite dimensional Lie algebra g
and its inner product x by V*(g). By the PBW theorem, we can identify V*(g) with U(¢t~1g[t~1]).
In order to simplify the notation, here after, we denote the generating field (ut=1)(z) as u(z). By
the definition of V*(g), the generating fields u(z) and v(z) satisfy the OPE

[w, v](w) n K(u,v)

u(z)v(w) ~

z—w (z —w)? (4.1)
for all u,v € g. For a matrix unit e, j, we denote e; jt=™ € U(t~'g[t™!]) = V*(g) by e; ;[—m].

The W-algebra W¥ (g, f) is a vertex algebra associated with the reductive Lie algebra g and a
nilpotent element f. We call the W-algebra associated with gl(In) and a nilpotent element of type
(I™) the rectangular W-algebra and denote it by W¥(gl(In), (I")). In this article, we only consider
the case that [ = 2. The nilpotent element is

n
f - Z Entu,u-
u=1

By Theorem 3.1 and Corollary 3.2 in [I], we obtain the following theorem.
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Theorem 4.2 (Theorem 3.1 and Corollary 3.2 in [I]). 1. We define the inner product on gl(n)

by
k(€355 €p,q) = 0j,pOi,q@ + 04 j0p g,

where o = k +n. Then, the rectangular W-algebra W¥(gl(2n), (2")) can be realized as a
vertez subalgebra of V= (gl(n))®?

2. The W-algebra W* (g, f) has the following strong generators:
1 _ ( ) (2)
Wiy = e ;=1 +e 7 [-1],
2 1 2 1
W= 3 1 - a1
1<u<n

for 1 <i,j <n, where ez(-)lj) 1] =e;;[-1]®1 € V*(gl(n))®? and ez( ])[ 1l=1®e¢,;[-1] €

Vr(gl(n))®?
Remark 4.3. We note that Wl(i) in this article is different from the one in [I]. We shift Wi(j) in
this article is corresponding to Wj(,2i) — aBWj(i) in [I.

We can compute all OPEs of these strong generators. The computation can be done by using
the computation process in the appendix of [17].

Theorem 4.4. 1. The following equations hold:
(W(l))(O) '(1') = 0g 'W(l') - 5P,JW(1)

p,q i,q

(WD @WY = 20,:6,,010) + 8,.40:,5(1+ 1)[0),
(W(l))(S)W( =0 for all s > 1.

2. The following four equations hold:

wm 0 W_(Q_) -5 W + 5 W(2),
p,q /(0) "V j p.J p.J
(Wzg,l(]))(l)Wi(,? = 5P,JCVW 1) + dp,gW; ;)’
(Wzg,lq))(Q)Wz(i) —204,i0p, JO‘2|O> 26p,46i,50/0),
(WD W2 =0 for all s > 2.
3. The following relations hold:
(2)
WD Wis
= (WD Wiy = W)y Wiy + a(aW“?n_nWé? +@OWID W
2 20 +1 1) 3
— 0giadW) — 8, 0w — 5 oW () ) — 5000 WY, (4.5)
(W2hw W
— (W) )W(l) N (Wm)(_ W

— §giaW ) — 26, :020W ) — 8, ;aW ) — 6, (WP — 26, ;00W D) — 5, WD, (4.6)
(W ))(Q)Wi(j)

p,q

= 8020 — YWY =6, ;aW D) — 6, ja2a — YWY + 6, ,aW Y, (4.7)
(W2 ’)( W

= (1+ a® — 6a°)8p,40:,;0) + (2 — 60%)5 ;6;.4/0), (4.8)
(WD) W2 =0 for all s > 0. (4.9)
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We note that these OPEs are only dependent on o and independent of n. Thus, by Theorem [£.4]
we find the following embedding:

WHL(gl(2n), (2)) — WH(gl(2(n + 1)), (27+1)), W s WY,

5 The relationship between homomorphism ¥ and the rect-
angular W-algebra W (gl(2n), (2"))

Let us recall the definition of a universal enveloping algebra of a vertex algebra in the sense of [10]
and [I4]. For any vertex algebra V', let L(V') be the Borchards Lie algebra, that is,

L(V) = VC[t,t']/Im(d ® id +id @%), (5.1)

where the commutation relation is given by
b a b—
[ut®, vt”) = <T> (ugryo)t* ="
r>0
for all u,v € V and a,b € Z. Now, we define the universal enveloping algebra of V.

Definition 5.2 (Section 6 in [14]). We set U(V') as the quotient algebra of the standard degreewise
completion of the universal enveloping algebra of L(V) by the completion of the two-sided ideal
generated by

(u(a)v)tb — Z (CZ) (1) (ut®Cot® — (—1)%t* T ut?), (5.3)
>0
|0yt — 1. (5.4)
We call U (V') the universal enveloping algebra of V.

In [I9] Theorem 5.1, the author constructed a surjective homomorphism from the affine super
Yangian to the universal enveloping algebra of a rectangular W-superalgebra. Setting m = n,
n =0 and [ = 2, we obtain the following theorem.

Theorem 5.5. Suppose that h = —1 and ¢ = —«. There exists an algebra homomorphism
O™ Vi e(sl(n) — UMW (gl(2n), (27)))

determined by

D —w 420 ifi=o,

Wﬁ) - Wi(i)l.,iJrl ifi #0,

wWe  fi=o, - w=1 i =0,
(I)n(Xz'Jro) = { e ‘I)n(Xz‘,o) = w

O"(H;o) = {

w0, wil, ifi#o,

16



Wit — W(2)15 +aWi — 204‘13"(H0 0) + Wi (WY —20)
-2 Z Wt Wt + ) Z Wi e,
s>0u=1 s>0u=1
if i =0,
2 2 (2 Dy (1
" (H;q1) = I/V'(’)t_wi(+)1 i+1t+§¢ (H; )+W( )Wz(-i-)l i+1
XS =Y 3w e
s>0u 1 s>0 u=i+1
F WO W Y S WO e
s>0u=1 s>0 u=i+1
1 #£0,
WA + oWt - 200n(XF,) = SN Wt wi e+
s>0u=1
if i =0,
(I)n(Xz—t_l) = Wz(zzi-lt + 2(I)n(Xz+0)
SRS W e 3 Y Wit e
s>0u=1 s>0 u=i+1
if i #£0,
W<2> — 22" (X, Z Z W(l)t—s e,
s>0u=1
ifi=0,
(I)n(Xi) = Wz(i)l U (I)n(X )
S WL W Y 3 Wi e
s>0u=1 s>0 u=i+1
if i # 0.

By the definition of U™, we obtain the following theorem.

Theorem 5.6. Suppose that i = —1 and e = —k — (n+1). We obtain the following commutative
diagram:
P oW = 10",

Proof. The affine Yangian is generated by X for 0<i<n-—1and X+ for1<j<n-—1hy
the defining relations (Z.9)-(ZI8). Thus, it is enough to show that

"to ‘I/(Xij,to) =1t0 (I)n(Xij,Eo)a (5.7)
o"tlo V(X)) =10 ®™(X]).

By the definition of ®", ¢ and ¥, (57) holds. By the definition of ®” and ¥, we have
"o w(X )

_ ¢n+1(X;:1 + Z Ej7n+1tfsflEn+17j+1ts+1)
s>0

2 T on
= Wit + 52
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n+1

_Zzwl)t_swulg)-i—lts Z Z Wl)t_s IW() ts-l—l

s>0 u=1 s>0u=j+1
1) S— 1 s

+> Wi et et

s>0

_w® b antl v+
= Wit + 52
J
1),—s s (1), —s—1177(1) s+l

S W 3 S Wi

s>0u=1 s>0u=j+1

On the other hand, by the definition of ®"™ and ¢, we obtain

Lo ®"(X )

_ W(7+1t+ 2(I)n+1(X_;,_O)
j
SN wileew e -3 Z Wit (et
s>0u=1 s>0u=j+1
Thus, the relation (5.8)) holds. O
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