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SOME PROPERTIES OF NORMAL SUBGROUPS DETERMINED FROM
CHARACTER TABLES
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ABSTRACT. G-character tables of a finite group G were defined in [6]. These tables can be very useful to
obtain certain structural information of a normal subgroup from the character table of G. We analyze
certain structural properties of normal subgroups which can be determined using their G-character
tables. For instance, we prove an extension of the Thompson’s theorem from minimal G-invariant
characters of a normal subgroup. We also obtain a variation of Taketa’s theorem for hypercentral
normal subgroups considering their minimal G-invariant characters. This generalization allows us to
introduce a new class of nilpotent groups, the class of nM I-groups, whose members verify that its
nilpotency class is bounded by the number of irreducible character degrees of the group.
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1. INTRODUCTION

In general, if N is a normal subgroup of a finite group G, the character table of N can not be
determined from the character table of G. In [6], the G-character table of N obtained from the character
table of G is defined (see Section 2). They are non-singular matrices that provide certain arithmetical
relations among significant integers associated to the irreducible characters of IV such as their character
degrees, indices of inertia subgroups and ramification numbers. The character table of G determines
those irreducible characters of G that are over the same minimal G-invariant character of N, which are
defined as the sum of characters of N belonging in the same orbit determined by the conjugation action
of G on the set of irreducible characters of N. These characters of N form a basis of the C-vector space
of the G-invariant class functions of N, and they become relevant to G-character tables of N, playing a
similar role that irreducible characters do to the character table of a group G.

The nilpotency of a normal subgroup N of a group G can be recognized from the character table G,
but the nilpotency class of N cannot be recognized. In fact, we can not deduce if a normal subgroup N
is abelian (see [4] and [16]). However, the commutator [G, N] can be computed from G-character tables
of N as the intersection of kernels of linear G-invariant characters of N and this information can be
read from G-character tables of N (Corollary B.3]). In particular, we can read from the character table
of G if a normal subgroup N is hypercentral and we can obtain its lower central G-series.

We can not compute prime divisors of irreducible character degrees of N from the character table of
G. However, prime divisors of the minimal G-invariant character degrees of a normal subgroup N are
known, considering some relations that arise from G-character tables of N (Corollary 23]). We present a
generalization of the well-known Thompson’s theorem (see 12.2 in [I1]) applied to minimal G-invariant

The first author is supported by a grant from IPM (No. 1402200112) and the second author is supported by Proyecto
CIAICO/2021/163, Generalitat Valenciana (Spain).


http://arxiv.org/abs/2312.10699v2

2 Z. AKHLAGHI, M. J. FELIPE, AND M .K. JEAN-PHILIPPE

character degrees of N (Theorem [BI0). This generalization gives us a sufficient condition to deduce
whether a normal subgroup N has a normal p-complement from the character table of G.

Finally, we present a new class of groups which are determined by the following property: for every
irreducible character x € Irr(G) there exists a normal subgroup H of G such that {x} = Irr(G|\), with
A a linear G-invariant character of H. These groups are called nM I-groups. A variation of Taketa’s
theorem (Theorem BI9) (see 5.13 in [I1]), considering minimal G-invariant character degrees of certain
hypercentral normal subgroups of G, allows us to prove that if G is a nM I-group, then G is nilpotent
and the nilpotency class of G is bounded by the number of distinct irreducible character degrees of
G (Theorem [3.20). Moreover, if G is a nM I-group, all normal subgroups of G are G-invariant nMI-
subgroups (Definition BI3]).

In the sequel, all groups considered are finite. The notation and terminology used are standard, and
they are taken mainly from the books [I1], [15] and [10].

2. PRELIMINARIES

The group G acts by conjugation on the set Irr(N) of irreducible complex characters of N. If
6 € Irr(N), then 69 € Irr(N) and 0 = S 69 is a minimal G-invariant character of N, where
{69 |i=1,...,t} = {09 | g € G} is the orbit of § under the action by conjugation of G on Irr(N),
while the set {g; € G |i=1,...,t} is a right transversal in G of I¢(0) = {g € G | 89 = 0}, the inertia
subgroup of 6 in G. Clifford’s theorem (see [I1, Theorem (6.2)]) states that irreducible characters x of
G whose restrictions yy to N have 6 as constituent satisfy yy = e 9 for suitable integers e, known as
ramification numbers. This fact introduces an equivalence relation (with respect to N) on the set Irr(G)
of irreducible complex characters of G, being two elements equivalent if their restrictions to the normal
subgroup N have a common irreducible constituent.

We recall the main notation used in Notation 4.5 of [6] about character G-tables.

Notation 2.1 Let N be a normal subgroup of a group G. Denote:

{n§,...,ng} the set of G-conjugacy classes of N;

D = (d;;) a diagonal matrix with entries d;; = &;;|n¥|, where &;; is the Kronecker delta function,
fori,je{l,...,k};

A ={x1 =1¢,x2,-.., Xk} & representative system of the equivalence classes in the equivalence
relation with respect to N, defined on Irr(G);

Q={0; err(N) | 1 <i <k} such that x; € Irr(G|6;), for each i € {1,...,k};

t= |G (0], e = [(c)n. 0] # 0, 1< i < k.

X = (z;5) € Mg(C), with entries z;; = x;(n;) for 1 < 4,j < k, is the G-character table of N
constructed from A, and X' its transposed conjugate matrix; i.e if X = (x;;), then X = (vij)
being y;; = Z;; the complex conjugate of z;;, for 1 < 4,5 < k.

o Ax =diag(\1,. .., \x) the diagonal matrix with entries \; = |N|t;e?, 1 < i < k.

Theorem 2.2 With Notation [21, it holds that Ax = XDX'. In particular, X is non-singular.

As a consequence of Theorem 2.2] it is obtained that the equivalence classes of irreducible characters
of G are in one-to-one correspondence with the orbits of irreducible characters of IV under the action of G
by conjugation, by Clifford’s theorem, and we can recognize the sets Irr(G|0), for every 6 € Irr(N), from
the character table of G. Moreover, the following arithmetical relations between the aforementioned
integers t;, e; and 6;(1).
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Corollary 2.3 With Notation[21], the next integer relations hold, where the corresponding right sides
can be computed from the G-character table X of N:

s
Ai efti = d
(1\2
(Bsi) t:0;(1)* = NV pea(0)”
g
for1 <i<k.

3. MAIN RESULTS

In general, the nilpotency and solvability of a normal subgroup N of a group G can be obtained from
the character table of G. However, it is not possible to know the derived length when IV is solvable or
the nilpotency class when N is nilpotent. In fact, we are not able to find out if N is abelian by the
character table of G. (It is well-known that Problem 10 of Brauer’s famous list in [3] has a negative
answer).

Proposition 3.1 Let N be a normal subgroup of G. The character table of G determines if N 1is
nilpotent or solvable.

PROOF. Let p be a prime divisor of the order of N. By Higman’s theorem (see 8.21 of [11]), the
character table of G determines the sets of prime divisors of orders of elements of G. In fact, an element
x € N is a p-element if and only if

x(@)I% = x(1) (mod p),

for all x € Irr(G) (see Corollary 5.3 of [2]). Therefore, from the character table of G we can realize
which G-conjugacy classes of N contain elements with p-power order. Let P be a Sylow p-subgroup of
N and T = UIGP:EG, the disjoint union of G-conjugacy clases of p-elements of N. The G-conjugacy
class size |2|, for € P, can be obtained from the character table of G. Then P is normal in N if and
only if |T'| +1 = |P|. Hence, the character table of G allows us to know the nilpotency of N.

We observe that NV is solvable if and only if there exists a series

1=NoIN; <INy <d...dN, =N

such that N; S G, for i € {0,...,r}, and N;/N,;_; is nilpotent, for ¢ € {1,...,r}. Since we can check

if the quotient groups N;/N;_1 are nilpotent from the character table of G/N;_;1 (obtained from the

character table of G), then we can deduce if N is solvable or not from the character table of G. ]
We consider the following set of irreducible characters of N

Ling(N) = {0 € Irr(N) | 6 is a linear G-invariant character of N}.

Proposition 3.2 Let N be a normal subgroup of a group G, 0 € Irr(N) and x € Irr(G|6). Then
[N,G] C ker(x) if and only if 0 € Ling(N). In particular, |N : [N, G]| = | Ling(N)|.

PRrROOF. Firstly, we prove that Ling(N) = {0 € Irr(N) | [G, N] C ker(0)}. Let [n, g] be a generator of
[N,G] = |G, N], with g € G and n € N. Let 6 € Ling(N), then

0(lg.n)) = 0(g ™ n""gn) = 09" (n"1)0(n) = O(n~1)0(n) = O(n""n) = O(1) = 1.
Then [N, G] C ker().



4 Z. AKHLAGHI, M. J. FELIPE, AND M .K. JEAN-PHILIPPE

Reciprocally, if § € Irr(N) and [N, G] C ker(6), then 6 is a linear character of N since N’ C ker(6).
Moreover, if g € G and n € N, then

1=6(1)=60(g"'n""gn) =0(g~'n""9)0(n).
Therefore
99 (n"1o(n) = 1

for every n € N and g € G. Then 69(n) = 6(n), for every n € N and g € G and 6 is a G-invariant
character of N; that is € Ling(N). In particular, if [V,G] C ker(x) for some x € Irr(G|¢) with
6 € Irr(N), then [G, N] C ker(6) and 6 € Ling(N).
Moreover,
Irr(N/[G, N]) = {6 € Irr(N) | [G, N] C ker(6)} = Ling(N)
and |N : [N, G]| = | Ling(N)|, since N/[G, N] is abelian. [ |

Corollary 3.3 Let N be a normal subgroup of a group G, then the subgroup [N, G| and the sets Irr(G|6),
with 0 € Ling(N), are determined from the character table of G.

ProOOF. Let A be a representative system of the equivalence classes in the equivalence relation with
respect to N defined on Irr(G). By Corollary 23 B;), we have 6 € Ling(N) if and only if

Ai = |Nxi(1)?

where A; is an element of the main diagonal of the matrix Ax obtained from a G-character table X
of N, with x; € A such that [(x;)n,0] # 0. As a consequence, we can read from the correspondent
G-character table X of N if a constituent of (x;)n is a linear G-invariant character of N. Observe that

[N,G] = m ker(f) = ﬂ ker(x) N N.
0€Ling (N) 0 € Ling(N)
x € Irr(G|9) N A

Therefore, the subgroup [V, G] can also be determined from the character table of G. ]
Next, we introduce some notation and some elementary results on hypercentral subgroups that we
will use later. Let NV be a normal subgroup of G. A G-series of IV is a normal series of N

1=NodN; d---dN;=N

with NV; 9 G, for i € {1,...,s}. In particular, we said that a G-series of N is a chief G-series if N;/N;_;
is a chief factor of G, for every i € {1,...,s}.

Definition 3.4 Let N be a normal subgroup of a group G. The descending G-series
LG(N) =N BTE(N) = [[g(N), Gl = TE(N) = [Tg(N),G] = ...

is called lower central G-series of V.

If there exists some integer r such that I';,(IN) = 1, then N is a hypercentral subgroup of G. As a
consequence of Corollary we obtain the following.

Corollary 3.5 Let N be a normal subgroup of a group G, then the character table of G determines
the G-hypercentre of N. In particular, if N is a hypercentral subgroup of G, the character table of G
determines lower central G-series of N.
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In the literature, there exist different equivalent descriptions and several results relating to the hy-
percenter of a group (see, for instance, [I], Section 6 in IV of [5], [13], [14] and Section 6 in Appendix C
of [I7]). With notation in [I4], we consider the hypercenter H(G) of G as the upper ascending central
series of G.

Definition 3.6 We consider the ascending G-series of a normal subgroup N:
1=2Z%(N)<ZL(N)=Z(G)NN <QZL(N) Q...

such that
Z¢ ' (N)/Zg(N) = Z(G/Zg(N)) N N/Zg(N),

for i = 1,2,.... This series is called the upper central G-series of N. We define the G-hypercenter of N
as Ho(N) = |JZ45(N). We have that H(G) NN = Hg(N) C H(N).

The following result is elementary and can be proven by induction easily.

Proposition 3.7 Let N be a subgroup of G. If there exists an integer r > 1 such that T't,(N) =1 in
the lower central G-series of N, then Zgl(N) = N in the upper central G-series of N. Reciprocally, if
Z;,(N) = N, for some integer v > 1, then Tj;M ' (N) = 1.

The above proposition allows us to define the concept of the hypercentral G-length of a normal
subgroup of a group G.

Definition 3.8 Let IV be a hypercentral normal subgroup of a finite group GG. The least integer k such
that TH™ (V) = 1 is equal to the least integer k such that Zr,(N) = N and k is called the hypercentral
G-length of N. We denote this integer by 15 (V).

In [8], it is proved that the Frattini subgroup of a solvable group can be determined from the character
table; however, this fact does not happen when the group is not solvable. If N is a hypercentral normal
subgroup in G, then N is nilpotent and [N, N] < ®(N) < &(G)NN, where ®(G) is the Frattini subgroup
of G, but the subgroups [V, N] and ¢(N) can not be read from the character table of G. Using induction
on the hypercentral G-length of hypercentral normal subgroups of a group G, we obtain the following
result.

Corollary 3.9 Let N be a hypercentral subgroup in G. Then [G,N] < ®(G)N N.

PROOF. We argue by induction on the hypercentral G-length of N, which is donated by r. If r = 1,
then [G, N] = 1 and the result is trivial. Suppose that Ny = [G, N] # 1. Since N is a hypercentral
subgroup in G, then N; < N and N; is a hypercentral subgroup in G. The hypercentral G-length of
Ny is less than or equal to » — 1. By induction, [G, N1] < ®(G) N N1 < &(G) N N.

Let M be a maximal subgroup of G, we have [G,N1] < M N N. We claim that N; < M. Assume
that G = Ny M, then N = Ny(M N N) and [G, N] = [G, N1][G, M N N]. Since M N N is normal in M,
we have [M, M N N] is a subgroup of M N N. Moreover, [N1, M N N] < [N1,G] < M N N. Therefore,
[G,MNN]=[M,MNN]Ni,MNN] < MNN. As a consequence, N1 = [G,N] =[G, N1][G,M N N] <
M N N, a contradiction, and the proof is complete. ]

We point out that it is not difficult to find examples that show that the reverse implication of the
above result is not true (for instance, G = D1z and N = ®(Q)).

Now, we denote by

Ming(N) ={0 |0 € Irr(N)}y = {0; | i =1,...,k}
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the set of minimal G-invariant characters of N. By Corollary 23| B;), we have

B:(1)6:(1) = |N|>§7(1>2

-~

which is obtained from a G-character table X of N. Then, prime divisors of §(1) are known from this
equation, although we can not find out the prime divisors of 6(1). In particular, if a prime p does not

~

divide 6(1) for every minimal G-invariant character 6 of N, then we can deduce that N has an abelian
normal Sylow p-subgroup by Itd-Michler’s theorem (see Corollary 4.11 of [6]).

~

However, we consider the opposite situation. Assume there exists a prime p divides 6(1) for every
b e Ming(N) \ Ling(N). We observe that this fact does not imply that p divides every irreducible
character degree of N. In this situation, we obtain the following generalization of the well-known
Thompson’s theorem for minimal G-invariant characters of N.

We keep the notation of Theorem 12.1 of [I1]. Let

F(N)={0€rr(N) | pt6(1) and pto()}.
and s(N) = 3" pc oy 0(1)*. By Theorem 12.1 of [IT], we have
|OP(N)| = s(N) (mod p).
We consider the set .#¢(N) = {6 € Ling(N)| pto(d)} C .Z(N).

Theorem 3.10 Let p be a prime integer. Suppose p divides 5(1) for every 0 € Ming(N) \ Ling(N),
then N has a normal p-complement.

ProOOF. We have
s(Ny= > o= > 01+ > 6(1)2.
0e.7(N) 0€Sc(N) 0€.7(N)\Fa(N)

If § € /(N)\ S(N), then p divides the index of the inertia group I¢(6) of § in G. Moreover, every
G-conjugate character of 6 is also in the set .#(N) \ #¢(N). Therefore,

Z 6(1)*> = 0 (mod p)
0eS(N)\FG(N)
and then
s(Ny= > 6(1)* (mod p).
0c.Sc(N)

If 0 € S¢(N), then 6 € Ling(N) and p 1 o(d) = |N : ker(d)|. By Proposition we have
[G,N] C ker(f). Then [G,N]O? (N) C ker(6) and 0 € Irr(N/[G, N]O? (N)). Reciprocally, if 6 €
Irr(N/[G, N]O? (N)), then N’ C [G, N] C ker(#) and O (N) C ker(#). We conclude that 6 € Ling(N)
and p 1 o(0), and then 0 € .#(N). Therefore,

> 0= N [G.N]OY (V)
0c.Sc(N)
and this integer is a p’-number. By Theorem 12.1 of [11],
|0P(N)| = s(N) (modp)= Y 6(1)* (mod p).
0c.Sc(N)

Therefore, p does not divide |OP(N)| and OP(N) is a normal p-complement of N. [ |
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Example 3.11 It is not difficult to find examples satisfying the previous theorem. For instance, using
GAP (see [7]), the group G = SmallGroup(120, 3) has a cyclic normal subgroup N of order 20 and we
can check from Corollary 23 B;), that p = 2 divides é\(l) for every 6 € Ming(N) \ Ling(N). Then, we
deduce that N has a normal 2-complement by Theorem B.I0l In fact, the unique prime number dividing
a degree of a minimal G-invariant character of N is 2. Therefore, a minimal G-invariant character of N
has either degree 1 (which means it is a linear G-invariant character of N) or 2-power degree. However,
in relation to Thompson’s theorem, p = 2 does not divide every irreducible character degree of IV since

N is abelian.

In [12], using the classification of nonabelian simple groups, it is proved that M I-groups are solvable.
A group G is said to be a M I-group if every nonlinear irreducible character of G is a multiply imprimitive
character or m.i. character for short (that is, for every irreducible character x € Irr(G) there exists
a proper subgroup U of G and an irreducible character A € Irr(U) such that \¢ = mx for some
nonnegative integer m). We introduce the following definition.

Definition 3.12 Let G be a finite group and x € Irr(G). We say that (Hy, \y) is a linear character
pair with respect to x if H, is a normal subgroup of G, A\, € Ling(H,) and Irr(G|\,) = {x} (so
X is m.i. character with notation in [I2]). By Problem (6.3) of [II], we have that x and A, are fully
ramified with respect to G/H,,.

Recall that a group G is a monomial group or M-group if for every irreducible character x € Irr(G)
there exists a subgroup H and a linear irreducible character ¢ € Irr(H) such that x = . By Taketa’s
theorem (see Theorems 5.12 and 5.13 in [I1]), every M-group is solvable and the derived length of G
is bounded by the number of irreducible character degrees of GG. Structural properties of nM-groups
were introduced in [9] as a generalization of M-groups. A group G is said to be a nM-group if for every
irreducible character x € Irr(G) there exists a normal subgroup H and a linear irreducible character
¢ € Irr(H) such that y = ¢“. Observe that in this situation, we have x(1) = |G : H| and, using the
Frobenius reciprocity, the ramification number of x with respect to N is equal to 1.

Now, we consider the following class of groups as a variation of nM-groups and M I-groups.

Definition 3.13 A group G is said to be a nMI-group if for every irreducible character x € Irr(G)
there exists (H,, \y) a linear character pair with respect to x.

Trivially, every abelian group G is an nM I-group onsidering /\5 = x for every irreducible character
X € Irr(G). Moreover, the character table determines if a group G is a nM I-group.

Corollary 3.14 A finite group G is nMI-group if and only if for every x € Irr(G) there exists a normal
subgroup N of G such that [G, N] C ker(x) and the respective element of the principal diagonal Ax from
a G-character table X of N associated to x is equal to |G]|.

PROOF. It is a consequence of Corollary 23| B;) and Proposition [ |
In a more general context, we present the following definitions for normal subgroups.

Definition 3.15 Let N be a normal subgroup of a group G and 6 € Irr(N). We say that (Hyp, \g)
is a linear G-character pair with respect to 6 if Hy is a normal subgroup of G contained in N,
Mo € Ling(Hyp) and Irr(G|0) = Irr(G|Ag).

Notice that the last condition above is equivalent to (A\g)¥ = mé (and then the restriction 0, = mAg)
for some positive interger m.
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Definition 3.16 A normal subgroup N of a group G is said to be a G-invariant nM I-subgroup
if for every 6 € Irr(N), there exists (Hg, A\g) a linear G-invariant character pair with respect to 6. In
particular, when N = G we have that G is a nM I-group.

We remark that if (Hy, Ag) is a linear G-invariant character pair with respect to 6, then not necessarily
(Hy, M\g) is a linear character pair with respect to 6 (see, for instance, Example 3.22)

Corollary 3.17 The character table of G determines if a normal subgroup N of G is a G-invariant
nMI-subgroup. In this case, if x € Irr(G|6), with 6 € Irr(N) and (Hg, Ng) is a linear G-character
pair respect to 0, then [G, Hg] C ker(x) and the respective element of the principal diagonal Ax from a
G-character table X of N associated to x is equal to |Hg|x(1)2.

PROOF. We obtain the result by using Corollary 223 B;) and Proposition and the fact that the
equivalence classes in the equivalence relation with respect to N, defined on Irr(G), are detected in the
character table of the group G (Corollary 4.6 of [6]). [ |
Let
Ming(N) = {8 | 6 € Irr(N)}
be the set of minimal G-invariant characters of N. For convenience, we make the following notation

Mcdg(N) = {0(1) | 6 € Ming(N)}.

Definition 3.18 Let N a normal subgroup of G. Then a leader G-character of N is a character of N
defined by the product 66, for some 0 € Irr(N). We denote by

~

Ledg(N) = {6(1)0(1) | 6 € Irr(N)}
the set of degrees of leader G-characters of N.

Obverve that |Medg(N)| and |Ledg (V)] may be different interger numbers (see Example 3.22).
Moreover, by Corollary 23 B;), degrees of the leader G-characters of N are determined by the character
table of G.

The next theorem is a variation of Taketa’s theorem for G-invariant nM [-subgroups.

Theorem 3.19 Let N be a G-invariant nM I-subgroup of a group G and let 1 = f1 < fo <--- < fs be
the distinct elements of Ledg(N). Then

T (V) C ker(6;)

with 0;(1)0;(1) = f; and 0; € Irr(N), for i € {1,...,s}. In particular, N is a hypercentral subgroup of
G and lg(N) < s = |Ledg(N)].

PRrROOF. We prove the theorem, using induction on |G|. Let Ny be any normal subgroup of G contained
in N. We claim that N/Nj satisfies the hypothesis of the theorem. Let 6 € Irr(N/Ny), then there exists
a G-character pair with respect to 0, say (Hp, A\g). Note that \g € Ling(Hp) and A} = mé\, for some
integer m. Hence,

ker() = ker(\)') = (] (ker(Ag))® = [ ker(A§) = ker(Ap).
zeEN zEN

-~

Then Ny < ker(6) = ker(Ag) < Hp, which means that \g € Ling(Hg/Ny) and so our claim is proved.

Let 6 € Irr(N). If 6(1)0(1) = 1, then 6 € Ling(N) and trivially I'4(N) C ker(f) = ker(f). Suppose
that 0(1)6(1) # 1. Suppose that ker(d) # 1 and we work on G = G/ker(f) by adopting bar for the
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~

subgroups. If 9(1)5(1) = fi, for some 2 < i < s, then §(1)0(1) is j-th smallest degree of Ledgs (NV), for
some j < ¢. By induction, we have

T (N) ker(d)/ ker() < T (N) ker(d)/ ker(f) = IL™ (N) < ker(6)/ ker(6) = 1.

Therefore, I'f ' (N ) C ker(t? ) as wanted.

We may assume 6 is faithful. In this case, we claim that Hy = Z(G)NN. Since ker(\g) = ker(\)) =
ker(é\) =1, then

[Ho, Gl = () ker(\) < ker(\g) =
AeLing (Ho)

Thus, Hy < Z(G) N N. On the other hand, §|Z(G)QN = mp, for some 8 € Irr(Z(G) N N). If z €
Z(G) NN \ Hy, then \)(z) =0 = 6(x) = mB(x), which means that B(z) = 0 and this is not possible.
Therefore, Z(G) N N = Hy. Moreover,

mb(1) =AY (1) = [N : Z(G) N N|

and m = 6(1). Adobting tilde for convention G = G/(Z(G) N N), we have 6(1)6(1) = |N|. On the other
side,
M= Y ¥m= Y xR0,
XEIrr(N) XGMinC—;(N)

This implies that 6(1)0 ( ) > x(1)X(1) for all x € Trr(N). Let ¢t = [Leds ()], it follows that 6(1)6(1) is
i-th smallest number in Ledg (N ) for some integer ¢ > ¢t + 1. By induction, we have

(Z(G)NNTGFHN)/Z(G) NN =THFH(N) < () ker(X) = (Z(G) N N)/(Z(G) N N).
XEMing (N)
Hence, T4 ?(N) =1 = ker f as wanted. So the proof is complete. [ |

Corollary 3.20 If G is a nMI-group and 1 = x1(1) < x2(1) < -+ < xn(1) are the distinct degrees of
irreducible characters of G, then

Lit1(G) < ker(x:),
forie{1,...,n}. In particular, G is nilpotent and the nilpotence class of G is bounded by n. Moreover,
every normal subgroup of G is a G-invariant nM I -subgroup of G.

PrROOF. To prove this corollary we just need to replace N by G in Theorem [3T9 Clearly, in this case
X = x for x € Irr(G) and |Ledg(G)| = |ed(G)|. Thus the first part of the theorem is done.

Let N be a normal subgroup of G, we claim N is a G-invariant nM I-group of G. Let 6 € Irr(IN) and
x € Irr(G|A). By hypothesis, there exists H < G and a linear G-invariant character ¢ € Irr(H) such
that ¢ = my and xg = my, for some positive integer m. It follows that x € Irr(N|yp).

Firstly, we assume H C N. If §; € Irr(N|yp), then [0, %] # 1 and [yn, 0] # 1, thus 61 = 6. Then,
N = s0 and 0y = sy, for some positive integer s, and the proposition is proved. Now, assume H is
not contalned in N. We have xygny = k)\ with A € Irr(H N|¢) and some integer k > 0. Hence, Ay = r¢

and N = r/\ for some positive integer r. Moreover, xy = ef = k:/\N, for some integer e > 0. Then,
xunn = efnnn = kA ann = ki,

for some positive integer I. Therefore, 8 € Irr(N|8) and Oy = s, for some 8 € Irr(H N N) and some
integer s > 0 . Moreover, by Frobenius reciprocity, we have

BY = (pann)N = (V) n = rAn = 50,

and the proof is complete.
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Example 3.21 Regarding the Corollary[3.20) we note that not all nilpotent groups verify that the class
of nilpotency is bounded by the number of degrees of irreducible characters. For instance, using GAP
(see [T]), we can check that the group G = SmallGroup(32,9) has nilpotency class 3 and only has two
irreducible character degrees.

Example 3.22 It is also not difficult to find groups that are nMI-groups and we can check easily
this property from the character table. For example, we consider in GAP the character table of the
group G = SmallGroup(32,8), which has 11 irreducible characters. For every irreducible character
xi € Irr(G), for ¢« = {1,...,11}, there exists a normal subgroup N; of G and a linear character G-
invariant A; € Irr(V;) such that Irr(G|A;) = {x:}. Indeed, for linear characters x; of G, fori =1,...,8,
this fact is trivial considering N; = G. The group G has also two irreducible characters, x9 and x19, of
degree 2. Both characters are, respectively, the unique irreducible constituent determined by induction
in G of certain irreducible character \;, for i € {9,10}, of the normal subgroup

4
N = Ng = NlO = ﬂ ker(xz)
i=1
We can check that A; is a linear G-invariant character of N taking acount the relations of Corol-
lary 223 B;) obtained from considering the corresponding G-character table of N associated to ;, for
i € {9,10}. Finally, the irreducible character x11 of G has degree 4. For this character, we consider the
normal subgroup

4
N = [ ker(xi) [ ker(x1o)-
i=1
We have that x11 is the unique irreducible constituent determined by induction in G of an irreducible
character A\1; of Nj;. Using the corresponding G-character table of Nj; associated to x11, and the
relation Corollary 23| B;), we can also check that A\q; is a linear G-invariant character of Nq;. Therefore,
(N;, A;) is a linear character pair with respect to x;, fori € {1,...,11}, and thus G = SmallGroup(32, 8)
is an nM I-group. In relation to Corollary 320, the nilpotency class of G is exactly equal to the number
of irreducible character degrees of G (that is equal to 3).

Example 3.23 The bound in the Theorem is sharp. In fact, looking at group G = @16 and its
normal subgroup N = @g, we can similarly check from the character table of G that N is a G-invariant
nM I-subgroup of G but G is not nMI-group. In this case, we have that I'},(N) = 1 and T, (N) # 1
for ¢ < 4. Therefore, the hypercentral G-length of N is 15(IN) = 3. Moreover, it is worth mentioning
that 2 = |[Mcdg(N)| = {1,2}] < |Lede(N)| = |{1,2,4}| = 3 and so the G-hypercentral lenght of N is
not bounded by | Mcdg(N)].

Moreover, we can check that N is not nM I-group since N has an irreducible character 6 such that
6(1) = 2 and it does not exist a linear pair (Hy, Ag) respect to 6 such that 6 and Ay are fully ramified.
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