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Using a functional renormalization group approach we derive the renormalization group (RG)
flow of a dissipative variant of the Yukawa-Sachdev-Ye-Kitaev model describing N fermions on a
quantum dot which interact via a disorder-induced Yukawa coupling with M bosons. The inverse
Euclidean propagator of the bosons is assumed to exhibit a non-analytic term proportional to the
modulus of the Matsubara frequency. We show that, to leading order in 1/N and 1/M, the hierarchy
of formally exact flow equations for the irreducible vertices of the disorder-averaged model can be
closed at the level of the two-point vertices. We find that the RG flow exhibits a non-Fermi liquid
fixed point characterized by a finite fermionic anomalous dimension 7 which is related to the bosonic
anomalous dimension v via the scaling law 2 = 2n + v with 0 < n < 1/2. We explicitly calculate n
and the critical exponents characterizing the linearized RG flow in the vicinity of the fixed point as

functions of N/M.

I. INTRODUCTION

The Yukawa-Sachdev-Ye-Kitaev (YSYK) model de-
scribes N fermions on a quantum dot which are coupled
to M phonons via infinite-range random couplings [TH9].
Recently this model has also attracted attention because
it features maximally chaotic behavior [7, I0]. In the
limit N — oo and M — oo with N/M = O(1) (which
we call for simplicity large-N limit) the YSYK model ex-
hibits a non-Fermi liquid state which can be studied in a
controlled way. In this limit the perturbative expansion
of the fermionic and bosonic self-energies is dominated
by so-called melon-diagrams which can be summed to all
orders in perturbation theory by solving coupled Dyson-
Schwinger (DS) equations. Alternatively, the DS equa-
tions can be derived from the large-N saddle point of a
suitably defined functional integral involving special bi-
local composite fields [T, M1l 12]. From the numerical
solution of the DS equations for the YSYK model Pan et
al. [5] have shown that the model exhibits for vanishing
chemical potential px a non-Fermi liquid phase where the
fermionic and bosonic self-energies display power-law be-
havior characterized by exponents which depend on the
ratio N/M. Moreover, the power-law behavior of the self-
energies persists even for finite values of u, a phenomenon
which has been called self-tuned criticality [5]. The lead-
ing power-law behavior in the non-Fermi liquid phase has
also been extracted analytically by self-consistently solv-
ing the DS equation at low energies [6]. However, the
physical reason for the self-tuned criticality of the non-
Fermi liquid phase of the YSYK model has not been iden-
tified.

From the point of view of the renormalization group
(RG) the phenomenon of self-tuned criticality has a sim-
ple explanation: the critical state must be associated
with a fixed point with only attractive directions. Such
a fixed point is called a sink [I3HI5] and describes a sta-
ble phase of matter. In fact, the non-Fermi liquid phase
of the Sachdev-Ye-Kitaev model with complex fermions
has recently been shown to be associated with such a

sink [I5]. Unfortunately, we have not been able to ob-
tain sensible results for the critical behavior of the YSYK
model using a straightforward generalization of the func-
tional renormalization group (FRG) approach developed
in our previous work [I5] for the SYK model. The rea-
son for this failure of the standard FRG approach are
not entirely clear to us at this point; possible expla-
nations are the failure of the low-energy expansion or
subtleties associated with the proper regulator choice in
coupled Fermi-Bose systems with two types of frequency
scaling [16]. It turns out, however, that these technical
complications do not arise for the dissipative variant of
the YSYK model where the frequency-dependence of the
inverse boson propagator is proportional to the modulus
2] of the bosonic Matsubara frequency. In this work we
will therefore focus on this dissipative YSYK model and
use a generalization of the FRG approach developed in
Ref. [15] to investigate the RG flow of this model. Our
motivation for studying this model is not solely techni-
cal, because the dissipative YSYK model can be viewed
as a toy model for understanding the behavior of strongly
correlated fermions that are coupled to bosons with dis-
sipative dynamics.

We define the dissipative YSYK model via the follow-
ing Euclidean action,

1 B

S=25+ \/m %k:gzjk zg:/() dTCw(T)CJU(T)d)k(T)a
(1.1)

where [ is the inverse temperature, ¢ (7) is a real bosonic

field depending on a flavor index k and imaginary time

T, ¢io(T) and ¢;,(7) are Grassmann variables represent-

ing electrons of type ¢ with spin projection o, and the

quadratic part of the action is in frequency space given
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Here A defines the bare energy scale of the bosons, w and
Q are fermionic and bosonic Matsubara frequencies, and
the Fourier components of the fields are defined by
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The Yukawa couplings g;;z in Eq. are indepen-
dent Gaussian random variables with vanishing aver-
age and constant variance. In general the couplings
9ijk = 9i;1, + 19;;;, ave complex. The hermiticity of the
Hamiltonian implies that the real and imaginary parts

have the symmetries gijk = gi, and g5 = —gjy. A
finite imaginary part g” . 1s a manifestation of broken
time-reversal symmetry [6]. The second moments of the

couplings are assumed to be of the form [6]
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where (...) denotes averaging over the Gaussian prob-
ability distribution of the random couplings. The non-
analytic |Q]-dependence in the bosonic part of Sy de-
scribes dissipative bosonic dynamics due to the coupling
to some other degrees of freedom that do not explic-
itly appear in the above action. Note that the usual
YSYK model can be obtained by replacing |Q| — Q2 in
Eq. .

The rest of this work is organized as follows. In Sec. [[]
we derive FRG flow equations for the irreducible ver-
tices of the disorder-averaged YSYK model and develop a
truncation of the hierarchy of FRG flow equations which
becomes exact for N — oo and M — oo. The result-
ing flow equations are not precisely equivalent to the DS
equations [IHI] for the YSYK model. However, the DS
equations can be recovered if we modify our flow equa-
tions using the so-called Katanin substitution [I7]. In
Sec. [T we simplify our FRG flow equations for the ir-
reducible self-energies using a standard low-energy ex-
pansion which reduces our functional flow equations to

a system of ordinary differential equations for five scale-
dependent couplings associated with the chemical poten-
tial, the boson gap, and three types of wave-function
renormalization factors. In Sec. [V] we show that our
flow equations have a non-trivial non-Fermi liquid fixed
point. We derive the linearized RG flow in the vicinity of
this fixed point and show that it has only one repulsive
direction corresponding to a linear combination of the
rescaled chemical potential and a parameter describing
the spectral asymmetry. All other couplings are irrele-
vant at this fixed point, so that fine-tuning of the bosonic
energy scale A in Eq. is not necessary to realize the
non-Fermi liquid phase. Finally, in Sec.[V]we present our
conclusions.

II. LARGE-N TRUNCATION OF THE EXACT
RG FLOW EQUATIONS

To calculate the disorder average of the grand canoni-
cal potential and of the correlation functions of our model
we should use the replica trick [I]. Note that for the SYK
model with Majorana fermions replica-nonsymmetric
large-N saddle points with energies lower than the
replica-symmetric saddle point have been found [I8].
Whether this happens also for the YSYK model has not
been thoroughly investigated. Here we assume that the
replica symmetry is not broken, so that we can simply
average the partition function and treat the g;;; as ad-
ditional complex fields which should be integrated over.
The average partition function can be written as
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Since the probability distribution of the g;;; is Gaussian,
the averaging in Eq. (2.1) generates the usual Debye-
Waller factor,
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where the interaction Sg involves six powers of the fields,
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Using our assumptions (|1.4)) for the second moments we
obtain
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In frequency space this interaction can be written as
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where we have introduced the abbreviations 1 =
o @ o b (n1,01,w1), 1’ = (n},o7,w]) ete. for the fermionic la-
li a ]i (b) bels. A graphical representation of the non-symmetrized
ol é iy S i, , interac‘gionlvertices in Eq. (2.6]) is shown in Flg .Fc.)r
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® 0, ©, ®, K K incoming fermion labels, and symmetric with respect to
X Sk Q Q permutation of the boson labels. Therefore we write the

Q, Q, bare interaction Sg in the symmetrized form

S
FIG. 1. (a) Graphical representation of the bare interaction 6= (2' ?’NMB6 Z Z Z Z Z

vertices in the bare action Se given in Eq. . Outgoing
arrows represent Cisw, incoming arrows represent Cigw, wavy
external lines represent ¢rq, the red dashed line represents
the bare interaction vertex g% — g5 while the blue dashed line
represents gi + g3. Note that on both ends of the dashed lines
the frequencies are separately conserved. (b) Graphical rep-
resentation of the (anti)-symmetrized bare interaction vertex
L5e??(17,252,1; k1, k2Q2) in Eq. (2:6).

ccecpd 1 1, A . —
Ly (no1WT, Nyows; Neoaws, N 1w k181, ko) =

nininong oloho201 wiwhwaw k1ka Q192
cccchpd (11 o, .
X /Bdwi—i-wé,wz—&-wl—i-ﬂl-&-ﬂgro (1 32 72717k1917k292)

X 51’52’0201¢k191 ¢k2927 (26)
where the mixed six-point vertex
TP (17,252, 1, ki1, ko) is  antisymmetric  with
respect to the exchange 1’ < 2’ and 1 « 2, and
symmetric with respect to the exchange k1€ < ka(Qs.
Explicitly, the bare value of the properly symmetrized
mixed six-point vertex is
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For later reference let us also calculate the site-averaged mixed six-point vertex
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Actually, for our purpose we only need this vertex in the limit of large N and M where only the terms involving

Ont iy Oy my 10 Eq. (2.7) contribute,
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To derive formally exact FRG flow equations for the
irreducible vertices of the model defined by the bare ac-
tion S3+S56 in Egs. we add frequency-dependent
regulators Ry (w) and RX(Q) to the quadratic part of the
action, where the cutoff-parameter A should be chosen
such that the regulators vanish for A = 0 and diverge for
A — oco. At this point it is not necessary to specify the
regulators. The modified quadratic part of the Euclidean
action is then
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where we have introduced the regularized inverse propa-
gators
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To obtain the flow equation for the generating functional
of the irreducible vertices of the YSYK model for finite
N and M we introduce the cutoff-dependent generating
functional of the connected imaginary time correlation
functions,
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where jnow and jnpow are independent Grassmann

sources, Jiq is a bosonic source, and we have introduced
the notations
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The generating functional of the irreducible vertices (av-
erage effective action) can now be defined via the sub-
tracted Legendre transform
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where on the right-hand side the sources 7 and j should
be expressed in terms of the source-dependent expecta-
tion values (¢), (c¢), and (¢) by inverting the relations
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The functional T'A[(c), (c), (¢)] satisfies the usual Wet-
terich equation [I9-22] for systems involving both
bosonic and fermionic fields [14]. For notational simplic-
ity we will now rename (¢) — ¢, (¢) — ¢ and (¢) — ¢,
i.e., the symbols ¢, ¢ and ¢ now denote the expectation
values of the corresponding quantum fields in the pres-
ence of sources. For finite NV and M the first few terms
in the vertex expansion of the functional T's[c, ¢, ] then
have the following structure,
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where in the arguments of the fermionic four-point ver-
tex and in the six-point vertex we have abbreviated
niojwi — 1 and similarly for the other fermionic labels,
and we have omitted other six-point vertices involving
different field combinations as well as vertices involving
more than six fields.

Using the general flow equations generated by the ver-
tex expansion of the Wetterich equation given in Ref. [14],
we may now write down formally exact flow equations
for vertices in the above expansion for finite N and M.
The scale-dependent grand canonical potential satisfies
the exact flow equation
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where G (w) and F{*(Q) are the diagonal elements of
the scale-dependent propagator matrices whose inverse is
given by the following matrices in the flavor-indices,
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The irreducible fermionic self-energy 1™ (w) satisfies the
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exact flow equation

3/\2""/( ) =
Nﬁ Z Z G (W DT (now, mo'w'; m' o'W’ n ow)
cc¢¢ Lo C.O /
QMB%;Z (now;n'ow; kL, E'Q),

(2.22)

while the scale-dependent bosonic self-energy satisfies
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where we have introduced the abbreviation @ = —Q

and G (w) and FF¥ () are the fermionic and bosonic
single-scale propagators [I4]. Graphical representations
of the flow equations and are shown in
Fig. [2l The right-hand sides of these flow equations de-
pend on three different types of four-point vertices, which
in turn satisfy flow equations involving not only four-
point vertices but also various types of six-point vertices.
For example, the exact flow equation for the fermionic
four-point vertex is

cece(, f I 1 1 1, ),
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where on the right-hand side we have used again the ab-

breviation 1 = (nj01wy), and in the last line we have
introduced three different loop contributions,
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FIG. 2. Graphical representation of the exact FRG flow equa-
tions for the irreducible two-point vertices: (a) flow equation
(2.22) of the fermionic self-energy; (b) flow equation (2.23))
of the bosonic self-energy. The dot above the vertices on the
left-hand side represents the scale derivative dp. Outgoing
arrows represent external legs associated with ¢ while incom-
ing arrows represent c. The external wavy lines correspond
to ¢. Slashed lines with arrows represent the fermion single-
scale propagator Ga(w), while slashed wavy lines represent
the boson single-scale propagator Fa(£2). The blue symbols

represent three different types of four-point vertices distin-
guished by the externals legs.
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A graphical representation of the exact flow equation
(2.24) for the fermionic four-point vertex is shown in
Fig. The six-point vertices on the right-hand side of
Eq. satisfy flow equations involving various types
of eight-point vertices. Obviously, for finite N and M the
FRG vertex expansion generates an infinite hierarchy of
flow equations.

The crucial point is now that in the limit N — oo and
M — oo the system of flow equations can be closed to
leading order in 1/N and 1/M where we can retain only
the contributions to the flow equations which have finite

(

limits for N — oo and M — oo. The self-energies are
then diagonal in the site-indices,

S0 (W) = Gy Sa (w) + O(1/N),
5 (9) = 8 TTA(Q) + O(1/N),

(2.28)
(2.29)

where the symbol O(1/N) represents also terms of order
1/M because we assume that the ratio N/M is of order
unity. The leading large-N limit of the four-point ver-
tices is more complicated. Consider first the fermionic
four-point vertex I'{"“(n)oiw], nhobwh; naoaws, nyows).
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FIG. 3. Graphical representation of the exact FRG flow equa-
tion for the fermionic 4-point vertex. The gray square
represents the fermionic six-point vertex, while the gray trian-
gle represents the mixed six-point vertex with four fermionic
and two bosonic external legs. The internal lines with ar-
rows represent the exact scale-dependent fermion propagator
G (w), whereas wavy internal lines represent the boson prop-
agator Fx(Q). The cross inside the loops means that one
should sum up two diagrams where either the right or the left
propagator forming the loop is replaced by the corresponding
single-scale propagator. The rest of the symbols is defined in
the caption of Fig.
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where we have introduced the site-averaged composite
field
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This field resembles the collective Hubbard-Stratonovich
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We obtain a consistent large-N truncation of the hierar-
chy of FRG flow equations if we assume that the leading
components of the fermionic four-point vertex are con-
strained by the condition that site labels n] and n} of
the two outgoing fermions agree with the site-labels n
and nso of the two incoming fermions up to a permutation.
Taking into account the antisymmetry of I'§%¢(1’,2';2, 1)
with respect to the exchange 1’ ++ 2’ and 1 < 2, this im-
plies
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Note that to leading order in 1/N the fermionic four-
point vertex gives the following contribution to the ver-
tex expansion of the average effective action defined in
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field introduced in the path integral derivation of the
Dyson-Schwinger equations from the large-N saddle
point [I, 1, M2]. However, in Eq. the symbols
Cno'w and cpo. represent the source-dependent expec-
tation values of the corresponding Grassmann fields, so
that the above W,/ .., cannot be identified with the



Hubbard-Stratonovich field introduced in the path inte-
gral approach.

To solve our flow equations for the two-point vertices
for large N we also need the leading large-N limit of the
mixed four-point vertex,

FEC¢¢(n’Jw" now; k11, kafs) =
OOk ks T3 7% (0w 0w 01, Q) + O(1/N),  (2.34)
where
I3 (0w'; ow; 1, Q) =
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Finally, the purely bosonic four-point vertex has for large
N the form
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It turns out that the bosonic four-point vertex does not
contribute to the flow of the two-point vertices to leading
order in 1/N because this vertex vanishes in the bare
action and is not generated by the FRG flow to this order.

It is now easy to see that the loop contributions LXP,

Lﬁh and LR defined in Egs. 1 - ) do not con-
tribute to the flow of the fermionic four-point vertex to

leading order in 1/N [23]. Consider first the particle-
particle loop LYP(1/,2/;2,1) in Eq. (2.25) for the relevant
index combinations n} = nj,ny = ng or nj = ng,n) =
ni. Keeping in mind that for large N the propagators
are diagonal in the flavor indices, we see that the flavor
sums in Eq. collapses to 2 = O(1) terms, so that
LRP(17,2/;2,1) = O(1/N?). Moreover, in LE"(1’,2/;2,1)
and L2°5(1/,2;2,1) only one of the flavor sums collapses,
so that these contributions are of order 1/N. By the same
argument, the leading large-N contribution in the FRG
flow equations for any n-point vertex is given by the term
where two legs of the (n + 2)-point vertex are joined by
a single propagator line. In the flow equations for the
four-point vertices, we therefore have to consider only
the contributions from the six-point vertices. Given the
fact that the bare action Sg given in Eq. (2.6) depends
only on the mixed six-point vertex FEECC‘M5 with initial
value given in Eq. . to leading order in 1/N we can
neglect the FRG flow of all other six-point vertices. If we
insert this initial value on the right-hand side of the flow
equation , we see that only the site-average of the
six-point vertex given in Eq. contributes. Moreover,

following the analysis of the diagrams in the flow equa-
tion for the fermionic four-point vertex presented in the
paragraph after Eq. , and using the fact that the
bare action does not contain any eight-point vertices, we
see that to leading order in 1/N the mixed six-point ver-
tex is not renormalized. We thus arrive at the following
large-N truncation of the formally exact FRG flow equa-
tions for the YSYK model: The flow of the site-diagonal
two-point vertices is related to the large-N limits of four-
point vertices defined in Eqgs. (2.31) and ([2.35) - as follows,

IOINE, ﬂ E G (W5 (0w, o'W o'W, ow)

ZFA

Fccw (ow;ow; —Q, Q),
(2.38)

N s cc
OATIA(Q) = 575 D Cal@)I ™ (ows 0wi =0, ),

(2.39)
where the single-scale propagators are
Ga(w) = —GF (W)OrGy 3 (w) = GF (w)IrRa (w),
(2.40)
FA(2) = —FR ()02 Fy A(Q) = _FK(Q)aARi(Q()y |
2.41

and the scale-dependent propagators are related to the
corresponding self-energies via the regularized Dyson
equations

1
Gl = G @)
1
T AT —Ta) (2.42)
1
Fa(S) = Fy h(Q) + 1, (9)
1 (2.43)

Q]+ A+ RY(Q) + T, (Q)

The four-point vertices on the right-hand side of the flow
equations ([2.38)) and (2.39) for the two-point vertices sat-

isfy
-5

ccce
oA’} (‘71‘“17 02W27 Taw2, 01W1)

X 1“(5)‘7C‘34’¢(g’lwi7 THwh; Oawsa, 01w1; — 2, Q)7 (2.44)
and
NP (o'W’ ow; O, Q) = Z Ga(wi)
O'1L1J1
% FSECC¢¢(O’/Q}/, O1W1; 01W1, OW; le Q2)’ (245)

where the large-N limit of the initial value of the site-
averaged mixed six-point vertex FSCCC‘M’(. ..) is given in
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FIG. 4. Graphical representation of our large-/N truncation
of the hierarchy of FRG flow equations for the YSYK model.

(a) fermionic self-energy, Eq. (2.38)); (b) bosonic self- energy,

Eq. -7 ) fermionic four- pomt vertex, Eq. -,
mixed four- pomt vertex, Eq. - The empty triangle rep—
resents the large-N limit of the symmetrized bare six-point

vertex given in Eq. (2.9).

Eq. (2.9). A graphical representation of the above large-
N truncation of the FRG flow equations is shown in
Fig. 4l Substituting our explicit expression for the
initial value of the site averaged six-point vertex into
Egs. and (2.45)), we see that the fermionic four-
point vertex in the flow equation is spin-diagonal
while the mixed four-point vertex in Eq. is actually
independent of the spin label ¢ so that we can write

I (ow, 0'w'’;0'w’, 0w) = 5o T (w, w'; W', w),

(2.46)

T (ow; ow; =0, Q) = T (w;w; —Q, Q). (2.47)

With this notation the flow equations ([2.38] [2.39)) for the

self-energies can be written as

NBp(w) = %ZGA(W')F?“(%W’M’,W)
ZFA TSP (wyw; =, Q), (2.48)
FRINOE —ZG 5% (w3 w; —Q, Q), (2.49)

while the flow of the scale-dependent four-point vertices
is

IS (w, w0’ w) = g2 Fa(w — W), (2.50)

OAT T (wiw; =0, Q) = 2 [Ga(w + Q) + Ga(w — Q)]
(2.51)
Here
9> =91+ 95 (2.52)

is the relevant bare coupling and we have introduced the
parameter

2S+1)N 2N

where 25+1 = 2 is the spin-degeneracy for spin S = 1/2.

The four coupled flow equations uniquely
determine the scale-dependent fermionic and bosonic
self-energies and the two relevant interaction vertices.
We emphasize that Eqgs. have been obtained
from the formally exact hierarchy of flow equations for
the irreducible vertices of the YSYK model by retain-
ing all terms which have a finite limit for N — oo and
M — .

We now show that our FRG flow equations (2.48
can be reduced to the usual DS equations for
the self-energies of the YSYK model if we use the so-
called Katanin substitution [I7] to replace the single-
scale propagators on the right-hand sides by the total
scale-derivatives of the propagators,

Ga(w) = OAGA (W) = GA(w) 4 GZ (w)Ir A (w)
FA(Q) = OaFA(Q) = FA(Q) — FR(Q)0AIIA ().

(2.54)
(2.55)

With this substitution the right-hand sides of the flow
equations @L become total A-derivatives so that
we may trivially integrate both sides over the flow pa-
rameter A. Taking into account that for Ag — oo the
regularized propagators vanish we obtain

I (w,w';w’,w) = ¢ Fa(w — '), (2.56)

and

TS99 (w00 =00, Q) = 62 [Ga (w+ Q)+ G (w0—9)]. (2.57)



Substituting these equations into the flow equations

(2.38) and ([2.39) for the two-point functions we obtain

(W) = Q;Z[FA(Q)GA(W - Q)
Q

FR@QCA - (259
OATIA() = p% ST~ )
+ Gp(w)Ga(w — Q)] (2.59)

Using once more the Katanin substitution (2.54] [2.55))

to transform the right-hand side of the above equations
into total A-derivatives and integrating both sides over
A we obtain for A — 0 the DS equations for the YSYK
model [11 [6],

2
S(w) = % Y F@)G(w - Q) (2.60)
Q

Q) = pg; D Gw)Gw—9). (2.61)

We conclude that our large-N truncation of the FRG flow
equations in combination with the Katanin substitution
is equivalent to the DS equations obtained from the large-
N saddle point of a suitably defined functional integral
representation of the YSYK model. Note that without
the Katanin substitution our large- N FRG flow equations
are not equivalent to the DS equations (2.60) and (2.61))
because the Katanin substitution in Eqgs. (2.54 [2.55) re-
sums higher orders in the coupling g?. However, for the
SYK model we have shown in Ref. [I5] that the Katanin
substitution does not modify the value of the fermionic
anomalous dimension. Whether this is also true for the
YSYK model is an interesting question beyond the scope
of this work.

III. LOW-ENERGY EXPANSION

Our aim is to determine possible fixed points of the
system of FRG flow equations given in Eqs.
at zero temperature, 37! = 0. As usual, we anticipate
that the fixed points are determined by the leading low-
energy behavior of the vertices, so that for our purpose
it is sufficient to expand the irreducible self-energies to
linear order in the frequencies. Taking the possibility of
dissipative terms proportional to |w| and || into account,
the expansion is of the form

Ya(w) = BA(0) — Aplw| — (Ba — 1)iw + O(w?), (3.1)
A () = T4 (0) + (Y ' = DIQ[+ O(2?), (3.2)
where Ap, By, and Y, are dimensionless. The coupling

Ap parametrizes the asymmetry in the fermion spectral
function which is expected to emerge for finite values of
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the chemical potential u [3]. The usual fermionic wave-
function renormalization factor Z, is then given by

1
VAZ +B%’

which defines the scale-dependent fermionic anomalous
dimension via

7y = (3.3)

 AOAZa

7 (3.4)

1A
Using for simplicity a sharp frequency regulator, the low-
energy form of the scale-dependent fermionic propagator
and the corresponding single-scale propagator can then
be written as [24]

 ZpO(Jw| = A)
Ga(w) = ool + s T i (3.5a)
: _ Zad(jw| = A)
Galw) = _aAA + ibpAsgnw + pp’ (3.5b)
where
A
ap = ZpAApN = ———, 3.6a
A AAA T ( )
By
by = ZaBa = ——2 3.6b
VAL + B} (3.60)
and
in = Zalie = SAO)]. (3.7)

Note that by construction a% + b3 = 1. Similarly, using
also a sharp frequency cutoff for the bosons, the bosonic
propagator and the corresponding single-scale propaga-
tor are at low energies given by

FA(Q) = W, (3.84)
FA(Q) = —%L;A), (3.8b)

where
ra = YA[A +T1,(0)). (3.9)

The logarithmic scale-dependence of the bosonic wave-
function renormalization factor Y, defines the scale-
dependent bosonic anomalous dimension

_ AOAYA
YA = 7

(3.10)

For later convenience we introduce the dimensionless cou-
pling

Ztvig?
= 3.11
Uu A2 ’ ( )
which by definition satisfies the flow equation
Oy = (2 = 2m — ), (3.12)



where | = In(Ag/A) is the logarithmic flow parameter
and 9 = —A0x. From now on all quantities will be
considered to be functions of [ instead of A; in the case
of dimensionless quantities we simply rename ny — 7,
Yo — Vi, apn — a; and by — b, while the dimension-
ful couplings pua and rp are divided by A to obtain the
corresponding dimensionless rescaled couplings,

pa  Zalp—¥(0)]

B = T (3.13)
YA[A+TIA(0

To find the fixed points of the renormalization group, we
introduce the dimensionless rescaled self-energies

S (@) = %(M) (3.15)
i1, (@) = PATAAD), (3.16)

which depend on the dimensionless frequencies @ = w/A

and ) = Q/A. Using the flow equation (2.48]) and ([2.49))

for the dimensionful self-energies we find that the corre-
sponding dimensionless rescaled quantities satisfy

(@) = (1 — 1 — ©Iz) (@) 4 (@), (3.17)
I (Q) = (1 — v — Q)T (Q) + I1,(5),

11

2w
1 dQL~~EC¢¢)~~ ~ =
+§/%F}(Q)Fl (w,w0; —0,Q), (3.19)
I(Q) = — YAOAIIA(Q)
d = .
—» [ E@I@5-00).  (320)
T

Here we have introduced the dimensionless rescaled four-
point vertices,

_ Z3 e
lcccc(a)’ (:)l; @/7 (:J) = TAFZCCC(A(:J, A(IJ/, A(:)/a A(:)),
(3.21)
L U ZAYA & A AO
e (5, @, —0, Q) = %Ff\md’(/\@; Ad; —AQ, AQ),
(3.22)
and the dimensionless single-scale propagators,
. A2 . (@] — 1)
Gl = — 27 A (Aw) ~ 3.23
(@) 7 A (Aw) a; + ibjsgnw + py’ ( )
X A2 . 5(‘Q| — 1)
FUo) = — 2 o (Aw) o 2B T 1) .24
(@) Yy A(Aw) 1+m (3.24)

From the flow equations (2.50) and (2.51)) we obtain for

the flow of the rescaled four-point vertices

rceece(~1 o~~~ _ ~1 ~ 1 ~ ~ rcece(~ o~~~
AL (w0, a3 @2, 1) = (1 — 2y — @10z, — W90z, — W20, — W10, )IT(&, Wa; Wa, 1)

+m o [Fi@n - @) + Fif@z - ah)
81f?c¢¢(®17®2; Q1, Q) = (1—m —y — @10,
+ w% [éz(a)l + Q1) + G + Q1) + Gi(@r + Qo) + Gy + QQ)] .

(3.25)

— G20, — M0, — Q2da, T (@1, 025 O, Qo)

(3.26)

These linear first-order partial differential equations can be solved analytically [14]. For the external frequencies

needed in Egs. (3.19)) and (3.20)) we obtain

~ = -~ - - l _ ~ = 7. 7~ 7 7
?ccc(w’w/;wlvw) _ 6f0 dr(1 QnT)Fgccc(e lw’e lw/;e lw/’e lw)

! .
- 77/ dteli= A=)y By (e (@ — @),
0

—
Q
<
Py
&
&
|
o]l
o]l
I

l . _ . ~
N ”/ dteli=e 01 Gy (67 @ = ) + Grae T @+ )
0

oJadr(1=n, "I (e s ey —e I, e 71Y)

(3.27)

(3.28)
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After substituting these expressions into Eqs. (3.19)) and (3.20) and performing the frequency integrations we obtain

et 1+ —1)

) 1/ [, dr(1-2n.) Sle=t1 — ol —1
Zl(a}): 5/0 dtul_t{e |: (6 | W| )+

147 i+ b

el —ol—1)

fu — iby }

efll_f, dr(1=nr—~-)
‘ |

1+m

fi—¢ — tbj—¢sgn(l — @)
S(e7t1—Q|—1)

Se~tll+ @ — 1) H (329)

fi—t + ib_ysen(1 + @)
51+ 9] - 1)

l
Hl(Q) = P/ dtul,tefll—tdT(l—WT—’yT)Re
0

(fig + iby) (fir—s + ibj—gsgn(1 — Q)

)

(,al + ibl)(ﬂl_t + ibl_tsgn(l + Q))

(3.30)
where we have introduced the shifted rescaled chemical potential,
= g+ ay. (3.31)
Assuming |&| < 1 and || < 1 and using the fact that in this case the é-functions can be written as
Se71+o|—1)=6(t —In(1+d)), (3.32)
we can now carry out the t-integrations. Defining Ly = In(1 + |©]) and assuming [ > Lg and [ > Lg we finally obtain
fll—L~ dr(1-2n;) fll,L~ dr(1—nr—v-)
- U — e @ e @
(@) = ke — + . : (3.33)
2 | () (i —ibsgnw) (1 + ) (fu—rg + ibi—r,s5gnw)
S Sl dr(l=n-—~7) 1 }
IL(Q) = puj_p_ e Fa Re | — — - . 3.34
l( ) buy Lg (,ul + Zbl)(ll/lfLﬁ + ZblfLQ) ( )

The flow equations for y; and r; can now be obtained

from Egs. (3.33) and (3.34]) by setting the external fre-

quencies equal to zero,

A = (1 — ) — 24(0)

iy
(=) —y— 3.35
G=mm—warywrm ¢
o = (1—’yl)’m+Hl<0)
b2—ﬂ2
= (1 —y)r — puy—aks. 3.36
S C e 10

To determine the scale-dependent anomalous dimensions
n; and 7 we need the linear terms in the expansions of
¥i(w) and IL(€2),

(3.37)

2 (@) = 21(0) — y|@| — Brico + O(&?),
0) = (3.38)

IL(Q) = I1,(0) + 2| + O(0?).

The fermionic anomalous dimension is then given by

m = aicq + bify, (3.39)
where a; and b; satisfy

Oa; = —may + ay, (3.40)

Oiby = —miby + 31, (3.41)

(

with

o~ U i [2777 am]
YTl | (0 + i) Ty

b27~23~ —~8b2
(z ng lu~l2 2#1 107 ’ (3.42)
(b7 + 7))
B, = u b |: o oyry :|
o) G M T T
b2 — i2)Oby + byoyji?
b = 2) o (3.43)
(0 + fij)
Finally, the bosonic anomalous dimension is
(1 —m) (b7 — fi7) o (i + ibl)]
=pu - + Re— - . (3.44
e [ (OF + i})? (fu +iby)3 (344)

IV. NON-FERMI LIQUID FIXED POINT

To find possible fixed points of the above system of
differential equations, we note that the flow equation
for the coupling u; implies that at a non-trivial
fixed point with lim;_,., u; = u, # 0 the fermionic and
bosonic anomalous dimensions must satisfy the scaling
relation

Ve =2 — 21, (4.1)



Using this to eliminate ~, in favor of n, we find that
the fixed point values fi,7«, s, bs, 7%, and u, of the
six scale-dependent parameters g, 7, a;, by, 7, and u; are
constrained by the following six equations,

Uy (fhse + Q)
1= n) e = , 4.2
A= mdite = 02 + (e + 000 (4:20)
b — (ps + ax)?
M — 1) = Pl —2 , 4.2h
e D = a7 (2b)
xUx — , 42
LTSy | R e
(314 — 2)ubs
by = , 4.2d
S S ety 2
PUx bi - (/’6* + a*)2
1-— %) — 1-— * )
(A=n) = (=) 5 g o F )72
(4.2¢)
az+b2 =1. (4.2f)

We have analytically determined the solutions of this sys-
tem of equations. For u, > 0 we find physically accept-
able solutions only for pu, = a, = 0 implying b, = 1.
Actually, if we allow for (unphysical) complex values of
7% the above system has additional solutions where .,
ax, and b, are all finite. Moreover, for negative u, we
find additional solutions with b, = 0, a, = £1, and finite
s« which we do not further discuss in this work [25]. To
determine the values of 7., 74, and u, at the physical
fixed point, we set p, = a, = 0 and b, = 1 in Egs.
and obtain

Uy = —, 4.3a
p (4.3a)
2
=, 4.3b
S (4.3b)
3, — 2 3N, — 2
PN = ! = (4.3¢)

14+r, 1+T*{1'

The resulting quadratic equation for 7, has the two so-

lutions
7 /1 30 2

- 4(3 —p) ’

4
T+p++/1+30p+p?

We discard the 1]~ solution because it exhibits a singular-
ity at p = 3 that we believe to be unphysical. The only
physical solution of our fixed point equation for
the fermionic anomalous dimension is therefore n, = 7,
given in Eq. , which is shown in Fig. a). Obvi-
ously, 7.(p) is a continuous function of p for all p with

(4.4b)

N = 1 —p+ O(p2)7 (45)

2

for small p, while for large p the leading asymptotics is

m:§+oamﬂ (4.6)
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FIG. 5. (a) Physical branch n. = 7, of the fermionic anoma-

lous dimension at the non-Fermi liquid fixed point given in
Eq. (4.4b). (b) Corresponding fixed point values of 7. (blue)
and u, (red).

The corresponding fixed point values of r, and u, are
shown in Fig. b). Note that 1+ r, is negative for all p
and diverges for p — 0 as 7. ~ —1/p = —u, /2. For 0 <
p < 1 both |r,| and wu, are large compared with unity,
indicating the non-perturbative nature of the non-Fermi
liquid fixed point in this regime. Given the fact that
Yo = 2 — 21, > 1, we conclude that for small imaginary
frequencies the boson propagator scales as

F(Q) ~ —k,|Q

Yx—1
)

(4.7)

with some positive real constant k.. For p — oo where
v+« — 2 this implies F(Q) ~ —k,|Q|, so that the ana-
lytic continuation from the upper frequency plane to real
frequencies (|2 — —iQ) gives for the retarded boson
propagator

Frot (2 +i0) ~ ik, 0. (4.8)
The resulting spectral function satisfies
OImFre, (92 + 40) > 0, (4.9)

which is a general property of any bosonic spectral func-
tion. For finite p where 1 < 7, < 2 we have to choose
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FIG. 6. RG flow in the p1—a plane for p = 1 close to the fixed
point g« = a. = 0 obtained from the linearized flow equations
(4.10). Note that the physical initial condition corresponding
to the bare action is given by the horizontal line ag = 0.

the physical Riemann sheet of the multi-valued complex
function z7-~! to obtain the physical spectral function
that satisfies the positivity condition , see Ref. [20]
for a careful discussion.

To investigate the stability of the non-Fermi liquid
fixed point, we now study the linearized RG flow in the
vicinity of this fixed point. Given the fact that at the
fixed point p, = a, = 0 we find from Egs.
that the linearized flow in the u—a-plane decouples
from the flow of the other parameters,

M, M, 7
o (H) = (e ne 4.10
l(‘”) (Mau Maa) (al)’ (4.10)

with
U
My =1 =1, — 1=, (4.11a)
U
M,, = — , 4.11b
12 1+7,* ( )
1 1

Mg, = u. - , (4.11c¢)

T4+re  2(14ry) — us

w2

Myy = —1s — - (4.11d)

(T+7)2(1 +74) —us]”

The resulting RG flow in the g — a-plane is shown in
Fig. [f] Obviously, the RG flow in the 4 — a-plane has
one attractive and one repulsive direction. To charac-
terize the behavior of the RG trajectories quantitatively,
we calculate the eigenvalues Ay of the 2 x 2 matrix in
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1.0f

E — A
0.51 ]

; — A
0.0

0 2 4 6 8 10

FIG. 7. Graph of the eigenvalues Ay (blue) and A_ (red) of
the matrix in Eq. (4.10) which characterize the linearized RG
flow in the p — a-plane around the fixed point p. = a. = 0.

Eq. (IT0),

M, + Maa M, - Maa 2
)\j: _ [l ad + \/( |t ad 5 > + Mp.aML‘L,u'

2
(4.12)
At small and large p, they behave as
Ay = ; —3p+0Op?), (4.13a)
1
A= —§+p—|—0(p2), (4.13b)
and
A =1+0(1/p%), (4.14a)
2
A= - +O(1/p%), (4.14b)

respectively. We plot these eigenvalues as function of p
in Fig. [1

Next, let us discuss the linearized RG flow of the cou-
plings u; and r; in the vicinity of our non-Fermi liquid
fixed point. Using Egs. we find that
the linearized flow of du; = u; — u, completely decouples
from the other parameters,

Oou; = —pus (1 — ne)du; = Ay duy, (4.15)

with
Ay = —pu*(l - 77*) = *2(1 - 77*)a

where we have used Eq. to set pu, = 2. Given the
fact that 0 < 7. < 1/2, we conclude that the coupling
uy is irrelevant at the non-Fermi liquid fixed point with
scaling exponent A, < 0. A graph of A\, as a function
of p is shown by the red line in Fig. Finally, using

(4.16)



FIG. 8. Graph of the eigenvalues A, (blue) and A, (red)
of the linearized flow in the vicinity of the non-Fermi liquid

fixed point, see Eqgs. (4.16)) and (4.18al).

Egs. (3.36 3.44]) we obtain for the linearized flow

of orp = r; — 1y,

Q0T = A\pOTy + Ay Sy, (4.17)
where
2
Ao=2n, — 1 — . (4.18
g 2(1+7.)? — (1 4+ 7)) use — pu? (4.182)
Aru = =P

pu2 +2(1 4+ 1)2(0. — 1) + un (L4 7.) (20, — 1)

+or 201+ 7)2 — (1 4+ ) us — pu?

(4.18b)

The eigenvalue A, as a function of p is represented by
the blue line in Fig. [§] It is always negative and has the
asymptotics

1

-1- S +0(1/p?)

Ar (4.19a)

Ar (4.19D)

for small and large p, respectively. A projection of the
linearized RG flow onto the plane spanned by §r; and du,
in the vicinity of the fixed point is shown in Fig.[0] Note
that the projected flow has only attractive directions, so
that fine tuning of the couplings r; and wu; is not neces-
sary to realize the critical state associated with the non-
Fermi liquid fixed point. Our model therefore exhibits
self-tuned criticality [5] with respect to the bosonic mass
parameter A + II(0). Thus, the only relevant coupling
at the non-Fermi liquid fixed point is the scaling variable
associated with the positive eigenvalue A of the 2 x 2-
matrix in Eq. (4.10), which is a linear combination of the
rescaled chemical potential y; and the spectral asymme-
try parameter a;.
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FIG. 9. RG flow in the » — u-plane for p = 1 close to the

non-Fermi liquid fixed point obtained from the linearized flow

equations (4.15) and (4.17).

V. SUMMARY AND CONCLUSIONS

In this work we have developed a FRG approach for
a dissipative Yukawa-SYK model where the inverse bo-
son propagator exhibits a non-analytic || frequency de-
pendence. We have shown that, to leading order in
1/N and 1/M, the infinite hierarchy of FRG flow equa-
tions for this model can be reduced to a system of flow
equations for the irreducible fermionic and bosonic self-
energies and two types of scale-dependent four-point ver-
tices. This system is closed because the flow of the four-
point vertices can be expressed again in terms of the self-
energies. Within a standard low-energy expansion of the
self-energies we have found a non-trivial non-Fermi liquid
fixed point with critical exponents depending on the ratio
N/M. A stability analysis of the linearized RG flow in
the vicinity of this fixed point shows that it has only one
repulsive direction corresponding to a linear combination
of the rescaled chemical potential y; and a parameter q;
which quantifies the spectral asymmetry. As ap = 0 in
the microscopic action, the physical parameter that can
be tuned to reach the non-Fermi liquid fixed point is the
fermionic density. In particular, the rescaled boson mass
parameter r; and the Yukawa coupling u; are both irrel-
evant at the fixed point, so that no fine-tuning of these
parameters is necessary to realize the corresponding non-
Fermi liquid phase. Although in principle it should also
be possible to extract these results from the correspond-
ing Dyson-Schwinger equations, in practice our approach
based on FRG flow equations is more convenient because
it allows us to extract the low-energy properties analyti-
cally using well-established approximations.



It would be interesting to extend our analysis to the
usual YSYK model where the inverse boson propagator
exhibits a quadratic frequency dependence. Our FRG
flow equations (2.48}{2.51)) remain valid also in this case,
so that from a numerical solution of these equations we
expect to recover the non-Fermi liquid solution of the
Dyson-Schwinger equations derived in Ref. [6]. Unfor-
tunately, the low-energy expansion of Sec. [[II} which is
crucial to make progress analytically, does not produce
sensible results in this case, at least when it is combined
with a sharp frequency regulator. Possibly, an ultra-
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smooth regulator of the type proposed by Husemann and
Salmhofer [27] might solve this problem.
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